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Abstract
We introduce Augmented Normalization (AugNorm), a novel feature transformation method

that normalizes around a generalized geometric median (GGM). Unlike traditional normalization
techniques that require fixed statistics such as the mean or median, AugNorm formulates the GGM
as the minimizer of a convex argmin function, enabling a smooth interpolation between generic
test statistics such as the mean, median, and range. This yields a noise-robust test statistic that
avoids optimization difficulties associated with median-based methods. On CIFAR-10, AugNorm
matches BatchNorm in-distribution while outperforming median normalization. On CelebA, a sub-
population shift dataset, we show AugNorm strengthens out-of-distribution robustness by improv-
ing worst-case test accuracy. We extend our method by introducing a differentiable variant of Aug-
Norm, where the test statistic becomes a trainable parameter. Our results indicate AugNorm is a
simple and effective drop-in replacement for BatchNorm that complements existing robust training
schemes for settings with distribution shift.

1. Introduction

Normalization techniques have played an integral role in the effective training of deep neural net-
works, with Batch Normalization (BatchNorm) [20] demonstrating that normalizing activations
across mini-batches to zero mean and unit variance can stabilize training and accelerate conver-
gence. While BatchNorm has been widely adopted due to its ability to smooth loss landscapes
[36, 43] and improve optimization [3, 22], it also has significant pitfalls [19, 38, 42]. To address
these limitations, various modifications [5, 16, 26, 31, 41, 44] and alternative normalization schemes
[1, 4, 34, 42] have been introduced, highlighting the importance of normalization in deep learning
and the interest in exploring new formulations.

One such area includes modifying the deviation measures for scaling and statistics for center-
ing. Examples include rescaling BatchNorm by the L1-norm [41] or normalizing around the range
[44] (which can be considered normalizing via an L∞-norm). These variations of standardization
typically operate orthogonal to task-specific normalization schemes and thus can be painlessly in-
tegrated into other normalization blocks [18]. Such operations serve as the theoretical basis for
AugNorm, which interpolates between these by considering a generalization of the geometric me-
dian (via an exponent ϕ), which computes the median in the univariate case [12, 30].

One area where varied normalization test statistics could play a key role is in subpopulation
shift, where the testing data distribution is a specific or the worst-case subpopulation of the train-
ing distribution [45]. Due to its association with numerous tasks such as learning for algorithmic
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fairness [2, 7] or learning with class imbalance [10, 21], being able to improve performance under
these conditions is of particular interest. Prior work has been focusing on modifying the training
framework, replacing empirical risk minimization (ERM) approaches with distributionally robust
optimization (DRO) [6, 32], which minimize a model’s loss over the worst-case distribution based
on a neighborhood of the observed training distribution [45]. Further extensions such as DORO
[45] exist, avoiding overfitting to potential outliers that cause poor DRO performance in real-world
settings [46].

Despite numerous approaches modifying the optimization step for robust training, we note a lack
of prior literature addressing underlying issues in model architecture. We empirically demonstrate
that AugNorm serves as a viable drop-in replacement, improving worst-case test accuracy under a
variety of DRO-based training procedures.

2. Background

2.1. Subpopulation Shift

Consider the setting with input space X and output space Y , where data is drawn from the distri-
bution P = X × Y . In addition, each input x ∈ X is associated with a collection of attributes
a1, . . . , aK ∈ A1 × · · · × Ak, which induce subpopulations G ∈ G on the data. The overall
distribution P can thus be represented as

P =
∑
g∈G

P (G = g)P (X ,Y|G = g). (1)

Subpopulation shift occurs when subpopulation mixture differs between training and testing:
i.e. Ptrain(G) ̸= Ptest(G) while Ptrain(X ,Y|G) = Ptest(X ,Y|G). The goal of this task is to train a
model fθ : X → Y that minimizes the expected risk over the worst-case subpopulation in G.

For the purposes of this paper, all experiments are tested in the overlapping setting, while addi-
tionally being subpopulation-oblivious. The former implies that distinct subpopulations are capable
of having overlapping data, while the latter implies that the training algorithm is not aware of the
subpopulation membership of any instance (including number of subpopulations). These settings
are chosen in particular due to their more common occurrence in real-world applications, along with
their frequent usage in prior literature [13, 45].

2.2. DRO and DORO

Under the subpopulation-oblivious setting we cannot evaluate worst-case group risk since the sub-
populations G ∈ G are unknown. Instead, Distributionally Robust Optimization (DRO) trains the
model to perform well on the worst-case distribution Q that lies within a ball w.r.t. divergence D
around the empirical training distribution P . More formally, DRO minimizes the expected DRO
risk

RD,ρ(θ;P ) = sup
Q≪P

{
EQ[ℓ(θ;Z)] : D(Q ∥ P ) ≤ ρ

}
(2)

where ℓ(θ;Z) is the loss of model fθ on Z ∈ X × Y , D is formulated as the Cressie-Read family
of Rényi divergence [13], and ρ > 0 controls the robustness region.
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DORO [45] further extends this by excluding a small fraction of worst-case samples from the
optimization objective, balancing robustness with tolerance to outliers and improving stability in
settings with high data imperfection.

2.3. Generalized Normalization Methods

A complementary line of work explores alternative normalization strategies that modify the cen-
tering and scaling statistics. Examples include rescaling BatchNorm with the L1-norm [41] or
normalizing around the L∞-norm [44]. Closest to our approach, Streaming Normalization [25]
rescales activations by an Lp norm, computed from the p-th root of the p-th absolute moment, but
still updates the mean identically to BatchNorm and thus only operates as a rescaled BatchNorm.

Our method requires differentiating through argmin operations, for which we leverage tech-
niques from [11]. This enables exact gradient computation during backpropagation, whereas auto-
matic differentiation in PyTorch [33] would be impractical due to long computational graphs arising
from iterative solvers such as Newton’s method. Explicit gradient derivations are also both faster
and more memory-efficient.

Similar to AugNorm, related work has studied differentiating the Fréchet mean [29], which has
been applied to hyperbolic normalization on Riemannian manifolds. Since the Fréchet mean also
generalizes the geometric median [8, 9] (via a linear combination of terms instead of exponentia-
tion), their approach to gradient computation is similar in style to our derivations.

3. Augmented Normalization

Here we define the generalized geometric median (GGM), which is the optimized function, along
with the forward and backward passes of the AugNorm block. Assuming Algorithm 1 is applied to
images, d is the number of channels C at a specific layer, m = NHW which includes all images in
a batch N along with the height H and width W , and ϵ is a small error term to prevent numerical
issues.

Algorithm 1 Forward Pass of AugNorm
Input : x ∈ Rm×d, learnable parameters γ ∈ Rd, β ∈ Rd, ϕ ∈ Rd

Output: Y ∈ Rm×d

for j ← 1 to d do

µj ← argmin
y

m∑
i=1

∣∣xij − y
∣∣ϕj

σ2
j ←

1

m

m∑
i=1

(
xij − µj

)2
for i← 1 to m do

x̂ij ←
(
xij − µj

)
(σ2

j + ϵ)−1/2

Yij ← γj x̂ij + βj
end

end
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3.1. Generalized geometric median

We flesh out the concept of a generalized geometric median (GGM), which serves as a basis for Aug-
Norm. For m points x1, x2, . . . xm, where each xi ∈ R, the geometric median in the 1-dimensional
case (which coincides with the median in R) is defined as argminy∈R

∑m
i=1 |xi − y|.

We generalize this to the formula argminy∈R
∑m

i=1 |xi−y|ϕ, where ϕ is an arbitrary parameter.
When ϕ = 1, our minima y coincides with the median, and when ϕ = 2, y coincides with the mean.

Theorem 1 The landscape of the generalized 1-dimensional geometric median

m∑
i=1

|xi − y|ϕ (3)

for y, xi ∈ R is convex with respect to y when ϕ ≥ 1. Specifically, the second partial derivative of
this surface has the form

∂f(x, y)

∂2y
=

m∑
i=1

(ϕ2 − ϕ)|xi − y|ϕ

(xi − y)2
(4)

which is non-negative for ϕ ≥ 1 (proof in Appendix A).

There does not exist a closed-form equation or algorithm that easily computes y (as there does
with the median and mean). However, we can utilize gradient descent, Newton’s method, or any
other hill climbing algorithm to estimate y when ϕ ≥ 1. In our experiments, we restrict ϕ > 1.2
due to ϕ ≈ 1 causing stability issues in the forward pass.

3.2. Optimizing generalized geometric median

In order to optimize the generalized geometric median, we use Newton’s method for efficient cal-
culations. This was due to it being one of the most efficient methods for finding convex minima,
which our generalized geometric median observes when ϕ > 1.

While first-order methods like gradient descent rely on local linear approximations, higher-order
methods such as Newton’s method yield faster converging algorithms at additional compute cost.
Thanks to AugNorm minimizing a univariate function, inverting the Hessian is relatively cheap
and led us to use Newton’s method instead of alternatives. In our experiments, we found that ∼4
iterations were sufficient to achieve float16 precision.

Additionally, a component of the second order derivative in Newton’s method is needed for
backpropagation, and thus can save computational costs via caching. Specifically, we need to com-
pute fY and fY Y , the first and second derivative of our generalized geometric median with respect
to minima y (their computation can be observed in Eqn. 16). While these values are approximated
for in Newton’s method (since the input y for fY and fY Y is not the exact global minima), they still
yield low error. Furthermore, since we need both to compute ∂y

∂xi
for each xi [11], we can cache

fY Y from forward propagation and note that fXY naturally follows from fY .

4. Backpropagation

Training a model using an AugNorm layer requires computing gradients with respect to some cho-
sen loss function for backpropagation. Gradients and their derivations are defined similar to the
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original BatchNorm paper. We use the multivariate version of chain rule on computational graphs

∂ℓ

∂xi
=
∑

j∈N(i)

(
∂xj
∂xi

)T

· ∂ℓ

∂xj
(5)

where ∂ℓ
∂xi

is the desired gradient with respect to some node xi, N is a function for all descendant

nodes of xi, and ∂xj

∂xi
is a Jacobian matrix. We derive explicit gradients for backpropagation in

Appendix C.
The only nontrivial derivation is computing a gradient across the argmin operator (all other

derivations are derived similarly to BatchNorm). A closed-form expression exists and a single
variable variant is proved in [11]. We annotate the implemented gradients in Theorem 2, which
showcases the backward pass in PyTorch.

5. Experiments

We first benchmark AugNorm with ϕ = 1.5 against median normalization and BatchNorm on
CIFAR-10, showcasing that AugNorm performs similarly to BatchNorm and additionally showcase
the failings of median normalization. We also perform an apples-to-apples comparison between
AugNorm and BatchNorm by lifting code from DORO [45] and comparing all training schemes
with and without AugNorm, while also testing a differentiable ϕ implementation of AugNorm that
outperforms both models. For the differentiable ϕ implementation, we initialize ϕ = 1.5 at the start
of training.

Additional details for dataset specifics, model architectures and hyperparameters are including
in Appendix D.

5.1. CIFAR-10 Image Classification

Table 1: Comparison of test accuracies for different models with BatchNorm (BN), AugNorm with
ϕ = 1.5 (AN-1.5), and Median Normalization (equivalent to ϕ = 1) on CIFAR-10.

Model BN AN-1.5 Median Norm

ResNet-18 95.40± 0.16 95.49± 0.14 93.51± 0.25
MobileNet-V2 92.40± 0.32 93.11± 0.11 89.97± 0.20
DenseNet121 95.58± 0.17 95.49± 0.18 93.77± 0.15

VGG19 93.79± 0.11 93.77± 0.19 91.18± 0.14
EfficientNet-B0 90.98± 0.24 91.11± 0.17 90.48± 0.36

Our results indicate AugNorm with ϕ = 1.5 (AN-1.5) consistently improves or matches Batch-
Norm (BN) across most architectures, with the largest gain observed on MobileNet-V2, where
AN-1.5 boosts accuracy by about 0.7%. In contrast, Median Normalization underperforms BN and
AN-1.5 across all tested models, typically trailing by 2–3%. These results suggest that AN-1.5 is
a comparable alternative to BN, offering slight improvements to test accuracy. However, Median
Normalization trails significantly, likely due to sparse gradients being outputted from the median
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(due to only a single input having a non-zero gradient when differentiating through the median
operation).

5.2. Subpopulation Shift Image Classification

Table 2: Worst-case test accuracies under different normalization methods on CelebA. DiffPhi rep-
resents the differentiable ϕ implementation. Bold numbers indicate the best result per
training procedure. Average results included in Appendix E.

Method BN AN-1.5 DiffPhi

ERM 55.44± 4.03 53.83± 6.47 55.00± 1.99
χ2 65.59± 5.96 67.77± 3.41 68.49± 4.68
χ2-DORO 67.70± 3.41 67.74± 1.88 67.76± 3.16
CVaR 66.80± 3.03 70.48± 4.15 69.34± 3.77
CVaR-DORO 66.28± 3.78 71.72± 2.72 66.28± 8.09

Because our experiments are lifted from DORO [45], we utilize the optimal hyperparameters
observed in their paper and keep the training procedure identical (specifics in Appendix D). Table 2
summarizes worst-case test accuracies on CelebA across five training strategies.

Overall, both AugNorm and DiffPhi noticeably improve robustness across several DRO vari-
ants, ranging in performance increases from 3% to 5% on χ2, CVaR, and CVaR-DORO. While
the differentiable ϕ implementation yields better performance on χ2-based architectures, AN-1.5
achieves better performance on CVaR variants. Under ERM, BN performed the best, likely due
to both AN-1.5 and DiffPhi biasing the model towards overcompensating outliers (while DiffPhi
performed nearly comparable to BN due to ϕ values converging towards 2 during training).

These results suggest AugNorm integrates smoothly with existing robust optimization frame-
works (as a drop-in replacement for BatchNorm) but can also amplify their benefits under subpop-
ulation shift. This highlights AugNorm’s ability to enhance worst-case group performance under
subpopulation-oblivious conditions, meshing well with training schemes such as DRO and DORO.

6. Conclusion and Future Work

In this paper we introduce AugNorm, a new normalization scheme for distributional robustness. We
introduce the generalized geometric median, a novel test statistic, showcasing a way to compute an
approximate minimum of this function via Newton’s method. We then compute explicit gradients
for backpropagation with respect to the various parameters in AugNorm, and finally benchmark
our algorithm against common normalization methods such as BatchNorm and AugNorm on both
CIFAR-10 and CelebA, achieving similar in-distribution performance while improving worst-case
testing accuracy under several training schemes.

In future work, we hope to expand to large and more varied datasets (ex: CivilComments-Wilds
[24] and CIFAR-10-C [15]), where we believe AugNorm would also achieve robust performance.
We would also like to rigorously benchmark our approach with hyperparameter tuning over ϕ (as
opposed to a fixed ϕ = 1.5 implementation) which may further improve test accuracy.
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Appendix A. Proof of Theorem 3.1

We prove that the second derivative of some generalized 1-dimensional geometric median

g(y) =
m∑
i=1

|xi − y|ϕ (6)

will always be convex for ϕ ≥ 1 by showing that the second derivative of g(y) with respect to y is
strictly non-negative. The first derivative of g(y) is

∂g

∂y
=

m∑
i=1

ϕ|xi − y|ϕ−1 · xi − y

|xi − y|
, (7)

(8)

however,
xi − y

|xi − y|
=
|xi − y|
xi − y

(9)

because (xi − y)2 = |xi − y|2. This gives us

∂g

∂y
=

m∑
i=1

ϕ|xi − y|ϕ−1 · |xi − y|
xi − y

(10)

=
m∑
i=1

ϕ
|xi − y|ϕ

xi − y
. (11)

The second derivative of g(y) w.r.t. y is

∂2g

∂y2
=

∂g

∂y

(
m∑
i=1

ϕ
|xi − y|ϕ

xi − y

)
(12)

=
m∑
i=1

ϕ

(
ϕ|xi − y|ϕ

(xi − y)2
− |xi − y|ϕ

(xi − y)2

)
(13)

=
m∑
i=1

(ϕ2 − ϕ)|xi − y|ϕ

(xi − y)2
(14)

which is strictly positive when ϕ2−ϕ is positive, which occurs when ϕ ≥ 1. Note that while ϕ < 0
looks convex, the landscape of the 1-dimensional geometric median is not well-defined at points
where y = xi when ϕ < 0.

Appendix B. Newton’s Method

In this section, we discuss Newton’s method, a local optimization scheme based on the second
order Taylor series approximation that tends to perform well when minimizing convex functions
of a moderate number of inputs [23, 40]. By incorporating both the gradient and Hessian, it often
converges faster than first-order methods when the second derivative is available and inexpensive
to compute [23, 40]. In AugNorm, the univariate case allows the second derivative to be computed
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and inverted efficiently, motivating its use over alternatives such as gradient descent, tabu search, or
simulated annealing.

At iteration k, Newton’s update is given by the stationary point of the quadratic approximation
around yk−1:

yk = yk−1 −
(
∇2g(yk−1)

)−1
∇g(yk−1). (15)

For the univariate case, this simplifies to the familiar update rule:

yk = yk−1 − FY (y
k−1)

FY Y (yk−1)
. (16)

In the AugNorm setting, each iteration takes the form:

yk = yk−1 −
∑m

i=1 ϕ
|xi−yk−1|ϕ
xi−yk−1∑m

i=1
(ϕ2−ϕ)|xi−yk−1|ϕ

(xi−yk−1)2

. (17)

Appendix C. Theorem 4.2 and Proof

Theorem 2 When backpropagating through AugNorm on inputs X ∈ Rm×d (m batched inputs
with dimension(s) d) we get the following derivatives:

∂ℓ

∂x̂ij
=

∂ℓ

∂yij
γj (18)

∂ℓ

∂σ2
j

=

m∑
i=1

∂ℓ

∂x̂ij
· − xij − µj

2(σ2
j + ϵ)

3
2

(19)

∂ℓ

∂sij
=

∂ℓ

∂σ2
j

2

m
(xij − µj) +

∂ℓ

∂x̂ij

1√
σ2
j + ϵ

(20)

∂ℓ

∂µj
= −

m∑
i=1

∂ℓ

∂sij
(21)

∂ℓ

∂xij
=

∂ℓ

∂sij
+

∂ℓ

∂µj
· −|xij − µj |ϕ−2∑m

i=1 |xij − µj |ϕ−2
(22)

∂ℓ

∂γ
=

m∑
i=1

∂ℓ

∂yij
x̂ij (23)

∂ℓ

∂βj
=

m∑
i=1

∂ℓ

∂yij
(24)

Proof We use Mβ when referring to the minima along the generalized geometric median function
and y as the output to the normalization scheme (similar to the original batch normalization paper
where y = γx+ β) [20].

Starting with the easiest derivations,

12
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∂ℓ

∂x̂i
=

∂ℓ

∂yi

∂yi
∂x̂i

(25)

=
∂ℓ

∂yi
· γ (26)

The derivatives of loss with respect to affine parameters do not change:

∂ℓ

∂β
=

m∑
i=1

∂ℓ

∂yi

∂yi
∂β

(27)

=
m∑
i=1

∂ℓ

∂yi
(28)

and

∂ℓ

∂γ
=

m∑
i=1

∂ℓ

∂yi

∂yi
∂γ

(29)

=

m∑
i=1

∂ℓ

∂yi
x̂i (30)

Next, we compute ∂ℓ
∂σ2

β
and ∂ℓ

∂Mβ
as follows.

∂ℓ

∂σ2
β

=

m∑
i=1

∂ℓ

∂x̂i

∂x̂i
∂σ2

β

(31)

=

m∑
i=1

∂ℓ

∂x̂i
· (xi −Mβ) ·

−1
2
(σ2

β + ϵ)−3/2 (32)

∂ℓ

∂Mβ
=

m∑
i=1

∂ℓ

∂x̂i

∂x̂i
∂Mβ

+
∂ℓ

∂σ2
β

∂σ2
β

∂Mβ
(33)

=

m∑
i=1

∂ℓ

∂x̂i

−1√
σ2
β + ϵ

+
∂ℓ

∂σ2
β

2(xi −Mβ)

m
(34)

These equations remain mostly the same for both classical batch normalization and augmented batch
normalization, with the small caveat that the mean µβ is replaced with the generalized geometric
median minima Mβ . These prior computations also allow us to calculate ∂ℓ

∂xi
.

Again from [20], we know that

∂ℓ

∂xi
=

∂ℓ

∂x̂i

∂x̂i
∂xi

+
∂ℓ

∂σ2
β

∂σ2
β

∂xi
+

∂ℓ

∂Mβ

∂Mβ

∂xi
(35)

=
∂ℓ

∂x̂i

1√
σ2
β + ϵ

+
∂ℓ

∂σ2
β

2(xi −Mβ)

m
+

∂ℓ

∂Mβ

∂Mβ

∂xi
, (36)

concluding all core derivatives for AugNorm outside of the gradients for the generalized geo-
metric median. The gradient ∂Mβ

∂xi
is computed in Appendix C.1.
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C.1. Differentiating through the Generalized Geometric Median

Lemma 3 Let f : Rm → R be a continuous function with first and second derivatives. Let g(x) =
argminy f(x, y), x = (x1, . . . , xm), with x1, . . . , xm all independent, and y ∈ R. Then:

∂g(x)

∂xi
= −fXiY (x, g(x))

fY Y (x, g(x))
(37)

where fXiY = ∂2f
∂xi∂y

and fY Y = ∂2f
∂y2

Proof We follow a similar proof structure as [11] to derive ∂g(x)
∂xi

To begin, we have

∂f(x, y)

∂y

∣∣∣
y=g(x)

= 0 (38)

so,
d

dxi

∂f(x, g(x))

∂y
= 0. (39)

Via chain rule, we also have:

d

dxi

∂f(x, g(x))

∂y
=

∂2f(x, g(x))

∂xi∂y
· dxi
dxi

+
∑

j ̸=i,1≤j≤m

(
∂2f(x, g(x))

∂xj∂y
· dxj
dxi

) +
∂2f(x, g(x))

∂2y
· ∂g(x)

∂xi

(40)

=
∂2f(x, g(x))

∂xi∂y
+

∂2f(x, g(x))

∂2y
· ∂g(x)

∂xi
(41)

Equating this expression to 0 and rewriting in terms of ∂g(x)
∂xi

yields:

∂g(x)

∂xi
= −(∂

2f(x, g(x))

∂2y
)−1∂

2f(x, g(x))

∂xi∂y
(42)

= −fXiY (x, g(x))

fY Y (x, g(x))
(43)

To compute ∂µj

∂xij
and ∂µj

∂ϕj
, we use Lemma A.1. We define a function g(x, ϕ) for x ∈ Rm, ϕ ∈ R

such that
g(x, ϕ) = argmin

µ
f(x, ϕ, µ) (44)

where

f(x, ϕ, y) =
m∑
i=1

|xi − y|ϕ (45)

and y ∈ R. Note that when ϕ = 1 or ϕ = 2, analytical solutions exist and they are represented by
the median and mean, respectively.
First, we compute fZZ(x, ϕ, g(x, ϕ)) ∈ R, which is known from Theorem 3.1:

m∑
i=1

(ϕ2 − ϕ)|xi − g(x, ϕ)|ϕ

(xi − g(x, ϕ))2
(46)

14
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Then we compute fXiZ(x, ϕ, g(x, ϕ)) ∈ R: Starting with

fZ =

m∑
i=1

ϕ
|xi − g(x, ϕ)|ϕ

xi − g(x, ϕ)
, (47)

we then obtain:

fXiZ = ϕ

(
ϕ|xi − g(x, ϕ)|ϕ

(xi − g(x, ϕ))(g(x, ϕ)− xi)
− |xi − g(x, ϕ)|ϕ

(xi − g(x, ϕ))(g(x, ϕ)− xi)

)
(48)

=
(ϕ− ϕ2)|xi − g(x, ϕ)|ϕ

(xi − g(x, ϕ))2
. (49)

Finally we have ∂g(x,ϕ)
xi

:

∂g(x, ϕ)

∂xi
=

(ϕ−ϕ2)|xi−g(x,ϕ)|ϕ
(xi−g(x,ϕ))2∑m

i=1
(ϕ2−ϕ)|xi−g(x,ϕ)|ϕ

(xi−g(x,ϕ))2

(50)

=

−|xi−g(x,ϕ)|ϕ
(xi−g(x,ϕ))2∑m
i=1

|xi−g(x,ϕ)|ϕ
(xi−g(x,ϕ))2

(51)

=
−|xi − g(x, ϕ)|ϕ−2∑m
i=1 |xi − g(x, ϕ)|ϕ−2

(52)

(53)

Note that at this point, it is sufficient to obtain the gradients if you utilize a fixed ϕ value (just let
g : Rm → R instead of g : Rm+1 → R by simply discounting the additional argument ϕ). However,
if you allow ϕ to be a model parameter (as is the case in the DiffPhi implementation of AugNorm),
then you need to compute that additional gradient. For ∂µj

∂ϕj
, we first have

fY Z

fZZ
=

m∑
i=1

|xi − g(x, ϕ)|ϕ(1 + ln |xi − g(x, ϕ)|)
xi − g(x, ϕ)

(54)

so

∂g(x, ϕ)

∂ϕ
=

∑m
i=1

|xi−g(x,ϕ)|ϕ(1+ln |xi−g(x,ϕ)|)
xi−g(x,ϕ)∑m

i=1
(ϕ2−ϕ)|xi−g(x,ϕ)|ϕ

(xi−g(x,ϕ))2

(55)

alpa =

∑m
i=1

|xi−g(x,ϕ)|ϕ(1+ln |xi−g(x,ϕ)|)
xi−g(x,ϕ)

(ϕ2 − ϕ)
∑m

i=1 |xi − g(x, ϕ)|ϕ−2
. (56)

Appendix D. Dataset Summaries and Metrics

D.1. Datasets

For CIFAR-10, we use the standard 80/20 train-test split, using fixed hyperparameters for each
model taken from an online repository [27] and average over five random seeds. For subpopulation
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Table 3: Number of training instances in each domain of CelebA.

CelebA Blond Others

Male 1387 66874
Female 22880 71629
Young 20230 106558
Old 4037 31945
Attractive 17008 66595
Not-attractive 7259 71908
Straight-hair 5178 28769
Wavy-hair 11342 40640

Total 162770

shift we test on CelebA [28], a vision dataset with 162,770 training instances that is captured in
the wild and labeled by humans to showcase real-world distribution shift. This dataset consists of
human face recognition, where the target is whether the person has blond hair. We randomly sample
70% of the instances to be the training data and the rest is the validation/testing data (using official
train-validation-test splits), averaging results over 10 fixed random seeds.

Additional specifics for the CelebA training data are included in Table 3.

D.2. CIFAR10 Training Summary

For CIFAR10 image classification, five models were tested: ResNet-18 [14], MobiletNet-V2 [35],
DenseNet121 [17], VGG19 [37], and EfficientNet-B0 [39]. These architectures were chosen be-
cause they represent a balance of CNNs that perform well on CIFAR10 while also being of high
relevance.

For all models, we train for 200 epochs with momentum SGD using an initial learning rate of
0.1, momentum 0.9, weight decay of 0.0005, batch size of 128, and a Cosine annealing learning rate
scheduler over all 200 epochs.

D.3. CelebA Training Summary

As a backbone classification model ResNet18 was used. From [45], momentum SGD was used with
learning rate 0.001, momentum 0.9, weight decay 0.001, and a batch size of 400. The hyperparam-
eters used were α = 0.1 for CVaR, α = 0.2, ϵ = 0.005 for CVaR-DORO, α = 0.25 for χ2-DRO,
α = 0.25, ϵ = 0.01 for χ2-DORO. For the 10 runs, seeds {0, 1, 2, . . . , 9} were used. It is worth
noting that in some instances performance recorded from these seeds was worse than what was re-
ported in [45], but we note that their code was pulled verbatim and the identical 10 seeds were used
to record all results.

Additionally, for the robustness region bounded by ρ, we select ρ = − log (α) when using CVaR
or CVaR-DORO and ρ = 1

2(
1
α − 1)2 for χ2-DRO or χ2-DORO. For the divergence function D, we

select sup log dQ
dP for CVaR and CVaR-DORO, and

∫
(dQ/dP −1)2dP for χ2-DRO and χ2-DORO.
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Table 4: Average test accuracies under different normalization methods on CelebA. Bold numbers
indicate the best result per training procedure.

Method BN AN-1.5 DiffPhi

ERM 94.38± 1.63 95.01± 0.37 95.12± 0.08
ChiSq 83.27± 2.56 83.40± 2.74 83.41± 2.08
ChiSq-DORO 82.85± 2.55 80.65± 2.79 81.52± 3.34
CVaR 83.70± 1.56 84.07± 2.14 82.95± 1.74
CVaR-DORO 94.01± 0.58 92.81± 0.65 93.73± 1.00

Appendix E. CelebA Average Test Accuracy

The results in Table 4 report average test accuracies across subpopulations on CelebA. While Aug-
Norm ϕ = 1.5 and the differentiable ϕ variant (DiffPhi) achieve better performance on ERM and
DRO-based frameworks, they tend to do worse in DORO-based training approaches (with DiffPhi
doing markedly better under these conditions). We posit this is due to AugNorm biasing models
towards worst-case scenarios, and thus while the worst-case accuracy tends to improve, average ac-
curacy can fall off, especially if outlier-specific approaches (such as DORO) are already introduced
to the training regime.

Combined with the worst-case accuracy upside reported in the main text, this indicates that Aug-
Norm is still valuable in settings that experience subpopulation shift without sacrificing significant
average accuracy.
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