Low Degree Hardness for Broadcasting on Trees

Han Huang Elchanan Mossel
Department of Mathematics Department of Mathematics
University of Missouri MIT
Columbia, MO 65203 Cambridge, MA 02139
hhuang@missouri.edu elmos@mit.edu
Abstract

We study the low-degree hardness of broadcasting on trees. Broadcasting on trees
has been extensively studied in statistical physics, in computational biology in
relation to phylogenetic reconstruction and in statistics and computer science in
the context of block model inference, and as a simple data model for algorithms
that may require depth for inference.

The inference of the root can be carried by celebrated Belief Propagation (BP)
algorithm which achieves Bayes-optimal performance. Recent works indicated that
this algorithm in fact requires high level of complexity. Moitra, Mossel and Sandon
constructed a chain for which estimating the root better than random (for a typical
input) is VC'1 complete. Kohler and Mossel constructed chains such that for trees
with N leaves, recovering the root better than random requires a polynomial of
degree N*(1), Both works above asked if such complexity bounds hold in general
below the celebrated Kesten-Stigum bound.

In this work, we prove that this is indeed the case for low degree polynomials.
We show that for the broadcast problem using any Markov chain on trees with
N leaves, below the Kesten Stigum bound, any O(log V) degree polynomial has
vanishing correlation with the root.

Our result is one of the first low-degree lower bound that is proved in a setting that
is not based or easily reduced to a product measure.

1 Introduction

Understanding the computational complexity inference problems of random instances has been
extensively studies in different research areas including statistics, cryptography, computational
complexity, computational learning theory and statistical physics. The emerging field of research is
mainly devoted to the study of computational-to-statistical gaps. ([13} 41} 24])

Recently, low-degree polynomials have emerged as a popular tool for predicting computational-
to-statistical gaps, especially in the context of the Bayesian framework. Our work follows [23]] in
studying the polynomial hardness of broadcasting on trees.

A very exciting line of work, including [[19, [18] 25} 4} [15] 126 17, |9, 40] recently showed that the
“low-degree heuristic” can be used to predict computational-statistical gaps for a variety of problems
such as recovery in general stochastic block models, sparse PCA, tensor PCA, the planted clique
problem, certification in the zero-temperature Sherrington-Kirkpatrick model, the planted sparse
vector problem, and for finding solutions in random k-SAT problems.

Interestingly, it was observed that the predictions from this method often agree with predictions from
statistical physics heuristics based on the replica and cavity methods which are closely related to the
analysis of BP/AMP fixed points, see e.g. 1213 28]).
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It is often argued that low-degree polynomials algorithms are relatively easy to use (e.g. compared to
proving SOS lower bounds), and that low degree polynomials capture the power of the “local algo-
rithms” framework used in e.g. [16}[10] as well as algorithms which incorporate global information,
such as spectral methods or a constant number of iterations of Approximate Message Passing [29].

In this work, we continue to study the power of low-degree polynomials for the (average case)
broadcast on trees problem. In broadcasting on trees the goal is to estimate the value of the Markov
process at the root given its value at the leaves and the goal is to do so for arbitrarily deep trees. Two
key parameters of the model are the arity of the tree d and the magnitude of the second eigenvalue A
of the broadcast chain.

A fundamental result in this area [22] is that when d|\|? > 1 nontrivial reconstruction of the root is
possible by counting the number of the leaves of different types, an algorithm that could be described
as a linear function of the leave values. In contrast, when d |/\\2 < 1, such linear estimators have no
mutual information with the root (but more complex statistics of the leaves may) [30, [36].

This threshold d|\|? = 1 is known as the Kesten-Stigum threshold. A series of works showed that
the KS threshold is the information theory threshold for non-trivial root inference for some specific
channels, including the binary symmetric channel [6] [14} 21, [20] and binary channels that are close
to symmetric [8]], as well as 3 x 3 symmetric channels for large d [39]].

While the Kesten-Stigum bound is easy to compute, it turns out that in many cases, it is not the
information-theoretic threshold for root recovery. This was first established in [30] for symmetric
channels with sufficiently many states, specifically when ¢ > C for some large constant C'. Later it
was shown for symmetric channels with g > 5 states in [39]. Recently, the results [37] provide more
information about the case of ¢ = 3 and ¢ = 4. Many of the finer results in this area prove predictions
from statistical physics. The connection between the broadcast problems and phase transitions in
statistical physics was made in [27]], and more recent predictions include [5 2| 38]]. Moreover, the
information-theoretic threshold may depend on the specific structure of the channel rather than solely
on d and \. Notably, [30] also showed that there exists channels where non-trivial predictions of the
root are achievable even when |A| = 0.

Much of the interest in Kesten-Stigum threshold comes from the fundamental role it plays in problems,
such as algorithmic recovery in the stochastic block model [[11} 33} [7, 35} [1] and phylogenetic
reconstruction [31]]. Count statistics can be viewed as degree 1 polynomials of the leaves, which begs
the question of what information more general polynomials can extract from the leaves. See [32,(34]]
for surveys on the topic.

In [23] it was shown that A = 0 even polynomials of degree N¢, where N = d* is the number of
leaves of for a d-ary tree of depth ¢, for a small ¢ > 0 are not able to correlate with the root label (as
¢ tends to co0), whereas computationally efficient reconstruction is generally possible as long as d is a
sufficiently large constant [30]].

The main motivation of [23] was to prove that low degree polynomials fail below the Kesten Stigum
bound: “It is natural to wonder if the Kesten-Stigum threshold d|\|?> = 1 is sharp for low-degree
polynomial reconstruction, analogous to how it is sharp for robust reconstruction.” However the main
result of [23]] only established this in the very special case of A = 0. This problem is also stated in
the ICM 2022 paper and talk on the broadcast process [34]: “ The authors of [23]] ask if a similar
phenomenon holds through the non-linear regime. For example, is it true that polynomials of bounded
degree have vanishing correlation with X in the regime where dA\? < 1? " The main results of this
paper prove that this is indeed the case. We proceed with formal definitions and statement of the main
result.

1.1 Definitions and Main Result
Rooted Tree

Recall that every rooted tree T" inherently defines a partial order relation among its vertices: For a
pair of distinct vertices, w is said to be an ancestor of v (and v a descendant of u), denoted as v < u
in this paper, if u is contained in the unique path from v to the root p. Specifically, if v and u are
directly connected by an edge, we also refer to v as a child vertex of u (and w as the parent vertex of
v). By v < u we mean that v is either a descendant of  or v = u. In general, if v < u and the path
distance between them is k, v is referred to as a kth-descendant of w (and w as the kth ancestor of v).



For a nonnegative integer k, the kth layer of the tree refers to the set of kth descendants of the root p.
(The root here is considered at the Oth layer of the tree.) The depth of the tree is defined as the largest
non-negative integer ¢ for which the ¢th layer is not empty, and we denote the ¢th layer by L.

The height of a vertex u is defined as
h(u) = ¢ — the layer of w. (D

In particular, when L is the set of leaves, then h(u) is simply the distance from u to L. In this paper,
we may abuse the notation by writing z € T or S C T to mean that x is a vertex or .S is a subset of
vertices in the tree T'.

The standard rooted d-ary tree with depth ¢ is a tree where each vertex u ¢ L has exactly d children
vertices. Let us start by defining the type of trees we will be investigating in this paper, which is a
slight generalization of d-ary tree.

Figure 1: An example of a binary rooted tree of depth 5 is shown. The vertex u is at the 3rd layer
and h(u) = 2. Further, the following relationships hold: v < w and v is a child of u, s € L is a 2nd
descendant of w, w is the parent of u, and ¢ is the 2nd ancestor of u.

Definition 1.1. A rooted tree T with root p has degree dominated by d > 1 with parameter R > 1 if
for every vertex u and positive integer k, the number of kth descendants of u is at most RdF.

With the above definition, a d-ary rooted tree has degree dominated by d > 1 with parameter R = 1.
Further, a typical realization of a Galton-Watson tree of Poisson type with average degree d and of
depth ¢ (a random tree in which each vertex u ¢ L has on average d children vertices) has a degree
dominated by d > 1 with parameter R ~ log(¥).

Broadcasting Process on Rooted Trees

Next, we will define the broadcasting process on a rooted tree 7" with root p. Consider a ¢ X ¢ ergodic
transition matrix M, where ¢ > 2. Recall that every eigenvalue of a transition matrix M has an
absolute value at most 1. Let 0 < A < 1 represent the second largest absolute value among the
eigenvalues of M. Additionally, we define the stationary distribution of M as 7.

The broadcasting process X = (X, )yer, With state space [g] := {1,2, ..., ¢} and transition matrix
M, can be formally described as follows: We initialize the value of X, according to some initial
distribution v. As we reveal the values layer by layer, when the value X, is revealed, the value X,
for any child vertex v of w is independently distributed according to a specific row of M depending
on the value of X,,:

P{X, =t| X, = s} = M,,.

In other words, each vertex’s value depends only on its parent vertex’s value. The definition of the
process is given below:

Definition 1.2 (Broadcasting Process on Tree). Let ¢ > 2 be a positive integer. For any rooted tree T
with root p and a q X q ergodic transition matrix M, the broadcasting process X = (Xy)yer With
state space [q, according to transition matrix M with an initial distribution v for X ,, is a random
process with joint distribution given by:

Vo = (zu)ver € [0, P{X =a} =v(z,) [[ Moy
()



where the product is taken over all pairs (v, u) such that v is a child vertex of u.

For a subset of vertices A C T, let us denote
Xy = (XU)UEA .

If the tree is just a path, then the process reduces to a Markov chain. If we assume v = 7, then
X, ~ 7 forevery v € T, as (X,),ep for every downward path of T forms a Markov Chain with
transition matrix M. Further, let us make a remark about the Markov property of the process.

Remark 1.3 (Markov Property). The broadcasting process establishes a Markov Random Field
on tree 1": Given any three disjoint subsets A, B, and C' of T', if every path from a vertex in A to a
vertex in C' passes through a vertex in B, then the random variables X 4 and X are conditionally
independent given X p.

Polynomials of x; and the Main Result
Definition 1.4. Let x € [q|T. Foru € T, let v<,, = (24)v<u. For subset U C T, let 1y = (2y)ucv-

The next definition is about the notion of degrees for functions with variables x;, = (2 )yer,. This is
the generalization of degree of a polynomial.

Definition 1.5 (Efron-Stein Degree). A function f with variables x 1, has Efron-Stein degree at most
k if it can be expressed as
f = Z f e
(6%

where the summation is over a finite set of indices «, and each f, is a function of the variable xg for
some S C L with |S| < k.

Now, we could properly formulate the main result of the paper:

Theorem 1.6. Let T' be a rooted tree with root p of depth ¢ and has degree dominated by d > 1 with
parameter R > 1. Consider the broadcasting process on T with a q X q transition matrix M and
X, ~m. If M is ergodic and d\? < 1, then there exists a constant ¢ > 0 which depends on M and

d\? such that the following holds: For any function f(x1) of Efron-Stein degree < c#@, we
have

Var(E[f(X1) | X,]) < (max{d\?, \})*/*Var(f(Xy)).

Remark 1.7. Given that d\? < 1 implies A2 < 1, and A < 1 if and only if A?> < 1, we can infer
that A < 1 from the given conditions. Consequently, the term max{d\? A} < 1 follows from the
assumptions of the theorem. Therefore, the R.H.S. of the inequality decays exponentially with the
depth of the tree.

Follows from the theorem and propteries of conditonal expectation, we have the following corollary.
Corollary 1.8. With the same setting as in Theorem Sfor any function f(x1,) of Efron-Stein degree

<c , and any function g(x,) of the root value, their correlation satisfies
E[(f(Xr) — Ef(Xp))(9(X,) — Eg(X,))]
V/Var(f(X1)\/Var(g(X,))

l
1+log(R)

Corr(f(X1),9(X,)) = < (max{d\?, \})*/5.

The proof of the theorem is based on recursion on a notion of fractal capacity of functions. Indeed,
the main result is optimal in the fractal sense (Theorem m, as we will later demonstrate that all
functions with fractal capacity up to a level proportional to ¢ exhibit vanishing correlation with the
root, whereas all functions of the leaves have fractal capacity at most £ + 1. Let us introduce the
necessary definitions and notations to introduce both the fractal capacity and the proof overview.

1.2 Fractal Capacity and Proof Overview

To provide a clearer illustration, we establish a correspondence between the vertices of 7" and words
of varying lengths from 0 to ¢, with vertices at the kth layer represented as words of length k. We



denote the root p as the empty word (). For each vertex u, represented by the word (by, ba, . .., b),
we define d,, as the number of children vertices of u, and we identify these children vertices as
(b1,b2,...,bg, i) withi € [d,] :={1,2,...,d,}. Notice that v is a descendant of « is equivalent to
w is a prefix of v. For brevity, for each u = (b1,...,b;) € T and i € [d,], let

U; = (’U,,Z) = (bla' e ;bkvi)'
For I C [d,], let
ur = {Ui}ieI-

Furthermore, we denote the parent vertex of u as p(u) = (b1,...,bx—1) and the set of children
vertices of u as ¢(u) = uq,].

(111) (121) (122) (131) (132) 11) (212)

Figure 2: In the these figures, we present the vertices as words and adapt the notations w1, us,etc.,
for the descendants of w. For the right figure, if S = {ua1, u22, us2}, then p(S) = u, I(S) = {2, 3},
and Sy = {u217u22}, S3 = {'U,dg} Further, S; € As, S; € As, and S5 € A;.

Definition 1.9. For a non-empty subset S C L, we introduce the notation p(S) to represent the
nearest common ancestor of the vertices in S, meaning that p(S) is the vertex with smallest height
that is an ancestor of all vertices in S.

Here we consider the case when |S| > 1. Notice that p(S) is not at the Lth layer L. For each child
p(S)i of p(S) fori € [d,(s)], we define the set S; as

Si=SNn{velL:v<p(S)},
which is the collection of vertices in S that are descendants of p(S);. Let
1(S) = {i € [dys)] = 5 # 0}
Then, S can be expressed as the disjoint union of the sets S; for i € 1(S):
S = Uicr(s)Si-

We call the above disjoint union the branch decomposition of S, and each S; for i € 1(S) a branch
part of S.

The branch decomposition is a key concept in the proof, and we define the fractal capacity according
to the number of iterations to decompose .S into singletons.
Definition 1.10. Let

Ap = {{u} D€ L} C 25\{0},
be the collection of singletons of L. We say a subcollection A C 2\{()} is closed under decompo-
sition with base Ay if for every S € A\ A1, we have S; € A fori € I(S).
Definition 1.11. For any A C 21\ {0}, let

B(A) C 25\{0}
be a new subcollection defined according to the following rules:

For any S € 25\{0}, S € B if and only if one of the following two conditions holds



1. Se A
2. 5¢ Ayand S; € Aforie I(S).

For example, B(.A) contains sets of size < 2.

Lemma 1.12. If A; C A C 25\{0} is a subcollection closed under decomposition with base Ay ,
then the collection B = B(A) contains A and it is also closed under decomposition with base Aj.

Proof. To show A C B, it is sufficient to show .A\.A; C B. For any S € A\ A;, because A is closed
under decomposition, S; € A for i € I(S). Hence, S € B follows from the definition of B. Now, for
S € B\ Aj, each S; with ¢ € I(S) is contained in A C BB, which in turn implies B is closed under
decomposition. O

Now, we define recursively that
Ai = B(Ag-1), )

for positive integer &k > 2. Observe the following two facts: Consider any non-singleton set S C L
and S; with i € I(.S). First, S € Ay = S; € Ai_1 by the definition of A;. Second, p(S) > p(S;)
by the definition of branch decomposition. Given these two facts, we can prove inductively that

Since that there are only ¢ layers of the tree, we conclude that every non-emptyset of S C L is in
Ay1. Therefore, together with Lemma|[I.12] we have the following chain of subcollections:

{{u} ru€Ll}=A C Ay C--- C Appq = 25\{0}.

Definition 1.13 (Fractal Capacity). For any non-empty subset S C L, we define the fractal capacity
of S as the smallest k such that S € Ay.

We introduce the notion of fractal capacity, borrowing terminology from fractal geometry. The
recursive nature of our definition on subsets of trees mirrors the self-similar complexity found in
fractal structures. This recursive and inherently intricate structure motivates our choice of the term
fractal capacity, capturing the fractal-like properties that emerge in the collections (A )xei+1]-

Definition 1.14. Given a collection A C 2X\{0}. A function f : [¢]T — R is called an A-
polynomial if we can express
f@) =" fs(xs)

SeA
where each fs is a function of t5 = (x,)ves. A function f : [q]T — R has fractal capacity < k if
it is a Ag-polynomial.
Remark 1.15. It is not hard to verify that Ay, contains all non-empty subsets S C L with |S| < k.
Thus, for any function f with variables x,

Efron-Stein degree of f < k = f is an Aj-polynomial.

On the other hand, it is worth to remark that for the d-ary tree of depth ¢ > k, there exists S € Ay
with |S| = d*~1. (Namely, taking S = {v € L : v < u} for some u with h(u) = k — 1.) Thus, an
Ajy-polynomial could have an Efron-Stein degree exponential in k.

The main result of the paper in terms of the fractal capacity is the following:

Theorem 1.16. With the same setting as in Theorem there exists a constant ¢ > 0 which
depends on M and d\? such that the following holds: For any function f(x ) with fractal capacity
< c#@, we have

Var(E[f(X1) | X,]) < (max{d\?, \})"/*Var(f(X.)).

Indeed, Theorem [I.6]is a direct consequence of Theorem [I.T6] as Aj-polynomials contains all
polynomials of Efron-Stein degree < k. Further, in terms of fractal capacity, the theorem is optimal
because the correlation decay persists up to an order proportional to ¢, while a fractal capacity < ¢
includes all functions of the leaves.



Overview of the Proof Idea: For illustration, let us consider the case where 7 is a binary tree of
1A 1=

depth ¢ with M = {12)\ 1£>\] , such matrix has eigenvalues \ and 1. Here we assume 2)\? < 1.
2 T2

We recall that for this binary symmetric broadcasting process, it is information-theoretically impossi-

ble to recover the root label from the leaves below the KS bound. This implies that all polynomials

of X have vanishing correlation with X ,. Still, we use this simple process to illustrate the proof

idea as our arguments for low-degree polynomials generalize to general broadcasting processes

below the Kesten-Stigum threshold, including cases where it is information theoretically possible

to estimate the root from the leaves non-trivially (in such cases there exist functions f so that

liminf,_, Corr(f(Xr),X,) > 0).

Now, let us consider degree-1 polynomials. Suppose f is a .4;-polynomial (equivalently, of Efron-
Stein degree 1), we can express it in the form

= > fulwa),
ueL

where each f, is a function of x,,. Given our focus on the variance, we may assume E f,, (X,) = 0
for each u € L. Then, our goal is to prove E[(E[f(XL) |Xp])2} is negligible comparing to
E[(f(XL))?]. Following from the Cauchy-Schwarz inequality that

(Z Zl a;) <mZal,

i€[m] i€[m] i€lk]
we have
E[(E[f(Xp)| X,))°] <ILI D E[(Elfu(X0) [ X,)7] 3)
ueL
S2D ONE[(fu(XW)?] = @A) D E[(fu(Xu))?],

where the second inequality is derived from the variance decay property of in a Markov Chain. Thus,
if we can establish >, . ; E[(fu(Xu))?] is at the same order as E [(f(X,))?], the proof is complete.

Notice that

E[(f(X2)’] = D Elfu(X)fu(X)] = D E[(fu(X))] + Y ElfulX)fu(X0)]

u,vEL uel uFveEL

Thus, the goal here is to show
| Y BRG] < e YD E[(ulXa)?], )
uFveEL u€L

for some constant ¢ € (0, 1), which in turn implies the desired result:

E[(ELA(X0) | X,))7] £ @)Y E[(fu(Xu))?] S 20 ——E[(f(X1))?].

u€L

1—c¢

Roughly speaking, @) holds if for most pairs v and v within L, the correlation between f,(X,) and
fo(X,) is sufficiently small, which is the case for degree-1 polynomials.

Now, let us take a closer look. Fix any two vertices u and v in L, with w as their nearest common
ancestor. Suppose u < w1 and v < wo. Let X4, = (X )w 2w, - We have

LX) o (]| =IBELfu(Xa) | X o (X0 )
<VEIE (X0 | X)) VEF (X))
) VR )V (X)),

where the last inequality follows from the variance decay of the Markov Chain for length h(w). The
above inequality implies that the correlation between f,,(X,) and f,(X,) is at most of order \*(*),




The above bound can be improved to A* by also taking the conditional expectation E[f,(X,) | X zu,]
into account, which requires the Markov Property that X,, and X, are independent conditioned on
X . From here, one can properly arrange the terms and apply Cauchy-Schwarz inequality to show
(@) holds.

Our proof of the main theorem tries to generalize the argument above to low degree polynomials. Let
us summarize it by the following five pieces of descriptions.

I. Bounding Covariance: First, we generalized the idea on how (3)) works for degree-1 polynomials.
Suppose f, and fg are two functions so that the following holds.

1. fa(xg)is afunction of zg for some set S C L such that

E[(E[fa(Xs) | Xzw])?] < (E(fa(X5))?,

where we use a < b to indicate a is much smaller than b. We keep this not precise to avoid
technical details, but expect that the ratio is exponentially small in h(w’).

2. fg(xg ) is a function of g with S’ C L satisfying S’ N {v" : v/ <w'} = 0.
Then, following the same derivation as shown in (§) we have

|E[fa(X5)f5(Xs)]| = [E[E[fa(Xs) | Xzuw]fs(Xs)]| < VE[(fa(Xs))?]\/El(f5(Xs))2].

(See Figure E] for an illustration.)

Figure 3: In the left figure, the purple dots represent the corresponding input variables for f,, and
the yellow dots represent the corresponding input variables for f. In the right figure, the purple dots
represent the corresponding input variables for E[f, (X) | X, | and the variables do not involve z,,
for vertex v not illustrated due to the Markov property.

I1. Choosing a good decomposition of the function: In essence, our proof strategy for any given
function f(xy) with Ef(X.) = 0 revolves around decomposing f(z) into a sum of functions
fa(zr) for a in some index set Z, such that

1. 7| £ 2°,

2. Foreach o, Ef(X1) = 0 and E[(E[fo(X1) | X,)?] < E[(fa(X1))?,

3. Whenever o # 3, we can find w € T so that f, and f3 satisfy the covariance bound in L.
(Possibly with a switch of the roles of « and /3).

Let us remark that while we are writing f, (x,), it does not mean that f,, depends on every leave
variables.

If this is the case, then we could follow the argument in the degree 1 case to show that desired result
holds.

II1. From A; polynomials to A ; polynomials: The proof of the main theorem builds on I and IT
and advancing through a recursion on the fractal capacity of the function. This recursive approach
relies on the following property:

Suppose we have shown the second moment decay .4 -polynomials with mean 0 in the following
sense: For every Ay-polynomial f(xg) with mean 0 and variable zs where S C {v € L : v < p'}
for some vertex p/,

E[(E[f(XL) | Xp))?] < (202 AE[(£(X1))?, (6)



where h 4, is some penalty constant depending on Aj. (The bigger the value h 4, , the weaker the
second moment decay.)

Consider a specific type of Ay 1-polynomials. Fix a pivot vertex w with h(w) large enough, let
T<w; = (Ty)v<w, for i € [2]. Let g be a function of the form

g(.’t) = g(xﬁwlvxﬁwz) = Z ga,l(xﬁwl) '9@,2($§w2),
aeJ

where J is a finite index set and every g, ; is an Aj-polynomial whose variables are x<,,, (more
precisely, its variables are xg» where S’ C {v € L : v < w;}) and Ego ;(X<w,) = 0. Then, the
function g(z) is a Aj41-polynomial with variable g for S C {v € L : v < w}.

Observe that, if we fiX T<y,, then <y, — g(T<w,, T<w,) is an Ag-polynomial with variable x g/
for 8 C {v € L : v <w;} and mean 0. This allows us to apply the assumption for .4, polynomials
to show

E[(E[Q(ngl ) mSwz) | Xﬁwl])Q} 5 (d)‘Q)h(W)_hAk E[(Q(Xﬁwl ) x§w2))2]'
Clearly, the same inequality holds with the roles of x<,,, and x<,,, switched.

Base on this, one key step in the paper is to show g satisfies
E[(Elg(X<wn X<ws) | Xzw,])?] S (@N) M AE[(9(X<wy, Xew,))? fori € 2. (D)

This inequality is immediate if X<,,, and X<,,, are independent, which is not the case in the
broadcasting process. One of the main technical challenges in the proof is to show that the inequality
holds when X<,,, and X<, are conditionally independent given X,, by the Markov Property. It
turns out to impose a significant technical challenge when some entries of M can be 0.

Observe that (7)) not only implies g satisfies the desired second moment decay for II(2), but also I(1)
with w’ to be either w; or ws. Indeed, these two properties will also hold for () := g(z) — Eg(X),
the normalized g with mean 0, due to (Eg(X))? is negligible comparing to Eg(X)2.

IV. A closer look at the decomposition:

Consider any Ay, 1-polynomial f of variable zg for S C {v € L : v < p'} for some vertex p'.
Before we proceed to the discussion of the decomposition, we remark that one cannot simply express
f in the form of g described above with any pivot vertex w.

Let us give an example to illustrate why: Consider two functions f1, f2, where f; is a function of
xg withS" C{ve L :v<pl}and S’ € Api1\Ag. Let f = f1 + fo. Then one can justify that f
cannot be expressed in the form of § with any pivot w by using the property "if we fix x<,,,, then
Ty, T 9(T<w,, T<w,) is a Ag-polynomial" discucssed in III to derive a contradiction.

The way we decompose f is to express it as a sum of functions of the form §(z) in III. While the
actual decomposition requires a bit more adjustment, it follows from the idea to decompose f in the

form
f = Z fwv

wel
where the index set 7 is the set of vertices of T with height slightly greater than h 4, (to ensure

correlation decay). Each f,, is a function with variable zg for S C {u € L : u < w} satisfies the
description of g(z) in ITL.

Observe that this decomposition satisfies the description in II:

* The size of Z is bounded by 2¢ + 2/=1 + ... 1 < 2¢+1,
* The second moment decay property of f,, follows from III.

* Finally, consider u,v € Z. If v < u, say v < uq, then f, and f, satisies the covariance
bound condition stated in I with f, = f,, fg = f2, and w' = ws. The case when
w < v is similar. When « and v are not comparable, then following the Markov Property,
E[fu(X) fo(X)] = EE[f,(X) | X £0]|E[fo(X) | X £] with w being the nearest common
ancestor of u and v and X 4., = (X )w’ ¢w, Which makes it easier to show the covariance
bound. (See Figure E] for an illustration.)



Figure 4: In both figures, the purple dots represent the corresponding input variables for f,,, and the
yellow dots represent the corresponding input variables for f,. In the left figure, we have v < uy < w.
In the right figure, we have v and v are incomparable and w is the nearest common ancestor.

With this desirable decomposition, one could try to apply some argument similar to the degree-1 case
to show the second moment decay (6] for mean 0 A4y -polynomials with a slightly bigger penalty
constant h 4, , than h 4, .

V. Overview on the induction Given the decomposition of f as described in IV, together with the
second moment assumption (6) on .A;-polynomials described in III, the proof of the main theorem
proceeds by induction. The goal is to show that the penalty constant h 4, associated with .4, which
appeared (), satisfies the following recursive inequality:

h-Ak+1 ShAk + C, ElrldhA1 <C

for some constant C' depending on M and d\?. If true, by taking k to be proportional to £/C, then
the theorem follows. The proof of the theorem requires a careful analysis of the covariance and
variance decay to demonstrate that it resembles the behavior observed in the degree-1 case, in order
to capture the Kesten-Stigum bound.

Comparison to other work in low-degree polynomials While some high-level ideas align with
previous work in low degree polynomials mentioned fore, our approach focuses on establishing low-
degree lower bounds in a setting where direct comparisons are challenging due to structural differences.
Specifically, our work addresses the broadcasting process on trees, where the underlying structures
are highly correlated and do not naturally lend themselves to a product measure representation,
presenting unique technical challenges not encountered in more independent setups.
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Appendix

Overview

* In Section[A] we give additional notations and basic tools.
* In Section [B] we formulate the main theorem we want to prove as an induction statement.

* In Section[C] we discuss the case for degree 1 polynomial, which prove the base case of
the induction in the theorem, and the results for degree 1 polynomial will be used in the
inductive step.

* In Section D] we give a procedure to decompose B-polynomial f for a given collection 5.

* In Section [E| and [F] we derive the proof of Theorem [B.6] the inductive step for proving
Theorem [B.1]

* In Section|G|and[H} we derive the main result in the general case.

* In Section [I, we provide a proof of Proposition which is one technical obstacle for
getting our main result from Theorem [B.1] to the general setting (Theorem [1.6). It is
postponed to this section due to the proof is essentially a result about Markov Chain.

* In Section[J]] we provided some standard result for decay of Markov Chain.

A Additional Notations and Tools

Let us begin with the proof of Remark [T.T5] which shows .A;, contains all non-empty subsets of L of
size < k:

Proof of Remark[[.T5] The proof will be carried out by induction on k. The base case with k = 1
follows from the definition A; := {{v} : v € L}. Suppose the claim holds up to some positive
integer k. Let @ # S C L of size |S| < k+ 1. If |S] < k, then S € A, C B(Ag) = Aj41. In the
case |S| = k + 1 > 2, we first observe that p(S) is not a leave. Consider the branch decomposition
of S (See Definition[T.9):

S = Uier(s)Si-

Because |I(S)| > 1, for each ¢ € I(S) we have |S;| < |S| = k + 1. Therefore, S; € A for
i € I(S), which in turn implies S € B(Ay) = Aj.1. Therefore, the claim follows.

Now, to show the second statement. For every node w, let S,, = {v € L : v < w}. Observe that if
w is k — 1 layers above L, then S,, are the (k — 1)th descendants of w, which has size |S,,| = d*~!.

We claim that for w which are k£ — 1 layers above L, then S,, € Aj. Let us prove the claim by
induction. First, it is clear that for w € L, S,, = {w} € A;. Suppose the statement holds up to k.
Take any w which is k layer above L. Then, the branch decomposition of Sy, = Ujc[q)Sw,- With
each w; is k — 1 layer above L, we have S,,, € Aj. Hence, Sy, € Aj41 due to Ag1 = B(Ag).

O

A.1 Additional notations

For any positive integer n, let [n] denote the set of positive integers from 1 to n, inclusive: [n] =
1,2,...,n. For integers a and b where a < b, let [a,b] = {a,a + 1,...,b}.

Additional Notation for Trees

For u € T, we define
Ly (u)

to be the set of kth descendants of u. For brevity, let Ly, := Ly (p). Further, for & € [0, h(u)], let
Dp(u)={veT :v<wuandh(v) = h},
namely the set of descendants of u which has height h. Observe that
Dy (u) = L(u)—r(u).
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Last, let

Ty
be the induced subgraph of T with vertex set {v € T : v < u} and L,, = T;, N L. It is worth noting
that T, can be seen as a rooted tree with root v and h(u) layers, and the h(u)th layer is L,,.

Additional Notation for collection A C 2%\ {()}

Definition A.1. For a given collection of of subsets A C 2X\{()}, we define the following subcol-
lections: Foreachu € T, let A, :={S € A : p(S) =u}, A<y, . ={S € A : p(S) < u}, and
Ay ={SeA: p(S) <u}.

Notation for Conditional Expectation

Definition A.2. Recall that an antichain U C T is a collection of vertices such that no two vertices
in U are comparable under the < relation. For x € [q]T, we can decompose x in the form

r = (z<v,2U,T2U),
where
ey =(xy : ueUstv<u), andrgy = (z, : Yu € U,v L u).
(See Figure[3|for an illustration.)

/N /\ /N /\

Figure 5: In this figure, the purple dots represent the set U. The yellow dots represent the vertices
corresponding to the variables x .7, and the green dots represent the vertices corresponding to the
variables x ¢y

Definition A.3. [Conditional Expectation]
For each antichain U C T and f : [q]T — R let

(Evf)(z) = E{f(X) ‘ Xy =2y, Xeqv = ng]

To rephrase it, the function (Ey f)(z) represents the expected value of f(X) condition on X, = z,
for all vertices v that are not descendents of any u € U. In the case when U = {u}, we will abuse
the notation and denote E,, as Ey,y for u € T Futher, for any h € [0, £], we set

(Enf)(z) == E[f(X) ‘w € T with h(v) > b, X, = x]

Remark A.4 (Conditional Expectation and the Markov Property). Suppose f is a function of x, and
U an antichain of T'. Let

L={vel:3ueUstv<ulandL' =L\ L.
We remark that by the Markov Property,

Eu f(z) = Eu f(zu,21)
is a function of xy and x ;. To see that, by the Markov Property, ¢y and x4y are independent
conditioned on zy;. Thus,

(Evf)(zv,v2v) =E [f(anXL/) Xy =2y, Xgqu = JizU}
:E{f(Xbe/) Xy :xU},

which implies Ey f is a function of xy; and x /. (See Figure |§| for an illustration.)
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Figure 6: The purple dots represent the set U. In the left figure, the yellow dots represent the
vertices corresponding to the variables of f. In the right figure, the yellow dots represent the vertices
corresponding to the variable of Ey; f.

A.2  Basis Functions on [¢]” and some decay properties

The following lemma is a well-known statement from Markov-Chain. Let us formulate it using the
Broadcasting Process. (For completeness, we include a proof of this lemma in Section[J])

Lemma A.5. Suppose M is irreducible and aperiodic, then there exists C = C(M) > 1 so that the
following hold: For any u € T and k € N so that p*(u) = popo...p(u), the kth ancester of u,
—_———

k times
exists. For every function a with variable x.,,

Var[(Epk(u)a)(ka(u))} < CK)*Var[a(X,)] ®)

and

c1 (m:[au]( la(f) — Ea(Xu)|>2 < Vary . a(Y) < C (max la(0) — ]Ea(Xu)|)2. )

0€(q 0€(q]

And from the above two inequalities, adjusting the constant C' if necessary, we also have

max | (Eyr (ya)(0) — Ea(X,)| < CkIN* max |a(0) — Ea(X,)|. (10)
o€lq] o€lq]
In this paper, we will fix a basis for the space of functions from [¢] to R for a Markov chain M.

Definition A.6. For a given q x q ergodic and irreducible transition matrix M, we fix a basis
{@i}ico,q—1) for the space of functions from [q] to R such that ¢q is the constant function 1 and ¢;
fori € [q — 1] are functions such that

By orti(Y)=0 and BEy.,6?(Y)=1.

Definition A.7. Suppose a given { layer rooted tree T and q X q transition matrix described in
Lemma@have been given. For o € [0,q — 1], let

S(0) = {v: o(v) £0} C L,
the set of vertices in L in which o is non-zero. Let |o| = |S(0)|. When |o| > 1, we define
p(o) = p(S(0)).

And when |o| > 2, we define

Further, let

chr(x) = H ¢a(v)(xv) = H ¢(7(11)(xv)~

veEL veS(o)

and _
b0 (7) = ¢ () — Edo (X).

Remark A.8. We remark that ¢, () is a function with variables g ,).

The fact that ¢g, ¢1, . .., $g—1 forms a basis implies that:
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Fact A.9. Every function f : [q]V — R can be expressed uniquely in the form
f@) = > coola). (11)
o:S5(c)CU

Remark A.10. With the above representation, the Efron-Stein degree of function f equals to the
largest magnitude of |o| among those o such that ¢, # 0.

Definition A.11. Given a tree T and a q x q ergodic transition matrix M, let {¢;};c[q—1) be the
Sfunctions described in Lemma For a collection of subsets A C 2E\{()}, let

F(A) :={o€[0,q—1]" : S(o) € A}. (12)
For any o € F(A) with |o| > 1, let

Vo(z) = [] dpol®), (13)

where, for each i € I(o), P;o is the restriction of o to S(0);:

(Pio)(v) = a(v)1(v € S(0);) forv € L.

B The overall inductive argument

Here we present the version of the theorem with additional assumption on the transition matrix M
that

cy = min M;; > 0. (14)
i,j€lq]

Theorem B.1. Given the rooted tree T and the transition matrix M described in Theorem|[I.6] and
under the additional assumption that cpy = ming je(q Mi; > 0, there exists ¢ > 0 dependent on M

and dN? (and implicitly on cys as well) so that the following holds: For any function f of the leaves
with fractal capacity < cﬁ,

Var(E[f(XL) ’Xp]) < (max{d\?, \})*/*Var(f(XL)).

We will first derive the version mentioned above, as it substantially reduces the technical complexity
without compromising the structural integrity of the proof in the general setting where c,; might be
0.

The proof of Theorem|[I.6| will be carried out by induction on Aj-polynomials. Let us introduce the

necessary notations to outline this induction process.
Definition B.2. Let ¢ > 0 be the constant such that

max{d\?, \} = exp(—1.1¢).
The constant ¢ is introduced to improve the readability of the paper. Intuitively, we aim to define

d)\? = exp(—¢), but we relax this definition slightly so that inequalities like the following hold when
{ is sufficiently large:

poly(£)(dA?)" < exp(—¢f).

Assumption B.3. We say that A satisfies assumption [B.3| with parameters (h*, ¢*) where h* > 0
and 0 < ¢* < 1,if
A CAC 21’\{@}

is closed under decomposition, and morever,
1. For any v € T with h(v) > h* and a A<, -polynomial f,
Var[(E, f)(X)] < exp (—e(h(v) —h*))Var[f(X)]. (15)
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2. Forany v € T'\ {p} with h(v) > h* and a A<, -polynomial f with Ef(X) = 0,

CE [(E)(X0)] < BIES(X0) | Ky = 0] < SE[ESX)], (6
forall 6 € [q].

The inequality (T3] bears a resemblance to the inequality we aim to prove in Theorem [B:1] The
second inequality, (T6)), will later be seen as a crucial step proving the inductive phase of our proof.
Indeed, in the case where ¢j; > 0, the condition (T6)) can be easily satisfied by appropriately choosing

c*.

Lemma B.4. For any given Ay C A C 2L\{(0} which is closed under decomposition. If it satisfies
(T3) with a given parameter h* and ¢y > 0, then A satisfies Assumption|[B.3|with parameter h* and

1
min; 7(4) } > 0.

In other words, we can choose ¢* with no dependence on either h* or A.

¢ := min {CM,

Proof. Consider an arbitrary function f with variables (x,, : u < v) for some v € T\{p}.

Let g(z) := (E,f?)(z). By the Markov Property| (E,f?)(x) is a function of x,, which in turn
implies g(z) = g(x,). Now, for any § € [¢], fix an index jo € [g] such that g(jo) > Eg(X,).
Relying on g is a non-negative function,

Elg(Xo) | Xpw) = 0] = > My;g(j) > Myjog(jo) > errBg(X;).
]

J€la
By unraveling the definition of g, we can satisfy the first inequality of (I6) as long as ¢* < cp;. The
proof for the second inequality follows a similar logic, using the condition ¢* < ———— and the

ming 7(j)
trival inequality max; ; M;; < 1.

Given this notation, the proof of Theorem [B.T|proceeds by induction, with the base case and inductive
articulated in the subsequent two statements.

Proposition B.5. Given the rooted tree T and the transition matrix M described in Theorem|[1.6]
and under the additional assumption that cpy = min; jeiq) Mi; > 0. There exists C = C(M,e) > 1
so that the following holds:

Fix p' € Tand 0 < m < h(p’), if f(x) is a degree I polynomials of variables (x, : v € Dp(p’)),
then

Var [(E, f)(X)] < exp (= e(b(p) = m — Cllog(R) + 1)) ) Var[£(X)]. (17)

Theorem B.6. Given the rooted tree T and the transition matrix M described in Theorem[I.6] and
under the additional assumption that cy; = min; je[q Mi; > 0. Suppose Ais a collection of subsets
satisfying Assumption|[B.3|with parameters (h*, c*). Then, there exists C = C(M,d,c*) > 1 such
that B = B(A) satisfies Assumptionwith parameters (h* + C(log(R) + 1), ¢*).

Let us derive the proof of Theorem[B.I]based on the above two statements.

Proof of Theorem[B_1] We apply Proposition [B.5]and Lemma|[B.4]to get A, satisfies Assumption[B.3|
with parameter h* = (gg(log(R) + 1), where (g = C(M, d) is the constant introduced in the
Proposition and

L }>o.

min; 7(j)

Then, by applying Theorem inductively on the chain A, we can conclude that A;, satisfies
Assumptionwith parameter h* = C(log(R) + 1)k and the same ¢* described above, provided
that C = C(M, d, ¢*) is the maximum of the constants C' described in Proposition and Theorem
In other words, for any A-polynomial f,

Var[(E,f)(X)] < exp (— (¢ — C(log(R) + 1)k)) Var[f(X)].

The theorem follows by choosing k = Wl(l%)ﬂ)g'

¢ = min {cM7
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C Variance Decomposition and Variance Estimate for degree 1 polynomials

To describe the goal of this section, let us begin with the variance decomposition of degree 1
polynomials in a slight generalized form. Essentially, the following statement is a direct consequence
of the conditional variance formula. We will state the main results first and provide the proof later in
this section.

Lemma C.1. Fix p' € T and 0 < k < h(p'), consider a function g : [q|* — R of the form
gx)= Y gu(x) where g,(x) = gy(v<y).
'UGDk:(pl)
Forw € Ty\{p'} withh(w) > k+ 1, let
Ju () == Z go(T).
vEDy (w)
Then,

Var[g(X)] =Var[(E, g)(X,)] + > EVar[(Eygw)(Xw) | Xpew)]
weT,\{p'}:h(w)>k

+ Z EVar[g,(X) | X,].
veDg(p")

Our goal is to show that when d\? < 1, Var[g(X)] is of the same order as 2 veni(p) Var(ge (X)),
based on the above lemma.

Lemma C.2. Suppose the transition matrix M satisfies d\?> < 1 and the tree T has growth factor R.
Then, there exists a constant C = C (M, e) > 1 so that the following holds. Let p' € T, I’ := h(p’),
and k € [0,']. Consider a function of the form g(x) = 3", p, (,) 9v(Tv). Then,

Var[g(X)] < CR Z Var[g, (X,)]- (18)
vEDy (p’)

The opposite bound does not depend on d\? < 1. However, the proof in the general case where
cy = 0 is not straight-forward. We state it in full generality but will defer the general proof and
prove it here in the simpler case where c;; > 0.

Proposition C.3. There exists a constant C = C(M,d) > 1 so that the following holds. Let p' € T,
and k € [0,h(p’)]. For any degree-1 function g with variables (x, : v € Dy(p’)). There exists
Sunctions g, (x) = g, () for v € Dy (p') so that the following holds:

1. g(X) = EveDk(p’) gv(Xy) almost surely. (They may not agree as functions from [q)T to

R.)
2. Foranyu € Ty withh(u) > k,
> Varlg(X,)] < CRVar[ Y gu(X,)]. (19)
v€E Dy (u) vEDy (u)

In particular, taking u = p’ we have

> Varlg,(X,)] < CR*Var[g(X)]. (20)
vEDy(p’)

We postpone the proof of Proposition in full generality in Appendix[[} due to the technical complexity
of the proof and the fact that the proof is about properties of a Markov Chain. Instead, a statement of
the proposition and its proof in the case where cj; > 0 is provided in this section.

Now, the purpose of this section is twofold.

« First, it is the derivation of the variance related estimates: Lemma [C.I] Lemma[C.2} and
Proposition [C.3| with the additional assumption that ¢;; > 0. Additionally, we summarise
the estimates into a single statements, as stated in Lemma|[C.7]

* Second, it is the derivation of the base case of the induction, Proposition [B.3]
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C.1 Variance Decomposition and Estimates

Before we proceed to the proof of Lemmal[C.]] let us remark on the following consequence of the
lemma.

Remark C.4. For any g described in Lemma [C.1) if we define h(z) = (Epg)(z) =
> vepy(p) Eogo) (o) and hy(z) = (Eyg,)(zy), then by applying the lemma to both g and h,
we conclude that

Var[g(X)] = Var[(Erg)(X)]+ Y EVar[g,(X)]X,].
vED(p’)

Proof of Lemma([C). First, for v € T, \{p'} with h(v) > k,
Jv(x) := gy(z) — Eg,(X).
Notice the following holds:

@) =g(@) ~Eg(X) = > Gula).

vEDg(p")
Let us start decomposing the variance of g.
Var[g(X)] = Var[g(X)] = Y E[7.(X)dw(X)]
v,v' €Dy (p’)
= > 3 E[5.(X)50 (X)) + 3 E[F(X)]
weT,/h(w)>k v, €Dk (p') : p(v,v')=w vED(p')

By the [Markov Property| and rearrangement of the terms, for each w € T, with h(w) > k,
> E (o (X) g (X)]

v,0' €Dy (p") : p(v,v")=w

= Z ]E[(Ewgv)(X) (Ewgv’)(X)]

0w €Dy (p') : p(v,0")=w

= > E[(Bude)(X)(Ewie )(X)] — > E[(Ewgo) (X) (Bwgo ) (X)]

v,v" €Dy, (w) v,0' €Dy (w) : p(v,0")<w

:E[(Ewgw)Q(X)]_ Z E[(Ewgw’)2(X)]

w'€c(w)

Hence,

Var[g(X)]
= Y (ElE)X)] - Y E[Eugu)®(X)])+ Y E[EX)]
weT,h(w)>k w’ €c(w) vED(p')
= Z E[(Ewgw)Q(X)] - Z E[(Ep(w’)gw’)Q(X)] + Z E[gg(X)]
weT,/h(w)>k w €T, \{p'}:h(w')>k vEDy(p’)
“E[Eyg,)* (0] + > E[(Eugn)’(X) = Epwdu)’(X)]

weT, \{p'}:h(w)>k

vED(p")

=0

=E[(E,§,)*(X)] + > EVar[(Buwgw)(Xuw) | Xpw)]- + Y. EVar[g,(X)]X,]
weT, \{p'}:h(w)>k vEDy(p’)

O
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Next, let us show the proof of Lemma|[C.2]

Proof of Lemma[C.2] Let Cy = Cy(M, d) denote the constant introduced in the statement of the
Lemma. Its precise value will be determined along the proof. Without lose of generality, we may
assume both Eg(X) = 0 and Eg,(X,) = 0 for v € D(p’), and the variance of each function

is simply its the second moment. For brevity, let 7, := (E(g,(X))?)"/2 for u € Dy(p’) and
¢ :=h(p).

By (8) from LemmalA.3] for s € [I" — k],

E[(Eps () 9u)? (Xps )] < Cams®IN*12, 1)

where (fzg > 1 is the constant introduced in the Lemma. In particular, if p(u,v’) = p*(u) for
u,u’ € Dy(p'), then

[Egu (X)gu (X)

=[E[(Eps (w)9u) (Xps () (Eps ()G ) (Xps ()] |

1/2
<(E[(Eps ) 9u)® Xpe)]) ™ (B[ Eps ) 9u)* (Xps (u))])
§52q)\287u7u/.

1/2

Then,

E(g(X)*< Y [Egu(X)gw(X)|

u,uw' €Dy (p")

— Z Z Z 2’1)\257'u7u/,

SE[l/—k] vEDyR4(p") u,u’

where the sum ) ., is taken over all ordered pairs (u,u’) with u, v’ € Dy (v) with p(u,u’) = v.
By relaxing the constraint of the summation we have

E(g(X))? < Z Z Z Cags® I\ Ty T

s€[l’—k] vEDy4s(p’) u,u’ €Dy (v)

Z Z C@szq)\25< Z Tu>2

sE[l'—k] vEDy1s(p) w€Dy (v)

Z Z C[mqu A2 Rd® Z 7'3

s€[l’—k] vEDyys(p’) u€ Dy, (v)

Z QHSZ")\QSRdS> Z 7'3.

se[l/—k] wEDy (p')

IN

Next,

Z Cams® N\ Rd® < Z ROzms°? exp(—1.1es) := CyR.

s=1 s=1
Hence, Cy depends on ¢, ¢, and Cizg. It is a constant which is determined by M and €.
]

Let us formulate Propositionﬁ under the additional assumption that cp; = min; jec(q Ms; > 0.
Indeed, in this case, the bound does not depend on R.

Proposition C.5. Suppose the transition matrix M satisfies cp; > 0. There exists a constant
C = C(M,e) > 1 so that the following holds: Let p' € T, ' := h(p'), and k € [0,1']. For any
function g = [q]" — R of the form

g(z) = Z Go (o).

vEDK(p’)
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The following holds: For any u € T, with h(u) > k,
Z Var|g,(X,)] < CVar| Z 9o (Xu)]. (22)

vEDy (u) vE Dy (u)

In particular, taking v = p’ we have

Z Var[g,(X,)] < CVar[g(X)]. (23)

vED(p')

The proof of the Proposition relies on the following immediate consequence of cp; > 0:

Lemma C.6. Suppose M is a q X q ergodic transition matrix with cpy = min; je(q Mi; > 0. There
exists C = C(M) > 1 so that the following holds. For any v € T\{p} and a function h(x) = h(z,,),

EVar[h(X,) | Xp)] > Var[h(X,.)].

1
C(M)

Proof. Let 01 = argminge(,h(0) and 02 = argmaxyc, 2 (6). (In the case of a tie, we may choose
any of the minimizers or maximizers.) First, we have

Var[h(X,)] < (h(62) — h(61))%
Next, for any § € [q], we have
max {|[E[2(Xy) | Xpw) = 8] = h(01)], [E[R(Xu) | Xpw) = B] — h(62)[} > %lh(%) — h(61)]-

Let i € {1,2} be the index such that [E[h(X.,) | Xpw) = B] — h(6;)| > 5|h(62) — h(61)], and we
will use this together with cj; > 0 to give a lower bound on the conditional variance:

Var[h(Xu) | Xpw) = B) > (B[A(Xu) | Xpw = 8] — h(0:)) P{Xu = 0; | Xpu) = B}
> (h(62) — h(60) e
Since it holds for every 8 € [¢], we conclude that
EVar{h(X.) | Xp0] = 5 (h(02) — h(0:)%ens > 2L Var{h(X,.).
]

Proof of Proposition[C.3] We adapt the notation from Lemma|C.1} For w < p’ with h(w) > k, let
gul@) = Y gul).
UGDk(’u))
Now, we apply Lemma|C.T|and Lemma|[C.6]to get
Var[g(X)] =Var[(E, g, )(X,)] + > EVar[(Euwguw)(Xuw) | Xpw)]

weT, \{p'}:h(w)>k

+ Z EVar[gv(X)‘Xv]

vEDy(p")
> > EVar[(Bugu)(Xu) | Xpw)]
uEDk(P')
> Z Var gu u)]
qﬂﬂ u€Dy(p’)

where we used the fact that all the terms are non-negative, the first inequality is obtained by looking at
the second terms for the summands with ~(w) = k and (g is the M -dependent constant introduced
in Lemma

O
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Lemma C.7. Suppose d\*> < 1 and the growth factor is at most R. There exists a constant
C = C(M,d) > 1 so that the following holds. Fix p’ € T and 0 < m < h(p'), if fi(x) is a function
in the form

fm(2) = Z folr<o).
vEDm,(p/)
with
Efm(X) =0.
Then, there exists f,(v<,) for v € Dy,(p') such that their sum f,,(z) = ZveDm(p’) folr<y)
satisfies ~
fm(X) = fin(X) almost surely,
and for u < p' withh(u) > m,

o > ER(X) < Z i ) sor Y ERX). 09

VE Doy (1) VED,, VED, (u)

The statement of the lemma using f_m and fb covers also the case cy; = 0. We will prove the Lemma
by using either Proposition [C.3]or Proposition [C.3| with the assumption c¢a; > 0. In the later case, it
suffice to simply take f,(z<,) = fo(T<y).

Remark C.8. Note that the lemma implies the following: For any u < p’ with h(u) > m, let
frow(@) =" > fol@ 25)
VED,, (u)
Then, for any given m < k < k' < h(p’) and u € Dy (p’), we have
Eff (X)<CR Y Eff(X)=CR Y > EfX<CR' Y [
VED ., (u) WE Dy (u) VED ., (w) wEDy (u)
where the first inequality follows from the second inequality of (24) and the second inequality follows

from the first inequality of (24).

Proof of Lemma([C.7] Let
h(z) := (Em fm)(z) = Z (Ev fo)(@0)-
vEDm (p’)

Note that h is a degree one function of the variables (z, : v € D,,(p’)). Thus, we could apply
Proposition|C.3|to show the existence of 1-variable functions h.(z,,) for v € D,,(p’) such that

h(X)= > hy(X,) almostsurely (26)
UGDm(P,)
and for any u € T'(p") with h(u) > m,
> Varfhy(X,)] < GegR®Var[ > hy(X,)], (27)
’UEDm(u) vEDm(u)
where (Jzg > 1 is the constant introduced in Proposition [C.3]
Since Eh(X) = E(E,, fr,)(X) = 0, we may also assume that
Ehy(X) =0

for v € D,,(p’), as a constant shift of the functions will not affect (26) and 27). Now, consider the
following functions: For v € D,,,(p’), let

f_v(xgv) = fv(zgv) - Efv(XSv) + hv(xv)

and

fm(x) = Z fo(z)

vEDm (p')
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First, since f,(2<,) is defined as the sum of three terms with mean 0, we have Ef,(X<,) = 0.

Second,
P = Y (£oXe0) = Bof)(X0) +ho(X))
vEDm (p’)
=fm(X) = h(X)+ D h(Xy)
vEDy (p')
a.:s.fm(X)
By Remark[C4]
Var[ S fu(X)] :Var_(Em 3 fv)(X)]+ 3 EVarlf,(X)|X,]
vED,, (u) } VE Dy, (u) VE Dy, (u)
:Var Z (E1)ﬁ))(X):| + Z ]EV&I‘[fU(X) - (Eva)(Xv) + hv(Xv) |X11]
W€D, (u) VEDy, (u)
=Var[ 3 h(O)]+ Y EVarlfu(X)] X)) (28)
_UGDm(u) VED,, (u)

To estimate the lower bound, we rely on own choice of h,,. By (Z7) we have

> S ValhX)]+ Y EVarlf(X)] X,

vEDm (u) V€D, (u)
> x (Ve[ (X)] + EVax£,(X) | X))
:@ veDZm(u) (Var[(E,£.)(X.)] + EVarlf,(X) | X.])
- PR

As for the upper bound, we can apply Lemma[C.2]and repeat the same derivation as above to get

@) <GozR Y Var[h(X)]+ Y EVar[fo(X)|X,]

VE D,y (1) vED,, (u)

<CgzR Y Var[f,(X)].

vED,, (u)

Therefore, by taking the constant C' stated in the lemma to be the maximum of Cizg and (fzrg, the
proof follows.

O

C.2  Proof of the base Case of Proposition [B.5]

We now prove the base case of Proposition B3}

Lemma C.9. There exists a constant C = C(M,d) > 1 so that the following holds. For any degree
1 function f with variables (x,, : u € Dy(p")) for some p' € T with k < h(p’),

Var[E[f(X) ] X,/]] < CR*(1W)%1(d\*)Y Var[f(X))]. (29)
where h/ = h(p') — k.
Proof. Let f, for u € Dy(p’) be the functions from Proposition[C.3]so that

f(X) = Z fu(X,) almost surely. (30)
u€Dy(p’)
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We can assume Ef(X) = 0 and Ef,(X) = 0 for every u € Dy(p’) without affecting (30). From
Proposition[C.3] we have

> Elf2(X)] < GeaR°Elf* (X)),
u€Dy(p’)
where (Jrrg denotes the constant C introduced in the Proposition.

We could apply Lemma[A-3]to get
E[(Ey /) (X)) <IDe(p)l D [(Bofo)*(Xp)]

vED(p’)
<|Dk(p) Cagh N D E[fE(X)] < R (0)*(dA%) M E[f*(X)]
u€Dy(p’)
where Cfz3 denotes the constant C stated in the Lemma. O

Proof of the Base Case Proposition[B.3] Given p’ € T and 0 < m < h(p’) described in the Proposi-
tion. Leth’ = h(p’) — m. By Lemma|C.9| any function f(2) = >_,cp () fo(2o) satisfies

Var[(E, f)(X)] < CemR*(0')7(dA?)™ Var[f(X))],

where (fg denotes the M -dependent constant introduced in the Lemma. With

GomR! (0)?(dA) < GrgR' (W) exp(—1.1eh) < exp (— (b’ — Cy (log(R) + 1)),
for some C7 > 1 which depends on M, d. O]

D Decomposition of Polynomials

In this section we study the representation of functions in terms of ¢, and v,. Roughly speaking v,
are “more orthogonal" than the ¢,. More formally we will show that under appropriate conditioning
expections of 1, factorize. Thus some of the effort in the proof and particularly in this section is
devoted to relating the ¢ and 1) representations and bounding moments of such representations.

Lemma D.1. Assuming d\?> < 1 and growth factor of R, there exists C = C(M,d) > 1 so that
the following holds. Let Ay C B C 2L\{®} be a collection of subsets which is closed under
decomposition. Fix a positive integer k1 and p' € T withl' := h(p") > k1. For every function f of
the form

fay="" > coto(w)
a':a#OG.F(BSPI)

with

here exists a decomposition of f
f(X)= Z fu(X) almost surely,
u<p’ +h(u)>k

where, for each u < p’ with h(u) > ki, we have a function f,(z) = f,(z<,) and

1. Foru € T, with h(u) > ki, fu(z) is a linear combination of ¢, () with o € F(B,) and
2. Forw < p' with h(w) > k1, we have

B Y B <EC Y neorscre| Y g on

u€ Dy, (w) u€ Dy, (w) vE Dy (w)
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We may group the f,, according to h(u) and define for k1 < k < h(p’),
u€Dy(p’)

In other words,

f(X)= Z fx(X) almost surely.
ke[k1,h(p)]

To prove the main lemma, let us begin by comparing ¢, () and ¥, (z) (See Definition [A.TT).
Lemma D.2. For o € F(B,), ¢ (x) can be expressed in the form

¢o(x) = H '(/}Pm($> - aC7U($) - a<70(:c) — Q¢,0, (32)
i€l(o)

where:

* ac,o(z) is a linear combination of ¢, (x) for o' € F(B,) such that I(c’) is a proper
subset of I(o).

* a< () is a linear combination of ¢, () for o’ € F(B<y) (recall that B, = {S € B :
p(S) < u}), and

* G, IS a constant.

Proof. Fix o € F(B) andletu = p(S) and S = S(o). Recall that P;o € [0,q— 1]7 is the projection
of o to S;. We can also decompose the function ¢, according to { P;o };c (o)

¢o(@) = [[ épola) (33)
iel(9)

Before we proceed, let us note that by Lemma and the definition of B, we have Pio € F(B<y, ).
Now, let us expand the function 1, according to its definition:

[T vro@) = IT (¢ro@) —Eoro(X)) = 3 (T 6re(@)) ( TT(~Eor0 (X)),
i€I(S) i€I(S) I, 1o i€l 1€l
where the summation is taken over all possible partition I; U Iy = I(o). Next, we can group the
summands into four types based on |I;| and |I5]:
Type 1 |I;| = |I(0)|. The summand is simply ¢, (z).
Type2 2 < 1] < 1(o)| — 1.

Each summand is a constant multiple of ¢, (x) where o’ is the projection of ¢ to the indices
U;er, Si. Clearly, S(¢') = User, S;. With |I;] > 2, we have p(¢’) = u. Further, each
S; € A<y, fori € I(0), it follows that S(o”) € B,,, which in turn implies o’ € F(B,,).

We denote the sum of summands of this type by ac ().

Type 3 |I;| = 1. Each summand is a constant multiple of ¢ p,,(z), where i is the element in I;.
Notice that P,o € F(A«,,) C F(B«,,) where the inclusion follows from Lemma We
denote the sum of summands of this type as a< ().

Type 4 |I;| = 0 There is only one summand, which is a constant. We denote this constant by a¢, p,s-
With this decomposition, follows. O

Given the expressions for ¢, (z) in terms ¢, (x) and vice-versa, for any given u € T\ L, we can
convert a linear combination of ¢, () with o € F(B,,) to that of 1, (x) with o € F(B,,).
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Lemma D.3. Foru € T\ L, consider any function of the form
pu(‘r) = Z co¢a(x)~
oc€F(By)

Then there exists a decomposition

pu(x) :fu(x) +p<,u(l‘) + ¢y,

where:

o fulz) = fu(x) = Ef(X) and f,(x) is a linear combination of ¥, (x) for o € F(By,),
* p<.u(x) is a linear combination of ¢, (x) with o € F(B<y,), and

* ¢, IS a constant.

Proof. The decomposition is constructed through recursion on the following expression:
r(pu) == argmax{|I(0)| : o € F(B,), ¢cs # 0}.
Suppose 7(p,,) = 2. Then the statement of simply follows from Lemma[D.2

Suppose the statement of the lemma holds whenever r(p,) < r for 2 < r < Rd. Consider any
function p,, with r(p,) = r + 1:

pu(x) = Z co¢o(x) = Z Co¢a($) + Z CU¢U(x) :

cE€EF(By):|[I(o)|<r+1 c€EF(By) :|I(o)|=r+1 cEF(By):|I(o)|<r

‘=pu,rt+1(x) ::pu,ér(x)
According to the decomposition of ¢, () in Lemma[D.2] let
furs1(2) = Z oo ()

c€F(By): |I(o)|=r+1

Z Colu o (T)

o€F (Bu): |[I(o)|=r+1

Pxu,r41 (z) :

where * can be C, <, or c. Then,

DPu,r+1 (l‘) = fu,r+1 (.13) + Pcu,r+1 (Z‘) + P< u,r+1 (l‘) + Peu,r+1 (.23) (34)
Observe that p,, <, (2) + pc u,r+1(2) is a linear combination of ¢, (x) with o € F(B,,) and |I(0)| <
r. Thus, by the inductive assumption, the summation can be expressed in the form

Pu<r(@) + P i (2) = fi(2) + Pl (@) + ¢
Finally, let
fu(@) =f1,(x) + furia(2),
p<,u(x) :p/<,u(z) + P<ur+1 (l‘),
Cuy :C; + p/c,u +E [fUJ‘Jrl (X)} )

and we have

pu(x) :fu,rJrl(x) +p<,u,r+1(x) +pc,u,r+1(x) + fi(l") +p/<’u(.%') + C;
:fu(‘r) +p<,u(x) + Cy-
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Proof of Lemma([D-1] We will construct f, (z) for u starting from top layer (u = p’) to bottom layer.
For k € [k1,!' — 1], when f,(x) is constructed for u € T, with h(u) > k, we define
fa@) =f@) = > ful), (35)
w:h(u)>k+1
where f, () = fu.(z) — Ef.,(X). Without lose of generality, let f<; (z) = f(z).

Fix k € [k + 1,1']. For the induction step, suppose {fu(:v)}ueTp, ‘h(w)>k 1f<s(T)}sepp,r) have
been constructed such that f<j(z) can be expressed in the form

fer(z)=¢ + > L bo () + > by (). (36)
c€F(B): ki<h(p(o))<k ceF(2L) :h(p(o))<ki
Clearly, this holds when k = ['.

For each u with h(u) = k, let pu(z) = X, c7(s,) ¢-Po(2), and define fu(@), p<.u(z), and ¢,
according to Lemma[D.3] Then,

far(@) =far(@) = Y ful)

w:h(u)=ky
=c + ) cydo (@) + > ¢y bo ()
c€F(B):ki<h(p(o))<k—1 oceF(2L) :h(p(o))<ki
+ Z p< u + Cu)
w:h(u)=k

Recall from Lemma that p< () is a linear combination of ¢, (z) with 0 € F(B<,), the
function f<j_1(x) satisfies (36) as well (with k been replaced by k — 1).

Once the induction terminated at layer &, we obtain

fkl(‘r) =c+ Z Z ngf)g(l')-

€Dy, () o€ F (2Eu\{0})

Now, observe that for k1 < k < h(p’), we have fj(z) is defined as the sum of fu for u € Dy(p’),
which are functions of mean 0. Together with the assumption that Ef(X) = 0, we have
h(p")
Efi(X)=Ef(X)~ > Efi(X)=0.

k=k1+1

Notice that f, satisfies the assumption of the function stated in Lemma with m = k;. By
replacing fi, by fi, and f, by f, for each u € Dy, (p'), the second statement follows while the
third statement of the Lemma remains true. Hence, the proof is completed. [

E Induction Step 1: Decay of f,

The goal this section and next section is to prove Theorem[B.6] Let us restate the theorem here.

Theorem. Given the rooted tree T and the transition matrix M described in Theorem [I.6] and
under the additional assumption that cp; = min; jeiq Mi; > 0. Suppose A is a collection of subsets
satisfying Assumptionwith parameters h* and c*. Then, there exists C = C(M,d,c*) > 1 such
that B = B(A) satisfies Assumption |B.3|with parameters h* + C'(log(R) + 1) and c*.

In this and the following section, we will fix a collection .4 that meets Assumption [B.3| with some
parameters [* and c¢*. Additionally, we abbreviate

B = B(A).
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Further, we will fix p’ € T and a function f described in the Assumption [B.3] and assume
Ef(X)=0

The proof is grounded in the decomposition of f as described in Lemma[D:1] which splits f into

summation of fj, and subsequently into summations of fu- Accordingly, this section is devoted to
derive the variance decay properties of f,, stated as Proposition [E.Tbelow. The proposition will be
used to derive variance decay properties of fj, and toward the proof of Theorem [B-6]in next section.

Proposition E.1. There exists C = C(M,c*) > 1 so that the following holds. For any u € T,
consider a function f, of the form

fu(x) = Z Cowo<x)'

0£c€F (By)

r (9 € u[g](,x;vles Zaf\;; thi l{o(fjlcf;tl)ng bounds on (E, f,,)(x) (recall that that by the
(Eufu)?(0) < exp(—2¢(h(u) — Clog(R) +1) = h*))(Euf3)(0) 37)
and
E[(Eufu)*(Xu)] < exp(=2¢(h(u) — C(log(R) + 1) = h*)EfZ (X). (38)
Additionally, for any function a(x) having inputs involving only (z, : v € T,,,) for some i € [du]:

E[|£u(X)a(X)[] < exp ( = S(h(u) = Cllog(R) + 1) = b)) (EF2(X))/2(Ea*(X) /2. (39)

Remark E.2. The statement of the Proposition[E.]is exactly the statement of Theorem [B.6|restricted
to functions all of whose non-zero ¢, have p(o) = p’. Thus in some sense in this section we prove
the Theorem for the most complex terms. And in the next section we will control the correlations
between different terms.

This is an analogue in our setting to the classical fact in Fourier analysis that high amplitude functions
have sharp decay under noise.

Remark E.3. We remark that the proposition holds immediately whenever |d,,| < 1, since B,, = ().

Before we proceed further, we need to decompose f, ().
Definition E4. Foru € T\L and fu(x) = 3. c (5, Co¥o (), let

fur(@) : > cothe(), and (40)
c€F(By): I(o)=I
Fu1 (@) :=fur(x) — Efy 1(X) (41)

Soreach I C [d,] with |I]| > 2.
Given the above definition, we have
fu@y=" > fur(a).
IC[d,]:|1]>2
Proposition E.5. There exists C = C(M,c*) > 1 so that the following holds. For anyu € T \ L
and I C [dy] with |I| > 2. Consider a function of the form

a(z) = Z Cothy ().
c€F(By):I(o)=I
Then, for I' C I, let
U=T\(|JTw)

i€l
and we have

(Eva)(z))” <exp (— el l'|(h(u) — C — b*)) (Eva?)(z). (42)
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Roughly speaking the proposition states that under the decay of correlation in Assumption [B.3] for
functions all of whose coefficient ¢, have S(o) = I for some large set I we get a variance decay of
the form exp(—e|I|h(u)). For later applications the statement is more general allowing to condition
on some of the subtrees. This is an analogue in our setting to the classical fact in Fourier analysis that
high amplitude functions have sharp decay under noise.

Proof. We fix u € T\L and I C [d,,]. Without lose of generality, we assume I’ = [s].

Let Cy = Co(M, c*) denote the constant described in the statement of the Proposition. The precise
value of C will be determined during the proof.

For brevity, we introduce some notations that are only used in this proof.

1. Decomposition of = € [¢]T: Consider the representation of x as
T = (xuvx()vxlv e ;xs)a
where, Vk € [s], z := (zy : v < wug),and g = (z, : v € U\ {u}).
Further, let
T<k = (.%‘0,331, N ,l‘k).

For k € [0, s],
a<k(x<k.) = ]E[a(X) ’XU = Ty and XSk = zﬁk:|'

Before we proceed to the proof, observe that applying Jenson’s inequality on conditional expectation,
we can form a chain of inequalities

(Eva)*(z) = (EyaZo)(z) < (Evak,)(z) < (Eva,)(e) < ... < (Epal,)(z) = (Eva®)(a).

If h(u) < Cp + h*, then the statement of the Proposition is weaker than the inequality (Egra)?(x) <
(Eya?)(x) stated above. So the lemma follows immediately in that case. From now on we assume

h(u) > Cy + h*. (43)

We will improve each inequality in the above chain by leveraging the assumption (I3)).

Given the definition of a(x),

a( an H ¢pla Zo) H¢Pa ;)

o 1€1\[s] i€[s

By the[Markov Property} the random variables (X;| X, = 2. );¢0,] are independent. This gives rise
to:
[Zco’ H ¢PO’ XO H ¢PU

=Ty and ng = l‘gk}

i€I\[s]
_ZCU H ¢PJ JJ() H ¢Pa l’k H (Eu(lgPlo')(xu)
o i€l\[s] i€[k] i€lk+1,s]
This part is freezed. This part is a function of z,,

Now, fix k € [s] and express a<y(x) = a<p(Ty, T<kp—1, k). An essence of this proof is that the
mapping:

Yk = agk(ﬂfu,l’gk—hyk)
is a linear combination of ¢, (y) with o € F(A,, ) and the coefficients are functions of (z, z<r_1),

which gives us room to apply the inductive assumption, or (T3] from Assumption[B.3]
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To aid our analysis, we introduce Y%, an independent copy of Xj.. By (I3), we have

E[(}E[agk(xu,xgk,l,yk)m])z] < exp(—e(h(u) — h*)By, [a2 (2, 7k 1, Yi)].  (44)

The reason we introduce Y} is that the L.H.S. and R.H.S. of the above inequality are not related
to (any moments of) conditional expectation of a(X). However, it can still be used with some
adjustment, relying on (I6) from Assumption

Given the assumption on Cj being greater than or equal to 1, we have
h(ug) :h(U)ﬂ@thO—l > h*.

Applying (T6) to our function yi, — a<p(Zy, T<k—1, yx) We get

1 .
Ey, [a2 (2w, T<k—1, Yi)] Scj grell[n] By, [a2 (2w, 2<k—1, Y2)| Ve = 0]
q

1
SCTEYk (a2 (Tu, w<p1, Vi) | Ya = @] (45)

On the other hand,
T(zu) (Ey, [a<k(@u, 2<p—1, Yi)|Yy = Cﬂu})z < E[(EYR [agk(xuaxgk—laykﬂyu])ﬂ~

Combining the above expression, ([@4), and [@3)), we conclude that

(E [aﬁk(‘rua L<k—1, Yk) | Y, = mu] )2 < exp(—a(h(u) - h*))EYk [a‘?gk(xuv L<k—1, Yk) { Y. = {Eu]

(46)

c*m(xy)

Notice that the expression inside the square in L.H.S. is
Ela<k(zu, v<k—1,Ye) | Yy = ]
:E[agk(xu, T<k—1,Xk) | X, = xu]
=E[a<i(Xu, X<i-1,Xr) | Xy =au, X<po1 = T<p1]
=a<p—1(x).
Similarly,
Ey, [a%k(xu,wgk,l, Yi) | Y, = :vu] =E [a%k(mu, T<k—1,Xk) |Xu = mu]
=E [0 (Xu, X<p—1, Xi) | Xu = o, X<po1 = T<po1]
:azgkfl(x)'
By imposing the first assumption on Cj, that

Co > 110% <;)7
€ c* minjepg 7(J)
it follows from (@6)) that
a%k_l(x) < exp(—e(h(u) — Cy — h*))IE[aQSk(X) | Xy = 2y and X<y = 2<p1]
By taking Conditional Expectation on both sides,
(EvaZy_)(z) < exp(—e(h(u) = Co — h")) (EvaZ,) (o).

Finally, we apply this inequality consecutively for k& € [s] we obtain

(Eva)(z) < exp(—¢lI'|(h(u) — Co — h"))(Eva?)(x).
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Corollary E.6. Fix u € T\ L and a function f,,(x) following the form described in Deﬁnition If
I,J C [d,] are subsets of [d,,] of size at least 2, then for every 0 € [q],

Bt @) <esp (~ D) - 1) JE72 )0 @)
Eofur )0 <exp (— 20wy - 0 1) JE200) - JETZ)0), @s)

where C = C(M, c*) is the constant introduced in Proposition|[E.3 and IAJ := (I\ J) U (J \ I).

Proof. For the first statement, it follows from Propositionwith a(z) = fyr(zr)and I =1I'.
To prove the second statement, we begin by noting that the inputs of f, ;(x) and f,, s(z) do not
include (2, : v € U;jcpn; Tu;) and (2, @ v € Usep s Tu, ), respectively. Thus, we can apply the
and that fact that if Y, Z, W are ind pendent then:
Elg(Y, 2)h(2,W)] = E[E[g(Y, Z2)h(Z, W)|Z]] = E[E[g(Y, Z2)|Z]n(Z, W )]
and this in turn becomes:
E[E[g(Y, 2)|Z|h(Z,W)|W] = E[E[g(Y, Z)| Z]E[h(Z, W)W},

to obtain

(EBufu,1 fu,7) (@)
—E[E[fuJ(X)ﬂXU:vgz U 7] E[fu)|x0g |

Tui] ‘Xv—xvsv{u .
ieI\J ieJ\I

In terms of absolute value, by Proposition [E.5|we have

|(IE futfu.0)(@)]
<E ‘E{ful ) fu,g (X ’X tv ¢ U T,

i€IAT

‘Xv:mv:vyfu]

JE[fs )| X0 v g U 7]

:E_‘E[f%I(X)’XU cog | Tm} ‘szxvzv;éu]

ieI\J ieJ\I
<E|, Jexp(~elI\J|(h(u) = C ~ b)) -E[f2,(X) | X, s v g | T
- 1€I\J
.\/exp(5|J\I|(h(u)Ch* . [ ’X N U s ‘vav.vyéu]
i€ J\I
gexp(_;mﬂ(h(u)_c_h*))\l [ ‘X vg |J T ‘X,,:x,, : v;éu]
i€I\J
]E{[UJ ‘X1,1U¢ UTW ‘Xv—xv:v{u}
1eJ\I
6 *
—exp (= SITAJ|(1(w) — C = 1))/ Buf2 (@) - (Buf2 (@),
where the second to last inequality follows from Holder’s inequality. O

Corollary E.7. There exists C = C(M,d,c*) > 1 so that the following holds. If u € T\L with
h(u) > h* + C(1 +log(R)), then for any f,(z) in the form as described in Definition|E.4|

el 5 Y (B0 < (Buf2)6). (49)

IC(d.): 1122
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Proof. Let Cy = Cy(M,d, c*) denote the constant introduced in the statement of the Lemma. Its
value will be determined along the proof.

The statement of the Corollary is trivial when d,, < 2 since in that case B, = (, implying f,, = 0.
From now on, we assume d,, > 2.

First,

ESD@) — Y Euf2)@) = Y 2Bufus fus)@)

T€ldy]: [1]22 1,7}
where ) {1,y refers to the sum over all unordered pairs {I, J} with I and J being distinct subsets
of [d,,] of size at least 2.

We can apply (@8) to estimate the absolute value of the difference.

’ Z 2By fur fuJ)(x)’

{1,J}
<3 2o (- L2 0w - g - 1) JEL @) B )@, G0
{I,7}

where the constant (frg) is the constant (g introduced in Proposition By 2|ab| < a? + b? for
a,beR,

2/(EBuf2 (@) (B f2 (@) < (Buf2)(@) + (Buf? ) ().

Hence,

< Y ELIO( Y e (- 20w - dmm-w)).

IC[dy): |T|>2 JCldu]: I£J

With [{J C [d,] : [TAJ| =i} = (%) < di,

> e (- ) - -w) < Zdzexp( = (w) ~ - 1)) < 1/4,

JCldu]: I#JT

(5D
provided that h(u) — (g — 280 _ = > 16,
Now, we impose the first assumption on C that
log(d 1 16
Co> g+ B 1 1 1
then log(d 16
h(u) > h* + Co(log(R) + 1) > g+ ———— Og( w) + - +h™".
Hence,
1
EDE@) - Y ELS)@[ <7 D Eui@) (52
Ield]:|11>2 Ield]:|1|>2
and the proof follows. O

Proof of Proposition[E1} Let Cy = Co(M,d,c*) denote the constant introduced in the statement
of the Proposition. Its precise value will be determined along the proof. From Remark [E.3] it is
sufficient to consider the case when |d,,| > 2. Further, it suffices to prove in the case when

h(u) > h* + Cy(log(R) + 1), (53)
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since otherwise the statements follow from either Cauchy-Schwarz or Jenson’s inequality.

Part I: Derivation of (37) and (38).

First, by (7)),
ELPO = Y @) (54
1C[du]: 1>2
(X ew(-Fow-dm-w). (Euf%:,»(e))Q
IC[dy]: [T]>2
(X e (—ellnw-dzm-1)) (X ELDO),
IC(d 1122 IC[duli 1122

where we applied Cauchy-Schwarz inequality in the last inequality; the constant (i is the constant
C introduced in Proposition [E.3]

With the coarse estimate
{ICd):I|=t}= ( )<dt (Rd)",

we have

> exp( - elll(h(w) - Gz 1))

IC[dy]:|I|>2

<Zexp(—at< u) — C@—M—h*)). (55)

€
The geometric series above is finite if h(w) is large enough, and this can be achieved by imposing
assumption of C and relying on (33). Now, let us impose the first assumption on Cj:
Co > Ogm+ (24 2log(d) + 100) /e. (56)
Then, by (33) we have

1 log(d 1
h(u) > b + Co(log(R) + 1) > h* + (g + QM 4 10

€
which in term implies the R.H.S. of (33) is
exp ( 2 () — Cipg — 1B EED h))

l—exp (—E(h(’u) — %_ M _h*))

exp ( — 2€<h(u) — Oga— w _ h*))
= 1 _ ¢-100
<2exp (- 2 (h(u) — iz - w _ h))
_1 log(R) +log(d) ., log(8)
4exp(Qs(h(u) —Ogm— —— b o )

1 *
< oxp = 2e(1(u) ~ Collog(R) +1) ~ ") )
Substituting the above estimate into (34), together with #9) we have

(B f.)*(0) < oxp — 22(h(u) — Collog(R) + 1) ~1)) - (Y (Euf2)0))

IC[dy]:|1]>2

exp (2 (n(u) — Collog(R) + 1) = b*) ) (B f2)(0). (57)

<

l\.’)M—l
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Therefore, we have derived an inequality which is slightly stronger than (37).

To derive (38), let us first show Ef,,(X) is relatively small using (37) and Jesnon’s inequality:

1

(ELA(X)])’ < B[(Eafu)*(X)] < 5 exp (= 2¢(h(u) — Collog(R) + 1) =) )E[2(X)]

Thus, the variance and the second moment of f,, (X)) are the same up to a factor of 2:

E[f2(X0)] = E[£2(X)] - (ELf.(X)])" = SE[£2(X)]. (58)

l\.')\»—l

We conclude that
E[(Eufu)*(X)] <E[(Eufu)*(X)]
<5 o0~ 22(h(u) — Cofloa(R) +1) 1) B[
< exp(—2¢(h(u) — Co(1 + log(R)) — h*))E[f3(X)]
Therefore, we complete the proof of (38).

(X)]

Part II: Derivation of (39).

It remains to show (39) and the proof is similar. Fix I C [d,] with |I| > 2, let I’ = I\{i} and we
represent = € [q]T as (xo,z1), where

Zo ::(xv cvé U Tu].) and 1 ::(xv CwE U Tuj).
jer jer

With this notation, we have a(x) = a(x¢). Thus,

B[} fur (X)a(X)]] =E[[E[fu,1(X)] Xo] - a(Xo)|

<\/E[(E[fu,I(X) ’Xo})ﬂ . \/m
<y B[00 | X0])7] - Bl ()
<exp (= S\ {}I(h(w) — Gzm— 1)) \/E[12,(X)] - [E[e2(x

where the last inequality follows from Proposition[E-5] Hence,

E[|fu(X)a(X)]]

< Y e (- SN ) - G- 1)) E2(0] - R (x
Ig[du]:\f\22
1/2
(X ew(-an@iow-dm-w)) [ ¥ B[1200)- Bl
1C(du]: 11122 1C(d]: 11122

Next, we impose the second assumption on Cj that

Co > U

where (Jg7 is the constant introduced in Corollary [E.7| - Together our assumption h(u) > h* +
Co(log(R) + 1) at the beginning of the proof, we can apply the Corollary and (58)) to get

> EfI(X) < 2E(fu(X))? < AE(fu(X))%. (60)

IC[dy]: |1]>2
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Repeating the same argument as in the proof of (38) and relying on the assumption (56)) of Cy,

> exp(-elN\ () - G- b)) €3 exp (— et(hi) - Cza =1 - 2@))
IC[dd]): [1]>2 =1
gi exp ( - s(h(u) — Co(log(R)+1) — h*))

(61)
Therefore, combining (60), (61)), and (59) we get

E[If(X)a(0)[] < exp (= 5 (b(w) — Collog(R) +1) =) ) - /E[f2(X)] - \/B[a2(X)].

O

F Induction Step 2: Decay of f; and the proof of Theorem B.6|

As a continuation of the inductive step, we adapt the notation introduced in the previous section.
Building on the properties of an single component f,, from Proposition|E.1| our objective is to deduce
variance and covariance decay of fj, which is stated in Proposition below. Once it is established,
we will be ready to prove Theorem [B.6]

F.1 Properties of f;

The main goal of this subsection is to derive the following Proposition.

Proposition F.1. There exists C = C(M,d,c*) > 1 so that the following holds. For any p' € T
satisfying
h(p') > h* + C(1 + log(R)).

Fix a positive integer k1 such that
h(p') > ki > h* + C(1 + log(R)).

Consider a function

f@) =+ 3 cotla)

UE}—(BSP')

with Ef(X) = 0. We decompose f according to Lemmawith the given k1. Then, the following
holds:

s fork € [k + 1,h(p')],
E[(Ep/fk)2(Xp’)] < exp ( _ g(h(p’) + k- C(log(R) + 1) - 2h*)>Eflg(X)7 (62)
e fork =k,

E[(Ey fr,)*(Xp)] < exp ( —e(h(p') — k — C(log(R) + 1)))Ef,31 (X), and ~ (63)
s forky <m <k <h(p),

B0 fun(X)]| <exp (= 5 (k = Cllog(R) + 1) — 1) ) E[R2(X)E[£2,(X)],
(64)
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Before we prove the Proposition, let us prove the following second moment bounds for the partial
sums of f.

Lemma F.2. There exists a constant C = C(M,d, c*) > 1 so that the following holds. Consider the
same description as stated in Proposition|F.1|\and k; > h* + C(log(R) + 1). Let (h, k) be a pair of
integers satisfying k1 < h < k <1'. Foru € Dy(p’), let

fru(z) = Z fv(x)
vEDy (u)

In other words,

@)= > faul).

u€Dy(p’)
The following holds: First, for u € Dy (p’),
1 . .
5 2 ERX)<Ef.(X)<2 ) EfI(X)
vEDy (u) vEDp (u)

Second,

1Y ERLOSERM S Y BRLX).

u€L(p) u€L(p’)

Proof. Let Cy = Cy(M,d,e") denote the constant introduced in the statement of the Lemma. Its
precise value will be determined along the proof.

Let us fix u € Dy(p'). Consider the following conditional expectation of f, ,, ().

(]Ehfh,u)(x) = ]E[fhﬂ!«(X) ‘Xv =Ty - h(’U) > h] = Z (Eva)(xv)'

vED (p')
Comparing the second moments of fy, (%) = 3_,cp, () fo(z) and > ve Dy (w) (Ey fo)(z,) we get

el ¥ fv@c))j SRR+ Y E[RX) (X))

vED), (u) v€D (u) 0,0/ €Dy (u) : vV
= 3 E[2X)]+ > E[E[(Eva)(X)(]Eu/fvf)(X)‘Xp@,v')H
ve Dy (u) (0.0)€(Dr(u))? s v’
(Y @) Y (B - EEL)AX)
vEDy, (u) vE€Dp (u)
> ¥ (1—exp(—a(h—cm(1+1og(3))—h*)))]E[ff(X)L
vEDy, (u)

(65)
where the last inequality follow from Proposition [E-T] and (fzg is the constant C' introduced in
Proposition[E.T]

Here we impose the first assumption on Cj:
Co > 10max{e™*, G}
Then, due to k1 > h* 4+ Cy(log(R) + 1), we have
exp(—e(h— (1 +log(R))—h*))) < exp(—e (k1 —Ciz(1-+log(R))—h*))) < exp(—e-0.9Co) < 1/2,
and thus (63) can be simplified to

E[ff.(X)] >3 Y E[f2(X)]. (66)

vEDp (u)

N |
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With the lower bound been established, the upper bound can also be derived in the same fashion. Let
us first recycle the first three lines of (63)):

2

[ X A0)]=E( X ®AK) 4 Y B - EELAX)

vEDp (u) v€D (u) v€Dp (u)
~ 2 ~
<E( Y E®LX) + Y ERX)
veDy, (u) vEDp, (u)

Notice that we can apply Lemma [C.2]for the first summand in the above expression.
_ 2 - 2 -
E( Y EfX) =E( Y EL)X)) <OmR Y (Ef)X)
vEDp (u) vE€ Dy, (u) vEDp (u)

where (g is the constant introduced in Lemma[C.2] Again, applying the estimate from Proposition
[Edlwe have

GoaR Y. (Bufo)(X,) < Cogltexp (—22(h—CGra(l +log(R) —h7) ) 3" EFA(X).

vEDy (u) vED (u)

Here we impose the second assumption on Cy that

1 + log(Cle)

>
Co > g+ 9%

Then, relying on h > k1 > h* + Cy(log(R) + 1),
CizzR exp ( —2¢(h — G(1 + log(R)) — h*))

<exp ( -2 (h — Ol + log(R)) — h* — log(Cm;;r log(R) ))
1

(67)

IN

)
which in turn implies

E(fru(X))> <2 > E(fo(X))*
vEDp (u)

Now it remains to show the second statement. Notice that f), = f, ,/, we immediately have
1 ~ -
5 2. ERX<ERX)<2 > EfIX)

vED (p') vEDR ()

Together with

S Y ER0< Y EREM <2 Y ERMX),

u€Dy(p’) vEDp(p’) u€Dy(p’)

the second statement of the lemma follows.

Proof of Proposition|[F1| Let Cy = Cy(M, d, c*) denote the constant introduced in the statement of
the Lemma. Its precise value will be determined along the proof. Let us make the first assumption

on C that
CO Z %7

where Cfr is the constant introduced in Lemma[F.2] Now, we could apply the statements of the
Lemma.

Part 1: Derivation of (62).

38



Fix k € [k + 1,1']. Applying Lemmamwith the parameters h and k in the Lemma setting to be k,

> E(fu(X))% (68)

u€Dx(p’)

DN =

E(fu(X))? >

The next step is to compare the sum of Ef2(X) with E [(Ey fx)?(X,)]. By Jenson’s inequality,

E[(E, )X, =E[( 3 <Ep'fu><Xp/))2}

u€Dy(p")

<E[[D(0)] 3 By fu) (X))

uw€Dy(p)
=IDr(e)l Y E[Eyfu)*(Xp)].

wEDy (p")

For each summand, we can apply (8) from Lemma[A-5]to get the following estimate.
E [(EP' fu)z (XP' )] SQE(I/ - k)Qqu(llik)E [(}Eufu)z (Xu)]

where (Jz is the constant introduced in the Lemma. Together with | Dy (p')] < Rd"~* from the
assumption on 7" and d\? < exp(—1.1¢) from the definiton of ¢,

E[(E fi)*(X,)] <Caall’ — WP Resp(~L1=(' ~ k) Y. E[(E.f)*(X.)]

u€ Dy (p’)

exp<75(l’fC”(1+10g(R))fk)) > E[E.f)*(XL)]  (69)

u€Dy(p")

<

N |

where we set
C'=1+log(1+ QQHmaI%(an exp(—0.1en)) < +o0.
ne

By Proposition [E.T| we have

E[(Eufu)*(X)] < exp(—2e(k — Cn(l + log(R)) —h*))E(fu(X))?, (70)

where (i is the constant C' introduced in the Proposition. Substituting this inequality into (&9),
together with (68)) from first step,

E[(Ey i (X,)] <gexp (— (' +k— (0 + Grlog(R) + 1)~ 20%)) 32 E(f.(X))?

u€Dy(p’)
<exp(—e(l' +k — (" + (gm)(log(R) + 1) — 20" E(fu(X))*.
Now, we impose the second assumption on Cj that
Co > (C" + GE),
we finished the proof of (62).

Part 2: Derivation of (63).

Let us consider
hkl(m) = (Elﬁfkl)(x) = E[fkl(X> | Xy =Ty t u€E Dkl(pl)]'

In other words, we may view hy, (x) as a linear function with variables x,, for u € Dy, (p’) with
Ehy, (X) = Efg, (X) = 0. Then,

E[(Ep fi)*(X,)] = E[(Eprhi,)*(X,)] < exp( = e(h(p) = b — Gzm) ) EAE, (X)
<exp (—e(h(p') — k1 — Cpm)) EfZ (X)
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The first inequality follows from Proposition [B-3] The second inequality follows from Jensen’s
inequality. Here we impose the third assumption on Cj that

Co > (g3,
the derivation of (63) follows.
Part 3: Derivation of (64)
For w < p’ withm < h(w) <k, let
fm,w(x) = Z fv(x)
vEDy (w)

Let us make a remark that either by second property of f from Lemma when m = kj or by
Lemrnain the case when m > k1, we have the following: For w < p’ and m < k&’ < h(w),

1/2

(Y Ef.)" < amr e, (x) (1)
u€D, (w)
‘With this notation,
E fr(X) fm(X)
= Z Efu(X)fmu(X)WL Z Efu(X)fm,u/(X)
u€EDR(p’) u,u’ €Dy (p’) s uFu’
u€Dy(p’) u,u €Dy (p') : uFtu’
“E[( Y ELIO)( Y EfndX)] Y EAXOfaX) ()
u€Dy (p’) u€Dyg(p’) u€Dy (p’)
u€Dy(p’)

We will estimate the three summands individually.

Part 3.1: Estimating first summand of (72)) First, we apply Cauchy-Schwarz inequality,

E[( Y BN D Eufma)(X)]| =|E[Erfi) (O ER L) (X)]|

u€Dy(p’) u€Dx(p’)

<VE[(E fi)2(X)] \/E[(Bx f)2(X)]
(73)
Now, combining (70) and (68), we have
B[(Epfi)2(X)] < VZexp (— (k- Ca(l + log(R) — b)) B2 (74)
By setting
Ci=0gn+ é(% log(2) + log(20) + 2)7
we can conclude that

Bl ¥ EBAON Y G0

u€Dy (p’) wEDy (p)
<exp(—e(k — Ci(log(R) + 1) — h*))\/EfZ(X)Ef2,(X), (75)

Part 3.2: Estimating second summand of (72) For the second summand of (72)), we begin with the
estimate for each u € Dy (p’):

E|fu(X) frn (X < D Bl fulX) frnu (X))

i€[dy]
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Since for each i € [d,] we have fy, u,(€) = fiu: (T<u,), we apply (39) from Propositionto fu
and a(z) = fim,u, () to get

> Elfu(X) (01 < Y exp (= 5 (k= Gmallog(R) +1) = b*) ) (EF2(X)VA(EL ,, (X)),
i€[dy] i€(du]

where i is the constant introduced in the Proposition. Applying Jensen’s inequality and (71)) with
w=wuand k' =k —1,

S E, ()2 < a2 (3 EL (%) < (R R (E£2, ()

i€lda] i€[dy]

1/2

Hence,

| fu(X) fm,o(X)| <(RA)2Cig® exp (= 5 (k — CGzalog(R) + 1) — 1*) ) (BF2(X)) /2 (Ef2, ,(X)

1/2

<exp (= (k- Callog(R) + 1) — ") ) (BF2(X) 2 (Ef2, ,(X))2, (76)
where 9,3 1
Cy = - (5 + 3 log(d) + log(%)> + 3

Now, returning to the summation, we apply (76) and Cauchy-Schwarz inequality to get

Y EA)fma(X)

u€Dy (p’)
< Y exp (= (k= Collog(R) +1) — 1) ) (BFA(X)) 2 (EFE,(X)!/?
u€Dy(p’)
<o (- S(k-Catos®) + 1) -1) (Y ERN) (D E2Lm)
u€Dy(p') u€Dy(p’)
<2CipmR® exp = 5 (k = Callog(R) +1) ")) (EF2(X)) /* (Bf2(x))
<exp (= 5 (k= Calog(R) +1) — b))\ EF2(X)ESZ (X). (77)

~ 1/2
In the derivation above, we applied Lemmafor the term ( > ueni(p) E f2(x )) and (7)) for

1/2
the term (Zue D (o) B fﬁ%u(X )) in the secont to last inequality. The constant C5 in the last
inequality is defined as

Cs = g(log(ZCM) +2) + Co.

Part 3.3: Estimating third summand of (72) It remains to bound the third summand, it can be
reduced to the upper bound for first summand. Applying the Cauchy-Schwarz inequality and Holder’s
inequality we have

> E[Ef) ) Eufia)(X)]|

u€Dy(p’)
<E[| ¥ Bl Eufun)(X)|]
u€Dy(p’)
<[ Y @A) (Y Ehix)]
u€Dy(p") u€ Dy (p)
<& Y ®00) (B Y @)
u€EDR(p’) u€EDK(p’)

<V2exp (—e(k — (1 +log(R)) — h*)) - GpmR®/EfE(X)ES2(X).
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where in the last inequality we applied (74) and (71).
By setting
Cy = é(% log(2) -+ log(Cizzm) +2),
we conclude that
| Y E[Euf )X Eufna) (X)]| Sexp (= (k= Ci1 + 1og(R) — 1)) | [ESE(X)EL ().

u€Dy(p’)
(78)

Now, combining the three estimates of the summands (75)), (77), and for (72) we conclude that
9 *
[ES(X) o (X)] Sexp (= 5 (b = C5log(R) + 1) b))\ /B (RS2 (X),

where D)
Cs = R log(3) + max{C1, C3, Cy}.

Now we impose the forth assumption on Cj that
CO > 057
and (64) follows.

F.2 Proof of Theorem
Let Cy = Co(M, d, c*) denote the constant introduced in the statement of the Lemma. Its precise
value will be determined along the proof.

Let &k, be a positive integer with the precise value to be determined later. Here we impose our first
assumption on k; that

k1 > Cir(log(R) + 1) + 1
where (jq1is a constant that appears in Proposition

Now, let us consider a function f described in the Theorem. Without lose of generality, we may
assume Ef(X) = 0. Then, it is equivalent to estimate the second moments.

Further, let us assume h(p’) > k; and the decomposition of f according to Lemma [D.1}

fley="Y  f(X). (79)

ke[k1,h(p")]

Our first goal is to show

Ef(X)*~ ) fiX),
ke [k,h(p)]
by showing E i, (X) f,,,(X) is insignificant whenever k # m.

For k1 < m < k, by Propostion [F.1}
21 (X) i (X)] <2exp = = (k — Crp(log(R) +1) — h*) ) (EFZ(X) V2 (ES (X))'/?
<exp (= 5 (k — Grplog(R) +1) —b*) )EFZ(X)

Applying the above inequality to bound the second moment of f(X) we get

Eff(X)=E > Efp(X)fm(X)

k,m€lk1,h(p’)]
> ) Ef,f(X)~(1— > eXp(—%(S—C{:ﬂl(log(Rﬂ'l)_h*)))'
k€[k1,h(p")] s€[k1,h(p’)]
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Notice that there exists ¢y which depends on ¢ so that

= € 1
> e (-5t) <5

t=to
By setting
ki := [h* + Geg(log(R) + 1) + to],
we get
Ef*(X) > % > EfX). (80)
kelkr,h(p")]

Our second goal is comparing E[(E, f)?(X,/)] and D kelk1,00] Ef?(X). Starting with the variance
and /. norm comparison from Lemma[A-3]

E[E /(X0 <E[( > max &y £)(00)]) ]
etk (o)

:( Z max |(]Ep’fk‘)(9k)|)2

kelkrn(en) 1

2

<Gma( Y. VEER?X,)).
kE[k1.h(p")]

where (fz7 is the constant introduced in the Lemma.

By (62), from Proposition[F.1] for k € [k1 + 1,h(p')],

E[(Ey fi)2(X,)] < exp (—e(k = b)) -exp ((— (h(s) — Grm(log(R) + 1) — b*) |EFA(X)
And for k = k; = [h* + (rg(log(R) + 1) + to], we apply (63) to get

E[(Ey fr,)2(X,p)] <exp (—e(h(p') — k1 — Gra(log(R) + 1)) EfZ (X)
<exp (—e(—to — 1))

exp (= e(b(p) - 2Cm(log(R) + 1) — b*) | EfZ, (X).
Substituting these estimate and by Cauchy-Schwarz inequality we have

E[(E, f)*(X,)] <Cmexp (— e(h(s') — 20mmllog(R) + 1) ~ 1))
(explelto+ 1) + Y exp(—2t)) - > EfAX)
t=0

ke[k1,h(p")]

=C1
<CaCi2esp - e(h(p') — 2GEmog(R) +1) — ") )EFA(X).
Now, by taking
Cp > max {2qm+ élog(CmCﬂ), Gz + to + 1},

we conclude that
E[(Ey f2(X,)) < exp (= e(h(p) = Collog(R) + 1) = b*) JES2(X).

It remains to show the case when h(p’) < k;. From the assumption that Cy > g+ to + 1 and
k1 <h* 4+ Grq(log(R) + 1) + to + 1, we have

exp ( — e(h(p) — Co(log(R) + 1) — h*) > 1.

Hence, the statement follows directly from Jensen’s inequality.
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G General Case: Base Case

Now, we want to establish Theorem which does not rely on the assumption cp; > 0. Let us first
establish analogues of Assumption (the inductive assumption), Proposition [B.3] (the base case),
and Theorem B.T| (the inductive step) in the general case.

Assumption G.1. By stating that A satisfies this assumption with given parameter h°, we mean
A; € A C 25\{0} is closed under decomposition, and the following holds:

For every u € T and any A<,-polynomials functions f and g, we have
Var[(E, f)(X)] < exp(—¢(h(u) —h°))Var[f(X)]. (81)

Further, suppose Ef = Eg = 0 and h(u) > h°. Notice that by the [Markov Property} (E, fg)(z),
(E,f?)(z), and (E,g?)(x) are functions of z,,. Then,

max |(E.f)(6) ~ Efg| < exp (— 5 (h(u) ~1%))  /min(E. ) (0) min(Eug?) (0).  (82)

The main difference of this assumption and Assumption[B.3]is the difference of (82) and (I6).
Proposition G.2. Consider the rooted tree T and transition matrix M described in Theorem[I.6]
There exists C = C(M,d) > 1 such that A, satisfies Assumption with some parameter h°
satisfying

h® < C(log(R) + 1). (83)
Theorem G.3. Consider the rooted tree T and transition matrix M described in Theorem[[.8] There

exists C = C(M,d) > 1 so that the following holds. Suppose A satisfies Assumptionwith some
parameter h°. Let B = B(.A) (see Definition m Then, B satisfies Assumption with parameter

h® + C(log(R) + 1).
Proof of Theorem[I.6] The proof of Theor&@ is analogous to that of Theorem [B.T] employing a

similar strategy by leveraging Proposition and Theorem [G.3]in the former, and Proposition[B.3]
and Theorem [B.6lin the latter.

O

In this section we will prove the Base Case Proposition[G.2}
Lemma G.4. There exists a constant C = C(M,€) > 1 so such that for any p' € T and 0 < m <
h(p"):
Consider two degree I polynomials f and g with variables (x,, : u € Dy, (p')). Suppose
f(X)= Z fu(X) almost surely,
uEDm (p')

where f,(x) = fu(xy) and B[f,,(X)] = 0, and we assume the same conditions for the polynomial g
and g,,. Then,

max |(E, fg)(0) — Efg| < CRexp(—e(h(p)) —m)) | Y Ef2(X) | Y Eg(X).

b<lal w€Dom (p) w€D o (p')

Proof. Let Cy = Cy(M, d) denote the constant introduced in the statement of the Lemma. Its value
will be determined along the proof.

First of all,

max |(E, 0) —E =max
Qe[q]‘( pfg)() fg| by

> (B fug)0) ~Efuge

u,vEDp, (p')

< Z max |(Ey fugo)(0) — Efugol-

e
w,vEDy, (p') la]

)
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Our proof will be carried out by estimating each summand. Fix any pair v, v € D,,,(p’) and consider

||(Ep’fugv) - EfugvHoo = meax ‘Ep’ [fu(X)gv(X) - Efugv ’Xp’ = 9} ’

Let w = p(u,v). Since f, and g, are functions of x<,,, relying on theMarkov Property| we know

the function (E,, fy, - g») () is a function of x,, with expected value Ef,, (X)g,(X). With
(Ep/fugv)(xp/) = ]E[(waugv)(Xw) ’ Xp/ = xp’]v
applying (I0) from Lemmal[A5]
1By fugo) = Efugolloe <Cm(h(p') — h(w))? ARy, fug,)(6) = Efugel| .

where Cfzg is the M -dependent constant introduced in the Lemma.

Next, we will estimate H (Ew fugo)(0) — Efuge HOC In the case u # v, there exists i # j such that
u < w; and v < wy, which in turn implies that (X<, | X = ) and (X<, | X,y = 2,,) are jointly

independent by the Thus,
(Bwfugo)(0) = (Ew fu) (0)(Ewgy)(8),
which implies

g}c_?‘x‘( wfugv)( )| <§Iéa‘x|< wfu)( )| géa[‘;q(Ewgv)(e)l

<Cg(h(w) — m)PN2E =) /R F2(X)Eg2(X),

where we applied (I0) and (@) from Lemma in the last inequality. If u = v, then the same
estimate follows immediately without relying on

Now, we convert the above estimate to that of ||(E, fu.g,)(0) — Efugv||co, Which relies on the simple
bound that [Ef,, (X )g, (X)| < maxgpeg) |(Ew fugy)(0)]. Thus,

||(waugv)(9) - EfugvHoo SQI@H&X |(Ew fugu)(0)]
€ld]

<2Cg(h(w) — m)* N7 B f2(X)Eg2 (X).
Together we conclude that for a pair u, v € D,,(p") with w = p(u, v),

Iyt fugo) = Efugulloe <2GmM(w) —m)*(h(p') = h(w)) TN TR =2m B 12(X)62(X)
<2Cm(h(p)) — m)PAR TR 2 R £2(X) g2(X).

Relying on this estimate, we are ready to bound the l..-norm of (E, f¢)(z,) — Efg.

gg[xXI (E, f9)(0) —Efg]

< Y max|(Eyfugo)(6) —Efugs]

w, €Dy, (p')

= > > ) max|(Epfug)(®) ~Efug|

ke[m,h(p")] weDy(p") u,v: p(u,v)=w

< SN Y 2GEMm() - m)Paare TR JER(X)g2(X). (84)

ke[m,h(p")] weD(p) w,v: p(u,v)=w
Next, relaxing the condition p(u, v) = w in the summation,

W< > 3> 2GR - m)pPaD R B (X)) g2 (X)

ke[m,h(p’)] w€Dy(p’) u,vED,, (w)

S Y Y Gl mpee( Y VERE)( Y VERDD)

ke[m,h(p’)] weDy(p") uGD  (w) UED,, (w)
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Notice the inequality lal < Zie[n] |t;‘2 follows from Jenson’s inequality applying to

i€[n] n =
the function ¢ ~ 2 and the uniform measure on [n]. Now apply this inequality to the collection

{V/Ef2(X)} and {/Eg2(X)} respectively, together with | D,,,(w)| < Rd*™)~™_ from our tree

asscumption, we have

(*) < Z Z 2%(h(pl) _ m)3q/\h(p/)+k—2dek—m

ke[m,h(p’)] w<p’ : weDy(p’)

Y OERX) [ Y Ee(X

UE Dy, (w) UE D, (w)

< Z 2q4 (h(p/) _ m)3q)\h(p’)+k—2dek—m

ke[m,h(p")]
> X ERM-[ XY EAEX
w<p’ :h(w)=k u€D,, (w) w<p’ :h(w)=k u€D,, (w)
= > 2Gag(h(p) — m)PAneItEmpgkem [N RBR2(X) |OY T Eg3(X)
ke[m,h(p’)] u€Dm (p') €D, (p')

(85)
where the last inequality follows from Cauchy-Schwarz inequality. Finally,
Z 2%(}1([)/) _ m)Sth(p’)+k—2dek—m
ke[m;h(p")]

<2GAmR(M(p) — m)3 - (h(p') — m)AMPI™™  pax  pkmmgkom
ke[m.h(p")]

where
=203 30t exp(—0.1
Co Cmrilgé(n exp(—0.1len) < 400

is a constant depending on M and e. Combining the above estimate with (83]) we conclude that

max |(E, f9)(9) — Efg| < CoRexp (—e(h(e) > ERX) [ > Eg(X
/ u€D (p') u€D, (p')
and the lemma follows. O

The statement of Lemma[G.4] together with Proposition [C.3]implies the following:

Corollary G.5. There exists a constant C = C(M,e) > 1 so that the following holds. For p' € T
and 0 < m < h(p), consider two degree I polynomials f and g with variables (z,, : u € Dp,(p'))

with Ef(X) = Eg(X) = 0. Notice that by the |Markov Property, (E, fg)(z) is a function of x,.

Then,
géa;]d (Ep f9)(0) — Efg| < CR* exp(—e(h(p') — m))VEF2(X)/Eg2(X

Remark G.6. By taking the degree 1 polynomial f = g with the assumption that Ef (X) = 0, we
get

E[(Ey )(X) ~EF (0] < (max| (B, f)(6) ~Efg])’ < C2R® exp(~26h(p) (E*(X))".
(86)

In other words, if h(p’) is sufficiently large, (E, f?)(X,/) is almost the same as Ef?(X) with a
small fluctuation. Let us state this as a seperate lemma.
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Lemma G.7. There exists C = C'(M,d) so that the following holds. For p' € T with
1 1
1ty > CloslR)+1)
any degree 1 polynomial f of variables (x,, : u € L) with Ef(X) = 0 satisfies
max(E, f2)(0) < 2min(E, £2)(6).
max(Ey /%)(6) < 2 in (3, )(0)

Proof. By Corollary[G.5] for every 6 € [g],
[(Ey f2)(0) — Ef*(X)| < GgaR" exp(—eh(p")Ef*(X).

where (g is the constant introduced in Lemmal[G.3] Now, we set the constant described in the
lemma as

C= é(log(él%m) +4),

which implies
CizaR exp(—eh(p)) <  exp (— (h(p') — Cllog(R) +1))).
Then, with h(p’) > C(log(R) + 1)

(B 2)(6) ~ EF(X)| < {EFA(X),

which in term implies
maxgelq) (B f2)(0) _ FES(X)
minge ) (B, f2)(0) ~ JEf2(X)

< 2.

Proof of Proposition|G.2} Let Cyy denote the constant introduced in the statement of the Proposition.
Its precise value will be determined along the proof.

Let p’ € T with b’ := h(p’). By Lemma [C.9] any degree-1 polynomial f(z) with variables
(xy :u € L,) satisfies

Var (B, f)(X)] < Gmf! (W) (dN*)" Var £ (X)),
where (g denotes the M -dependent constant introduced in the Lemma. For the term in front of

Var[f(X)],
CogR (0)21(dA?)Y < GegR! (1) exp(—1.1eh’) < exp ( — (b’ — Cy (log(R) + 1)),
where 1
Cy = - ( log(Cic) + 4 + max n?1 exp(—(].lsq)).
Thus, if we impose the first assumption on C that
Co > (1,
then the first condition (8T)) in Assumption|G.1]holds for A; if we take h® > Cy(1 + log(R)).

It remains to establish [82). Let f, g be two degree-1 polynomials in the variables (z, : u € L)
satisfying Ef (X) = Eg(X) = 0. First, by Corollary[G.5]

max|(E, f9)(0) — Efgl < Gk exp(—eh(p')) VES2(X) VEg*(X),
where Cjgrg is the constant introduced in Corollary [G.5] Next, we would like to apply Lemma[G.7]

Assuming
) > OB +1)
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where (7 is the constant introduced in the Lemma, we can apply the lemma to get
Ef2(X) < 2min(E, £)(6)
and the same holds for g. Together we may conclude that

max |(E, fg)(0) — Efg| <2CgmR* exp(— \/mln (Ep f2)(0) min(E, 92)(6)

0€(q]

Now, we impose the second assumption on Cj that

Co > max{ (log(2qzm) + 4) C@}

Then, we conclude that

max |(E.f)(6) ~ Efg| <exp ( —=(n(p') ~ Colloa(R) +1)) ) fmin(E, /2) (6) min(E.g?)6)

0e(q

provided that
h(p') = Co(log(R) + 1).
Therefore, we can conclude that A; satisfies Assumption|G.1|with

= Co(log(R) + 1).

H Inductive Step in General Case

The goal in this section is to prove Theorem|[G.3] Let us restate the theorem here:

Theorem. Consider the rooted tree T and transition matrix M described in Theorem[L.8l There
exists C = C(M,d) > 1 so that the following holds. Suppose A satisfies Assumptionwith some
parameter h°. Let B = B(.A) (see Definition . Then, B satisfies Assumption|[G.1| with parameter

h® 4+ C(log(R) + 1).
In this section, we fix a subcollection A satisfying Assumption [G.1] with a given parameter h°
and let B = B(A).

We begin with the following lemma, which allows us to recycle some of the results from the case
cyr > 0.

Lemma H.1. Suppose A satisfies Assumption with parameter h°. Then, then A satisfies
Assumptionwith h* =h° + 2log(2) and ¢* =

Proof. Let f be a A<, -polynomial. If we set h* > h°, then (T3] follows immediately from (&T).
Now, we assume that E f(X) = 0 and h(v) > h°. We could apply (82) with g = f to get

masx | (£, f2)(6) ~ B (X)] < exp (- 50 —1))EFAX).

0€lq]
If exp ( — 5(h(v) — h°)> < 1, or equivalently,

2
h(v) > h® + z log(2),
then, for every 6 € [q],

3

%wm < (E,h?)(0) < SER*(X).

Therefore, if we set h* > h® + 2log(2) and ¢* = 1, both (T3] and (T6) hold. O
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In the remainning of this section, we set
* o 2 * 1
h* =h° + —log(2) and ¢* = 2 (87)
€
and we will rely on the fact that A satisfies Assumption [B.3]with these two parameters. In particular,
we could apply Theorem to show the existence of (g = C(M,¢e,1/2) such that for any
B<,-polynomial f,
Var[(E, f)(X)] < exp ( — e(h(v) — h° + Ggm(log(R) + 1)))Var [F(X)].

Therefore, to establish Theorem |G.3| it remains to show the existence of C' = C(M, d) so that any
B<,-polynomials f and g with h(v) > h°® + C(log(R) + 1) and Ef(X) = Eg(X) = 0 satisfy

max |(E,£9)(0) ~ Efg| <exp (— 5 (h(v) ~b° — Cllog(R) + 1)) ) fmin(E, 2)(6) min(E.?) (0)

To establish the above inequality, the higher level structure is essentially the same as that for deriving
Theorem|[B.6] We again decompose f and g according to Lemma[D.1} To the proof of the theorem,
similarly it contains three steps:

1. Establish properties of fu and Gy, see Proposition
2. Estalbish properties of f;, and g, see Proposition [H.6]
3. Establish Theorem

H.1 Properties of f,

The main goal we want to prove in this subsection is the following Proposition.
Proposition H.2. There exsits C = C(M, d) > 1 so that the following holds. For a given v € T\L
with
h(u) > h° + C(log(R) + 1),
suppose f,, and g, are two functions which are linear combination of V¥, (x) with o € F(B,,). Then,
forany 0,0" € [q],
|(Bufugu)(8) — (Bufugu)(0)]

<exp (= 5 (1(u) ~ Clog(R) +1) ~ 1)) /min(E, £2) (6) min(E..g3) (0).

€
2
With a minor modification to our approach, we are able to obtain an analogous result wherein f,, and

gy, are substituted by fu and g,,, respectively:
Corollary H.3. There exsits C = C(M,d) > 1 so that the following holds. For a given u € T\L
with
h(u) > h° + C(log(R) + 1),
suppose f, and g, are two functions which are linear combination of g (x) with S € F(B,,). Then,
forany 6,0" € [q],
(Eufudu

§exp<—

~—

(0) ~ (E.fud) (')
(h(w) ~ CC1oB(R) + 1) = b)) fmin (5, 72)(8) min(E,53) 0)

DO ™

Let us prove Corollary first.

Proof. Let Cy denote the constant introduced in the Corollary. Its value will be dervied during the
proof.

From the identity
fu(z)gu(x) = fu(®)gu(7) — fu(®)Egu(X) — Efu(X)gu(z) + Efu(X)Eg.(X),
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it follows that

|(Eufu§u)(9) - (Eufugu ‘ <| (Eufugu) (@) — (E ufugu 9/)| + |Egu(X)H(Eufu)(9) - (Eufu)(e/)’

+ |Efu H ugu - (Eugu)(e/”
<| Eufugu)(0) — (E ufugu 9/)’ + 4m€2/xx Ey fu(0)] max IEvugu(0)].
First, we apply Propostion with the fact that A satisfies Assumption [G.I| with parameter h* =
h° + 2log(2) and ¢* = 1,

max(E, f,)*(0) < exp(—2¢(h(u) — Gn(log(R) + 1) — b")) max(E. £7)(6)

where (g = C(M,d, %) is the constant introduced in the Proposition.
Second, applying Proposition[H.2] with f,, = g,, we have
| max(Ey f;)(60) — min(E,, f;)(0")]

<exp ((— (h(u) — CGa(log(R) + 1) — b°) ) min(E, £2)(0)
where (Jprg is the constant introduced in Proposition[H.2]
Let us impose the first assumption that Cy > (g Then, with h(u) > h° + Cy(log(R) + 1), we
can conclude that
max(E, f2)(0') < 2min(E,[2)(0).
Clearly, the same derivation also holds for g,.
Therefore, we conclude that
|[(Eufudu)(8) = (Bufugu)(@)]
<[ (B fugu) (0) — (Eufugu)(©)]

+ 8exp(~22(h(u) — Cy (log(R) +1) ~ 1)), /min(E, 72)(0) min(E.g2) (7)
<exp ((— 5 (h(w) ~ Clra(lo(R) +1) ~ ) Nmm Eu/2)(0) min(E.g3) (0)

+8exp (—22(hlu) — Gallog(R) + 1) — 1 — Zlog(2)) ) /g5, 72)0) mjn(Eug?) ()
<exp (— 5(b(u) ~ Co(log(R) +1) ~b°) ) /min(E, [3)(6) min(E,o%)(0).

where the last inequality follows by imposing the second assumption on Cj that
2 1
Co 2 Z10g(2) + max { Gz, Gl + = log(2) + 5 log(8)
This completes the proof of the Corollary. O

The main technical part for proving Proposition[H.2)is the following'

Lemma Hd. Forany u € T withexp ( — §(h(u) — h°)) < 1%, the following holds: Let I C [d.,]
be a subset of size at least 2. For any a(z) and b(x) which are linear combinations of 1, (x) with
o € By satisfying I(o) = I, we have

x| (Buab) (6) — (Eyab)(0) §4dRexp(— %(h(u) —ho))\/mein(IEua2)(0) in(E,b2)(0).

Remark H.5. From the assumption that h(u) satisfies
2
AdR exp ( - %(h(u) - h°)) <1 h(u) > h° + = log(4dR).
€
By taking a(x) = b(z) we have
meax(]Ean)(G) < 2m9in(IEua2)(9). (88)
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Proof. Letu, a(x), and b(z) be the vertex and functions described in the Lemma. Let us introduce
some notations for the ease of expressing the calculation later. For brevity, let

§ = exp ( - %(h(u) - ho)).

For z € [q]7, let
Ty, 1 = (Tu,; )ier-
For any given function h(x) with variables in (2, : v € {J;¢; Tu,), we define

(Eo.h)(z) == E[h(X) ’Vv ¢ | fw <w}, X, = x}
i€l
Observe that
(Ey.10)(x), (Ey 1b)(z), and (E,, rab)(x)
are functions with input x,, ;. This is due to the fact that ¢ and b —and consequently ab— are functions

of variables (v, : 2, € J;c; Lv,) andMarkov Property|

Claim: The function z,, ; — (E, rab)(x,,r) is Lipschitz continuous with respect to the Hamming
Distance with Lipschitz constant

26, /max(E, 1a?)(xy,1), [max(BE, 16?)(zy,1)- (89)

L, I L, T

We begin with the proof of the claim. Fix an index ¢y € I. Without lose of generality, we assume
I =[k]andig = 1. Forz € [q]7, let

XT; = xgui
for i < [d,], and set
Ty = (1‘2, ce ,l‘k).
With this notation above, we can express
a(x) :a(x07 .’171) and b((E) :b(.’EO7 .’L‘l).

Fix any value of z, the function
x1 — a(zo, 1)

is a linear combination of ¢,, (1) with oy € F(A<,). Notably, this implies that Ea(z, X;) = 0.
The same properties hold for the function z1 — b(xg, x1).

Now, given the assumption exp ( — §(h(u) — h°)) < ;5= implies h(u) > h°, we can apply (82)

from Assumption [G.I]to get that

max. ‘E[a(m07X1)b(xo7X1) | X, = 01] — E[a(zo, X1)b(z0, X1) | Xy = 02]‘

<2max
0€lq]

§25\/mein]E[a2(x0,X1) |Xn1 = 9} meinE[bQ(xo,Xl) |Xu1 = 9].

E[a(zo, X1)b(zo, X1) | Xu, = 61] *Ea(ﬂﬂo,Xﬂb(xo,Xﬁ‘

Forany x € [q]", let #y, = (Tuy, Tuy, - - -, Tu,, ). By the[Markov Property| for any 6 € [g],
(X0 | Xug = Tugs Xuy, =0) =(Xo| Xug = 24, and
(Xl ‘Xuo = Tygs Xu, = 9) :(Xu1 |Xu1 = 9)

are jointly independent. Hence,
E[a(X()le)b(XOaXl) | Xuo = xanXul = 0}
=E [G(YQ,Xl)b(Yo,Xl) | Xu1 = 9]
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where Y} is an independent copy of (X | Xy, = v, ). We have

|]E[a/(X07X1)b(XOaX1) |Xu0 == xu(pXul == 9] - E[Q(X07X1)6(X03X1) |Xu0 == xu(pXul -
~[Es [Ex, [a(Yo, X1)b(Yo, X1) | Xy = 0] = Ex, [a(Yo, X1)b(Yo, X1) | X, = 0] |
<Ey, [ [Ex, [a(Yo, X1)b(Yo, X1) | X, = 6] — Ex, [a(Yo, X1)b(Yo, X1) | X, = 0]

<2y, | (minEx, [0 (Yo, X1) | Xu, = 0))""% - (min Ex, [0 (Yo, X1) [ X, = 0'))""?]

1/2 1/2

<26 (Ex;, [min Ex, [a* (Yo, X1) | X, = 0]]) 7" - (Ex; [min Ex, [b (Y0, X1) [ X, = 6]])

where the last inequality follows from Holder’s inequality. Further,
Ey, [m@inEXl [a*(Yo, X1) | Xu, = 0]] < min Ey, [Ex, [a®(Yo, X1) | Xy, = 0]
:ngnlE[aQ(X) | Xuy = Tug, Xuy, = 0]
< Iglai((Eu_jaQ) (Tu,1)-

Applying the same derivation to b we get
Ey, [n%in Ex, [b*(Yo, X1) | Xu, = 0]] < max(E, 1b%)(zy,1).

T, 1

Therefore, our claim (89) follows: For any 6,6’ € [q],
|E[a(X)b(X) | Xup = Tug, Tuy, = 0] — E[a(X)b(X) | Xuy = Tug, 20, = 0]

<26, /max(Ea?)(z,,1) max(Eb?)(xy, 1).

To, T
With the Lipschitz continuity been established, essentially the lemma follows when § is sufficiently
small. Let us proceed with the remaining argument. Let
x;J :argminmuyl(Euylaz)(xu,l) and :vZ_’I :argmaxzu‘l(Eu_jaQ)(xu,I).
Applying (B9) with the assumption a(z) = b(z) and the fact || < d,,
(Bu,ra®) (27 1) = (Eu,10*) (), ;) <2dud(Ey,ra®)(ay ),

and hence
1
IEJ%?(Eu,IGQ)(Z‘u,I) ST 940 grillgl(Eu,IGQ)(ﬂiu,I) S 1240 mln(]E a®)(s),  (90)

provided that 2d,,6 < 1.
Again, the same derivation also holds for b. Combining (89) and we conclude that for any
0,0" < [q],

|(Euab)(6) — (Euab)(¢')] < max(Eyab)(zy,r) — min(Eyab)(z;, ;)|

Tu,I Ty, 1

2d,,0
< 1 ~od. 5\/m1n wa?) n})i/n(]EubQ)(G’).
With our assumption on the tree 7" that d,, < Rd, our assumption
€ 1
= R —_ he < —
6 = exp (=5 (h() = b)) < 1o
implies that
2d,,0
—— % < 4Rdo.
1—2d,6 —
We conclude that

(Eab)(0) = (Buab)(8)] <4Rdexp (5(h(u) ~ 1)), fmin(E,a)(6) min(E, 1) (8).
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Proof of Proposition[H.2} Let Cy = Cp(M, d) denote the constant introduced in the statement of the
Proposition. Recall the decomposition of f,, into f,, r from Deﬁnition@ consider the decomposition

fulz) = Z fu,1(z) and g, (z) = Z Gu,1(x).

IC[dy]: |I|>2 IC[dy]: |I|>2

The proof of the Proposition will proceed by bounding summands in the formula below:

|(Eufugu)(9) - (Eufugu)(9/)| < Z |(]Eufu,19u,J)(9) - (]Eufu,lgu,J)(O/H- on

LJC[du] :|1],]7]>2

Estimate of summands in (O1): For any I, J C [d,] with |I],|J| > 2, we have two cases to consider:

First, we consider the case I # J. Notice that, by Lemma[H.] A satisfies Assumption B3] with
o 2 1 . . . .

parameters (h® + = log(2), 5). This allows us to invoke Corollary yielding

‘ (Eufu,lgu,J)(a) - (Eufu,lgu,J)(gl) ‘

<2max [(Ey fu,1Gu,7)(0)]
0€lq]

) — 10— Fros(@2) (max(E,12.000) " - (max(Eag)(0)' 7

0€lq] 0€lq]

where Cigg = Ggm(M, d, 1) is the constant introduced in the Corollary.

Let us impose the first assumption on Cy that

<2exp (

Co > 2(1 + log(4d)),

€
which implies that h(u) > h° + Co(log(R) + 1) > h° + 2log(4dR). With this assumption, we
could apply the remark (88) of Lemma[H.4Jto get

(max(Euf2.)(0) " < 2(min(Euf2,)(0) "
al 0

and the same holds for g,, ;. Hence, for I # J we have

| (Ewfu,19u,7)(0) — (Eufu,lgu,J)(el) |

— 2 ) — =1+ 210g(2) (min(Baf2,)0) " - (min(E.2,)0)

<4dexp ( 1/2.

Second, we consider the case I = J. Here we simply apply Lemma[H.4] yielding
‘ (Eufu,lgu,l)(a) - (Eufu,lgu,l) (9/) |

€ o . 2 1/2 . 2 1/2
< —-= — : .
<aRdexp (— 5(h(u) ~1%)) (min(E.f7)0)" - (pin(Eag?,,)(0))
Let us unify the above two estimates by introducing
2 2 2
Oy = max {qm+ Zlog(2) + = 1log(8), =(1 + 1og(24d))}.
€ € €
Then,
‘(Eufu,lguJ)(e) - (Eufu,lgu,J)(el)‘ (92)
1 € o . 2 1/2 . 2 1/2
< g eXP ( -5 max{|TAJ|,1}(h(u) — C1(log(R) + 1) — h )) (;mn(IEufu}I)(Q)) -(min(Eug; ;)(0))"",
€lq] 0€lq]
=ar,g =qg =By
(93)

for every pair I, J C [d,] with |[I| > 2 and |J| > 2.
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Using this inequality, (OT)) becomes

1,JC[du] ], J]|>2

—

where & = (o) 1c(a,): j11>2: B = (B)rc(d,]:|11>2, and A = (ar,5)1,7¢(d,]:|1],|7>2- Further, [|&]]
and || 3| are the ¢5 norms of & and S, respectively, and || A|| is the operator norm of A.

Estimate of operator norm of A: Notice that A is a symmetric matrix. Thus, we can fix a unit vector
7 satisfying || A|| = 4" A¥. For each pair I, J C [d,] with |I| > 2 and |J| > 2, since a; ; > 0,

ar,j ar,j
yrar,gvg < TW? + 9 73,

and thus,

Al = > argvivs <Y ﬁ( > a,ﬁ,). (95)

1,JC[dw] |11, T 22 IC[du]:|1]>2 JC[du]:|J|=2

For each I C [d,] with |I| > 2, the number of J C [d,] with [IA.J| = k is bounded above by
dR=1 < (Rd)*. Then, with the given estimate of a;,; in [©2),

> ars <gexn (= 50w - Cillog(R) + 1) ~ 1))

2
JC[dy] :|J[>2

+Y %(Rd)t exp (— St(h(u) — Ci(log(R) + 1) ~1%)).  ©96)

t>1
Now, we impose the second assumption on C|, that
2
Co > Cy + g(l +log(2d)).

With the assumption that h(u) > h° + Cy(log(R) + 1), the geometric sum in (96)) has a decay rate
smaller than 1/2. Therefore,

1 € o
Z ar.g §§exp(—§(h(u)—Cg(log(R)—l-l)—h )),
JCldy]:|J|>2
where

Cy=0C1 + g(l +log(d)).

Now applying the above estimate, together with > IC[du] | 1]>2 v? = 1, to (93), we obtain the
following bound:

4] < %exp (- 5 (h(w) = C1(log(R) +1) - h)).

Comparison of ), minge (g (Eq f2 ;)(6) and minge(q (B, f7)(6) (and the same for g): Here is the
last step toward the proof of the Proposition. Returning to (94), we have

’(]EuquU)(e) - (Eufugu)(el)‘
<1 exp (= S((w) - Cy(10g(R) + 1) 1)) \/ min(E, 2 ,)(6) - \/ min(Eug2 ,)(0).
I

2 T 0€ld]

Let us impose the third assumption on C that

2
Co > g+ z log(2)
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where (Jg7 introduced in Corollary. E.7| Recall that we have h* = h°® + 2 log(2) from (87). We can
invoke this Corollary to yield:

Vo € (g,  [D_(Buf2)(0) < V2EF2(6).

I

Let 6y € [g] be the value minimizing 6 — /Ef2(6). Then,

mm V2Ef2(0) = \/2E f2(6,) > \/Z uf21)(00) > \/Zéleu[n] ().

Clearly, the same derivation also holds for g,,. Together we conclude that
(B fugu)(0) = (Bufugu)(0")]
€ o /2, .
<exp (= 5(hw) = Collog(R) +1) ~ 1)) (min(E. f3)(6) " (in(Eug?)(6))

0€lq]

Finally, if we impose the forth assumption on C that
CO Z 027

then the Proposition follows.

H.2 Properties of f;.: Products

The goal of this subsection is to establish the following.

Proposition H.6. There exists C = C(M,d) > 1 so that the following holds. For any p' € T
satisfying

h(p’) > h° + C(log(R) + 1)
and a positive integer h° + C(log(R) + 1) < ki < h(p'). Consider a function f and g are B<

polynomials with Ef(X) = Eg(X) = 0. We decompose f and g according to Lemma|D.1|with the
given ky. Then, the following holds: For k1 < m,k <h(p’),

o Ifmax{m,k} > ki,
max | ]E fkgm)( ) (Ep/fkgm)(0/)|

0,0’
<exp ( ~ S(2h(p') — max{k,m} — Clog(R) + 1) = 1) ) (BFZ (X)) /* (Eg?, (X)) /2.
c Ifk=m=k,
9%2E]|(Ep,fkgm)(9) - (Ep’fkgm)(el)‘

<exp (= 5 (2h(p) — 21 — Cllog(R) + 1)) (EFR(X))"/(Bg2, (X)) /2.

The proof mirrors the structure used in Proposition [F1] In this case, we rely on both Proposition [ET]
and Proposition [H:2] Through this subsection, let

C° =C°(M,d)
be the constant described in the Proposition. The functions f, g, and k; are as introduced in the

Proposition.
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Assuming without lose of generality that m < k, we apply the reasoning from (72)) in Proposition
[E1] yielding
(Epr frgm)(0)

(Y GO (X R X =0+ X E g ®)

ueDx(e") u€Dk(p") u€Dy(p’)
= Y E[(Euf) () (Bugma)(X) | X, =],
u€Dk(p")
and hence,

(Epr fegm)(0) — (Epr frgm)(0)
=(Ep (Bt fr) (Brgm)) (8) — (Ep (Erfi) (Exgm)) (6)
+ Y (B fugm)(0) = By Fugum)(©))

u€ Dy (p’)

(X (Ey (Buf)Bugna)) 0) = (Ep (Buf)Eugna)) @), O

u€Dy(p’)

Similar to the derivation of (64) from Proposition [FI} The proof is dedicated into estimating the
above three summands.

We begin with the following estimate:

Lemma H.7. There exists a constant C = C(M, d) so that the following holds. Suppose C° >
where Cirryis the constant introduced in Proposition Then, the following holds: Foru € Dy(p'),

1. ifk > kq, then

(E, ~Eyf, '
01;1%}[2 ’ fugm u)(a) P fugm,u)(9 )’

<exp (= S(2h() — k — Cllog(R) +1) = b)) (BF2(X) (B2, , (X)) /%
2. ifk =m = ky, then

0rél’ax | ]E fugm u)(a) - Ep’fugm,u)(al)‘

<exp (= S(2h(p) — 2k — C) ) (EF2(X))/2(Egh, (X))

Proof. Step 1. Bound E| fu,(X)gm.u(X) — Efugm.| from above: By Holder’s inequality,
Var[(Eufugm,u)(Xu)] < gg[l;]( |(Eufugm,u)(6) - Equm,u‘ : ]E}(Eufugm,u)(Xu) - Efugm,u}

£5-norm £,-norm
£00-NOM
S\/CIBJV‘M [(]Eufugm,u)(Xu)} : ]E|fu(X)gm,u (X) - Efugm,u|
o Var[(Bufugm) (Xa)] <VOEEEIFu (O gm.a(X) = Efugun.al: 98)
where we applied (9) from Lemma with (g is the constant introduced in the Lemma. Further,
relying on (98), together with (9) and (8) from the Lemma[A.3] we have
9%1,3}[( | E, fugm u)(0) — Ep/fugm,u)(e/)|

<2 maX‘ Ep’fugm,u)( ) - Efugm,u’

<2Ctzm(h(p) — k)N kmaXI(E Fugm.u)(8) -

0elq

<26m q)‘h(p )=k V qu‘fu( )gm,u(X) - Efugm,u|
=C exp(— ( (0) = k)E[ fu(X)gmu(X) — Ef,

99)
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where
5/2 q
G =205 maxn exp(—0.1en).

Case 1: m < k. Here we can simply recycle the estimate from (76)):

Efu(X)gm,u(X) = Efugm,ul S2E|fu(X)gm,u(X))]
<exp (= 2 (k= Collog(R) + 1) = 1°) ) (BF2(X))"/2(Eg?, . (X))
(100)

_&
2
where

Co = 2 (5 + 5 log(d) + log(Cm) ) + Gl +2 - log(2),

where Cipqis the constant introduced in Lemma[D.T]and (i is the constant introduced in Proposi-

tion [E1l

Case2: k1 <m = k.

This is the case where we need Proposition [H:2] With the assumption that C° > (g, where
G > 1 is the constant introduced in the Proposition, we have

m=k >k >h°+C°(log(R) + 1) > h° + Cirz(log(R) + 1),

so that we could apply the Proposition to get

E‘fu(X)gm,u(X) - Efugm,u|

<exp (= 5 (k — Caralog(R) +1) — 1) ) (EF2(X))/* (B2, (X)) /2.

Case 3: k1 = m = k The last case is straightforward:
E|fu(X)gm,u(X) - Efugm,u‘ §2]E|fU(X)gm,u(X)‘ <2 \/ Efz%(X)\/ Eg?n,u(X)’

By taking C5 = max{C5, (g} + 2 log(C1 ), the statement of the Lemma follows with C' = C. [

As an analogue of the above Lemma, we also have

Lemma H.8. There exists a constant C = C (M, d) so that the following holds. Suppose C° > (g
is the constant introduced in Proposition Then, the following holds: For u € Dy(p'),

1. ifk > kq, then

97%1%)[((1] |(EP’ (EUfu)(Eugm,U))(e) - ((EP’ (EUfu)(Eugm,u»(e/”

<exp (= S(20(0) — k — Cllog(R) +1) — 1) ) (BF2(X)) (B, , (X))

_¢
2
2. ifk =m = ky, then

|(Ep’ (Eufu)(Eugm,u))(a) - ((EP’ (Eufu)(Eugm’U))(e/”
<exp (= 5(2h(p) - 2k = O) ) (EF2(X))/* (B2, (X)),

Since the proof is simpler and the structure is the same as that for Lemma [H.7] we will outline a
sketch proof in this case.
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Proof. Let ay(xy) = (Eyfu) () and b, = (Eygm ) (). Repeating the first step of the proof of
Lemmal[H.7] we have

91@1&){( | o auby)(0) — Epfaubu)(e')‘ <Cyexp(—e(h(p) — k)E|ay(X)by(X) — Eayby|,
€lq]

Wlth /
C] = 2 - max €ex _0.15
% na n p( n),

which is exactly the same constant stated in Lemma[H.7] Next,

Elay(X)bu(X)~Eayby| < 2Ela,(X)bu(X)| < 2v/Ea2 (X)VEb2(X) < 2v/Ea? (X),/Eg2, ,(X).
If k > ky, we could apply (38) from Propositionto fu> and get

Ea2 (X) < exp ( — 22(k ~ CGm(los(R) + 1) —h° — 2 1og(2) ) /Ef2(X).

| Sy
—h*

Indeed, this tail bound is stronger than what we got from Lemma The remainning part involves
combining these estimates with a suitable constant C' so that the lemma holds. Given the argument
was already presented in the proof of LemmalH.7| we will omit these details. [

Before bounding the summands in @©7), let us bound Y-, 1, () Ef2(X) and > ueni (o) B (X)
from above by Ef7(X) and Eg2, (X), respectively.
Lemma H.9. Suppose

C° > G+ 2 lo(2),
where (g is the constant introduced in Lemma Then,

> Egp, . (X) < max {4,GpgR'} - Byl (X

u€Dy(p')

and

> Ef2(X) <max {4,GpgR'} - EfF(X

u€Dy(p")

Proof. Given that C° > (i + 2 log(2), we have
2
k1 > h° 4+ C°(log(R) +1) > h° + R log(2) + grz(log(R) + 1) = h* + (eg(log(R) + 1),
and thus we could apply Lemma[F2] When m > k1, the lemma yields

Y oEz.x= Y E[( Y am)]< ¥ Y 2B <15 (xX).

u€Dy(p’) wEDy (p') VE Doy (u) wED (p') vVEDy, (u)

And in the case when m = ki, we use the same derivation with Lemma[F.2]been replaced by (3I) in
Lemma [D.T]to get

> Egp,.(X) < GpaR® - GooREg,, (X).

uw€D(p")

Clearly, the same derivation also holds for the comparison of 3, ., () E fA(X)and Ef2(X). O

Now, relying on the above two lemmas, we will estimate the second and third summand of @):
Corollary H.10. There exists a constant C = C(M,d) > 1 so that the following holds. Suppose

c° > max{Qm O+ - log( )}

where the constants are introduced in Proposition[H.2)and Lemma|F2| respectively. Then,
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1. ifk > kq, then

Z ((Ep’fugm,u)(o) - (Ep’fugm,u)(el))

uw€Dy(p)
(X (Er B Ean ) ) - (B (Eafe) Eusnn))0))|
u€Dy(p’)
<exp (— S(2h(0") — k — Cllog(R) + 1) b)) (EF(X)) /2 Eg?, (X)) /2

2. if k = m = kq, then the above term above can be bounded by

exp ( - %(2h(p’) — 2k — C)) (BfZ(X))2(Egp, (X))'/2.

Proof. Let Cy be the maximum of the two constants introduced in Lemma[H.7]and Lemma[H.8] For
convenience, let

Uir| S (B fugmn)(0) = By Fugma)(0)
u€Dyg(p’)
- < Z ((Ep/ (Eufu)(Eugmu))(e) - ((Ep/ (Eufu)(Eugm,u))(gl)> ‘
u€Dy(p’)

By the two lemmas together with the triangle inequality, in the case when k& > k;, we have

U< Y 2exp( - 5(20(p) — k- Cillog(R) +1) —b°) ) (EF2(0) /2 (g2, (X))

u€Dy(p’)

<2exp (- 5(20(s) — k= Cillog(R) +1) =) | D" EfAX) | D Egh.(X)
u€Dy(p’) u€Dy(p’)

g2max{4,%34}./15310,3()()\/1@51()(), (101)

where the last inequality follows from Lemma[H.9] Similarly, when k = m = k1, we have

U <2exp (= S(20(s) —2k =) [ D Eﬂ%(X)\/ Y Eg.(X). (0

u€Dy(p") €Dy (p")

By setting

2
C = = (Cr +log(4) + log(Gpm)
the corollary follows. O

It remains to estimate the first summand of (97):
Lemma H.11. There exists a constant C = C(M,d) > 1 so that the following holds. Suppose

2
C° > G+ - log(2)
€
where G is the constant introduced in LemmalE2] Then,
1. ifk > ki, then

00 ela) ‘(EP' (Er.f5)(Ergm)) () — (E,r (Ekfk)(Ekgm))(H/)‘

<exp ( —e(h(p) — C(log(R) + 1) — h")) VESR(X)VEgZ (X).
2. if k = m = ky, then the above term is bounded by

exp(—e(h(p) — k1 — C(log(R) + 1))/ EfE (X) v/ Egy, (X).
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Proof. Observe that both (Exfi)(z) = Y,cp, () (Bufu)(ws) and (Brgn)(z) =
> ueni(p) Ergm,u)(zy) are both degree-1 polynomials with variables (z,, : u € Dy(p')) sat-
isfying

E(Exgm)(X) = E(Ex fi) = 0.
This allows us to apply Lemma|G.4} yielding

max ‘(Ep/ (Erfr) (Ergm)) (0) — (Ep (Ex fr) (Ergm)) (6)

0,0'c[q]
<2max ’ (Epr (Bi fr) (Brgm)) (0) — E<Ekfk)(Ekgm))’
<2k exp(—e(h( Z E fu Z Evwgm,u 2(X)]7

u€Dy(p) u€D(p')

where (jz > 1 is the constant introduced in Lemma[G.4} Next, we apply Lemma [H.9] (which is
why we need the assumption on C°) to get

Y E[Eugma)2X)] < | Y Eg?n,u(X)S\/max{él,q%mR‘*}-]Eg?n(X

u€Dy(p") u€Dy(p’)

As for \/ZuEDk(p’) E [(]Eufu)2(X)] if K = m = kj, then we can apply the same derivation to get

S E[(E.f)? \/max{4 0 R(X

u€Dy (p’)

This leads to
max |(Ey (Exfi) (Brgm)) (0) — (Ey (Exfe) Ergn))(0)

0,0’ €[q]
<20gzmax {4, GEpR* } exp(—e(h(p') — k))\/Ef2(X)v/Eg2,(X)

If k > k1, then we can apply Proposition [E.Tand Lemma[H.9]to get

> E[(Bufu)?(X)]

u€Dy(p’)

<exp (el — Callog(R) +1) ~1° ~ 21og(2))) [ 3" Ef(X)

u€Dy(p’)

g\/max {4,GEgR*} exp ( — e(k — Gigg(log(R) + 1) — h° — glog(2))) Ef2(X).

In this case, we have

JnaL ‘(Ep’ (B f1) (Ergm)) (0) — (Epr (Ex fr) (Ergm)) (6")

<2Cgzmax {4, GipR'} exp ( —e(h(p) — Gra(log(R) + 1) —h°® — = log )wIEfk )V Eg2, (X

By taking

C = O+ 2 log(2) + - (log(2Cigz) + log(Giip) + 1),

both statements of the lemma follows. O

Proof of Proposition|H.6] Without lose of generality, it is sufficient to prove the case when m < k.

First, we impose the first assumption that

ce ZmaX{Cbm ez + = log( )}
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where the constants are introduced in Proposition[H.2]and Lemma[F2] respectively. This allows us to
apply Corollary [H.T0]and Lemma[H.T1] For simplicity, let

C1 = max{Ctrm, Grm)-

Then, combining the Corollary and the Lemma to the estimate (97) we can conclude that: For
ki <m < kwithk > ky,

0713%)[((1] ’(Ep’fkgm)(a) - (Ep'fkgm)(e/)|

<2exp (= 2(20() — k = Cr(log(R) + 1) — 1) ) (BS2(X))"/2(Eg2, (X))'/2,

_ £
2

and in the case where k = m = k1, the above term is bounded by

2exp (= Z(2h(p') — 2k — Cy(log(R) + 1)) ) (EfZ(X))/2(Eg?, (X)) /2

_ £
2

Then, the proof of the proposition follows by making the second assumption on C° that

2
C° = Cy + ~ log(2).

H.3 Proof of Theorem[G.3|

Proof. Now we are ready to establish the main theorem. As usual, let Cy = Cy(M, d) denote the
constant introduced in the statement of the Theorem. The value of Cjy will be determined as the proof
proceeds.

Applying Theoremwith Aand h* = h° + % log(2) and ¢* = 1/2, we conclude that

Var[(E, f)(X)] < exp ( —e(h(p') — Ogglog(R) + 1) — h*) Var[f(X)].

for any B<,/-polynomial f, where Cigg = C(M, d, 1/2) is the constant introduced by the theorem.
We impose the first assumption on Cj that

2
Co > Upg+ - log(2),
and conclude that

Var[(E, f)(X)] < exp ( —e(h(p') — Co(log(R) + 1) — h°) Var[f(X)].

Now, it remains to show that with the suitable choice of Cy, for any p’ with h(p’) > h°+Cy(log(R)+
1) and any two B<,-polynomials f and g, we have

g

max (/) 0) —Efg| < exp (= (b(o')—b"~Collog(R)+1))) | min(Ey /2)(0) minE, 4)0).

Let
2
Cy := max {(]m, - log(2) + G+ t0}7
where
* to is the constant such that )77, exp ( -3 ) <3

* (g is the constant introduced in Proposition [H.6] and

* g = C(M,d, 1/2) is the constant introduced in Proposition
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Next, let

k1 = [h® + Ci(log(R) + 1)] .
The chocie of C; and k; allow us to apply Proposition [H.6and Proposition [F.I|toward both f and g.
Next, we impose the second assumption on Cy that

Co > 20 + 2.

This assumption implies that there is a gap between h(p’) and k;, which is necessary for the proof.
Now, we fix such p and consider two B< /-polynomial f and g with Ef(X) = Eg(X) = 0. Further,
consider the decomposition of f and g according to Lemma[D.T| with the above chosen k;.

First, by our choice of C, we have

> [ + 2 log(2) +Crmlon(R) + 1) + to].

—_—
=h*
This assumption allow us to recycle the partial step in the proof of Theorem [B.6]to obtain (80):
> Eff(X)<2Ef(X)  and > Egi(X) < 2Eg*(X). (103)
ke[k1,h(p’)] ke(ki,h(p’)]

Second, with our assumption that k1 > [h® + (gg(log(R) + 1)], we can apply Proposition to
get

max |(Ey fg)(0) — By fg)(0)] < ) max (B frgm)(0) = (Ep frgm)(0")]
0,0’€[q] m,ke[k1,h(p")] 0,0’€[q]

< Y armowhn = aT AR < alANNAL
m,k€[k1,h(p")]

where & = (Qky, Qg - -+ Qi) With g = VEFE(X), B = (Brys Bras - - - » Bu(pry) With B =
Eg%@(X), and A = (akm)k,me[kl,h(p’)] with

exp (= 5(1(p') + (o) — max{k,m} ~ Czlog(R) + 1)~ b°))  max{k,m} > ky
exp (= 5(h(p') +h(p') — 2k: — Cim(log(R) + 1)) k=m =k
Together with (T03), we have

@Al < 2014 VEF(X) vEg(X),

Al =

The next goal is to bound || A|| from above. Notice the fact that the matrix A is symmetric implies
there exists a unit vector  such that | A|| = ¥ A7. Now we fix such vector 7. Relying on the fact
that ag,, > 0,

Al = Z e Yk Ym < Z %Tm(v,% +42) = Z 7,2n< Z akm)

k.méelk1,h(p")] k,mé&lk1,h(p")] me(k1,h(p")] kelk,h(p")]

Clearly, from the definition of ay,,, the term » ke [k1,h(p)] Phm is maximized when m = kj.

> =exp (= 5 (0(p) +h(e) - 2k — Cia(log(R) + 1))

ke[k1,h(p")]

+ Y e (- 50 +h() ~ k- Camllo(R) +1) - 1))

ke[k1,h(p")]
=exp (= 5(h(p") ~ Clm(log(R) + 1) — b))
. (exp ( - %(h(p’) — 2y + h°)) + > e ( - %(h(p’) - k)))

ke[ki,h(p")]
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First,

T D B
ke[g(p/)]eXp ( - i(h(p) k)) = 1 —exp(—¢/2) = €
Second,
€xp ( - g(h(P') =2k + h")) <exp ( - (C’o(log(R) +1)+h° —2(h° + C1(log(R) + 1) + 1) + ho))

N M N M

<exp (= S(Co— 201 - 2)(log(R) +1)) <1,

which in turn implies that

™ | Ot

(exp ( — %(h(p') — 2k + ho)) + Z exp ( — g(h(p’) — k))) <

ke[k1,h(p)]

Hence, we conclude that
5 € , o
41l < 2 exp (= S ((p") — Clra(log(R) + 1) = 1))

Together we conclude that when h(p) > h° + C4 (log(R) + 1), any two B<,/-polynomials f and g
with Ef(X) = Eg(X) = 0 satisfies

Juax |(Ey f9)(0) — (B f9)(©)] (104)

<exp (— = (1(p') ~ Clmlon(R) + 1) ~ 1)) VEP(X)VEAX

9

[\]

Now, we impose the third assumption on Cj that

Co=Cma+ - log(20/£)

~ £ () ~ Czmllog(R) +1) %)) < = exp (~ 5(Co— Chm) (loa(R) + 1)) < 1/2.
Next, we apply (T04) to the special case that f = g:

BF(X) ~ pin(E, )(6) < max |(By £9)(6) — By fo) )] <5EL(X)

0€(q] 0,0'c

= Ef* (X )<2ml[n](1E 2)(0).

Clearly, the same statemnet holds for g as well. Substituting these estimates back to (I04), we
can conclude that when h(p) > h° + Cy(log(R) + 1), any two B<,/-polynomials f and g with
Ef(X) = Eg(X) = 0 satisfies

max ‘ (Ey fg)(8) — (Ep’fg)(al)’

0,6’€[q]
<2 oxp (~ S(0(s!) ~ Cazmlon(R) + 1) - 1°)) ggﬁ(ﬂ«:ﬂf?)(e)@ﬁ(ﬁpfg?)(e)
gexp(— ;( (¢') — Co(log(R) \/mln (B, 2)(6), [min(E,g2)(6).

Therefore, the theorem follows.
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I Variance Estimate for degree 1 polynomial

This section is dedicated to prove Proposition|[C.3] Let us restate it here:

Proposition I.1. There exists a constant C = C(M, d) > 1 so that the following holds: Fix p' € T,
and 0 < k < h(p'), then for any degree I function f with variables (x,, : u € Dy(p’)). There exists
functions fy,(x) = fu(zy,) for u € Dy(p') so that the following holds:

1. f(X)= ZuEDk(P/) fu(Xy) almost surely. (They may not agree as functions from [q]T to
R.)
2. Foranyv € T, withh(u) > k,
> Var[fu(Xu)] < CRVar[ Y fu(X.)].
u€ Dy, (v) u€ Dy, (v)

Example L.2. Suppose u,v € ¢(p’) for u, v, p’ € T and consider
0
M =

N =
OO
= =)
O = O =

1
0
1

Let us consider the function f(z) = f,(z) + f,(z) where

B (1 ifx, €{1,3},
ful@) = Lia(wa) = {O otherwise.
and fv(ﬂi) = —11,3(331}).
Condition on X € {1,3}, f(X.) + f(X,) =1 —1 = 0 condition on X, € {1, 3} and condition
on X, € {2,4}, f(X,) + f(X,) = 0— 0 = 0. Put it differntly, Var[f(X)] = 0 since f(X) =0
almost surely. However, observe that 7 is the uniform measure on [4], which implies
1
Var[f,(X,)] = Var[f,(X,)] = 1> 0.
Therefore, it is not true that (23] holds for the standard (Efron-Stein) decomposition of f(z) =

Z’UEDk(ﬂ/) Jo (l‘v)

Let us make a simple observation to give the insight for the construction. If f(X,,) is a function of
Xp(u)» then for each i € [q], the function f must take the same value for all possible outcomes of X,
conditioned on X, p(uw) = 1. In other words, the values of f are constant on the set

S; = supp(row; (M)) (105)
for every i € [q]. Now, let us consider the case where f(X,) is a function of X, (,. This can be

reformulated as follows: for k € [0,7—1], E[f(Xy.) | Xp#(u)] is a function of Xi+1(,y. Equivalently,
the values of M¥ f are constant on the set S; for every i € [q].

Therefore, it is evident that the construction of the basis should primarily revolve around the sets
{Si}ie[q and their interaction with M.

Following from this discussion, the proof of the Proposition[[.1is divided into the following steps:

Step 1 (Section[[.T): We try to give a precise description of when f(X,) is a function of X, for
some k € N. To this end, we introduce the following notation.

Definition 1.3. We define the following partial order relation < on the collection of all partitions of
[q]: Specifically, for two partitions P and P’, we say that P < P’ if P’ is finer than or equal to P.

Further, there exists » € N such that P%° for ¢ > r is the trivial partition.
Lemma 1.4. There exists a chain of paritions
P0,0 > Pl,O > P2’0 o> PT‘,O >

A function f : [q] — R satisfies that f(X.) is a function of Xr(y) for some r € N if and only if f is
a linear combination of 1p for P € PV,
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(The double index for the partitions is due to a technical reason, which will be clear in the construction
of the partitions.)

Step 2 (Section[l.2): Next, we try to extract a basis of functions according to the partitions fro the
previous step, along with suitable quantitative estimates:

Proposition L.5. Let M be an ergodic and irreducible transition matrix defined on the state space
[q]. We can construct

* a basis of functions from [q] to R, denoted as
{5w}w€W7
where W is a set of size q,

* a function
r: W — NuU{0},

* and a constant C > 1 (which depends on M)
so that the following holds:
1. Let

T 1= Ivzle%)& r(w).

There exists unique wo € W such that r(wg) = ro. Moreover, &, = 1.
2. For eachw # wo, &y(X,) is a function of X, where v = p™ ™) (u) and E&,,(X,,) = 0.
3.
Var[chfw(Xu)] <CO( max |ew])?
w

w:r(w)#rg
4. Forany 0 <1’ < rq suchthat {w € W : r(w) = r'} is not empty,

1
Xow| = 5( max ).

w:r(w)=r

EVar []E[ Y cubu(Xa) 1X,]

w:r(w)=r’

5. Forany 0 < 1" < g such that {w € W : r(w) < '} is not empty,

EVar [E[ 3 cubu(X)1X]

w:r(w)<r’

Remark 1.6. Forw € W and [ € [r(w)], let

Xp(v)}§C( max  |cu|)?

w:r(w)<r’

¢l = M'¢,, (106)
where we treated ¢ as an vector in RI9. Equivalently,
€9(0) = E[¢(X.) | X, =]
where u, v € T are vertices such that v = p(u).

Step 3 (Section[l.3): Finally, we will use the basis from the previous step to decompose degree-1
polynomials to prove Proposition

L1 Partitions of [¢]

Let us begin with the following observation.

Lemma L.7. Suppose {O,}acr is a collection of non-empty subsets of [q). Then, there exists a
unique partition P of [q] that satisfies the following 2 conditions:

1. Foreach o € I and P € P, either O, € P or O, NP = ().
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2. For any other partition P’ that also satisfies the above property, P’ < P.

Proof. The proof can be carried out by constructing the partition P.

Without lose of generality, we may assume the collection {Oq }acr contains {{6} } ocla’ since for a

singleton {6} and a set P, it is always true that either {#} C P or {6} N P = (). Consequently, we
may assume

U 0a = (107)

acl

First, we define an equivalence relation ~ on {O,, },¢; as follows: For any a, o’ € I, we denote
O, == O, if there exists a chain (g, s, ..., q;) such that O, ;, N Oy, # 0 fori € [I]. Let
I, ..., Ix, C I be the partition of I such that {O, }acy, for k € [ko] form the equivalence classes
of the relation. Now, let P := { P, ..., Py, }, where

P, = Uaer, Oy.

Claim 1: For every o € I and k € [ko], either O, C Py or O, N Py, = (.
To prove this claim, consider any « and k described above. Suppose O, N Py, # (). Let 0 € O, N Py
and pick an index o/ € I such that € O,s. Such an index exists because P, = (J,c 1. Oa

Then, we have O, N Oy # (), implying o € I,. Consequently, O, C Py. Therefore, the claim is
proven.

",

Claim 2: P is a partition of [g].

We need to verify three properties:

L Urepo) P = la)s
2. Vk € [ko), Py # 0, and
3. PN Py = () whenever k # k'

First, for each 6 € [g], by (I07), there exists o € I such that 6 € O,,. Then, 6 € O, € Pj, where k is
the index such that o € Ij,. Hence, we conclude that [ J,, €lko] P, = [q].

Second, for each k € [ko), let @ € Ij,. We have ) # O,, C Py. Thus, Py is not an empty set.

Finally, for any distinct k, &’ € [ko], suppose 6 € P, N Pyr. By (107), let o € I be the index so that
0 € O4. Hence, both O, N Py, and O, N Py. In particular, it is necessary that & € I, and o € I}/,
which forces k = £/, leading to a contradiction. Therefore, P, N Py = () whenever k # k’. Hence,
the claim follows.

Claim 3: P’ < P for any P’ described in the statement.

To prove the claim, it suffices to show that for any P’ € P’ and Py, € P with k € [ko], if P’ NPy, # 0,
then P, C P’.

Let us consider an arbitrary pair of P’ € P’ and P;, € P and assume that P’ N P, # (). There exists
an index « such that O, N P’ N P, # (). Based on the assumptions regarding P and P’, we have
o€ l,and O, C P.

For every other o € I, there exists a chain (o = g, a1, ..., = &) such that Oy, _, N Oy, # 0
for ! € [lp]. Observe that if O,,_, C P’, then O,, C P, dueto Oy, NP’ 2 Oy, NOy,_, # 0. With
O C P’ as our starting point, we can apply this observation repeatedly to conclude that O, C P’.

Since the argument works for every o’ € I, we conclude that P, = ¢, Oar C P'.

O

Definition L.8. For any given collection of subsets {Oy}acr of [q], let P({O4}acr) denote the
partition P defined in Lemmal(l.7]
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For any given partition Q of [q), let

Psc(Q) := P({Q}geq U {Si}iclq)-
Remark L.9. Clearly, Psc(Q) < Q.

Definition 1.10. Let
PO = {{1},{2},...,{¢}}

PLO _ PSC(PO’0)~

and

Let us remark that P+ is the finest partition of [g] so that each part P € P1 either contains S; or
disjoint from S; for i € [q].

We use double indices for indexing the partitions because constructing such a chain of partitions
requires the creation of multiple partitions along the way, as we will illustrate shortly.

To proceed, let us begin with a simple observation.
Lemma L11. If P € P9, then
Mlp=1q
where
Q={ielq : S C P}
Suppose P10 = {Py, Py, ..., Py }. Then, the collection Q := {Q1,Qa, ..., Qx, } where
M1p, =1gq,

is also a partition provided that M is irreducible.

Proof. For i with S; N P = (), it is immediate that (M1p); = 0. Conversely, when S; N P # (), it is
necessary that S; C P. Consequently, (M1p); = Zje[q] M;; =1.

To establish that Q) is a partition, we need to demonstrate the following three conditions:

1. Qr NQy = O for all distinct k, k' € [kq].

2. Uke[k] Qr = [q.

3. Qi # D forall k € [ko].
For the first condition, suppose there exists i € @, N Q4 for some distinct k and k’. By definition,
S; C Py and S; C Py, which is a contradiction. Hence, Qy N Qx = (.

For the second condition, for every i € [g], we know that S; C P, for some k. Consequently, i € Q,
ensuring U, ¢ @k = [g]-

For the third condition, if we assume Qy, = ), implying that no 4 € [q] satisfies S; C Py, then M is
not irreducible, since the states in P}, cannot be reached. O
Definition 1.12. Let PY! = Q where Q is the partition described in Lemma
Lemma L.13. If P is a finite union of parts in P, then

M1p=1qg (108)
where Q is a finite union of parts in P11, The above map induces a bijection between subsets of [q]

that are finite union of parts of P10 and subsets of [q] that are finite union of parts of P, in which
preserve the inclusion relation is preserved.

Proof. Let us express P10 = {P P, ..., Pi,)} and Pl = {Q1,Q2,...,Qx, } where 1o, =
M1p,.

For each I C [ko], let Pr = {J,c; Prand Q; = Jc; Q- Since 1p, = >, ;1p, and 1, =
> ker 1g,. clearly we have
1o, = M1p,.

Since naturally both finite union of parts of P and of () are identified with a subset I C [ko] in the
above way, the statement of the lemma follows. O
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An immediate consequence is the following.

Corollary L.14. The transition matrix M induces a bijection between partitions that are < P*° and
partitions that are < P11, For convenience, we adopt the following definitions:

1. For any partition P such that P < P10, define
MP :={Q : 3P € P suchthat 1o = M1p} <P"L.

2. Given any P < P and for each P € P, let M P represent a part in MP where
1yp=Mlp.
Next, we will build a collection of partitions P™* for » > 0 and 0 < s < r starting with P%9 =
{{1},{2},...,{q}} and establishing the relationship illustrated by the diagram below.

P0,0 > PI,O > P2,0 > PS,O > P4,0

SC
\J 1 \J 1
Pl’l > P2,1 > P3,1 > P4,1
o = =
1 1 1
P2’2 > P3’2 > P4’2
o =
1 1
P3’3 2 P4’3
sC
1
P4,4

(In the above diagram, P — Q indicates that Q = MP; Q > P indicates P = Pgc(Q).)
sc

Indeed, the initial definition of P%° and the relation diagram determine the collection of partitions
completely. Let us summarise it as a statement:

Lemma L.15. There exists a unique collection of partitions {P"°},> s> that satisfies the following
properties: For() < s <,

_Po.0 — {{1}, {2},.. .,{q}}~
2. P < PO,

3 Prstl — MPTs.

4. Prtls < pPrs,
5

~

. PrLT = Py (P77

Proof of Lemmal[ 15| The proof is proceeded by induction. We assume that P"* is constructed and
uniquely determined for 0 < r < rp and 0 < s < r for some 79 > 0 so that it satisfies the properties
described in the lemma.

We will define the partitions in the next column {P™*},c( ) by starting with P7o"o~1 —
PSC(P’I‘gfl,Tofl).

Besides constructing the rest of partitions, we also need to show that these partitions satisfy the
following list of conditions ( let us denote it as List A): For s € [0, 1o, —1],

L. Pros < PLo,
2. Pros < Pro~Ls for s € (0,79 — 1].

3. Prostl — \pros,
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By definition of the map Pgc, the first and second condition in the list are satisfied for s = ry — 1.
Relying on P7o-"0~1 < P10 we can define P70 = MP7™"0~! Hence, the third condition in the
list is also satisfied for s = g — 1.

It remains to construct P™° for s € [0, 7y — 2] and they satisfy those 3 conditions in the list. This
can be proceeded inductively starting from s = ro — 2.

Claim: For s € [0,79 — 2], if PTo-st1 < Pro=Ls+1 then there exists a unique partition P"0>* which
satisfies the conditions in List A for s.

Suppose the Claim holds. With Pmo-70=1 < Pro=Lro—=1 we could apply the claim repeatedly and
the lemma follows. The rest of the proof is to show the claim holds.

Let us assume P70:stt < Pro—Lstl for some s € [0,79 — 2]. First, from our assumption on
{P™%} for0 < s < rg— 1, Pro=bstl = pypro—Ls By Corollary[l.14, Po—1s+1 < PLL Since
Prostl < Pro—Lstl we conclude that P7os+1 < pPL1L

Applying Corollary again, we know there exists an unique partition P < P10 so that P75 1 =
MP. We set P70-° := P. In particular, the choice of P"° is unique in order to satisfy the first and
third condition from the list.

It remains to show that P"0-% also satisfies the second condition in List A. Notice that from Corollary
the induced map of M on partitions preserves < relation. Hence, P75t < Pro—Ls+1 implies
Pro—1:s < Pro—Ls_ Therefore, the claim holds.

O
Proof of Lemmal[.4] We start with the proof on the = implication. Suppose f is a function satisfied
the first condition described in the lemma.

Since f(X,) is a function of X, this is equivalent to

Xpri) |

Relying on the identity Var[Y] = EVar[Y | Z] + Var[E[Y | Z]] and (Xpr(u), Xpr—1(u)s - - - » Xu) is
a Markov Chain,

0=E [Var [F(X.)

E [Var [F(X.)

Xpr(w]] = ; E[Var [f(Xu) | Xpe(] |-

Hence, E[Var [f(X.) ’Xps(u)]:| = 0 for s € [r], which in turn implies E[f(Xy) | Xps-1(u)]

conditioned on X, (,,) is a constant function for each s € [r]. Equivalently, M s=1 f takes the same
value for all elements in each S; for i € [g].

Claim: For s € [r], if f can expressed in the form f = 3, p. 10 ¢Cs—1,p1p, then it can be
expressed in the form f = 3, p.o Cs p1p.

Clearly, if the claim holds, then we can apply it repeatedly to draw the conclusion that f is a linear
combination of 1p for P € PO,

Now, we fix s € [r] and assume f = ) pcp.-10cs—1,p1p. Then,
E[f(Xu) |Xpsfl(u) = CL] = (Msilf)(a) = Z Cs_l,PMsil]_p = Z Cs—1,plps-1,
PePs—1,0 PcPps—1,0

where for each P € Ps~1.0, ps=1 ¢ Ps~1Ls~1 jg the corresponding part such that M*~*1p =
1ps—1. In other words, Msflf is a linear combination of 1p for P € Ps—1s—1,

Because M*~! f takes the same value not only for all elements in each S; for i € [q], but also for all
elements in each P for P € Ps—1s—1 ¢ implies M s—1 f takes the same value for all elements in
each P’ € Pgo(Ps 1) = P51,

Together with the fact that the induced map of M on partitions preserves < relation, we conclude that
Cs—1,P, = Cs—1,p, for P1, Py € P*~1.0 whenever P, and P, are both contained in some P € P*0,
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Equivalently, within each P € P50, f is a constant function. Hence, we can express f as a linear
combination of 1p for P € P*9°,

For the <= implication, suppose f is a linear combination of 1p with P € P"Y.

What we need to show is for s € [0, — 1], M* f takes the same values for all elements in each .S;
for i € [g]. From the chain P™% — P™! — ... — P™" and by (T08), for s € [0,r — 1], M*fisa
linear combination of 1p with P € P™%.

Since Pt = Py (bP*®) < P10 and P*t1% > ... > P™*, we have P™* < P9, which
implies M* f takes the same values for all elements in each S; for ¢ € [¢]. Therefore, the proof is
completed.

Now, it remains to prove the second statement of the lemma.

First, if there exists 7 € N such that P is trivial. Then P%*Y is also trivial for ¢ > r since
P?Y < PO, Hence, it is enough to show the existence of 7 such that P™9 is trivial. P™? is trivial.

From the assumption on M, we knew that the stationary distribution 7 of M satisfies min;eqg 7 (i) >
0 and M converges entry-wise to the matrix whose row is identically 7. Therefore, for sufficiently
large r, mini’je[q] (Mr)i]' > 0.

Now, let us fix such r and assume P"° is not trivial. Let us express P"* = {P["*, ..., P;"*} with for

s € [0,7] and k, > 2 where the index is assigned so that P,"* = M P,*~" for s € [r] and k € [k,].
First,

_ r
1prr =M Lpro.
With 1,0 is non-negative and not zero, every component of M"1 0 is non-zero. This forces
1 1

P["" = [q], which contradicts to the assumption that P"" is non-trivial.
O

L2 A basis of functions from [¢] — R according to the partition

From now on, let 7y be the smallest non-negative integer such that P™C is trivial. Consider the
collection

{(Ps) : s€[0,ro], P e P}

We will establish an identification between elements of the set described above and words whose
alphabet consists of non-negative integers. This identification is constructed through induction,
following these steps:

* First, we identify ([q], r¢) with the word (1).

s Assuming that elements in {(P,s + 1) : P € P*T19} have already been identified with
unique words, we proceed as follows: For each (P, s + 1), suppose there are k pairs of
(P’, s) such that P’ C P. We identify these k pairs with the words (w, i) fori € [0,k — IJ,
in any order of preference. For each (P, 5), due to P* is a finer than or equal to P*+1.0,
there exists an unique pair (P, s + 1) so that P’ C P. This guarantees the above procedure
assigns each (P’, s) a unique word.

We denote the set of words described above as W, and we adopt the notation w ~ (P, s) to indicate

that (P, s) is associated with the word w. For a given w € W, we represent the corresponding pair as
(Pu,7(w)), where r(w) = 7o + 1 — len(w).

Now, let us make the following observations

1. If w € W is a word with len(w) < 7o + 1, then (w, 0) € W.
2. Each (P, s) corresponds to a word of length 7y + 1 — s.

3. Suppose w,w’ € W such that w is a prefix of w’. Then, P,, C P,.
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Let T{ be the tree defined on w using the prefix relation. In this tree, edges are drawn from w’ to w
ifr(w) =r(w) + 1and P, C P,.. Now, we will select ¢ parts from these elements (P, s) based on
their corresponding words.

Lemma 1.16. Let W C W be the subcollection of words which end with a positive integer. Then,
Wl =q.

Proof. First of all, there are exactly ¢ words in W with length 7 + 1, since P%0 = {{z}}z €ld] has ¢

parts. For each i € [g], let w} be the word corresponding to ({¢},0) and let w; be the longest word
ending with a positive integer so that is either a prefix of equals to w/. This is well-defined since

every word in W is a word starting with 1.

The proof of the lemma follows if we can show the following claim: w1, ws, ..., w, are distinct and
are all words which ends with a positive integer.

To prove the claim, we begin by showing w; # w; whenever ¢ # j. Suppose w; = w; for some
distinct pair of 7, j € [g]. Let w be the longest prefix of w/, w5, necessarily we have w; = w; is
either a prefix of w or w itself. Further, the length of w is less equal than r, since otherwise it implies
w; = W;, which is a contradiction.

Now, let (W, e;) and (W, e;) be the two words which are prefix of w; and w’, respectively. From the
definition that w is the longest common prefix, e; and e; are distinct non-negative integers. Since
w; is a prefix of (w, e;), it is necessary that e; = 0, otherwise it violates the definition of w;. For the
same reason, e; = 0. Therefore, we reach a contradiction.

The remaining part to prove the claim is to show that {w; };c[4 are all the words in W ending with a
positive integer. Suppose w is a word in which ends with a positive integer. If len(w) < r + 1, we

can keep fill 0 until its length is r + 1 and denote the resulting word by w’. Observe that w’ € W.
Together with the length of w’ is r + 1, necessarily w' = w/ for some i. Recall the definition of w;,
we conclude w = w;. Therefore, the claim follows.

O

Lemma L.17. For any given 0 < 1’ < r, suppose W,» := {w € W : r(w) = r'} is non-empty.
Consider a linear combination’y ..\ , cw1p,. If it can be expressed as a linear combination of 1p

for P € P +10 then ¢, are identically 0.

Proof. Letwy, ..., wy, be the words with 7(w;) = 7/ + 1 and corresponding to each part of P 1.0,
Then, the words that corresponds to pairs of the form (P, ') with P € P"" are

{ (wr, t)}ke[ko},te[o,tk]
where t; are non-negative integers. Now, we express
D wln= D D Cwmolpu,,:
WEWT/ k‘E[k’o] tE[tk]
For each k € [ko] and any 6 € P,,, we have
Z Z C(Wk” 1) 1P(Wk,/ ,t) (9) = Z C(Wk‘ )t) 1P(wk‘t) (9)
k' €[ko] t€ty] te€ftx]

Therefore, 3, c\ , cwlp, canbe expressed as 3y .1 ¢w, 1, ifandonlyif 3= o cwn1p,.,
is a constant on P, .

For each k € [ko], let § € P, o), then we have

Z Z C(Wk/vt)lpmk/,t) () = Z Clwit) 1Py, (6) =0,
]

k' €lko] te[ty/] tety
which forces c(y, ;) = 0 for every t > 0 (if it exists). Therefore, the proof is complete. O

Definition L.18. Let B := {&,, }wew be a collection of q functions from [q| to R, defined as follows:
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I Ifw=(1),& =1p, =1
2. Ifw # (1),
§W(9) = 1pw(9) — EYNﬂ—lpW(Y).

Remark 1.19. The remaining goal in this subsection is to show that B is the desired basis described
in Proposition[[.5] We also remark that the first two properties stated in Proposition [[.5]are already
satisfied with this construction: argmax,,c\7(w) = (1) with {1y = 1[5 = 1; £, (X, ) is a function

of X, where v = p" ") (u).
Lemma L.20. The collection B forms a linear basis for functions from [q] to R.

Proof. Since there are exactly ¢ functions, our goal is to show

Rl — span({&w fwew),

and the R.H.S. is the same as span({1p, }wew). It suffices to show for each i € [g], 1(;} can be
expressed as a linear combination of 1p, withw € W.

To prove this statement, we will use induction, showing that for s from r( to 0, each 1 p with P € P*:°
can be expressed as a linear combination of of 1p, withw € W. Since P% 0 = ={{1},....{q}}, the
proof follows once we establish this inductive statement.

First, when s = r, since 1y is the only part in Pro:0 and [q] = P(l), the statement holds for s = rg.

Now, suppose the inductive hypothesis holds for s+ 1 with s < rg. Pickany P € P9, letw = (W, t)
be the word associate with (P, s). If t = 0, then
S

p

where the sum is taken over all parts P € P*\{ P} contained in P,. Each P" in the summation (if
it exists) must corresponds to a word of the form (w’, t”) with t” > 0, or equivalently (w’,t”) € W.
From the induction hypothesis, 1p, is a linear combination of 1p, with w € W. Therefore, we
conclude that 1p is also a linear combination of 1p, withw € W. If t > 0, then w € W, and
the same conclusion follows immediately. With no restriction on the choice of P, the induction
hypothesis holds for s as well.

Therefore, the lemma follows from induction. O

Lemma L21. For any given 0 < 1" < r, suppose W,. := {w € W : r(w) = r'} is non-empty.
Then, there exists a constant C > 1 (which could depends on M) such that the following holds: Let
u,v € T be two vertices such that v = p" (u). We have

EVar[E[ > cuu(Xu) | X]

weW,

p(v)} 5( max |cw|) (109)

Proof. First, both sides of (T09) scale by a factor h? if every term c,, is multiplied by € R. Hence,
it suffices to establish the inequality in the case

=1
g, ol =

Given this, consider the set { (cw)wew,, : maxwew,, [cw| = 1} € RW+. It is compact set and

EVar[E[ > cutu(Xu) | X0] | X

weW,

o] (110)

is continuous in (c, )wew,, (it is a polynomial of c,,). By a compact argument one can estalbish the
existence of C' > 1 described in the lemma if for every (cw)wew,, With maxyew , |cw| = 1,

EVar |:E|: Z ngw | X’U]

weW,

Xp(v)} > 0.

72



We can simplify this by observing that

Z cwéw = Z cwlp, + constant,

WEWT/ WGWT/
and hence,

Evar[E[ 3 cubu(X) | X,] Xp(v)} :Evar[E[ Sl (Xa) | X
weWw, weW, .,

:EVar[ Z cwlp,(Xu)
weWw, .,

cwlp, (X,) is a function of X, by Lemma

Xp(v)} (111)

p(v)}’

where the second equality follows from that ) -\ |

Moreover, to show EVar [ > wew , Cwlp, (Xy) p(v)} > 0, this is the same as showing
> cwlp.(Xu)
weW

is not a function of Xj(,,. By Lemma this is equivalent to show ZWEWT/ cwlp, is not a linear

combination of 1p for P € PT/+1, which was proven in Lemma Therefore, the proof is
complete.

O

Lemma L.22. For any given 0 < r' < r, suppose W, :={w € W : r(w) < r'} is non-empty.
Then, there exists C' > 1 so that the following holds: Let u,v € T be two nodes such that v = p7'/ (w).

We have
EVar[E[ 3" cuéu(Xu)| X.]
weW_,

Xpw | £ C( max few)?. (112)

<7

Proof. The proof is more straightforward compared to the arguments presented in the proof of Lemma
.21} First, both sides of (T12) scale by a factor h? if we scaled each ¢, by h € R. Therefore, it
suffices to establish the inequality when

EVar[E[ 3 cuéu(Xa)| X]

weW_,.

p(v)} =L

If there is no (cW)WEW<T/ satisfying the above condition, then the proof is completed. Now we assume

this set is not empty. Notice that EVar [E[ZWGW< cwéu( Xy |X ]

Xp(v)] is a continuous

function of (CW)W€W<T, which takes value 0 when (CW)W€W<T, = (. Thus, there is an open ball
B C RW< centered at 0 such that for (Cw)wew , €B,
EVar[E[ > cubw(Xu)| X.]
weEW v
On the other hand, by choosing C sufficiently large, the set

{(CW)WEWT/ : (ngv\&}i/ lew])? < 1/0}7

which is the cube of side length 2/ C'/? centered at 6, is contained in B. Therefore, the lemma
follows. ]

p@)} <L

Proof of Proposition[[3] From Remark and Lemma [[.20] it remains to show B satisfies the last
3 properties stated in the Proposition.

As for the third property, notice that the variance of Zwew cwéw (X)) is not zero as long as c,, are
not identically 0 for w # wy. Following the same arguments in the proof of Lemma|[[.21] the property
follows if C' > 1 is sufficiently large.

The last two follows by applying Lemma[l.21]and Lemmal[[.22]to every 0 < r’ < r and choosing the
constant C' can be chosen to be the maximum of those constants C' from the two lemmas.

O
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L.3 Proof of Proposition [I.1

In this subsection, we consider soley degree 1 polynomial of the leave values.

Definition 1.23. For any given p' € T and a degree-1 polynomial f of {2y }ue Ly the function can
be expressed uniquely in the form

f@)= > cwubulz) (113)

weWw, uel,

where {&y }wew is the basis introduced in Proposition

Foru € Ty, let fu(z) == >, cw ver, Cwoéw(Ty). Observe that from this definition, for each
0o<i<r,

= S fu).

w€T, - h(u)=l

Further, for u € T,y \L,, let

Cw,u = E Cw,v-

vEL,

Remark 1.24. From the definition above, for each p’ € T and degree-1 polynomial f of variables
{xu}ueLp, , we have

Vu € Ty, Vo € R, (Ey fu)(x) = chﬁuf\ff)(acu),

where £/ (#) is introduced in Remark|[.6

Proposition 1.25. There exists a constant C = C(M,d) > 1 so that the following holds: Suppose
f(il’) = Z Cw,ug(xu)
uELN,WEW
where p' € T is a node satisfying h(p') < ro and
Cw,u = Cw,v

foru,v € Ly satisfying h(p(u,v)) < r(w), where p(u,v) is the lowest common ancestor of u and
v. Then,

> Var[fu(X)] < CR*EVar[f(X) | X,/]

uelL o
If Proposition [[.23]is proven, then Proposition[L.1| follows as a corollary:

Proof of Proposition|[.I} Reduction to h(p") < ro: Without loss of generality, it is sufficient to

consider degree 1 functions of L, rather than degree 1 functions of variables in Dy, () for some « in
the tree and 0 < k < h(u).

Recall that

D, (p) ={weT : h(w) =7}
We know that we can express f(z) = >_,,cp, (,) fw(®) so that each of them is a degree-1 polynomial
)
with variables {x }ueL,, -

Together with the variance decomposition for degree-1 polynomials (See LemmalC.T)

Var[f(X)] > > EVar[fu(Xy)| Xu),
w€Drq (p)

it suffices to prove the same statement for degree-1 polynomials of x,, with u € L, for p’ satisfying
h(p') < ro.
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Now, we fix such p’ and consider

flz) = Z Cw,ubw(Tu)-

w,uELp/

Averaging the Coefficients: For each w € W and for each u € D, (y)(p’), we know that for any
V1,02 € Ly,

Ew(Xoy) = &w(Xo,)
almost surely. As a consequcne, we have

Z Cw,vgw(Xv) = Z MEW(X’U)

vEL, VE Ly, |Lu|

almost surely. Now, we repeat this averaging process for each w € W and for each u € D,(y)(p’).
We denote the resulting function by f . While f and f may not be the same function, f (X)=f(X

almost surely. On the other hand, f is a function which satisfies the condition in Proposition |[.25
Following from the proposition, we have

> EVar[f,(X)] < CR*EVar[f(X)| X,/] = CR*Var[f(X) | X,].
ueL

The proof is complete. ]

Let us begin with an intermediate step toward the proof of the Proposition [.23]

Lemma 1.26. Suppose f is a function described in Definition[[23] For any given 1 <1 < r such
that Wy := {w € W : r(w) = [} is non-empty. Let u € T,y with h(u) = r(w), suppose

t= 0.
max |ewu| >

Then one of the following statement holds:

* Either EVar [(Eq fu)(Xu) | Xp(u)] = ETon t2, or
vV Tmin t.

* mMaXwew, |CW,U| 2 2Cy

Here, Cy > 1 is the constant C described in Propositionand Tmin = MiNge[g] w(0).
Further, in the case when | = 0, then we simply have EVar [(Ey, f.,)(Xy) | Xp(u)] = CiotQ.

Proof. We decompose (E,, f.,)(x) into three components:

(Eufu)(z) = Z Cw,ugq(p(xu)"' Z Cw,u&(j)(mU)‘F Z cw,ufg)(%)v

wr(w) <l wr(w)=l wr(w)>1
where 5\&,1 ) is introduced in Remark

For each w with 7(w) > [, fg)(Xu) is a function of X, with v = p"")~!(4). Hence, the last compo-
nent -, (w1 cw7u§7§f) () is a constant function whenever we condition on X, (,). Consequently,

EVar (B, fu)(Xu) | Xp(u)] :EVar[ Y X))+ D) cwutP(X0) Xp<u>]
wr(w) <l w i (w)=l
(114)
From Proposition [[.5] we know that
l ¢
IEVar[ Y cwutl(X) Xp(u)} > & (115)

wr(w)=l
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where the constant C is the constant C' stated in the Proposition. Intuitively, from (IT3) it should
be clear that if the R.H.S. of (TT4) is small, then EVar [ D (w)<l CoufP(X,)
small. Let us derive this with a coarse estimate.

Xp(u)} cannot be

By (T13), we know there exists 6 € [g] such that

t2
Xp(u) = 0} E Co’

Var [ Z cw,ufg) (X4)

wr(w)=l

Now, suppose Var[zw o (w) <l Cw,u&(ul)(Xu) Xpw) = 0} < %. We could apply triangle inequal-

ity to get
Var{ Z cw,u&(j)(Xu)—i— Z cw7u§g)(Xu) Xo(w) :9}
wr(w) <l wr(w)=l
> |V, D (Xu) | Xpuy = 0| — [V O (X) | Xpeuy = 0
Z ar Z Cw,ufw( u) p(u) ar Z Cw,uﬁw( u) p(u)
w i (w)=l wr(w) <l
>t
and together with (TT4),
EVar[(Euy fu)(Xu) | Xp()] ZW(Q)Var[ Y DX+ Y cwntP(X) X,,(u)]
wr(w) <l wir(w)=l
Tmin ,2
to.
—2C)

Consider the opposite case where Var [ >ow r(w)<l Cw,ufg) (Xu) o)

_ t2 :
Xp(u) = 9} > 10 First,

EVar| > cuutl(X0)

wr(w) <l

o
Xy(u :9] > Mmin 2
p(u) —400

By applying the 4th property stated in Proposition[[.3] we conclude that

YV TTmin
> t.
w :rrn(vav)){<l |Cw,u| - 20()

In the case when [ = 0. The argument is simpler, which follows directly from (TT4) and the
Proposition[[.3]

O

Proof of Proposition|[[.25] Letty = maxw,uer,, |cw,u| and letw’ € W and v’ € L, be the pair such
that to = |cy o | Further, let lg = 7(w’) and ug = p'(u').
If [y > 0, then we have
|Cwuo| = Z lew o = lewr | = to,
VEL,,

where the first equality follows from the assumptions of the coefficients. We will try to construct
a sequence of triples (Ix,tx, ux) indexed by k such that (I;)g>¢ is strictly decreasing such that
Wi, # 0, h(ug) = I, and ¢}, = MaXwew,, lew,ug |-

Suppose we have a triple (I, ¢, ur) such that Il > 0, h(ug) = g, W;, # 0, and ¢, =
maXwew,, |Cw,u,, | for some index & > 0.

We apply Lemma[[.26]to get

1. Bither EVar [(Eyy fu, ) (Xuy) | Xp(uy)] > T2i2t3, or
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—Vzﬂcotk (This case cannot happen if £;, = 0.)

2. maXweW g, ‘chUfk' 2

If the first case is true, then we terminate the process of finding next triple ({xy1, tx+1, Uk+1)-
If the second case is true, let w” € W be the vertex such that |y v, | = maxwew_,, |cw,u, | and set

L1 = r(w”). Since
Cw,up — E Cw,us

u€Dyg; , (uk)

we have

1
tit1 = max (116)

[¢ > W | = ——7—tk.
weT,, Th () =Lhsr | w,u‘ Rdek*ek-u | w,uk| Rdzk*ek‘*l

Further, let w1 = argmaX, e, . n(u)=t,, lew,ul-
In this way, we produce a new triple satisfying the same assumption as (I, tx, ux ) described above.

Since Iy > I3 > ls... is a monotone decreasing chain of non-negative number, it means this
argument must terminated in rg steps. Now, suppose it terminates at the k-th step, resulting a triple
(I, tr, ug ), and

Tmin Tmin v/ Tmin —27
EVar[(BEu, fu,)(Xu,) | Xpu] > 50, th > 200( 2, Rd) "2,

On the other hand, from Proposition E],
3" Varlfu(X.)] < CRA™#.
uELp/

Therefore, we conclude that

> Var[f,(X,)] < C(M,d)R* ' EVar [f(X) | X,].

uELp/

J Properties of Markov Chains and Galton-Watson Tree

J.0.1 Proof of Lemmal[A.3|

Recall that real Jordon Canonical form of M is a g x ¢ diagonal block matrix J =
diag(Jo,J1,...,Js,) for some s; < g.

Since M is ergodic, the eigenspace corresponds to eigenvalue 1 is 1-dimensional. Thus, We may
assume Jo = [1] is the unique Jordan block corresponds to eigenvalue 1.

s 1
For each s € [1,s1], J, is either a m; X m, matrix of the form J; = As
1
As
for some A\, € R satisfying |As;|] < A; or a Js is a 2m, X 2mg matrix of the form J, =
)\SRS I2

AsRs cos(fs)  sin(fy)
0

, where |As] < A, and Rs; = . is a rotation ma-
—cos(fs) sin(fy)
I,
AsRs
trix in R? with parameter 6, € (0,27). In the later case, it corresponds to the conjugate pair of
eigenvalues A4(cos(fy) £ isin(fy))
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According to Jordon Decomposition, there exists an invertible matrix P such that M = PJP~*.

Fori € [1,q — 1], let ¢; be the 7 + 1th column of P. Because P is invertible, {¢; };c[, form a linear
basis of functions from [¢] to R.

Since 7 is a left-eigenvector of M with eigenvalue 1, we have
Ey~r¢i(Y) =" ¢; =0,
because ¢; is a sum of up to two generalized eigenvectors with eigenvalues not equal to 1.

(A generalized eigenvector v with eigenvalue A’ of M is a vector which satisfies (M — X')¥v = 0 for
some positive integer k. Whenever \' # 1,
1 1 S
-
= (M- N -0=0.

If index ¢ corresponds to J, which associated with a real eigenvalue, then ¢; is a generalized
eigenvector with eigenvalue \4; And if J¢ associates with a complex conjugate pair or eigenvalues,
then ¢; is a sum of two generalized eigenvectors with eigenvalues A4(cos(6s) + isin(fs)) and
As(cos(fs) — isin(6;)), respectively. ) As a consequence, every function f : [¢] — R can be
uniquely decomposed in the form

fF=Ef+ > b (117)

i€[g—1]

With this unique decomposition, let us define a semi-norm

= max |§;].
Il = max |6

Lemma J.1. There exists C > 0 so that for every f : [q] = R,

C7Y|fI13; < Vary - (f(Y)) < C|IfI%- (118)

Proof. Without lose of generality, let f = 3,1, ;1 6:¢;, since both || f|[as and Vary < (f(Y)) are
invariant under a constant shift.

Let D, = diag(m, ..., m,). Also, let§ = (0,02,...,d4). Then,
£ 112z =118]ls0 and Vary .. (f(Y)) =6 PT D, Ps.

Let Siax and spiy be the maximum and minimum singular value of P'D,.P, respectively. Together
with q_1/2||6||2 < |10]loo < ||6]]2, we have

Smind ' IF 137 < Shind™ 10113 < Vary wr (F(Y)) < smaxlldl3 < sthaxll 31 (119)

If Smin > 0, then we can complete the proof by taking C = max{s2 ., q/s%; }. It remains to
show that s,;, > 0, or equvialently PT D, P is invertible. Because M is ergodic, each entry of 7
is positive, and thus D is invertible. Hence, PT D, P is invertible because it is a product of three
invertible matrices.

O
Lemma J.2. There exists C' > 0 so that for every f : [q] = R,

CHIflr S If = Eymr f(¥) oo < O fllna- (120)

Proof. This simply follows from both || f|| »s and || f —E f]| o are both norms on the finite dimensional
space {f : [q] = R : By~ f(Y) = 0}. 0

Lemma J.3. There exists C' > 1 depending on M such that For any function f : [q] — Rand k € N,
1M fllar < CEINF(|f |- (121)

78



Remark J.4. Notice that M* f can be interpreted as

]E[f(Xu) | Xp"’(u) = Z] = (Mkf)(z)a
for every u € T where p*(u) is well-defined.
Proof.

M fllar =IIPIFCY diei)llar = 135D diei)lloo- < g nax, 16l Inax I (122)
i€lq] i€[2,q] N

Notice that J* is the diagonal block matrix whose blocks J* for s € [s;]. The block J* can be
computed directly: In the case when J corresponds to a complex conjugate pair of eigenvalues,

NERE (NIRRT () E )kt Rhemet
Jk = NSRS 3 (123)
. () AE-2RE?
AFRE,

where we treat (’T“) = 0 if r > k. It can be verified directly by induction, relying on the identity

(")) + (%) = (*"). Further, removing the R, terms in the above equation we obtain the formula

for J¥ when J, corresponds to a real eigenvalue.

Therefore, with (’;) < K9, |N[| < A", and max; j RY;; < 1forr > 1, we obtain the bound

max max |(Js¥);;] < C'EINF, (124)
86[2,(]] 1J€[q

where C” is a constant which depends on ¢ and .
Now we substitute the above bound into (122)) to get
1" fllar < gC'RINE|f|ar-
The proof is completed by taking C' = ¢C".
O
Proof of Lemma[A.3] The proof of LemmalA.5|follows from the || - ||5; decay from Lemma[J.3]and

that both Var[f] and ||f — Ef|| o are comparable to || f| ;s within a constant multiplicative factor
(Lemma([J:T]and LemmaJ.2). O
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NeurlIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and follow the (optional) supplemental material. The checklist does NOT count
towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:
¢ You should answer [Yes] , ,or [NA] .

* [NA] means either that the question is Not Applicable for that particular paper or the
relevant information is Not Available.

* Please provide a short (1-2 sentence) justification right after your answer (even for NA).
The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it

(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While "[Yes] " is generally preferable to " ", itis perfectly acceptable to answer " " provided a
proper justification is given (e.g., "error bars are not reported because it would be too computationally
expensive" or "we were unable to find the license for the dataset we used"). In general, answering
" "or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justification to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification
please point to the section(s) where related material for the question can be found.

IMPORTANT, please:

* Delete this instruction block, but keep the section heading ‘“NeurIPS paper checklist'",
* Keep the checklist subsection headings, questions/answers and guidelines below.

* Do not modify the questions and only use the provided macros for your answers.

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The main claim in the abstract and introduction is Theorem [I.6] The appendix
is dedicated to the proof of the theorem.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The result is a theoretical result which justifies low degree hardness for the
tree reconstruction model. This is a first indication that Kesten-Stigum bound appears to be
the computational-statistical barrier for the problem. In terms of the limitation, the paper
does not recover the same result as shown in the paper of Kohler and Moseel [23]], where
they only deal with the case A = 0.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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10.

Justification: The paper provides a full set of assumptions and the appendix is dedicated to
the complete proof for Theorem I.6]

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]

Justification: The result in the paper is a theoretical result. The paper does not include any
experimental results.

. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]

Justification: The result in the paper is a theoretical result. The paper does not include any
experimental results.

. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]

Justification: The result in the paper is a theoretical result. The paper does not include any
experimental results.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]

Justification: The result in the paper is a theoretical result. The paper does not include any
experimental results.

. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]

Justification: The result in the paper is a theoretical result. The paper does not include any
experimental results.

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]

Justification: The research conducted in the paper conforms with the NeurIPS Code of
Ethics.

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: The result of the paper is a theoretical result, which suggests a previous known
bound (Kesten-Stigum) is likely a statistical-computational bound for the tree reconstruction
model. It is an generic result that suggest it is hard to design an efficient algorithm for the
problem below the Kesten-Stigum bound. On the other hand, the result does not have any
direct societal impact.
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11.

12.

13.

14.

15.

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: The result in the paper is a theoretical result. The paper does not process and
realease any data or models.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: The paper does not use existing assets.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
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