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Abstract

Foundation models exhibit broad knowledge but
limited task-specific reasoning, motivating post-
training strategies such as RL with verifiable re-
wards (RLVR) and test-time scaling (TTS). While
recent work highlights the role of exploration in
improving pass @K, empirical evidence points to
a paradox: RLVR and ORM/PRM typically re-
inforce existing paths rather than expanding the
reasoning scope, raising the question of why ex-
ploration helps if no new patterns emerge. To rec-
oncile this paradox, we adopt the perspective of
Kim et al. (2025), viewing easy (e.g., simplifying
a fraction) versus hard (e.g., discovering the some
symmetry) reasoning steps as low versus high
probability Markov transitions. In this tractable
model, pretraining corresponds to tree-graph dis-
covering, while post-training corresponds to CoT
reweighting. We provably show that, both RLVR
and ORM/PRM would favor heavily to several
high-probability paths, and thereby forget rare-
but-crucial CoTs. Building on this, we further
prove that exploration strategies such as reject-
ing easy instances and KL regularization help
preserve rare CoTs. Empirical simulations corrob-
orate our theoretical results.

1. Introduction

Foundation models provide broad knowledge and versatile
capabilities across tasks, yet their task-specific reasoning
remains constrained. For reasoning datasets with only 0/1
verifiers, many studies explore post-training strategies, in-
cluding Reinforcement Learning with Verifiable Reward
(RLVR) finetuning (Xin et al., 2024; Shao et al., 2024; Guo
et al., 2025a; Yu et al., 2025), as well as inference scaling
with Outcome Reward Models (ORM) or Process Reward
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Models (PRM) (Lightman et al., 2023; Snell et al., 2024),
both aiming to obtain task-specific experts.

Recently, a line of work has emphasized maintaining ex-
ploration and entropy stability to prevent entropy collapse,
and observed that suitable entropy preservation during post-
training yields systematic performance gains, such as im-
proved pass@K on math benchmarks (Xiong et al., 2025; Li
et al., 2025b; Ren & Sutherland, 2025; Wang et al., 2025b;
Cui et al., 2025; Zuo & Zhu, 2025).

However, seemingly paradoxical findings emerge: RLVR
typically aligns models with target objectives by reinforcing
existing reasoning paths, rather than expanding their tree-
like reasoning scope (Snell et al., 2024; Yue et al., 2025; Al
et al., 2025; Gandhi et al., 2025). Similarly, ORM/PRM-
guided inference scaling biases models toward pre-existing
Chain-of-Thought (CoT) patterns instead of incentivizing
genuinely new branches. This raises a natural question:

Why can exploration help, given post-training cannot ex-
plore beyond the base model’s tree scope?

Our work takes a first step toward reconciling this tension,
motivated the key phenomena below.

Phenomenon 1: Squeezing Effect of RLVR. RLVR im-
plicitly reduces CoT entropy (Li et al., 2025a; Wu et al.,
2025a; Deng et al., 2025), shrinking confidence over CoTs
with high frequency to be correct, and sometime at the cost
of forgetting certain correct CoTs within the base model’s
scope (Wu et al., 2025a; Shao et al., 2024; Wen et al., 2025).

Phenomenon 2: Neural Verifier Checks Consistency, Not
Accuracy. Inference-scaling with ORM/PRM may avoid
the learner’s squeezing effect, yet empirical evidence shows
that neural scorers are prone to reward consistency rather
than true accuracy (Xu et al., 2025; Guo et al., 2025b). As
a result, they would favor CoTs that follow common, high-
frequency reasoning patterns.

Phenomenon 3: Merits of Rare CoTs. A widely-utilized
difficulty measure for reasoning dataset (e.g., GSM8K
(Cobbe et al., 2021) and AQuA (Ling et al., 2017)) is the
pass rate (i.e., the frequency with which a base model cor-
rectly solves an instance under parallel attempts) (Tong et al.,
2024; Parashar et al., 2025). This implies that hard instances
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correspond to rare-but-correct CoTs with low model con-
fidence, whereas common CoTs typically reflect frequent
patterns to easier instances.

Taken together, these observations suggest a resolution:

Exploration, even when confined within the existing tree
scope, helps prevent the model from entirely forgetting rare
CoTs that may be crucial for hard instances, and preserved
broad-capability.

Our Contributions. In this work, we rigorously formalize
and prove these phenomena within a tractable theoretical
framework. Motivated by the view that discrete graphs
naturally abstract the sequential structure of complex rea-
soning (Xu et al., 2019; Sanford et al., 2024; Abbe et al.,
2024; Besta et al., 2024), we model each reasoning step
as a Markov state transition following Kim et al. (2025).
Pretraining is framed as a tree-graph discovering process
over child states across tasks, while post-training CoT gener-
alization is modeled by a Multi-task Tree-structured Markov
Chain (TMC). We prove that our toy model captures key
Phenomena 1-3 with population 0/1 reward (expected ac-
curacy), and then provide theoretical justification for ex-
ploration techniques such as rejecting easy questions (Yu
et al., 2025; Xiong et al., 2025; Zhang et al., 2025a) and KL
regularization. Our paper is organized as below.

* Sec. 2 introduces a multi-task Tree-structured Markov
chain model to capture diverse CoT reasoning patterns
across tasks, explicitly linking instance difficulty with
pass rate.

* Sec. 3 analyzes a simple softmax model and shows that
RLVRs inherit a simplicity bias, over-favoring easier
CoTs due to the advantage-driven squeezing effect. We
further provide theoretical justification for rejecting
easy instances and applying KL regularization, which
both promote valid hard CoT learning.

* Sec. 4 demonstrates that inference-scaling with OR-
M/PRM assigns credit to CoTs by their accuracy like-
lihood, leading to overemphasis on easier CoTs. We
further show that PRMs with BoN can be interpreted as
special cases of a more general Doob h’s Transformed-
induced PRM (DPRM). In principle, DPRM is equiva-
lent to soft-BoN (Verdun et al., 2025) asymptotically,
enabling adjustable preservation of base-model capa-
bilities and better alignment with hard-to-reason and
cross-task patterns.

Discussions of additional related work are in App. A. All
proofs are deferred to the appendix.

Humble Remark. While we prove empirically-observed
Phenomena 1-3 and the benefits of those existing tech-
niques in our theory-friendly setting that captures partial

but crucial rationales, we do not overclaim their direct ap-
plicability to GPT or large-scale models, given the many
unmodeled complexities, as discussed in App. B and D.4.

2. Tree-structured Multi-task Reasoning
2.1. Multi-Task CoT as Tree-structured Markov Chains

We propose Tree-structured Markov Chain (TMC) frame-
work to abstractly model the tree-like reasoning capability
of base model, following (Kim et al., 2025; Nichani et al.,
2024).

Definition 2.1 (Tree-structured Markov Chains (TMC).).
A process X = (X;);>0 is defined on a finite state space
S = UzL:1 Sy, where S; NSy = () for [ # I, and transitions
occur from S; to S;11 with probability kernel P(|o;) for
o € S;. Define My = |S1| and M = max; e, |Co, |,
where C,, C 541 is the high-probability transition subset.
The TMC satisfies:

* Root states 01 € Sp are sampled with Pryc(01) =
O(1/My).

e For o; € S; and 0141 € CO,, we have IP)TMC(OlJrl |
o)) = ©(1/M), while if 0, ¢ C,,, Prmc(or, |
01) = o(1/M?) (feeble, > ¢ > 0) or 0.

» The topology ensures that for each ¢ € S there are
n, = O(1) > 1 high probability CoT traces (¢ =
01,...,0L), 1.e. traces with 0,41 € C,,,Vl € [L —1].

In our TMC (Def. 2.1), states represent logical assertion
(e.g., a sentence or mathematical expression) rather than
surface tokens (Kim et al., 2025). Especially, the CoTs
with > 1 sparse edge (i.e., edge with feeble transition prob-
ability o(1/M?)) are called hard-to-reason CoTs, other-
wise easy-to-reason CoTs. The following definition formal-
izes the reason we called them “easy” or “hard” based on
their uncertainty, modeling after the widely utilized diffi-
culty measure—namely pass rate—for reasoning dataset (e.g.,
GSMBSK (Cobbe et al., 2021) and AQuA (Ling et al., 2017)).

Definition 2.2 (Multi-task Capability in TMC. (Informal)).
Let X = (X¢);>0 be a TMC (Def. 2.1), and let 7 be a set
of tasks. Each task k € T is specified by a collection of
state tuples (q, a, k), where all tuples have distinct ¢ and a.
Among these CoTs, a nonempty subset is valid for (g, a, k),
satisfying:

(i) all easy-to-reason CoTs are valid for (q, a, k) and in-
valid for any k' # k;

(i1) every nonzero transition in TMC appears in > 1 valid
CoT across all tasks;

(iii) each (g, a, k) induces a QA distribution DZ*, and for
any sampled instance (Q, A) ~ D%, only a deter-
mined subset of valid CoTs is correct, where the prob-
ability that any valid CoT is correct for the (Q, A) is
proportional to its likelihood among valid CoTs.
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Figure 1. Left: abstraction of a 3-layer TMC. Nodes are states grouped into layers S1—S53; solid arrows denote high-prob (confident)
transitions and dashed arrows denote low-prob (unsure) transitions. A task is specified by (q, a, k), where q € {q, ¢’} is the question
state, a € {a1,az2,as} is the answer state, and k € [5]; Right: a concrete illustration of a 5-task, 3-layer Multi-task TMC. z,y in ¢
represent real numbers (with decimals), whereas A, B in ¢’ represent integers. We here use two instances, namely 3.9 > 3.11? of ¢ and
3 > 37 of ¢’ to describe the five tasks: (1) decimal version ordering (3.9 < 3.11); (2) real-number comparison (3.9 > 3.11); (3) integer
equality (3 — 3 = 0); (4) integer-part version ordering (e.g., 3.9 = 3.11); and (5) integer-part real-number comparison (3.9 = 3.11).
Tasks 1-3 are common and each admits > 1 easy-to-reason CoT, while Tasks 4-5 are rare and admit only hard-to-reason CoTs. For
Task 2, there are two valid CoTs: ¢ — 03 — az (where 03 merely left-to-right compares number) and ¢z — 05 — as (where 03
performs the arithmetic calculation). The instance 3.9 > 3.117 admits both CoTs correct. However, for hard question instances such as
0.8 4 3.1 > 2.11 + 1.0?, only the hard-to-reason CoT ¢z — 035 — ax is correct, since it requires explicit calculation—left-to-right token

comparison alone doesn’t suffice.

A task is common if it admits > 1 valid easy-to-reason
CoTs, and rare otherwise.

Fig. 1 illustrates Def. 2.1 and Def. 2.2; a more detailed
version of Def. 2.2 (Def. E.2) is given in Sec. E. Condition
(i) avoids major task conflicts, (ii) removes redundancy so
every edge contributes, and (iii) links model confidence to
pass rate per Phenomenon 3, enabling error analysis. We
distinguish two notions of CoT:

* Validity': a task-level property, indicating whether it
solves any (Q, A) under (g, a, k).

* Correctness: an instance-level property, deterministi-
cally defined for a specific (Q, A).

Why this definition? First, Phenomenon 1 directly moti-
vates us to formally bridge uncertainty and pass rate across
tasks. Yet, not all rare outputs are useful—some may be not
correct for all instances of the current task, surfacing only
due to shared reasoning states across tasks. This motivates
our definition of validity to distinguish useful task-specific
CoTs. Second, the key property inherent from the pass rate
is that, easy-to-reason CoTs cover most instances in Dg’k s
but some instances can still only be correctly solved by hard-
to-reason CoTs. Our Multi-task TMC framework highlights
the importance of such rare reasoning paths, consistent with
large-scale evidence that many errors on GSM8K, AQuA,
and MATH arise from misapplied common patterns (e.g.,
assuming overlapping events are independent) per observed

'Our validity also speaks that no all hard-to-reason CoTs useful,
see App. B a discussion.

in Sun et al. (2025); more relevant empirical examples ap-
pear in Rmk. E.1. We can then define outcome signal to
verify correctness as follow.

Outcome Reward Signal. Let o; € RI°! be the one-hot
encoding of observation o;, and 0 = (01, ...,0z)" the full
trajectory. In mathematical reasoning tasks, the correctness
of a CoT trace is deterministic and verifiable (Yue et al.,
2025; Xiong et al., 2025; Setlur et al., 2025a; 2024; 2025b),
typically via formal systems such as Lean4 (Yang et al.,
2023). Hence, for any QA pair (Q,A) ~ Dg;’“ in task
k € T, we define the Rfg 5, (-) : RZ*I51 — {0,1} as

Rig.a)(0) =1(0 € G5A), (1

where gg“ ,)A is the deterministic set of correct CoTs for Q
within the valid CoT collection for task tuple (g, a, k)—in
practice, Lean4 only certifies the overall correctness of a
CoT trace—providing an outcome reward signal—without
verifying individual process reasoning steps.

2.2. Pretrained Base Model

Base Model. For simplicity, following (Kim et al., 2025),
we model the LLM base model using a straightforward
linear softmax predictor:

Po(-|z) = softmax((0, z)), )

where 8 € RISI*IS! and 2 € {0,1}5! is a one-hot vector.
This formulation is theoretically tractable and plausible,
as noted by Li et al. (2025b); Ren & Sutherland (2025);
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Chen et al. (2025), which highlight that the LLM’s final
layer employs logits hg(+, x), encoded in the last token, to
generate a softmax distribution over the vocabulary as the
predictive probability for the next token. Following (Kim
et al., 2025), we train the base model through entropy loss
as below, akin to the next-token prediction process despite
in the Markov chain setting.

Theorem 2.3 (Informal Version of Thm. F.1). Let Xy ~
Unif(S \ Si) and X1 ~ P(:|Xo) be random samples
from the TMC X in Def. 2.1, the softmax predictor trained
by cross-entropy Lcg = Ex, x, [log pec—1) (X1]X0)] via
Alg. 1 achieves the following: (1) After Ty = 5(M2) it-
erations, the uniform convergence error of the predictor
is O(\/M/T). (2) After thresholding, the predictor con-
verges linearly to the true probabilities with error decaying
as O( —Q( T))

Similar to the treatment in (Kim et al., 2025), in the subse-
quent sections, we suggest that the pretrained 8* achieve the
exact transition probability as the TMC model pg- = P after
pretraining. This is plausible given the longer timescales of
pretraining relative to finetuning and inference.

3. Simplicity Bias of RLVR Finetuning:
Provable Challenge and Solution

In this section, we first analyze the inherent simplicity bi-
ases of the standard RLVR finetunings, and then provide
theoretical justifications for certain strategies that can allevi-
ate this issue. Throughout, the expectation E[-] is operated
on OTi ~ Pk(Qk)v (QaA) ~ Dq b {O =2 " p6(0|011)

REINFORCE & RAFT. In terms of mathematics dataset,
the standard REINFORCE objective maximizes the correct-
ness of the sampled CoTs (Xiong et al., 2025; Setlur et al.,
2025a) (i.e., R( )( o) = 1 in our case for task k € T).
Separately, RAFT (Rejection Sampling Finetuning) (Dong
et al., 2023; Touvron et al., 2023; Yuan et al., 2023) maxi-
mize cross-entropy on successful CoT sampled from current
policy. Their objectives in our TMC case are

JreiNnrorce(0) = E [R?Q,A)(O)] ) (3)

Jrarr(0) =E {Z,L;ll 10gﬁ9(01+1|0l)R?Q,A)(0):|' 4

PPO & GRPO. Proximal Policy Optimization (PPO)
(Schulman et al., 2017; OpenAl, 2018) and Group Relative
Policy Optimization (GRPO) (Shao et al., 2024) both opti-
mize clipped surrogate objectives with temperature 5 > 0:

o}, ,lo bo.k
} :mln PG( H»l‘ l) Afjt717
old(ol+1‘ol)

e1+c) A;’jf)}

Jpro (0
(5)

cli (p9(0z+1|01) 1—
D, (Ol+1|0")7

Joreo (0 ESE

G,L—1 o o)
po (o o
=E[g Z min (p:d((;:h;) Al
i=1,l=1
€, 1+E) A1 l+1>]

Here, the RL advantage (Levine, 2018) at reasoning step [
for task k and predictor pg is

AP (o1, 0011) = QP (01, 0041) — VPO (01),
Viek(o) ;= E [R?QA)(O)’OZ} : %
Q""" (01, 0111) :=E [VP*(01)|0141]

PPO (5) typically estimates Af o ’lk via GAE with an ad-
ditional critic model, while GRPO (6) employs group-
normalized advantages A¥ 1= (R(Q a0 0') — i) /o com-
puted across sampled CoTs, with 1, o the group mean and
std across G sampled CoTs.

(6)
Cll (P6(01+1‘01) 1—

pold (°L+1 lo})’

The following theorem shows that the above methods are
inherently biased toward easy-to-reason CoTs per Phe-
nomenon 1 (Wu et al., 2025a; Deng et al., 2025), resulting
failure over hard instances.

Theorem 3.1 (Squeezing Effect of RL-finetuning). Con-
sider a base model 0* defined in Sec. 2.2 and a targeted
task k € T with (M) valid hard-to-reason CoTs. Sup-
pose we apply one of the following finetuning algorithms:
REINFORCE, RAFT, PPO, or GRPO (without KL regular-
ization) with access to the expected gradient oracle. For
PPO/GRPO, assume the advantage is estimated accurately
and the clipping threshold are functioning. Then, for any
€ > 0, there exists t > Q(n~'L2M*log(ML/€)) such
that for any valid hard to reason CoT 0" for task k, we
have
Pr(o5" ~ P (-|01")) < e.

Therefore, for any (Q, A) of task k, if all correct CoTs
solving (Q, A) are hard-to-reason, then the finetuned model
Dor.(v) satisfies

k
Eoz:LNﬁgk‘(t) (-lo1) [R(Q,A)(O)} <e

Sketch of Proof. The key observation is the following propo-
sition, showing that along any easy-to-reason CoT for a task,
the hard-to-learn CoT deviate from it would have smaller
advantage.

Proposition 3.2 (Advantage Gap between Easy and Hard
CoT). Let X be a Multi-task TMC as in Def. 2.1 and 2.2,
fix a common task state tuple (q, a, k). Then, for the shared
states oy, € [L — 1] of any valid easy-to-reason CoT o°*
and hard- to learn CoT 0" then there exists ¢ > 0, such

tf]zat Af_il’ (01,07) > ¢ > Afj_*l k(ol,o;’i’f) vl e[L -
1].
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We then denote PO as the algorithm of the PPO/GRPO in
Thm. 3.1, through standard policy gradient derivation with
notation V := Vg; P := Pe, it holds that

L—-1

VIrErorcE = Y E[V 10g pr(0r11]01) (g a)(0)];
=1
L—-1
VIrarT = Z E[(1 + log px(0111]01))V log pi(0141]01) Rig 4y (0)],
oy ®)

VIeo = Y El(1+ (2L(AfL (01, 0141) = 0) = 1)e)
=1

- AP (01, 0041)V log pr(0141]01)]

where  Vlogpr(oi41 | 0) = 0141 — ZO§+1€Sz+1 (014 | 01) 0144
holds in linear case. For valid hard CoTs o"¢ and easy
CoTs o sharing the same o, but a different o}, o{¥}” at
1€ [L—1], where i,j are index of hard and easy valid CoTs,

the logits update difference under Jrginrorcr(0) s

NV i IJREINFORCE(G) ~ Vo s ljREINFORCE(e)]
i 0

°1+1

=n[(A7** (01, 0)11") — AP (01, 071} 7))
+ VPor ¥ (07) (pgr (0] 15" |01) — Ber (0)33|01))] < 0.

Here, the inequality follows from Prop. 3.2 together
with ﬁg(o?jrld‘i\ol) < ﬁg(olefly‘j |o;). As a result, the ratio
e(0, " |0y) /pe (0357 |oy) strictly decreases after each gra-
dient update. From Eq.(8), RAFT’s gradient further ampli-
fies this gap through the (1 + log(p)) factor, while PPO’s
update similarly magnifies it via the term (1 + (21(A >
0) — 1)e)A. By induction, the disparity between easy and
hard CoTs compounds over iterations, and the convergence
proof then follows directly.

Solution 1: Rejection of Easy Questions. Recent stud-
ies (Yu et al., 2025; Xiong et al., 2025; Zhang et al., 2025a)
show that rejecting instances, where all parallelly sampled
CoTs are correct, improves performance. In our setting,
such instances correspond to those solvable by already well-
learned easy CoTs. By discarding them and retaining only
hard CoT correct-only instances, the model gradually shifts
its focus toward harder reasoning paths. Formally, we de-
fine RL—re ] as any algorithm in Thm. 3.1 augmented with
rejection: whenever a sampled CoT has probability mass
above M ~1(1 — €) by the current model, it is discarded.
This ensures training emphasizes harder CoTs gradually in
the small learning rate regime, prevents collapse into easy
ones, and in the end secure all valid CoTs with probability
at least M ~1(1 — ¢€). We summarize this finding per below.

Corollary 3.3 (RL-re j Enables Hard-CoT Learning). Un-
der the identical setting and assumptions of Thm. 3.1, con-
sider applying RL—re j. Then, for any € > 0, there exists
t > Q(n ' L2MT log(ML/€)) such that for any valid hard
to reason CoT o' for task k € T, we have

1—e€

&
Pr(oli! ~ pgeo (-|0f")) > VAR

Therefore, for any (Q, A) of task k with > 1 correct CoTs,
the finetuned model Dg(+) satisfies

1—e€
k
Eoz:LNﬁz(t)(.pl)[R(Q,A)(O)} > W

That is, with K > . (log(e 1)), we have pass@K perfor-
mance no worse than 1 — .

Notably, after sufficient iterations, the algorithms in
Thm. 3.1 and Cor. 3.3 concentrate probability mass on valid
CoTs of the targeted task up to ©(1 — &) from its start state.
Consequently, the generation probability of CoTs for other
tasks sharing some state would be less than o(e), eroding
cross-task capability. In what follows, we discuss an alter-
native exploration approach, which in design can preserve
such meta-capabilities.

Solution 2: KL-regularization. It is also worth noting
that GRPO typically is equipped with a KL regularization
term, as in Eq.(6. The formulation of KL-regularized Re-
inforcement Learning has been noticed as a distribution
optimization (Fan et al., 2023; Black et al., 2024; Clark
et al., 2024; Uehara et al., 2024; Marion et al., 2024; Kawata
et al., 2025). In theory, the solution is a tilted (or Gibbs)
distribution (Csiszar, 1975), as characterized below.

Lemma 3.4 (Optimal Sampling of GRPO Variants). For
each task k € T, let 0* denote the pretrained Founda-
tion Model. Then the GRPO induces an optimal step-wise
sampling distribution:

~PO . L AP (or4) 9
Po (0141 | 01) o po+ (0141 | 01) - exp (7 - ——35 | )

where 7 < ©(M) and Af""k(oH_l) is defined in Eq. (7).

Notably, the induced Gibbs distribution is governed by the
KL-regularization temperature 3 > 0: a larger (3 reduces
the gap between CoTs with high and low advantage. The
following corollary formalizes this intuition, showing that
P can, in principle, preserve the broad capability.
Corollary 3.5 (KL-regularization Enables Hard-CoT learn-
ing and Maintain Cross-task Capability). Consider a base
model 8* defined in Sec. 2.2, a targeted task k € T and a
different task k' # k, denote ﬁgko as the learner in Eq.(9).
For any start state o1 = q of task k, suggest the number
of CoTs starting from o1 is N,,. Then for any €' satisfying
1/N,, > € > e >0, denote ﬁ’gkm as the PPO/GRPO in
Thm. 3.1 with €, then there exists 8 = Q(ML/log(e' ")),
such that

1. Capable of Hard CoTs: For instance (Q, A) with only
some hard-to-reason CoTs correct:

k
Eo2:L~ﬁg,§)(~|01) |:R(Q7A) (O):| > ¢ > €

k
2 By i, o) Clon) {R@,A)(O)}'
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2. Preserve Multi-task: For instance (Q, A) belonging
fo untargeted task k' # k:

kl
]EOZ:LNﬁg}?('lol) {R(Q,A)(O)} > ¢
k/
> €2 Eqy e, (o Rla.a)(0)]

The pass@K performance of any task could be adjusted by
temperature 3 given K and €'.

Other Solutions. We also provided discussions of the bene-
fit of Evolution Strategy (ES) finetuning (Qiu et al., 2025)
and representation-based exploration finetuning (Tuyls
etal., 2025) in App. D.4.

4. Simplicity Bias of Population Reward
Inference-Scaling: Challenge and Solution

ORM Mode. During inference, the outcome reward model
(ORM) evaluates entire paths via an outcome-level reward
RF . (0) (e.g., a neural scorer), guiding solution generation
through Best-of-N (BoN) sampling (Lightman et al., 2023).
We define the natural ORM as RE (o) = E [R*(0)] (i.e.,
the expectation of instance-level rewards). Statistically,
Rous is the Bayes-optimal L? predictor (and the MLE under
Gaussian noise). A neural scorer Rf () is then trained to
approximate RY, (-) by arg miny E[(R}(0) — R, (0))?]
which under standard conditions converges to R¥ ..

PRM Mode. Instead of outcome-level scoring, the process
reward model (PRM) provides intermediate rewards along

the reasoning trajectory: R’[fm(ol) =g(01,...,01), 1€
{1,..., L}, where g(-) estimates step-wise utility (Shao

et al., 2024; Snell et al., 2024; Wang et al., 2024; Li et al.,
2023). PRM can be integrated into structured decoding, e.g.,
BoN (Lightman et al., 2023) (selecting top PRM-scoring
step) or Beam Search (BS) (Snell et al., 2024) (augmenting
beam scores). Since process-level annotations are costly,
most approaches design PRMs heuristically via likelihood-
based estimates, which predict the expected final correct-
ness given the current prefix:

Riieiinood(01) = VP (o) = E [R*(0) |ai] ,  (10)
for all o; € S;. The expectation, which is operated on
o1 ~ PH(Q"),(Q,A) ~ D&F, 0 ~ pf.(Oloy). is typi-
cally approximated by Monte Carlo rollouts or by training a
neural scorer Ry with squared loss, i.e.

argemin E[(Ro(01) — Riikelinood(01))?].

Indeed, our following theorem shows that the above two
“population rewards” (i.e., expectation-based ORM/PRM)
check consistency instead of correctness, per Phenomenon
2 (Xu et al., 2025).

Theorem 4.1 (Failure of Inference-Scaling with OR-
M/PRM). Under the setting of Thm. 3.1, consider the ORM
R, (0) = E[R*(0)], the PRM Rl 11,004(01) and infer-
ence methods: (i) ORM + BoN, (ii) PRM + BoN (step-wise),
or (iii) PRM + BS with width N and beam size B > 1.
For any instance (Q, A) of task (01, a, k), suppose all cor-
rect CoTs are hard-to-reason and their > 1 sparse edges
diverge from shared states with some valid easy-to-reason

CoT. Then, for any € > 0:

e If N > Q(log(e)/log (%)) method (i) fails with
probability at least 1 — e.

 If N > Q(log(e)/log (1)), methods (ii) and (iii) fail
with probability at least 1 — e.

Sketch of Proof. Our key observation is the following
Prop. 4.2, which reveals that population rewards system-
atically favor easy CoTs, assigning higher scores to 0¥
than oM,

Proposition 4.2 (Population Rewards Favor Easy CoTs).
Under the same settings as Thm. 4.1, let 0°*% be any valid
easy-to-reason CoT and 0" any valid hard-to-reason CoT

casy __ _hard casy hard .
under (q, a, k). Then forVo,"] = 0}*\%, 0, # 0"

R (07) > b (0,
k as k hard
Riiketinood (07") > Riiyelinooa (0] ™)

Sketch of Proof. The first inequality follows from
Def. 2.2(iii): an easy-to-reason CoT has a larger probability
of being correct over the distribution, whereas a hard-to-
reason CoT, carries higher uncertainty and thus a smaller
population-level chance of correctness. The second inequal-
ity follows from Prop. 3.2 by noting that

Rﬁkelihood(ol) = Af& (01-1,01) + VP k(Ol—l)-

Given Prop. 4.2, the remaining proofs for Thm. 4.1 follow
by choosing N sufficiently large so that 0°*Y (or 0;**) is
sampled at least once across the N parallel trials.

Solution: Gibbs Sampling. Soft Best-of-N sampling (Soft-
BoN) (Verdun et al., 2025) is designed to approximate the
gibbs distribution PE,,, (o) with O(N~1) error, which is
defined as

Plipis(0) o (P« (0) exp ()\Rﬁut(o)) ) (1D

for 0o = q ~ P*(Qg). Akin to Eq.(9), the distribution
Pk, (0) also can control the trade-off between reward
maximization and the divergence from the base model’s
predictive power.

Corollary 4.3. (Csiszdr, 1975) Consider a base model
0* defined in Sec. 2.2, a targeted task k € T and ORM
Rk (o) = E[R*(0)]. For A > 0, Eq.(11) solves:

out

1 "
m%X ]Epk [Ré:ut(o)] - *DKL(PnkeWHpg*)’

12
X (12)

new.
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Table 1. Theoretical comparison between RLVR and inference-scaling under our TMC setting. The first column indicates pass@K
performance. The second and third columns assess whether a method assigns highest credit to easy-to-reason CoTs and whether it can
also sample hard-to-reason CoTs with suitable temperature. The fourth column evaluates whether the method preserves the base model’s
multi-task capability. The results suggest that post-training methods tend to favor easy-to-reason CoTs, and that only methods capable of

sampling hard-to-reason CoT's can achieve satisfactory pass@K.

Methods Succeed w. pass@K  Prefer Easy CoT Capable of Hard CoT Preserve Multi-task
REINFORCE (Eq.(3) / RAFT (Eq.(4) X X X

PPO (Eq.(5) X X X

RL-rej (Sec 3) X
KL-regularized PO (Eq.(6)

ORM/PRM-BoN/BS (Sec 4) X X X

Soft-BoN/DPRM-AS (Sec 4)

Indeed, through the statistical merit of Doob’s h-transform
techniques (Uehara et al., 2024; Kawata et al., 2025; Rogers
& Williams, 2000; Chopin et al., 2023; Heng et al., 2024),
we provably show that there is a principled framework to de-
sign process reward, which could mathematically generate
the same CoT distribution as Eq.(11) per below.

Definition 4.4. Doob’s h-Transform-induced Process Re-
ward Model (DPRM). Consider a base model 8* defined
in Sec. 2.2, a targeted task k¥ € T and ORM RF . (0) =
E[R*(0)]. The DPRM Adjuested Sampling (DPRM-AS)
defines the process reward at step [ via harmonic function

k
hk<ol) = EOZ+1:L~139* [exp ()\Rout(o>) | Ol] )
and sample according to step-wise distribution adjustment:
1
Rppru(01) = 3 log hi(or), VA>0

hi(0141)
hk(Ol)

x po(o1+1 | 01) exp(ARpryi(0141)),

~new,k

Dy (0141 | 01) = Po+ (0141 | 01) - (13)

where the first-step is initialized as

~new,k

o " (01| 00) := Eq, pr(g,) [eXP(ARBprA(01))].
Then, the induced distribution
L1
Phprm(o) = [ pg™"
1=0

(0141]01))

satisfies Pfpry(0) = Péibbs(o)'

Computational Cost. By Pjop\(0) = PE,..(0) as
shown above, the Soft-BoN method is a realization of the
induced distribution, with a convergence rate O(N 1) (Ver-
dun et al., 2025). Notably, RE ppy () and RE, 00 () are
both conditioned expectations (i.e., logE[exp(:) | -] and
E[- | -]), and thus RE () does not induce computational
overhead, despite extra but negligible evaluations of exp
and log. Inherently, their is an asymptotic equivalence be-
tween them when using certain sampling strategies, which
we formalized as below.

Corollary 4.5. Under the same settings as Def. 4.4, for
0 < A < oo, it holds that BoN/BS with RYppy(01) is
equivalent to BoN/BS with RE, 1..0q4(01)-

Sketch of Proof. The key observation is by the monotonicity
of exp(+) and log(+), it holds that

ke _ k
arg max Rppry(01) = arg max Rijieiinooa (1)
o€ 5PN o€ PN

where SPON = {0}, ..., 0]} is the set of BoN candidates.

Through the similar techniques in Cor. 3.5, we then show
that the broad capability is preserved by Plpgy(0) =
Pk, (0) as below.

Corollary 4.6 (Gibbs Distribution Preserves Meta-Capa-
bility). Under the same settings in Cor. 3.5, for any
¢ satisfying 1/N,, > ¢ > € > 0. Then there ex-
ists A\ = O(log(¢~")/ML), denote pks(-) as any of
the inference predictors (i)-(iii) in Cor. 3.5 with N >
Q(log(e)/log (M;[LM)), it holds that

1. Capable of Hard CoTs: E,_px = (o) [R?Q’A)(o)} >
6/ Z € Z Eowﬁ{“s(o) [RFQ,A) (O)j|
2. Preserve Multi-task: E_py (o) [Ré“é A)(o)} >

6/ Z € Z EONﬁ{CS(O) [R?'Q,A) (O):|

The pass@K of Soft-BoN ( 0(%) error to gibbs sam-
pling (Verdun et al., 2025)) for any task could then be ad-
Justed by temperature 3 given K and €' (Wu et al., 2025b).

5. Empirical Simulations

To validate our theoretical findings, we run simulations on
an abstract Tree-structured Markov Chain (TMC) with two
tasks (TASK 1 is the target), as shown in Tab. 2 below.

The TMC has L = 4 layers with two nodes each (|S;| = 2).
In layers 1-3, each state has one high-probability outgoing
edge. Pretraining runs for 77 = 2000 and 7> = 500 steps
(error < 0.001); fine-tuning for 7' = 1000 steps with learn-
ing rate 0.05. Estimation of the Rewards/advantages use
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Table 2. Task definition and CoTs characteristics in our Multi-Task TMC simulation.

Task  PathIndex State Transition Type Probability Expected Correctness over D-*
0 S1[0] = S2[0] — S3[0] — S4[0] EASY-To-REASON  0.413223 0.727995
TASKI 1 S1[0] = S2[0] — S3[1] — S4[0] HARD-To-REASON  0.075131 0.132363
2 S1[0] — Sa[1] — S3[0] — S4[0] HARD-To-REASON  0.004132 0.007280
3 S1[0] — Sa[1] — S3[1] — S4[0] HARD-To-REASON  0.075131 0.132363
0 Si[1] = S2[0] — S3[0] — S4[1] EASY-To-REASON  0.413223 0.955691
TASK2 1 S1[1] = S2[0] — S3[1] — S4[1] HARD-To-REASON  0.007513 0.017376
2 S1[1] — Sa[1] — S3[0] — S4[1] HARD-To-REASON  0.004132 0.009557
3 Si[1] = Sa[1] — S3[1] — S4[1] HARD-To-REASON  0.007513 0.017376

Table 3. CoT generation statistics for different strategies on TASK1 and TASK?2. Values represent percentages of valid easy CoTs, valid

hard CoTs, and invalid CoTs generated by each method.

Strategy TASKI1 Valid TASK1 Valid  TASK1Invalid  TASK2 Valid TASK2 Valid  TASK2 Invalid
Easy CoTs (%) Hard CoTs (%) CoTs (%) Easy CoTs (%) Hard CoTs (%) CoTs (%)
Base Model 21.67% 8.07% 70.27% 20.03% 1.10% 78.87%
Finetuned Methods
REINFORCE 94.33% 3.43% 2.23% 1.52% 0.87% 97.62%
RAFT 95.22% 2.33% 2.45% 2.30% 0.92% 96.78%
PPO (Eq.11) 91.82% 5.40% 2.78% 2.23% 1.03% 96.73%
RL-rej (Sec.3.1) 49.62% 17.42% 32.97% 30.63% 2.27% 67.10%
GRPO-KL (Eq.13) 46.47% 16.27% 37.27% 54.18% 1.68% 44.13%
Inference Scaling Methods
Soft-BoN 8.98% 19.30% 71.72% 7.00% 17.27% 75.73%
ORM-BoN w. RF (1) 21.00% 7.30% 71.70% 20.23% 0.97% 78.80%
PRM-BoN w. RE, 100 () 99.13% 0.87% 0.00% 13.42% 36.77% 49.82%
DPRM-BoN 99.52% 0.48% 0.00% 13.40% 37.02% 49.58%
DPRM-AS (implemented by step-wise Soft-BoN) 17.23% 36.10% 46.67% 12.02% 38.02% 49.97%

1000/200 Monte Carlo samples; temperature A = 0.5; BoN
uses N = 15. Training and testing each use 200 question
instances sampled per Def. 2.2; BoN and Gibbs-style meth-
ods are fully enumerated. TASK 1 requires reaching S4[0]
from S1[0]; TASK 2 requires S4[1] from S7[1]. A CoT is
valid here if it connects the start and end states; among valid
paths, only the one via S3[0] — S3[0] is easy, all others are
hard. We report the proportions of easy, hard, and invalid
CoTs from S [0] (TASK 1) and S1[1] (TASK 2), as well as
the expected correctness over the population per Def. 2.2.

Findings in Tab. 3. REINFORCE, RAFT, and PPO heav-
ily favor easy-to-reason CoTs in TASK 1, suppressing
hard-to-reason CoTs in TASK 1 and valid CoTs in TASK
2, showing clear simplicity bias and forgetting. In con-
trast, diversity-promoting methods (RL—-re j, GRPO-KL,
Soft-BoN, DPRM-AS) balance easy/hard-to-reason CoTs in
TASK 1 and preserve TASK 2 CoT’s generation capability,
thanks to shared sparse edges in the TMC (two nodes per
layer, see Table 2). ORM/PRM-BoN, relying on popula-
tion rewards R* . (-), also overfavor easy-to-reason CoTs;
PRM-BoN and DPRM-BoN behave similarly, as predicted.
Further details are available in App. C.

6. Conclusion, Limitations, and Future Work

We introduced a Tree-structured Markov toy framework to
model foundation model’s diverse multi-task reasoning pat-

terns, and theoretically validates Phenomenon 1-3: both
RLVR and inference-scaling exhibit a simplicity bias, fa-
voring easier, common reasoning paths (consistency) rather
than true correctness. Building on this, we demonstrated
the benefit of various exploration strategies—mitigating this
bias and preserving rare but crucial CoTs—as summarized
in Tab. 1. Our analysis further highlights a sharp contrast
with traditional RL (e.g., AlphaGo (Silver et al., 2016)):
whereas RL advantages promote effective state-space ex-
ploration in standard RL, in post-training they instead push
models to overemphasize easy (high-pass-rate) paths within
the model’s scope (Yue et al., 2025). This negative insight
may also explain why Setlur et al. (2025a) employ indepen-
dent models that reinterpret RL advantage differently for
finetuning and PRM scoring.

The central clue of the bias lies in the expectation
(population)-based reward estimators, namely R” (o) =

E[R*(0)] and Rfjjip00a(01) = VP (01) = E[R*(o) |
0;]. While these estimators are Bayes-optimal in the L?
sense, they inherently favor frequent patterns, thereby down-
weighting rare-but-valuable CoTs. This bias highlights the
necessity of more reliable reward designs, as also discov-
ered by Xu et al. (2025). Also, our current TMC framework
is deliberately abstract and restrictive (see App. B and D.4),
and could be generalized to more realistic models. Another
promising direction is to apply TMC analysis to reflective
behavior and aha moments (Yu et al., 2025).
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A. Additional Related Work

LLMs as Markov Processes. A growing body of work has drawn connections between large language models (LLMs) and
Markovian dynamics. Zekri et al. (2024) established a theoretical equivalence between next-token prediction in LLMs and
finite-state Markov chains, deriving scaling laws for in-context learning when prompted with such chains. Nichani et al.
(2024) demonstrated that disentangled transformers are capable of learning Markov chains in context. Ildiz et al. (2024)
studied how a single self-attention layer can simulate context-conditioned Markov chains, while Ding et al. (2025) showed
that multi-layer transformers can approximate preconditioned gradient descent over Markovian distributions. Edelman et al.
(2024) analyzed the distinct phases of training as transformers learn Markov chains, and Makkuva et al. (2024) investigated
the function landscape of single-layer transformers on Markovian data, revealing challenges in learning higher-order chains.
Rajaraman et al. (2024) proved that constant-depth transformers can learn k-order Markov processes when the next-token
distribution depends on the previous k tokens. Furthermore, Cao et al. (2025) showed that transformers can simulate
the maximum likelihood estimation (MLE) algorithm for learning Bayesian networks, which subsume Markov chains as
a special case. Despite these advances, most prior works focus on modeling sequential variable dependencies, without
abstracting the structure to chain-of-thought (CoT) reasoning. The most relevant exception is the recent work of Kim
et al. (2025), which investigates CoT processes under metastable Markov chain assumptions. They show the necessity of
search, RL-based finetuning, and distillation to navigate sparse transition spaces, also under a softmax modeling assumption.
Their proposed algorithm is tailored specifically for such metastable settings. Instead, motivated by real-world multi-task,
tree-structured reasoning tasks with binary (0-1) rewards, our work aims to theoretically compare the intrinsic biases of
RL-based finetuning and inference sampling, and to connect these with recent discussions on the squeezing effect, the
benefits of reasoning diversity, and the inherent limitations of RL-based fine-tuning.

Spectral Bias. The study of spectral bias in deep learning is extensive, with many works showing that neural networks
tend to learn low-frequency or simple patterns with high signal-to-noise ratio first (Arpit et al., 2017; Valle-Perez et al.,
2018; Kalimeris et al., 2019; Chen et al., 2023a; Abbe et al., 2023; Molina et al., 2024). Edelman et al. (2024) demonstrated
that this simplicity bias during training can delay convergence to the correct solution in Markov chain learning. Chen
et al. (2023b) observed that shallow layers in neural networks prioritize fitting lower-order functions, while Allen-Zhu
& Li (2023) showed that this tendency in shallow networks can lead to drastically increased sample complexity due to
their bias toward low-order polynomials. Tian (2024) examined simplicity bias from the perspective of algebraic structure
learning. Other works have highlighted potential downsides: Shah et al. (2020); Yang et al. (2024) showed that such biases
can be detrimental, causing models to overlook important features or be misled by spurious correlations. Recent work
Ren & Sutherland (2025) identified the squeezing effect of Direct Preference Optimization: probability mass becomes
increasingly concentrated on the outut that was most confident prior to the update. A following-up work Deng et al. (2025)
identified similar phenomenon of GRPO. Separately, Li et al. (2025b) analyzes the nature of the cross-entropy loss, showing
that it systematically shifts probability mass from non-target tokens to target tokens—regardless of the quality of the
non-target options—ultimately leading to distribution collapse during finetuning. However, prior work has not systematically
characterized how this squeezing effect influences fine-tuning dynamics. In our study, under the Tree-structured Markov
Chain (TMC) framework and a linear softmax model, we show that binary outcome rewards can potentially amplify this
effect, favoring simple reasoning paths during fine-tuning and contributing to the model’s inductive bias.

Distribution Sharpening, Entropy Structure, and Diversity Collapse. A rapidly growing line of work studies whether
RLVR expands reasoning capabilities or mainly sharpens the base model’s existing reasoning distribution. Empirical
studies suggest that RLVR often improves finite-sample precision while shrinking empirical support, thereby missing
underrepresented correct answers (Wu et al., 2025a). In formal theorem proving, He et al. (2025) identify a rank bias in
GRPO: high-probability correct trajectories are preferentially reinforced whereas rare correct trajectories are neglected.
Concurrent works further formalize diversity collapse through selection/reinforcement bias (Gai et al., 2025) or finite-batch
sampling bias and semantic coupling (Fan et al., 2026). These works motivate algorithmic corrections such as unlikeliness
rewards, differential smoothing, inverse-success advantage calibration, and diversity-aware sampling. Complementarily, a
token-level entropy perspective shows that only a minority of high-entropy “forking” tokens drive much of RLVR’s reasoning
improvement (Wang et al., 2025a), while entropy-control methods such as Entrocraft explicitly shape the entropy curve to
mitigate long-run performance saturation (Li et al., 2026a). Recent test-time and interpretability studies also reveal structured
uncertainty in reasoning traces: Zhao et al. (2026a) use high-entropy segment centroids as intrinsic rewards for response
selection, whereas Zhao et al. (2026b) distinguish low-entropy structural tokens from higher-entropy problem-specific
tokens for reasoning compression and diagnosis. Our work differs from these algorithmic and empirical studies by giving a
multi-task TMC account of why post-training reweights existing reasoning paths toward high-probability/easy CoTs and can
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suppress rare-but-valid hard CoTs.

Curricula, Process Rewards, and Inference-Time Scaling. Several works study how data selection, process supervision,
and inference-time search can preserve useful exploration. Difficulty-aware filtering methods select intermediate-difficulty
prompts because all-correct or all-incorrect groups provide weak learning signal (Bae et al., 2025); this is aligned with
our theoretical justification for rejecting overly easy instances. Outcome-based RL can provably induce CoT-style graph
traversal under suitable data distributions, but its learnability relies on sufficient mass on simple examples (Bu et al., 2025),
highlighting the role of implicit curricula. For process supervision, Setlur et al. (2025a) define process rewards as progress
under a prover policy, while Yao et al. (2026) derive process rewards by decomposing an entropy-regularized RL objective,
turning sparse outcome rewards into step-level guidance. At inference time, PRM-guided parallel generation has been
analyzed through particle filtering and SMC (Golowich et al., 2026), and martingale-based foresight decoding provides
another principled route to step valuation and pruning (Li et al., 2026b). These methods are complementary to our DPRM
perspective, which interprets PRM/BoN-style inference as a reweighting of base-model trajectories and studies when such
reweighting overemphasizes common/easy CoTs. Bu et al. (2026) extend our PRM idea to Diffusion Language Models.

Process Reward Models (PRMs) & Reinforcement Learning with Verifiable Rewards (RLVR). Process Reward Models
(PRMs) and Reinforcement Learning with Verifiable Rewards (RLVR) both employ external verifiers to reward reasoning
steps, with PRMs guiding inference (Lightman et al., 2023; Li et al., 2023; Snell et al., 2024) and RLVR enhancing
finetuning (Wang et al., 2025b; Foster et al., 2025). Setlur et al. (2025b) show that verifier-based scaling outperforms
verifier-free approaches when the reward distributions have anti-concentration and heterogeneity properties. (Foster et al.,
2025) also analyzed on linear softmax model, for which they designed an algorithm that is computationally efficient, and
showed the necessity of coverage within their framework. Yue et al. (2025) find RLVR’s gains limited to small &, with
base models matching or surpassing it at large k, suggesting RLVR reinforces existing reasoning rather than fostering new
patterns—echoing our finding that RL finetuning overfits to simpler paths due to the squeezing effect. Schmied et al. (2025)
highlight RLVR’s ”greediness”, favoring easy actions akin to our findings, while Yu et al. (2025)’s DAPO and Xiong et al.
(2025)’s minimalist approaches counter this by rejecting overly-correct samples, promoting diverse reasoning and keeping
steady entropy, whose merits are also theoretically justified in our settings. (Wang et al., 2025b) also empirically showed
the critical role of promoting exploration with diverse reasoning patterns. Setlur et al. (2025a) propose a separate prover
policy to enhance exploration, noting the base model’s advantage calculation limits diversity—supporting our observation of
RLVR’s bias toward simpler paths. Li et al. (2025b) add that cross-entropy finetuning reduces sampling diversity, reinforcing
the need for varied inference strategies. These findings collectively underscore the value of diverse reasoning, motivating
our comparison of RL and PRM under binary outcome rewards.

B. Limitations and Broader Impact

Unmodeled Complexity in Large-Scale. While our theoretical analysis introduces new perspectives on finetuning and
inference-scaling under binary (0—1) outcome supervision, several limitations remain. First, the latent reasoning model
and neural formulation may require further refinement to better align with practical scenarios, including: handling varying
reasoning depths; incorporating structural priors (e.g., multi-index models); modeling with nonlinear transformers instead
of a linear softmax model (per discussed in App. D.4); and analyzing parameter-efficient tuning methods like LoRA (Hu
et al., 2021).

Reward Hacking, and the Benefit of Consistency. Even within the TMC framework, our formulation does not fully
capture challenges such as robustness to noisy rewards, hallucinations, or reward hacking. For example, in Fig. 1, the
trajectories ¢ — 0% — ag (valid for Task 4) and ¢ — 03 — ag (valid for Task 5) share the same endpoints but are invalid
for each other’s task, illustrating a form of reward misalignment or hallucination. This warrants deeper investigation. A
concurrent study by Wen et al. (2025) raised a concern: rather than rewarding rare reasoning paths, they classified them as
incorrect CoTs and treated common paths as logically coherent-which they assumed correct. They further advocated for
stronger verifiers and new RLVR algorithms explicitly designed to incentivize correct reasoning paths—a perspective we
share. In our Multi-task TMC (Def. 2.2), our “validity” notion is to distinguish in-correct rare paths for a task with those
correct ones. We left a more detailed discussions of the pros and cons of the simplicity bias an important future direction.

Entropy may fail to decrease in practice—particularly when the training dynamics become unstable. In the context of
RLVR finetuning using only outcome rewards (without SFT supervision):

* If the base model’s capability is too weak for the target task (i.e., pass rate is too low), the gradient variance can become

15



Distributional Biases in Post-Training: A Markovian Analysis of Reasoning Trajectories

excessively large, leading to chaotic updates and potential entropy increase (Li & Ng, 2025).

» Likewise, if the reward oracle is noisy (Cai et al., 2025) or unable to verify intermediate reasoning steps for difficult
problems (e.g., reward hacking as discussed in the previous paragraph), the supervision signals become inconsistent,
again possibly causing entropy to increase.

These situations lie outside our theoretical assumptions since our framework requires the low-probability transition edge
to remain above a constant (c), and does not model oracle noise. As suggested by Li & Ng (2025) and Wen et al. (2025),
incorporating teacher-forced SFT to improve the base model’s competence, and enhancing reward oracle fidelity —for
example, by verifying intermediate steps using tools such as Lean4 in theorem-proving—can stabilize such finetuning
processes and mitigate this phenomenon.

Faster-vs-Better Trade-Off. Moreover, although our results highlight the value of diversity—particularly when a non-
negligible fraction of instances require hard-to-reason CoTs—our analysis does not quantify the additional computational
cost such diversity induces. This reflects an inherent tradeoff: overfitting to simpler reasoning paths enables faster finetuning
when the target is improving overall accuracy within certain iterations, while supporting diverse reasoning incurs greater
complexity—a “no free lunch” scenario.

Non-Markovianity of LLM Reasoning. Markov-chain (MC) abstractions—where transition probabilities encode step
difficulty—are well-established in prior theory (Xu et al., 2019; Sanford et al., 2024; Abbe et al., 2024; Besta et al., 2024;
Kim et al., 2025). In particular, Kim et al. (2025) model LLM inference as a metastable MC and design algorithms showing
benefits of search and distillation. Building on empirical evidence of tree-alike reasoning (Lightman et al., 2023; Snell et al.,
2024; Yue et al., 2025; Al et al., 2025; Gandhi et al., 2025), and observed real-world hardness metrics (base-model pass
rates Tong et al. (2024)), our Multi-task TMC is arguably more aligned with practice than prior work. We acknowledge
that MC models cannot perfectly capture actual LLM inference, per Zhang et al. (2025b) on LLM non-Markovianity.
Nonetheless, this does not diminish the value of MC-based theories: conclusions remain informative and can often be
generalized to non-Markovian settings with suitable extensions.

While our findings are theoretical, they provide high-level justification for recent empirical efforts that promote reasoning
diversity and reject overly easy instances, offering useful insights for future work on RL fine-tuning, PRM design, and
inference strategies in LLMs. We do not anticipate any direct societal risks arising from this research.

C. Additional Experiments
C.1. Comprehensive Performance and Coverage Analysis

Building upon the empirical simulations presented in Section 5, we provide additional experimental results that further
validate our theoretical findings. The following analysis examines both performance metrics (Pass @K rates) and coverage
characteristics (valid CoT generation patterns) across different sampling strategies for both TASK1 and TASK?2.

C.1.1. PERFORMANCE ANALYSIS

Figure 2 and Figure 3 present the Pass @30 performance for TASK1 and TASK2, respectively, across all evaluated sampling
strategies. The results demonstrate several key patterns that align with our theoretical predictions:

TASK1 Performance: The performance across different strategies shows relatively consistent results, with Pass @30 rates
ranging from 0.65 to 0.73. Notably, DPRM achieves the highest performance (0.73), followed closely by Reinforce-rej (e.g.
RL-rej) and GRPO-KL (both at 0.72). The base model performs moderately well (0.71), while PRM-BoN shows the
lowest performance (0.65). This suggests that while most strategies can achieve reasonable performance on the primary task,
there are meaningful differences in their effectiveness.

TASK2 Performance: The results reveal a stark contrast, with performance ranging from 0.35 to 0.95. The base model
and diversity-promoting methods (Reinforce-rej (e.g. RL-rej), GRPO-KL) achieve the highest performance (0.95),
demonstrating their ability to maintain capability on secondary tasks. In contrast, standard RL fine-tuning methods
(REINFORCE, RAFT, PPO) show significantly degraded performance (0.35-0.48), confirming the forgetting phenomenon
predicted by our theoretical analysis.
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Figure 2. Pass@30 Performance for TASK1 across different sampling strategies. The results show relatively consistent performance
across most methods, with DPRM achieving the highest rate of 0.73.

C.1.2. COVERAGE ANALYSIS

The coverage analysis, presented in Figure 4 and Figure 5, provides insights into the types of CoTs generated by each
strategy. These stacked bar charts show the proportion of invalid, hard valid, and easy valid CoTs generated by each method.

TASK1 Coverage: The results reveal distinct patterns across different strategy categories. Standard RL fine-tuning methods
(REINFORCE, RAFT, PPO) and PRM-based methods (PRM-BoN, DPRM-BoN) generate predominantly easy valid CoTs
(90-98%) with minimal invalid CoTs, demonstrating strong simplicity bias. In contrast, diversity-promoting methods
(Reinforce-rej (e.g. RL—rej), GRPO-KL) show a more balanced distribution, with substantial proportions of both easy and
hard valid CoTs. The base model and ORM-based methods generate a high proportion of invalid CoTs (70-72%), indicating
limited effectiveness in generating task-appropriate reasoning paths.

TASK2 Coverage: The coverage patterns for TASK2 are markedly different, reflecting the task’s increased difficulty. Most
strategies generate a high proportion of invalid CoTs, with standard RL methods showing particularly poor performance (97-
98% invalid). However, diversity-promoting methods (GRPO-KL, PRM-BoN, DPRM-BoN, DPRM) achieve significantly
better coverage, with 45-55% valid CoTs. This demonstrates the importance of diversity-promoting mechanisms for
maintaining capability across multiple tasks.

C.1.3. KEY INSIGHTS AND IMPLICATIONS

These comprehensive results provide several important insights that extend our theoretical analysis:

Simplicity Bias Confirmation: The coverage analysis clearly demonstrates the simplicity bias in standard RL fine-tuning
methods, which overwhelmingly favor easy-to-reason CoTs while suppressing hard-to-reason alternatives. This bias is
particularly pronounced in TASK1, where REINFORCE, RAFT, and PPO generate 90-95% easy valid CoTs.

Forgetting Phenomenon: The dramatic performance degradation on TASK2 for standard RL methods (from 0.70-0.72 on
TASKI to 0.35-0.48 on TASK?2) provides empirical evidence for the forgetting phenomenon predicted by our theoretical
analysis. This confirms that overfitting to the primary task can severely compromise performance on secondary tasks.

Diversity-Promoting Benefits: Methods that promote diversity (Reinforce-rej (e.g. RL—re j), GRPO-KL, DPRM variants)
demonstrate superior performance on TASK?2 while maintaining reasonable performance on TASK1. This validates our
theoretical prediction that diversity-promoting mechanisms are crucial for multi-task scenarios.

Inference Scaling Effectiveness: The PRM-based and DPRM-based inference methods show particularly interesting
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Figure 3. Pass@30 Performance for TASK2 across different sampling strategies. The results demonstrate significant performance
degradation for standard RL methods (REINFORCE, RAFT, PPO) compared to diversity-promoting approaches, confirming the forgetting
phenomenon.

behavior, achieving high performance on TASK1 while maintaining reasonable coverage on TASK?2. This suggests that
process reward models can effectively guide reasoning without the computational overhead of fine-tuning.

These results collectively support our theoretical findings and provide practical guidance for designing effective multi-task
reasoning systems in large language models.

D. Details of Reward Models and Methods
D.1. Summary of Notations

We remark that in our setting, for all [ € [L], 0; = eo, € RIS! denotes the one-hot encoding of token o; from the vocabulary.
In practice, language models typically apply a softmax over the entire vocabulary to produce next-token probabilities. Hence,
for simplicity, we do not distinguish between o; and o; in notation, and treat them interchangeably throughout the paper. We
summarize our notation in Table 4.

Let Q;. C S be the set of question states for task k € T. Suggest P* is a distribution over the question states Q. associated

with task k, denote R, (0) = Eq a)po* [R?Q a)(0)] (Setlur et al., 2025a; 2024) as the population reward over DIk of
) agq ’ q

the task tuple (g, aq, k).

D.2. RLVR Finetuning

REINFORCE. The classical REINFORCE algorithm (Williams, 1992) maximizes the expected reward from sampled
trajectories. For mathematical reasoning, a standard approach is using 0 — 1 correctness of reasoning answer as the reward
(Xiong et al., 2025; Setlur et al., 2025a). In our TMC setting, for task k& and given prompt ¢, the REINFORCE objective is

ky _ (k)
JreINFORCE(0") =E, __pr(0,).(Q.A)~DI* {0)C ~Bgn (Oloh) {1(0 € QQ,A)} ; (14)

ag » i=2

where 01.7, denotes the trajectory sampled from the policy, and 1(o € Qgc’)A) € {0, 1} indicates whether the final output
yields the correct answer. In our scenario, the objective would become

Jreinrorcr (0F) = By, =g~ PR (Qk)00. L ~Bgh [RE,(0)] -
RAFT (Rejection Sampling Fine-tuning) optimizes LLMs by sampling multiple responses from a policy, using a reward
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Figure 4. Valid CoT Coverage for TASK1 (K=30, N=15, 200 trials). The stacked bars show the proportion of invalid (gray), hard valid
(red), and easy valid (green) CoTs generated by each strategy. Standard RL methods show strong simplicity bias with predominantly easy
valid CoTs.

signal to select the best one, and then fine-tuning the policy using supervised learning on the selected best responses (Xiong
et al., 2025; Dong et al., 2023). The objective is to maximize the likelihood of these high-reward outputs:

TJRAFT(0) = E[(g,0*)~Drarr] 10 T (07]q)], (15)

where Drar 1S a dataset constructed from queries ¢ and their corresponding best sampled responses o*, as determined by
a reward function. (Xiong et al., 2025) found that a minimal RL approach to finetune the base model is to reject both the
entirely correct and incorrect responses. In our TMC case, we have

aoy ,02:

L-1
JRAFT(Bk) = EOINPk(Qk%(Q’A)NDOl’k LNﬁgk (Oloy) |JZ logﬁek (Ol+1|0l>R?Q,A) (O)]
=1

Direct Preference Optimization (DPO) optimizes the policy directly using a dataset of human preferences, provided as
pairs of preferred (o,,) and dispreferred (o;) responses for a given prompt ¢ (Rafailov et al., 2024). It avoids explicit reward
model training or reinforcement learning, instead optimizing a loss based on the policy’s probability ratio relative to a
reference policy 7,qf:

o (0w|q) mo(01|q)
! (16)

Joro(0) = Ej(g,0,,0)~ 10g0<510g——510g

©) = Elonioovonl rresloul)) % ey lorlg
where Dppo is the preference dataset, o is the logistic sigmoid function, and [ is a temperature hyperparameter that scales
the difference in log-probabilities.

In our TMC setting, for task k, suppose for each prompt ¢, the reference model (base model pg- or current model
Pja) produces two candidate trajectories: a preferred one oy, and a dispreferred one o7, where Rfg Ay(07) =1 >

RFQ A) (o7 ) = 0. The DPO objective for the current policy pgr is:

~ + + A — —
Tovo(6F) = Z log o (/3. [log 1?2’“ (03.0l07) log sz (03,1101 )]) 7 (17)

(q,0%,0~)EDk Pha(03.|o7) Pha(03.|07)
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TASK2 Valid CoT Coverage (K=30, N=15, 200 trials)
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Figure 5. Valid CoT Coverage for TASK2 (K=30, N=15, 200 trials). The stacked bars show the proportion of invalid (gray), hard
valid (red), and easy valid (green) CoTs generated by each strategy. Diversity-promoting methods achieve significantly better coverage
compared to standard RL approaches.

where o(+) is the sigmoid function and S > 0 is a temperature hyperparameter controlling preference sharpness. This
objective promotes the likelihood ratio of preferred over dispreferred CoTs as measured under pgr, relative to the fixed
reference pg~ used for sampling.

Proximal Policy Optimization (PPO) (Schulman et al., 2017) optimizes LLMs by maximizing the following surrogate
objective (OpenAl, 2018):

1
Jvpo(0) :E[qNP(Q)mNﬂeold(Olq)]m
|o] (18)
Zmin[ 7Te(0t|q70<t) At,clip( 779(0t|Qa 0<t) 1—e1 +€)At]7
1 70,4 (0t|q, 0<t) 70,14 (0t]q; 0<t)

where A; is the advantage computed via Generalized Advantage Estimation (GAE), requiring an additional critic model. €
is a clipping-related hyperparameter.

In our TMC setting, we have the advantage function as
p ’k p El p )
A7 (01, 0141) := QP2 (01, 0141) — VPO ¥ (0y). (19)
Here the transition-value and state-value functions are

QP M (01,0011) = Eoy—gupr(04), 01101 ~p0 | Fout(0)]01,0141] , (20)
VPok(0)) := Ky —gupr (1), ors1~po(-lon) [ Q7 (01, 00141)] - (21
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Table 4. Summary of Notations

Notation

Description

S, S

State space at layer [; S = U, 1 S is the full state space.

0,0, 0,00

O denotes a trajectory; o its one-hot form; o;, o; are step-/ token and embedding.

P(]-) or Pravc(+]), Pal-]-)

P(-]-) or Prac(]-): TMC kernel in Def. 2.1; pg(+|-): softmax predictor based on 6.

COr ) DUl

High probability transition subset in .S;41; Non-zero probability transition subset.

ka ((I7 Qgq, k)

Q. C Si: question states in task k; (g, ag, k): task tuple with ¢ — a,.

qu“

Instance Distribution over task tuple (g, aq, k); Correct CoTs for (Q, A) ~ Dg;’“.

gq qu) Leasy g(k ),hard

Valid CoTs set for (¢, aq, k); partitioned into easy and hard subsets.

S, k) S(k «.aay . S¢ k) hard

01+| 01>

Valid CoTs passing (o7, 0;+1); subset of reachable 0,41 from o; in valid CoTs; easy/hard-to-reason subsets.

0* gk‘ ak (t)

6*: base model in Sec. 2.2; %: task-k model; superscript (t): iteration.

out (0) Rnutp )

Rk . (0): Expected accuracy over (Q, A) ~ Dg;k for sampled CoT o, by pg« or p.

Rlikplihnod(ol)' RL)PR,M(OI)

Expected accuracy of o;; DPRM reward in Eq.(13).

Af’_f_’lk (01, 0141), QP (01, 0141), VPo*(0;) RL’s Advantage for task k; Expected accuracy of state 0,1 and o;.

Pk (0) Success probability of CoT o for task k.

B, A Temperature parameters of j)g,? in Eq.(9) and PE,;,, (o) in Eq.(11).
PassCKZ & Probability that ) generates at least one correct CoT in K samples for (g, aq, k).
O(-), Q(-), () Standard asymptotic notation: upper, lower, and tight bounds, respectively.

The PPO objective (OpenAl, 2018) in our scenario is

Zm. pek Ol+1|ol)Aﬁ9,k

0%) =E A
Jero(0%) =B pr(0,).(QuA)~DE {0'}E ymr (Olo}) Pra(or, Jon) T+

) ) (22)
o), |0’
clip(liek( l+1| )

l
, 1 — 6,1+ €)APeR]
p§1d<of+1 lof)’

I+1

In our modeling setup, the advantage estimate AP "’1 aims to approximate Eq.(19), the gap between the value of making a
particular transition at step [, versus the expected value of acting from state o; without knowledge of 0; 1.

GRPO (Shao et al., 2024), in contrast, samples a group of output trajectories {0’ }%, from mg,_,, and optimizes:

old

k
JTareo(0) =E(4p(Q) {01}, ~re,,, (010)]

o}

G . .
1 9 N . J 5 g ~
5 o Z{ (roloila o) g o TolOUD ) 4 23)

ﬂ-eold (0t|Qv 0<t> T0o14 (O% |q’ Ol<t)
- ﬁDKL[WeHWref]}»

where Ai,t is computed based on relative rewards within the sampled group, and /3 controls KL regularization.

In our scenario, the formulation of GRPO (Shao et al., 2024) equates

k E\ 1 L—1 ok (01+1|01)
Jereo(07) = Equk(Qk) (Q,A)~DLF {01}F ,~pgr (Olo}) | G Zz—l L 241=1 {mm [—ﬁﬁd(o%+1‘o%) i+1

Por (Of-s-l ‘O%)

clip| = : .
p’gld(ofﬂ o)

A —e14e) by |} - BDwlporllpo-]|
24)

Outcome Supervision RL with GRPO. A outcome reward model assigns scores r = {r¥, ...,7%} to sampled outputs,

k k
Ti,indez(l)_mean(r )

) within the group. The advantage is set as flf’lﬂ =7rE vl e[L-1],
aiming to approximate Eq. (19). Here, for the task k& € 7T, if we consider an offline scenario, our outcome reward model is
= RF . (-) defined in Sec. 4.

which are then normalized: 7; =

k
Ti,index(l)
Process Supervision RL with GRPO. Instead of a single reward per output, a process reward model assigns step-wise
rewards R = {{r¥ index(1)7 rk index ()}~ }» Where index(l) denotes the [-th step’s end token index. Rewards are
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rk —mean
normalized: ﬂfm dex(l) = %R)eam)' The advantage is computed as:
Ar=" Y Flindeatiy (25)
index(5)>1
and the policy is optimized via Eq. (6). Specifically, we could adopt rfindm(l) = RE(0)),Vi € [G],l € {1,--- L} in
Sec. 4. However, this approach is unnatural - since R{%PRM (+) is designed for temperature-controlled adjusted sampling.
Instead, a more common approach is to choose the Rf, .~ (0;) in Eq.(10) and R’;memial(ol).

In this work, following (Xiong et al., 2025; Yu et al., 2025), we only studied the properties of GRPO with outcome reward.
However, our theorem can include the GRPO with process reward by assuming that the advantage calculated in Eq.(25) is
approximating Eq.(19) accurately.

D.3. Reward-based Sampling

ORM Mode. Given an input z, the model generates an CoT trajectory o1, - - - , 0. Define 0; € RI®! as the one-hot vector
representing 01, 0 = (01,--- ,0r)" € RE*IS| as the trajectory vector. An outcome reward model (ORM) R¥ . (-) assigns
a scalar score based on the entire output:

Riyi(0) = f(o), (26)

where f(-) usually evaluates correctness, coherence, or other task-specific criteria (Shao et al., 2024; Wang et al., 2024; Li
et al., 2023; Snell et al., 2024).

PRM Mode. Instead of rewarding only the final output, a process reward model (PRM) assigns intermediate rewards along
the reasoning trajectory:

Rl[fro(ol) = 9(01, "'?Ol)a le {17 ~-'7L}a (27)

where g(-) estimates step-wise utility using heuristics, verification signals, or learned evaluation metrics (Shao et al., 2024;
Snell et al., 2024; Wang et al., 2024; Li et al., 2023). Designing process rewards from outcome rewards is essential due to
the high cost of human annotation. However, existing approaches are largely heuristic—either based on (i) the expected
correctness of the final answer from the current state, typically via Monte Carlo rollouts (Setlur et al., 2025a; 2024; Wang
etal., 2024):

Rﬁkelihood (Ol) = EOL+1;LNﬁ9* [R(]fut (O) | Ol] ’ (28)

and (ii) using binary signals to indicate whether the current state can still reach a correct solution (Snell et al., 2024; Setlur
et al., 2025b):
Rl;otential(ol) = sup Rc]fut (O/) =1 {30’ € 7:111 : Rc]fut (0/7 a)} ) (29)
o':0}=0y,0 €T

forallo; € S;,1 € {1,...,L}. Here, T,y is typically approximated typically by Monte Carlo rollouts.

Temperature-controlled Adjusted Sampling. Here, we consider refinubf the sampling distribution using the reward model

Rk .. Define the original sampling probability of a trajectory o under 6* as:

L—1
po-(0) = P (01) [ ] Do (o141]01),
=1

where P! (0;) = ©(1/Mp) is the initial distribution over S;. The adjusted sampling distribution, guided by RE, . is defined
as:

Pe- (0) exp (MRS, (0))
> orey Do+ (0') exp (AR, (0)

for a temperature parameter A > 0, with normalization over T,;. The estimation of the 7y is typically through Monte
Carlo Rollout. This discrete distribution reweights the pretrained model’s probabilities to favor trajectories with higher
estimated rewards, consistent with traditional sampling literature where the exponential form amplifies the influence of the
reward signal. The form PE;,, (0) o pg+ (0) exp(AR%,, (0)) mirrors soft policy sampling in RL and NLP literature (e.g.,

REINFORCE or importance sampling). A controls the trade-off: large A heavily biases toward high-reward trajectories;
small A preserves the original distribution.

P (}zibbs (o) =

) X pe+(0) exp (/\R’gut (0)). (30)
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D.4. Discussion on Broader Finetuning Settings
D.5. Benefit of Broader Exploration Strategies

Beyond standard RL or KL-regularized finetuning, our theoretical framework also provides insight into several non-standard
post-training strategies that emphasize broader exploration.

One example is Evolution Strategy (ES) finetuning (Qiu et al., 2025), which updates parameters via isotropic perturbations,

N
o
01 =0, + NZR(Qt—i—aen) €n, €n ~ N(0,1),

n=1

where « and o are hyperparameters and R(-) denotes a reward model. From the perspective of our TMC analysis, such
isotropic exploration assigns comparable reward access to parameter directions corresponding to both easy-to-reason and
hard-to-reason transitions at each layer /. This contrasts with advantage-based RL finetuning, which relies on the model’s
own CoT sampling and therefore preferentially reinforces easy-to-reason edges with higher probability. As a result, ES does
not systematically amplify already frequent easy directions and thus naturally mitigates the squeezing effect identified in our
theory.

A related class of methods is representation-based exploration finetuning (Tuyls et al., 2025), which explicitly encourages
large covariance and diversity in latent representations. Under our framework, this can be interpreted as preserving diversity
across parameter directions associated with low-probability transitions, preventing them from being collapsed or suppressed
by repeated advantage-driven updates. Such behavior aligns precisely with our theoretical characterization of mechanisms
that counteract the squeezing of hard-to-reason CoT steps.

Taken together, these examples illustrate that our theoretical perspective not only consolidates existing intuitions about
exploration, but also offers a unifying lens for understanding and motivating broader, less conventional exploration-based
post-training strategies.

Case of DPO. Recall from Eq.(17) that the DPO objective is defined as:

~ + + A — —
Toro(0F) = Z log & (5, [log ijk(OQ:L lof) log pzk (0.1 | 01 )]) ’

;o + - = =
(¢,0" 0 )ED* P03, | 0F) Poa(03:p, | 07)

where R’(’“Q A)(oz) =1> R?Q ay(0r) = 0. As discussed in (Ren & Sutherland, 2025), DPO can exhibit a squeezing
effect, and such dynamics might also apply under our TMC reasoning framework. However, DPO is not a natural fit for
our setting: we are concerned with correctness rather than relative preferences over reasoning paths. As such, the data
required to support DPO—pairs (¢, o™, 0™ ) indicating relative preference—is not directly meaningful in our binary (0-1)
reward formulation. For this reason, while the objective form is stated for reference, we do not pursue further theoretical
development of DPO in this work. Nonetheless, it may serve as a promising direction for future study of RLHF under the
TMC framework with additional assumptions on preference structure.

D.6. Extension to the general (nonlinear Transformer) case

Our multi-task TMC framework recovers three empirically observed phenomena (Phenomenon 1-3 in the introduction) in
nonlinear multihead Transformers. While it is common for theoretical analyses of large-scale LMs to use idealized surrogate
models to distill and prove generalizable principles (e.g., Foster et al. (2025); Kim et al. (2025)), we here further clarify how
our theory connects to nonlinear Transformer setting.

Linear surrogates sufficiently capture tabular latent-state transitions. Our formulation models reasoning as a discrete
Markov chain—an abstraction used in several recent studies (Xu et al., 2019; Sanford et al., 2024; Abbe et al., 2024; Besta
et al., 2024; Kim et al., 2025)—where the current state encodes all information for current reasoning step. Thus, global
token dependencies are captured in state transitions, eliminating the need for positional entanglement. Prior work (Nichani
et al., 2024; Edelman et al., 2024) has shown that transformers can successfully learn Markovian dynamics, and in our
setting, the linear softmax model is already overparameterized enough to capture the TMC structure.

Extension to the general (nonlinear Transformer) case. Our multi-task TMC recovers three empirically observed
phenomena (Phenomenon 1-3 in the introduction) that also hold in nonlinear multihead Transformers:
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Phenomenon 1(architecture-aware): RL-induced squeezing. Squeezing (sharpening) under RL post-training: rare-but-
correct CoTs are forgotten, a behavior widely reported in math/coding systems (He et al., 2025) but previously lacking
theoretical explanation. In our framework, it emerges when gradients over-reinforce easy CoTs driven by their higher
advantage, also stemming from the decoupled neural representation of different states.

Nonlinear Logits. When the model’s logits deviate from the linear form in Eq.(2 and instead follow the general parame-
terization of Eq.(89, i.e., po(- | ) = softmax(hg(-,x)) for & € {0,1}5], the fine-tuning dynamics become considerably
more complex.

As noted in Remark 1.4, Lemma 1.2 depends on a set of extended conditions, notably the Parameter Isolation condition
(Eq.(108)), which typically fails to hold in practice. In large language models (LLMs), token representations are entangled
via shared parameters across layers and positions, making it impossible to isolate updates per token. This design is aligned
with in-context learning (Nichani et al., 2024), where sequential dependencies are a fundamental modeling assumption.

To understand the impact of nonlinearity more concretely, we adopt a first-order approximation of the logit update at
transition o; — 0;41 following Proposition 1 in (Ren & Sutherland, 2025):

Alogpe(|01) = n[Vi(. o) log Do (-|0)]E{ Ko (01, 0™ [Vi(. .0 T ™" (0L, 0f*™)]} + O(n* || Vehe (-, 01)llop)
= (I = 1pe(-|or) " )E{Kp(01,0"")[Vi(..0nT ™" (0131, 0" ")} + O(n[|Voha (-, 01) op)

where 7" is the state-wise loss function (e.g. entropy loss or expected accuracy Q(of™}, o)), Kg is the empirical NTK
(eNTK) defined as Kg = (Voho(-,0;)Voha(-,0;) "), and the expectation is taken over question states ¢ = o1 ~ P*(QF),
training instances (Q, A) ~ ngj’ , and sampled CoTs 0™" ~ pgx (+|q). In contrast to the linear case where Ko = 0,0, , the
nonlinear update depends on the learned geometry of the representation space.

The squeezing effect occurs if

Por (0141 | 1)

- <1 <= Alogpg(o;.,) > Alogpe(oi41),
Peor (0141 | 01) gPo(0);1) g Po(01+1)

foroj,, € C,, and 0111 € Dy, \ C,,. The update difference satisfies:
Alog pe(0],,]01) — Alog pe(orr1]or) = njoj,, — 0111]"O((1 — 1pe(-|or) " VE{Ke(01, 0™ [V (.0, T ™" (0], 0]}

This shows that the relative update magnitudes—and thus the squeezing effect—depend on the eNTK structure and how
different CoT representations interact. If the non-linear representations of hard and easy CoTs are highly correlated, their
learning dynamics may reinforce or suppress each other, analogous to the phenomenon in (Ren & Sutherland, 2025), where
learning digit 4 accelerates digit 9 but impedes unrelated classes. In our setting, this implies that whether the squeezing
effect persists under nonlinearity hinges on structural coupling between CoTs in the representation space. In real-world,
different reasoning patterns do have co-relations, and we left the broader investigations with certain assumptions as an
important future direction.

Phenomenon 2(architecture-agnostic): Consistency bias of neural verifiers. As shown in Prop. 4.2 likelihood-based
population objectives intrinsically upweight frequent patterns and downweight rare CoTs—this bias arises from the objective
itself, not the network class. This explains the observed phenomenon in real-world LLMs (Xu et al., 2025).

Phenomenon 3(architecture-agnostic): Hard instances rely on rare CoTs. This is defined by base-model pass rate (Tong
et al., 2024) and is independent of the underlying architecture.

E. Details and Proofs of TMDP

Remark E.1. For the reader’s high-level understanding, we here list some scenarios where the common valid reasoning
patterns do not suffice for specific instance.

¢ Problem type: Algebra (quadratic equations)
Common Valid CoT: applying factorization method to solve quadratic equations.
Scenario it is not Correct: when the quadratic polynomial is irreducible over integers (e.g., 22 + 2 + 1 = 0),
factorization fails.
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¢ Problem type: Geometry (triangle side relations)
Common Valid CoT: applying the Pythagorean theorem to relate side lengths of triangles.
Scenario it is not Correct: when the triangle is not right-angled, Pythagoras’ theorem does not hold.

* Problem type: Probability (complex event calculation)
Common Valid CoT: applying the law of total probability to compute probabilities.
Scenario it is not Correct: when the partition of events is not mutually exclusive, leading to double counting.

* Problem type: Number theory (modular arithmetic)
Common Valid CoT: reasoning with modular addition to check congruences.
Scenario it is not Correct: when an incorrect modulus is used (e.g., reducing modulo 6 instead of 7).

* Problem type: Combinatorics (counting problems)
Common Valid CoT: applying permutation and combination formulas.
Scenario it is not Correct: when order vs. unordered distinction is misapplied, such as using combinations when
permutations are required.

This view is supported by recent large-scale error analyses on real math datasets. Sun et al. (2025) construct MWPES-300K
(304,865 erroneous solutions across 15 LLMs and 4 datasets: SVAMP, GSMSK, AQuA, MATH) and discover that (i) error
patterns diversify with dataset difficulty (e.g., MATH consistently elicits more diverse error types than GSM8K/SVAMP),
indicating that simple “valid” patterns cease to be correct on harder instances; (ii) many failures arise from mis-applied
common patterns, such as Assumed independence of overlapping events (A1O), Misapplication of probability formulas
for independent events (MPI), Incorrect combinatorial principles (ICP), Unit/Conversion errors (UNE/FAC), or algebraic
manipulation mistakes (MAM), showing that widely used CoT routes are not instance-wise reliable; and (iii) Error-Aware
Prompting (EAP) selectively diverts models from their default CoT routes and yields sizable per-category gains on hard cases
(e.g., AIO +6.1pp, MPI +6.5pp, UNE +6.5pp, FAC +13.5pp), evidencing the value of rarer, problem-specific reasoning
paths over frequent but brittle patterns.

This aligns with recent findings (Xiong et al., 2025; Li et al., 2025b; Ren & Sutherland, 2025; Wang et al., 2025b)
highlighting the role of reasoning diversity and entropy stability in post-training, albeit evidence shows that post-training
and inference-scaling do not explore beyond base model’s tree-search knowledge (Yue et al., 2025; Al et al., 2025; Gandhi
et al., 2025).

Definition E.2 (Formal Version of Def. 2.2). Let X = (X,);>¢ be a Tree-structured Markov Chain (TMC) as defined in
Def. 2.1, and let T be a collection of tasks. Each task k € T specifies a set of different question state Qj, C Sy, where each
q € Qy has a corresponding unique correct answer a’; under task k. For (g, a’;) # (¢, QS') € Qr we have ¢ # ¢/, a’; * a’;,.
A state tuple (¢, aq = a’;, k) is called common if there exists at least one easy-to-reason chain of thought (CoT) (o, ..., 0r,)
from q to ag4, and rare otherwise. Each such state tuple is associated with a set géﬁiq C Sy x ---x S, of valid CoTs.

1. All easy-to-reason CoTs from q to a, belong to ggfiiq;

2. These CoTs are not valid for any task k' # k;
3. Hard-to-reason CoTs may or may not belong to géfiﬁq;

4. Every edge (0; — 0;41) with non-zero transition probability appears in some valid CoT for some task;

5. Each task state tuple (g, aq, k) induces a QA distribution D4*, and the probability that a valid CoT oy.7, € gé,f’i%q is
correct for a concrete instance (Q, A) ~ D% is given by p~. (0):

1) Pruc(o | o)

I—1 .
ZOQ;LGQQQQ [LZ: Pruvc(opyy [ o)

Phc(0) = 31)

Further, we assume that the correctness of any different o # o’ € g((]@q for any instance (Q, A) ~ DZ* is independent.
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A task k is denoted rare if there is no valid easy-to-reason CoT in its géfi}q for any question-answer state pair (a, aq) € Qp,
and common other wise.

Remark E.3. Here, the fifth condition is to provide merits for the probability distribution of the original TMC X (Pryic) that
models after real-world LLM. Typically, the predictive distribution obtained from pretraining would match the “frequency”
of whether a CoT be valid for certain task. That is, through the 5-th condition, we justify why the original TMC X (Pryic)
would be equipped its distribution—driven by inherent chance to become a valid CoT for some reasoning task.

The independence assumption in the 5-th condition is for technical convenience. This definition would also induces instance
(Q, A) under task k that has no correct CoT, with probability ]| (1 — p% .(0)). In real-world, the situation is far

oEg(k) k
o1,a¢,

more complex, and we left the consideration of theory that assumes the interaction and co-relationship of the correctness of
CoTs with different difficulty level for future work.

Some examples of Valid-not-Correct:

For some task tuple (01, a,,, k), denote gg’f)ﬁ‘sy C g(()]f)ak as the subset of valid easy-to-reason CoTs inside the valid
.k ak,

CoTs for task k, and gi’f);‘;ard = g(()’f)ak \ gf)’f)ﬁ“y the subset of valid hard-to-reason CoTs. For any sampled instance

(Q,A) ~ DZF it has the following two scenarios:

* With probability [T _ Gk sy (1 —pk.(0)), the (Q, A) can only be correctly solved by some valid hard-to-reason CoTs

ula

(k),hard
in QO ak

* With probability 1 — JT _goo.es (1 — pk(0)), the (Q, A) can be correctly solved by some easy-to-reason CoTs in

olu,l

g(k’),easy

ol,a(’fl

This division of probability space would equip bounding the pass@K performance when the model is only capable of all

(k),hard

£ , we turn to be
01 (l

valid easy-to-reason CoTs. After the finetuned model is also capable of the hard-to-reason CoTs in G

interested in the following division of probability space to discuss the pass@K performance:

 With probability ]| — pk (0)), the (Q, A) can only be correctly solved by some unlearned valid

g(k) Jeasy gmd(

o1 ,a01 o1, aOI
(k),hard (k) hard
hard-to-reason CoTs in go ak, \ gm ak.

* With probability 1 — H g o (1= pk . (0)), the (Q, A) can be correctly solved by some easy-to-reason
U k

o1,ak 1 o1,a5,

o

(k),easy U g(k) hard.

CoTs or learned valid hard-to-reason CoTs in QO ak o1sak

We can characterize the breadth of tasks encoded in the topology of TMC as follows.
Corollary E.4 (Cardinality of Multi-task TMC). Let My = |51/, , and for each q € Sy define

A(q) = {a € Sy, : Jeasy-to-reason CoT q ~ a }, R(q) = {a €85, :3CoTq~a }
By Def. 2.1, we have |A(q)| = n, = O(1), and n, > 2 for all q. Define the set of all tasks as
T:{k:‘s’l — 5L }a %ommon:{k:k(Q) EA(q)forallq}, 7;are:7d\7dcommon-

Then
Teommen| = [ 14(@)| =©(c*®),  2< e < maxn, = 0(1),
q€ST

and
71 < I R@)] < M, [Tiarel = [T] = ©(c™).

q€ES:
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In particular, although the total number of tasks grows exponentially in M, the number of common tasks is exponentially
smaller whenever My, > c.

Proof. Proof of Lemma E.4. Each task k € T is a function k : 51 — Si, 50 [T| < [],cq, [R(q)], where R(g) contains all
reachable answers (via any CoT) from ¢. The set Tcommon consists of tasks for which &(q) € A(q) for all g, so

|7?:ommon| = H |A(Q)| = H g = @(CMO)v

qEST q€EST
with ¢ € [2, max, ng| = O(1). The rest follows directly by subtraction. O

Lemma E.5. Consider a TMC X = (X;);>0 defined in Def. 2.1, and a specific task k € T defined in Def. 2.2. Then, for
any fixed ¢ = 01 € Sy and corresponding correct answer a = oy, € Sy, with non-trivial probability, there exists at least
one hard-to-reason CoT trajectory (i.e., a path containing at least one sparse edge) from q to a. Specifically, the probability
of having at least one such hard-to-reason trajectory, denoted Pyq(0r, = alo1 = q), is lower bounded as:

Pyee(0r, = alor = ¢q) > O(e- ML*S) >c>0(M %) >0,

for some constant ¢, where ¢ = O(1/MLY=2) is the transition probability of a sparse edge.

Proof of Lemma E.5. Fix ¢ = 01 and a = oy,. Let II be the set of all length-L trajectories 7 = (01, ...,0r) with o, = a.
We split IT = II,,q U I14¢e according to whether 7 has zero or at least one sparse edge.

By Def. 2.1, there exist O(1) “easy-to-reason” trajectories from ¢ € S; to a € Sp, each consisting entirely of high-
probability transitions C,,,. Each transition o, — 0,11 along these paths has probability ©(1/M). Therefore, for a trajectory
of L — 1 steps, the total probability of such a path is:

Ppign = O(1) - (@ (&))L_l ) (M—(L—U) .

Similarly, as the number of hard-to-reason CoT is below ©(M), given that Pyp,se < O(1/ME~2), we conclude the total
probability by union bound Pryc(or = a | 01 = q) = O(M~L~D),

O

Theorem E.6 (Intrinsic Properties of Multi-task TMC). Let X = (X,);>0 be a Tree-structured Markov Chain (TMC) and
T a set of tasks, per defined in Def. 2.1 and 2.2.

1. (Task Interference) Let tasks k, k' € T share at least one question state q € Sy or answer state a € Sy, with distinct
valid QA pairs (q,aq) € Qi and (¢',ay) € Q. Suppose the transition probabilities along edges in ggﬁiq are
amplified such that the TMC reaches a, with probability 1 — § (where § = o( M%) << 1) via valid CoTs in ggf“a)q.
Then for all shared q or a, every originally easy-to-reason CoT in géﬁgq, must satisfy:

’

Prac(oi1lor) = o(1/M?) 3(o; = 0p01) € Tand T € G

e

i.e., all such CoTs degenerate into hard-to-reason paths. Similarly, for any task k # k € T whose valid CoT set gé’jq

R . .. R N . . k .
has at least one easy-to-reason CoT 6 sharing some transitions 6; — 0;1 with the CoTs in Qé,gq. Then 0 becomes
hard-to-reason.

2. (Correctness Bottleneck) Suppose the probability mass of valid hard-to-reason CoTs traveling from q to ag for task k
in the original TMC X (Pryc) is A.
Then suppose a model p satisfies:

e The total probability mass from qto ais 1 — C.
* The fraction of easy-to-reason CoTs among CoTs traveling from q to aq is 1 — €.
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Then the expected correctness over the QA distribution Dg;k is upper bounded by:

1 AME-T

Riw"(0) < O((1 = O)(1 = ) —xamt T 7 Anrt)

Besides, we denote the pass @K performance of model p for task tuple (g, a4, k) (the probability that at least succeed
once among K trials) as Pass@Ks &

(o' € GG'n)]- (32)

C=

Pass@K’; pi=  Pr
' {o*}ieix)~p(Olq) .

=1
K
(Q.A)~D

When C' = 0, Pass@Kfj, i 1s upper bounded by

1 L—1
A= 9N+ e (M=) ).

upper bound of pass@K of instance that cannot be solved by easy CoTs  upper bound of pass@K of instance that can be solved by some easy CoT

Pass@Kfik < O([(

If

e=o I{/l — CE”/(%)HC,))

Sor some Cg,, € (0, (HA%\%)“@ ), then we have the pass @K performance upper bounded by

1 —Q(Crir) = 0(1),

with constant error Q(Cg,y) = O(1).
When C' = € = 0, we have

p 1
kD
Rgy (0) < G(W)
And the pass @K performance is upper bounded by
AML_l

PaSS@KS’k S @(1 — (m)nq>.

Proof. Proof of Thm. E.6.

1. non-negligible decay of transitions for other tasks when overfit a target task.

Fix a shared question state ¢ € .S;. By Def. 2.2(ii), the easy-to-reason CoTs in géfifq and ggfi;g, are disjoint. The amplification
condition implies:
Y Plrlg)=1-6=1-o(M").

regé’,‘gq

Since Y cai cots from ¢ P(71) = 1, the remaining CoTs (including those in g,gfi;z/) must satisfy:

> P(rlg) <5 =o(M ") << 1,

(k")
Tegq,aq,

For any easy-to-reason CoT 7 = (q,02,...,0 = ag) € Qéﬁ;g, , the original transition probabilities satisfy
Pryc(os1]o)) = ©(1/M) for all edges. However, since the total probability mass for 7 is now o(M 1), we have:

L—-1

H Pruvc(oi1]o) = o(M™F).
=1
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Give Pryvc(o41]or) < ©(1/M), this forces at least one transition term to decay to o(1/M?). Otherwise, if any edge
retained Pryic(0r41]01) = ©(1/M), the product would be ©(M ~(£~1), contradicting P(7|q) = o( M ~F).

For a shared answer state a € S, as well as 6 in othe task sharing some transition with CoTs in géﬁl)q, the same logic
applies.
2. non-negligible error when only favoring easy-to-learn CoTs.

We have the total mass of the valid CoTs for task & in the original X as

1
Z20(gp)+t A
T Zhara

s

By Def. 2.2, where the expected correctness over a QA sample is proportion to the CoT’s likelihood in the original X, we

can combine the components to upper bound the expected correctness:

1 N AME-L )
1+ AMEL—1 T T AML-TY:

Rl (0) = E g a)npy+[1(0 € G50 <O((1 - O)[(1 - ¢)

o~p(1q)

Especially, by the first discussion of division of probability space in Remark E.3, it is direct to deduce that the probability
that one specific (Q, A) ~ Dg;"' cannot be solved by every easy-to-reason CoT is

L—-1
T (- phelo) =000 ~ ;g™ = O pyr)™)

oeg( )>€;:)’
o1 ,uol

When facing these instances, we have the probability of success to be at most € when C' = 0.
Besides, the probability that (Q, A) ~ Dg;”“ can be solved by some easy-to-reason CoT is

AML_l

1-0(———F—)"
(( 1+ AME-L ™)
When facing these instances, we have the probability of success to be at most 1 — ¢ when C' = 0.

Therefore, collaborating with n, = O(1),Vq € 51, the pass@K performance (the probability that at least succeed once
among K trials) is upper bounded by

e s 0 I (GRS e ey R R

upper bound of pass@K of instance that cannot be solved by easy CoTs  upper bound of pass@K of instance that can be solved by some easy CoT

If
b AML-1
= 1-— v/ (——7— )" )
‘ o<\/ Clone /(A7)
for some Chg;, € (0, (%)“q ), then we have the pass@XK performance upper bounded by 1 — Q(Cg,,) with constant

error O(Cryy) = O(1).

out

When C = ¢ = 0, we have R*  (0) < @(W). The pass@K performance is upper bounded by

AML_l

OU = (A"
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Lemma E.7 (Formal Version of Prop. 3.2). Let 0* be the base model in Eq.(2 that exact predicts the distribution of a
Multi-task TMC as in Def. 2.1 and 2.2, fix a common task state tuple (q, a, k). For any valid easy-to-reason CoT 0™ and
hard-to-learn CoT o' that share the states o;, and deviate at the | + 1 layer (i.e., o] = o}*® = o, oleff{ + of’i’f ), if the
total number of valid hard-to-reason CoTs is bounded by © (M), we have A?®""* (o, 0;11) > ¢1 >0, APer k(g o4y <

I+1 141
—co < 0,V € [L — 1] for some constants c1,co > 0.

Proof of Lemma E.7. First, it is direct to see that given any valid easy-to-learn CoT 0*%Y € ggfifq and hard-to-learn CoT
ohard ¢ g,gf“a)q for task tuple (¢, a, k), we have

L— _
o Prac(ofs | o) 15 Prac(of | o) NGO

> > Q(M) (33)
L—1 L—1 1 )
Zoa:Legé’fgq Hl:1 PTMC(OEJA | 0;) ZDQ;LGQ«(JQQ Hl:1 IP>TMC(OE+1 | 0;) o(M~1)

by Eq.31).

That is, the expected accuracy of 0°*Y on any instance from Dg;’“, denoted as p¥. . (0%*) is larger than the 0", denoted as
pk (0", with a ratio no less than ©(M).

Fix [ and o;. Write
Po* ak 8 — —_ o :Oeas'
Qpe (Olv o‘l?j_s}ll) - Eq:ol~Pk(Qk)[]l(0L = aq)pz]fcc(o) | OL+1l=0i+)l]a
o~pex (-|o1)

and
Vi ko) = 3 por(o | 0)Q F(or,011).

014165141
By definition and Lemma E.5 there are ©(1) length-(L — [) continuations each with probability © (M ~(-~1). Hence
QP (o, 01Y) = O (M~ VB[ (0) | o /1<),
Also we see 0;}7 € Co,. Then Pr[o]7] | o] = ©(1/M), thus

VP k(o)) > ©(M~EHVERE, (0) | o1=o,]).

Therefore, we have

Afiik(ol,oﬁi) _ Qﬁ"*’k(ol,oif‘:{) — Vher k(o)) > G(M’(L*l“)E[pfcc(O) | mfllizé‘iyl]) >0
ofad ¢ C,,. Then Pr[o} | o;] = o(M~2), and the best possible continuations contribute at most © (M ~(-:=!=1)) each.
Thus
By . _ (L—1— o1=0
QP ¥ (o, o) < o(M ) - O(M~E=IE[pE, (o) | orpa=ot]
— O(M—(L—l+1)IE[p§CC(o) | Oz+i;0'i‘,‘_‘ﬁd1])'
Therefore

AT (on,01t) = Q77 (01, 0)) = VP H(ay)
= o(M~ T IER (o) |

< 0.

0]=0]

) —O(M~EVERL(0) | oy —o])

hard
O141=0141

0]1=0

Given that for a chosen TMC Pryc(- | <) = po-(-]-), the E[pk (0) | or11=ot], Elpfc(0) | Olfﬁi;’égﬁ] are constants.

Therefore, by choosing some positive constants ¢; = O(M ~(E+1=0) ¢y = @(M~(E+1=1) to bound the advantages, we
complete the proof. O
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Algorithm 1 Pretraining of Foundation Model (Kim et al., 2025)

R A A S ol A

set 0©) = 0,7 = O(M),
Ty = O(M2%c2), Ty = O(Mc™2)
fort=1,---,7T; do

01 =001 1 nVEx, x, [log pec—1) (X1]X0)]
end for
HEJ-TI) < —00 if po(0141]01)T) < Copres {thresholding}
fort —Thy=1,---,1T5do

o) = g(t—1) + HVEXOV)Q [logﬁg(f,_m (X1|X0)]
end for

F.

Details and Proofs of Pretraining

Following (Kim et al., 2025), we could have the following theorem.
Theorem F.1. Let Xy ~ Unif(S \ Sr) and X1 ~ P(:|Xo) be random samples from the TMC X in Def. 2.1. Let

Xo ~ Unif(S'\ Si) and X1 ~ P(-|Xo) be random samples from the TMC X defined in Def. 2.1. For i € Sy, define:

Do,, = {Ol+1 : ]P)TMC(OH»l‘Ol) > 0}, c¢c= min PTMC(OI+1|OZ) > 0,
01+1€D,,

then the softmax predictor trained via Algorithm 1 satisfies:

1. After T iterations with 1 = ©(M), the uniform convergence rate is:

7)

sup  [po (0111]01) — Prc(ois]or)| < O (
lG[L*l],OZGSl
014+1€S1+1

where O hides log(TMc™Y) factors.

2. For threshold cinres = O(1), after Ty = ©(M?c™2) steps:

pe(oryilo) =0 N if Prvc(oig1lor) =0
Prmc(oi1]or) — O(e) < po(oi+1]o1) < Pryc(oi+1]or) + O(c)  otherwise

3. Post-thresholding, linear convergence occurs:

~ ~ _ 2
sup  |pecri+m (041]01) — Prac(or41]o))| < O(e= e T))
(o1,0141)€
supp(P)

Remark F.2. The logarithmic factors in O terms explicitly track:

e log(Ty) = log(M?c=2) for thresholding
e log(c™1) for initialization dependence

¢ log M for high-probability transition

(34)

(35)

(36)

Since we are considering a vanilla regression setting, the proof is standard following (Kim et al., 2025; Ji & Telgarsky,
2019). For the convenience of readers, we provide the proof here.

Proof. We analyze each part of Thm. F.1 systematically.

31



Distributional Biases in Post-Training: A Markovian Analysis of Reasoning Trajectories

Proof of Item 1: Uniform Convergence. Let & ;11 = {(01,0141) : 0 € Si, 0141 € Si+1} denote all potential transitions.

For each (0;,014+1) € &;,1+1, define the parameter error Affl),om Do (01+1]01) — Prmc(or41|or). For a given state o,
the cross-entropy loss is:

Lo(0) == Y Pruc(oilo)logpe(oisi|on)

01+1€S141

where the model’s predicted probability is:

. 6901>Ul+1
Pe(0r+1]0;) = o
;e bl
9141
Similar to Lemma 1.1, the gradient component for parameter 8,, ,,. , is:
Voo Loy = = > Prnc(0j41]01) Ve, ., ., 1ogpo(0]41]01) 37)
0] 11
Ve, , ﬁ9(02+1|01)
== Pruc(o)qo) —=t (38)
" p9(01+1|01)
1+1
Vpe(oi+1lor Vie(0111]01)
= _]P)TMC(OI-H‘OZ)M = Y Pruc(ojqlo) == (39)
bo(oisilo) pe(011l01)
1417 91+1
Using the softmax derivative property:
R pe(oiy1|o1)(1 = pe(oi41lor)) if o) = o111
V6,0, 000141 ]01) = (erajon)(l ,< +iloy) e (40)
—pe(0oit1]01)pe (0] |01) if 01,1 # 0141
Substituting these derivatives yields:
Vouy.00s Lot = —Prmc(ori1lon) (1= po(ors1]o)) + Y Pruc(0f41]o)be(0141]01) (41)
0] 41 701+1
= —Pruc(or1lon) + po(oip1]or) Y Pruc (o) lor) (42)
041
=1
= po(0oi+1lor) — Prmc(oiy1lor) (43)

Then the gradient descent update rule is:

95)?01“ = 055,‘031 +n (Prmc(oi+1lor) — po- (0141]0r))

This corresponds to the classical softmax parameter updates. The key challenge lies in the heterogeneous transition
probabilities:

e Foroj4; € Col: PTMC(OlJrl'Ol) = @(1/M), with ‘Col| <M
* For 0j41 € Dy, \ Cb,: Prmc(0i41lor) > cbut o(1/M)
* For 0;41 ¢ D,,: PTMC(01+1|OZ) =0
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Phase 1 - High-probability edges: Let My = |S1| = ©(M). The initial parameters 8(°) = 0 yield uniform distribution:

+(0) 1 1

Vioyilo) = —— < — =0(1/M
#V(ornlo) = g < g = 0(1/M)

For 0,41 € C,,, the initial error is ©(1/M) — O(1/M) = ©(1/M). Each gradient step updates p by n - ©(1/M). To reach
e-accuracy for these edges, we need T' > Q(M?/€?).

Phase 2 - Low-probability edges: For o1 € D,, \ C,,, the signal-to-noise ratio is weaker. The gradient signal is
Prymc(oigilor) — P > ¢ — O(1/M). Using the regret bound for online gradient descent (Theorem 3.1 in Hazan (2023)):

d log |Si41]
S -P? <0 (g AT 77T02>
n

t=1

Optimizing 7 yields T' > Q(M /(c2€?)) for e-accuracy. Combining both phases via union bound over O (M) edges per layer

and O(L) = O(1) layers gives:
sup AT < 0 (\/ HEL tog (TM)>
c

This matches Equation (34) after constant absorption.

Proof of Item 2: Support Recovery via Thresholding. After Ty = O(K M?c~?2) iterations:

o Zero-probability edges: For 0,41 ¢ D,,, the true probability P = 0. The empirical estimate satisfies:

R 2log(1/6 1
P (0111]or) < 7T(1 )\ o (M>

via Azuma’s inequality for martingales. Setting 6 = cpesc and 77 > S~2(M 20_2) ensures P < CinresC-

* Non-zero edges: From Item 1, for 0,41 € D,,:

M
" —P| <O <‘/Tl long) = o(c)

Thus p(7) > P — o(€) > ¢ — o(c) > Cupresc for proper cpyes < 1.

Thresholding at cyyesc thus exactly recovers the support while maintaining Equation (35).

Proof of Item 3: Linear Convergence. Post-thresholding, the parameter space restricts to D,, edges. The Hessian of L.
becomes:

VQLpre(e)(w,Oz+1),(01,0£+1) = Cov(pe(0i+1]0r1), pe (0;+1 lor))

Under the TMC structure, the Fisher information matrix I(6) satisfies Amin (1) > ©(c?) since all active transitions have
probability > c. By Theorem 4.1 in Ji & Telgarsky (2019), gradient descent on strongly convex objectives achieves:

IATHD2 < exp(—Q(*t) AT

Given |AT)| = O(/M /Ty log T1) = O(log ¢~ ') from Item 2, we obtain Equation (36).
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G. Details and Proofs of RLVR Finetuning

During the gradient update, for any o; € S;,1 € [L — 1] that appears as the transition in the valid CoT set U,co, Q((,{“a)q
task k € T, we define the following notations (summarized in Table 4)

. 70

orin,00 C Ugeon géf“a)q as the subset of valid CoTs satisfies Vo' € I((;ﬁzl,ol, 0} = 01,0}, = 0141.

for

. S(Efc) ={oi+1 € S| Iéﬁ)hol # (0} C Sj41 as the subset of [ + 1-th layer states collecting the states such that for any

valid CoT o for task k passing o, 0;41 € S((f)
1

. S((,f)’easy C Séf) contains the subset of [ + 1-th layer’s states in S((,f) passed by at least one easy-to-reason CoTs (in the
original TMC Pryc) for task k, and ngg)’hard = Séfc) \ Séf“)’e“y contains the [ 4 1-th layer’s states only passed by

valid hard-to-reason CoTs for task k.

. gf)’f :asy C g( ) . as the subset of valid easy-to-reason CoTs inside the valid CoTs for task k, and gf)’““;ard =
3 o1 17(101
g, (k) Lk \ go aiasy the subset of valid hard-to-reason CoTs.

+ 0% be the finetuned model for the task k at post-training iteration ¢

* For any CoT o € gf}’f)ak , the probability that o is correct for a sampled instance (Q, A) ~ Dgilk is given by p% (o),

which, per Condition (iv) in Def. 2.2, is proportional to its likelihood among g((,lf?%l :

L_
175 Prvc(oiss | o)
L—-1 )
2o eq, 1Nz Prmc(opyy [ o))

01,007

Phc(0) =

where Pryic (- | 01) = pe+ (- | 01), o1 € S, is the transition kernel of our Multi-task TMC.

* The gradient update objectives Jreinrorck (0%) and Jrarr (6%) represent

k\ __ k
TreNrorce(07) =B, b ion),(Q,a)mDEL 001~k (Olon) [R@-,A)(O)} ’

ky _
jRAFT(H ) - Eolwpk(gk) (Q, A)ND%1 02:L~ﬁzk(0|01)
L-1

> " log pgi (0111]01) Rig a)(0)
=1

(44)

 The objective of RL— rej JRein—rej (0’“) in our case, is training using the REINFORCE objective on a online distorted

data distribution Dol i (1) formally
ky _ k
Tiein—101(07) = B pr(gr) (@AD" 00 (Olon) {R@»A)(")} : 43)
k .
Here, Dféj’(t) ={(Q,A) ~ Dg:’“ | Pr0~ﬁek,(z)(-|01)[u 1(o ¢ Q( ) x)] = ©(1)}, where G = O(1) is the (offset)

time of parallel experiments. That is, the algorithm rejects samples with Pro~ﬁ9k7(,) (-Jor) [ﬂil 1(o' € Q((Qk,)A) =0(1),
which represents instances that the model conﬁdently predicts its correct CoTs of G times in parallel. Therefore,
would have some correct CoTs that is not well-learned by the current

idealistically, instance sampled from D°!
model 6%(®),

rej (t)

Theorem G.1 (Squeezing Effect and Merits of Rejecting Correct (Full Version of Thm. 3.1 and Cor. 3.5)). Let 8* be the

base model in Eq.(2 that exact predicts the distribution of a Multi-task TMC as in Def. 2.1 and 2.2, and 0" the current

model to be finetuned from 0* for task k € T. Denote the task tuples of task k € T as (q, a’;, k), where a]; € Sy, is the sole
answer state under task k. Assume for each (01, ao, , k) under task k, the number of hard-to-reason CoTs from 01 to a,, is
bounded by O(M). Let the question distribution during finetuning of task k be P*(QF) (i.e., o1 ~ P¥(QF)). Then, when

finetuning the base model using REINFORCE and RAFT objectives in Eq.(44), we have
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1. Squeezing Effect & Difference of Logit Update. For any different state pair o;‘i’f #* olefﬂ’ € S(EZC) denoting two | + 1-th
states in some valid hard-to-reason and easy-to-reason CoT sharing the l-th state o; for task k, we have

k,REINFORCE
AO =1V

0141501 o

k,REINFORCE | K
AOO,m o :==nVer  JrriNFORCE(0") < 0.
’ o oy

k,RAFT o 5 (46)
AO oy = Uveké{&AFTJRAFT(g ) > 0,

o o]
14127 Y
+ o119

JrENFORCE(8%) > 0,

k,RAFT k
AOO?M, = T]ngh , jRAFT(O ) < 0.
%101

1.0

In addition, we have the difference of the logits’ update Ahgi (014", 0;) — Ahgr (0]%, 0;) in Reinforce as:

k,REINFORCE k,REINFORCE ~ hard ~ easy o 1k
Aeohm o - Aeowv ° <n[per (Olir1|ol) — Der (Ol+1|01)] Pr [Ol =0,0r = ao/]
1+1:01 14191 o/lek(Qk) 1

o' ~pgi (-|01)

J=( > por(0fsilon)

02+IE$((>;C>

él:ol

. [E[pSLC(é) | AéL:a}gl

_ sy
O1+1=0; 4

(47)

BL:Ol

“Elpec(0) | or=a2, ])]

’
Ol+1=07 41

<0.
Also, for RAFT, the difference of logits update Ahgx (oé’j_’f, 0;) — Ahgr (off{, 0y) is

k,RAFT k,RAFT ~ ar A ar ~ easy ~ easy
A i 5, — Db, <nlpex(0}¢lor) (1 +log pex (0] {1 ]01)) — Per (0} l0r) (1 + log per (0] |01))]

61=0; 01=0;

E[pscc(é) | 6L:a§1 ]_( Z ]39’“ (O;+1‘01)E[p§cc(5) ‘ 5L:a§1 ])

~ easy ~ ’
O1+1=0,," 0141=0
T o es b (48)

Pr [o; =o0,0; = a’jl}

’ k k 1
03 ~P"(Q%)
o' ~pgk (-|lo1)

<0.

2. Convergence of Finetuning & Constant Error of Pass@K.

For Ve € (0,1/2), there exists T > Q(n~*L2ML log(M L/¢)), for t > T, the probability that pgk. ) (-|o1) (trained by
REINFORCE or RAFT) reach the a,, is converged:

/ k ’ k (k),easy
= ’ > = / > — .
OQNJI:’;(QM ol = ag] 2 ogwfg@) [0, = ;0" € G pap, 1 21 = 0() 49)
o' ~Pyk, (1) (-|01) o' ~Pyk. (1) (-|01)

Then, suggest the probability mass of valid hard-to-reason CoTs traveling from some 01 ~ P(Q}) to a,, for task k in
the original TMC X (Prymc) is A. Then it holds that

1 AME1

T AMET T3 AN (50

Rex"? @ (0) < O((1 — ¢)

017k}

Further, the pass@K performance Pass@Kf;k =PI}, ~p(Ol) UL, 1 (o' € Qg)A)] is upper bounded by
(Q.A)~DLf

5 AME! AME!
Pk, (t) < ng . K _ ng _ K
PassQK 2,7 < O((; 2z (- A= 9P))+ 00 = ({z7m)™) A —D). - 6D
Solved by hard CoTs Solved by some easy CoTs
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When € = o Ii/ 1—Cgw/ (%)ﬂq)) — 0, the pass@K performance suffer from constant error: 1 —

Pass@Ki‘l’fl;m =0(1).

3. Curriculum Learning of RL-rej. For any € € (0,1/2), suppose setting G = 1 in Dfelj”z +) (Eq.(45) excludes all

(Q, A) pairs containing correct CoTs that the current model Pgy..iy predicts with non-trivial probability ©((1 —€) /M).
Then, optimizing Eq.(45 via RL-re j leads to the following:

(i) The model first learns the easy-to-reason CoTs within ©(n~ L2 M~ log(M L/€)) steps.

(ii) Once its predictive mass over gé’f?&i"jy reaches O((1 — €)/M), learning begins on sparse edges in S,Sf)’h‘"d =
Séf“) \ Séf)’e“‘“'. Hard-to-reason CoTs in gé’f?&ﬁ”l’d are progressively learned, with those sharing more edges with

k),easy . .
(()1 7),’101) being learned earlier.

(iii) Let A denote the total probability mass of valid hard-to-reason CoTs from 01 to a,, in the original TMC X (under
Prumc). Suppose after Ty = Q(n~' L2 M log(M L/¢)), there are 1, hard-to-reason CoTs each with likelihood ratio

scale ©(p) < 1in the Q((,]f,)anl have been well-learned with predictive probability ©((1 — €)/M). Then the pass@K is
at the scale:

p ' AML—1 ' AML—1
~aa Pok,(t) __ n, n, o _ \K _ o n, n, _ K
PassQK 7" =0 | (1= p)" (- Aqpz=1)"™ (1-(1-e¢ )} +© [(1 (=0 (A=) ) (1—e )} .
instances unsolvable by learned CoTs instances solvable by some learned CoT

This bound tends to 1 as (1 — p)ngl — 0 and € — 0, showing the superiority of RL—re j when the probability mass A
is non-negligible.

Proof. Proof of Thm. G.1. In our proofs, we first prove the results of REINFORCE, and the results of RAFT follows directly
with a more serious of squeezing effect.

Proof of Item 1: Difference of Logit Update.

Recall that by Lemma 1.6, we have

kN L—-1 k D
Vor Treinrorce(07) =, E 01~P*(QY) [Rout(o) “(€oppr,00 — Zoi+1€Sz+1 pok(02+1|01)6og+1,ol)} ,
{Oz+1Nﬁ9k('\0l)}lL:711
L—1 b D
veijAFT(Bk) = 1=1 E o1~PF(QF) [Rgut(o) : (1 + Ingek (Ol+1‘ol))(601+1701 - Zo§+1651+1 Dor (og+1|ol)eof+l,oz):| .
{Ol+1~139k("01)}f:_11

(52)

Per conditions in our item, there are valid easy-to-reason and hard-to-reason CoTs passing o;.
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Collaborating Eq.(52) with definitions in Item 1 and base model formula in Eq.(2), we have

V ok
™
o

Jrenrorce(0) = E o1~ PE(OY) [Rexol,k(o) S(LoeT®), )
o1

0141:01
{o141~bgr (-lo) "

(k) ~ cas
- > ey per(oflon)]

k
Ol41 es‘(’l,>

k
=E  ,.proy  |Lor =ab) (ko) L(o € Ifﬁz.?y o)

- +1
{o141~Pgk (-lo1)})"

~Phelo) D oI, )por(oflon)]

Oy
0}, €85
: I
= o’lwzfv)’cr(gk) 0] = 01,01, = a; ] [Per (0)7]|0)E [P (6) | Ol"fl::‘;il] (53)
o' ~poi (-|o1)
01=0;
—( Y per(0)41]0)E[pf(0) | r=az, Jpge (0]} |or))]
U;JFIES,(,P Ol 4+1=0p 41
N o1=0;
=, Dr . o= oo =y Tpou (0 lo) [Elpke(o) | ]

o' ~pgk (-lo1)

o1=o0;

—( Y or(0f4alo)Elpk(@) | et )]

—
0}, €85 RS
+1 o1

where the first equality is by Eq. (123) in Lemma 1.6; the second equality is by the definition of RX ,(-), Condition (iv)
in Def. 2.2 and p% .(0) in Eq.(31); the third equality is by the condition in our item that o; € S;,1 € [L — 1] appears as
the transition in the valid CoT set as well as the definition of Ic(,:?l .o;- Given that for different easy-to-reason CoT sharing

o1, the pgr (07} |0y) is within the same range, starting from the scale © (M ~'). Therefore, it is safe to conclude that

ok, Jremrorce(6*) > 0.
o1

e

Similarly, we have

61:01

Vo, Juenrorce(6F) = P [of = o0, = af|pgr(oflon) [Elpk.(6) | oot |
i1 o ~P*(Q") 141 =01
/ ~
o' ~pgr (-lo1)
k i, (54)
~ (Y Por(0haloERk(d) | o=, ])]

Notably, we have the condition in our item that o; € S;,1 € [L — 1] appears as the transition in the valid CoT set. Then, by
Eq.(31) as well as the low-probability nature of the sparse edge in Def. 2.1, similar to Eq.(33) we see that

0;=0; 061=0;

Elphe(0) | 2+=05 ] > Q(ME[pye(0) | o=, ]) (55)

— ~ __hard
Ol+1=0141 O14+1=0741

Therefore, given that n, = O(1) in Def. 2.1 as well as pgx (0} |0;) > O(M "), we have

01=0; =0l
N S k ) 6r,=al " ) or=as
Pox (O?j:}l]‘ol)E[pacc( ) | AOL_a(Zz%w] > Q(E[pacc( ) | AOLiaiz}rdD.
P O141=0)1

That is, the rightest term in Eq.(54) is strictly lower than 0, making ngh , JrREINFORCE(0%) < 0, a serious squeezing
Dlil’ol

effect such that AOk};ﬁEI?]FORCE = nvah‘ , JreNFORCE(0%) < 0. The proof of RAFT is similar—the only difference
°lr10

014101

in Eq.(52) is the ultra (1 4 log per (01+1|0;)), where the easy-to-reason’s value is larger than the hard-to-reason ones due to
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the monotonicity of log(-). Also, noted that 1 + log pgr (0i+1]01) € (1 + loge, 1), which could be scaling as O(1) such
that our results of REINFORCE directly applies.

Therefore, it holds that

Vor JrREINFORCE (0F) — Vor,, JrENrForcE (0F) = . Pr [oj=0;,0] = a’zﬂ {ﬁek(olz]fﬂol)
11001 1419 o ~P*(QF)
o' ~pgr(-lo1)
k al:Oli
[Blphe(0) | ov=et, ]
O14+1=0141
& al:O]i
~ (Y bor(0fsalo)Epke(6) | o=at, ])]
0], €85 e
~ easy k (A éél::;é
— Dok (Ol—i-l‘ol) E[pacc(o) | o ialsy]
O1+1=0; 44
& Bl:OkZ;
—( Y por(0fyalo)Ek.(0) | o=at, )]}
o§+1€&(j) T
=(APo*(0y, o)) — Aot *(0y, 0)7]))
+ VP ¥ (01) (Por (011 |01) — Por (07711 ]01))
/) A
< g Big b= onch el
o' ~pgk (|o1)
- [Por (0¥ |01) — Por (07| 01)]
6l:o}i
[Elphe(0) | =at, |
O14+1=0; 1
& al:O’é
- ( Z ﬁ@k (OEJrl‘Ol)E[pacc(?;) | ~OL:a°71 ])
et e
(56)
Then, during every update, it holds that AO’;&IE(I};IFORCE = T]ngl ZJREINFORCE(HIC) with 7 as the step size. Then we
’ 014150
have
k,REINFORCE k,REINFORCE ~ hard ~ easy / r _ k
Aeog"‘fl,ol - Aeoﬁypm < n[Per (Olirl'Ol) — Po* (Ol+1|ol)] ) o’1~11:k'r(gk) [Ol =0,0p = ao/l]
o' ~poi (-|o1)
k (31:O)i k al:OIé
E[pacc(a) | AOL:a‘;}sy} - ( Z ﬁ@k (O;+1|01)ELpacc(5) | ~0L:a‘?1 ])
O141=0,13 o es® OLH1=% 41
1+1 o
Similarly,
k,RAFT k,RAFT ~ hard ~ hard ~ o
Abn, = A0 < nlper (01]01) (1 + log for (071]01)) — Por (017 |01)(1 + log pex (077 [o1))]
I /o k
oibh(0h) [of = o0 = g

O/Nﬁek (-lo1)

01=0; 0;=0;

Elpb(0) | 1=oh 1= (3 pon(0fy1lo)EpLe(d) | o=k, )

~ _easy 7
Ol+1=01 41 O14+1=0p41

k
OQHESf,l)
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Proof of Item 2: Convergence and Failure. Per conditions in our item, there are valid easy-to-reason and hard-to-reason

CoTs passing o;. Recall that 8%:(°) = @* at the iteration ¢ = 0 as the base model to be finetuned, 8% () be the finetuned
model for the task k at post-training iteration t.

For any w € (c,,/L?,0(1/L)) for some small positive constant ¢,, > 0, we consider the finetuning dynamics during:

> berw(0flor) < w, > berw (0 ilo) > 1—w, (57)
02+1€S(();c),hard O;+1€5£;€)'easy

Then for REINFORCE we have the lower bound over the Aa’ljguﬁf) ,, forany oy € S5 as
1+17

k (t) / / k easy
AB o > Pr 0, = 0,07 = a o0, 7o
o101 =1l o) ~P*(Q"%) [ ! boL O/l]p ( l+1| l)

o' ~pgr (-lo1)

o01=0; 01=0;

E[ ]zfcc(é) ‘ or= a‘lzls ]_( Z ﬁ@’“(02+1|0l)]E[ fcc(a/) |~0L a?,l ])
O14+1=0; 1 OHleséf) 0141=0] 4,
n Ol Oli k . Aé[:()li
,@(W [E[pdcc(o) | br= aﬁ%sy]w - E[paCC(O) | AOL:aahgrd]w])
0141=0," OlH1=0%141
Oy - Elphe(d) | o=ty Jw — 7))
= acc o M
ML d141=07) M
n (M- 1w R
=0(5z 'TE[pfcc(O)I or=ag, 1)

~ __easy
O14+1=0 4

For a given TMC Pryc(- | 01) = P+, VI € [L — 1], the values of

o61=0; 01=0;

k ~ k k N Ak
]E[pacc(o) ‘ or= afé}ﬁ ], E[pacc(o) | AOL*aél ]
Orp1=07y bry1=011Y

are indeed deterministic positive constants within (0, 1), for any valid CoTs o®* € S(Sf) and 0" € S(Sf) passing o;. That
is, we could omit it in O(1):

Aaoi‘,jym > @(% : W). (58)
Similarly, recall that
D,, = {041 : Pramc(oi41]or) > 0}, ¢= Olﬂleillljw Pryc(oi41lor) > 0,
For neuron o?jl_“elr € Dy, \ So, , then by similar derivations we have
Aejj?%{m < —@(% : (W) - —@(’7(1]‘@%&)“’). (59)

Therefore, by choosing 7' > Q(n~ ' L2M* log(M L/¢)) where 0.5 > ¢ > wL > 0 is a small constant, we have
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§ 0’;’(7) 9* T lAgk )
€ 1+1:°1 . 0141501 +=0 014101
Z D ( |O ) = ottt Séf)'my Zol | Séf>"e'““> e %+
Por.() (0141|01) = +1€ - c +2 o
Gk easy eboli1 ol > o P DAL A
014+1€85, 01+1€Do, o . 0* T—
M-—1Dw
+1 [MLL.%]

Z (k) easy eezHl"’l
> 0141€85, "

o* +T[LLW] o* o*
) easy € ClF1591 M N easy € ClF1591 0 014191
Zoz+1 eSSy € + ZazHECol\Séf)’ v € + ZOH—I €Dy, \Co, ©
7 M—1)
Tl ]

> 6( T[ ]W—l)w] 1

ML M +4A4_1)+§LHﬁDWWhA4

M—1)w nw

Tl - ) Tz
29( Tl (M-Dw ): ( [7] )

vz A e RS ¥/ e ‘MLl 4 M

€
>1-o(=)
- L

(60)
Here, the first inequality is by the negative updates in Eq.(46) and Eq (59) as well as the update lower bound in Eq.(58); the

second inequality is by dividing Z resgey %ore1o term, \Sol Y < n,, = O(1) by Def. 2.1, M = max; o,es, |Co, |,

as well as .
Dok (0141]01) S Prac(0i41]or)

Por.v (0], 1101) = Prac(0],4or)

> Q(M),

for Yor,1 € C,,,0),, € D,, \ Cy,; the third inequality is by the condition in our item |D,, \ C,,|= O(M); the last
inequality is by choosing 7' > Q(n~ ' L2M* log(M L /¢)).

Then
Pr o), =a¥]> Pr o}, = aly,0" € g aiasy]
o\ ~P*(QF) 1 o, ~PF(Q) 1,
o' ~Pyi, (1) (-lo1) o' ~Pyk. (1) (-lo1) (61)

> (1= o($))" ™ =1 - ofe).

Therefore, suggest the probability mass of valid hard-to-reason CoTs traveling from some 0, ~ P(Qy) to a,, for task k in
the original TMC X (Ptpic) is A. Then by Thm. E.6, we have

1 AME-L

Pok.(t) () < _
Rex (o) <O6((1 6)1+AML*1 +61+AML*1>'

Olk

(62)

Also, by Thm. E.6 the pass@K performance (the probability that at least succeed once among K trials) is upper bounded by

. L—1 L—-1
Pass@” < O((7 o)M= (=99 4 O~ (o)),

upper bound of pass@K of instance that cannot be solved by easy CoTs  upper bound of pass@K of instance that can be solved by some easy CoT

Also, by Thm. E.6 we see that, when ¢ = o ’{/1 - C’Err/(%)“q)) — 0, the pass@K performance would suffer

from constant error.

The proof of RAFT is similar-the only difference in Eq.(52) is the ultra (1 + log pgx (01+1|0;)), where the easy-to-reason’s
value is larger than the hard-to-reason ones due to the monotonicity of log(-). Also, noted that 1 4 log pgr (0;+1]0;) €
(1 +loge, 1), which could be scaling as O(1) such that our results of REINFORCE directly applies.

Proof of Item 3: Curriculum Learning of RL-rej.

Per Remark E.3, we see that in our case, after T} > Q(n~'L?M% log(ML/¢)) for a small ¢, RL-rej would learn
valid easy-to-reason CoTs in G (k)aif“y well with non-trivial predictive probability O((1 — €)/M), and start to reject the

1,%5,

(Q,A) ~ D%F that can be solved by those CoTs.
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That is, there exists Ty = Q(n *L2MTlog(ML/¢)), for t € (0,7}], the RL-rej behaves exactly the same with
REINFORCE. After ¢t > T} we have

o= ol
k k1p as - k
Vor,, Jrein—rej(0°)= = Pr [oj =050} = ag|pe-(0)F}]0r) |0 ( > Por (01 1110)E[pic(0) | 2=, ])| <0,
o1 41001 0] ~P"(Q%) ol €S ! O1+1=014,
o'~ (o1) H1€E sy
(63)
for all 0] € S i e (L — 1], where the correctly predicted easy-to-reason CoTs are rejected according to the
, k) hard _ o (k k),
condition in our item. Similarly, for of¥"{ € Sy, (khhad _ G600\ SV ¢ [L — 1] we have
k koo o Ly K =
vekhmd jRﬂin*TUj (9 )= Pr e [Ol = 0170L = a }Pek OH»l‘O/ ]E[pacc(o) | Anr,—a(;,r{rd] - ( Z pek(oH»l‘ol)]E[pacc(g) | NoLia‘r’,‘ ]) >0,
o oy ole Q%) S141=0y% o EZ 0141=0141
o N”sk( lo1) 141 ES(A)l ard
(64)

where the inequality is by the feeble pgr (0], ;[01) = o(1/M), 011 € 30, gtk .
I+1 o1
Therefore, we have

k,Rein—rej ,__ k k,Rein—rej ,__
AG; casy nvgkmy JRein_rej(B ) <0, JANG 2 ha,d o = nvek
14109 ’

jRein—rej (ak) > 07
oy

and thus the pr. ) (0}45|0y) /Pgr.r (0] 11 ]0r) would strictly increase.

By Eq.(60), similarly there exists T, = T} + O(n~tL2ML log(M L/¢)), the predictive probability pgr.(r,) of some valid

hard-to-reason CoTs in gé’f?(;'fj‘d would reach ©((1 — ¢)/M). Simultaneously, we see that by adjusting the learning rare

to be appropriately small, the predictive probability of easy-to-reason CoTs in gé’fl;i"‘fy would not decay below the scale

O((1 — €)/M), other wise it would be re-collected in the Dfelj’lzt) at that iteration ¢ according to our condition setting in item

3. That is, the model pgr. )y would gradually increase the predictive probability of sparse edges in S = S{F)\ S{k)easy

for V1 € [L — 1], and thus the CoTs in G.* aﬂard sharing the most common edges with some CoTs in g{*) o, would first
be learned. Afterwards, more and more hard-to-reason CoTs in gg]f,)allid is getting learned, until the point where further

(k) hard

learning a new sparse edge in some S, ,1 € [L — 1] will make another already learned CoT’s predictive probability to

be lower than the scale o(1 — ¢).

Suppose the probability mass of valid hard-to-reason CoTs traveling from o; to a,, for task k in the original TMC X
(Prumc) is A. Suggest after Tp = Q(n~'L2M " log(M L/e)), there are n/, hard-to-reason CoTs each with likelihood ratio
scale O(p) < 1in the gﬁ’f}aol have been well-learned with predictive probability ©((1 — €) /M), then, similar to Thm. E.6,
we have

L-1 ' b
) (= (= )+ O~ (1= ) (e (1= )

upper bound of pass@K of instance that cannot be solved by easy CoTs  upper bound of pass@K of instance that can be solved by some easy CoT

Pass@K.?, " = 40([(1 - p)™ (

which would tends to 1 when (1 — p)"e1 = 0,e — 0.
RL-rej with algorithms other than REINFORCE directly follows.
O

Theorem G.2 (Advantage-based Finetuning Favors Easy-to-Reason CoTs (Formal Version of Thm. 3.1)). Let 8* be the
base model in Eq.(2 that exact predicts the distribution of a Multi-task TMC as in Def. 2 1 and 2.2, and 0 the current
model to be finetuned from 0* for task k € T. Denote the task tuples of task k € T as (q, a* ag, k), where a’; € Sy, is the sole
answer state under task k. Assume for each (01, a,, , k) under task k, the number of hard- to reason CoTs from oy to a,, is
bounded by O(M). Let the question distribution during finetuning of task k be P*(QF) (i.e., o1 ~ P*(QF)). Suppose the
estimates of the RL advantage of PPO / GRPO (without the KL term) by some outer oracle or group-level normalization are

accurate during the finetuning: Alﬂ’ Akl+1 = Az+1 (ol, 01+1) for any CoT o, and the p¥,, is appropriately chosen that
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clip operation is always functioning starting from the finetuning with €.y, = o(1) such that

k Per (O] [oJ] , . pok sk
(1 + 6chp)AlJrl (Ol7 Ol+1) Z(i—mAfi’i (Ola OlJrl)a lfAieL’i (Ola OlJrl) > 07
Pya(0i+1]o1) 65)
Pok » DPor(0i14-1]0] .. Dok k
(1- €cnp)Aﬁ’1 (01,0141) < MAfﬂ (01,0141), lfA]lDf_}i (01,0141) <0,
0ld\Ol+1]01
Then the shared form of objective as
14 ok ok
Tpo =By pr(0r),(@uAInDLF 01k, (Olon) [E (1+ (214725 " (01, 0041) > 0) = Decrip) ATy (Ol’ol“)}}’
=1
(66)

where eciip > 0 is a offset clipping parameter, and by Eq.(19),

A:;)—ﬁe—i (Ol’ol+1> = ]EOIZQNPk(Qk),Ol+2:LNﬁ6 [ngut(o>’0l+1] - ]EolquPk(Qk)aol+1:LNﬁ9 [ngut(0>’01] :

(67)
Favor Easy CoTs. For any different state pair o?i’f fﬂ € S(gl denoting two l + 1-th states in some valid hard-to-reason
and easy-to-reason CoT sharing the l-th state o; for task k, it holds that
NGO = 0Ver, Teo(8) >0, AOLLY =0V — Jeo(6") <0
l+1 ;7‘:—\1 F10 ;01 harl o1
k,PO k (68)
Ab, ", =1V, jPo(G ) <0
0] 41:01 of 10
for¥oj, , € Dy, \S(Sf“).
There exists T > Q(n~ L2ML log(M L/€)), for t > T, the probability that pgr.«:)(-|o1) reach the a,, is converged:
Pr [0 =a"]> Pr (o), =ak o € gt emy] >1—o(e). (69)
O/INPk(Qk) 1 OIINPk(Qk) 01,0«
o' ~Pok,(+) (-lo1) o' ~Pok, () (lo1)
Further, the pass@K performance Pass@K’;,C = Pr{oi}ie[K]Nﬁ(Om) [Ufil 1(o' e gg“)A)] is upper bounded by
(QA)~DLF
AML_l AML_l
Dok (z) K K
Pass@QK ? @([(m) “(1-(1—¢) )])JF@([(l*(m)nq)(l*f/ ) (70)
Solved by hard CoTs Solved by some easy CoTs
When e = o( §/1 — CErr/(%)nq)) — 0, the pass@K performance suffer from constant error: 1 — Pass@Kp"k ® =

o(1).

Proof. By Prop. 3.2, for each [ we have

Do,k easy —(L+1-1 Do~k hard —(L+1-1
Al—?—l (Ol7ol+1 ) easy > @( + )) > 0 Al—?—l (Ol Ol—ia—lifl ) CLhard < @(M (L+ )> <(7?’)
for constants @easy, Ghard > 0.

Also, for Vo, € Dy, \ S((,f), by definition it directly holds that
A;;)i*l (0l7o;+1) < Al+1 (Olao?irld) - ailard < _@(M_(L+1_l)) <0. (72)

Therefore, by Lemma 1.6 as well as the property of TMC, it holds that

X L—1 R
VorJpo(0%) = i E 01 ~P*(QF) [(1 + (QH(AIPJ?IE (01,0141) > 0) — 1)6(‘11P)Al+1 (OlvolJrl) (o100 = ZOE+IED01 pek(0;+1|ol)€ol’+1,nz)} :
{orr1~pgn (lon) !
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Therefore, collaborating with Eq.(71) and Eq.(72), for ¢ = 0 where pgx,0) = po~, we directly have

AOLSC =V Tpo(6F) >0, AB5EC =V  Tpo(6F) <0

041,01 o o1 0131501 hard, 73
k,PO & (73)
AHOZ Lol = nvek jpo(e ) <0,
L+1 91

for Vo), € Do, \ ngc). Indeed, following the proof strategies in Lemma 1.6, we directly see that when the transitions of

y . ard : Pies (1) -k .

or — 0}y is further strengthened and the transitions of o; — 0¥ is further weaken, the A, %7 (01, 0}77) is strictly
b k Dok, (1) k) . .

increasing along the iterations, and A; 27" (0;, 0}¥19), 4% (01,0]1),Y0] ;1 € Do, \ SSF) is strictly decreasing.

This makes Eq.(71), Eq.(72) and Eq. (68) hold during the finetuning iterations.

Specifically, for any different state pair o} ¥ # o]} € S and Yo, € Dy, \Sol , it holds that

AGLY oM — S (o) |o)
%141
04, €85

Y benoflon) >0,

Ol+1€Dol \S(k) ,easy

k, _ _ A
Aoo?a;? <—OmM-EDA+ N pai(o]y]or)

1,01
(k) ,easy
0], €S,

Y elofalo) <0,

0141€D0; \Séf)yeu&y

A5 <MD (] 4 > ber(0)41]0)

O]+ ,01 —
(k) ,easy
OL+1€S

Pox (0141l01))) <0,
o;_H €Dy, \S(()I;),casy
where the inequalities is by Eq.(71), Eq.(72), as well as €ciip, = o(1).

Similar to the techniques in Thm. G.1, given that M ~(E+1=0 > M=+ and pk < 1, after T > Q(n ' L2M L log(M L/e))
iterations, the remaining proofs and results follows as in Thm. G.1.

O

Remark G.3. To simplify the discussion of the policy gradient case and avoid the non-convexity of min{-}, we assume the
clip operation with e.j;, = o(1) and Eq. (65). However, our results still hold without this assumption.

Specifically, when the min does not select the clipped term, we instead encounter:

. por (0141]01
pek(01+1|01)} _ QM
Pota(0141]01)

. 2
- 2Mvek log por (014101) (74)
pold(0l+1 |Oz
—F { pek(0l+1| o))

Pold(01+107)

o Por (011.1]07)

D, V kf) kO] o]
Pold(0141]01) o+ Dox (0141|01)

Vor log pgr(0r41]01) |

instead of ) R R
Vr [(1 % €atip)Por (0141]01)] = (1 + €ctip)Por (014+1]01) Vgr log pgr (01+1]01)

= (1 % €qip)E [log pgr (0141]01)] -

Since clearly pgx (0)7]01) > Per (044]01), Eq. (74) shows that the gradient magnitude for easy edges dominates that of
sparse ones. Thus, the squeezing effect persists even without the assumption. We adopt the assumption in our theorem

purely to reduce discussion complexity.
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Lemma G.4. [Detailed Version of Lemma 3.4] Let 0* be the base model in Eq.(2 that exact predicts the distribution of
a Multi-task TMC as in Def. 2.1 and 2.2, and 0" the current model to be finetuned from 0 for task k € T. Suppose the
estimates of RL advantage by GRPO through group-level normalization is accurate as Afi*l’k(oh 0y41) for any CoT o. The
optimal step-wise sampling distribution of the KL-regularized GRPO objective in Eq.(6) is:

Afii (017 Ol+1)>
- 5 )

Por (0141]01) o P+ (0141]01) exp ( 5 (75)

where 7 < max{1 + €cip, 1, O(M)}.

Proof. This result is standard in RL and distribution optimization literature (Ziebart, 2008; Levine, 2018; Foster et al., 2025;
Kawata et al., 2025; Fan et al., 2023; Black et al., 2024; Clark et al., 2024; Uehara et al., 2024). The proofs mirror the proof
of Corollary 4.3 in Sec. H, and we therefore omit their full proofs for brevity. O

Corollary G.5 (Full Version of Corollary 3.5). Let 8™ be the base model in Eq.(2 that exactly predicts the distribution of a
Multi-task TMC as in Defs. 2.1 and 2.2. For any target task k € T, consider the following two categories of instances:

(k) hard

1. Istances (Q, A) whose correct CoTs only lie in Qq ak

2. Instances (Q, A) sampled from another task k' # k.

For PPO/GRPO without KL regularization that satisfy the conditions in Thm. G.2, the pass@K upper bound for these
instances after T > Q(n~'L*M* log(M L/€)) is (1 — (1 — €)¥).

In contrast, for the optimal sampler ﬁePkO in Eq. (75), for any € satisfying 1/N,, > ¢ > ¢ > 0, denote ﬁ’;k,(t) as the

PPO/GRPO in Thm. 3.1 with ¢, if
2r(L - 1)

)
In( ——rtr——
e’ HzL:11 |Dol|

then the pass @K performance of ﬁg,? is strictly better than that of PPO/GRPO without KL regularization under the same
conditions:

8>

1. Capable of Hard CoTs: For instance (Q, A) with only some hard-to-reason CoTs correct:
k k
Eo 10 (o) | Rlg.a)(0)] = ¢ = > Eopimt, o Clon) [Elo.m ().
2. Preserve Multi-task: For instance (Q, A) belonging to untargeted task k' # k:

k' k'
Eoy g0 (o) | Rlg.a)(0)] = € > €> oy 1npty o) (lon) [Rlq.n ().

Proof. It suffices to prove that with a large 3, any non-zero transition within the TMC is larger than ¢’ < N, L= |D,,|.
By the definition of the advantage function in Eq.(19, we have

1< Ag)il’ (Ol70l+1) <1.

Therefore, from Eq.(75, the minimum sampling probability over any edge in D,, is

_ _ 27

N
e B e A

1D, le5 Dol

ﬁgko(olﬂ\ol) >

Hence, for any trajectory of length L, the probability of sampling a specific terminal state oy, from any starting state o;
whose 0,41 transitions are in D,,, is lower bounded by

— _ 27 —
B 27(L—1)
H T H

P

a,|
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Define C' := HlL:_ll ﬁ. We seek the condition on /3 such that this probability is at least €', i.e.,

_2A(L-1)

C-e B >e.

Dividing both sides by C' and taking logarithms yields
o / o
2r(L - 1) - <e ) o S 27(L —1)

B ¢ In (5’1C) .
Substituting C' = []}" [D7+ We obtain the desired bound:
o
2r(L —1
8> Ul ) )

In (S —

. ( = 1D, |)
That is, the probability of the path (01, 02, -+ ,0L), 0141 € D,,,Vl € [L — 1] is larger than ¢’. This ensure that the model is
more capable of sampling valid hard-to-reason CoTs for current task as well as valid CoTs for other tasks, as long as the
path with transition probability larger than zero (¢ > 0) in Def. 2.1. O

H. Details and Proofs of Reward-based Sampling

Lemma H.1 (BoN/BS with Ground-true Signal Oracle). Let 0* be the base model in Eq.(2 that exactly predicts the
distribution of a Multi-task TMC as defined in Definitions 2.1 and 2.2. Under task tuple (q,a, k), consider the ORMs
R’é’ A (+), as well as the PRM given in Egs. 10. For any target task k € T and instance distribution Dg;k, if the total number
of valid hard-to-reason CoTs is ©(M), then during pass@K sampling:

* ORM/PRM-based BoN or BS achieves success probability ©(1) on task k;

* ORM/PRM-based BoN or BS fails on any other task k' # k.

Proof. Consider task tuple (g, a, k) and an instance (Q, A) € Dg;’“ that is solvable, i.e., it admits at least one valid CoT

in géf‘;l)q. Since the base model 8* assigns ©(c~!) sampling probability to a correct CoT, the success probability of
ORM-based BoN using the ground-truth reward Ra A (+) satisfies:

pass@K = © (1 — (1 — L"HNE) = 9(1),

where the final equality holds for sufficiently large K.

For ORM-based BoN under outcome-population reward R¥_,(-), the CoT credit depends on relative likelihood. Consider

the worst case where there is exactly one correct CoT with success probability ©(cZ~1), while each incorrect but valid
CoT has sampling probability ©(1/ML~1) (by Lemma E.5), and dominates R, (-). Then the probability of sampling the

out
correct CoT at least once in IV attempts, while avoiding any misleading CoTs, is:

S) ([1—Mi_1r- [1—(1—cL1)N}>.

Hence, the pass@K success probability is lower bounded by:

N K
0 1(1{11\41_1] .[1(1cL1)N]> =0(1),

again holding when K is large.

Now consider PRM-based BoN under Eq.(10. At each step, the minimal success probability is:
O ([1- ¥ -[1- (-],
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so across L — 1 steps, the overall probability is:
O (11— N - (- N,

and the corresponding pass @K is lower bounded by:
K
o (1 - (1 e c)N<H>]) ) = 0(1).

Now consider any different task k&’ # k. By Definitions 2.1 and 2.2, the oracle rewards R’é’ A (), as well as the PRMs in
Egs. 10, all assign zero credit to instances sampled from k’. Therefore, all ORM/PRM-based BoN or BS strategies fail on
task &’

For Beam Search (BS), the result follows by analogous arguments since BS depends on the same reward signals layer-
wise. O

Proof of Thm. 4.1. Fix any instance (Q, A) of task (o1, a, k) and assume the premise of the theorem: all correct CoTs are
hard-to-reason and there exists at least one depth {* € [L] at which the hard CoTs diverge from a valid easy-to-reason CoT
(“sparse edge”). Let 0°* denote one such easy CoT and 0”4 any hard CoT. By Prop. 4.2, population-level ORM and
PRM scores strictly prefer the easy branch whenever they differ:

k ; k hard k casy k hard -1 _easy hard
R (0°%%) > Rg, (0749, Riikelinood (0] ) > Rikelinooa(07™) forall [ with 0™ # o .
(A)

We analyze (i) and (ii)&(iii) separately. Throughout, M is the per-node branching factor and L is the CoT length. We take
the conservative lower bounds that (a) at each node a particular child has sampling probability at least 1/M, and (b) samples
across the N trials are i.i.d.

(i) ORM + BoN. Best-of-N (BoN) first draws N full trajectories (CoTs) i.i.d. from the generator and then selects the one
with the largest ORM score RE  (+). By (A), if among the N samples there exists at least one 0°*, BoN will select an easy
CoT, hence it will fail under the theorem’s premise (easy branch is valid but leads away from any correct hard solution due

to the sparse-edge divergence).

We bound the probability that at least one 0°**Y appears among N samples. Consider any fixed easy CoT o0°** that agrees
with 0"#*d on the prefix up to (but excluding) I* and then takes a different child at *. A conservative lower bound on the
probability of sampling this specific easy CoT in one draw is

L\t 1
Diraj = (ﬁ) = =T

since at L — 1 branching decisions (excluding the terminal) we multiply the minimal per-step mass 1/M. Hence the
probability that none of the NV i.i.d. draws equals this easy trajectory is

(1f .)N < (17#>N — (M)N
Drraj = ML—T ML .

Therefore, with probability at least 1 — (1 — 1/ML~1)" an easy CoT appears among the N draws, and by (A) BoN selects
it and thus fails. Imposing
N log(e

(457)

ensures that the failure probability is at least 1 — €, which proves the first bullet.

(ii) PRM + BoN (step-wise) and (iii) PRM + Beam Search (width N, beam B > 1). PRM-based inference expands
partial CoTs and uses the local PRM score Rf, . (o)) to select among candidates. Consider the first divergence depth
[*. In each expansion round at depth [*, the procedure proposes NV children i.i.d. (BoN: propose and take the best child by
PRM; Beam: propose N and keep the top-B by PRM). Let

1
Dehild = 7
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be the conservative lower bound that a given proposal at depth [* takes the (PRM-favored) easy child rather than the hard
sparse edge. Thus the probability that none of the NV proposals includes the easy child at that step is

N L\ Y m-1\V
(1 = peniia)”™ < (1 - ﬁ) = (7_)
Consequently, with probability at least 1 — (1 — 1/M)¥ the easy child appears among the N proposals at depth [*. By (A),
PRM strictly prefers that easy child over the hard child at depth [*, so:

* PRM + BoN (step-wise): the chosen next token is the easy child, irrevocably steering the trajectory onto the easy branch.
Repeating this argument at later depths where branches differ keeps the easy path strictly preferred, so the final selection
is easy and the method fails under the theorem’s premise.

* PRM + Beam Search: since B > 1, any PRM-strictly-better easy child is ranked above the hard child and therefore
included in the beam at depth [*; by standard beam monotonicity with strictly better local scores at each subsequent
divergence, the easy branch remains in the top-B and dominates the final selection, hence failure.

Imposing
N 1
(17$> <e < N > 70%5;_)1 ,
log(*57+)

ensures that an easy child appears at the first divergence step with probability at least 1 — ¢, and by the PRM preference this
forces selection of the easy branch, completing the second bullet.

Conclusion. In all cases, Prop. 4.2 ensures a strict scoring advantage for the easy branch whenever it is present among
candidates; the displayed lower bounds control the probability that such an easy candidate does appear given N proposals.
Choosing N to satisfy

N N
(1 . M%) < ¢ (ORM + BoN), (1 - ﬁ) <¢ (PRM +BoN/BS),

yields failure probability at least 1 — € for (i) and for (ii)&(iii), respectively. O]

Proof. Heuristic Proof of Corollary 4.3. Let (2, F, i) be a base measure space where pg« < p with Radon-Nikodym
derivative dpg- /du > 0 p-a.e. We consider the optimization over absolutely continuous measures P~ < pg-.

The objective functional can be written as:

1 A
J(Paw) = Epg [R(0)] = 3 Dicr(Prey [1Po-) (76)

where R(o) := RE

1 (0). We require:

(Cl) R € L*(pe-) (finite expected reward)

(C2) de > 0s.t. pg+ > € p-a.e. (strict positivity)

High-levelly, the remaining proof is convex optimization in probability space. Define the Lagrangian with measure-theoretic

notation:
1 dP
L(P,n) = /RdP— f/log - dP +n 1—/dP (77)
)\ dpe*

Require:
(C3) P € P(9Q), the space of probability measures absolutely continuous to p
(C4) log(dP/dpe~) € L*(P) (finite KL divergence)
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For P € P (), consider variation P. = P + €@ where () is a signed measure with f d@ = 0. The Géateaux derivative is:

d
—L(P,
de‘c( 677])

ezoz/RdQ—i/(logdC;]; +1)dQ—n/dQ

For optimality, this must vanish for all admissible (), requiring:

Rearranging gives:

log = AR(0) — (1+ A\n)

Exponentiating both sides:
dP = fe- (0) exp(AR(0)) exp(~1 — An)dy(o)

Normalization requires:

exp(l+ An) = /;69* exp(AR)dy =: Z

Thus the optimal measure is:

1.
dP, algjusted = ZPe exp(AR)du

First verify P

adjuste

4 €EP(Q):

* Absolute continuity: Immediate from pg- < pand Z~ ' exp(AR) > 0

* Integrability: By (C1) and exp(AR) < exp(A||R|o) < o0 from R < 1

Second, confirm stationarity. For any @ € Tpr P (2) (tangent space):

adjusted

k 1 dPalﬁljusled
dE(Padjustemn)(Q) = R— X(log df?T +1)=n|dQ =0
=0

Substitute Py . into J:

k
JPE VB (Bl B |log Lt
adjusted P usted A P usted g Do

—Ep  [R] - % (AE[R] — log 2)

P, a(ij usted

1
= XlogZ

By Gibbs’ inequality, this maximizes the trade-off between expected reward and KL regularization.

To validate our conditions required, we summarized:

* (Cl): Holds as || R||cc < 1 by assumption
* (C2): Guaranteed by model construction pg« = softmax(-) > 0
* (C3): Inherited from base measure

* (C4): Satisfied because D1, (PpiiygeallPo+) = log Z — AE[R] < oo
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Thus under these conditions, P*

adjusted 18 the unique maximizer of J( PE)in P(Q). O

Proof. Proof of the legitimacy of Def.4.4. To show hy(+) is a harmonic function, let us verify

) A hi(0141)
L= Y 9" (0lo) = D Pe-(0fsilo)— 5"

of i CFu ol Fu hi(or)
By the fact that
hk(ol) = E01+1;LNﬁ9* [exp ()‘Rout( )) ‘ Ol]
= Z ﬁ@*(0l+1|ol)Eo;+2:L~ﬁg* [GXP ()‘Rout( /)> ‘02+1] (85)
0;+1€SL+1
we see that
R hi(0), 1)
Z Do+ (0;+1|Ol)ﬁlo+)l
0}, ,€S1+1 kA
Z D (o’ |O )EOZH:LN%* [exp ()\RO‘“( /)) ‘024‘1]
= 9>\ 01|01
02+1€Sz+1 * EOHLLNﬁe* [eXp ()‘Rout(o)) | Ol]
Z I3 (O/ |O) EOE+2;LN139* [exp (/\R(ljut( ,)) I 02+1] 1
= 9 * l-‘rl 1 — =
0} 1E€5141 ZO§+1651+1 Pe~ (02+1|01)E°2+2:LN3‘A’9* [exp (ARIg“t( /)) | OE‘H]
Recall the definition of our DPRM:
1
Rhyppn(01) = 5108 (Eo, e [ex0 (ARE(0) [ 01] ). (86)

R R hi(oi11) _ Pex(0ry1lor) exp (ARppryz(0i41))
new,k _ kE\OI+1 _ DPRM
Py (0141]01) = Pox (0141]01) T (01) 7o) ,

where Zi(01) = 3o cs,,, Do (0] 4,]01) exp (AREpra(0]11)). Collaborating with Eq.(87) as well as the definition of

RE pru(01), we can equate:

exp (ARBpra(01)) = hi(01) = oy | <o [exD (ARG (0")) | 1] -

Therefore, it holds that

new, . hi(o .
" onr 00 = o (o1 | 00)- "% o (o1 | o0) expl s (ors1)

Recall:
hk(ol) = E01,+1:L~I39* [exp (ARout( )) | Ol] s

30 hy(0r) = exp(ARE,(0)) and hy(00) = Z := Y, Po (0') exp (ARE,(0')). The h-transformed transition is:

AN ~ hi(o
75" (ovsalon) = po-(orsalon) "5 21, )
yielding:
hi(0141) . hi(or) k
Pk «(014+1|0 = Po+(0) ——= = Pgipps(0). (88)
DrRM( 11—[1p9 11 l) he(01) P+ ( )hk(oo) Gibbs (0)
The proof is completed.
O
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Corollary H.2. For the task k € T, let 0* be the pretrained Foundation Model from Thm. F.1, and R* () be the ORM.

out

Consider the ORM-equipped and DPRM-equipped adjusted sampling distributions defined in Corollary 4.3.

* As the temperature parameter A — oo, we have the following situation

1. ORM-Equipped Adjusted Sampling: The distribution in Eq.(11) converges to:

s |1 ifo=argmax Rt ()

k
PGipps(0) — (o'
0, otherwise

akin to a ORM-based BoN with RE ,(-).
2. DPRM-Equipped Adjusted Sampling: The step-wise distribution (13) with RE ey (0141) = % log hi,(0141)
converges to:

i —_ k /
~new, k A—00 1’ lfolJrl - ar/g max Rlikelihood(o )
Po (Ol+1 | Ol) e 0'€S 141
0, otherwise
. . &
akin to a PRM-based BoN with R} 1i004(")-

o When the temperature parameter A > 0, each step | € {0, ..., L — 1} satisfies:

k _ . k
arg max Rpypry(0) = arg max Eoy1.p~pox Riixelinooa (01),
OLESf”N OLESf”N

where SlB(’N = {o},..., ofV } denotes the N candidates sampled by the base model pg«. Therefore, using X\ > 0 with
BoN, Beam Search or Lookahead Search equates to prior PRM methods employing the same search strategies.

Proof. Proof of Corollary 4.5. We analyze the asymptotic behavior of the sampling distributions as A\ — oo.
For part (1), consider the ORM-equipped adjusted sampling distribution:

Po«(0) exp (AR%,(0))
Yorer, Por(0') exp (ARE . (0)’

where Ty is the set of all possible trajectories. Let 0* = arg maxy e, RE,,

Péibbs(o) =

(o), with maximum reward R¥  (0*). As

A — 00, the term exp (AR, (0)) dominates for o with the largest R% , (0). For o # o*, if Rk, (0) < RE, (0*), then
exp (ARG, (0) .
( : ) = €Xp (/\(R(ljut(o) - ngut(o ))) - 07

exp (Angut (O*))

since R, (o) — RE

out

the denominator is dominated by Py« (0*) exp ()\R’c g (o*)) . Thus,

out

(0*) < 0. Assuming R¥ . (o) has a unique maximum (or summing over all maximizers if not unique),

1, if o= o",

Pck;ibbs(o) - {

0, otherwise,

k k/
out

which matches the behavior of BoN Sampling, where the trajectory with the highest R? . (o) is selected.

For part (2), consider the DPRM-equipped step-wise distribution:

~new, k ~ k(0141
p Oj4+1 | O1) = Po+\01+1 | O] ’

with 1y (0141) = Eoyy 0. ~pon [exp ()\Rk

out

(0)) | 0141], and R pryi(0141) = +10g hi(041). Substituting hy, we get

1
A

~new, k

D" (0141 | 01) = po+ (0111 | 01) exp (A (REpra(04+1) — Rbpru(01)))
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where Z = Zoz+1651+1 por(0111 | o) exp (AREpryi(0i41)) is the normalizing constant.  Let of,, =
arg maxe s, , Rhpry(0'). As A — oo, the term exp (AR pgy(0141)) dominates for 0,41 = o], ;. For 0,41 # o}, ,,
£ pk k

if Rpprat(0i4+1) < Rppru(0741). then

exXp ()‘RI%PRM(OlJrl))
exp (/\RI%PRM(OTH))

= exp (A(Rbpru(0141) — R]%PRM(OT+1))) — 0.
Thus, the distribution concentrates on of ;:

1, ifOl_;,_]_ :07_‘_1,

~new, k
(o o;) —
Po (011 | 1) {O, otherwise,

which mimics BoN Sampling by selecting the state with the highest Rf, .. . by our last item.

For the last item, for step | € {0,...,L — 1}, the DPRM with A > 0 is given as REppy(0) =

logEo,. 1., ~pex [exp (R’gutk(o)) | ol]. Since log is strictly increasing, we have

k kK
arg max Rppgry(01) = argmax Eo 1, . [GXP (Rout (0)) | Ol} .
OLGS?ON O],GS?ON

Similarly, since exp is strictly increasing, the arg max over Eo, ;. ~pg« [exp (R’gut (o)) | ol} is equivalent to the arg max

out

k . : k .
over Eo,, |, i [R’gm (o) | ol}. Thus, given that R ii100a(01) = Eoyy 1. ~ies [Rk (o) | ol} it holds that

k _ k
arg max Rppgy(01) = arg max Eo, ;1.1 ~pex Rikelihood (01)-
o ESF"N o ESF"N

This shows that BoN Sampling with Rl’;m maximizes the expected outcome reward, aligning with prior methods. The
equivalence for Beam Search follows similarly by replacing the sampling strategy with the respective search method, as they
also maximize Rp,(o;). This completes the proof. O

Proof. Proof of Cor. 4.6. The proof directly follows the proof of Cor. G.5. O

Corollary H.3 (Extension: Comparison with Ground-true Oracle). Let 8* be the base model in Eq.(2 that exactly predicts
the distribution of a Multi-task TMC as in Definitions 2.1 and 2.2. Under task tuple (q,a,k) € S1 x S, X T, consider
the ORMs R’é A(*) and RE (), and the PRMs of Egs. 10. For any target task k with instance distribution Dg;’“, suppose
the number of hard-to-reason CoTs is ©(M) and the number of nonzero-probability CoTs from q to Sy, is N,. Then under
pass@K sampling:

1. DPRM is More Capable of Hard CoTs. If a specific hard CoT has sampling probability p = o(M_(L_l)) under the
base model, then for any BoN budget

log(1-N; 1)
N =O0(Zgpy):

N
there exists A\ = o(ln W*&%) such that DPRM with temperature \ achieves strictly higher pass@K than
q

ORM-based or PRM-based BoN (or BS).

2. Preserve Multi-task. For any € > 0, if

K= Q(—(;n_i) - )
1n(1+(13/q—1)e%)

then DPRM with \ > 0 attains pass@K > 1 — ¢ on any other task k' # k.

In both cases, adjusting the temperature A\ > 0 controls the pass@K performance.
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Proof. The arguments parallel those in Cor. G.5, so we focus on the comparison of pass@K success probabilities.

(i) Hard-CoT capability. Under ORM-based BoN with ground-truth reward, the success probability for the unique hard
CoT is
1-(1-p¥
Under DPRM (Eq.(11), every valid CoT—including the correct one—has sampling probability at least
1 S 1
Ny— M+ Mer = 1+ (N, —1)er’

1-p"
N, —D(-(1-pN) =Ty . |
when the budget of PRM-based BoN (or BS) in pass@K is limited and A — 0 would achieve more satisfactory success
probability.

Choosing A = o(In ) ensures > 1—(1—p)¥, so DPRM outperforms ORM. Similarly,

1
TH(Ng—1)er

(ii) Multi-task preservation. For any other task &, DPRM still assigns probability at least 7 T — to each valid CoT.

(qu—l)
Thus, with
K— Q( Ine ) )’

(Nq_l)eA
ln(m

the pass@K guarantee 1 — (1 — K > 1 — ¢ holds, completing the proof. O

1
1+(Nq—1)e’\)

I. Auxiliary Lemmas

Lemma L.1. Let 0* be the base model

po(-|z) = softmax(hg(-,)), = € {0, 1}, (89)
Then for Yo, € S, 0141 € Si41
Ver log por (0141]01) = Verho(ori1,00) — Y per(0}41]01)Verha(0]1,01). (90)
0141€514+1

Further, if the base model is Eq.(2), we have

o A /
ng 1ng9k (Ol+1 |Ol) = eloOl — Z Peo* (Ol+1 |ol)V9k 602+170” (91)
O;+1ESl+1
where €, o, == 01410, € {0,1}151%I5is the one-hot matrix with only the position corresponding to (0141, 0;) is 1 and

0 elsewhere.

Proof. By Eq. (89), we have

ehe(oi1,01)

ng logpgk- (ol+1|ol) = ng log ehe(oﬁﬂ,oz)

0141€5141
’
= Vorho(o141,01) = Vorlog > eholetro)
01 11€5141
) h8(02+1»0l)
= Vgrhg(0111,01) Vo ZOZHGS“A ©
— ek 1te\0]+41, O Z / h9(0;+1,ol) (92)
0], 1€5141
he (0] ,,0 /
ZOZHESLH € oot L)nghg(0l+l,ol)
= Vgrhg(0141,0;) — ——
Z , e 6(01+170l)
Ol+lesl+1
A / /
= Vocho(or11,00) = > Per(0]41]01)Verhe(0] 1, 00).
OE+IESH,1
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Besides, if the base model is pg(+|z) = softmax((0, z)) by Eq.(2), we have

vﬂk hG (Ol+17 Ol) = ng <001+1,-7 Ol> = eol+1,01 ) (93)
Dragging Eq.(93) into Eq.(90), we could obtain Eq.(91).
The proof is completed. O

Lemma 1.2 (Policy Gradient for REINFORCE & RAFT under TMC). Let 6* be the base model in Eq.(2) that exact predicts
the distribution of Multi-task TMC as in Def. 2.1 and 2.2, and 0% the current model to be finetuned from 0* for task k € T.
The gradient of the REINFORCE objective for task k is given by:

L1
Vor JREINFORCE(0F) = Z E 4 ~pkok [Vor log per (Ol+1|ol)R§m(o)] ’ O
=1 {Ol+1’\‘ﬁ9k (‘lol)}fzil
L-1
Vor Trart(0%) = Z B oprob) &
=1 {o141~Pgk (-lo1) 13"
[(1 + log pgr (0111]|01)) Vi log per (Ol+1‘0l)ngut(o)} ) (96)
where
o k
JREINFORCE(0") = EOINPk(Qk) (QA)~DILF 02.~pE, (Olo1) [R(Qam(o)] ’ oD
L—1
jRAFT(ok) —_ EolNPk(Qk),(Q,A)NDZ},lk onep k(O\o ) lz logpgk (Ol+1|0l)R(Q A)( )] (98)
1=1
Remark 1.3. In the main text, Eq.(8 contains a typo: the summation term * lL;ll” inside the expectation is omitted.

The correct formulation is provided in Eq.(98. Additionally, the formal versions of Eq.(8 are given as Eq.(94 and Eq.(8,
respectively.

Proof. For any complete trajectory o = (01, ..., 0r,):
L—1
Por(0) = P*(Q*) [ por(0rr1lor) (99)
=1

where P*(QF) is the initial state distribution (parameter-independent by Def. 2.1). By the property of TMC, we have

Vor JrEINFORCE (") = v@’“Eolzquk(Qk),OQ:LNﬁzk(O|01) [Rb,(0)]

= v / out

(2) / Rout Vek

L-1

*(a) H ﬁek(01+1|01)] doi.r

H Do Ol+10l)] dor.r

L—-1 L—-1
/ Riy (0 11 pox(0111101) | > Ver log por(0141]01)dor. . (100)
=1 =1

: EolNPk(Qk) 09 L~ﬁ(’;k(0|01)

L1
RE(0) > Vi log fer (0l+10l)]
=1

= Z Eolek(Qk),OQ;LNﬁzk(0\01) [VQk logﬁgk (ol+1|ol)R§ut(o)] .
=1
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Step (1) expands the expectation as an integral over trajectories using the MDP’s joint distribution
L—1 ~
PH(q) TT,Z, Do (0111]01);

Step (2) applies the Leibniz interchange under Markovian policy structure:
Vor / ) RE . (0)pgr (01.)do1. L, = / ) Rt (0)Verpgr(01.0)dor.  (as.) (101)
o o

valid when: (i) Policy Gradient Dominance: 3h € L*(p1) such that | R, (0)Vgrpgr (01.1.)|| < h(01.1) VO* € ©F where
©* = RISIXISI denotes the parameter space; (ii) Parameterized Measure Continuity: The map 0% — \/pgr (01.1) is Wh1-

Dok 40—

ToT < 00, which are all satisfied under our case since ||RE ()]l = O(1)

continuous with: lim 0 E, U

and pgr (+|z) = softmax((0, x)) by Eq.(2);

Step (3) decomposes using Markovian parameter isolation:

L1 L-1 /L1
Vor [ [ bor(0141]00) =D (H ﬁak(0m+1|0m)> Vor log per(0111]01) (102)

=1 =1 \m=1

valid under: (i) Disjoint Parameter Control: 0% = +lL:_11 0F where 6F N 0, = () for I # 1, with each pgr(014+1|0;) =

fi(o141]01;6F) and gg,ﬁ = 0; (i) Log—Smoothness‘ Por (0141]01) > 0 p-a.e. and Vgr log pgr (0141]0;) € L (Pgr @ 1);

(iii) Sequential Fubini Condition: foL Hl 1 Deor(0141|0r)dor.1, = Hl fO Per (01+1]|01)d0oy+1 in terms of total variation
norm, which are all easily verified under our pg« (+|z) = softmax((6, x)) by Eq.(2);

. . L— .
Step (4) rewrites the integral as Eo, ., ~p,, [RE . (0) lell Vi log per (0141|01)];

Step (5) exchanges summation and expectation via Fubini’s theorem, valid when E[|R% Vg« log pgr|] < oo, which
obviously hold in our setting.

Similarly, we have

L—1
Vor Trart(0%) = VorE, _ . pr (o) [Z log por (0111]01) - Réyi (1. L)]

ot 1~Pgk (+|0t)

1
1 ~ ~
) Z Vor (/OL RE(o1.L) - P H Por(0t41]0) - [Pek(01+1|01)10gpek(01+1|01)]d01;L>
i

t

‘H~

L-1 L—1
2 R R
2 Z/L Ri(onr) - (H Por(0t41]0¢) ) Vo [pek(01+1\01)10gpok(01+1|01)}d01:L
o =
=

-~k
—

. PH( L1 \L [ﬁek(0l+1|01) 10gﬁek(01+1|01)] p
Z / out 01 L 01 tHI pek Ot+1|ot) : ﬁgk (Ol+1|0l> O1:.L
ZE orri(at) | Rhw(01.0) (1+10g Pt (0111]01)) - Vor 1ogﬁ9k<oz+1|ol>]
ot+1Npgk( lo:)
) L—1
=E , .ptor) |Rowlonr) Z (1 +10g159k(01+1\0l)) - Vor log pgr (01+101)
Ot41~Pgk (-|or) =1 (103)

Step (1) expands the expectation using the Markovianity’s factorized structure P*(o;) Hf;ll per (0r+1|0¢), isolating
the I-th transition’s plog p term while keeping others as standard transitions, which is legitimate under our pgx (-|z) =
softmax((0, z)) by Eq.(2);
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Step (2) enforces parameter-localized differentiation through:

S5 Ve [ Fido =Y Jor RE(01.L) - P¥(0y) - <Hz§;f Do (0t+10t)) -V {T;Gk(ol+1‘ol) 10gﬁ9k(01+1|01)} doy.p (as.)
(104)
L1 . R R .
where F; = R*  (01.1) - P*(0y) - Htt;%l Por (0¢11]0¢) - [Por (0141]01) log Pgr (0141]|0;)], valid when:

(i) Architectural Parameter Isolation: Policy parameters partition as % = W~ —," @) with:

o Vorpor(0141l01) t=1landm =1
b = 1 105
00k, Por(0r11/01) { 0 otherwise (105)

which is satisfied as pgx (-|2) = softmax((8, z)) by Eq.(2); (ii) Localized Dominance: 3h; € L*(p;) where i is the base
measure on (0;, 041), such that:

IR (01:1) - Ver[Per (01+1]01) log Por (0141]01)]| < hior, 0141), (106)

which clearly held under our condiions; (iii) Decoupled Integration: For each [,

L—1
/ Fydo = / P* | [perlogper] | [ / pordoyi1 | dojdoriy (107)
oL o1 o111 t—1 Jott1

t#£1

with Hth_ll J Perdoi41 = 1 p-a.e. This condition holds apparently under our model pgx (+|2) = softmax((8, z)) by Eq.(2),
t#1

which linearly isolates each states; (iv) Transition Differentiability: Each Blk — Pgr (014+1]|01) is Fréchet differentiable with:
vg{cﬁgk (or+1lor)

Dok (O141]01)

E

2
] < oo which holds in our softmax model;

Step (3) multiplies one pgr (0;41]0;) in the front and divide it subsequently;

Step (4) uses the chain rule:
Vor (Por (01+1]01) log pgr (0r41]01)) = (1 + log per (0141]01)) Vgr Per (01+1]01),

and reconstructs the expectation by recognizing Hf;ll pr = peor(01.)/P¥(01), with cross-terms vanishing due to
Eo,, . 1~pm [f(01)] = E[f(01)] for m # I; Step (5) applies Fubini’s theorem to exchange summation and expectation,

valid by the fact E [ZZL:_ll (1 +1logp;)Vlogp; Rex || < oo in our case.
O
Remark 1.4. When the base model is no longer in the linear form in Eq.(2), but a general form in Eq.(89) with pg(:|x) =
softmax(he(-,x)), « € {0,1}5], the conclusions still holds when
¢ Architectural Conditions
— Parameter Isolation: 0 = LleL:_ll 0, where 8, N 0, = () for | # I’, with:

ohy )
ek l 1
oo, =0 # (108)

he(oi11lo1) = hi(oi41]o1; 01),
— Module Independence: Each h;(-; 8;) uses distinct computational subgraphs without parameter sharing across [
* Smoothness & Differentiability
— Lipschitz Continuity: 3C; > 0 s.t.

||hl(-;01 + AO) — hl('§0l>||oo < CIHAOHQ Vo, (109)
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— Twice Differentiability: hy € C*(0;) with bounded Hessians:

o [IIV8,ull3,] < o0 (110)
¢ Gradient Control
— Bounded Logits: 3C < o s.t.
max |h(a,0;)| < C Vol (111)
— Gradient Norm Bound:
Eo, [V, lull3] < By < oo VI (112)
¢ Probability Regularity
— Strict Positivity: 3¢ > 0 s.t.
pe(0141]01) > € p-ae. Vi (113)
— Measure Consistency:
/ﬁe(01+1|01)d05+1 =1 Vol (114)
o

These conditions guarantee: 1. Leibniz rule applicability; through Lipschitz continuity 2. Fubini’s theorem validity via
measure consistency; 3. Gradient dominance via bounded logits; 4. Policy smoothness via C? differentiability; 5. Numerical
stability through strict positivity.

Lemma L.5 (Policy Gradient for PO (Eq.(66)) under TMC). Let 6* be the base model in Eq.(2) that exact predicts the
distribution of Multi-task TMC as in Def. 2.1 and 2.2, and 0% the current model to be finetuned from 0* for task k € T.
Suggest the accurate Al e (ol, 01+1) Is available from some outer oracle, the clip operation is always active, and Eq.(65)
holds. The gradient of the PO objective for task k is given by:

) Pok K A
VorJeo(0F) =S/ 'E , pror [(1 + (21 (A7 " (01,0041) > 0) = Deaip) A7 " (01, 0041) - Vi 10gpok(01+1|01)}a
{o141~pgn (lo1) !

(115)
(116)

Dok (0141]01)

where r = ¢
+1 P(’fh,(01+1\01)

. By the condition that the clip operation is always active, we have

L—-1

1

Jeo = E01~P’“(Q’“),(Q’A)~DZ})’1’€’02:L~ﬁ(’;‘k(0|01) [E

(1t + (217 (01, 0141) 2 0) = Decip) 4725 (01, 0111)]

(117)

HM

Proof. Tt holds that

—_

Vot Ipo = VgrE 01~ P¥ |:

L-1
Pok 1k
>+ (21 (A" " (01, 0111) > 0) — Deap) AL (ol,ol+1):|
Of+1~f)9k 1=1
L—-1

W P A
¢ Z Ver / 1+ (20(A725 " (01, 0041) > 0) = Deaip) AL 2 (01, 011) P (01) [] bor (0111]01)dor.r
t=1

L-1
2 pok i . "
@ T E (1 + (21 Alpj’i (01,0141) > 0) — l)eclip)Aﬁ’i (01,0141) - P*(01) H Por (0t+1]0t) - Vi 1og pgr (01+1|01)do1. 1,
t=1

L-1

@1 pok -k A

@ 7 > E o1~ P* {(1 + (21(Aﬁl (01,0141) > 0) = Deaip) A%} (01,0141) - Vigr 10gp0*‘(ol+1‘ol)]
I=1 ©Ot+1~Pgk

(118)
The methodologies follow Lemma 1.5.

Step (1) expands the expectation using the MDP factorization P*(0;) Hf;ll Por (0¢11]0¢), noting that pyyq is treated as
fixed behavioral policy;
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Step (2) applies parameter-localized differentiation through:

L—-1 L-1
Vor [[ B¢ =[] ot - Verin (119)

t=1 t=1

t£l

with conditions similar in Lemma [.2.
Step (3) reconstructs the expectation by recognizing Hf;ll Pt = Por (01.1.)/ P¥(01), leveraging the Markov property.

Key Conditions Inherited from REINFORCE/RAFT in Lemma L.2: 1. Parameter Isolation: 8% = |¢J;," 0F with disjoint
subparameters 2. Policy Smoothness: pgr € C?(©) with bounded Hessians 3. Measure Consistency: IL £l [ prdos 1 =1

Dok -k

p-a.e. 4. Advantage Regularity: A;$)

(01,0141) is 0(01.1+1)-measurable and bounded.

O

Based on the policy gradient results, the logit update lemma is provided as below.

Lemma L.6. Let 0* be the base model in Eq.(2) that exact behave like a Multi-task TMC as in Def. 2.1 and 2.2, and 0" the
current model to be finetuned from 0* for task k € T. Then

Ver Jreinrorce (0F) = ZlL;ll N ) [Rclfut(o) (Vorhg(oi41,01) — ZOZHGSW Por (011]00)Vorho (01, Ol))] 7
{o11~pgn (-lo) !

(120)

VorTrarr(05) = S E , prion [Rﬁuc(o) - (1+1log por(0141]01)) (Verho(0ri1,00) = 30 e, ﬁsk(0§+1|Ol)vekhe(02+1v01))} ,

- L—1
{o141~Dgr (-lon) }2;

(121)

VorTpo(0%) = X1 'E o1~ PE(QY) [(1 + (QIL(AfiAi’k(Ol«,OzH) >0) - 1)€clip)‘4§3ik1’k(ol*°l+l> “(Vorho(or1,00) =301 s, Por (0111 ‘Ol)vgkhe(o;“‘om] '
{o111~pgn (-|on) Hery!

(122)

Further, we have
ky _ ~~L—1 k H ,
VeijEINFORCE(O ) = =1 ]E OlNPk(Qk) [Rout(o) ° (601_'.1701 - ZOZ+1ESH1 pgk (Ol-‘rl |Ol)602+1701 )i| )
{o111~Pgk (-lon) "
(123)

L—1 : 5 p
VekJR.AFT(Ok) =, E o1~P*(QF) [Réut(o) - (1 + log per (01+1\01))(801+1,01 - Zoi“esm Per (Of+1|ol)€o;+l,m)] )
{Ol+1~139k("01)}f:_11

(124)

) L_1 Dok k Borc K R
VorTeo(0¥) =35 B, pkioh [(1 + (21(A72} " (01, 0011) = 0) — Deetip) A7 23 (01, 0141) * (€ory00 — Do), €511 Dox (0§+1\01)80;+1,01)} .
{o141~Pgi (-lo1) "

(125)
Proof. By Eq. (94) and Eq.(89), we have

L—1
Vor Jremrorcr (87) = Z E o prob) [Vor log gr (0111|01) RE, (0)]
I=1 {o111~bgr (-lo)} "
L—1
E 5 ~prob ngut(o) (Vorhg(or11,01) — Z Por(0141]01)Verhe (0,1, 01))

1 {oi41~Pgr (-lon) " 0141€S51+1

1
(126)
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Similarly By Eq. (96), Eq.(89), we obtain the results of RAFT. Given Eq.(2), we have

-1
Vor JrEINFORCE (87) = Z E o proh [Ver logﬁek(01+1|01)R§ut(0)]

=1 {Ol+1~ﬁ9k ("Ol)}fqu

L—-1
=Y E . pth RE(0) - (Verho(ori1,00) = > Per(0f41]01)Verha(0] 1, 01))

=1 {or41~Pgr (-lon)} 0,11€S141
(127)
Given Eq.(2), by Eq.(91) we have
L-1 A
VOkJREINFORCE<0k) =242 E o1~P*(Q") [ngut(o) ' (€Ol+17ol o Z°2+1€Sl+1 Per (02+1|Ol>€02+1>01)} '
{o1+1~Pgr (lo) Ht
The results of RAFT and PO follows.
O
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