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ABSTRACT

The famous Schrodinger bridge (SB) has gained renewed attention in the gener-
ative machine learning field these days for its successful applications in various
areas including unsupervised image-to-image translation and particle crowd mod-
eling. Recently, a promising algorithm dubbed GSBM was proposed to solve the
generalized SB (GSB) problem, an extension of SB to deal with additional path
constraints. Therein the SB is formulated as a minimal kinetic energy conditional
flow matching problem, and an additional task-specific stage cost is introduced
as the conditional stochastic optimal control (CondSOC) problem. The GSB is a
new emerging problem with considerable room for research contributions, and we
introduce a novel Gaussian process pinned marginal path posterior inference as a
meaningful contribution in this area. Our main motivation is that the stage cost in
GSBM, typically representing task-specific obstacles in the particle paths and other
congestion penalties, can be potentially noisy and uncertain. Whereas the current
GSBM approach regards this stage cost as a noise-free deterministic quantity in the
CondSOC optimization, we instead model it as a stochastic quantity. Specifically,
we impose a Gaussian process (GP) prior on the pinned marginal path, view the
CondSOC objective as a (noisy) likelihood function, and infer the posterior path
via sparse variational free-energy GP approximate inference. The main benefit is
more flexible marginal path modeling that takes into account the uncertainty in
the stage cost such as more realistic noisy observations. On some image-to-image
translation and crowd navigation problems under noisy scenarios, we show that our
proposed GP-based method yields more robust solutions than the original GSBM.

1 INTRODUCTION

The bridge matching problem is to find a stochastic/ordinary differential equation (SDE/ODE) that
bridges two given distributions (Lipman et al., 2023} |Albergo & Vanden-Eijnden| 2023} Neklyudov
et al., [2023} |Villani, [2009; |Peyré & Cuturil 2017). Its application areas are enormous, which also
subsumes the recent generative modeling (e.g., conditional or unconditional image generation) (Sohl-
Dickstein et al., [2015; Chen et al., [2018; Ho et al.,[2020; [Song et al.;, 2021). The famous Schrodinger
bridge (SB) problem (Fortet, |1940; [Kullbackl, [1968}; Riischendort] [1995}; [De Bortoli et al.l 2021}
Vargas et al., 2021} [Shi et al.| [2023), a widely known problem for a century, is a special instance of the
bridge problem. The SB problem has recently received renewed attention in the generative machine
learning and related fields for its applications to unsupervised image-to-image translation (Kim
et al., 2024), image inpainting (Wang et al., [2021)), fluid modeling (Shi et al.} [2023)), molecular
simulations (Noé et al., 2020), robot navigation (Liu et al.,[2018)), and more.

Among these recent trends and a large body of works, the generalization of SB (GSB), incorporating
additional costs on marginal paths, has started drawing attention as an extension of the SB problem.
One of the most promising methods called GSBM (Liu et al., 2024) was proposed, in which the
SB is formulated as a minimal kinetic energy conditional flow matching problem (Lipman et al.,
2023} [Tong et al.| [2023)), and an additional task-specific stage cost is introduced in the conditional
stochastic optimal control (CondSOC) problem. Incorporation of task-specific stage costs can give
better guidance towards desired probability paths, or penalize prohibitive paths, which is desirable
for realistic crowd navigation problems and latent-variable generative modeling problems.

GSBM opens up intriguing research possibilities, among which in this paper we are particularly
interested in the CondSOC path optimization part. Although GSBM originally adopted deterministic
spline-based optimization for CondSOC, which can be effective in many existing domains, there are
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several rooms to improve. One is more flexible modeling. However, simply increasing polynomial
degrees (e.g., cubic splines) is often prone to fail in practice mainly due to numerical issues, while path
integral resampling (Kappen, 2005) for non-Gaussian path modeling is computationally expensive
with some technical issues as discussed in Sec.[2] Another option for improvement is to take into
account uncertainty in path modeling in order to lead to more robust GSB solutions.

The Bayesian Gaussian process (GP) approach can nicely fulfill these two desiderata. To this end, we
view the CondSOC objective as the likelihood function, and impose a GP prior path measure to the
mean and stdev paths. With sparse variational free energy formulation adapted from (Titsias}, 2009),
we can infer the posterior path measure effectively. Although this can incur additional computational
complexity in the CondSOC optimization compared to GSBM’s spline optimization, we are able to
achieve significantly more flexible and robust solutions than GSBM by properly handling uncertainty
in potentially noisy stage cost observation. Also, our variational GP inducing variables merely take
up roughly twice as many as in GSBM’s. Tested on several crowd navigation and image-to-image
translation problems in noisy observation scenarios, we show that our GP-based approach is more
robust to noise than GSBM by capturing uncertainty that may reside in the GSB problems.

2 BACKGROUND

While here we briefly provide background material required to understand our approach, for more
comprehensive and detailed background, we refer the readers who are less familiar with this topic to
our unified bridge algorithm (UBA) framework in Appendix [A] It not only gives introduction to the
(conditional) flow matching (CFM) and Schrodinger bridge (SB) problems, but also offers a unified
SDE framework that subsumes both CFM and SB into one.

Bridge problems. The SB is a special instance of the more general problem class called the bridge
problem which aims to find an SDE (or sometimes an ODE) that bridges two given distributions.
More specifically, given two distributions 7o () and 71 (+), the goal is to find an SDE, specifically the
drift function u,(x), with a specified diffusion coefficient o (o =0 for ODE),

dy = wy(ze)dt + odWy, 2o~ (") )

with the constraint that the state at time ¢ =1 conforms to the other target 7y, that is, x1 ~ 7 (-). We
can also find the reverse-time SDE for the bridge the other way around, i.e., starting from 7; and
landing at 7y. Once solved, the solution to the bridge problem can give us the ability to sample from
one of 7o 1} given the samples from the other. For instance, in typical generative modeling, 7o is
usually a tractable density like Gaussian, while 71 is a target distribution that we want to sample from.
In the bridge problem, however, 7 can also be an arbitrary distribution beyond tractable densities.

Schrodinger bridge (SB) has an additional constraint that the probability path measure should be the
one that is closest to a given reference path measure (Appendix [A.2.2). Denoting the path measure of
by P* and the reference measure by P/, the SB can be defined as the following optimization:

m&n KL(P“||PTEf) s.t. P§'(xo) = mo(xo), Pi*(z1) = m1(x1) )

Without loss of generality, we use the Brownian SDE, dx; = cdW,, as a reference measure pref,
Several algorithms have been proposed to solve the SB: the traditional iterative filtering (IPF)
algorithm, its extensions with modern deep neural nets, and mini-batch versions of (entropic) optimal
transport couplings in CFMs. See details and related references in Appendix [A.2.3]and[A.2.1] The
computational overheads and known drawbacks of these methods were addressed in the recent iterative
projection method (IMF) also known as the DSBM algorithm (Shi et al.| 2023) (Appendix [A.2.4).

Generalized Schrodinger bridge (GSB) problem. The standard SB has been extended by certain
state costs introduced to express application-specific preferences or penalties for state paths {x;} in
SB (Chen et al., 2015 [Liu et al., [2022; |Chenl 2023} [Liu et al., 2024)). For instance, the state cost can
encode particle interaction costs (Gaitonde et al., 2021)), quantum potentials (Philippidis et al.||{1979),
or geometric costs (Liu et al.,|2024). The GSB problem is what we mainly deal with in this paper,
and we particularly focus on the recent GSB matching (GSBM) algorithm (Liu et al.,[2024) for its
superiority to its predecessors including (Liu et al.}[2022) in terms of the quality of solutions.

For smooth exposition, we describe the GSBM algorithm within our UBA framework (Appendix [A),
in particular by showing how it can be extended from the minimal kinetic UBA form of the IM-
F/DSBM algorithm (Shi et al.} 2023) described in Alg. |4l The following is a concise summary.
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For the given state (or stage) cost V;(x), we repeat the following two steps (A and B) for a sufficient
number of times to find a neural-net based SDE, dx; = vy (t, x1)dt + odWy:

1

. 1

(Step-A) arg{lm;n} / ]Ept(z|rg’xl)[2|at(gca:07x1)|2+v;(x) dt, (wo,z1)~Q(z0,71) (3)
Ut Ytst JO

where P;(x|wg,21) = N (x; pg, ¥ 1) is the pinned marginal at ¢ for coupling (g, 1) sampled from:

“

Qo 1) = 7o(xo)mi(x1)  initially (when the previous iterate §°'¢ is not available)
O ) Pveotd (19, x1) driven by dzy = vgoia(t, x4 )dt + ocdWy, xo ~ o

and oy (z¢|z0, 1) is determined from P;(z|x, x1) by the following formula ( ft is time derivative):

ag(xlzo, 21) = f1e + ar( — ), ar = Fe/ve — 0%/ (27%°) ®)
Once P;(z|xg, z1) is optimized for each coupling (zo, 1), we update the neural net by:

(SteP‘B) 0 < arg ngin ]Et,Q(xD,asl)Pt(a:t\xo,ml)||at(xt|x0; 1‘1) - Ug(t, th)‘|2 (6)

The rationale behind this stochastic optimal control (SOC) formulation is detailed in Appendix [A.3.3]
The appearance of the stage cost V;(z) in (3) is the only difference between DSBM and GSBM (i.e.,
it can be shown that the above procedure recovers DSBM exactly if V' = 0). Following (Liu et al.,
2024)) we call the optimization (3] the CondSOC problem. In CondSOC, the stage cost V' is added
to the kinetic energy term where the stage cost is task-specific, and expresses our problem-specific
preferences or penalties (e.g., obstacles in crowd navigation or desired particle paths). In the GSBM
algorithm, the mean y; and stdev ; functions of the Gaussialﬂ P.(z|xg, 1), i.e., the optimization
variables of CondSOC, are parametrized as splines at some knot points.

3  GAUSSIAN PROCESS MODELING FOR PINNED MARGINAL PATHS

We denote the CondSOC objective in GSBM as J(Py; V,) where P, := {P;(-|zo, 1) }¢ is the pinned
marginal path, and Vs := {V;(-)}: is the task-specific stage cost function. That is,

1
1
J(Pe; Ve) = /o Ep, (z]z0,21) [2||0<t(33t|330,$1)||2 + Vi(x) | dt (7

where oy (x¢|zp,21) is determined from P, by . So, GSBM aims to find P, by solving:
argminp, J(P,;V,). Note that in GSBM the pinned marginal path P, is the deterministic op-
timization variables of the CondSOC, and they aim to find a point estimate. We instead treat P, as
a random variate, and place some prior distribution Ppmor(P.). For instance, we can impose our
preference of the SB’s linear pinned marginal path over other less smooth ones through this prior.
Then “—log Pprior (Pe)” can be introduced as a regularizer to enforce our prior preference. With
some balancing coefficient 7 (> 0), what we call the regularized-path GSBM can be written as:

arg rr}l)in J(Pe; Vo) — T10g Pprior(Pe) = arg max Porior(Pe) - exp(—J(Pe; Vo)/T)  (8)

Prior Likelihood

where the equivalence comes from exponentiation. This can be seen as a maximum-a-posteriori
(MAP) solution. But we go one step further to consider the posterior distribution,

Ppost(Po) X Pprior(Po) : eXP(—J(P-§ V.)/T) ©)
We specifically consider a Gaussian process (GP) prior for the mean and stdev functions (e :=
{p+}+ and v := {7:}+). For computational tractability, we impose independent prior modeling

with dimension-wise factorization for ;. To ensure positivity of v, we use the parameterization
vt = o+/t(1—t)log(1 + €7*), in which we impose a GP prior on the unconstrained 7. Specifically,

d
Pprior<Po) - gP(M.) . grp(ﬁ/o) = H grp(,u/]u mthja kf:z) . gP(@L m:ya k:Y,o) (]O)

j=1

! Although in (Liu et al., 2024) they also proposed a non-Gaussian path modeling using the so-called path
integral resampling, there are several technical issues, including: i) the related o (z|xo, 21) may not admit the
non-Gaussian P; (z|xo, x1) as its marginal distribution, and ii) the importance sampling resampling procedure is
computationally very overwhelming in practice. So, we adhere to the Gaussian path recipe as described here.
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where m{#7} and k#*7} are mean and covariance functions of GP for 1, and .. We use superscript
7 for the j-th dimension (e.g., uﬁ is the j-th function of the d-dimensional vector function jie). A main
benefit of this Bayesian path modeling is that by treating the potentially noisy CondSOC objective
(e.g., resulting from noisy stage cost V') as a (stochastic) likelihood function, we can have a more
robust path solution as a posterior process than simply a point estimate that fully trusts the objective
J. Another benefit is that GP can lead to more natural and flexible path modeling.

Since we deal with (¢, 21 )-pinned marginal paths, we need to ensure pg = xg, 41 = T1, Yo = V1 =
0 for consistency with conditioning. For v; we already meet these boundary conditions due to our
construction. For p;, we deal with the conditional process by conditioning ,ué = x% and ,u{ = le for
each j, which is also a GP. More specifically, the conditional GP prior for /ﬁ can be expressed as:

pd | (= a1l = 2]) ~ GP(MEI, L)) where (11)

th = m?’j + kf,fo,l}(kgté{1}7{0,1})_1[$6_m67xj —mj]T (12)
P ) o

L3 = ke = k5013 (Ri6hy,0,0y) ™ Rioy.e (13)

where k4, p for index sets A, B is defined to be the (|A| x |B|) matrix whose (4, j) entry is k4, B, .

In all our experiments, the mean function for 1 is chosen as the linear interpolation, m} = (1—¢)xo+

tz1, and the mean function of m] is set to constant log(e — 1), which in turn leads to o+/t(1—t)
for ;. This choice makes the prior mean coincide with the solution of DSBM in the original SB
problem. For the covariance functions, we use the squared exponential kernel function (See ablation
study on different kernel choices in Sec. [5.4), where the related kernel hyperparameters, denoted
by 7, are chosen by empirical Bayes (as discussed in the variational inference section below). For
simplicity, we assume the same kernel function and hyperparameters for all dimensions of ;.

3.1 SPARSE VARIATIONAL (FREE-ENERGY) GP POSTERIOR INFERENCE

Due to the intractability of the posterior Ppost (P ) defined in @), we adopt the sparse variational
GP approximate inference (Titsias, |[2009; Dezfouli & Bonillal 2015} Matthews et al.| 2016} |Bauer
et al., 2016) that is based on the variational free energy principle. First off, we consider the fully
factorized GP as a tractable variational process family, specifically Q(P,) = Q(e) - Q(Fe) =

H?:1 O(1d) - O(Fs). Both Q(pid) and Q(7,) are chosen to be Gaussian processes parametrized by

the inducing-point processes. For exposition we focus on Q(y ) here since derivations for Q(7,) are
similar. For notational simplicity we will often drop superscript dependency on y (and also 7).

We choose n inducing input (time) points Z = (¢1,...,t,) with 0<t; <---<t, <1. These pseudo
inputs can be seen as representative time points for the posterior process in that knowing the values of
1 att € Z has decisive effects on inferring function values at the other input points. Further insights
underlying the principle can be found in the nice survey (Quinonero-Candela & Rasmussen, [2005).
Although the inducing input points can be learned as well as model and variational parameters in
the ELBO learning, we instead fix them as equal-spaced points in [0, 1] for simplicity (Sec. for
ablation on n). Following the variational free-energy principle (Titsias, 2009), we define Q(u.) as:

Qua) = / Qp2) Qptalyiz)dpiz (14)

where 17 = [pi¢,,- -, f1¢,] |, known as the inducing variables, is a n-dimensional vector of function
values at the inducing inputs Z. The key idea is that we model only Q(uz) as a n-variate learnable
Gaussian distribution while having Q(ue|tz) equal to Pprior(ite|itz), the conditional process
induced from the prior GP, which is also a GP. This not only helps us avoid modeling difficult
conditional process Q(e /12 ), but also the integration in becomes tractable leading to closed-
form GP Q(u,). More specifically, we define:

Q(uly) = N (uly; €, 8"7) for j=1,....d (15)

where C*+J, S#J are n-dimensional variational parameter vectors by assuming a diagonal covariance.
Note that when compared to GSBM’s spline parametrization, assuming the number of spline knot
points is the same as n here, as they require O(n) parameters to represent knot function and derivative
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Algorithm 1 Our GP-GSBM algorithm for robust generalized Schrodinger bridge matching.

Input: The end-point distributions o and 71 (i.e., samples from them) and the state cost V;(z).
Repeat until convergence or a sufficient number of times:
0. Collect batch pairs (0, 1) sampled from the current estimate Q(zo, 1) in ().
1. Solve the ELBO optimization in to get variational parameters A and model parameters (7, 7).
2. Prepare a batch of (zo, 21, t, ) and o (x¢|xo, x1) as follows:
1) Sample ¢ ~ [0, 1] uniformly at random.
2) Sample (¢, v:) ~ Q(Ps) using with the learned parameters A and 7 for Q.
3) Sample z; ~ N (z¢; pe, v 1).
4) Compute o (¢|zo, 1) in (5) using approximate time derivatives.
3. Update the neural net of the SDE by running the following for N,,,.: iterations:

0+ 06— ﬂVG]EbalchHat(xt|$07 171) - ’Ue(t, xt)H2 22)

values for each dimension j, we have the same complexity in terms of parametrization. And the
conditional prior Py, ior (1e|ftz) is also a GP with mean and covariance functions written as:

Elu) = My + LezLy'5 iz — Mz),  CoV(jig, i) = Lgy — Ls zL7'5 Lz (16)
where M and L are the mean and covariance functions of the boundary-conditioned prior GP (TT).

Due to the Gaussianity of both terms, the integration (I4)) can be solved analytically, yielding a
Gaussian process Q( (o) Whose mean and covariance functions are:

Eolu] = My + Ly z L', (C — M), (17)
Covo(ps, pit) = Let — Lo zLy ', SLy  Lzy — Lo zLy 'y Ly (18)

The variational posterior of the stdev function Q(7, ), following the same derivations, becomes a
Gaussian process as well, with the following mean and covariances:

Eolfi) = m] + k) 5/ (k} ;) 1 (C7 —m},), (19)
Covo (s, 3e) =k — k2 5 (kY 7)) ST(kY ) Yy = k) 50 (K Y )T kY, (20)

where Z’ is the inducing input times for y;, and (C7, S7) are the variational parameters for the induc-
ing variables 7. Overall, A := {{C#*7,8#7},; C7, 57} constitute all our variational parameters.

ELBO learning. The ELBO objective can be derived from the non-negativity of the KL divergence
between Q(P,) and Ppost(Ps) (Appendix [B]for derivations). We minimize the negative ELBO,

/r\ngrl Eg(p,)[J(Pe; Ve) /7] + KL(Q(Pz 2 )||Pprior(Pz,2')) 2D

with respect to the variational parameters A as well as the model parameters 7 (prior) and 7 (likeli-
hood). The variational-prior KL divergence, the second term in , is confined to n-dim Gaussians,
and easy to compute in closed forms (Appendix [B] for details). The first term of (Z1]) can be computed
and optimized by reparametrized Monte-Carlo sampling using (17H20) (Kingma & Welling, [2014).
For the reparametrized samples P,, that is, (ite,7e), We apply H to compute J(P,;V,) where
the time derivatives (e.g., fi;) are computed? as (usar — j1¢)/At utilizing the nearby covariance
structure (say, Covg(pit, fir+ae)) and At — 0. This ensures maintaining computational graphs
for backpropagation. Since the (log-)evidence, a sole function of the model parameters (7, 7), is
lower bounded by the ELBO where the gap is exactly KL(Q(Ps)||Ppost(Ps)), minimizing with
respect to A with fixed (1, 7) guarantees to reduce the gap, while minimizing it with respect to (), 7)
with fixed A potentially improves the (log-)evidence. The latter optimization essentially amounts to
performing empirical Bayes (evidence maximization), a principled way to do model selection. Our
algorithm, dubbed GP-GSBM, is summarized in Alg.

4 RELATED WORK

The core related works on Schrédinger bridge and generalized SB were discussed in Sec. [2] and
Appendix [A] Since our work is on application of Gaussian processes (Rasmussen & Williams|, 2006)

2Since jie is GP (17H18), [te 1s also GP whose mean and cov functions involve time derivatives of (17H18)).
But, we used approximation (u¢+a¢ — e ) /At with small At=0.01, which we found numerically more stable.
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to the generalized Schrodinger bridge problem, here we briefly highlight two recent papers that
applied GP to the bridge/flow problem, and discuss how they are different from ours.

“Stream-level flow-matching with GP” (Wei & Ma, [2025)). This work is based on|Tong et al.|(2023))’s
CFM framework whereas in our GP-GSBM the probability path GP is applied to the GSB problem.
They have conditional GP derived by conditioning the prior GP on several fixed observed stream
points. So this is the key difference. Recall that we take the sparse variational GP posterior inference
while turning the CondSOC objective into a likelihood function. A limitation of their approach is that
if there are some task-specific costs on the marginal paths (e.g., obstacles specified by the stage cost
V), there is no way to penalize the GP path that passes through the obstacles systematically. That is,
their GP framework may not be applicable to GSB problems unless one manually marks and provides
the stream points to circumvent the obstacles, which is cumbersome and costly.

“Flow matching with GP prior” (Kollovieh et al.,[2025). The setup and goal of this work are highly
different from ours. They introduce GP as an additional prior structure on the distribution 7y for
generation of the time-series data ;. Hence x is the same dimensional time-series. Then they
use either Langevin dynamics (Durmus & Eric Moulines, 2017) or posterior sampling (Dhariwal &
Nichol, 2021} |Kollovieh et al.l 2023) in denoising diffusion models (Sohl-Dickstein et al., 2015; Ho
et al.,[2020; [Song et al., [2021) with the mini-batch-OT-CFM learned from my. Hence this work is
highly different from our approach of imposing a GP prior on the pinned marginal paths.

5 EXPERIMENTS

We test the performance of our GP-GSBM on several crowd navigation and image generation/transla-
tion problems. We mainly compare ours with GSBM (Liu et al., 2024)) and DSBM (Shi et al., 2023)):
the former deals with the stage cost deterministically while the latter ignores the stage cost. The de-
tails of experimental setups including hyperparameters and neural net architectures are in Appendix[C]
Due to the lack of space, some parts of our experimental results are moved to Appendix

5.1 CROWD NAVIGATION PROBLEMS

We follow the problem setups and experimental settings from (Liu et al., 2022;|2024) where we focus
on the geometric surface LIDAR problem (Sec. [5.1.1)) and 2D obstacle problems (Sec. [5.1.2).

5.1.1 LIDAR GEOMETRIC SURFACE STAGE COSTS

We tackle the crowd navigation problem where the path cost is incurred through a complex geometric
surface. Similar to the setup in (Liu et al., 2024}, we deal with the surfaces observed through the
LiDAR 3D scans of the Mt. Rainier (Legg & Anderson, 2013)), where the surfaces form a manifold.
We define the closeness to the manifold and the height as the path cost. Formally,

Vi(z) = [[Maq(z) — 2|* + exp(Im(2) ) (23)

where IT 4 (z) is the projection of the 3D point z on to the manifold M, which is done by tangent
plane projection estimated by z’s k-nearest neighbor points (k = 20) on M. The height of the
projected point is the z-coordinate value ITyq ().

This stage cost function encourages the navigation path to stay close to the surfaces and avoid high
altitudes. Fig. [T]shows the sample paths from the competing models after training. We see that DSBM
(leftmost), as expected, yields straight linear paths due to its ignorance of the stage cost, resulting
in high CondSOC loss as summarized in Table[I] Our GP-GSBM successfully discovers the low
altitude regions bypassing the saddle points as shown in the second column. GSBM (Liu et al.l [2024)
is also able to find out the desired two viable pathways similarly as ours (figure omitted here due to
the similarity as ours). However, our GP-GSBM achieves even lower CondSOC cost perhaps due to
more flexible pinned marginal path modeling than GSBM’s deterministic spline optimization. Table/[T]
summarizes the CondSOC objective values for the learned models, averaged over 10 random runs.

Noisy observation setup. Since the projection to the manifold and reading the projected point can be
a noisy process in practice, we mimic this noisy process by injecting random noise to the projected
points. The results in Table|l|show that our GP-GSBM attains the lowest loss among the competing
methods, signifying its benefit of robust path estimation through the Gaussian process inference under
this noisy likelihood scenario. The visualized path samples in Fig. [T] (rightmost column) also shows
that the desired two viable pathways are still well discovered by our model.
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DSBM GP-GSBM (Ours) Stream-level GP GSBM GP-GSBM (Ours)
Figure 1: LiDAR path samples for different models in 3D (top rows) and 2D (bottom) views. Starting

from the samples of my shown as red points on the left, we generate samples for 71 as blue points on
the right. Path samples are visualized in 5 uniform time points from t=0 (red) to t =1 (blue).

Table 1: LiDAR results. CondSOC objective values for the learned models. Figures in parentheses
are the Wasserstein distances between the true target 7; and the learned ones.

| DSBM | GSBM | STREAM-LEVELGP | GP-GSBM (OURS)
NOISE-FREE OBS. | 7747.0 £ 76.4 (0.04) | 6199.3 +£47.3(0.04) | 7012.6+61.9(0.15) | 5925.0 £ 65.4 (0.03)
NoISY 0BS. 12686.9 + 150.9 (0.04) | 8506.1 % 65.6 (0.04) | 12679.1 £ 579.9 (0.16) | 8300.0 %+ 67.6 (0.04)

5.1.2 STAGE COSTS FROM OBSTACLES AND MEAN-FIELD INTERACTIONS

We next consider the crowd navigation problems with stage costs driven by obstacles and mean-field
interactions. Similar to previous works (Liu et al., 2022} [2024)), the stage cost is defined as:

‘/;5(.’17) - )\obsLobs(x) + )\ent 10gpt<33) + )\cgstEw,z’Npt(l + ||$ - $/||2)—1 (24)

where p; () is the path marginal distributions obtained from the pinned marginals p; (z|xo, 1) and
the coupling Q(xo, x1). The obstacle cost L, is defined as the distance between the state x and
the problem-specific obstacle. We may have the log p:(x) term as the entropy cost encouraging
diversified paths, and the congestion term to penalize densely packed particles along the paths. We
test the competing models on two problem sets, Stunnel that has two ellipsoidal obstacles (Fig.[4)
and GMM with three Gaussian blobs as obstacles (Fig. [5).

The learned 4, -y, of the pinned marginals are shown in Fig. @] and Fig. [5] while Table [2| reports
the final CondSOC loss values averaged over 10 random runs. DSBM always finds a straight line,
and incurs high CondSOC loss due to its ignorance of obstacles, i.e., the stage cost V. For Stunnel
(Fig. @), in the deterministic obstacle scenario, GSBM identifies an optimal path that circumvents the
obstacles sharply while retaining minimal kinetic energy. Our GP-GSBM also finds a similar solution
as GSBM'’s, and the posterior stdevs (red-shaded areas) are small in this case due to the deterministic
nature of the problem. The model selection empirical Bayes finds small 7 (= 0.1), implying that the
model that puts more emphasis on the likelihood than the prior. This is reasonable and promising
considering that the likelihood in this scenario is quite trustworthy.

Unlike in the original setup where the obstacles were always present, and the bridge matching
algorithms can learn the stage cost function deterministically, we devise an uncertain setup by
regarding the presence of obstacles as a random process. Specifically we randomly turn on and off the
obstacles with probability p=0.5. This has the effect of turning the CondSoc objective function into
an uncertain quantity, and we aim to judge which models are the most robust to such a noisy CondSOC
objective function. We anticipate that our GP-GSBM will be more robust to GSBM
since we treat the CondSOC loss as a likelihood function, that is, a probabilistic model, rather than
GSBM’s deterministic treatment. As shown in Table[2] GSBM incurs even higher CondSOC loss
than the deterministic case. GSBM is baffled in this case because it only optimizes the cost without
taking into account the prior preference of straight line interpolation between 7y and 71, which is
preferred for the obstacle absent cases. On the other hand, our GP-GSBM learns higher prior weight
7 (= 1.0) from model selection, which encourages the marginal path to stay closer to the straight line
interpolation (prior), preferable for obstacle absent cases. Furthermore, the uncertain stage cost is
reflected in the stdev shading in our GP posterior where we observe even higher posterior uncertainty
shown as larger red-shaded areas in Fig. 4] (the rightmost column).
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Table 2: Stunnel and GMM results. CondSOC objective values for the learned models. Figures in
parentheses are the Wasserstein distances between the true target 7, and the learned ones.

DSBM \ GSBM | GP-GSBM (OURS)

STUNNEL DETERMINISTIC 18628.8 (0.02) 492.94 +1.13 (0.03) 488.78 + 1.07 (0.02)
UNCERTAIN 9549.2 (0.03) 502.20 4 1.76 (0.04) 452.30 £ 1.78 (0.03)
GMM DETERMINISTIC 19824.2 (2.91) 97.4 4 0.67 (2.31) 85.3 +£0.54 (1.81)
UNCERTAIN 13232.4 (2.96) 101.6 & 1.02 (2.83) 89.2 4+ 0.62 (2.19)

Table 3: AFHQ dog — cat image generation FID scores. Figures for DSBM (Shi et al.,2023)) and
GSBM (Liu et al., [2024])) are excerpted from (Liu et al., [2024).

DSBM | GSBM | STREAM-LEVELGP |  GP-GSBM (OURS)
14.16 | 12.39 | 18.77 | 10.21

5.2 UNPAIRED IMAGE-TO-IMAGE TRANSLATION

In this section we test the performance of our GP-GSBM on unsupervised image-to-image translation
problem. Specifically, we deal with images of cats (regarded as 7() and dogs (as ;) from the AFHQ
dataset (Choi et al., 2020). Although SB’s optimal transport objective guides a bridge matching
algorithm to learn a coupling between samples from 7 and 7, that is optimal in the ambient pixel-
space L2 distance sense, this can often incur artifacts in the bridging paths. In other words, more
intrinsic (latent) structure of the image manifolds cannot be taken into account.

To this end, following the latent space guidance proposed in (Liu et al.| [2024), we incorporate the
latent spherical-linear interpolated reconstruction error as the stage cost. More specifically,

Vi(xy) = ||zp — dec(zt)||1, 2 = slerp(t, enc(zg), enc(x1)) (25)

where z = enc(x) and = dec(z) are the encoder and decoder of the pre-trained VAE model (Kingma
& Welling, [2014). As claimed in (Liu et al., [2024), this stage cost helps preserving the underlying
latent structures through semantically meaningful pinned marginal P;(x¢|zg, 21), yielding a faster
training convergence and better couplings than models without the V' term such as DSBM (Shi et al.|
2023). In addition to this observation, we further conjecture that the cost V;(z) itself is inherently
noisy for several reasons, most notably that the learned VAE model may not be perfect in representing
the true image manifold, and also the SLERP interpolation is only a proxy for the optimal latent
paths. This is where our GP-GSBM can be especially beneficial for more robust path learning and
bridging by handling such uncertainty in the stage cost in a principled Bayesian manner.

We trained our GP-GSBM with images of size (64 x 64) from cats and dogs, roughly 5K images
from each. We first visualize how the prior and posterior pinned marginals P;(x|xo, x1) differ for dog
(t=1) to cat (t=0) translation. After training the model, we pair the coupling of (x1, o) by running
the trained (reverse-time) SDE model starting from 1 ~ 1, which is shown in Fig.[2(a) (more and
magnified images in Fig.[6). From this coupling, we show the mean images from P;(z|z¢, z1) for
the prior and posterior (before and after the variational GP inference) in the middle. Visually clearly,
the posterior exhibits semantically more meaningful path samples than the prior with less artifacts
since the posterior takes into account the latent-preserving stage cost, forcing the samples to stay
closer to the image manifold. In Fig. 2[b) (also Fig.[7), the SDE generation progress is shown with
intermediate time steps. We also visualize the generated cat images in Fig.[2{c) (also Fig.[§). As a
quantitative comparison, the FID scores of the generated cat images are reported in Table 3] Our
GP-GSBM attains the lowest FID score, better than (deterministic) GSBM by capturing potential
uncertainty/inaccuracy that may reside in the stage cost observation.

5.3 COMPARISON TO STREAM-LEVEL GP

As discussed in Sec. ] our approach has several key differences from the conditional GP path
modeling for CFM models in the recent work (Wei & Mal, 2025)). Most notably, we regard GSBM’s
CondSOC objective as a likelihood function for GP posterior inference, whereas they used the linear
interpolation velocity ay(x¢|xg,21) = & as a conditional GP prior, thus difficult to incorporate
task-specific stage costs. Here we perform some empirical tests to highlight the differences. We
compare ours with the stream-level GP method on the LiDAR crowd navigation (Fig. (1| Table
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(a) Prior and posterior of P(x|xy,x;)  (b) Generation by SDE (c) Generated images

Figure 2: Results of GP-GSBM on AFHQ dog (¢t =1, rightmost columns in (a), (b)) — cat (t =0,
leftmost columns in (a), (b)) translation. See Appendix [D.I]for more and enlarged images.

Table 4: CondSOC objectives for different kernels on Stunnel (left) and LiDAR (right).

STUNNEL ‘ SQUARED EXP. ‘ POLYNOMIAL LIDAR ‘ SQUARED EXP. ‘ POLYNOMIAL
DETERMINISTIC 488.78 + 1.07 556.50 4+ 1.47 NOISE-FREE 5925.0 + 65.4 6604.8 4+ 55.4
UNCERTAIN 452.30 £ 1.78 435.37 £ 9.31 Noisy 8300.0 £ 67.6 8625.2 + 65.8

and AFHQ image-to-image translation (Table [3). We adapted the stream-level GP within our UBA
framework for these bridge matching problems. Overall the stream-level GP incurs high costs with
lower distribution matching performance due to the ignorance of the stage costs. For additional
results on a non-GSB problem, refer to Appendix [D.2]for CIFAR-10 image generation experiments.

5.4 ABLATION STUDY AND RUNNING TIME (COMPUTATIONAL COMPLEXITY)
Stunnel LiDAR

—4— Deterministic
—— Uncertain

Sensitivity to the number of induc-
ing points (n) and the kernel func-
tion. We used the default n = 15
(Stunnel) and n = 30 (LiDAR). To
see how sensitive our GP-GSBM is 500 \__—{A

to this hyperparameter, we vary n : % =
in Flg E Wthh ShOWS that the per_ ) Number ofimilufing. points (n) .Number o.finducing ;.Joints (n)
formance is not very sensitive to n Figure 3: Sensitivity to the number of inducing points (n).
unless it is too small. We also test kernel types other than the default squared exponential kernel. As
shown in Table[d the polynomial kernel (degree selected from a grid of 1 to 10) slightly lags behind it.

@
S
S
IS}

—+— Noise-free
—4— Noisy

CondSOC loss
~
S
S
)

CondSOC loss

Running time. In Appendix [B:2] we analyzed asymptotic complexity of GP-GSBM compared to
GSBM. Due to the GP modeling, our algorithm has extra cost of O(n?d) (also O(n?) kernel inversion
cost when we do model selection). Even though n (the number of inducing points) is constant and
usually no greater than 30 in practice, this may be computationally demanding especially for high-
dimensional states. However, we suggested some workaround to reduce this cost in Appendix [B.2]
In this case, on LiDAR we got comparable time, GP-GSBM: 1.70 second per ELBO iteration, and
GSBM: 1.61 second per CondSOC iteration, when run on a single RTX-4090 GPU. We conduct more
theoretical and empirical study to reduce further computational overhead as ongoing/future research.

6 CONCLUSION AND LIMITATION

We have proposed a novel Gaussian process approach to marginal path modeling for the generalized
Schrodinger bridge problem. By imposing a GP prior on the pinned marginal path and viewing
the CondSOC objective as a noisy likelihood function, the inferred posterior path in our model
can lead to more flexible and robust solutions than the existing methods on problems under noisy
observations and uncertainty. On several crowd navigation and image-to-image translation problems
we have empirically demonstrated these benefits. A limitation of our current approach, however,
is that it incurs higher computational complexity arising from GP posterior inference involving
kernel inversion. Although we suggested some heuristic workarounds, further study on finding more
principled solutions to reduce time complexity is needed, which we leave as future research.
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A A UNIFIED FRAMEWORK FOR DIFFUSION BRIDGE PROBLEMS: FLOW
MATCHING AND SCHRODINGER MATCHING INTO ONE

The bridge problem is to find a stochastic differential equation (SDE), or sometimes an ordinary
differential equation (ODE), that bridges two given distributions. The application areas of the
bridge problem are enormous, among which the recent generative modeling (e.g., conditional or
unconditional image generation) is the most popular. Also the famous Schrodinger bridge problem, a
widely known problem for a century, is a special instance of the bridge problem. Two most popular
algorithms to tackle the bridge problems in the deep learning era are: (conditional) flow matching and
iterative fitting algorithms, where the former confined to ODE solutions, and the latter specifically
for the Schrodinger bridge problem. The main contribution of this section is in two folds: i) We
provide concise reviews of these algorithms with technical details to some extent; ii) We propose
a novel unified perspective and framework that subsumes these seemingly unrelated algorithms
(and their variants) into one. In particular, we show that our unified framework can instantiate the
Flow Matching (FM) algorithm, the (mini-batch) optimal transport FM algorithm, the (mini-batch)
Schrodinger bridge FM algorithm, and the deep Schrodinger bridge matching (DSBM) algorithm
as its special cases. We believe that this unified framework will be useful for viewing the bridge
problems in a more general and flexible perspective, and in turn can help researchers and practitioners
to develop new bridge algorithms in their fields.

A.1 (DIFFUSION) BRIDGE PROBLEMS

The diffusion bridge problem, or simply the bridge problem, can be defined as follows.

e Bridge problem. Given two distributions 7 (-) and 7 (+) in R?, find an SDE, more specifically,
find the drift function u;(z) where u : R[0, 1] x R? — R? with a specified diffusion coefficient o,

dxy = ug(zy)dt + odWy, xg~mo(+) (26)

that yields z1 ~ 1 (-). Here {W, }; is the Wiener process or the Brownian motion. Alternatively one
can aim to find a reverse-time SDE (or both). That is, find @ (z) in

— —
d.’Et :ﬂt(xt)dt—i—ath, $1N7T1(') (27)
that yields zg ~mo(+).

Note that if we specify o = 0, then our goal is to find an ODE that bridges the two distributions
mo(+) and 71 (+). Once solved, the solution to the bridge problem can give us the ability to sample
from one of the 7y 1y given the samples from the other, simply by integrating the learned SDE. The
application areas of the bridge problem are enormous, among which the generative modeling (e.g.,
conditional or unconditional image generation) is the most popular. For instance, in typical generative
modeling, 7 is usually a tractable density like Gaussian, while 7 is a target distribution that we
want to sample from. In the bridge problem, however, 7y can also be an arbitrary distribution beyond
tractable densities like Gaussians, and we do not make any particular assumption on my and 71 as
long as we have samples from the two distributions.

o Two instances of the bridge problem. There are two interesting special instances of the bridge
problem: the Schrodinger bridge problem and the ODE bridge problem.

13
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* ODE bridge problem. We strictly restrict ourselves to ODEs, i.e., 0 = 0.

* Schrodinger bridge problem. With ¢ > 0, there is an additional constraint that the path
measure of the SDE (26)), denoted by P", is closest to a given reference SDE path measure
Pref . That is,

Hhin KL(PuHPTCf) S.t. Pou(l'o) = 7T0(CE0),PIU(ZL'1) = 71(1'1) (28)

where P; of a path measure P indicates the marginal distribution at time ¢. In this case to
have finite KL divergence, o of P* has to be set equal to . of pref e, o =0y £, (from
the Girsanov theorem).

A.2 FLOW MATCHING AND SCHRODINGER BRIDGE MATCHING ALGORITHMS

Among several existing algorithms that aim to solve the bridge problems, here we focus on two recent
matching algorithms: (conditional) flow matching (Lipman et al.,[2023} | Tong et al.} 2023} |Albergo &
Vanden-Eijnden, [2023; [L1iu et al.,[2023) and Schrodinger bridge matching algorithms (De Bortoli
et al.,|2021}; |Vargas et al., 2021} [Shi et al.| [2023)). These algorithms were developed independently:
the former aimed to solve the ODE bridge problem while the latter the Schrodinger bridge problem.
In this section we review the algorithms focusing mainly on the key ideas with some technical details,
but being mathematically less rigorous for better readability.

In Sec.[A.3] we propose a novel unified framework that subsumes these two seemingly unrelated
algorithms and their variants into one.

A.2.1 (CONDITIONAL) FLOW MATCHING FOR ODE BRIDGE PROBLEMS

The Flow Matching (FM) (Lipman et al., [2023)) or its extension Conditional Flow Matching
(CFM) (Tong et al.l [2023) is one promising way to solve the ODE bridge problem. The key
idea of the FM is quite intuitive. We first design some marginal distribution path { P;(z;)}+ with
the boundary conditions Py = 7y, P; = m1. We then derive the ODE dx; = wu(z;)dt that yields
{P;(z¢)}+ as its marginal distributions. The drift u; () is approximated by a neural network vy (¢, z)
with parameters 6 by solving:

min B, |Jus(2e) v (t, )| (29)

Once solved, we can generate samples from m; (or my) approximately by simulating: dz; =
vg(t, x¢)dt, xog ~ mo (resp., 1 ~ 7). However, one of the main limitations of this strategy is
that designing the marginal path { P;(z)}+ satisfying the boundary condition is often difficult. And it
is this issue that motivated the CFM.

e Conditional Flow Matching (CFM). To make the path design easier, we introduce some latent
random variable z to condition x;. Although CFM derivations hold regardless of the choice of z, it
is typically chosen as the terminal random variates z = (z¢, x1), and we will follow this practice
and notation. Specifically, in CFM we design the so-called pinned marginal path { P(x¢|xo,21)}+
and the coupling distribution Q(x, x1) subject to the condition Py(xq) = mo(xo), P1(z1) = m1(x1)
where P;(z;) is defined as

Py(xt) = /Pt($t|3307ﬂfl)Q(xovxl)d(Jfoﬂﬁl) (30)

Then we derive the ODE dx; = uy(x¢|xg, 21)dt that yields { P(z¢|zo, 21)} as its marginal distribu-
tions for each (xg, x1), which admits a closed form if { P(z¢|zo, x1)}+ are Gaussians (Lipman et al.,
2023). We then approximate E[u;(z¢|zo, z1)|x¢], the conditional expectation derived from the joint
P(x¢|zo,21)Q(x0, 21), by a neural network vy (¢, z;) by solving the following optimization:

mein E [|ut(2¢]zo, 21) — va(t, z¢)||? 31)
where the expectation is taken with respect to the joint P(x:|xo, z1)Q(zo, 21) and uniform ¢. Sur-

prisingly, it can be shown (Tong et al.| 2023) that the gradient of the objective in (3I)) coincides with
that in for uy () defined as:

1
ug(x) = t)EQ(mo,ml)[Ut($t|x07l'l)Pt(xtlea z1)] (32)

Pt(l'
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hence sharing the same training dynamics as (29). Therefore the optimal vg (¢, ¢) of is a good
estimate for u (). Since the ODE dx; = uy(x:)dt admits { P;(x4)}+ as its marginal distributions,
so does dx; = vy(t, x;)dt approximately.

Many existing flow matching variants including FM (Lipman et al., 2023)), Stochastic Interpola-
tion (Albergo & Vanden-Eijnden, 2023)), and Rectified FM (Liu et al., 2023)) can be viewed as special
instances of this CFM framework. For instance, these models can be realized by having a straight line
(linear interpolation) pinned marginal path (33) with vanishing variance while one boundary (e.g.,
7o) is fixed as standard normal N(0, T).

o Limitations of CFM. A reasonable choice for the coupling distribution Q(z, 1) is the Optimal
Transport (OT) or the entropic OT between 7y and 71. The pinned marginal P;(x¢|xo, z1) can be
chosen as a Gaussian with the linear interpolation between =y and z; as its mean, more specifically,

Pi(x¢|zo, x1) = N(tzy + (1 — t)zo, B2T) (33)

for some scheduled variances 32. When the combination of the entropic OT Q(z¢, ;) and 3; =
orefy/t(1 —t) is used, it can be shown that the marginals {P;(x;)}; coincide with the marginals
of the Schrodinger bridge with the Brownian motion reference Pref o dey = 0, +dW;. However,
the main limitations of CFM (Tong et al., 2023) are: i) CFM solutions are confined to ODEs, hence
unable to find the optimal SDE solution to general bridge problems including the Schrodinger bridge
problem; ii) CFM itself does not provide a recipe about how to solve the entropic OT problem exactly —
what is called SB-CFM proposed in (Tong et al., 2023) only approximates it with the Sinkhorn-Knopp
solution for minibatch data, which is usually substantially different from the population entropic OT
solution, that is, the solution to the Schrodinger bridge problem (See the SB static view in Sec.[A.2.2).

A.2.2 SCHRODINGER BRIDGE PROBLEM

The Schrodinger bridge problem can be defined as (28) where we assume a zero-drift Brownian SDE
with diffusion coefficient 0.y for the reference path measure Pref . That s,

Pl day = 0oy dWi, @o~ol(-) (34)

We denote by P the Schrodinger bridge path measure, i.e., the solution to (28). In the literature,
there are two well-known views for P the static view and the optimal control view.

The static view has a direct link to the entropic optimal transport (EOT) solution, more specifically
PSB({fEt}te[o,1]) = PFOT (24, 21) - Pre'f({xt}t€(0,1)|x()a x1) (35)

where xo,x1) is the EOT joint distribution solution with the negative entropy regularizing
coefficient 207, ;. More formally,

PEOT(

PEOT(xo,asl) = arg P(min )Ep(wo}zl)ﬂxo — gc1||2 — 20$efH(P(x0,m1)) (36)
Z0,T1

S.t. P(l’o) = ﬂo(xo), P(l‘l) = 7T1(£C1) (37)

where H indicates the Shannon entropy. We call P"¢/ (-|zg, 1) the pinned reference process, which
admits a closed-form Gaussian expression for the specific choice (34). Although the product form
(33), i.e., the product of the boundary joint distribution and the pinned path measure, does not in
general become Markovian (e.g., [to SDE representable), the Schrodinger bridge is a well-known
exception where there exists a unique SDE that yields P*7 as its path measure.

Alternatively, it is not difficult to derive an optimal control formulation for the Schrédinger bridge
problem. Specifically, P> can be described by the SDE that has the minimum kinetic energy among
those that satisfy the bridge constraint. Letting

P d.’Et = Ut(l't)dt+ gredeta .’EQN’]T()(') (38)

we have PSP = PY" where v* is the minimizer of the following problem:

. b
min Epo l/ 52 v ()| |Pdt| st PY(z1) = 71 (x) (39)
v 0 Uref

Next we summarize two recent algorithms that solve the Schrodinger bridge problem exactly (at least
in theory): Iterative Proportional Filtering (IPF) and Iterative Markovian Fitting (IMF).
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A.2.3 ITERATIVE PROPORTIONAL FILTERING (IPF)

IPF aims to solve the Schrédinger bridge problem (28)) by alternating the forward and reverse half
bridge (HB) problems until convergence. More specifically, with initial P° = P"¢f, we solve the
followings forn = 1,2, ...

(Reverse HB) P?"~! = arg mgn KL(P||P?"7?) s.t. Py(z1) = m1(z1) (40)
(Forward HB) P?" = arg min KL(P||P?>"™1) s.t. Py(z0) = mo(20) (41)

It can be shown that lim,,_,, P — PS8 (Fortet, |1940; Kullbackl [1968: [Riischendorfl [1995). It is
not difficult to show that the optimal solution of (#0) or (4I)) can be attained by time-reversing the
SDE of the previous iteration. This fact was exploited recently in (De Bortoli et al., 2021} |[Vargas
et al., 2021)) to yield neural-network based IPF algorithms where the score V log P™ () that appears
in time reversal is estimated either by regression estimation (De Bortoli et al., [2021)) or maximum
likelihood estimation (Vargas et al.,2021). However, the main drawback of these IPF algorithms is
that they are simulation-based methods, thus very expensive to train.

A.2.4 ITERATIVE MARKOVIAN FITTING (IMF)

Recently in (Shi et al.,|2023)), the concept of path measure projection was introduced, specifically the
Markovian and reciprocal projections that preserve the boundary marginals of the path measure. This
idea was developed into a novel matching algorithm called the iterative Markovian fitting (IMF) that
alternates applying the two projections starting from the initial path measure. Not only is it shown to
converge to P>B, but the algorithm is computationally more efficient than IPF without relying on
simulation-based learning. A practical version of the algorithm is dubbed Deep Schrodinger Bridge
Matching (DSBM).

We begin with discussing the two projections.

e Reciprocal projection. They define the reciprocal class of path measures to be the set of path
measures that admit P"¢/ (-|zo, ;) as their pinned conditional path measures. That is, the reciprocal
class R is defined as:

R = {P . P(l‘(),l’l)Pref('|$0,$1)} (42)

The reciprocal projection of a path measure P, denoted by II (P), is defined as the path measure in
the reciprocal class that is closest to P in the KL divergence sense. Formally,

Iz (P) = arg glé;éKL(PHR) = P(xy, xl)PTef(-|x07:E1) (43)

where the latter equality can be easily derived from the KL decomposition property. So it basically
says that the reciprocal projection of P is simply done by replacing P(-|z¢,z1) by that of PFef
while keeping the coupling P(zq, z1).

e Markovian projection. They also define the Markovian class as the set of any SDE-representable
path measures with diffusion coefficient o, y. That is,

M ={P : dxy = g¢(x¢)dt + orcdW; for any vector field g} (44)

The Markovian projection of a path measure P, denoted by IT((P), is defined similarly as the path
measure in the Markovian class that is closest to P in the KL divergence sense,

Im(P) = arg min KL(P(|M) (45)

In (Shi et al., 2023) (Proposition 2 therein), it was shown that ITx(P) can be expressed succinctly

for reciprocal path measures P. Specifically, for P € R, we have Iy (P) = PY" where P¥" is
described by the SDE: dx; = vy (z;)dt + 0rerdWy, xo~ P(x) Where

(46)

* re Ty — Ty
Uy (‘Tt) = EP(.’IJl‘.’L‘t) J?efvm logP f(x1|xt)] = EP(wl\;cz) |: 1—¢ :|

where the latter equality comes immediately from the closed-form P/ (z1|z;) = N (4, 02, (1=
t)I). Also it was shown that the marginals are preserved after the projection, that is, P?" (-) = P(-)
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forall ¢ € [0, 1]. This means that applying any number of Markovian (and also reciprocal) projections
to a path measure P always preserves the boundary marginals Py(xo) and P;(z1). And this is one
of the key theoretical underpinnings of their algorithms called IMF and its practical version DSBM
(details below) to solve the Schrodinger bridge problem.

o IMF and DSBM algorithms. Conceptually the IMF algorithm can be seen as a successive alternat-
ing application of the Markovian and reciprocal projections, starting from any initial path measure
PV that satisfies P° (1‘0) = 7T0(5130) and PY ([L‘l) =T (181) (e.g., PY = o (1‘0)71’1 (xl)P"ef(- |$0, 1‘1)
is a typical choice). Thatis, forn = 1,2, ...

P2n—1 — 1—[/\/[(13271—2)7 P2n _ HR(P2n—1) (47)

Not only do all {P"}, > meet the boundary conditions (i.e., Py’ = my, P{* = ), it can be
also shown that they keep getting closer to P55, and converge to P57 (i.e., KL(P"T!||P5F) <
KL(P"||PSB) and lim,, o, P™ = PSB) (Shi et al., 2023) (Proposition 7 and Theorem 8 therein).
The reciprocal projection is straightforward as it only requires sampling from the pinned process
Pref(-|zg, 1) that is done by running dz; = =2t dt 4 opepdWy with (20, 21) taken from the
previous path measure. However, the Markovian projection involves the difficult P(x1|z;) in
from the previous path measure P. To circumvent P(x1|x;), they used the regression theorem by
introducing a neural network vy (¢, ) to approximate v; () and optimizing the following:

1
: e 2
argmeln/ Epee,a)|[vo(t, z) — afefvmt log P f($1|$t)|| dt (48)
0

where now the cached samples (x1, ;) from the previous path measure P can be used to solve
(@8). Although theoretically vg« (t,z) = v (z) with ideally rich neural network capacity and perfect
optimization, in practice due to the neural network approximation error, the boundary condition is
not satisfied, i.e., Pf"fl # 1. Hence to mitigate the issue, they proposed IMF’s practical version,
called the Diffusion Schrodinger Bridge Matching (DSBM) algorithm (Shi et al., [2023)). The idea
is to do Markovian projections with both forward and reverse-time SDEs in an alternating fashion
where the former starts from 7y and the latter from 71, which was shown to mitigate the boundary
condition issue.

A.3 A UNIFIED FRAMEWORK FOR DIFFUSION BRIDGE MATCHING PROBLEMS

Our proposed unified framework is described in Alg.[2] It can be seen as an extension of the CFM
algorithm (Tong et al., [2023)) where the difference is that we consider the SDE bridge instead of
the ODE bridge (i.e., the diffusion term in step 2). But this difference is crucial, as will be shown,
allowing us to resolve the limitations of the CFM discussed in Sec.[A.2.T] It also makes the framework
general enough to subsume the IMF/DSBM algorithm for the Schrodinger bridge problem and various
ODE bridge algorithms as special cases. We also emphasize that even though this small change of
adding the diffusion term in step 2 may look minor, its theoretical consequence, specifically our
theoretical result in Theorem [A.T] has rarely been studied in the literature by far.

We call the unified framework Unified Bridge Algorithm (UBA for short). Note that UBA described in
Alg. 2]can deal with both ODE and SDE bridge problems, and if the diffusion coefficient o vanishes,
it reduces to CFM for ODE bridge. Similarly as CFM, under the assumption of rich enough neural
network functional capacity and perfect optimization solutions, our framework guarantees to solve
the bridge problem. More formally, we have the following theorem.

Theorem A.1 (Our Unified Bridge Algorithm (UBA) solves the bridge problem). If the neural
network vy (t, x) functional space is rich enough to approximate any function arbitrarily closely, and
if the optimization in step 3 can be solved perfectly, then each iteration of going through steps 1-3 in
Alg. ensures that dxy = vg(t, z;)dt + odWy, xo~mo(-) (after the optimization in step 3) admits
{P:(x+)}: of (H9) as its marginal distributions.

The proof can be found in Sec.[A.4] The theorem says that after each iteration of going through steps
1-3, it is always guaranteed that the current SDE admits { P;(x+)}+ defined in step 1 as marginal
distributions. Since Py(-) = mo(-) and Py (-) = m1(+), the bridge problem is solved. Depending on
the design choice, one can have just one iteration to solve the bridge problem. Under certain choices,
however, it might be necessary to run the iterations many times to find the desired bridge solutions
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Algorithm 2 Our Unified Bridge Algorithm (UBA) for bridge problems.

Input: The end-point distributions 7o and 71 (i.e., samples from them).
Repeat until convergence or a sufficient number of times:
1. Choose a pinned marginal path { P;(x|zo, z1)}+ and a coupling distribution Q(xo, z1) such that
Po() = mo(-) and Pi(-) = m1(-) where

Pyi(z4) ::/Pz(xt\mo,a:l)Q(xo,xl)d(xo,ml) (49)

2. Choose o > 0, and find u¢(z|xo, 1) such that the SDE
dxy = ui(zt|xo, 1)dt + 0dW; (50)

admits { P, (z|xo, z1) }+ as its marginals. (Note: many possible choices for o and u¢(z|zo, 1))
3. Solve the following optimization problem with respect to the neural network vy (¢, x):

mgin ]EtA,Q(xval)Pt(mt‘mOa“f‘l)||ut(wt|m07 ml) - ’Ue(t7 xi)H2 (5D

Return: The learned SDE dx: = vo(t, x+)dt + cdW; as the bridge problem solution.

(e.g., mini-batch OT-CFM (Tong et al.,|[2023) and the IMF/DSBM Schrodinger bridge matching
algorithm (Shi et al.| 2023) as we illustrate in Sec.[A.3.T|and Sec.[A.3.3] respectively).

In the subsequent sections, we illustrate how several popular ODE bridge and Schrodinger bridge
algorithms can be instantiated as special cases of our UBA framework.

A.3.1 A SPECIAL CASE: (MINI-BATCH) OPTIMAL TRANSPORT CFM (TONG ET AL.,|2023))

Within our general Unified Bridge Algorithm (UBA) framework (Alg. [2), we select P;(z|zo, 1),
Q(zo,x1) and u;(x |z, 1) as follows. First in step 1,

Pi(x¢|xo, 21) = N (24; (1 — t)zo + tay, 02,;,1) (52)
Q(zo, w1) = PO (wo, 1) == > > 8(wo = 2p)d(w1 = 2] )pj; 0" (53)
i€Bo jE€EB:

where 0 — 0, and ({ }ie 5y, {#] }jep, ) is the mini-batch data, and {p297 };; is a (| Bo| x |B1)
mini-batch OT solution matrix learned with the mini-batch as training data. That is,

_ o 1 1
pmOT = arg manpinxé —2]|* st Z Pij = 5, Z Dij = T (54)
P : |Bol" | B1]

J jEB: i€Bo
It is worth mentioning that 0,,;, — 0 is required to have boundary consistency for P;(z|zq, 21 ) at
t = 0and ¢t = 1. Note also that P;(z|x, z1) is always fixed over iterations while Q(xq, x1) varies

over iterations depending on the mini-batch data sampled. Note that in our UBA framework, each
iteration allows for different choices of P;(x|xg,z1) and Q(xo, z1).

In step 2, we choose o = 0, and define w;(x¢|zo, z1) to be a constant (independent on t) straight line
vector from xq to xq, i.e.,

up(xe|zo, 1) = 21 — 20 (55)

which can be shown to make the ODE dz; = us(x¢|xo, x1)dt admit P;(x¢|zg, z1) as its marginal
distributions (Tong et al.| 2023).

The above choices precisely yield the (mini-batch) optimal transport CFM (OT-CFM) introduced
in (Tong et al., |[2023)).

A.3.2 A SPECIAL CASE: (MINI-BATCH) SCHRODINGER BRIDGE CFM (TONG ET AL.,[2023))

Within our general Unified Bridge Algorithm (UBA) framework (Alg. , we select Py(z|zg, 1),
Q(xo,x1) and w;(x|xo, 1) as follows. First in step 1,

P,(z¢|z0, 21) = Pr (z4]wo, m1) = N(ag; (1 — t)zo + tas, o pt(1—t)I) (56)
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Q(z0,z1) = P™FOT (24, 21) := Z Z §(zo = 2})d(xy = x{)pZ?EOT (57
i€Bg jEB

where ({z}}icp,, {z]}jep, ) is the mini-batch data, and {pQ?EOT}ij is a (| Bo| x |B1|) is the mini-
batch entropic OT solution matrix with the negative entropy regularizing coefficient 202, s (e.g., from
the Sinkhorn-Knopp algorithm) learned with the mini-batch as training data. Although the samples
from the coupling distribution Q(x¢, z1) in (57) over the iterations in Alg. 2 conform to the data
distributions my and 7; marginally, the mini-batch entropic OT solution is generally substantially
different from the population entropic OT solution (the optimal solution of the Schrodinger Bridge).

In step 2, we choose o = 0, and define u;(z¢|zq, 1) to be:

1-—2¢
u(ze]zo, 1) = m(l‘t — (tz1 + (1 —t)z0)) + 1 — o (58)
which can be shown to make the ODE dx; = us(x¢|zo, 21)dt admit Py(z¢|zo, 1) as its marginal
distributions (Tong et al., 2023).

The above choices precisely yield the (mini-batch) Schrodinger Bridge CFM (SB-CFM) introduced
in (Tong et al.,[2023)). Although the marginals of SB-CFM match those of the Schrodinger bridge
solution, the entire path measure not since it only finds an ODE bridge solution.

A.3.3 A SPECIAL CASE: DEEP SCHRODINGER BRIDGE MATCHING (DSBM) (SHI ET AL.,
2023)

As discussed in[A.2.4] the IMF/DSBM algorithm is based on the IMF principle where starting from
P({z¢}iep0,1) = mo(xo)m1(x1) P ({x1 }1e(0,1) |70, ¥1), repeatedly and alternatively applying the
projections P <— ITx¢(P) and P + I (P) leads to convergence to the Schrodinger bridge solution.
How does this algorithm fit in the framework of our Unified Bridge Algorithm (UBA) in Alg.[2]?
We will see that a specific choice of P;(z|xo,z1), Q(zo,x1) (in step 1) and u(2|xo, 21) (in step 2)
precisely leads to the IMF algorithm. We describe the algorithm in Alg.

In step 1, the pinned path marginals P;(z|z¢, 1) are set to be equal to Py’ (], z1) which can be
written analytically as Gaussian . The coupling Q(z, 1) is defined to be the coupling distribution
P9 (z¢, 1) that is induced from the SDE in the previous iteration (step 3), P¥? : dxy = vg(t, x;)dt +
odW;. In the first iteration where no 6 is available yet, we set Q(xq, 1) := 7o (zo)m1(x1). We need
to check if the boundary condition for (49) is satisfied. This will be done shortly in the following
R 2 ref _ 1Ty
paragraph. In step 2, we fix ¢ := o,¢y, and set u (24 |zo, 1) == aavzt log P"¢7 (zq|xy) = .

=
In step 3 we update 6 by solving the optimization (62), the same as (51), with the chosen P, (x|, 1),
Q(xo,x1) and ug(zt|zo, 1)

Now we see how this choice leads to the IMF algorithm precisely. First, due to Doob’s h-
transform (Rogers & Williams, 2000), the SDE dx; = w;(x¢|zo, 21)dt + odW; with the choice
admits { P/ (z|zo, 1)} as its marginals for any (z¢, z1). Next, the step 3, if optimized perfectly
and ideally with zero neural net approximation error, is equivalent to IT (Il (P"%0ta )) where 0,4 is
the optimized 6 in the previous iteratimﬂ This can be easily understood by looking at the Markovian
projection IT x4 (P) written in the optimization form (48)): The expectation is taken with respect to
P(z,x1) that matches Q(zo, 1) P! (4|0, 1) in (62), and which is exactly the reciprocal projec-
tion of PYa since Q(zg,x1) = P4 (29, x71) by construction. Lastly, we can verify that the choice
in step 1 ensures the boundary conditions Py(-) = mo(+), Pi(-) = 71 (). This is because Q(zg, 1)
always satisfies Q(xo) = mo(xo) and Q(x1) = mo(x1): initially Q(xg,x1) = mo(x0)m1(x1) ObVi-
ously, and later as Q(zg,x1) = P9 (xq, 21) results from the Markovian projection (from step 3
in the previous iteration). We recall from Sec. that the Markovian projection preserves the
boundary conditions.

o IMF/DSBM algorithm as a UBA in minimal kinetic energy forms. We can reformulate the IMF
algorithm within our UBA framework using the minimal kinetic form as described in Alg. 4 In fact
it can be shown that Alg. [3]and Alg.[d]are indeed equivalent, as stated in Theorem [A.5]in Sec.[A.4.2]

*Initially when there is no previous 6,4 available, the step 3 is equivalent to ITx(P*"%") where P =
mo(xo)m1 (x1) P (-|z0, 21) which is already in the reciprocal class R.
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Algorithm 3 IMF/DSBM algorithm (Shi et al.|[2023) as a special instance of our UBA.

Input: The end-point distributions 7o and 71 (i.e., samples from them).
Repeat until convergence or a sufficient number of times:
1. Choose a pinned marginal path { P;(x|zo, 1) }+ and a coupling distribution Q(xo, z1) as follows:

Pi(xi|zo,21) = Pr (4]@o, 1) = N (@e; (1 — t)z0 + try, orept(1 —t)I) (59)
= ) s e
2. Choose 0 := 0y, and set u; (x|zo, x1) as:
o, 01) = oy Vi log P! (aafee) = =2 a8
3. Solve the following optimization problem with respect to the neural network vy (¢, x):
min Et,Q(00.01) Py (wt [wowen) | [wt (X0, 1) — vo (8, @4)||° (62)

Return: The learned SDE dz: = vg(t, z+)dt + odW; as the bridge problem solution.

Algorithm 4 IMF/DSBM algorithm (Shi et al.,[2023) as a minimal kinetic energy form in our UBA.

Input: The end-point distributions 7 and 7y (i.e., samples from them).
Repeat until convergence or a sufficient number of times:
1. Choose P;(z|xo,21) = N (2; fie, v7 I) where (i, ¢) are solutions to the following optimization:

1
. 1
arg min /Ept(z‘zo,zl)[f|\at(x|xo,x1)||2}dt where (63)
{pevere Jo 2
dllzt 1 d')/t U?ef
= - == (4 64
at(x|zo, 1) 7 +ar(x — pe), aq %<dt o (64)

Choose a coupling distribution Q(zo, z1) as follows:

mo(xo)m1(z1) initially (if 0 is not available)
, = . 65
Q(wo, 1) {P”" (zo,x1) otherwise 65)
2. Choose 0 := oy, and set us(x|zo, £1) := at(x|z0, 21).
3. Solve the following optimization problem with respect to the neural network vy (¢, x):
min B (ag,21) Py (w4 lwo,00) [0t (220, 1) — 0o (2, z0)|)? (66)

Return: The learned SDE dz; = vg(t, 2+)dt + odW; as the bridge problem solution.

Our proof in Sec.[A.4.2]relies on some results from the stochastic optimal control theory (Tzen &
Raginskyl, 2019). Then what is the benefit of having this stochastic optimal control formulation for
the IMF algorithm? Compared to Alg|3] it has more flexibility allowing us to extend or re-purpose
the bridge matching algorithm for different goals. For instance, the Generalized Schrodinger Bridge
Matching (GSBM) (Liu et al.,2024)) adopted a formulation similar to Alg. E} in which they introduced
the stage cost function that is minimized together with the control norm term. The final solution SDE
would not be the Schrédinger bridge solution, but can be seen as a generalized solution that takes
into account problem-specific stage costs. Hence the algorithmic framework in Alg. ]is especially
beneficial for developing new problem setups and novel bridge algorithms.

A.4 THEOREMS AND PROOFS FOR UNIFIED BRIDGE ALGORITHM (UBA)
A.4.1 PROOF OF THEOREM[A ]l

To prove Theorem[A.T] we show the following three lemmas in turn:
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1. First, in Lemma we show that after step 2 of Alg. [2] is done, the SDE dz; =
ug(xe)dt + odWy, x9 ~ mo(-) admits {P;(z¢)}+ as its marginal distributions where
ug(x) = %]EQ[ut(xwo,xl)Pt(ﬂxo,xl)].

2. Under the assumptions made in the theorem, that is, i) the neural network vy (¢, x)’s func-
tional space is rich enough to approximate any function arbitrarily closely; ii) the step
3 of Alg. [2]is solved perfectly, we will show that the solution to step 3 is vy(t,z) =
E[ut(x|xo, 1) |2z =2]. This straightforwardly comes from the regression theorem, but we
will elaborate it in greater detail in Lemma[A.3|below. We then show that this conditional
expectation equals u;(z) defined in (68), i.e., vg(t,2) = w,(x). This will complete the
proof, and we assert that dz; = vg- (¢, )dt + 0pepdWy, xo~mo(-) admits {P,(x¢)}+ as
its marginals.

3. Practically, the training dynamics of the gradient descent for step 3 of Alg.[2can be shown
to be identical to that of minimizing E||vg(t,z) — u.(z)||?. This is done in Lemmal|A.4]
although the proof is very similar to the result in (Tong et al.|[2023)). Hence, in practice, even
without the assumptions of the ideal rich neural network functional capacity and perfect
optimization, we can continue to reduce the error between vy (¢, ) and u;(x) in the course
of gradient descent for step 3.

Lemma A.2. Suppose {P:(x|xo,z1)}+ be the marginal distributions of the SDE dx; =
ug (x| o, x1)dt + odW, for given xy and x1. In other words, step 2 of Alg. is done. For

Pi() = / Py(2]xo, 21)Q (w0, 21)d(z0, 1) 67)
1
ug(x) = mEQ(wo,xl)[Ut(ﬂxmxl)Pt($|ﬂf07$1)]a (68)

the SDE dxy = u(x)dt + odWy, xg~mo(-) has marginal distributions { P,(x) }+.

Proof. For the given xg and x1, we apply the Fokker-Planck equation to the SDE dz; =
ug(x¢|xo, T1)dt + odW, with its marginals { P (x|zo, 1) }+.

2

0 .
aPt(ijo,xl) = — div{Ps(x|zo, x1)us(z|zo, 1)} + %APt(x|xo,x1) (69)

where div is the divergence operator and A is the Laplace operator. Now we derive the Fokker-Planck
equation for the target SDE as follows:

o 0
&Pf/(x) - &/Pt($|$0,I1)Q($07$1)d(~’007x1) 70
0
:/8tPt(1‘|a?o,961)@(330,901)05(330»551) 7

2
= / ( — div{ Py(x|zo, x1)us(x|zo, 21) } + %APt(sckno, ml))Q(:Eo, x1)d(xo, 1)  (72)

2
= —divEq [ut(x\xo,xl)Pt(x\xo,xl)} + %A/Pt(:c|x0,xl)Q(xo,xl)d(xo,xl) (73)

1 o?
= —div {Pt(I)Pt(x)EQ [ui(z|wo, 1) Py (|20, 21)] } + ?APt(x) (74)
= —div{P(x)us(x)} + %QAPt (z) (75)

This establishes the Fokker-Planck equation for the SDE dx; = ug(x:)dt + odWy, 2o ~mo(+), to
which {P;(z)}: is the solution. This completes the proof of Lemma O

Lemma A.3. Under the assumptions of ideal rich neural network capacity and perfect optimization
made in the theorem, the solution to step 3 of Alg. 2} that is,

0" = arg H}gin Et,Q(xo,xl)P,,(:ctch,xl)||ut($t|x0axl) - ’Ug(t,i[,’t)||2 (76)

satisfies vo« (t, ©) = E[us(z|xo, 1) |z =2] = w(x) where uy(z) is defined in (68).
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Proof. We prove the second equality first. The expectation E[u(z¢|zo, 21)|x¢] is taken with respect
to the distribution R(zg, z1]x+) defined to be proportional to P;(z¢|zo, 21)Q(x0, 21).

Efu (z¢|xo, 21)|24] :/R($07“”1|$t)ut($t|$07xl)d(wovxl) (77
/ P, (x¢|wo, 21)Q (20, 21)
J P

zt‘xﬂaxl ($03I1)d(I05I1)

w (x| zo, 1)d(z0, 21) (78)

P Tt|To, T o, T
/ (04 OPt 1%)( 0 1)Ut(xt|xo,$1)d($0a$1) 79
1
/Pt x| z0, 1) Q(T0, T1)us (|70, 1 )d (0, 1) (80)
Pt(fﬂt
1
— 7 Eotanen (oo, 1) Pz, )] ¢b
:’U,t(l't) (82)

We now prove the first equality. Although this straightforwardly comes from the regression theorem,
but here we will elaborate it in greater detail. Due to the assumptions, the optimization (76) can be
written in a functional form as:

vt = arg n(nr; Et7Q(wo7w1)Pt(wt|$o,I1)|‘ut(xt|x05 xl) - U(tht)HQ (33)

where its optimizer v* (¢, z) equals the optimizer vg- (¢, z) of ( . In the functional optlmlza—
tion (83), the objective is completely decomposed over t, and we can equivalently minimize
EQ(w0,21) Py (w2 |20,1) || Ut (T 20, T1) — v(t, 24)||* for each ¢. We take the functional gradient with
respect to v(t,-). For ease of exposition, we will use simpler notation where we minimize
Epy. )| f (4, 2) — g(y)||* with respect to the function g(-). Hence there is direct correspondence: y
is to x4, z to (zo, 1), f(y, 2) to us(x¢|zo, 1), and g to v. We see that at optimum,

dg(y) = /2p(y, 2)(9(y) — f(y,2))dz =0 (84)

leading to g*(y) = E[f(y, 2)|y]. This regression theorem implies v* (¢, z:) = E[us(xt|xo, 21)| 4]
This completes the proof Lemma O

Lemma A4. VoEp, ) ||vo(t, 2) — w ()| = VoEp, (s)ag,01)Q(w0,00) [0 (t ) — ue(z]20, 21)]|[?
for each t, where P;(x) and uy () are defined as (67) and (68), respectively.
Proof.

VeErollta(t, 2) — w (@I = Voo [loo(t, ) 200(t,2) Tu(x)] 55)

= VoEp, () l[va(t, )| = 2VoEp, (a) [vg(t, x)Tut(m)} (86)

The first term can be written as:

Vo, (o)|[va(t,2)|> = Vg / \[vp (¢, 2)| 2Py () dx 87)

:ve/‘|U9(t,£l:)”2pt($|$0,$1)Q($0,$1)d(1‘,$07$1) (88)

= VGEPt(:r\xo,zl)Q(mo,Zﬂ'|U9(t"r)||2 (89)
The second term can be derived as:
VoEp,(z) [ve<t, m)Tut@cﬂ =V / vo(t, ) Ty () Py () dae (90)
= V9/vg(t,I)TEQ(JEOJI)[ut(x\xo,xl)Pt(x|xo,x1)]da: 91)
=V /Ug(t,I)Tut(xkco,xl)Pt($|x0,xl)Q(xo,xl)d(x, xo,X1) (92)
= VoEp, (|z0,21)Q(z0,21) Ue(tw)TUt(JS\JJo,m)} (93)
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Combining and , and noting that ||u(x|xg,1)||? is independent of §, we complete the
proof of Lemma[A-4] O

A.4.2 EQUIVALENCE BETWEEN ALG. 3|AND ALG. [

Theorem A.5. Under the same assumptions as those in Theorem[A 1| Alg.[3|and Alg. H)lead to the
same SDE solution, which is the Schrodinger bridge matching.

Proof. The proof goes as follows: i) We first show that the optimization problem (63H64) in step
1 in Alg.[d]can be seen as a constrained minimal kinetic energy optimal control problem with the
constraint of Gaussian marginals { P;(x|zo, 21)}+; ii) We then relax it to an unconstrained version,
and view the unconstrained problem as an instance of stochastic optimal control problem with fixed
initial; iii) The latter is then shown to admit Gaussian pinned marginal solutions following the theory
developed in (Tzen & Raginskyl [2019), thus proving that Gaussian constraining does not essentially
restrict the problem. It turns out that the optimal pinned marginals and the optimal control have
exactly the linear interpolation forms in (59) and (61, respectively, which completes the proof.

In step 2, since we set u; (|20, 71) = a(x|zo, z1) where « is the solution to (63H64), we will use the
notation w in place of « throughout the proof. First, we show that the SDE dx; = uy(x¢|xo, z1)dt +
odW, with initial state ;o at t =0 and u satisfying , admits { P, (x¢|xo, v1) = N (2¢; e, ¥ 1) 1
as marginal distributions. Note that we must have uy = xg, g1 = 21, 70 — 0, and y; — 0 due to
the conditioning (pinned process). This fact is in fact an extension of the similar one for ODE cases
in (Tong et al.||2023). We will do the proof here for SDE cases. We will establish the Fokker-Planck
equation for the SDE, and we derive:

OP;(x|xo, 1)
ot

dlog N (w; pe, V1)
ot

/ T — T,/ T — 2.7
Tt Vi "t

= Py(x|xg, 1) - 94

where p} and -, are the time derivatives. We also derive the divergence and Laplacian as follows:

div{P;(z|xo, z1)us(z|2o, 1)} =

2 / 0'2
A =) T =l <%—ﬁ) 2
7Pt(1'|1’0,1'1)~ *&d+ ( /~L2t) ad + 3 il +L2d (96)
Yt ’)/t ’yt Z,Yt
— (V2 _ llz = pll® _ d
APy(x|z0, 1) = Tr( V2 Py(x|z0, 21) ) = Pi(2|m0,27) - 2 = ©7)
t ¢
From (93), (96) and (97)., we can establish the following equality, and it proves the fact.
0P (x|zo, . o2
% — —div{Pi(efoo, 21)un(alwo, 21)} + T AP (alro, 21) ©98)

From the above fact, we can re-state the step 1 of Alg.[4]as follows:

(Step 1 re-stated) Choose Pi(x|xo,x1) as the marginals of the SDE, dx; = ut(xt|xo, 1)dt + odW
with initial state xy at t=0 where u is the solution to the constrained optimization:

u

1
1
min/ EPt(xxo,x1)|:2|ut(x|x07x1)||2 dt s.t. {Py(x|zg,z1)}: are Gaussians (99)
0

Instead of solving @I) directly, we try to deal with its unconstrained version, i.e., without the
Gaussian marginal constraint. To this end we utilize the theory of stochastic optimal control with the
fixed initial state (Tzen & Raginsky,|[2019), which we adapted for our purpose below in Lemma

In Lemma we adopt the Dirac’s delta function g(-) = J,, for the terminal cost to ensure that
the SDE dz; = us(xt|xo, 21)dt + odW; with initial state o lands at 2 as the final state. Then the
unconstrained version of (99), which is perfectly framed as an optimal control problem in Lemma[A.6]
has the optimal solution written as:

u(x|z0, 21) = 0V, 108 Epres (04, |2: = 2] = 0%V, log P™/ (x1]2; = ) (100)
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which coincides with (61)) in Alg.[3] Now, due to Doob’s h-transform (Rogers & Williams, [2000),
the SDE dx; = u¢(x¢|xo, x1)dt + odW; with the choice or admits { P (z|zo, x1)}; as
its marginals. In other words, P, (z|zo, 1) = P (&|x, z1), which is Gaussian, meaning that the
constrained optimization and its unconstrained version essentially solve the same problem.

Noting that (59) and (61) in Alg.[3are equivalent to (63)) and (64) in Alg.[d we conclude that Alg. 3]
and Alg. ] are equivalent. O

Now we describe Lemma[A.6]

Lemma A.6 (Stochastic optimal control with fixed initial state; Adapted from Theorem 2.1 in (Tzen
& Raginsky, 2019)). Let PP be the path measure of the SDE: dx; = by(z)dt + odW,, starting
from the fixed initial state x(. For the stochastic optimal control problem with the immediate cost
52z ||be(20)||? at time t and the terminal cost log 1/g(x1) at final time t = 1 for any function g, the
cost-to-go function defined as:

1
1
JH(@) = Eps [ [ sl = tog (o)
t

Ty = :c] (101)

has the optimal control (i.e., the optimal drift by(x))
by (z) = arg mbin Jl(2) = 02V, 10g Epres[g(x1) |2 = 2] (102)

where P"¢7 is the Brownian path measure with diffusion coefficient o.

Proof. We utilize the (simplified) Feynman—Kac formula, saying that the PDE,
Ohy(z)
ot

has a solution h;(z) = E[g(z1)|z; = x| where the expectation is taken with respect to the SDE,
dxy = pi(xe)dt + odWh.

+ pue(2) T Vahe(z) + %Tr(&vght(x)) =0, hi(-) = q(") (103)

Now we plug in p; = 0, ¢ = g, and let v;(z) := —log h.(x). Note that h;(x) is always positive
since g is positive, and hence v;(z) is well defined. Then by some algebra, we see the following PDE:

0 1 2
”Cj;f) n §Tr(a2v§vt(x)) - %||vat(a:)||2, v () = —log g(") (104)

has a solution v(z) = —logEpres[g(21)|2: = x]. Note that we can write ”—;HVIvt(x)
following variational form,

||? as the

|61
202

where the minimum is attained at b* = —02V,v,(z). So vi(z) = —log Epres[g(z1)|zs = ] is the
solution to:

0 1 . blI2
Uégm) + §Tr(o'2ViUt(I)> = 7mb1n bTvaf,(fE) + H20|_|2 , vl(') = 7]0gg(') (106)

Note that (T06) is the Hamilton-Jacobi-Bellman equation for the stochastic optimal control prob-
lem with the immediate cost 55 ||b¢(x)||? and the terminal cost log1/g(z1). In fact, vi(z) =

—logEpres[g(x1)|z: = 2] is the (optimal) value function, and the optimal control, i.e., the solution
to (105) in a function form, is: b} (z) = —0?V,v(x) = 02V, log Epres [g(x1)|z: = 2] O

2
%Hvxvt(x)HQ = —min b7 V,0,(a) + (105)

B TECHNICAL DETAILS OF GAUSSIAN PROCESS GSBM

B.1 ELBO DERIVATIONS

First, the posterior path measure can be written as:
Pprior(Po) . eXp(_J(Po; ‘/o)/T)

Ppost(P.) = E(’I],T)

(107)
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where E(n, 7) is the evidence that depends only on the model parameters 7 (prior kernel hyperpa-
rameters) and 7 (the likelihood hyperparameter), and defined as a normalizer:

E(n,7)= Ep o (Po) [eXp(—J(P.; V.)/T)] (108)
We start with the KL divergence between the variational posterior and the true posterior measures.
dO(P,)
KL(Q(P)||Ppost(Pa)) = E log ————— 109
(Q(Pe)[Ppost(Fe)) a(r) 18 G5 ) (109)

= log E(1,7) + Eg(p,) [J(Pe; Vo) /7] + KL(Q(PW)|Pprior(Ps)) (110)

Now let Y and Y be arbitrary time index sets in [0, 1]. The last term in (110} can be written as:

KL(Q(MYalu’Zy;}'/Y’a;}'/z')pr’rioT(MYaMZ ’WY’/?Z’)) = (111)

Qpz) W Q(Yz) M
= Eoll 112
2|8 prwr(/iZ M Pp’r"LOT’ ’YZ’ W ( )

Quz) - Q(yz)

= Eg|l 113
Q|08 pmor(NZ) prwr(’yZ’)‘| ( )
= KL(Q(/JZ)HPPMOT(/JZ))+KL( (’72/)||Pprior('~7Z’)) (114)

d
STKL(N(CH, 59N (MY, L)) + KLN(CT, ST IN(mFs, k) ) (115)

where comes from our construction of the Varlatlonal density in with OQ(pe|pz) set

equal to Ppmor(u.| 1tz) (and similarly for 7). Eq. ( is due to our Gaussu:m modeling of the
inducing variables in (15). Note that this derlvatlon startlng from index sets Y and Y” results in

the quantity (IT5)) that does not depend on them. That is, (IT5) can be safely plugged in for the
last term of (110), which we denote by KL(Q(Pz, z/)||Pprior (Pz,z')). Due to the non-negativity of
KL(Q(Ps)||Ppost(Ps)), we have:

log B(1,7) = —(Eopy)[J(Pa; Va)/7] + KL(Q(P7,2)[Porior(Pz27)))  (116)

where the right hand side is the evidence lower bound objective (ELBO).

Lastly, the variational-prior KL divergence KL(Q(Pz,z)||Pprior(Pz,z)), is confined to n-dim
Gaussians, and can be written in closed forms as follows:

KL(Q(Pz,z)l|Pprior (Pz,z')) = (117)
‘21<Tr((L*ZL,Z)1(S" +E")) —n+log|LY 4| - G“> + (118)
; (Tr((kz/ ) H(ST+(CT —m) (07— m},)T)) —n' +log \k;,yz,| —log |S:*|) (119)

where we assumed the same kernel functions over all dimensions j of 4, denoted by LY, , := Ll ’J
Vi, n' :=1|Z’|, and defined as:

i

d
ch MEI(CmI - MyhT (120)

io

&M—
&\H
&\H

B.2 COMPLEXITY ANALYSIS

In this section we analyze the computational complexity of our GP-GSBM and GSBM. Since the SDE
training part in both methods are identical, we mainly compare the ELBO learning of our GP-GSBM
with the corresponding CondSOC optimization in GSBM. As described in Sec. [3] the key steps
in ELBO learning consist of: i) sampling (1, ;) from the variational posterior Q, ii) computing
a(x¢|xo, x1) which involves time derivatives (e.g., fi¢), iii) evaluate the likelihood J(Ps; Vs ), and
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Table 5: Complexity analysis for ELBO learning in our GP-GSBM and CondSOC optimization in
GSBM (Liu et al.,[2024).

| GSBM (LIUET AL, [2024) |  GP-GSBM (OURS)
SAMPLE/ESTIMATE (i, Yt ) O(NTnd) - O(NTnd + NTn?)
COMPUTE o (x¢|z0, 1) O(Td) O(Td)
EVALUATE LIKELIHOOD/LOSS o(T-(d+1Tv)) o(T-(d+1Tv))
EVALUATE KL(Q(P2)||Pprior(Pz)) - O(Nn® 4+ Nn?d)

iv) evaluate the variational-prior KL term. The former three steps decide the first term of (ZI]) while
the latter determines the second term. The first three steps have corresponding counterparts in GSBM:
i) estimating (p¢,y:) from the spline model, ii) computing o (x¢|zo, 1) , and iii) evaluating the loss
in (3). It does not have the KL computation.

First, the (1, ;) sampling step in our GP-GSBM. Following (1 and recalling that we used
diagonal S and the same kernel function across all dimensions j, samphng (12t vt ) takes O(NT'nd +
NTn? ) time where T is the batch size, N is the number of ELBO learning iterations, and N=1
if no model selection for the kernel hyperparameters 7 is required, and N = N otherwise. This is
because if the kernel function is fixed, the kernel matrix inversion can be amortized over iterations by
caching inverse kernel matrices. Using the same notation in GSBM, where n denotes the number of

spline knot points, the spline estimation of (g, 7:), corresponding to the sampling in our case, takes
O(NTnd).

Computing o (x4 |zg, z1) in (§) takes O(T'd) for both our approximate time derivatives and GSBM’s
auto-differentiation. Evaluating J(P,; Vs) in (7) takes O(T - (d + Ty')) where Ty is the cost of
computing V;(z;). GSBM incurs the same cost for the loss evaluation. The Variational-prior KL term,

only appearing in our GP-GSBM, takes O(Nn3 + Nn2d) complexity following (117H120).

We summarize these results in Table 5] Comparing with GSBM, we have additional cost, mainly
O(n?) kernel inversion cost when model selection is performed for the kernel hyperparameters 7
and O(n?d) in the KL divergence computation. This may be costly for large d even though we have
constant n (usually no greater than 30). One work around is to use diagonalized kernels in (TI8HIT9),
which reduces the complexity to linear in n. In practice, we observed no significant difference from
using full kernel matrices. In this case, GP-GSBM incurs the same asymptotic complexity as GSBM
when we do not use model selection during ELBO learning.

C EXPERIMENTAL DETAILS

We mostly follow the experimental settings, default hyperparameters, and network architectures
from GSBM (Liu et al.,|2024)) and their official code baseﬂ DSBM (Shi et al., 2023)) is performed
by turning off the CondSOC optimization in GSBM, which initializes the marginal path as linear
interpolation of DSBM. Our GP-GSBM is also implemented based on their code base where we
similarly take alternating forward and backward SDE training and integration for coupling Q (o, x1)
samples. For the kernel implementation, we adopted the GPyTorclE] library (Gardner et al., 2018)).

Problem setups. For the stage cost for crowd navigation in , we use Agps = 1500, Ay =
0, Aegst = 50 for Stunnel, and Agps = 1500, Aent = 5, Acgst = O for GMM. For the noisy scenario in
LiDAR, the manifold projection is altered by (I + 0.5¢) in a multiplicative way where € ~ N (0, I).

Hyperparameters. The numbers of inducing points in our GP-GSBM, n for u; and n’ for ~;,
correspond to the numbers of spline knot points in GSBM. And we match them for both models for
fair comparison. Specifically we chose: Stunnel and GMM (n = 15, n’ = 30), LiDAR (n = 30,
n' = 30), and CIFAR-10 and AFHQ (n = 8, n’ = 8). For all experiments, our variational inference
ELBO learning, corresponding to the CondSOC optimization in GSBM, takes the number of iterations:
1000 (Stunnel), 2000 (GMM), 200 (LiDAR), and 100 (CIFAR-10 and AFHQ). Following (Liu et al.,
2024), we use the Adam optimizer (Kingma & Ba, |[2015) for AFHQ (and CIFAR-10), SGD with
momentum for LIDAR, and SGD for the rest. For the SDE noise level, o = 1.0 is used for crowd

*nttps://github.com/facebookresearch/generalized-schrodinger-bridge-matching
*https://github.com/cornellius—gp/gpytorch
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(Deterministic obstacle scenario)

(Uncertain obstacle scenario)

Ky Ky O(uy) My Oy
v vV’ \ v’ /4
Yt Y o) Y o)
X X, X X, X,
T Il A * t_,*’ ¢ 1.‘.# * \;‘_9‘ P -‘5.,-"
DSBM GSBM GP-GSBM (Ours) GSBM GP-GSBM (Ours)

Figure 4: Stunnel results. The two ellipsoidal obstacles are shown as gray regions. For each panel,
we show 14, v, (top and middle rows) of the learned pinned marginals P;(z|xo, 1) = N (u¢, v21),
and samples from the pinned marginal at 5 uniform time points (bottom row). The two boundary
distributions are isotropic Gaussians where 7y is shown as blue points, and 7 as purple. For
DSBM (Shi et al., |2023)) and GSBM (Liu et al., |2024), the learned p, v; are shown. For our GP-
GSBM the learned variational posteriors Q(u) and Q(~;) are depicted as means and 2X pointwise
stdevs (95% confidence intervals), the latter as red-shaded regions.

navigation tasks, and o = 0.5 for AFHQ. For CIFAR-10 (a non-GSB task), small ¢ is known to be
preferred as alluded in (Shi et al., 2023)), and we use o = 0.001. For SDE integration, we take 1000
time steps. For any other hyperparameters that are not discussed here, we take the default values in
the official code base of (Liu et al., 2024]).

Model selection. Due to the extra cost of the gradient-based kernel hyperparameter (1) search, we
use a grid-based empirical Bayes. More specifically, for the squared exponential kernel that we
used in our experiments, the width parameter 7 is chosen from the candidate set {0.05,0.1,0.5,1.0},
where we select the one that yields the highest ELBO score. This allows for expedited GP inference
since the kernel inversion can be done only once at the beginning and amortized over variational
inference iterations. For the likelihood hyperparameter 7 we use gradient-based empirical Bayes.

Network architectures. We describe the architectures for the SDE network vy (t, ;). For the crowd
navigation problems, we adopt the fully connected network, the same as (Liu et al 2022), that
has 4 to 5 residual blocks with sinusoidal time embeddings. For the AFHQ task, we use the U-
Net (Ronneberger et al.,[2015)) architecture with implementation from (Dhariwal & Nichol,2021). For
the CIFAR-10 experiment, we follow the same U-Net architecture as that implemented in CFM (Tong
et al.| 2023)), which uses 4 heads and 16 attention resolutions with two residual blocks. All networks
except for the CIFAR-10 case are trained from scratch, and optimized with AdamW (Loshchilov &
Hutter, 2019). For CIFAR-10, we warm-started training with the trained CFM checkpoint similarly
as (Shi et al.} 2023). For inference, we use the exponential moving average with rate 0.9999.

Computing platforms. All experiments for Stunnel and GMM were conducted on a single RTX-2080-
Ti GPU while two RTX-2080-Ti GPUs were used for CIFAR-10. For LiDAR, a single RTX-4090
GPU was used. For AFHQ, we train our GP-GSBM on 32 V100 GPUs (4 nodes and 8 GPUs per
node) where a similar setup was used in GSBM training in (Liu et al., 2024)).

D ADDITIONAL EXPERIMENTAL RESULTS

D.1 MORE FIGURES FOR AFHQ IMAGE-TO-IMAGE TRANSLATION (DOG — CAT)

After training the model, we pair the coupling of (1, o) by running the trained (reverse-time) SDE
model starting from z; ~ 71, which is shown in Fig. @ where x; (data) samples are on the rightmost
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Figure 5: GMM results. The three blob obstacles are shown as gray regions. For each panel, we
show fi;, ¢ (top and middle rows) of the learned pinned marginals P;(z¢|zo,z1) = N (e, v21),
and samples from the pinned marginal at 5 uniform time points (bottom row). The two boundary
distributions are mixtures of isotropic Gaussians where 7 is shown as blue points (4 Gaussian blobs
in the center), and 71 as purple (8 outer Gaussian blobs). For DSBM and GSBM
2024), the learned /1, ¢ are shown. For our GP-GSBM, the learned variational posteriors
Q(pu) and Q(v:) are depicted as means and 2x pointwise stdevs (95% confidence intervals), the
latter as red-shaded regions.

Table 6: (CIFAR-10) FID scores on this non-GSB image generation problem. The results from CFM
and Stream-level GP are excerpted from (Wei & Ma, [2025).

CFM STREAM-LEVEL GP GP-GSBM (OURS)
I-CFM OT-CFM I-CFM OT-CFM
3.75 £ 0.006 3.74 £ 0.009 3.62 £ 0.008 3.75 £ 0.009 3.65 £ 0.008

columns, and x( (generated) samples on the leftmost. From this coupling, we show the mean images
from P, (z|zo, 1) for the prior and posterior (before and after the variational GP inference) in the
middle. Visually clearly, the posterior exhibits semantically more meaningful path samples than the
prior with less artifacts since the posterior takes into account the latent-preserving stage cost, forcing
the samples to stay closer to the image manifold. In Fig.[7] the SDE generation progress is shown
with intermediate time steps. We also visualize the generated cat images in Fig.[8]

D.2 CIFAR-10 RESULTS (NON-GSB COMPARISON TO STREAM-LEVEL GP)

We follow the typical CIFAR-10 experimental setup from (Tong et al., 2023} [Wei & Mad, [2025)) where
mo = M (0, 1) and m; is the CIFAR-10 data. First we note that this experimental setting may not

be an ideal example for SB matching problem as indicated by the fact that CFM with independent
coupling (I-CFM) is comparable or sometimes better than mini-batch OT-based coupling (OT-CFM).

For the FID computation, we use 50K samples generated and averaged over 20 random runs. The
results are summarized in Table [§l where means and standard errors are reported. Comparing our
GP-GSBM, stream-level GP, and CFM, most methods perform equally well on this (non-GSB) noise-
to-image generation problem. Some images generated by our model are shown in Fig. 9| (diffusion
from 7 to 1) and Fig. (ﬁnal generated samples).
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Flgure 6: GP-GSBM on AFHQ dog (¢t =1, rightmost columns) — cat (t=0, leftmost columns). Mean
images from Py (z|xg, 21 ) for the prior and posterior (before and after the variational GP inference).
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Figure 7: GP-GSBM on AFHQ dog (¢ =1, rightmost columns) — cat (¢ =0, leftmost columns). The
(reverse-time) SDE generation progress.
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Figure 8: GP- GSBM on AFHQ dog (¢ = 1, rightmost columns) — cat (t =0, leftmost columns).
Generated cat images starting from dog data samples.
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Flgure 9: (CIFAR-10) SDE generation snapshots by our GP-GSBM. From the leftmost columns
(samples from 7o = N(0, I)) to the generated images 71 on the rightmost columns.

Flgure 10: (CIFAR 10) Generated images from ./\/ (0, 1) by our GP-GSBM.
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