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Abstract

Data-driven stochastic optimization is ubiquitous in machine learning and
operational decision-making problems. Sample average approximation (SAA)
and model-based approaches such as estimate-then-optimize (ETO) or integrated
estimation-optimization (IEO) are all popular, with model-based approaches being
able to circumvent some of the issues with SAA in complex context-dependent
problems. Yet the relative performance of these methods is poorly understood,
with most results confined to the dichotomous cases of the model-based approach
being either well-specified or misspecified. We develop the first results that allow
for a more granular analysis of the relative performance of these methods under
a local misspecification setting, which models the scenario where the model-
based approach is nearly well-specified. By leveraging tools from contiguity
theory in statistics, we show that there is a bias-variance tradeoff between SAA,
IEO, and ETO under local misspecification, and that the relative importance
of the bias and the variance depends on the degree of local misspecification.
Moreover, we derive explicit expressions for the decision bias, which allows
us to characterize (un)impactful misspecification directions, and provide further
geometric understanding of the variance.

1 Introduction

Data-driven stochastic optimization arises ubiquitously in machine learning and operational decision-
making problems. Generally, this problem takes the form argminw EQ [c(w, z)] where w represents
the decision that we aim to optimize, and z is a random variable (or vector) drawn from an unknown
distribution Q. The non-linear cost function c is given and can represent a loss function in machine
learning, financial portfolio losses, or resource allocation costs. In this paper, we focus on the setting
where the expectation EQ is unknown, but we observe data from Q.

A natural approach is to use empirical optimization, known as sample average approximation (SAA)
[Shapiro et al., 2021], which approximates the unknown expectation with the empirical counterpart
from the data. This approach is straightforward, but may not be suitable for complex scenarios in
constrained and contextual optimization, when one needs to obtain a feature-dependent decision (i.e.,
a decision as a “function" of the features) and maintain feasibility [Hu et al., 2022]. In such cases,
model-based approaches provide a workable alternative. A model-based approach fits a parametric
distribution class to the data, say {Pθ : θ ∈ Θ}, and this fitted distribution is then injected into the
downstream optimization to obtain a decision. Just as in standard machine-learning problems, this
parametrization helps maintain generalizability from supervised data.
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Our focus in this work is the statistical performance of model-based approaches for data-driven
optimization with nonlinear cost objectives, as compared to SAA. More specifically, we study
the question of how to fit the data into the parametric distribution models. There have been
two major methods proposed in the literature: Estimation-then-Optimize (ETO) and Integrated
Estimation-Optimization (IEO). ETO separates the fitting step from the downstream optimization,
by simply fitting Pθ via maximum likelihood estimation (MLE). IEO, on the other hand, integrates
the downstream objective with the estimation process, by selecting the distribution parameter θ that
minimizes the empirical expected cost. Conceptually, ETO can readily leverage existing machine
learning tools and fits the model disjointly from the downstream decision task, while IEO attempts
to take into account the downstream decision task (in many cases with a nontrivial additional
computational expense). Intuitively, then, IEO should have better statistical performance than ETO in
terms of the ultimate objective value of the chosen decision.

Our main goal is to dissect the bias-variance tradeoff between ETO, IEO, and also SAA, especially
under the setting of model misspecification. In particular, our study reveals not only the variance
arising from data noise, but also the bias of the resulting decision elicited under model misspecification.
This allows us to gain insight on how the direction and amount of misspecification impacts decision
quality. More concretely, a well-specified model means that in the estimation-optimization pipeline,
the chosen parametric class {Pθ : θ ∈ Θ} contains the ground-truth distribution Q – a case that is
rarely seen in reality. In other words, model misspecification arises generically, the question only
being by how much. Unfortunately, the theoretical understanding of the statistical performance
among the various estimation-optimization approaches, especially in relation to this misspecification,
has been rather limited. Elmachtoub et al. [2023] compare these approaches in large-sample
regimes via stochastic dominance, but their analysis divides into the cases of well-specification
and misspecification, each with different asymptotic scaling. Unfortunately, there is no smooth
transition in between that captures the impact of varying the misspecification amount. Elmachtoub
et al. [2025] attempt to address this issue by deriving finite-sample bounds that depend on the sample
size and misspecification amount.

In this paper, we remedy the shortcomings in the above literature by leveraging the notion of local
misspecification, originated from contiguity theory in statistics [Le Cam and Yang, 2000, Copas and
Eguchi, 2001, Andrews et al., 2020], to derive large-sample results in relation to both the amount
and direction of misspecification. Our results explicitly show the decision bias and variance, and its
resulting regret, that arises from misspecification. This allows us to smoothly compare ETO, IEO
and SAA. We show the following results. When model misspecification is severe relative to the data
noise level, SAA performs better than IEO, and IEO performs better than ETO, in terms of both
bias and regret. This matches the intuition described previously that IEO should outperform ETO
by integrating the estimation-optimization pipeline. On the other hand, when the misspecification
amount is mild, the performance ordering is reversed, which generalizes previous similar findings in
Elmachtoub et al. [2023] that focused on zero misspecification. Most importantly, in the most relevant
case where the misspecification is roughly similar to the data noise, which we call the balanced case,
the ordering of the methods exhibits a bias-variance tradeoff: SAA performs the best on bias, whereas
ETO performs the best on variance, and IEO is in the middle for both metrics. This defies a universal
performance ordering, but also points to the need for a deep understanding of the characteristics
of the bias term in relation to the misspecification direction. Table 1 summarizes our performance
ordering findings.

mild (α > 1/2) balanced (α = 1/2) severe (0 < α < 1/2)
bias variance regret bias variance regret bias variance regret

ETO ≈ 0 best best worst best depends worst ≈ 0 worst
IEO ≈ 0 middle middle middle middle depends middle ≈ 0 middle
SAA ≈ 0 worst worst best (≈ 0) worst depends best (≈ 0) ≈ 0 best

Table 1: Summary of our results on performance orderings. “≈ 0" means asymptotically negligible.
α is a parameter that signals the misspecification amount relative to the data noise level and will be
detailed later.

Our next contribution is to provide an explicit formula for the bias attributed to model misspecification,
which allows us to gain insights into how the bias is impacted by the misspecification direction.
We went beyond the classical local minimax theory by showing the non-regularity of the ETO and
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IEO estimators, which is rarely seen in standard statistical literature [van der Vaart, 2000]. In the
severely misspecified regime, where there is no available contiguity theory tools, we develop a novel
technique to characterize and compare the asymptotics of the three estimators. We further identify
sufficient conditions on approximately impactless misspecification directions – model misspecification
directions that result in bias that is first-order negligible compared to the data noise variance. In
general, this direction is orthogonal to the difference between the influence functions of solutions
obtained from the considered estimation-optimization pipeline and SAA. Here, influence functions
are interpreted as the gradients with respect to the underlying data distribution, and they appear not
only in the bias but also variance comparisons. This characterization in particular suggests how SAA
is always (and naturally) the best in terms of bias (see Table 1), but also how the biases for IEO
and ETO magnify when the obtained solution has a different influence function from that of SAA.
Moreover, to enhance the transparency of our characterization, we show that a sufficient condition
for being approximately impactless is to be in the linear span of the score function of the parametric
model. While this latter condition is imposed purely on the parametric model (i.e., not the downstream
optimization), it already shows the intriguing phenomenon where model misspecification could be
insignificant in impacting the performance of the ultimate decision.

1.1 Related Works

Data-Driven Stochastic Optimization. Data-driven optimization, a cornerstone in machine learning
and operations research, addresses problems where decision are informed from optimization problems
with parameters or distributions learned from data. Existing popular methods include SAA [Shapiro
et al., 2021] and distributionally robust optimization (DRO) [Delage and Ye, 2010]. Recently, there
has been a growing interest in an integrated framework that combines predictive modeling of unknown
parameters with downstream optimization tasks [Kao et al., 2009, Donti et al., 2017]. When the
cost function is linear, Elmachtoub and Grigas [2022] propose a “Smart-Predict-then-Optimize”
(SPO) approach that integrates prediction with optimization to improve decision-making. Recent
literature explore further properties of the SPO approach [Mandi et al., 2020, Blondel et al., 2020,
Ho-Nguyen and Kılınç-Karzan, 2022, Liu and Grigas, 2022, Liu et al., 2023, El Balghiti et al., 2023].
Hu et al. [2022] further compare the performances of different data-driven approaches in the linear
cost function setting. In the context of non-linear cost functions, Grigas et al. [2021] propose an
integrated approach tailored to discrete distributions, and Lam [2021] compares SAA with DRO and
Bayesian extensions.

Local Misspecification. Model misspecification is extensively studied in the statistics and
econometrics and machine learning literature [Marsden et al., 2021]. In this paper we focus on
local misspecification, where the magnitude of misspecification vanishes as the sample size grows.
Newey [1985] analyzes the asymptotic power properties of the generalized method of moments tests
under a sequence of local misspecified alternatives. Kang and Schafer [2007] design a doubly robust
procedure to estimate the population mean under the local misspecified models with incomplete
data. Copas and Eguchi [2001, 2005] discuss the impact of local misspecification on the sensitivity
of likelihood-based statistical inference under the asymptotic framework. Local misspecification is
also discussed in robust estimation [Kitamura et al., 2013, Armstrong et al., 2023], causal inference
[Conley et al., 2012, Fan et al., 2022], econometrics [Bugni et al., 2012, Andrews et al., 2017, 2020,
Bugni and Ura, 2019, Armstrong and Kolesár, 2021, Bonhomme and Weidner, 2022, Candelaria and
Zhang, 2024] and reinforcement learning [Dong et al., 2023]. To the best of our knowledge, we are
the first to study the impact of local misspecification in data-driven optimization.

2 Settings and Methodologies

2.1 Data-Driven Stochastic Optimization

Consider a data-driven optimization problem in the following form:

w∗ = argmin
w∈Ω

{v0(w) := EQ [c(w, z)]} (1)

where Ω is an open subset in Rdw , z ∈ Z ⊂ Rdz is the uncertain parameter with unknown data-
generating distribution Q, c(·, ·) is a known non-linear cost function, and v0(·) is the expectation of
the cost function under ground-truth distribution Q under a decision w. We are given independent
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and identically distributed (i.i.d.) data z1, ...,zn drawn from Q, and the goal is to approximate the
optimal decision w∗ using the data.

In model-based approaches, we use a parametric distribution family {Pθ,θ ∈ Θ} where θ ∈ Θ ⊂
Rdθ is the model parameter and Θ is an open subset of Rdθ . To explain further, we define the oracle
solution wθ by

wθ ∈ argmin
w∈Ω

{v(w,θ) := EPθ
[c(w, z)]} , (2)

where v(w,θ) is the expected cost function under the distribution Pθ . Depending on the choice of the
model, the ground-truth distribution Q may or may not be in the parametric family {Pθ : θ ∈ Θ}. We
say {Pθ : θ ∈ Θ} is well-specified if there exists θ0 ∈ θ such that Pθ0 = Q. We say {Pθ : θ ∈ Θ}
is misspecified if it is not well-specified.

Notations. We denote EP̃ [·] and varP̃ as the expectation and variance under the distribution P̃ .
We denote Eθ[·] as EPθ

[·] and varθ(·) = varPθ
(·) in the parametric case. For a symmetric matrix

A, we write A ≥ 0 if it is positive semi-definite and A > 0 if it is positive definite. For two
symmetric matrices A1 and A2, we write A1 ≥ A2 if A1−A2 ≥ 0 and A1 > A2 if A1−A2 > 0.
For a matrix A ∈ Rm×n, we define the column span of A as col(A) = {Ax : x ∈ Rn}. For
a vector x ∈ Rn and a positive semi-definite matrix A ∈ Rn×n, we define the matrix-induced
norm ∥x∥A :=

√
x⊤Ax. We define Pn

→ as convergence in distribution under the measure Pn.

Precisely, Xn
Pn

→ X if Pn(Xn ≤ t) → P(X ≤ t) for all continuous points of the distribution of
X where P denotes the distribution of X . For a sequence of random variables {Xn}∞n=1, we say
Xn = OPn(1) if it is stochastically bounded under the probability measure Pn, i.e., for all δ > 0
there exists M and N ∈ N such that for all n ≥ N , Pn(|Xn| > M) ≤ δ. We say Xn = oPn(1) if it
converges to zero in probability under the probability measure Pn, i.e., Xn = oPn(1) if for all ε > 0,
limn→∞ Pn(|Xn| > ε) = 0. More generally, we denote Xn = OPn(an) if Xn/an = OPn(1) and
we denote Xn = oPn(an) if Xn/an = oPn(1). For two random variables X1, X2 with distribution
P1 and P2, we say X1 is (first-order) stochastically dominated by X2, denoted as X1 ⪯st X2, if for
all x ∈ R, it satisfies that P1(X1 > x) ≤ P2(X2 > x).

2.2 Three Data-Driven Methods

We consider three popular approaches for solving (1) in a data-driven fashion.

Sample Average Approximation (SAA). SAA simply replaces EQ in (1) with its empirical counterpart.
More precisely, we solve ŵSAA := argminw∈Ω

{
v̂0(w) := 1

n

∑n
i=1 c(w, zi)

}
.

Estimate-Then-Optimize (ETO). ETO uses maximum likelihood estimation (MLE) to infer θ by
solving θ̂ETO = supθ∈Θ

1
n

∑n
i=1 log pθ(zi) Here pθ is the probability density or mass function.

Then we plug θ̂ETO into (2): ŵETO := wθ̂ETO = argminw∈Ω v(w,θETO).

Integrated-Estimation-Optimization (IEO). IEO selects the θ that performs best on the empirical cost
function v̂0(·) evaluated at wθ. More precisely, we solve infθ∈Θ v̂0(wθ) and get a solution θ̂IEO.
Then we use the plug-in estimator ŵIEO := wθ̂IEO = argminw∈Ω v(w,θIEO).

Among the three methods, SAA is model-free while ETO and IEO are model-based. ETO separates
estimation (via MLE) with downstream optimization, while IEO integrates the latter into the
estimation process. Our primary focus is to statistically compare these three data-to-decision pipelines
in the so-called locally misspecified regime, which we discuss next.

Throughout the paper we assume certain classical technical assumptions on the cost c and the
distribution Pθ to ensure the asymptotic normality of certain M -estimators under Pθ0

and the Cramer-
Rao lower bound. In particular, they require relevant population minimizers of minw Eθ0 [c(w, z)],
minθ Eθ0 [− log pθ(z)] and minθ Eθ0 [c(wθ, z)] are uniquely attained in the interior of the parameter
spaces. See Assumptions 3 and 4 in the Appendix for precise statements.

2.3 Local Misspecification

We first explain local misspecification intuitively before providing formal definitions. Recall the
ground-truth data generating distribution Q, and our parametric distribution family (i.e., model)
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{Pθ : θ ∈ Θ}. At a high level, we assume that for a finite data size n, Q could deviate from the
model in a certain “direction". However, as n is sufficiently large, we expect to have a more accurate
model, and Q will approach a distribution in {Pθ : θ ∈ Θ}, which we denote as Pθ0 for some θ0 ∈ Θ.
In other words, {Pθ : θ ∈ Θ} is misspecified to Q in a “local" sense, and such misspecification will
ultimately vanish. From now on, we use Pθ0

to represent this distribution. Note that neither Pθ0
nor

θ0 are known in practice.

To introduce the local misspecification regime, we first formally define a notion called local
perturbation for describing the deviation between two distributions. We work with a general form
of local perturbation [van der Vaart, 2000, Fan et al., 2022, Duchi and Ruan, 2021, Duchi, 2021]
where the ground truth distribution Q is related to Pθ0

through a general tilt the distribution (we will
provide many classical examples in Appendix A.2):

Definition 1 (Local Perturbation). Consider a scalar function u(z) : Z → R with zero mean
Eθ0

[u] = 0 and finite second order moment Eθ0
[u2]. We define a tilted distribution Qt for t ∈ R

with probability density (mass) function qt with respect to the dominated measure (note that Qt is
not necessarily in the parametric family {Pθ : θ ∈ Θ}) with q0 = pθ0 . We further assume for all t,
qt is differentiable for almost every z, as well as the quadratic mean differentiability condition:∫ (

√
qt −

√
pθ0

− 1

2
tu
√
pθ0

)2

dz = o(t2).

Note that when t = 0, q0 = pθ0 .

{log Pθ : θ ∈ Θ}

log Pθ0
log Q

u

t

(a) First direction

{log Pθ : θ ∈ Θ}

log Pθ0

log Q

u

t

(b) Second direction

Figure 1: Local Misspecification

The local perturbation in Definition 1 is standard in classical asymptotic statistics [van der Vaart,
2000] and consists of two crucial elements, the scalar function u(z) and the real value t. Intuitively,
we can think of t as the degree of perturbation and the function u(z) as a certain direction of
perturbation. Figure 1 presents such a geometric interpretation. The parametric family {Pθ : θ ∈ Θ}
could be viewed as a “curve" in the distribution space. Each point on the curve corresponds to a
distribution in the parametric family. If we fix the value t and let the direction u(z) range over all
possible directions, then Q will lie within a neighborhood of radius t around this curve. In this sense,
the perturbation quantity tu(z) acts like the “vector” pointing from Pθ0

to Q where the “length” is t
and the “direction” is given by the vector u(z). Below we will discuss the “local” case where the
radius t vanishes as the sample size goes to infinity. In particular, in Figure 1 (b), the “direction” u(z)
is tangent to the curve. We will discuss this special case in the latter part of this paper (Theorem 4).

Local misspecification refers to the situation where, as the sample size n increases, the sequence Qt,
where t depends on n, approaches the model. When the ground-truth Qt lies outside the parametric
family, this misspecification adds errors to the standard inference errors on the order Θ(1/

√
n), and

when these two error levels coincide at the same order, we call this scenario balanced misspecification.
More broadly, we consider local misspecification with t = Θ(1/nα) where α ∈ (0,∞), which leads
to the following definition. For n i.i.d. data {zi}ni=1 sampled from Q, let Qn := Q⊗n be the n-fold
product measure of Q denoting their joint distribution, and analogously for Pθ0

.

Definition 2 (Three Local Misspecification Regimes). Let Pn = P⊗n
θ0

. The tilted distribution Qt is
defined in Definition 1. Suppose α > 0 and the joint distribution of the n i.i.d. data is Qn := Q⊗n

1/nα .
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1. (Mild). We call the case when α > 1/2 the mildly misspecified regime.

2. (Balanced). We call the case when α = 1/2 the balanced misspecified regime.

3. (Severe). We call the case when 0 < α < 1/2 the severely misspecified regime.

We note that the local misspecification regime described above should not be taken literally to imply
that the data-generating process depends on the sample size. Instead, it is an information theoretic
device to analyze and compare the local behavior of estimators in situations where the influence of
misspecification is comparable to the order of the statistical error. In other words, we are interested
in the more realistic setting where both misspecification and statistical error are small at a similar
level, instead of assuming vanishing statistical error but fixed misspecification as in previous work
[Elmachtoub et al., 2023, 2025].

3 Main Results

We derive theoretical results to compare the asymptotic performances of the three methods, SAA,
ETO, and IEO, that encompass the three local misspecification regimes in Definition 2. We first list
out several standard assumptions. We define sθ0

(z) = ∇θ log pθ0
(z) as the score function at θ0

mapping from Z → Rdθ . Recall that v(w,θ) =
∫
c(w, z)pθ(z)dz.

Assumption 1 (Smoothness). Assume that

1. The function v(w,θ) is twice continuously differentiable with respect to (w,θ) at (wθ0
,θ0)

with a Hessian matrix, denoted by
[
V Σ
Σ⊤ ∗

]
, where ∗ denotes a matrix that is not of

interest. Assume Σ ∈ Rdw×dθ is full-rank and V ∈ Rdw×dw is invertible.

2. The function θ 7→ wθ is well-defined on a neighborhood of θ0, twice continuously
differentiable at θ0 with a full-rank gradient matrix ∇θwθ|θ=θ0

∈ Rdθ×dw .

3. The Fisher information matrix I := Eθ0
[sθ0

(z)sθ0
(z)⊤] ∈ Rdθ×dθ is well-defined and

invertible.

Note that the matrices above are fixed quantities and are not related to whether the model is well-
specified or misspecified. These matrices are critical for characterizing the sensitivity of the target
stochastic optimization problem. We also define Φ = ∇2

θ1θ1

∫
c(wθ1 , z)pθ0(z)dz|θ1=θ0 . The

following lemma provides closed-form expressions for the gradient ∇θwθ and matrices Σ, Φ.
Lemma 1. Under Assumption 1, it holds that

∇θwθ|θ=θ0
= −Σ⊤V −1, Σ = Eθ0

[
∇wc(wθ0

, z)sθ0
(z)⊤

]
, Φ = Σ⊤V −1Σ.

Next, we introduce the influence function which is a key ingredient in our derived formulas.
Originating from robust statistics [Hampel, 1974], it is the functional derivative of an estimator
with respect to the data distribution. In our context, this refers to the derivative of the decision
obtained from the estimation-optimization pipeline. Specifically, the influence functions for SAA,
IEO and ETO are respectively

IFSAA(z) = −V −1∇wc(wθ0
, z),

IFIEO(z) = V −1ΣΦ−1∇θc(wθ0 , z),

IFETO(z) = −V −1ΣI−1sθ0
(z),

all of which are Rdw -valued. Regarding notations, ∇wc(wθ0
, z) is the gradient of the map w 7→

c(w, z) at w = wθ0
, and ∇θc(wθ0

, z) is the gradient of the map θ 7→ c(wθ, z) at θ = θ0.

Finally, we introduce regret as the criterion to evaluate the quality of a decision w. Since we conduct
local asymptotic analysis, the definition of regret is slightly different from the classical definition
in asymptotic or finite-sample analysis [Lam, 2021, Elmachtoub and Grigas, 2022], as it needs to
account for the changing sample size. We define vn and w∗

n as follows:

w∗
n := argmin

w∈Ω
vn(w) := EQn

[
1

n

n∑
i=1

c(w, zi)

]
.
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In the local misspecification setting, when the sample size is n, the data distribution is given by Qn.
Hence, vn(w) represents the ground-truth expected cost, and w∗

n is interpreted as the corresponding
optimal solution at sample size n.
Definition 3 (Regret). For any distribution Qn and any w ∈ Ω, the regret of w at sample size n is
defined as

RQn(w) = vn(w)− vn(w
∗
n).

In the rest of this section, we conduct a comprehensive analysis on the regrets using the three
estimation-optimization methods, for the three misspecification regimes introduced in Definition 2.

3.1 Balanced Misspecification

To state our main results, we define, for □ ∈ {SAA, IEO,ETO},
N□ := N(0, var(IF□(z))),

b□ := Eθ0
[u(z)(IF□(z)− IFSAA(z))] ∈ Rdw ,

R□ := 1
2

∥∥∥b□∥∥∥2
V

∈ R,

where N□ is the normal distribution with zero mean and covariance matrix var(IF□(z)). Note that
unless otherwise specified, var(·) should always be interpreted as varPθ0

(·).
Theorem 1 (Asymptotics under Balanced Misspecification). Suppose Assumptions 1, 3, and 4 hold.
In the balanced regime in Definition 2, under Qn, for □ ∈ {SAA,ETO, IEO},

√
n(ŵ□ −w∗

n)
Qn

→ N□ + b□ ,

nRQn(ŵ□)
Qn

→ 1

2

(
N□ + b□

)⊤
V

(
N□ + b□

)
.

In terms of bias, 0 =
∥∥bSAA

∥∥
V

≤
∥∥bIEO

∥∥
V

≤
∥∥bETO

∥∥
V

. In terms of variance, var
(
NSAA

)
≥

var
(
N IEO

)
≥ var

(
NETO

)
.

Theorem 1 states that when α = 1/2, i.e., the degree of misspecification is of the same order as
the statistical error, the gap between the data-driven and optimal decisions is asymptotically normal.
Moreover, this normal has mean zero for SAA (note bSAA = 0 and RSAA = 0), but generally nonzero
for ETO and IEO. More importantly, in the asymptotic limit, b□ represents the bias coming from
model misspecification as it involves u, while N□ captures the data noise variability. We highlight
that the dependence on u in b directly implies that the ETO and IEO estimator are non-regular in the
sense of van der Vaart [2000]. The theorem shows that in terms of bias, SAA generally outperforms
IEO which in turn outperforms ETO. On the the hand, the ordering is reversed for variance. As a
result there is no universal ordering for the overall error in general. The next theorem lifts further to
compare the regrets of SAA, ETO and IEO under the balanced regime.
Theorem 2 (Regret Comparisons under Balanced Misspecification). Let

G□ :=
1

2
(N□ + b□)⊤V

(
N□ + b□

)
denote the limiting regret distribution of □ ∈ {SAA,ETO, IEO} in Theorem 1. Then E[G□] =
E[ 12 (N

□)⊤V N□] + 1
2 (b

□)⊤V b□. Moreover,

E
[
1

2

(
NETO)⊤ V NETO

]
≤ E

[
1

2

(
N IEO)⊤ V N IEO

]
≤ E

[
1

2

(
NSAA)⊤ V NSAA

]
,

1

2

(
bSAA)⊤ V bSAA ≤ 1

2

(
bIEO)⊤ V bIEO ≤ 1

2

(
bETO)⊤ V bETO.

Like Theorem 1, while Theorem 2 shows a lack of universal ordering for regrets, it depicts a
decomposition of the asymptotic distribution of the regret into two parts where two opposite orderings
emerge. In particular, it suggests that while ETO is best in terms of variance, and SAA best in terms
of bias, IEO is in between and could potentially induce a lower decision error compared to the other
two methods.

Another important insight from Theorems 1 and 2 regards the explicit form of the bias and variance.
For this, let us introduce the analogous results for severe and mild misspecification regimes and
discuss the formulas along the way.
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3.2 Severe Misspecification

We first formally describe the O(1/
√
n) order of the statistical error via the following assumptions

borrowed from Fang et al. [2023]. The assumption is natural because it says the empirical part
deviates from the expected part at the rate O(1/

√
n). .

Assumption 2 (Statistical Error Order). For i.i.d. {zi}ni=1 with joint distribution Qn, let

θKL
n := argmax

θ∈Θ
EQn

[
1

n

n∑
i=1

log pθ(zi)

]
,

θ∗
n := argmin

θ∈Θ
EQn

[
1

n

n∑
i=1

c(wθ, zi)

]
.

Assume that
∥∥ŵETO −wθKL

n

∥∥,
∥∥ŵIEO −wθ∗

n

∥∥ and
∥∥ŵSAA −w∗

n

∥∥ are all of order OQn(1/
√
n).

Moreover, assume that the matrix ∇2
wwvn(w

∗
n) → V as n → ∞.

Theorem 3 (Asymptotics under Severe Misspecification). Suppose Assumptions 1, 2, 3 and 4 hold.
In the severely misspecified case, under Qn, for □ ∈ {SAA,ETO, IEO},

nα(ŵ□ −w∗
n)

p→ b□ ,

n2αRQn(ŵ□)
p→ R□ =

1

2
∥b□∥2V .

In terms of variance, 0 = var
(
bSAA

)
= var

(
bIEO

)
= var

(
bETO

)
. The comparison of bias has the

same form as the regret (stated in the next theorem).
Theorem 4 (Bias/Regret Comparisons under Severe Misspecification). Under the same setting as in
Theorem 3, we have 0 =

∥∥bSAA
∥∥
V

≤
∥∥bIEO

∥∥
V

≤
∥∥bETO

∥∥
V

and 0 = RSAA ≤ RIEO ≤ RETO.

Theorems 3 and 4 stipulate that, once the degree of misspecification is larger than the statistical error
(0 < α < 1/2), SAA will dominate ETO which will further dominate IEO. This is because in this
regime only the bias surfaces, and this ordering is in line with the bias ordering in Theorems 1 and 2.

In both the balanced and the severe misspecification cases, the bias term can be significant relative
to the variance. In all cases, the bias has the form b□ = Eθ0

[u(z)(IF□(z) − IFSAA(z))], an inner
product between the misspecification direction and the difference of influence functions between the
considered estimation-optimization pipeline and SAA. Note that the latter difference is always zero
for SAA, which coincides with the model-free nature of SAA that elicits zero bias. On the other hand,
for either IEO or ETO, the bias effect can be minimized if the misspecification direction is orthogonal
to the influence function difference. While this characterization is generally opaque, the following
provides a more manageable sufficient condition.
Theorem 5 (Approximately Impactless Misspecification Direction). Let the assumptions in Theorem 3
hold. If u(·) ∈

{
β⊤sθ0

(·) : β ∈ Rdθ
}

, then bETO (and thus bIEO and bSAA) = 0.

Theorem 5 states that if the misspecification direction is in the linear span of the score function of
the imposed model at θ0, the asymptotic bias is zero for all methods. Figure 1 (b) illustrates such a
direction, where u(z) is tangential to the model {Pθ} at Pθ0

. In this case, the interesting direction of
misspecification u(z) aligns with the parametric information and couples the influence function of
ETO and SAA. As a result, ETO can induce zero decision bias by merely conducting MLE to infer θ,
even though the model is misspecified.

Note that the condition in Theorem 5 depends only on the parametric model, but not the downstream
optimization problem. Nonetheless, it already allows us to understand and provide examples where a
model misspecification can be significant, namely shooting outside the parametric model, yet the
impact on the bias of the resulting decision is negligible. We provide an explicit example as follows.
Example 1. Consider the distribution family {Pθ : θ ∈ R} to be normal distributions with variance 1,
N(θ, 1), where θ0 = 0. We define the tilted distribution Qt(z) with density qt(z) ∝ (1+tz)+e

−z2/2.
In this case, Qt(z) satisfies Definition 1 and the conditions in Theorem 5, but Qt ̸∈ {Pθ : θ ∈ R}.

In Example 1, the parametric family is a normal location family, while at θ0 = 0, the perturbed
distribution family Qt is never normally distributed for all t > 0. The direction of perturbation
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(misspecification) at θ0 here is u(z) = sθ0(z) = z. In other words, even if the ground truth
distribution of uncertain parameters is complicated, model-based approaches under a simplified and
misspecified parametric family can still be employed with a satisfying decision regret performance.

3.3 Mild Misspecification

Finally, we establish results under mild misspecification.
Theorem 6 (Asymptotics and Comparisons under Mild Misspecification). Suppose Assumptions 1, 3
and 4 hold. In the mildly misspecified case, under Qn, for □ ∈ {SAA,ETO, IEO},

√
n(ŵ□ −w∗

n)
Qn

→ N□ ,

nRQn(ŵ□)
Qn

→ 1

2
(N□)⊤V N□.

Moreover, in terms of bias, all three estimators have asymptotically zero biases. In terms of variance,
var

(
NSAA

)
≥ var

(
N IEO

)
≥ var

(
NETO

)
. In terms of regret, it holds that

1

2
(NETO)⊤V NETO ⪯st

1

2
(N IEO)⊤V N IEO ⪯st

1

2
(NSAA)⊤V NSAA .

Theorem 6 shows that the obtained solutions (consequently also the regret) exhibit asymptotic
behaviors in accordance with the universal ordering of ETO best, then IEO, and then SAA. In this
regime, the bias is negligible, while the variance is the dominant term, and the regret distribution is
related to the variance. The phenomenon also holds in the well-specified regime stated as follows.
Proposition 1 (Asymptotics under Well-Specification[Elmachtoub et al., 2023]). In the well-specified
case where Q = Pθ0

, under Assumptions 1, 3 and 4, for □ ∈ {SAA,ETO, IEO}, we have

√
n
(
ŵ□ −w∗

)
=

1√
n

n∑
i=1

IF□(zi) + oPn(1).

Moreover, var
(
IFSAA(z)

)
≥ var

(
IFIEO(z)

)
≥ var

(
IFETO(z)

)
. If dθ = dw and Σ is a square and

full-rank matrix, then var
(
IFSAA(z)

)
= var

(
IFIEO(z)

)
.

4 Numerical Experiments

In this section, we validate our findings by conducting numerical experiments on the newsvendor
problem, a classic example in operations research with non-linear cost objectives. We show and
compare the performances of the three data-driven methods in the finite-sample regimes under
different local misspecification settings, including different directions and degrees of misspecification.
The experimental results in the finite-sample regime are consistent with our asymptotic comparisons.
All computations were carried out on a personal desktop computer without GPU acceleration.

The newsvendor problem has the objective function c(w, z) = a⊤ (w − z)
+
+d⊤ (z −w)

+, where
for each j ∈ [dz]: (1) z(j) is the customers’ random demand of product j; (2) w(j) is the decision
variable, the ordering quantity for product j; (3) a(j) is the holding cost for product j; (4) d(j) is the
backlogging cost for product j. We assume the random demand for each product are independent
and the holding cost and backlogging cost is uniform among all products by setting a(j) = 5 and
d(j) = 1 for all j ∈ [dz].

We describe the local misspecified setting by using the framework of Example 5 and building a
model and generating a random demand dataset as follows. We denote the training dataset as{
z
(j)
i

}n

i=1
, where n is the training sample size. The model assumes that the demand for each product

j ∈ [dz] is normally distributed with the distribution N(jθ, 1) where θ is unknown and needs to be
learned. We first describe the well-specified setting, where the demand distribution for product j
is N(3j, 1). In this case, the probability density function of the random demand of each product
is pj(z

(j)) ∝ exp(−(z(j) − 3j)2/2). To describe the local misspecification, we need to specify
the direction and degree of misspecification, i.e., the expression of u(z) and α in Section 2.3. We
set (1) α = 0.1 to denote the severely misspecified setting, (2) α = 0.5 to denote the balanced
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setting and α = 2 to denote the mildly misspecified setting. We discuss two types of directions: (1)
u(z) =

∏dz

j=1

(
z(j)

)2
; (2) u(z) =

∏dz

j=1

(
z(j) − 3j

)2
/2.

We show experimental results in Figure 2 - Figure 3 to support our theoretical results in Section 3,
using the mean, median, 25-th quantile, 75-th quantile and histograms of the regret. When u(z) =∏dz

j=1

(
z(j)

)2
and u(z) =

∏dz

j=1

(
z(j) − 3j

)2
/2, in the mildly specified case, ETO has a lower

regret than IEO, and IEO has a lower regret than SAA. However, in the severely misspecified regime,
the ordering of the three methods flips. This is consistent with our theoretical comparison results in
Theorems 6 and 4. In the balanced regime, experimental results show that IEO has the lowest regret
among the three methods. This is also consistent with the theoretical insight in Theorem 2 that IEO
has the advantage of achieving bias-variance trade-off in terms of the decisions and regrets.

(a) Mildly Misspecified (b) Balanced (c) Severely Misspecified

Figure 2: The direction of misspecification satisfies u(z) =
∏dz

j=1

(
z(j)

)2
.

(a) Mildly Misspecified (b) Balanced (c) Severely Misspecified

Figure 3: The direction of misspecification satisfies u(z) =
∏dz

j=1

(
z(j) − 3j

)2
/2.

5 Conclusions and Discussions

In this paper, we present the first results on analyzing local model misspecification in data-driven
optimization. Our framework captures scenarios where the model-based approach is nearly well-
specified, moving beyond the existing dichotomy of well-specified and misspecified models. We
conduct a detailed analysis of the relative performances of SAA, ETO, and IEO, providing insights
into their bias, variance, and regret. By classifying local misspecification into three regimes, our
analysis illustrates how varying degrees of misspecification impacts performance. In particular, we
show that in the balanced misspecification case, ETO exhibits the best variance, SAA exhibits the best
bias, while IEO entails a bias-variance tradeoff that can potentially result in lower overall decision
errors than both ETO and SAA. Additionally, we derive closed-form expressions for decision bias and
variance. From this, we show how the orthogonality between the misspecification direction and the
difference of influence functions can lead to bias cancellation, and provide more transparent sufficient
condition for such phenomenon in relation to the tangentiality on the score function. Technically,
we leverage and generalize tools from contiguity theory in statistics to establish the performance
orderings and the clean, interpretable bias and variance expressions. Future research directions include
extending our framework to contextual or constrained optimization problems, where challenges like
feasibility guarantees and model complexity become increasingly significant.
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NeurIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and follow the (optional) supplemental material. The checklist does NOT count
towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

• You should answer [Yes] , [No] , or [NA] .
• [NA] means either that the question is Not Applicable for that particular paper or the

relevant information is Not Available.
• Please provide a short (1–2 sentence) justification right after your answer (even for NA).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While "[Yes] " is generally preferable to "[No] ", it is perfectly acceptable to answer "[No] " provided a
proper justification is given (e.g., "error bars are not reported because it would be too computationally
expensive" or "we were unable to find the license for the dataset we used"). In general, answering
"[No] " or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justification to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification
please point to the section(s) where related material for the question can be found.

IMPORTANT, please:

• Delete this instruction block, but keep the section heading “NeurIPS Paper Checklist",
• Keep the checklist subsection headings, questions/answers and guidelines below.
• Do not modify the questions and only use the provided macros for your answers.

1. Claims
Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?
Answer: [Yes]
Justification: The main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope on the local misspecification analysis of three date-driven
stochasitic optimization methods.
Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
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Justification: The contextual and constrained case can be future research directions.

Guidelines:

• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used
by reviewers as grounds for rejection, a worse outcome might be that reviewers
discover limitations that aren’t acknowledged in the paper. The authors should use
their best judgment and recognize that individual actions in favor of transparency play
an important role in developing norms that preserve the integrity of the community.
Reviewers will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: For each theoretical result, the paper provides the full set of assumptions and a
complete (and correct) proof (some in the appendix).

Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility
Question: Does the paper fully disclose all the information needed to reproduce the
main experimental results of the paper to the extent that it affects the main claims and/or
conclusions of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: The paper has introduced the experiment setup and problem parameters.

Guidelines:
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• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all
submissions to provide some reasonable avenue for reproducibility, which may depend
on the nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient
instructions to faithfully reproduce the main experimental results, as described in
supplemental material?
Answer: [Yes]
Justification: The paper provides open access to the data and code.
Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).
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• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits,
hyperparameters, how they were chosen, type of optimizer, etc.) necessary to understand
the results?

Answer: [Yes]

Justification: The paper has provided experimental setting and details.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.

7. Experiment statistical significance
Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: The paper has provided statistical significance of the experiments.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars,

confidence intervals, or statistical significance tests, at least for the experiments that
support the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
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• The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

• The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
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Answer: [Yes]
Justification: The research conducted in the paper conform, in every respect, with the
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Guidelines:
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Answer: [NA]
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• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
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• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with
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that users adhere to usage guidelines or restrictions to access the model or implementing
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service of that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the

package should be provided. For popular datasets, paperswithcode.com/datasets
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create an anonymized URL or include an anonymized zip file.
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Justification: The paper does not involve crowdsourcing nor research with human subjects.
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• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
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A Additional Examples and Techniques Details

A.1 Examples of Data-Driven Optimization in Operations Research wtih Nonlinear Cost
Objectives

We now give two canonical examples of stochastic optimization problems in operations research with
non-linear cost objectives.
Example 2 (Multi-Product Newsvendor Problem). The newsvendor problem has the objective
function c(w, z) = a⊤ (w − z)

+
+d⊤ (z −w)

+, where for each j ∈ [dz]: (1) z(j) is the customers’
random demand of product j, ; (2) w(j) is the decision variable, the ordering quantity for product j;
(3) a(j) is the holding cost for product j; (4) d(j) is the backlogging cost for product j and (5) the
goal is to minimize the expected total cost.

Consider another classical problem in operations research, the portfolio optimization problem [Kallus
and Mao, 2022, Grigas et al., 2021, Elmachtoub et al., 2023].
Example 3 (Portfolio Optimization). Let dw = dz + 1 and denote the cost function as c(w, z) =

γ
(
w⊤(z,−1)

)2
+exp

(
−w⊤ (z, 0)

)
. The decision w satisfies

(
w(1), w(2), ..., w(dw−1)

)
∈ Rdw−1,

denoting the investment fraction on products 1, 2, ...dz(i.e., dw−1) and w(dw) is an auxiliary decision
variable. The first component represents the risk (variance) of the portfolio and the second component
represents the exponential utility of the portfolio.

A.2 Further Examples of Local Misspecification

Example 4 (Parametric Perturbation: Quadratic Mean Differentiability (QMD) family). Suppose
Pn = P⊗n

θ0
for some fixed θ0. Consider a sequence of vectors in Rdθ , say {hn}∞n=1. Suppose the

joint distribution of {zi}ni=1, Qn, is also in the parametric family, but is of the form P⊗n
θ0+hn

. If there
exists a score function ℓ̇θ(z) : Z → Rdθ with Eθ0 [ℓ̇θ0(z)] = 0 such that∫ (

√
pθ0+hn

−√
pθ0

− 1

2
ℓ̇⊤θ0

hn
√
pθ0

)2

dz = o(∥hn∥2),hn → 0.

In particular, in our framework, we focus on the case where hn = h/nα for a fixed vector h. When
α = 1/2, van der Vaart [2000] shows that the likelihood ratio between Qn and Pn satisfies:

log
dQn(z1, ...,zn)

dPn(z1, ...,zn)
=

1√
n

n∑
i=1

h⊤ℓ̇θ0
(zi)−

1

2
h⊤Ih+ oPn(∥h∥2),

where I := Eθ0 [ℓ̇θ0 ℓ̇
⊤
θ0
] denotes the Fisher information. In other words, under Pn

log
dQn(z1, ...,zn)

dPn(z1, ...,zn)

Pn

→ N(−1

2
h⊤Ih,h⊤Ih),

where the limiting distribution is a Gaussian distribution with mean − 1
2h

⊤Ih and variance h⊤Ih.

In the previous example, the ground truth distribution Q is still in {Pθ : θ ∈ Θ} but is in the local
neighbourhood of Pθ0

. The more common and interesting examples are when Q ̸∈ {Pθ : θ ∈ Θ} as
discussed in examples below.
Example 5 (Semi-parametric Local Perturbation: Part I). Suppose Pθ0

is a given distribution, and
u(z) : Z → R is an unobserved random variable with Eθ0

[u] = 0 and a finite variance Eθ0
[u2]. For

a scalar t in a neighborhood of zero, we define the tilted distribution of Pθ0
, called Qt, as

dQt(z) =
exp(tu(z))

Ct
dPθ0

(z)

where Ct =
∫
exp(tu(z))dPθ0(z) < ∞ is a normalization constant. Clearly Qt=0 = Pθ0 .

Lemma 2 (Log Likelihood Ratio Property in Example 5). Under Definition 2, when α = 1/2, i.e.,
Qn = Q⊗n

1/
√
n

, the log-likelihood ratio between Qn and Pn satisfies:

log
dQn(z1, ...,zn)

dPn(z1, ...,zn)
=

1√
n

n∑
i=1

u(zi)−
1

2
Eθ0

[u2] + oPn(1) .
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This implies, under Pn, log dQn(z1,...,zn)
dPn(z1,...,zn)

Pn

→ N(− 1
2Eθ0

[u2],Eθ0
[u2]).

Example 6 (Semi-parametric Local Perturbation: Part II). Consider the random variable u(z) : Z →
R with a zero mean, Eθ0 [u] = 0, and finite second moment, say Eθ0 [u

2]. Now we define the tilted
distribution:

dQt(z) =
[1 + tu(z)]+

Ct
dPθ0

(z) where Ct =

∫
[1 + tu(z)]+ dPθ0

(z).

In particular, in our framework we focus on the case where Q = Q1/nα and Qn := Q⊗n
1/nα . When

α = 1/2, by Duchi [2021], the log likelihood ratio satisfies

log
dQn(z1, ...,zn)

dPn(z1, ...,zn)
=

1√
n

n∑
i=1

u(zi)−
1

2
Eθ0

[u2] + oPn(1).

In other words, under Pn,

log
dQn(z1, ...,zn)

dPn(z1, ...,zn)

Pn

→ N(−1

2
Eθ0 [u

2],Eθ0 [u
2]).

Example 7 (Semi-parametric Local Perturbation: Part III). Consider the function g : R → [−1, 1] be
any three-times continuously differentiable function where g(x) = x for x ∈ [−1/2, 1/2] and g′ ≥ 0
and the first three derivatives of g are bounded. Consider the random variable u(z) : Z → R with a
zero mean Eθ0

[u] = 0 and finite second moment, say Eθ0
[u2]. Now, for t ∈ R, we define the tilted

distribution

dQt(z) =
1 + g(tu(z))

Ct
dPθ0

(z) where Ct = 1 +

∫
g(tu(z))dPθ0

(z).

In particular, in our framework we focus on the case where Q = Q1/nα and Qn := Q⊗n
1/nα . When

α = 1/2, by Duchi and Ruan [2021], the log likelihood ratio satisfies the following Property:

log
dQn(z1, ...,zn)

dPn(z1, ...,zn)
=

1√
n

n∑
i=1

u(zi)−
1

2
Eθ0

[u2] + oPn(1).

In other words, under Pn,

log
dQn(z1, ...,zn)

dPn(z1, ...,zn)

Pn

→ N(−1

2
Eθ0

[u2],Eθ0
[u2]).

Example 8 (Semi-parametric Local Perturbation: Part IV (QMD Family)). Consider a scalar function
u(z) : Z → R with zero mean Eθ0

[u] = 0 and finite second order moment Eθ0
[u2]. We define

a tilted distribution Qt for t ∈ R with probability density (mass) function qt with respect to the
dominated measure (note that Qt is not necessarily in the parametric family {Pθ : θ ∈ Θ}) with
q0 = pθ0

. We further assume the quadratic mean differentiability∫ (
√
qt −

√
pθ0 −

1

2
tu
√
pθ0

)2

dz = o(t2).

Note that when q0 = pθ0
. In particular, in our framework we focus on the case where Q = Q1/nα

and Qn := Q⊗n
1/nα . When α = 1/2, by Duchi [2021], we have

log
dQn(z1, ...,zn)

dPn(z1, ...,zn)
=

1√
n

n∑
i=1

u(zi)−
1

2
Eθ0 [u

2] + oPn(1).

Note that Example 8 is the most general version and includes Example 6-7 as particular examples
under some mild assumptions.
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A.3 Additional Technical Details

We introduce standard regularity assumptions for general M -estimation problems in asymptotic
statistics [van der Vaart, 2000], which include our SAA, ETO, and IEO methods as examples.
Assumption 3 (Regularity Assumptions for M -estimation). Suppose the i.i.d. random variables
{zi}ni=1 follows a distribution Q. Suppose the function z → mζ(z) is measurable with respect to z
for all ζ and

1. supζ
∣∣ 1
n

∑n
i=1 mζ(zi)− EQ [mζ(z)]

∣∣ p→ 0,

2. there exists ζ∗ = argmaxζ EQ [mζ(z)], for all ε > 0, supζ:∥ζ−ζ∗∥≥ε EQ [mζ(z)] <

EQ [mζ∗(z)],

3. the mapping ζ → mζ(z) is differentiable at ζ∗ for Q-almost every z with derivative
∇ζmζ∗(z) and such that for every ζ1 and ζ2 in a neighbourhood of ζ∗ and a measurable
function K with EQ[K(z)2] < ∞

|mζ1(z)−mζ2(z)| ≤ K(z) ∥ζ1 − ζ2∥ .

4. assume that the mapping ζ → EQ[mζ(z)] admits a second-order Taylor expansion at a
point of maximum ζ∗ with nonsigular symmetric second order matrix Vζ∗ .

If the random sequence ζ̂n satisfies 1
n

∑n
i=1 mζ̂n

(zi) = supζ
∑n

i=1 mζ̂(zi), then ζ̂n
p→ ζ∗ and

√
n
(
ζ̂n − ζ∗

)
= −V −1

ζ∗
1√
n

n∑
i=1

∇ζmζ∗(zi) + oQ(1).

Throughout this paper, we assume Assumption 3 holds.

• For SAA, consider mζ(z) = −c(w, z) with the parameter ζ = w.
• For ETO, consider mζ(z) = log pθ(z) with parameter ζ = θ.
• For IEO, consider mζ(z) = c(wθ, z) with ζ = θ.

When we say Assumption 3 holds, it means that Assumption 3 holds for the corresponding mζ(z) in
SAA, ETO, and IEO.
Assumption 4 (Interchangeability). For any θ ∈ Θ and w ∈ Ω,

∇θ

∫
∇wc(w, z)⊤pθ(z)dz =

∫
∇wc(w, z)⊤∇θpθ(z)dz,∫

∇wc(w, z)pθ(z)dz|w=w∗ = ∇w

∫
c(w, z)pθ(z)dz|w=w∗

The interchangeability condition in Assumption 4 is a standard assumption in the Cramer-Rao
bound [Bickel and Doksum, 2015]. A standard route to check the interchangeability condition
is to use the dominated convergence theorem. For instance, we provide a way to check the first
interchange equation. If pθ(z) is continuously differentiable with respect to θ, and there exists a real-
valued function q(z) such that

∫
∇wc(w, z)⊤q(z)dz < +∞ and ∥∇θpθ(z)∥∞ ≤ q(z), then we

have ∇θ

∫
∇wc(w, z)⊤pθ(z)dz =

∫
∇wc(w, z)⊤∇θpθ(z)dz. Other sufficient conditions (more

delicate but still based on the dominated convergence theorem) can be found in L’Ecuyer [1990],
Asmussen and Glynn [2007], Glasserman [2004].

Next, we present some auxiliary lemmas that are helpful for deriving our theorems.

The first is a classic lemma in asymptotic statistics, called Le Cam’s third lemma (Example 6.7 in
van der Vaart [2000]).
Lemma 3 (Le Cam’s third lemma). Let Pn and Qn be sequences of probability measures on
measurable spaces (Ωn,Fn) and let Xn be a sequence of random vectors. Suppose that(

Xn, log
dQn

dPn

)
Pn

→ N

((
µ

− 1
2σ

2

)
,

(
Σ τ
τ⊤ σ2

))
,
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then

Xn
Qn

→ N(µ+ τ ,Σ).

We now state a auxiliary lemma about the directional differentiability of the optimal solutions to
stochastic optimization problems.

Lemma 4 (Directional differentiability of optimal solutions: Part I). Consider the distribution Qt(z)
in Definition 1. Let

wt := argmin
w∈Ω

EQt
[c(w, z)] .

Then under Assumptions 1, 3, and 4,

lim
t→0

1

t
(wt −w0) = Eθ0

[u(z)IFSAA(z)].

Equipped with the lemma above, we can get the convergence of nα (w∗
n −wθ0) under the three

locally misspecified regimes:

lim
n→∞

nα (w∗
n −wθ0

) = lim
t→0

1

t
(wt −w0) = Eθ0

[u(z)IFSAA(z)].

Proof of Lemma 4. Note that w∗
n is the minimizer of E [c(w, z)] under Qn while wθ0

under Pn. We
will use the directional differentiablity of optimal solution to derive this fact.

We denote v(w, Qt) as EQt [c(w, z)], G(w, t) := ∇wv(w, Qt) and wt := argmin v(w, Qt). Note
that G(wt, t) = 0 for all t. By implicit function theorem,

lim
t→0

1

t
(wt −w0) = −[∇wG(wθ0

, 0)]−1 ∂

∂t
∇wv(wθ0

, Qt)|t=0

= −∇wwEθ0 [c(wθ0 , z)]
∂

∂t
∇wv(wθ0 , Qt)|t=0

= −V −1 ∂

∂t

∫
∇wc(wθ0 , z)dQt(z)|t=0

= −V −1

∫
∇wc(wθ0

, z)
∂

∂t
dQt(z)|t=0.

From Definition 1, we know that for almost every z, ∂
∂t log qt(z)|t=0 = u(z). Hence, we have for

almost every z,

∂

∂t
qt(z)

∣∣∣
t=0

= q0(z)u(z). (3)

In conclusion,

− V −1

∫
∇wc(wθ0 , z)

∂

∂t
dQt(z)|t=0

= −V −1

∫
∇wc(wθ0

, z) {q0(z)u(z)} dz

Since∫
∇wc(wθ0

, z)

[∫
q0(z)u(z)dz

]
q0(z)dz =

[∫
q0(z)u(z)dz

]
∇wEθ0

[c(wθ0
, z)] = 0

and ∫
∇wc(wθ0

, z)q0(z)u(z)dz = Eθ0
[u(z)∇wc(wθ0

, z)],

we have

−V −1

∫
∇wc(wθ0

, z)
∂

∂t
dQt(z)|t=0 = −V −1Eθ0

[u(z)∇wc(wθ0
, z)] = Eθ0

[u(z)IFSAA(z)].

24



Therefore,

lim
n→∞

√
n(w∗

n −wθ0) = lim
t→0

1

t
(wt −w0) = Eθ0 [u(z)IF

SAA(z)].

More generally, under severely and mildly specified regime, we have further

lim
n→∞

nα(w∗
n −wθ0) = Eθ0 [u(z)IF

SAA(z)].

We note that Lemma 4 holds for Example 5. To be more specific,

qt(z) =
exp(tu(z))

Ct
q0(z) where Ct =

∫
exp(tu(z))q0(z)dz.

Therefore, the derivative of qt(z) with respect to t is

∂

∂t
qt(z) =

q0(z) exp(tu(z))u(z)
[∫

exp(tu(z))q0(z)dz
][∫

exp(tu(z))q0(z)dz
]2

−
[∫

exp(tu(z))q0(z)u(z)dz
]
q0(z) exp(tu(z))[∫

exp(tu(z))q0(z)dz
]2 .

At t = 0, since Eθ0
[u] = 0, we have for almost every z,

∂

∂t
qt(z)

∣∣∣
t=0

= q0(z)u(z)−
[∫

q0(z)u(z)dz

]
q0(z) = q0(z)u(z).

It is also possible to extend the result to other examples under additional regularity assumptions.

For Example 6, the result still holds. Recall that

qt(z) =
[1 + tu(z)]+

Ct
q0(z), Ct =

∫
[1 + tu(z)]+ q0(z)dz.

Hence,

∂

∂t
qt(z)|t=0 = q0(z)

Ct
∂
∂t [1 + tu(z)]+ − [1 + tu(z)]+

∂
∂tCt

C2
t

∣∣∣
t=0

= q0(z)

(
∂

∂t
[1 + tu(z)]+

∣∣∣
t=0

− ∂

∂t
Ct

∣∣∣
t=0

)
= q0(z)

(
u(z)1 {1 + tu(z) ≥ 0}

∣∣∣
t=0

−
∫

u(z)1 {1 + tu(z) ≥ 0}
∣∣∣
t=0

q0(z)dz

)
= q0(z)

(
u(z)−

∫
u(z)q0(z)dz

)
.

The result is the same as (3) and the conclusion of Lemma 4 still holds.

For Example 7, the result still holds. Recall that

qt(z) =
1 + g(tu(z))

Ct
q0(z), Ct =

∫
(1 + g(tu(z))) q0(z)dz.

Hence, by noting that g′(0) = 1,

∂

∂t
qt(z)|t=0 = q0(z)

Ct
∂
∂t (1 + g(tu(z)))− (1 + g(tu(z))) ∂

∂tCt

C2
t

∣∣∣
t=0

= q0(z)

(
∂

∂t
(1 + g(tu(z)))

∣∣∣
t=0

− ∂

∂t
Ct

∣∣∣
t=0

)
= q0(z)

(
u(z)g′(0)−

∫
u(z)g′(0)q0(z)dz

)
= q0(z)

(
u(z)−

∫
u(z)q0(z)dz

)
.

The result is the same as (3) and the conclusion of Lemma 4 still holds.

We provide another auxiliary lemma similar to Lemma 4.
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Lemma 5 (Directional differentiability of optimal solutions: Part II). Consider the distribution Qt in
Definition 1 where Q0 = Pθ0 . We denote

θKL
t := argmax

θ∈Θ
EQt

[log pθ(z)],

θ∗
t := argmin

θ∈Θ
EQt

[c(wθ, z)].

Then under Assumptions 1, 3, and 4, we have

∇tθ
KL
t := lim

t→0

1

t

(
θKL
t − θ0

)
= Eθ0

[u(z)IFETO(z)],

∇tθ
∗
t := lim

t→0

1

t
(θ∗

t − θ0) = Eθ0
[u(z)IFIEO(z)].

Proof of Lemma 5. We denote vKL(θ, Qt) as EQt [log pθ(z)], GKL(θ, t) := ∇θv
KL(θ, Qt) and

θKL
t := argmin vKL(θ, Qt). Note that GKL(θKL

t , t) = 0 for all t. By implicit function theorem,

lim
t→0

1

t

(
θKL
t − θ0

)
= −[∇θGKL(θ0, 0)]

−1 ∂

∂t
∇θv

KL(θ0, Qt)|t=0

= −∇θθEθ0
[log pθ0

(z)]−1 ∂

∂t
∇θv

KL(θ0, Qt)|t=0

= I−1 ∂

∂t

∫
sθ0(z)dQt(z)|t=0

= I−1

∫
sθ0

(z)
∂

∂t
dQt(z)|t=0.

At t = 0, by (3),

∂

∂t
qt(z)

∣∣∣
t=0

= q0(z)u(z).

In conclusion,

I−1

∫
sθ0(z)

∂

∂t
dQt(z)|t=0

=I−1

∫
sθ0

(z)
{
q0(z)h

⊤u(z)
}
dz.

Since ∫
sθ0

(z)

[∫
q0(z)u(z)dz

]
q0(z)dz =

[∫
q0(z)u(z)dz

]
Eθ0

[sθ0
(z)] = 0

and ∫
sθ0

(z)q0(z)u(z)dz = Eθ0
[u(z)sθ0

(z)],

we have

lim
t→0

1

t

(
θKL
t − θ0

)
= I−1

∫
sθ0(z)

∂

∂t
dQt(z)|t=0 = I−1Eθ0 [u(z)sθ0(z)].

Similarly, we denote v∗(θ, Qt) as EQt
[c(wθ, z)], G∗(θ, t) := ∇θv

∗(θ, Qt) and θ∗
t :=

argmin v∗(θ, Qt). Note that G∗(θ∗
t , t) = 0 for all t. By implicit function theorem,

lim
t→0

1

t
(θ∗

t − θ0) = −[∇θG∗(θ0, 0)]
−1 ∂

∂t
∇θv

∗(θ0, Qt)|t=0

= −∇θθEθ0
[c(wθ0

, z)]−1 ∂

∂t
∇θv

∗(θ0, Qt)|t=0

= −Φ−1 ∂

∂t

∫
∇θc(wθ0

, z)dQt(z)|t=0

= −Φ−1

∫
∇θc(wθ0

, z)
∂

∂t
dQt(z)|t=0.
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At t = 0, by (3),
∂

∂t
qt(z)

∣∣∣
t=0

= q0(z)u(z).

In conclusion,

−Φ−1

∫
∇θc(wθ0 , z)

∂

∂t
dQt(z)|t=0

=−Φ−1

∫
∇θc(wθ0

, z) {q0(z)u(z)} dz.

Since ∫
∇θc(wθ0 , z)q0(z)u(z)dz = Eθ0 [u(z)∇θc(wθ0 , z)],

we have

lim
t→0

1

t
(θ∗

t − θ0) = −Φ−1

∫
∇θc(wθ0 , z)

∂

∂t
dQt(z)|t=0 = −Φ−1Eθ0 [u(z)∇θc(wθ0 , z)].

We remark that Lemma 5 also holds for Qt in Example 6 and 7.

B Proofs

In this section, we supplement the proof of the results in this paper.

Proof of Theorem 6. We first notice the fact that, in the mildly misspecified regime, by defining
hn = 1/(nα−1/2) = o(1), we have

log
dQn(z1, ...,zn)

dPn(z1, ...,zn)
=

1√
n

n∑
i=1

hnu(zi)−
1

2
Eθ0

[u2]h2
n + oPn(hn) = oPn(1).

In the mild misspecified case, under Pn, we have a joint central limit theorem[√
n(ŵ□ −wθ0

)

log dQn

dPn

]
Pn

→ N

([
0
0

]
,

[
varθ0

(IF□(z)) 0
0 0

])
.

Using LeCam’s third lemma, we change the measure from Pn to Qn and get that under Qn,
√
n(ŵ□ −wθ0

)
Qn

→ N(0, varθ0
(IF□(z))).

Using the same technique,

nα(w∗
n −wθ0

) → Eθ0
[u(z)IFSAA(z)],

√
n(w∗

n −wθ0) → 0.

In conclusion,
√
n(ŵ□ −w∗

n) =
√
n(ŵ□ −wθ0

)−
√
n(w∗

n −wθ0
)
Qn

→ N(0, varθ0
(IF□(z))).

Let us now consider the regret. We use Taylor expansion of the regret with respect to w at w∗
n and

note that ∇wvn(w
∗
n) = 0 for every n,

vn(ŵ
□)− vn(w

∗
n) =

1

2
(ŵ□ −w∗

n)
⊤∇wwvn(w

∗
n)(ŵ

□ −w∗
n) + oQn(

∥∥∥ŵ□ −w∗
n

∥∥∥2),
n(vn(ŵ

□)− vn(w
∗
n)) =

1

2

√
n(ŵ□ −w∗

n)
⊤∇wwvn(w

∗
n)
√
n(ŵ□ −w∗

n) + oQn(1).

By Assumption 2 that ∇wwvn(w
∗
n) → V , the function f : Ω → R with f(·) := 1

2 (·)
⊤V (·)

and function sequence fn : Ω → R with fn(·) := 1
2 (·)

⊤∇wwvn(w
∗
n)(·) satisfy: for all sequence

{wn}∞n=1, if wn → w for some w ∈ Ω, then fn(wn) → f(w) since continuity is preserved under
multiplication. Using the extended continuous mapping theorem (Theorem 1.11.1 in van der Vaart
and Wellner [1996]), we have under Qn,

n(vn(ŵ
□)− vn(w

∗
n))

Qn

→ 1

2
N□V N□.

Moreover, ETO is stochastically dominated by IEO and IEO is stochastically dominated by SAA.
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Proof of Proposition 1. The asymptotic normality result is directly from van der Vaart [2000] by
noting Lemma 1.

The asymptotic normality of SAA is by Proposition 2A of Elmachtoub et al. [2023]. For ETO and
IEO, Proposition 2B and 2C of Elmachtoub et al. [2023] shows that

√
n
(
θ̂ETO − θ0

)
Pn

→ N(0, I−1),

√
n
(
θ̂IEO − θ0

)
Pn

→ N(0,Φ−1 varθ0
(∇θc(wθ0

, z))Φ−1).

Regarding the notation, varθ0 (∇θc(wθ0 , z))) is the variance of the random gradient ∇θc(wθ, z) at
θ = θ0, under the distribution Pθ0 . Note that the subscript θ0 under the variance is not a variable
here. Using the delta method, we have
√
n
(
θ̂ETO − θ0

)
Pn

→ N(0,∇θw
⊤
θ0
I−1∇θwθ0

) = N(0,V −1ΣI−1Σ⊤V −1) = N(0, varθ0
(IFETO(z))),

√
n
(
θ̂IEO − θ0

)
Pn

→ N(0,∇θw
⊤
θ0
Φ−1 varθ0

(
∇θc(wθ0

, z))Φ−1∇θwθ0

)
= N(0,V −1ΣΦ−1 varθ0

(
∇θc(wθ0 , z))Φ

−1Σ⊤V −1
)

= N(0, varθ0
(IFIEO(z))).

The inequality varθ0(IF
ETO(z)) ≤ varθ0(IF

IEO(z)) ≤ varθ0(IF
SAA(z)) is from Theorem 2 of

Elmachtoub et al. [2023].

Proof of Theorem 3. We use a different decomposition framework this time. We recall

θKL
t := argmax

θ∈Θ
EQt [log pθ(z)],

θ∗
t := argmin

θ∈Θ
EQt [c(wθ, z)],

w∗
t := argmin

w∈Ω
EQt [c(w, z)].

We denote tn := 1/nα. Note that here w∗
tn = w∗

n but generally wθKL
tn

̸= w∗
n, wθ∗

tn
̸= w∗

n. In this
case,

ŵETO −w∗
n = (ŵETO −wθKL

tn
) + (wθKL

tn
−wθ0

)− (w∗
n −wθ0

),

ŵIEO −w∗
n = (ŵIEO −wθ∗

tn
) + (wθ∗

tn
−wθ0

)− (w∗
n −wθ0

),

ŵSAA −w∗
n = (ŵSAA −w∗

tn) + (w∗
tn −wθ0

)− (w∗
n −wθ0

).

We already show in Lemma 4 that

nα(w∗
n −wθ0

) → Eθ0
[u(z)IFSAA(z)].

Next we give a limit of the middle term, using Taylor expansion. For SAA, the middle term is equal
to the third term. For ETO and IEO, wθ0 = wθ∗

t
|t=0 and wθ0 = wθKL

t
|t=0.

wθ∗
t
−wθ0

:= ∇twθ∗
t
+ o(t) = ∇θw

⊤
θ ∇tθ

∗
t + o(t),

wθKL
t

−wθ0 := ∇twθKL
t

+ o(t) = ∇θw
⊤
θ ∇tθ

KL
t + o(t).

By Lemma 5, we can get ∇tθ
∗
t and ∇tθ

KL
t at t = 0:

∇tθ
KL
t = I−1Eθ0

[u(z)sθ0
(z)],

∇tθ
∗
t = −Φ−1Eθ0 [u(z)∇θc(wθ0 , z)].

Moreover,

∇twθKL
t

= ∇θw
⊤
θ ∇tθ

KL
t = −V −1ΣI−1Eθ0(u(z)sθ0(z)) = Eθ0(u(z)IF

ETO(z)),

∇twθ∗
t
= ∇θw

⊤
θ ∇tθ

∗
t = V −1ΣΦ−1Eθ0

[u(z)∇θc(wθ0
, z)] = Eθ0

(u(z)IFIEO(z)).
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Finally, for the middle term,
nα(wθ∗

tn
−wθ0) → Eθ0(u(z)IF

IEO(z)),

nα(wθKL
tn

−wθ0) → Eθ0(u(z)IF
ETO(z)),

nα(w∗
tn −wθ0) → Eθ0(u(z)IF

SAA(z)).

For the first term, under Assumption 2 (ŵETO −wθKL
tn
), (ŵIEO −wθ∗

tn
) and (ŵSAA −w∗

tn) are all
OQn(1/

√
n), then

nα(ŵETO −wθKL
tn
)

p→ 0,

nα(ŵIEO −wθ∗
tn
)

p→ 0,

nα(ŵSAA −w∗
tn)

p→ 0.

When we multiply nα, the term shrinks in probability to 0. In conclusion,

nα(ŵ□ −w∗
n)

p→ b□.

Let us now consider the regret. We use Taylor expansion of the regret with respect to w at w∗
n and

note that ∇wvn(w
∗
n) = 0 for every n,

vn(ŵ
□)− vn(w

∗
n) =

1

2
(ŵ□ −w∗

n)
⊤∇wwvn(w

∗
n)(ŵ

□ −w∗
n) + oQn(

∥∥∥ŵ□ −w∗
n

∥∥∥2),
n2α(vn(ŵ

□)− vn(w
∗
n)) =

1

2
nα(ŵ□ −w∗

n)
⊤∇wwvn(w

∗
n)n

α(ŵ□ −w∗
n) + oQn(1).

By Assumption 2 that ∇wwvn(w
∗
n) → V , the function f : Ω → R with f(·) := 1

2 (·)
⊤V (·)

and function sequence fn : Ω → R with fn(·) := 1
2 (·)

⊤∇wwvn(w
∗
n)(·) satisfy: for all sequence

{wn}∞n=1, if wn → w for some w ∈ Ω, then fn(wn) → f(w) since continuity is preserved under
multiplication. Using the extended continuous mapping theorem (Theorem 1.11.1 in van der Vaart
and Wellner [1996]), we have under Qn,

n2α(vn(ŵ
□)− vn(w

∗
n))

p→ 1

2

(
b□

)⊤
V b□.

Proof of Theorem 4. Recall the influence function of SAA, ETO, IEO:
IFSAA(z) = −V −1∇wc(wθ0

, z),

IFIEO(z) = V −1Σ(Σ⊤V −1Σ)−1Σ⊤V −1∇wc(wθ0 , z) = −V −1PΣ,V ∇wc(wθ0 , z),

IFETO(z) = −V −1ΣI−1sθ0
(z) = −V −1ΣEθ0

[sθ0
(z)sθ0

(z)⊤]sθ0
(z).

For regret comparison, since bSAA = 0, we have RSAA = 0. Also, RIEO ≥ 0 and RETO ≥ 0.

By noting that V = ∇wwEθ0 [c(wθ0 , z)], we observe that

Eθ0 [u(z)IF
IEO(z)]⊤V Eθ0 [u(z)IF

IEO(z)] = Eθ0 [u(z)IF
IEO(z)]⊤V Eθ0 [u(z)IF

SAA(z)].

This is because
Eθ0

[u(z)IFIEO(z)]⊤V Eθ0
[u(z)IFIEO(z)]

=
(
Eθ0

[u(z)∇wc(wθ0
, z)]⊤V −1Σ

(
Σ⊤V −1Σ

)−1
Σ⊤V −1

)
· V ·(

V −1Σ
(
Σ⊤V −1Σ

)−1
Σ⊤V −1Eθ0

[u(z)∇wc(wθ0
, z)]

)
=Eθ0

[u(z)∇wc(wθ0
, z)]⊤V −1Σ

(
Σ⊤V −1Σ

)−1
Σ⊤V −1Eθ0

[u(z)∇wc(wθ0
, z)]

=Eθ0 [u(z)∇wc(wθ0 , z)]
⊤V −1V V −1Σ

(
Σ⊤V −1Σ

)−1
Σ⊤V −1Eθ0 [u(z)∇wc(wθ0 , z)]

=Eθ0
[u(z)IFSAA(z)]⊤V Eθ0

[u(z)IFIEO(z)]

=Eθ0 [u(z)IF
IEO(z)]⊤V Eθ0 [u(z)IF

SAA(z)].
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Now let us prove RETO −RIEO ≥ 0.

2RETO

=Eθ0
[u(z)(IFETO(z)− IFSAA(z))]⊤V Eθ0

[u(z)(IFETO(z)− IFSAA(z))]

=Eθ0 [u(z)IF
ETO(z)]⊤V Eθ0 [u(z)IF

ETO(z)]

− 2Eθ0
[u(z)IFETO(z)]⊤V Eθ0

[u(z)IFSAA(z)] + Eθ0
[u(z)IFSAA(z)]⊤V Eθ0

[u(z)IFSAA(z)]

2RIEO

=Eθ0 [u(z)(IF
IEO(z)− IFSAA(z))]⊤V Eθ0 [u(z)(IF

IEO(z)− IFSAA(z))]

=Eθ0
[u(z)IFIEO(z)]⊤V Eθ0

[u(z)IFIEO(z)]

− 2Eθ0
[u(z)IFIEO(z)]⊤V Eθ0

[u(z)IFSAA(z)] + Eθ0
[u(z)IFSAA(z)]⊤V Eθ0

[u(z)IFSAA(z)]

=− Eθ0
[u(z)IFIEO(z)]⊤V Eθ0

[u(z)IFSAA(z)] + Eθ0
[u(z)IFSAA(z)]⊤V Eθ0

[u(z)IFSAA(z)].

Hence,

2RETO − 2RIEO

=Eθ0
[u(z)IFETO(z)]⊤V Eθ0

[u(z)IFETO(z)]

− 2Eθ0
[u(z)IFETO(z)]⊤V Eθ0

[u(z)IFSAA(z)] + Eθ0
[u(z)IFIEO(z)]⊤V Eθ0

[u(z)IFSAA(z)]

=Eθ0 [u(z)sθ0(z)]
⊤I−1Σ⊤V −1V V −1ΣI−1Eθ0 [u(z)sθ0(z)]

+ 2Eθ0
[u(z)sθ0

(z)]⊤I−1Σ⊤V −1V V −1Eθ0
[u(z)∇wc(wθ0

, z)]

+ E[u(z)∇wc(wθ0
, z)]⊤V −1Σ

(
Σ⊤V −1Σ

)−1
Σ⊤V −1Eθ0 [u(z)∇wc(wθ0 , z)]

=Eθ0
[u(z)sθ0

(z)]⊤I−1
(
Σ⊤V −1Σ

)
I−1Eθ0

[u(z)sθ0
(z)]

+ 2Eθ0
[u(z)sθ0

(z)]⊤I−1Σ⊤V −1Eθ0
[u(z)∇wc(wθ0

, z)]

+ Eθ0
[u(z)∇wc(wθ0

, z)]⊤V −1Σ
(
Σ⊤V −1Σ

)−1
Σ⊤V −1Eθ0

[u(z)∇wc(wθ0
, z)]

=
∥∥∥(Σ⊤V −1Σ

)1/2
I−1Σ⊤V −1Eθ0

[u(z)∇wc(wθ0
, z)]−

(
Σ⊤V −1Σ

)−1/2
Σ⊤V −1Eθ0

[u(z)∇wc(wθ0
, z)]

∥∥∥2
≥0.

The last equality is from the fact that

x⊤Ax− 2x⊤y + y⊤A−1y =
(
A

1
2x−A− 1

2y
)⊤ (

A
1
2x−A− 1

2y
)
.

In conclusion, we have

RETO ≥ RIEO ≥ RSAA = 0.

By the definition of b□ and R□, we know
∥∥b□∥∥

V
=

√
2R□. Hence, by the monotonicity of square

root function, we have 0 =
∥∥bSAA

∥∥
V

≤
∥∥bIEO

∥∥
V

≤
∥∥bETO

∥∥
V

.

Proof of Theorem 5. Part (i): We note that when u(z) = β⊤sθ0(z) for some β ∈ Rdθ ,

bETO

=Eθ0 [u(z)IF
ETO(z)]− Eθ0 [u(z)IF

SAA(z)]

=V −1Eθ0
[∇wc(wθ0

, z)sθ0
(z)⊤]

(
Eθ0

[sθ0
(z)sθ0

(z)⊤]
)−1 Eθ0

[u(z)sθ0
(z)]− V −1Eθ0

[u(z)∇wc(wθ0
, z)]

=V −1Eθ0
[∇wc(wθ0

, z)sθ0
(z)⊤]

(
Eθ0

[sθ0
(z)sθ0

(z)⊤]
)−1 Eθ0

[β⊤sθ0
(z)sθ0

(z)]− V −1Eθ0
[β⊤sθ0

(z)∇wc(wθ0
, z)]

=V −1Eθ0 [∇wc(wθ0 , z)sθ0(z)
⊤]

(
Eθ0 [sθ0(z)sθ0(z)

⊤]
)−1 Eθ0 [sθ0(z)sθ0(z)

⊤β]− V −1Eθ0 [∇wc(wθ0 , z)sθ0(z)
⊤β]

=V −1Eθ0 [∇wc(wθ0 , z)sθ0(z)
⊤]

(
Eθ0 [sθ0(z)sθ0(z)

⊤]
)−1 Eθ0 [sθ0(z)sθ0(z)

⊤]β − V −1Eθ0 [∇wc(wθ0 , z)sθ0(z)
⊤]β

=V −1Eθ0
[∇wc(wθ0

, z)sθ0
(z)⊤]β − V −1Eθ0

[∇wc(wθ0
, z)sθ0

(z)⊤]β

=0.
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To prove Theorem 1, we need a useful result here. When α = 1/2, we can show that the log-likelihood
ratio is asymptotically normal characterized by the mean and variance of the perturbation direction.
This result is used to convert the asymptotics in Pn to Qn by conducting a change of measure
from Pn to Qn, and also contributes to the overall asymptotically normal limit of the decision that
encompasses the bias term. It will also be leveraged later to prove results in the mild misspecification
case.
Lemma 6 (Log Likelihood Ratio Property in Definition 1[Duchi, 2021]). Under Definition 2, when
α = 1/2, i.e., Qn = Q⊗n

1/
√
n

, the log-likelihood ratio between Qn and Pn satisfies:

log
dQn(z1, ...,zn)

dPn(z1, ...,zn)
=

1√
n

n∑
i=1

u(zi)−
1

2
Eθ0

[u2] + oPn(1).

Proof of Theorem 1. By Lemma 2 and Proposition 1, under Pn, we have a joint central limit theorem[√
n(ŵ□ −wθ0)

log dQn

dPn

]
Pn

→ N

([
0

− 1
2Eθ0(u

2)

]
,

[
varθ0(IF

□(z)) Eθ0 [u(z)IF
□(z)]

Eθ0
[u(z)IF□(z)⊤] Eθ0

(u2)

])
.

Using LeCam’s third lemma, we change the measure from Pn to Qn and get that under Qn,
√
n(ŵ□ −wθ0

)
Qn

→ N(Eθ0
[u(z)IF□(z)], varθ0

(IF□(z))).

Next, by Lemma 4 (note that this is not a stochastic convergence but deterministic sequence
convergence)

√
n(w∗

n −wθ0) → Eθ0 [u(z)IF
SAA(z)].

In conclusion,
√
n(ŵ□ −w∗

n) =
√
n(ŵ□ −wθ0

)−
√
n(w∗

n −wθ0
)
Qn

→ N(b□, varθ0
(IF□(z))).

Let us now consider the regret. We use Taylor expansion of the regret with respect to w at w∗
n and

note that ∇wvn(w
∗
n) = 0 for every n,

vn(ŵ
□)− vn(w

∗
n) =

1

2
(ŵ□ −w∗

n)
⊤∇wwvn(w

∗
n)(ŵ

□ −w∗
n) + oQn(

∥∥∥ŵ□ −w∗
n

∥∥∥2),
n(vn(ŵ

□)− vn(w
∗
n)) =

1

2

√
n(ŵ□ −w∗

n)
⊤∇wwvn(w

∗
n)
√
n(ŵ□ −w∗

n) + oQn(1).

By Assumption 2 that ∇wwvn(w
∗
n) → V , the function f : Ω → R with f(·) := 1

2 (·)
⊤V (·)

and function sequence fn : Ω → R with fn(·) := 1
2 (·)

⊤∇wwvn(w
∗
n)(·) satisfy: for all sequence

{wn}∞n=1, if wn → w for some w ∈ Ω, then fn(wn) → f(w) since continuity is preserved under
mulptiplication. Using the extended continuous mapping theorem (Theorem 1.11.1 in van der Vaart
and Wellner [1996]), we have under Qn,

n(vn(ŵ
□)− vn(w

∗
n))

Qn

→ 1

2
N□V N□.

Proof of Theorem 2. Recall that:
√
n(ŵ□ −w∗

n)
Qn

→ N□ := N(b□, varθ0(IF
□(z))).

n(vn(ŵ
□)− vn(w

∗
n))

Qn

→ G□ :=
1

2
(N□)⊤V N□.

By denoting b□ as Eθ0
(u(z)(IF□(z)− IFSAA(z))), we can rewrite G□ as

G□

=
1

2

(
N(0, varθ0

(IF□(z)))− b□
)⊤

V
(
N(0, varθ0

(IF□(z)))− b□
)

=
1

2

[
N(0, varθ0

(IF□(z)))⊤V N(0, varθ0
(IF□(z)))− 2

(
b□

)⊤
V N(0, varθ0

(IF□(z))) +
(
b□

)⊤
V b□

]
.
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By taking the expectation, the cross term is zero. Hence,

E
(
G□

)
=

1

2

[
E
[
N(0, varθ0

(IF□(z)))⊤V N(0, varθ0
(IF□(z)))

]
+

(
b□

)⊤
V b□

]
.

Since varθ0
(IFETO(z)) ≤ varθ0

(IFIEO(z)) ≤ varθ0
(IFSAA(z)), we know the stochastic dominance

of the SAA, IEO and ETO, and their corresponding expectation.

N(0, varθ0
(IFETO(z)))⊤V N(0, varθ0

(IFETO(z)))

⪯stN(0, varθ0(IF
IEO(z)))⊤V N(0, varθ0(IF

IEO(z)))

⪯stN(0, varθ0
(IFSAA(z)))⊤V N(0, varθ0

(IFSAA(z)))

and
E
[
N(0, varθ0

(IFETO(z)))⊤V N(0, varθ0
(IFETO(z)))

]
≤E

[
N(0, varθ0

(IFIEO(z)))⊤V N(0, varθ0
(IFIEO(z)))

]
≤E

[
N(0, varθ0

(IFSAA(z)))⊤V N(0, varθ0
(IFSAA(z)))

]
.

From pervious analysis, we already know(
bETO)⊤ V bETO ≥

(
bIEO)⊤ V bIEO ≥

(
bSAA)⊤ V bSAA.

Therefore, E(G□) consist of two terms. For the first term, ETO is less than IEO, and IEO is less than
SAA. For the second term, the direction is flipped.

Proposition 1 was essentially established by Elmachtoub et al. [2023], but here, we express the
asymptotic behaviors of solutions more explicitly in terms of influence functions. Moreover, these
more explicit expressions arise from a new projection interpretation of influence functions that
allows us to describe the performances geometrically, providing another perspective different from
Elmachtoub et al. [2023].

To this end, let P be the projection matrix onto the column span of Σ with respect to the norm
∥x∥V −1 , i.e.,

Px = argmin
y:y∈col(Σ)

∥y − x∥2V −1 ,

which has a closed-form expression P = Σ
(
Σ⊤V −1Σ

)−1
Σ⊤V −1. Second, define the functional

T : L2(Pθ0
)dw → L2(Pθ0

)dw as the projection operator onto the linear function subspace
{Asθ0

(z) : A ∈ Rdw×dθ}, i.e., for a square integrable function f(z) : Z → Rdw ,

T f = argmin
g:g=Asθ0

(z)

∫
∥f(z)− g(z)∥2 pθ0

(z)dz.

Theorem 7. Under Assumptions 1, 3 and 4, the influence functions of IEO and ETO have the
following projection interpretation.

1. IFIEO(z) = −V −1P∇wc(wθ0
, z),

2. IFETO(z) = −V −1T ∇wc(wθ0
, z).

The above theorem points out that the influence functions of IEO and ETO are essentially projections
of that of SAA, either in vector or function spaces, shedding light on the ordering of their variances
by the contraction properties of projections.

Proof of Theorem 7. The fact that
IFIEO(z) = −V −1P∇wc(wθ0

, z)

is because
IFIEO(z) = V −1ΣΦ−1∇θc(wθ0 , z)

= V −1Σ(∇θwθ0V ∇θw
⊤
θ0
)−1∇θwθ0∇wc(wθ0 , z)

= V −1Σ(Σ⊤V −1V V −1Σ)−1
(
−Σ⊤V −1

)
∇wc(wθ0 , z)

= −V −1PΣ,V ∇wc(wθ0
, z).
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We then show the relationship between IFETO(z) and IFSAA(z). Let T : L2(pθ0)
dw → L2(pθ0)

dθ

be the projection matrix on the linear function subspace {Asθ0
(z) : A ∈ Rdw×dθ}, i.e., for general

function f(z) : Z → Rdθ ,

T f = argmin
g:g=Asθ0

(z)

∫
∥f(z)− g(z)∥2 pθ0

(z)dz.

The influence function of ETO is also a projection, i.e.,

IFETO(z) = V −1T ∇wc(wθ0 , z).

The reason is as follows. For ETO, it suffices to prove the following fact:

T f = Eθ0
(fs⊤θ0

)I−1sθ0
(z)

since Σ = E[∇wc(wθ0
, z)sθ0

(z)]. To prove the fact, we need to show that A∗ =
Eθ0

(f(z)sθ0
(z)⊤)I−1 is the minimizer of the optimization problem

min
A∈Rdw×dθ

∫
∥f(z)−Asθ0

(z)∥2 pθ0
(z)dz.

Since this is essentially a quadratic optimization problem, the stationary point is the global minimum.
Denote the objective function h(A) and we require ∇Ah(A∗) = 0. In other words, for all ĩ, j̃,
∂h(A)/∂Aĩ,j̃ = 0. For simplicity, we write pθ0

(z) as p(z) and sθ0
(z) as s(z). Note that

h(A) =

∫
z∈Z

dw∑
i=1

(fi(z)−
dθ∑
j=1

Aijsj(z))
2p(z)dz

=

dw∑
i=1

∫
z∈Z

fi(z)2 + (

dθ∑
j=1

Aijsj(z))
2 − 2fi(z)

dθ∑
j=1

Aijsj(z)

 p(z)dz

We have

∂h(A∗)/∂Aĩ,j̃ =

∫
z∈Z

−2fĩ(z)sj̃(z) +

2 dθ∑
j=1

Aĩjsj(z)

 p(z)dz = 0.

For all ĩ, j̃, we have∫
z∈Z

fĩ(z)sj̃(z)p(z)dz =

∫
z∈Z

dθ∑
j=1

Aĩjsj(z)sj̃(z)p(z)dz.

Writing in a matrix form, the left hand side is Eθ0(f(z)s(z)
⊤). The write hand side is

Eθ0 [A
∗s(z)s(z)⊤] = A∗Eθ0(s(z)s(z)

⊤) = A∗I . In conclusion, A∗ = E(f(z)s(z)⊤)I−1 and
T f = E(f(z)sθ0

(z)⊤)I−1sθ0
(z).

Proof of Lemma 1. The first identity follows from

Σ⊤ = ∇θ∇wv(w,θ)|w=wθ0
,θ=θ0

= ∇θEθ[∇wc(w, z)]|θ=θ0,w=wθ0

= ∇θ

∫
∇wc(wθ0

, z)pθ0
(z)dz

=

∫
∇θpθ0(z)∇wc(wθ0 , z)

⊤dz

=

∫
(∇θ log pθ0

(z)) pθ0
(z) (∇wc(wθ0

, z))
⊤
dz

= Eθ0
[sθ0

(z) (∇wc(wθ0
, z))

⊤
].
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For the second identity, by implicit function theorem and applying Barratt [2018], we can prove the
first identity

0 = ∇wwv(w,θ0)|w=wθ0
(∇θwθ|θ=θ0)

⊤
+∇w∇θv(w,θ)|w=wθ0

,θ=θ0 ,

⇒ ∇θwθ|θ=θ0
= −∇θ∇wv(w,θ)|w=wθ0

,θ=θ0
· ∇wwv(w,θ0)

−1|w=wθ0
,

= −Σ⊤V −1.

The third identity follows since

Φ = ∇θθEθ0 [c(wθ0 , z)]

= ∇θ

(
∇wEθ0

[c(wθ, z)]∇θw
⊤
θ

)
|θ=θ0

= ∇θwθ∇wwEθ0
[c(wθ0

, z)]∇θw
⊤
θ

=
(
−Σ⊤V −1

)
V

(
−Σ⊤V −1

)⊤
= Σ⊤V −1Σ

by noting that ∇wEθ0
[c(wθ0

, z)] = 0 since wθ0
is the minimizer of the function w → Eθ0

[c(w, z)].

Proof of Lemma 2.

log
dQn(z1, ...,zn)

dPn(z1, ...,zn)
= log

n∏
i=1

exp(u(zi)/
√
n)

C1/
√
n

=
1√
n

n∑
i=1

u(zi)− n logC1/
√
n.

It now suffices to show that n logC1/
√
n = 1

2Eθ0
[u2] + oPn(1). From the definition of Ct, we know

Ct =

∫
exp(tu(z))dPθ0

(z).

Taking the derivative, we have

(Ct)
′ |t=0 =

∫
exp(tu(z))u(z)dPθ0

(z)|t=0 = Eθ0
(u(z)) = 0.

Taking the second order derivative, we have

(Ct)
′′ |t=0 =

∫
exp(tu(z))u(z)u(z)dPθ0

(z)|t=0 = Eθ0
(u2).

By Talor expansion, we have

Ct = 1 +
1

2
Eθ0

[u2]t2 + o(t2)

In conclusion,

n logC1/
√
n = n log

(
1 +

1

2

1√
n
Eθ0

[u2]
1√
n
+ o

(
1

n

))
= n

(
1

2

1√
n
Eθ0

[u2]
1√
n
+ o

(
1

n

))
=

1

2
Eθ0 [u

2] + o(1).
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