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ABSTRACT

Dataset distillation (DD) aims to construct compact synthetic datasets that allow
models to achieve comparable performance to full-data training while substan-
tially reducing storage and computation. Despite rapid empirical progress, its
theoretical foundations remain limited: existing methods (gradient, distribution,
trajectory matching) are built on heterogeneous surrogate objectives and optimiza-
tion assumptions, which makes it difficult to analyze their common principles or
provide general guarantees. Moreover, it is still unclear under what conditions
distilled data can retain the effectiveness of full datasets when the training con-
figuration, such as optimizer, architecture, or augmentation, changes. To answer
these questions, we propose a unified theoretical framework, termed configura-
tion—dynamics—error analysis, which reformulates major DD approaches under
a common generalization-error perspective and provides two main results: (i) a
scaling law that provides a single-configuration upper bound, characterizing how
the error decreases as the distilled sample size increases and explaining the com-
monly observed performance saturation effect; and (ii) a coverage law showing
that the required distilled sample size scales linearly with configuration diversity,
with provably matching upper and lower bounds. In addition, our unified analysis
reveals that various matching methods are interchangeable surrogates, reducing
the same generalization error, clarifying why they can all achieve dataset distilla-
tion and providing guidance on how surrogate choices affect sample efficiency and
robustness. Experiments across diverse methods and configurations empirically
confirm the derived laws, advancing a theoretical foundation for DD and enabling
theory-driven design of compact, configuration-robust dataset distillation.

1 INTRODUCTION

Dataset distillation (DD) (Wang et al.| 2018 |Sucholutsky & Schonlaul [2021)), also known as dataset
condensation (DC) (Zhao et al., 2020; Wang et al., [2022)), seeks to synthesize a compact dataset
that enables models to approach the accuracy of full-data training while greatly reducing storage
and compute costs. Over the past few years, three main categories of matching-based methods have
emerged. Gradient matching (GM) aligns gradients between real and synthetic data through bilevel
optimization, extended by augmentation consistency (Zhao & Bilen| 2021)), diversity regulariza-
tion (Cazenavette et al.,|2023), and reverse matching (Ye et al., [2024). Distribution matching (DM)
matches feature statistics, from early MMD-based formulations (Li et al., 2017) to higher-order or
quantile-based variants (Wang et al., 2022; Zhang et al.| 2024; Wei et al., [2024). Trajectory match-
ing (TM) aligns full optimization dynamics, introduced in MTT (Cazenavette et al.,|2022) and later
extended to self-supervised and detection tasks (Lee et al., [2023}|Q1 et al., [2024)) (a comprehensive
review of related work is provided in Appendix [B).

Despite empirical advances, the theoretical foundation of DD remains fragmented. Existing anal-
yses are confined to paradigm-specific assumptions: GM theory is largely restricted to first-order
gradient matching (Zhao & Bilen, 2021} Deng & Russakovsky, [2022); DM relies on kernel- or
moment-based statistics (Li et al., 2017)), thereby neglecting optimization dynamics; and TM, while
empirically strong (Cazenavette et al.,2022), lack rigorous convergence guarantees beyond heuristic
approximations. These paradigm-specific limitations highlight the absence of a unified theoretical
view to relate different DD approaches, making it unclear why all three categories can yield near
full-data utility or how to explain recurring empirical patterns such as the saturation of accuracy
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Figure 1: Configuration-dynamics-error framework: a configuration (optimizer, architecture, aug-
mentation, etc.) together with the training distribution (either the real dataset or its distilled dataset)
induces optimization dynamics, whose risk is evaluated through generalization error bounds; this
yields the scaling law for a single configuration and the coverage law across configuration families.

gains with larger distilled sample sizes (Cazenavette et al.,|2022). A further challenge is robustness
to training-configuration shifts, e.g., changes in optimizer, architecture, or augmentation between
distillation and downstream training. Since DD is expected to substitute for the full dataset in prac-
tice, distilled data must remain effective under such shifts. Yet current evaluations often restrict
to fixed setups or mild parameter perturbations (Nguyen et al., 2021} Zhao & Bilen, [2023)), and
reported results reveal instability: sensitivity to random seeds (Wang et al.| [2018)), reliance on aug-
mentation (Zhao & Bilen, 2021)), and weak cross-architecture transfer (Liu et al.l 2022). To this,
we introduce the notion of a utility boundary: the relationship between the distilled sample size and
the diversity of configurations within which the distilled dataset can still match the performance of
full-data training.

We address these challenges by proposing a unified configuration—dynamics—error framework. A
configuration specifies the update operator (e.g., optimizer, architecture, augmentation) that governs
parameter changes; together with the training distribution this induces the optimization dynamics,
and the resulting risk is evaluated through generalization error bounds on a common test distribution.
Building on this framework, we first analyze the single-configuration case, yielding (1) scaling
law: As the distilled sample size k increases, the generalization error decreases until it reaches the
irreducible error bound €p,o,nq, determined by the configuration, following the statistical rate A <

o/ \/E) + €bound- This explains the commonly observed images per class (IPC) saturation: when
k is sufficiently large, the error is dominated by the irreducible floor and accuracy can no longer
improve by enlarging k. In this regime, reducing €p,oynq is more valuable than blindly increasing k.
(2) Then, to account for generalization across configurations, we extend the analysis from a single
configuration to a family of configurations. In this setting, # (A, r) measures configuration diversity
(e.g., via a covering number), yielding the configuration-coverage law: A = &(y/H(A,r)/k). This
characterizes the utility boundary of dataset distillation for the first time, showing how the required
sample size must grow with configuration diversity to maintain generalization.

Together, these laws clarify why different DD methods can behave consistently. Within this frame-
work, GM, DM, and TM are not independent heuristics but instances of a common objective: mini-
mizing the matching discrepancy that measures how differently real and distilled data drive training
dynamics under a configuration. While DD methods align different objects, gradients, optimization
trajectories, or feature-level statistics, our theoretical analysis, corroborated by experiments across
diverse methods and configurations, shows that these distinctions are merely surrogate choices
within a common outer—inner (bi-level) mechanism. Their generalization is therefore governed by
the same scaling law in single configurations and the same coverage law across configuration di-
versity. Thus, our framework unifies diverse DD methods under a single generalization error bound
analysis and provides guidance for designing distilled datasets that achieve both sample efficiency
and robustness. To summarize, we make the following contributions in this work:

* Unified framework. We introduce a configuration—dynamics—error framework that places
GM, DM, and TM within a single generalization error analysis.
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* Scaling law. We provide the first generalization bound that relates the distilled sample size
to test error in a fixed configuration, explaining the IPC saturation phenomenon.

* Coverage law. We derive the first formal utility boundary showing how distilled sample
size should scale with configuration diversity.

* Unified DD. We unify the three categories of DD methods under the proposed framework
and empirically confirm the theoretical findings across representative methods and datasets.

2 PRELIMINARIES AND PROBLEM SETUP

Dataset distillation (DD). Given a real dataset D, = {(z;,y;)}_, with empirical distribution fi, =
L Uy ) the goal of DD is to construct a compact synthetic dataset D, = {(«,y})}¥_,

with empirical distribution fi; = Z?,l L(a" ) Tor k<< n, such that training on fi5 matches training
. 2.7

on fi, in test performance (Wang et al., 2018 [Sucholutsky & Schonlau} 2021} Zhao et al.,2020). Let
v denote a test distribution with empirical counterpart 7 = i PO L(ate yio)- We evaluate empirical
and population risks:

R(0) =Es[0(6;2)],  R.(0) =E,[((6;2)], (1)
where z presents a data point, and compare models trained on [i; versus fi,.

Single training configuration. Most theories are established under a single fixed training configura-
tion (e.g., optimizer, hyperparameters, augmentation, architecture) and show that particular match-
ing strategies (gradient, distribution, or trajectory) improve accuracy in the single setting (Zhao
et al.l 2020} [Cazenavette et al., [2022; [Zhao & Bilen, 2023)). Formally, one training step under a
(fixed) configuration can be written as:

Or11 = PO 0) = 0, —n P(6:) ELlg(6s; 2)], )

where P(6) denotes a (possibly adaptive) preconditioner and g the per-sample update. We refer to
the configuration used to generate the distilled dataset as the source configuration. The configuration
under which we evaluate and compare the utility of real versus distilled data is called the target
configuration.

3 A UNIFIED CONFIGURATION-DYNAMICS-ERROR FRAMEWORK

In practice, the ultimate goal of a distilled dataset is to replace the real dataset across diverse appli-
cations. Since the source configurations used for deployment may differ from those assumed during
generation, it is necessary to extend the analysis from a single setup to a family of configurations.
Doing so highlights three key aspects that jointly determine the effectiveness of distilled data: the
diversity of configurations it must cover, the alignment it maintains with real data, and the stability
with which training dynamics transfer across configurations.

Space of configurations. An configuration a specifies optimizer, hyperparameters, augmentation,
and architecture. The training under configuration a on distribution p induces parameter iterate:

Or11 = PO 1) = 0 — 1 Pa(0:) Epy ga(0s; 2) € T, 3)

with feasible set I', for parameters. The way we update parameters here generalizes classical
stochastic approximation and adaptive methods (Robbins & Monro} |1951; [Bottou et al., 2018). We
consider a target configuration family .A C C of training configurations that reflects the intended
deployment setting (Shalev-Shwartz & Ben-David, 2014)).

Diversity. Each configuration a € A induces its own feasible parameter set ', C R?. To compare
two configurations a, a’ € A on the same real data /i, we define the configuration-distance

da(a,a’) = sup ||Pa(t9) E;,94(6;2) — Po(0)Ep, gar (6; Z)H2. )

ocl',Nr,/

This metric is inspired by the stability and uniform convergence analyses of algorithmic dynam-
ics (Hardt et al., 2016} [Raginsky et al.,[2017)). The coverage complexity of A at radius r > 0 under

!4 denotes the Dirac measure that assigns unit mass to the sample point.
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da is Heov(A,7) = log N(A,d4,r), where N(A,d4,7) is the minimal number of d 4-balls of
radius 7 needed to cover A. Here r is mathematically the covering radius, which determines the res-
olution of ecological distinctions: smaller r resolves finer differences and thus increases Hcov (A, 7).

Alignment. For measures p, v and configuration a, we define the matching discrepancy
Aa(uv V) = HSU-IP HPa(6> (Euga(9§ Z) - Euga(e; Z)) HQ (5)
E a

This notion unifies classical discrepancy measures used in dataset distillation and domain adap-
tation (Zhao et al., [2020; |Cazenavette et al.l [2022; [Zhao & Bilen, [2023; [Ben-David et al., [2006).
Specializing to empirical real and empirical synthetic distributions gives A, (fir, fis)-

Stability. The final stage of our configuration—dynamics—error framework concerns how discrep-
ancies in dynamics translate into generalization error. Throughout the paper, our analysis builds
on stability- and information-theoretic approaches to generalization (Bousquet & Elisseeft] 2002}
Russo & Zoul [2016; | Xu & Raginsky, 2017), and decomposes the error into three components: (i)
an optimization residual, determined by the optimization steps 77; (ii) statistical fluctuations, arising
from finite sample sizes n, m, k; and (iii) a matching term, governed by the alignment discrepancy
A,. This unified form can be summarized as

IR, (6% — R, (8))| < opt. residual + stat. fluctuations + matching term.  (6)
—_—— —_— |

T n,m,k A,

At this point we have a complete configuration—dynamics—error framework as Figure[I] Configura-
tions specify the update operators that drive parameter changes; their diversity is captured through
covering complexity under a configuration distance (Diversity); the gap between synthetic and real
data within each configuration is measured by the matching discrepancy (Alignment); and the trans-
fer from dynamics to generalization error is governed by generalization error bounds decomposition
(Stability). Together, these elements form a coherent chain from configuration to dynamics to error,
closing the framework and setting the stage for Sections [}j5| on theoretical analysis next.

4  SINGLE—CONFIGURATION GENERALIZATION BOUND

We instantiate the Configuration-dynamics-error framework with a fixed configuration a and derive
a finite—sample bound that reveals the scaling law of dataset distillation.

Assumption 4.1 (Regularity). On the feasible parameter domain I';, we assume: (i) bounded
per—sample update and preconditioner, i.e., |ga(0; 2)|| < By, ||P.(0)| < Ka: (ii) bounded loss
|0(6; z)| < By and Lr—Lipschitz test risk R; (iii) contractive dynamics under a PL—type condition,
with contraction rate p, € (0, 1) and constant Cy , = (1 —p,)/Lr. These assumptions are standard
in stability/generalization analyses and PL-based convergence (see Hardt et al.| (2016)); Bousquet &
Elisseeft] (2002); [Karimi et al.|(2016)).

Definition 4.1 (Intrinsic generalization error). For configuration a, the k—prototype class of distribu-
tions, Py, = {Z?Zl Lz, : L}, induces an irreducible generalization error A} := inf,cp, Ag(ptr, ).
It measures the best possible matching between k prototypes and the real dataset under configuration
a, and determines this error in our bound.

Theorem 4.2 (Single—configuration risk bound). Let Qéf ) and H(TT) denote the parameters after T’

steps trained on synthetic and real data, respectively, with initialization gap 6y = 9(()5) — 9(()7). Then
with probability at least 1 — ¢,

Ry (057) = Ry (05)] < Lipll|do]l + &= (A% + eg) + etes @)

where e, = O(1/V'k 4+ 1//n) is the fluctuation from distillation and training samples (see, e.g.,
Bartlett & Mendelson|(2002), for Rademacher-based rates), and ey, = O(1/+/m) is the test con-
centration error (see, e.g., \Vershynin|(2018)), for standard sub-Gaussian bounds). If distilled dataset
D, generate depending on real dataset D, then e, further incurs an information—theoretic penalty
O(/I(Ds; D;)/E) (Russo & Zou, 2016) (see Appendix@forproofdetails).

Remark 4.3. As T',n,m are sufficiently large, optimization and statistical terms vanish. We then
arrive at the single—configuration scaling law:

R (60) - RO = ZE=n;+ 001/ V). ®)

4
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Corollary 4.4. For a target error €, distilled sample size k must satisfy

k= Q((eo - Agma/cgya)*). 9)

Remark 4.5. i) The generalization error could decrease with k until saturation at the irreducible
error bound A*nk, /Cs o, Which accounts for the commonly observed IPC saturation; ii) With finite
training and test samples n, m, their sizes may limit accuracy, but the distilled sample size k remains
the fundamental bottleneck of distillation since k < n, m.

5 COVERAGE-AWARE BOUNDS: RISK ACROSS TRAINING CONFIGURATIONS

The preceding remark establishes the local scaling behavior under a fixed configuration, highlight-
ing the role of k as the fundamental bottleneck. In practice, however, distilled data are expected to
remain effective across not just one but a family of configurations .4 C C (optimizers, architectures,
augmentations). In what follows, we analyze how the generalization error scales with the configu-
ration diversity of A, derive the corresponding upper and lower bounds, and ultimately arrive at a
tight coverage law.

With concepts introduced in Sections ranging from configuration—distance d 4, coverage di-
versity Heoy (A, ) = log N(A, d 4, r), matching discrepancy A, irreducible generalization error
Ax, to dynarpics gonstants Pa and C ,, we further introduce Rademacher constants Cg , C and
extend the Lipschitz assumption:

Assumption 5.1 (Lipschitz transfer across configurations and parameters). There exist Leont, Lo >
0 such that for all a,a’ € C,all 8,0’ € T, N Ty, and p € {fir, fis}

HPa(Q)Euga(e; Z) - Pa’<9)Euga’<9; Z)H2 < Leont d.A(aa al>7
| Pa(0)Epuga (05 2) — Pa(0)Ega(052)||, < Lo 10 — 02,

which requires smooth variation across configurations and parameter-Lipschitz continuity; it is
mild, as common optimizers such as SGD (with learning rates in [10~3,107!]) and Adam (with
B € 10.8,0.999)) satisfy it in practice.

Based on the mild extension of d 4, which only requires the uniform Lipschitz continuity over
{fir, [1s} and all @ € T, the d 4—based coverage argument extends consistently from cover centers
to configuration family A, and the configuration-dynamic-risk framework can extend from single
configuration points to all configurations.

Theorem 5.1 (Uniform cross—configuration bound). For any € € (0, 1), with probability at least
1 — € over the draws of [ir, [is, D, it holds for any configuration prior 11 supported on A that

Eort| Ry (05°7) = R (657)] < qihes 4 Ay BealAr) 1 g, [HenlAn) (10
sup [ Ry (057") = R (057 )] < i + S, (a1

upper * \/ Heov (AT
Ebgﬁnd = O(pgaxl&)' + SIGIE Aa + ﬁ + \/ﬁ()) ) CCOV(-A) = 0( \% 7-tcov(~’47 T))

If Dy depends on D, an additional correction (9( 1(Dg; Dﬁ/k) is added to both bounds (see
Appendix|D. 1| and|D.2)for proof details).

The above upper bound indicates that the required distilled size increases linearly with the config-
uration diversity Heoy(A). A natural further question then is: is this dependence optimal? The
next theorem answers it in the affirmative by giving a matching lower bound and thus justifying the
optimal dependence of the distilled sample size on the configuration diversity.

2025 denotes the supremum Rademacher complexity constant across configurations. When finite-sample

or information-theoretic corrections are present, we denote the corrected version by C’+; both share the same
order.
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Theorem 5.2 (Coverage lower bound). Suppose Assumption holds (single—configuration reg-
ularity). Assume further an identifiability condition: there exists A > 0 such that, for all 6 € T
and any two distinct configurations a,a’ € A, ||Pa(0)Ep, ga(6;2) — Par(0) Es, gar (6; z)”2 >
Ada(a,a’). That is, update dynamics corresponding to different configurations are uniformly sep-
arated. Let A admit a p-packing with M elements (so that Heoy (A, ) = log M ). Then, for any
distillation algorithm producing k synthetic samples, there exists a distribution over this packed

family such that
Ba |[Ry(057) = Ry (OF)] 2 elia + en phy/ oo,

where cyp, € (0, 1) is a universal constant (see Appendix | for proof details).
Corollary 5.3 (Coverage law). For any generalization error €y > €pound, If the distilled sample size

2
satisfies k > Kpin(€o, A) = (M) = @(’HCOV(A, 7’)), then it holds that

€0 —€bound

sup R, (65) — R, (657" < €. (12)
ac

Remark 5.4 (Coverage law). (i) The upper bound separates two errors: an approximation error
Heov /K, since a size-k set cannot fully cover A, and a concentration error y/Hcov/k from uniform
guarantees. In typical regimes, the latter dominates, as it decays more slowly and thus sets the
critical rate. (ii) The residual epoynq collects optimization error, irreducible matching discrepancy,
and sampling noise, yielding a non-vanishing floor. (iii) Eq. gives an average-case guarantee
under a prior II, while Eq. (TI)) strengthens it to a worst-case guarantee across all configurations,
reducing to the \/Hcov/k rate. (iv) The lower bound shows that any target error €9 > €pound
requires k = Q(’HCOV(.A, r)) This matches the upper bound k& = O(HCOV (A, r)) up to constants.
Taken together, these results establish the tightness of the coverage law: as Ho, grows, k must scale
proportionally to maintain accuracy, and no distillation algorithm can avoid the \/Hov /K barrier.

Remark 5.5 (Practical estimation of coverage entropy). Since the coverage law depends on
Heov(A,7), an important practical question is how to estimate it. In principle, computing
H.o (A, r) requires solving a minimal covering problem over (A, d ), which is NP-hard. As
an approximation, one may define d 4(a;, a;) via the averaged ¢»-distance between their normal-
ized one-step updates (e.g., preconditioned gradients at the same initialization and mini-batches),
and apply a greedy r—cover to obtain an empirical covering number N, with ﬁcov = log N,.. For
tractability, however, our experiments use log M, the logarithm of the number of candidate config-
urations, as a proxy. Since 1 < N, < M and, under mild Lipschitz assumptions on d 4, N, is
typically of the same order as M, log M preserves the dominant scaling with configuration diversity
while avoiding costly pairwise distance computations.

Remark 5.6. New insights into dataset distillation emerge from the coverage law and its practical
estimation: (i) the number of distilled samples k& must grow in proportion to the coverage complexity
Heov(A,7) in order to maintain a fixed generalization error; and (ii) Estimating Moy (A, ), or
using a proxy such as log M, provides a principled way to determine how many distilled samples
are needed to ensure that the synthetic dataset preserves the utility of the real dataset across a given
configuration coverage. These insights connect the theoretical limits with practical guidelines for
designing robust dataset distillation methods.

6 UNIFYING VARIOUS CATEGORIES OF DATASET DISTILLATION

From Sections[4}{5] the matching discrepancy A, (fir, fis) turns out to be the key to the generalization
errors. We are now in a position to scrutinize why the three major distillation methods, i.e., DM, GM,
and TM, albeit in different forms, all reduce the same A, via the bi-level optimization mechanism.

Unified bi-level optimization. Let the distilled dataset be parameterized by ¢ with distribution
w1(§), and ©; the inner states queried at outer iteration j. Each method minimizes a surrogate
Mg (1(§); fir,b,©;) with ¢ € {DM, GM, TM}, where b denotes the source configuration under
which distillation is performed (to distinguish it from the target configuration a used for evaluation):

Inner loop (training under b): 0y 11 = 0; — 1 Py(0:) E.wpe) 95 (0s5 2),
Outer loop (updating £): €U = ¢U) — v My (u(€9)); iy, b, ©;).
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Table 1: Unified practical comparison and surrogate-to-alignment bridge. Left: how each branch is
optimized; Middle: how its surrogate controls A,; Right: what drives the outer rate.

| Outer obj. [ Inner ©; [ Robust [ Compute | Bridge to A, | Outer-rate driver
Wi . B = koL. oW1 critic smoothness
DM High L DM ’
MMD none '8 o BENP = ko CLMMDy, aug. strength
GM | Grad gap 1-few 0 Mid Mid Baom = Ka|O;| Mam anchors/short path
™ Path gap unroll L; Low High Brym ~ KG%MTM Ly/implicit grads

Method-specific surrogates. The surrogate M, takes different forms but all fit into the same
bi-level template: DM compares empirical distributions using maximum mean discrepancy, e.g.,
Mpm = MMDy(fis, fir), where the kernel embeds input-space geometry into an RKHS for
measuring distributional differences. GM aligns average gradients at anchor states ©;, e.g.,

1 . .
Mert = 857 Coco, |[Banin00(6:2) = s 006 2)|
timization directions on the real data. TM compares short optimization trajectories, e.g., My =

2 forcing the synthetic set to match op-

ZthbO wy ||9§S’b) - H,ET’b) ||2, with weights w; along L, steps unrolled from a shared initialization.

Despite their differences, these surrogates admit the same contraction property:

E[My(67H)] < (1 - ag) EIM(€9)] + €L, (13)
where the contraction rate is g = 7/ (under Lg—smoothness and a PL condition), and eéfg
denotes the estimation error arising from finite-sample approximations of the surrogate. This shows
that all three objectives progressively contract their surrogate mismatches (see Appendix for
proof details).

Lemma 6.1 (Exchangeability of surrogates). Fix configuration a = b. Under the smoothness, Lips-
chitz, and contraction conditions in Assumption 4.1} the matching discrepancy admits the bounds

L L 2
Aa(ﬂ‘r“us) S /in,Lz,a Wl Orfiack MMDk, KJa|6j|MGM, KEMMTM+NaL95path, (14)

Wmin

Bpm BaeMm Boas
where Bpn, Bawm, and By are the distribution-, gradient-, and trajectory-based surrogate
bounds on A,. Moreover, these bounds are equivalent up to constant factors, i.e.,

Brm = O(Beum), Baum = O(Bpw).

Remark 6.2 (Exchangeability of surrogates). The three surrogate bounds ‘B, emphasize different
controlling factors of the discrepancy: (i) Bpwy is governed by feature-level divergence (W; or
MMDy,) scaled by data smoothness L ; (ii) Bgwm by gradient mismatch Mgy amplified by the
effective parameter size |©;|; (iii) Brwm by trajectory deviation My and truncation error epatn,
weighted by step-size constants. Although these sources differ, distribution spread, gradient vari-
ability, and path stability, the resulting bounds remain equivalent up to constants, showing that DM,
GM, and TM are interchangeable surrogates contracting the same discrepancy A, (see notation
details in Table[6]and Appendix [A] see proof details in Appendix [E.3]and ).

Theorem 6.3 (Dynamic single—configuration bound for unifying DD methods). Fix configuration
a = band run J outer steps with surrogate M. UnderAssumptionand the contraction property
Eq. (13), with probability at least 1 — ¢,

|R,(05) — R, (05| < eflistillation | (@) p ()]

istillation Cs.a
where efistilation — [, T30 | + 1/ v/m), €\ion = AGE2[(1— ag)” My(E®) + €], and
& = 1/ V)

Remark 6.4. elistillation yepresents the irreducible generalization error, collecting the

method-independent terms that do not vanish with larger k, including optimization residuals
due to finite 7" and finite-sample fluctuations from the test set of size m; effgtho 4 captures the

method-specific contributions that depend on the surrogate choice ¢ € {DM, GM, TM}. Here Cy ,
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is a distillation method—dependent factor (possibly varying with configuration a) and M (& ©)) is

the initial surrogate mismatch; e,(f) represents the sampling error that decreases with the number of
distilled samples k, uniformly across all three surrogates (The explicit form of C , and the detailed
proof are deferred to the Appendix [E.5).

Theorem 6.5 (Coverage—aware bound with dynamic outer progress). Let A denote the family of
configurations, with prior 11 supported on a p-packing, and a,b € A. Under Assumption[5.1] with
probability at least 1 — ¢,

sup | Ry (07) = RO )| < i ™ + eiflinoa + koo

a
Relative to Theorem [6.3] only two changes. First, the method term is controlled by the worst—case
constant Cy max = SUP,e 4 Co,q instead of the per—configuration factor Cy ,. Second, the sampling

term acquires an explicit dependence on the coverage complexity, e,(j)gov = O/ Heov (A, 7)/k), in
place of the (7)(1 / \/E) rate for a single configuration (see Appendix|E.6|for proof details).

Remark 6.6 (Practical guidance). Theorems and [6.5] decompose the generalization error into
three parts: a method—independent irreducible bound, a method—dependent contraction term, and
a sampling term that depends jointly on the configuration coverage Hcov(A, ) and the distilled
sample size k. Crucially, this analysis shows that despite their surface differences, GM, DM, and
TM are governed by the same scaling law in single configurations and the same coverage law across
configuration families, providing a unified set of design principles for practical dataset distillation.
The generalization error can be reduced by tuning the surrogate and its hyperparameters to shrink
the contraction term (e.g., GM with carefully chosen anchors, TM under stable dynamics, DM with
an appropriate kernel), and by scaling k in proportion to Hcov (A, ) to control the sampling error.

7 EXPERIMENTS

We verify our theoretical results on MNIST (LeCun et al. |2002), CIFAR-10/100 (Krizhevsky
et al., 2009), and ImageNette (Deng et al., 2009). We evaluate four canonical distillation fam-
ilies: Gradient Matching (DC (Zhao et al., 2020), DSA (Zhao & Bilen, [2021))), Distribution
Matching (DM (Zhao & Bilen, 2023)), Trajectory Matching (MTT (Cazenavette et al., 2022)),
and a recent diffusion-based method (MGD? (Chan-Santiago et al. [2025)). Each target config-
uration consists of an architecture (ConvNet, LeNet (LeCun et al., 2002), ResNet-18 (He et al.,
2016), AlexNet (Krizhevsky et al., 2012)), optimizer (SGD/Adam), and augmentation (DSA
on/off). The distilled dataset is always generated in the source configuration ConvNet+SGD,
using the official open-source implementations released by the corresponding papers to ensure
consistency and reproducibility across methods. We vary the number of distilled samples k£ €

{2,4,6,8,12,18,28,51,100, 200}, and report the generalization error A, (fir, fis) = |R(9§f’a)) -

R(Gg,f ’“)) |, where a indexes the target configuration. In practice, we approximate the coverage com-
plexity Heov (A, 1) by log M, where M is the number of sampled configurations.

Single-configuration regime. We first test the 1/ Vk scaling law (Theorem on fixed a is Con-
vNet+SGD. Figures [2| show that A, decreases nearly linearly with 1/ V'k, with coefficient of de-
termination R? values mostly above 0.85, confirming the established scaling law. On MNIST, DC,
DSA, and DM achieve almost perfect fits (R? = 0.90-0.99), while MTT exhibits a much steeper
slope (81 = —0.33) with high variance, reflecting instability from trajectory unrolling. On CIFAR-
10, all methods follow the law with strong fits (R? = 0.86-0.96); DC and DSA give the most
stable slopes, showing that although the scaling law is universal, different methods vary in their
sample efficiency, i.e., how effectively additional distilled samples reduce error, and in the stabil-
ity of this improvement across configurations. On CIFAR-100, DC and DSA again maintain high
linearity (R?> = 0.92-0.97), but DM (0.84) and especially MTT (0.73) deviate more, highlighting
how trajectory mismatch is amplified by dataset complexity. On ImageNette, the diffusion-based
method also exhibits a clear 1/v/k scaling (R? = 0.87-0.92), showing that the law extends beyond
matching-based approaches. Together, these results verify that the 1/ vk law holds universally (high
R?), while the intercept corresponds to dataset-specific irreducible generalization error bounds.

Cross-configuration coverage. We next test the coverage law A < \/Hcov(A)/k (Theorems
[5.2). On MNIST, DC and DSA show clean linear fits with slopes 41 = 0.20 (R? = 0.88-0.92), DM
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Figure 2: Single-configuration scaling law. On MNIST, CIFAR-10/100, and ImageNette, the curves
of generalization error A against 1/ Vk for GM, DM, and MTT shows linear decay at small %
followed by saturation at a positive generalization error bound. Regression intercepts give epound(a),
consistent with Theorems [4.2] and
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Figure 3: Configuration coverage law. For subsets of m configurations, plotting Y = A(k, M)

against X = /log M/ V'k yields near-linear trends under random sampling. Results remain consis-
tent with Theorems 5.1]and

follows with a smaller slope (3; = 0.14, R? = 0.80), while MTT rises to 3; = 0.91 (R? = 0.83),
indicating much higher sensitivity to configuration shifts. On CIFAR-10, the trend persists with
moderate fits (R? ~ 0.66-0.70): slopes increase from MTT (3; = 0.09) — DC (3; = 0.15) —
DSA (8, = 0.19) — DM (B; = 0.23). This ordering reflects the relative robustness of different
objectives to configuration diversity. On CIFAR-100, the law remains visible but with weaker fits
(DM: slope 81 = 0.28, R? = 0.74; DSA: #; = 0.18, R? = 0.63; DC/MTT: 3; = 0.05, R? < 0.45).
The lower R? is expected: with more classes and higher intra-class variability, empirical estimates
of cross-configuration errors become noisier, so points scatter more around the predicted line even
though the linear scaling still holds. Across datasets, the slope acts as a method-dependent sensitivity
to coverage complexity: GM methods achieve lower error within a configuration but degrade faster
across configurations, DM is comparatively robust to diversity but depends more on k, and TM
suffers the largest instability.

8 CONCLUSION AND LIMITATIONS

We propose the first configuration-dynamics—error framework that unifies gradient-, distribution-,
and trajectory-matching distillation. Our analysis reveals two fundamental dataset distillation laws:
1) the scaling law, which explains that the generalization error reduces at a rate of 1/v/k with the
distilled sample size enlarge, and explain the saturation effect in IPC scaling; 2) the coverage law,
showing that the distilled sample size must scale linearly with configuration diversity. These two
laws characterize the utility boundary of data distillation, and offer a recipe for the theory-guided
and configuration-robust methods design.

Limitations. Despite this advance, our theory relies on PL-type dynamics, which may break down in
highly non-convex or adversarial training settings. The coverage measure of configuration diversity
via the distance of update parameters may neglect semantic/domain shifts.
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A NOTATIONS

B RELATED WORK

B.1 METHODOLOGICAL ADVANCES IN DATASET DISTILLATION

Gradient Matching (GM). Dataset distillation was first formulated via gradient matching, where
synthetic data are optimized to align the training gradients of real data (Zhao et al.| [2020). Dif-
ferentiable Siamese augmentation improved stability and generalization across pipelines (Zhao &
Bilen| 2021). Later works explored diversity regularization (Cazenavette et al.l |2022), represen-
tative matching (DREAM) (Liu et al.| [2023), and feature regression (FRePo) (Zhou et al.| [2022).
Engineering efforts such as DC-BENCH (Caui et al., 2022)) provided standardized evaluation. De-
spite progress, GM often struggles with cross-architecture transfer.

Distribution Matching (DM). Distribution-based methods align feature or embedding distributions
rather than raw gradients. Zhao and Bilen (Zhao & Bilen, 2023) proposed matching distributions
through MMD in intermediate feature space. CAFe introduced hierarchical alignment (Wang et al.,
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Table 2: Notations for preliminaries [2] configuration-dynamic-risk framework [3 sin-
gle—configuration ] and configurations coverage [5

Symbol Meaning

Data & Distributions

D, q; Real training dataset and its population distribution.

for Empirical measure of D .

Dy, fis Distilled dataset and its empirical/prototype measure (support size k).

P Class of k-prototype measures (support on at most k atoms).

v, v Test distribution and its empirical counterpart of size m.

z = (z,y) A data point used in the loss £(0; 2).

configurations & Geometry

A, CCA Universe of training configurations; target subfamily for generalization.

ac A A concrete configuration (optimizer, hyperparameters, augmentation,
architecture).

I, T, Common feasible set; feasible set associated with configuration a.

da(a,a) configuration-distance (update-field discrepancy between a and a’).

Heov(r) Coverage complexity: log N (A, d 4, 7).

11 Prior over configurations (e.g., uniform over a p-cover/packing).

Losses & Risks

£(0; 2) Per-sample loss.

R, (9) Population risk under distribution ¢: R, = E, £(6; z).

R(0) Empirical risk under .

Dynamics & Regularity

0y, O Parameters at step ¢ and after 1" steps.

D, (0; 1) Update map under configuration a and data p: 01 = ®,(04; ).

P,(0) Preconditioner/metric of configuration a (e.g., adaptive gradient
metric).

9a(0; 2) Per-sample update field used by configuration a.

n Inner-loop step size (learning rate).

pa € (0,1) Contraction factor of ¢, on I" (PL/smooth regime).

Caq = 121’; a Risk-to-alignment transfer constant (L g: risk Lipschitz in 6).

Ka Uniform bound on || P, (6)]|| over T.

By, By Bounds on ||g,(6; 2)|| and |¢(0; z)|, respectively.

8o Initialization mismatch: &, = 6% — 637,

Alignment & Aggregation

Ag(p,v) Preconditioned alignment discrepancy between data p and v under a.

Ax Irreducible alignment error at budget k: inf,,cp, Aq(fir, 1)

Ag Aggregated irreducible error: inf,ep, EqorAa(fir, 1t).

Complexities & Rates
Rk(ga)s Rn(ga)

R, (Ly)

eq(n, k,€), ete(m, €)
€bound

C’cov (A)
Information Terms
I(Dg; D;)

Cr, C}

Rademacher complexities of gradient classes at sizes k and n.
Rademacher complexity of the test-loss class at size m.
Estimation terms on training/test sides (confidence ¢).
k-independent error floor (optimization + irreducible alignment +
statistics).

Coverage slope controlling the / Hcoy /k term.

Mutual information between distilled and real training data.
Problem-dependent constants in MI-based corrections (avg./uniform
forms).

2022), while M3D (Zhang et al., [2024) and latent quantile matching (LQM) (Wei et al.l [2024)
further improved statistical robustness. DM methods emphasize scalability and robustness, with
strong performance under augmentation shifts.

Trajectory Matching (TM). Trajectory matching aligns the full optimization dynamics rather than
single-step gradients. The MTT framework (Cazenavette et al.,2022) established this principle, later
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Table 3: Notations for unifying various branches of dataset distillation []

Symbol Meaning

Distribution-matching (DM) branch

L., Lipschitz constant of g, (6; z) with respect to the data metric d.

Wi 1-Wasserstein distance W (fis, fir ).

Cy RKHS aggregate norm bound, supy (- [|ga,; (6; -) ||3rtk)1/2.

MMDy, Maximum mean discrepancy with kernel k£, measuring distributional
distance in RKHS.

Gradient-matching (GM) branch

19| Cardinality of the GM anchor set © ;.

Meawum GM surrogate: anchor-averaged field gap
@ Zee@j |IEs, 9o — Ep, gall2-

Trajectory-matching (TM) branch

Wmin Minimum TM weight, wy,i, 1= ming wy > 0.

My TM surrogate, My = Y17 wy |05 — o |,

Epath Path coverage radius: maximum distance from an optimal point to the
unrolled path set.

Quter-loop / Branch-agnostic

pE Distillation surrogate branch (distribution-, gradient-, or

{DM, GM, TM} trajectory-matching).

Co.a Bridge constant for branch ¢ under configuration a.

Qp Outer-loop contraction rate in the surrogate recursion Eq. .

J Number of outer-loop (bilevel) iterations.

M, (©)) Initial surrogate misfit at outer-loop initialization £(?).

egft) Estimation/statistical error floor for branch ¢.
Outer-loop optimization variables (e.g., prototypes, labels, or weights).

Abbreviations

“DM/GM/TM” Three surrogate types: distribution-matching, gradient-matching, and

trajectory-matching.

improved by truncated backpropagation (Kim et al,, [2022) and automated trajectory design (Liu
et al.l |2024a)). Extensions include self-supervised distillation (Zhou et al., 2024). TM captures
optimization pathways faithfully but is computationally demanding.

Beyond GM/DM/TM. Generative priors constrain synthetic samples in pretrained generative la-
tent spaces, e.g., GLaD (Cazenavette et al., |2023) and diffusion-based methods (Su et al., [2024).
Large-scale efforts like SRe“L (Yin et al., 2023) and TESLA (Cui et al., 2023) scale distillation to
ImageNet-1K. Beyond images, condensation has been extended to graphs (Liu et al.,|2024b; Zheng
& L1, |2023)) and adversarially robust regimes (Sun et al.,2024). Label-centric approaches argue that
soft labels often dominate performance gains (Sucholutsky & Schonlaul 2021} |Chen et al.l [2023).
These directions illustrate the versatility of dataset distillation across domains and modalities. We do
not directly evaluate generative-based methods in our experiments, since our focus is on canonical
optimization-driven procedures (GM/DM/TM). Nevertheless, our theoretical framework is general
and applies equally to settings where synthetic data are produced by generative priors or large-scale
latent models, as the alignment—risk perspective only depends on the induced empirical distributions
rather than the mechanism of synthesis.

B.2 THEORETICAL EXPLORATIONS IN DATASET DISTILLATION

Kernel and NTK perspectives. Several works analyze distillation under kernel ridge regression
or NTK approximations. KIP (Nguyen et al.,|2020) and its infinite-width extension (Nguyen et al.,
2021)) provided conditions for exact recovery. Random feature approximation (RFAD) improved
scalability (Loo et al.,[2022). Recent works extend these guarantees to provable bounds (Chen et al.}
2024).
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Generalization and stability. Classical results on uniform stability (Hardt et al| [2016),
information-theoretic generalization (Xu & Raginsky, [2017;Bu et al.,2020), and Rademacher com-
plexity (Bartlett & Mendelson, 2002) have been adapted to study synthetic datasets. Convexified
implicit gradient methods (Wai et al., 2020) provide insights into bilevel optimization stability, di-
rectly relevant to GM and TM.

Scaling laws and soft labels. Empirical analyses consistently show saturation as the number of
distilled samples (IPC) increases (Cazenavette et al.l |2022; |Zhao & Bilenl [2023). Soft-label stud-
ies (Sucholutsky & Schonlau, 20215 (Chen et al.,2023) demonstrate Pareto frontiers relating IPC and
generalization accuracy, suggesting the existence of an irreducible alignment floor.

configuration and transfer. Cross-architecture transferability remains a challenge: distilled
datasets often fail under mismatched architectures or augmentations (Liu et al., [2023; |Cazenavette
et al.| [2023). Large-scale efforts like SRe?L (Yin et all [2023) and TESLA (Cui et al., [2023), as
well as generative priors (Cazenavette et al.| 2023} |Su et al., |2024)), can be interpreted as attempts
to reduce alignment floors or expand coverage. Design space analyses (Shao et al.,|2024) and diver-
sity—realism tradeoff studies (Sun et al.| 2024)) further quantify ecological robustness.

Connection to our work. Our configuration-dynamics—risk framework unifies GM, DM, and TM
as alignment instances, and establishes both the single-configuration scaling law and the coverage
law. This explains the observed saturation in IPC scaling and the degradation under configuration
shifts, bridging empirical phenomena with provable guarantees.

C PROOFS FOR THE SINGLE—CONFIGURATION BOUND

Recall the update rule for fixed training configuration a with dataset distribution x Eq. (3)):
Ori1 = P (0r;5 ) = 0 — 1 Pa(6:) Ep ga(6y; 2),

the empirical risks Eq. (1), and Assumption Throughout, || - || denotes the Euclidean norm and
the associated operator norm.

The distribution-aware discrepancy is defined are Eq. (§) as:
Aalp,v) = sup || Pa(8)(Brga(62) = Evga(6:2) -
e a

Given a k-prototype class Py, and the real empirical distribution i, the intrinsic alignment error is

A* = inf Ag(fir, ).
o= inf (firs )

C.1 TECHNICAL LEMMAS USED IN THE PROOFS

Lemma C.1 (Risk Lipschitz reduction to parameter mismatch). Under Assumption for any
0,0' € T, and any empirical test D,

|R(0) — R(0)| = |Es €(0;2) — Es £(0';2)| < Ly |0 9|,

Proof. Assumption[d.1]states that the test risk R, (f) = E, ¢(6; z) is L p—Lipschitz on T',. To obtain
the same Lipschitz constant for any empirical measure © (including finite-support measures), we
rely on the standard pointwise Lipschitz condition on the loss:

V2, V0,0 €Ty |0(0;2) — 0(0';2)| < L |0 — 0| (C.1.1)

Condition Eq. (C.1.1) is implied, e.g., by a uniform gradient bound sup,p_ [|Vol(§; 2)|| < Lg for
all z via the mean value theorem (e.g., Bubeck et al.[2015] Prop. B.10; |[Nesterov|2013| Chap. 2). It
also immediately implies that every risk functional R, (8) = E, ¢(0; z)—for any probability measure
v on z—is L p—Lipschitz, since expectations preserve Lipschitz moduli (see Step 2 below). Thus,
Assumption 41| plus Eq. yields Lipschitzness uniformly over v, including v = .

By the definition R(0) = E,£(0;2) = L 37" £(6; 24°),

|R(0) — R(6)| =

S NCCESRE)
=1
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Apply triangle inequality to the finite sum (equivalently, linearity of expectation and Jensen’s in-
equality for | - |):

D (U z) — 0(0'52) | < %ZV(&Z?)—K(H’;ZZQ)\ = E; |0(6;2) — £(0'; 2)].
=1

=1

1
m

Using Eq. (C.1.1) inside the expectation,
By [0(6;2) — 00" 2)| < Eo (Lpll0—0') = L lo— ¢,
since |6 — 6'|| does not depend on z.

Combining all above equtions,
|R(0) — R(0)| < Lrllo -0l
which is the desired inequality. O

Lemma C.2 (One-step decomposition: contraction + two-sample drift). Fix an configuration a and

a step sizen € (0,2/L). Let §; := 0§S) — QET) denote the parameter gap after t iterations when
training respectively on [is and [i-. Under Assumptiond.1} we have

1841 ]l = [|@a (65 1) — @a(67: )| < pallOe]l + 1550 sup Bz, 9a(6; 2) — Ej,ga(6; 2)|)-

Proof. By definition of the update map Eq. (3),
eg-si-)l = (I)a(et(5)§ ﬂs)v 9151)1 = (I)a(eyg‘r)? fir).

Hence *) )
6t+1 - (I)a(ets 7,ab) - ‘I)a(atT 1/17')

Insert and subtract @a(aﬁﬂ; fis), then apply the triangle inequality:

18e+1]] < || @a(057; 1) — @a(O7 s 0) || + || a0 1) — @a (075 )| (C2.0)

same data distribution same parameter

Assumption states that for any fixed  the update map is contractive with factor p, € (0,1):
[@a(0; 1) — @a(0s )| < pall 0

This is the standard contraction property of gradient descent under smoothness and strong convexity
(see Nesterov| 2013, theorem 2.1.15; [Bubeck et al.|2015, Prop. 3.5) or under the PL condition (see

Karimi et al.|[2016| theorem 1). Applying it with zz = i, and (6, 6') = (6%, 6{) gives
120 (67: ) = 2a(67: )| < pallOr” =67 = palldel.
For the second term,
a0 1) = @a(073itr) = 0 Pal0)”) (B g0 (017 2) — B ga 017): 2)).
Taking norms and using submultiplicativity, together with the bound || P, (0)|| < x,, yields

190 (657 1) — a6 )| < nka sup HEnsga(G;Z) —Emga(9;2)H~

Substituting the two estimates back into the decomposition from Eq (C.2.1)) gives

)

161l < pa ll6ell + 1 Ka sup |Eq.94(6; 2) — Eq,ga(6; 2)|

which is exactly the claimed bound. O
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Lemma C.3 (Unrolling the recursion). Lef w11 < pus + cwithp € (0,1), ug > 0, ¢ > 0. Then

ur < PTUO + 1ip~

Proof. Standard geometric series: u; < pug + ¢, uz < p*ug + pc+ ¢, ... ,ur < plug+c(1+p+

.”+pT71)§pTUO+1Ep~ 0

Lemma C.4 (Two-sample uniform deviation via Rademacher complexity). Let G, := {z —
9a(0; 2) : 8 € Ty } be a vector-valued class with ||, (0; 2)|| < By for all z and 6. For independent
samples Dy = {z;}}_| ~ fis and Dr = {2} }}_, ~ jir, with probability at least 1 — ¢,

eseulp ||Eﬂsga(9;z) — E,;Tga(ﬁ;z)H < A 4+ 2(Rk(Ga) + R (Ga)) + By 210g§(ﬁ + ﬁ) )

a

Proof.

Step C.4.0 Scalarization and Rademacher conventions. Let || - || be the dual norm of || - ||. For
any signed measure v and any 0,

|Evga(8;2)|| = sup (v,E,ga(8;2)) = sup E, (v,g4(6;2)).

lloll«<1 llvll«<1

Hence all vector deviations can be reduced to a scalar class

Fa = {fO,v(Z> = (v, 94(0; 2)) ‘ 0 €lq, vl < 1}7 | fo0(2)] < By.

We use the (empirical) Rademacher complexity with the factor “2” built in (Mohri et al.|[2018|
Def. 3.1): for a sample U = (21, ..., 2m),

B (Fa) = B[ sp 3 ouf (0], Bn(Fa) = B B (Fo).
J&€5a =1

Under this normalization, the standard uniform deviation bound (Mohri et al.|2018|, theorem 3.3; see
also [Bartlett & Mendelson|[2002; Xu et al|2016) reads: for any € € (0, 1), with probability at least
1—¢,
~ log(2/e
sup [Bf ~ By f| < Su(F) + By "B, (15)
fE€F, 2m

(The Z)A%U term can be further upper bounded by 2R,,(F,) in expectation; we will retain R,,(+)
notation below. A direct treatment of the vector norm via the vector-contraction inequality Maurer,
2016, theorem 3 yields the same dependence on the scalarized class.)

Step C.4.1 Four-point decomposition with a free k-prototype. Fix any i € Py. For every 6,
Ei.9a(0) = Ei 9a(0) = (Ba, —Ep.)9a(0) + (B —Ep)ga(0)
empirical vs. population on S bridge within Py,
+ (Eu - EHT)gU«(€> + (EMT - Eﬂf)ga ) .

alignment to population 7" empirical vs. population on T'

Taking || - || and the supremum over 6 € T',, then applying the triangle inequality,

sup |Eq.94(0) — Epn,ga(0)]] < sup |Eq.94(0) — Eu.g4(8)|| +sup |Eu.94(0) — Euga(0)||

=:Ag =:B(p)
+ SL;p ||Euga(9) - Eufga(a)n +SI;P HEﬂTga 0) — Eu,—ga(e)n :

=:Apop (1) =:Arp
(16)
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Choose 11 = ps € Py (the population behind the k-prototype), so that B(us) = 0. Define the
intrinsic alignment floor against the population target as

A* = inf A .) = inf sup |[E,q.(0) —E 0)]|.
o= inf alts pir) #lenpkgélrpaﬂ 19a(0) —E,._ga(0)]|

Then from Eq. (16),
SL;pH]Eﬂsga(G)—E@Tga(t?)n < Ag + AL + Arp. (17)

Step C.4.2 Bound Ag by Rademacher complexity. By duality and scalarization (the class is
symmetric so “sup(-)” equals “sup| - |”)

Ag =sup sup ‘Eﬂs (v,9a(0;2)) — Ey, <vyga(9;2)>‘ = sup ‘Eﬂsf—Eusf‘-
0 |vll.<1 fEF,

Applying Eq. with m = k and failure probability ¢/2 and using | f| < By,
log(4 log(4
605 _ g 5 4 g, /02T

Ag < Rs(F, (18)

Step C.4.3 Bound A analogously. A symmetric argument for 7" with size n yields, with proba-
bility > 1 — /2,

log(4 log (4
Ap = sup ‘EMJ Equ‘ < Re(F /Og /e /og /5 19

Step C.4.4 Combining all and applying union bound. Combining Eq. (I7), Eq. (I8), and Eq. (19),
and taking a union bound over the two events (each failing with prob. < £/2), we obtain that with
probability at least 1 — ¢,

sngEgsga(H) ~E;.0.00)]] < AL + Rs(Fa) + R (Fa) + Bﬂ/@(ﬁ + ﬁ)

Replacing the empirical complexities by their expectations gives a sample-independent version with
R (Fa) + R (Fa)- If one uses the “no-2” normalization for Rademacher complexity (Mohri et al.,
2018), the bound incurs the standard extra factor 2 in front of RS54 (F,). O

Lemma C.5 (Test generalization bound). Let L, := {z — £(0;z) : 0 € T',} with |€(0; z)| < By.
For i.i.d. test sample U of size m from q, with probability at least 1 — ¢,

sup |R,(0) — R(8)| < 2%R,n(La) + By 282,
el

m

Proof. Standard empirical process bound via symmetrization and concentration (Mohri et al.|2018|
theorem 3.3; see also Bartlett & Mendelson!2002).

Step C.5.1 Setup. Define
U(U) = sup |E,f—Epf|, Epf=%5> f(Z)
feLa i=1
By symmetry,
v(U) < SI;p(Euf —Eyf) + Sl}p(Eaf —E,f),
so it suffices to control ®(U) := supsc, (B, f — Ep f).
Step C.5.2 Symmetrization. Introduce an independent “ghost sample” U’ = (Z1,...,Z],) ~

q™. Since E, f = Ey/Ey, f, by Jensen "

m

Eu[@(U)] < o[ sup MY #(z)].

La iz
Adding Rademacher variables o; € {41} and applymg the triangle inequality yields

Ey[®(U)] < 2EyE, [E sup Zalf ] = 2%, (La).

€L. i
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Step C.5.3 Concentration. Replacing a single sample point Z; by Z; changes ®(U) by at most
2B¢/m, since |f(z)| < By. Hence ®(U) satisfies the bounded-differences condition, and McDi-
armid’s inequality gives

Pr{®(U) — EO(U) >t} < eXp< - ;'Btg)

Choosing t = By 21%(2/5) yields, with probability > 1 — 4,

B(U) < EB(U) + B/ 2@,

Step C.5.4 Combining all. Substituting E®(U) < 2R,,(L,) from Step 2, and repeating the
argument for sup ;(E; f — E, f), a union bound with § = ¢/2 gives

sup [E,f —Epf| < 2R,(La) + By 280
feLla
with probability at least 1 — . Replacing f by £(6; -) completes the proof. 0

Lemma C.6 (Information-corrected two-sample deviation). If the distilled dataset Dy depends on
D.., then with probability at least 1 — ¢,

gseulngEﬁsga(&Z) —E4,94(0;2)]| < AL + 2(Rk(Ga) + Rn(Ga)) + Byy/2logd (ﬁJrﬁ)

I(Dy; D,) + log &
+C’I\/( - k:) Oga.

Proof. Mutual-information (MI) tail inequality. The only difference of this proof compared with
lemma|[C.4]is that we assumed istilled dataset D, depends on D... Thus, we apply a high-probability
MI generalization bound (Bu et al.|2020| theorem 7; cf. Xu & Raginsky|2017}, theorem 1, Steinke &
Zakynthinou|2020), theorem 1): for any £,,; € (0, 1), with probability at least 1 — £,,;,

6(5.D,) < Blo(5,D) | D] + \[202(1(5:D) + 1o L), 0)

Because S is (possibly randomized) post-processing of Dy, data processing yields I(S;D,) <
I(Ds; D.). Combining Egq. Eq. (20), and the assumption k << n gives

2 B2 I(Ds; D~ +10g$
AS < mk(ga) + \/ kg (I(DS§DT)+IOg i) < ip‘lﬂ(ga) + CI\/ ( )k S
(21)

where Cj := /2 By (or a slightly larger universal constant to absorb scalarization).

Adding the empirical fluctuation term. Independently, the usual (conditional) concentration
around the conditional mean yields, for any €5 € (0, 1), with probability at least 1 — eg,

log(2/¢s)

2k
A union bound over Eq. (ZI) and Eq. (22) will then provide both terms simultaneously.
Choose

As < Ru(Ga) + B, (22)

ET = E€5 = &Emi = 5/47
and apply a union bound (note independence is not required for a union bound). We obtain, with
probability at least 1 — ¢,

sup B 9a(0) — Ea, ga(0)|| < A%+ (Re(Ga) + Rn(Ga))
rad. complexities

+Bg*/%(ﬁ+ﬁ)+cf (D, D:) Hlogld/e)

empirical concentration MI correction
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Switching to the common Rademacher normalization with the factor 2 (as in the lemma state-
ment) gives 2(9%(%) + mn(ga)), and tightening constants in the Hoeffding terms leads to

Bg\/2log(8/5)(ﬁ + ﬁ) Finally, we relax the MI denominator to min{n, k} using ﬁ <

\/% and absorb /2 into C, which yields exactly
min{n,

sup B 9a(0;2) — Ea,ga(0;2)|| < AL + 2(Ri(Ga) + Rn(Ga)) + By 21og§(ﬁ+ ﬁ)

I(Ds:D;) +log &
+CI\/( ) gE.

k
O
C.2 PROOF OF THEOREM [£.2]
Proof of Theorem
Step C.2.1 Parameter gap. Apply Lemma [C.2with ¢ := nkq supy |[Es, g0 — Eg, gall and ¢ :=
pa € (0,1), then Lemma|[C.3| gives
K
Izl < pE lI30ll + T sup |[Eg,0a(0; 2) — Es,ga(60; 2)]. (23)
1- Pa 6cT',
Step C.2.2 Risk gap. By Lemma|[C.T]
[ROF)) ~ RO7)| < Lr [lo7]]- (24)
Combine Eq. — and recall C , = 1Z£ o
RO) — BOD)| < Lapl ol + 1L gup B ga — B
|R(07") — R(077)| < Lrpglldoll + = Sl;pH fie9a — Ep. gal| (25)

Step C.2.3 Two-sample discrepancy bound. Apply Lemmawith probability > 1 — &/2:

up 1B, g —~ g ul| < A%+ 209(Gu) +Ra(Ga)) + Byy/2log (Jr + 7).

Plug this into Eq. (23)) and regroup the terms as

NKa | A
G |2+ 203G + 9 (G) + Byy[2los (2 + ;ﬁ)} ,

Absorb 7 into the (fixed) constants inside the complexity term by defining

eg(n.k,e) = 2AR(Ga) + Rn(Ga)) + Bg,/zlogg(ﬁ+ﬁ),

Thus,
UL

CZ,a

|[R(05)) = ROT)| < Lol I00l] + 22 (A5 +e5(n,k,2)).

Step C.2.4 Test generalization. Using Lemma|[C.5]
IR,(0) — R(0)| < ere(m,e) :=2Rn(La) + Bpy/ 28U,

A union bound over the training part and the test part yields the bound stated in Theorem with
probability at least 1 — ¢.

Information-corrected variant. Replace Lemma by Lemma and repeat the steps above;

this introduces the additional C74/ w term, as claimed. O
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C.3 PROOF OF COROLLARY [4.4](COMPLEXITY CONSEQUENCES)

Proof of Corollaryd.4} Start from Theorem
Ka

n
Cs

|R(65) — ROT)| < Lrpll|ooll + (A% + eg(n,k,€)) + ere(m, ).

,a

Fix a target ¢y > 0 and an error split (39, 81, Bte) With Y 8 = 1. It suffices that each term is < its
budget:

NKa

2,a

Lrpt||6oll < Boeo,

(A2+69(n7k78)) S 61€0a ete(m7‘€) S Bte€O~

Iterations 7. Assume the PL-type decay pI' < Cypi /TPt (Karimi et al|2016, Theorem 1). To
enforce Lrpl |0 < Boeo, it suffices that

C'opt < 5060
TPore = Lg||doll”

1
LRH(s[)HCOpt /Bopt
Boe€o ’

— Tz(

Distilled samples k. Under standard rates for Rademacher complexity (Bartlett & Mendelson

2002; Xu et al.[2016; Mobhri et al.|2018), assume there exist Cy, Ct. such that R (G,) < Cg/\/E,
R, (Ga) < Cy/+/n. Then

eg(n7k75) < 2(%"’%) + Bg\/210g3<ﬁ—|—ﬁ)

Absorb constants into Cy and define Cf, := C; + B,+/2log(4/¢) (monotone in ¢). Then

[ (A;‘L + eg) < Mo (AZ + C;(ﬁ + ﬁ)) < Preéo,

02,11 OQ,G
which is implied by
Ch G c, : ’
ng—A’;—fg, hence kZ(c G % )
Vi S, Vi TR a-0imC

Test size m. Similarly, with R,,,(L,) < Cie/+/m, LemmalC.5| gives
2Ce /2log(4/¢€) Cée
ete(ma 5) S \/’rin + BZ gT S ﬁ S 5te€07

. . roN2 ..
where C{, absorbs constants. Rearranging yields m > (%) . Combining the three parts proves

the corollary. If D, depends on D, replace the k-constraint by the one obtained using Lemma|C.6|
which adds the I(D;; D, ) penalty inside eg. O

C.4 PROOF OF KEY INSIGHTS

Derivation of the Key Insights. From Theorem{.2]

NKa

C2,a
(1) Let T, k,n,m are npugh while keeping the configuration fixed and ¢ fixed. By Lemma|C.5]

IR, (65)) = Ry(67)| < LrpZldo]l + == (A% + eg(n, k,2)) + ere(m, &).

ete — 0. By Lemma|C.4] e, — 0. By Assumption pa € (0,1), hence pI" — 0. Therefore the
limit inferior is AXnk,/C2 4. giving the irreducible floor €in = AXnka/Co q.

(ii) The remaining terms vanish at canonical rates: LrpZ||6o|| = O(T~") under PL (Karimi et al.
2016); e, = O(1/Vk + 1/y/n) by Lemma and exe = O(1/4/m) by Lemma
(iii) If any of the three budgets in Eq. (26) is violated, the corresponding resource must diverge (e.g.,

k — ooif % 1 A} + €} /y/n), making the target error unattainable under finite resources.
This establishes the stated resource tradeoff. 0
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D PROOFS FOR THE COVERAGE—AWARE BOUNDS

This section provides detailed proof of the configuration coverage theorem. First, we incorporate
(1) an explicit transfer analysis from cover centers to arbitrary configurations, (ii) a union-of-classes

Rademacher argument with exact constants, (iii) the appearance of both /#/k and H/k terms
in the prior-averaged bound via Bernstein-type deviations, and (iv) mutually consistent mutual-
information corrections. We keep all notation from Sections. and Appendix |C| Throughout,
|| - || is the Euclidean/operator norm.

Then, we recall the assumptions used in this proof in addition to Assumption[4.1]

Assumption D.1 (Total boundedness and measurability). The metric space (A, d4) is totally
bounded (hence admits finite r-covers for any » > 0). For each a € A, the feasible set I', C RP

is closed and the optimization trajectories {Hés’a)}tg;p, {0§T’a)}t§T remain in a common compact
I' € Nyeala- The vector-field class G, = {z — ga(0;2) : 6 € I'} is pointwise separable and
uniformly bounded:

sup supsup ||¢4(6; 2)|| < By, sup sup || P, (0)|| < Fmax-
acAGel =z acAfel

Assumption D.2 (Uniform configuration-Lipschitz transfer in p and ). There exist constants
Lecont, Lo > 0 such that for all a,a’ € A, all u € {fir, fis},and all 8,6’ € T,

| Pa(0)ELga(0; 2) — Par(0)E,gar (0; 2)|| < Leont da(a,a’), (26)
| Pa(0)E,ga(0; 2) — Pa(0")E,Lga(0';2)|| < Lo |6 — 0. (27)
Remarks. (i) Inequality Eq. strengthens the definition of d 4 (which is anchored at /i, and fixed

6) to hold uniformly over u € {/i, fis} and all @ € T. (ii) Inequality Eq. is standard if P, and
gq are Lipschitzin f on I'.

Covering the configuration family. Fix a radius > 0 and let {ay, ..., ay} be a minimal r-cover
of C under d 4:
N = N(A,da,r) = exp (Heov(r)).

For any a € A there exists i(a) € {1,..., N} with d4(a, a;4)) < 7.
Lemma D.1 (Cross-configuration recursion under contractive dynamics). Fix a,a; € A with

da(a,a;) < rand let Aﬁ‘“‘“) = Gt(“’a) - 9§“7‘“> denote the parameter difference under the same
data distribution p. Suppose that each one-step update ®!'(0) = 6 — nP,(0)E,[94(6; 2)] is con-
tractive with rate p, € (0,1), i.e.

|96 () = 2L W) < pallz —yll,  Vr,yeT,
Then for any step size n > 0,

nLconf

A(‘Lui) < t A(fhai)
AT < pallAg H+1_pa

d.A(a7 a’i)'

Proof. We decompose the one-step difference as
AT = ap(0) — @l (0,")
= [®U0) — @by ")) + [Bl(07") — @k (07")].

Ty T>

For the first term 77, the contractive dynamics assumption gives
IT2ll < pa 168 = 6811 = pa [ AF")].
For the second term 75, we compute
DL(0) — @l (0) = ~1(Pa(O)E0a(0: 2) — P, (0)Epa, (6:2) ).
hence by configuration-Lipschitz continuity,

||T2H < nLconfdA(Cl,CLi).
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Combining the two bounds yields the one-step recursion
1A < pa A + 1Leont da(a, a:)-

Iterating this recursion and applying the discrete Gronwall inequality, we obtain

t—1
||Aga’ai) < pztzHAE)aﬂn + nLcont da(a, a;) prl
j=0
Since Z;;E Pt < (1 — pa)~*, we conclude
s ,a; nLconf
185 < LI AT+ 1752 da(a ao)

O

Lemma D.2 (Union-of-classes Rademacher and Bernstein deviations). Let {F;}Y | be classes of
Sunctions uniformly bounded by B. For i.i.d. sample of size k, for any € € (0, 1), with probability at
least 1 — ¢, simultaneously for all 1,

log(2N/¢)
Ef —Eof ) < Ry(F) + By =L 28
;él;( f sf), k(Fi) + ok (28)
sup (Ef ~Eg f) <o R (Fi) + e log(QkN/ &) 1 e log@kN /e (29)

feF;

where ¢y, ca, c3 > 0 are universal constants (depending only on the choice of empirical Bernstein
inequality; see, e.g.,|Boucheron et al.| 2013, theorem 2.10).

Proof of Eq. (28). By symmetrization (e.g.[Mohri et al., 2018] theorem 3.1),

k

]Eg{sup(]Ef - Esf)} < E&g,{sup % Z(f(ZJ/) - f(Zj))} < 29%(F), (30)
feF feF i

where S is an independent ghost sample. To pass from expectation to a high-probability bound we

note that the map S — sup rer(Ef —Egf)is B/k-Lipschitz in each coordinate (changing one Z;

perturbs E¢ f by at most B/k). Hence McDiarmid’s inequality yields that, for any § € (0, 1), with

probability at least 1 — 6,

log(1/6
wp(Ef ~ /) < Byl sup(Ef ~Egp)] + 5y L)
feF feF
Combining with Eq. (30) gives, for each fixed ¢,
log(1/6
sup (Ef —Egf) < 2R4(F;) + B %
fEF;

Since Ry (F;) < 29, (F;) and we can absorb the factor 2 into the definition (some texts define 9y

with a factor 2), we present the right-hand side as Ry (F;) + B+/log(1/d)/(2k). Applying a union
bound overi =1,..., N with § = /(2N yields Eq. (28)) O

Proof of Eq. (29). We refine the concentration step by replacing Hoeffding/McDiarmid with an
empirical-Bernstein deviation for bounded variables. For a fixed f, [Boucheron et al., [2013] the-
orem 2.10 implies that for any § € (0, 1),

ﬂ(]Ef ~Esf > \/2Var(f(Z/1) log(1/0) 75;(2"‘3(145)) <4 (31)

To make Eq. uniform over f € F;, we proceed by localization via symmetrization: for any
r > 0, define the localized class F;(r) := {f € F; : Var(f(Z)) < r}. By the same symmetrization
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step as in Eq. (30), applied to the truncated excess loss f — Ef and then peeling over dyadic radii
Tm = 27 mB2 we obtain (see, e.g., Mohri et al., 2018, section 3.5) that with probability at least
1-90,
log(1/6 log(1/6
sup (Ef —Egf) < a1 Ru(F) + e 8(1/9) + ¢ g(1/ ),
fe i k k
where cq,ca,c3 > 0 are universal constants collecting the numerical factors from: (i) the sym-

metrization/localization step, (ii) the empirical-Bernstein tail in Eq. (3I), and (iii) the geometric
peeling (finite sum over m). Finally, a union bound over i = 1,..., N with 6 = ¢/(2N) gives

Eq. (29).

Notation for complexity constants. We write, for k-sample complexity on the distilled side and
n-sample complexity on the real side,

Cl ==sup 2k, R(Ga) < 2Kmax sup Ri(Ga), (32)
a€eC aeC

. 4

O = sup (2% R (Ga) + By /210gg> < 2bimmax SUD Ry (Ga) + Byy/2l0gd.  (33)
aeC a

The n-side quantity CN'aC will be collected in the k-independent floor.

D.1 PROOF OF THE UNIFORM BOUND OVER CONFIGURATIONS IN THEOREM [3.1]

We first prove that, with probability at least 1 — ¢ over all randomness,
Ccov (A)
VE

Step D.1.1 Single-configuration rlsk bound at cover centers. Fix a center a; and abbreviate

9( S 0(” %) and 0; (), 0(“ %) We first bound the empirical test risk gap and then convert it
to the populanon rlsk gap

(Uniform over configurations) sup ]Ry(é)‘;*“)) - RV(G(TT’G))’ < €bound + 34
acA

D.1.1(a) Empirical test risk gap at a;. By the single-configuration analysis (PL-contractive re-
cursion and stability), we have the parameter gap

S 'r n’ial —_ —
1657 601 < oL Iooll + T2 Eiy Zi = sup|[Ea g0, (6 2) — Bpga,(6: 7))
Pa; oer

Since R, is Lr-Lipschitz in § and R averages the same bounded loss, we immediately get for the
empirical test risk
S s - T /{alLR -
(RO~ ROD)| < Laph ool + T2 5 (35)

D.1.1(b) From empirical to population risk at a;.

IR, (65)) — R,(67)] < |R(OY) — R(OD)| + |R,(65)) — RO)| + |R,(65) — R(6)] .

empirical gap test dev. at B;f ) test dev. at 053')
Since ¢ € [0, By], Hoeffding’s inequality gives, for any fixed 6, with prob. > 1—4, |R,,(0) — R(0)| <

By %. We need a bound that holds simultaneously for the two random iterates 9529 ) and H(TT )

at each center a;, and then uniformly over i. By a union bound over the 2N query points (two per
center), with § = ¢/(2N), we get with probability > 1 — /2,

fg%maxﬂR (S a’)) (9&5’%))\7 |Ry(9(TT’ai))_R(0(TT7ai))|} < By

Combining Eq. and Eq. (36), we obtain, with probability > 1 — £/2, simultaneously for all
centers 7,

2log(4N/e) (36)
—

Lr _ 2log(4N/e)
—

8,a; T,0; ’V‘:(M
[Bo(05™)) = RO )] < Lol + T2 =5+ 2B 37)

aj
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Step D.1.2 Uniform control of the training-side drift =;,. Recall

E; = sup HEﬂsgaiw? Z) Ep, ga, (05 Z)H
ger

By duality of norms,

Ei =sup sup <U, ]Eﬂsgai(e; Z) - Eﬂq—gai(e; Z)>
0eD ||v], <1

Add and subtract the population expectations under s := E[fis] and p, := E[fi;] (the real sampling
distributions), then apply the triangle inequality:

=i < s0p By, 90,03 2) ~ By g (0; 2)]| 500 |[B, 00,0 2) ~ By g0, (0:2)|

oer
Az distilled sampling dev.
o+ 5up B, g0, (63 2) — By g0, (65 7). (38)
oer
real sampling dev.
Each sampling deviation term is a supremum over the function class F; := {z — (v, g,,(0;2)) :

6 €T, ||lv]|« < 1}, which is uniformly bounded by B,. Applying Lemma with a union bound
across the N centers, we obtain, with probability at least 1 — £/2, simultaneously for all 4,

= < A; + 2(Re(Gar) + Rn(Gar)) + Byy/2log (%ﬁ n ﬁ) (39)

Insert Eq. (39) into Eq. (37)), and upper bound the configuration-dependent constants by the uniform
ones: pg, § pmax, Ka, § Fmaxs C2,a; 2 C2.min = (1 — pmax)/Lr. Then Eq. . 37) becomes, for all
is

5,04 7,0 NKmax * 27]”max
Ry (057") = Ry (657°))] < Lnphalidoll + = A%, + ()

2,min C12 min
277"$max n“mang AN 1 1
* 02 ,min SR (gai) * 2,min ZIOgT <ﬁ N ﬁ)
2log(4N,
+ 22BN (40)

Using the shorthands Eq. (32)-Eq. and \/log(4N/e) < /log(4/e) + \/Heov(r), we isolate
all k-independent terms into a (population) floor

Kfmax 2 HII]'IX 71

G 1= L phal o]l + % sup A+ T O erQBe(\/?log 4/)+ \/THeo (1) ) =
min a min

(41)

and the k-dependent remainder (center level)

T (20 +2 By /2 Heon (1) ) (42)

2,min

Step D.1.3 Transfer from cover centers to arbitrary configurations in population risk. Fix
a € A and pick i = i(a) with d 4(a,a;) < r. Consider the parameter differences at time 7" (same
distribution p € {fis, fir }):

AR = o) — i),

By the cross-configuration one-step decomposition (same distribution, different configurations),

Ay = [@0o ) — @lop")] + [e(o ")) — @l (0,))],

contraction eco mismatch

we have || @4 (2) — ®4(y)|| < pmax||z — y|| by contractivity, and
||(I)5(0)_q>57 (9) H =7 ||PLL (G)Euga (97 Z)_Pai (Q)Eugai (07 Z) || < 1 Leont d_A(Cl, ai) < N Leont T
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Therefore,

nLconf
1AL < prax AP+ 0Leoner, = 1A < pl o AY | + SRy

1 max
As the initialization is common (Ag” ) — 0),

nLconf
- 1 - pmax

max { |6 — 6| (o) — o)

r =: Cpath T (43)

Using L-Lipschitz continuity of the empirical risk,
[ROF) = ROF)| < LeChamr,  |ROF) = ROT™)| < LrCramr. @44)
By the triangle inequality,
‘R g(s,a)) _ R(G(T’a ’ |R (s, al)) Q(T,ai) ’ + 2Lg Cpath r (45)

Combining Eq. @0)-Eq. (#2) with Eq. (@3) and absorbing 2L rCpagn (for fixed 7) into epouna in
Eq. (1), we get, uniformly over a € A,

sup IR, (657) = R, (657™)| < ehoor + g’:m‘“ (2 Cl+2B, \/T) (46)
where
€floor *= Ebound + 20775” A7)
and
Coon(A) := ZZ‘:" (2 Ck+2B, m) 48)

to match the right-hand side of Eq. (46) with Eq. (34).

Step D.1.4 MI correction when D, may depend on D... If the distilled set D; is generated from
(or depends on) D, the Hoeffding-type bound used for the distilled-side sampling deviation in
Eq. (39) should be replaced by a high-probability information-theoretic tail. By Bu et al,| (2020}
theorem 7) (see also [ Xu & Raginsky| 2017; [Steinke & Zakynthinou, [2020), if the class is bounded
by B, (thus sub-Gaussian with proxy B,), there exists a universal constant C'; > 0 such that, with
probability at least 1 — /2,

C AN
sup sup||B, o, (0 2) ~ By ga, (65 2)|| < RulGa) + =L \/ I(D,;D;) + log — .
i€[N] 0l \/E €

Plugging this in place of the distilled-side Hoeffding term in Eq. propagates through Eq. (#0)—
Eq. (#6) and yields the MI-corrected uniform bound
C’(/:ov (“4) CI

R, 9(&‘1) — R, 9(77‘1) < €pound + + —=/I(Ds;D;), 49
223' ) 07" < €pouna T ( ) (49)

Cloe(A) 1= Coon(A) + C (108 2+ /Hoon (7))

This proves Eq. (34); the MI term Eq. (9) can be included when dependence is present.

where

D.2 PROOF OF THE PRIOR-AVERAGED BOUND IN THEOREM [5.1]

We prove the prior-averaged statement of averaged over configurations

Eantt |Ro(057) = Ry (057™)| < ebouna + [Al HeorlAr) | 4, \/@] (50)
for any prior II supported on A.
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Step D.2.1 Center-wise population risk gap with Bernstein refinement. Fix a cover center a;.

For the two training sources p € {/is, ji. }, define H(T‘L ) = G(T” %) As in the single-configuration
analysis (contractive recursion and stability),

(s [ Ra; — —_
|67 6871 < pLlol + 770 Be Ei= sup B, ga, (6:2) By, gu, (6:2)]|- 5

By L r—Lipschitz continuity of R, and the definition of R,

o an £ Ka, LR —
[ROED) = ROL)| < Lrof ool + 725 =5 (52)
We now convert Eq. to a population gap by adding and subtracting R:
| R, (64)) = R (657))] (53)
< |R(OY)) = ROE)] + R (08)) = ROOL)| + | R (087)) = ROY)]. (54

Since |¢| < By, Hoeffding yields for any fixed 6 that | R, (6) — R(0)| < Byy/log(2/¢€)/(2m) with
prob. > 1 — . Applying a union bound to the two random iterates at each a; (and then across 1)
gives, with prob. > 1 — /2,

a; a (s,a; (r,a; ~ a 210g(4N/€)
R (#s i _R e(ﬂsa 1) RV 9(!"7" z) R e(l‘T z) < B X
masmax{ | Ry (0 ~) = REE), Ry (0F7)) = REE)|} < By =5 =52
(55)
Combining Eq. (52) and Eq. (53) inside Eq. (54) yields, uniformly over centers,
fs,a; (r,a; /falL - 2log(4N/e
R 6 )) = R0 "))| < L gl 6] + 1= L=+ 2B, % (56)
Drift =; with union-Bernstein. Write
Ei =Ssup sup <’U, Eﬂsgai (9, Z) - Eﬂfgai (97 Z)>
bET o] <1
< sup HEusgai (0; 2) — By, ga, (0; Z)H (57)
oer
Ar
+ sup| |z, g0, (03 2) — By, 90, (63 2)| (58)
ger
+ sup HIEﬂTgai(Q; Z) —E,, ga;(0; Z)H (59)
oer

Each sampling deviation is a supremum over F; = {z — (v,0,4,(0;2)) : 6 € T, |jv|l. < 1},
bounded by B,. Applying the union-of-classes empirical-Bernstein deviation (Lemma across
the N centers gives, with prob. > 1 — £/2, simultaneously for all ¢,

log(2N log(2N
Ei <AL+ a(Re(Ga,) +R \/ﬂ W (60)
+

log(2N, log(2N,
BN og(n /s

where cy1, c2, c3 > 0 are numerical constants from the empirical-Bernstein inequality.

Center-wise population gap with explicit k-terms. Insert Eq. into Eq. (36); upper bound
configuration-dependent constants by p,; < Pmaxs Ka; < Kmax, and Co 4, > Comin = (1 —
Pmax)/ L r. Using the shorthands C{, and C} and the inequality log(2N/e) < log(2/¢) + Heov (r),
we separate the k—independent (floor) terms:

21og(4N/e)

max * 2 ’i?nax
€bound = LR pmax”50” + 22 E A C?'72 . CG T +25, T7 (61)

28



Under review as a conference paper at ICLR 2026

and collect the distilled-side k—dependence as (for some absolute constants c;, ¢3 > 0)

(is,a; (r Qg _ NKmax Hcov r
[RAGE) — By (07| < chouna + e e HeoelD)

OQ,mln k
Bernstein linear term ( 62)
_ g max (CG + B \/T )
2,min

RC and sub-Gaussian term

Here we used that Ry (G,,) < sup, Ri(Ga) and \/log(2N/e) < /log(2/e) + /Heov (), and
absorbed numerical constants into (¢y, ¢z).

Step D.2.2 Averaging centers against the prior II. Leti(a) € [IN] be the index of the cover center
assigned to a (measurable selection with d 4(a, a;) < 7). Define the cell masses p; := H({a eA:

) . N N
i(a) =i}) sothat >;° p; = Land Eqon[-] = > ;11 pi Bamri(ji(a)=i)[)-
Taking expectation over a ~ II and using Eq. (62) evaluated at i(a) yields

(fis,ai(a)) 73Qi(a 5:Q4 fir Qi
E(LNH|RV(9’]£L @Dy # (a)) | _ Zpl A u )) —RV(O}“ ))‘
TIRmax Hcov(r) nﬁmax +
< €bound + C1 C k C C + B \/ cov (63)
2, min 2, min

because the right-hand side of Eq. (62) is independent of the particular cell beyond its index ¢ and
(pi) sums to 1. We now transfer from the center a;(4) back to the original configuration a.

Step D.2.3 Prior-averaged transfer from centers to arbitrary configurations (population risk).
For each a, consider the parameter deviations at time 7" under the same training distribution y:
Agfl)(a) — Q;M’a) _ 9;“=ai(a))'

By the cross-configuration one-step recursion (same pu, different configurations) and configuration-
Lipschitz mismatch,

1AM @) < pmas A (@[] + D Lcont da(a, aia)),

and because Aé“ ) (a) = 0 (same initialization), we obtain

Lconf nLconf
Ay el 4@ i) € —= = Cpanr 64
AP @) € T2 da0,0) € 71 = Cpunr (©4)
By L p—Lipschitz continuity of the risk R,
|ROED) — ROL )| < L Cpanr,  [ROE™) = ROL™ )| < L Counr-
(65)

Hence, by triangle inequality,
|ROSD) — RO )| < [ROY @) = ROY)| + 2Lk Cpanr.  (66)
Taking expectation over a ~ IT and invoking Eq. (63),

Ea~H|Ry(9(ﬂS7G)) _ Ry(a%ﬂf,a))‘ < Ea~H|R e(ﬂs,ai(a))) —R, (eéftr,m(a)))’ + 2Lk Coatn 7
< €bound + c gﬁmax HCO]:(T) C g max (C+ + B \/T) + 2LR Cpathr (67)
2,min 2,min

Since 7 is fixed in the covering argument, we absorb the additive constant 2L RCpath? INtO €bound
(redefining it harmlessly). This proves Eq. (50) with

A= e gy O (G ) + B,

CZ,min 2,min

i.e. more transparently,

A = @(@), Ay = @(”“m“) : (Cg/\/m+ Bg).

C2,min OZ,min
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Mutual-information (MI) corrections: two consistent variants (High-probability variant). If
the distilled dataset D can depend on the real dataset D, the distilled-side sampling deviation in
Eq. (60) should be replaced by a high-probability information-theoretic tail (e.g., Bu et al., [2020]
theorem 7; cf. Xu & Raginsky| 2017} |[Steinke & Zakynthinou| 2020). There exists a universal
constant C'; > 0 such that, with probability at least 1 — &,

(&)

AN
I(Dy: D,) + log — .
Tk ( ) g~

sup sup [Es, gu, (0 2) ~ By, 90,6 2) | < Su(Ga) +
i€[N] 0l

Propagating this replacement through Eq. (60)-Eq. adds

C
+ —= I Ds; DT
ViV P Pr)

to the right-hand side of Eq. , for some Cf = O(NKmax/C2 min)-

(In-expectation variant). If one states the result in expectation over (fi,, fis, ) (dropping the 1 — e
qualifier), expected MI generalization bounds (e.g.,  Xu & Raginskyl 2017} [Russo & Zou, [2016)
yield a linear penalty

ar
k

with C1 = ©(7Kmax/C2,min)- The rate in Hoy () remains the same in both variants.

+ = I(s;r ),

Addtional interpretations to Theorem[5.1] Combining the uniform bound Eq. (34) and the prior-
averaged bound Eq. (50) yields Theorem 5.1]

Floor terms. In the uniform case, the floor term €™ . is given in Eq. (41). It aggregates all
k-independent contributions: the transient term Lzpl . |/dol|, the worst-case intrinsic alignment

SUD,e A A%, the n-side devi_ation 6‘5 , and the test-sample concentration term. In the averaged case,
the corresponding floor €)% . in Eq. (61) is structurally the same but uses the prior-averaged intrin-

sic alignment Ag = E,.nA} instead of the supremum.

Coverage-dependent terms. In the uniform inequality the constant C..y (A, ) Eq. multiplies
1/ vk and captures the dependence on the covering complexity Hcoy (r). It grows with both the

Rademacher complexity C’Zg and the envelope term Bg\/Hcov(r). In the averaged inequality the
constants (A;, As) appear in Eq. , where A1 Hcov (A, 1) /k comes from the linear (Bernstein) tail

log(N/e)/k, while Aa\/Hcov (A, 7)/k arises from the Rademacher and sub-Gaussian deviations.

Why only the distilled side scales with #.., (). The dependence on the covering number comes
solely from the distilled side, which requires a union bound across the N = exp(Hcov (7)) cover
centers. On the real-data side, all configurations share the same empirical distribution fi,, so no
union is needed. Consequently, n-side deviations remain independent of .., (r) and are absorbed
into the floor terms.

Choice of intrinsic alignment. The uniform bound requires the worst-case intrinsic alignment
sup,c 4 Ay, while the averaged bound admits the weaker prior-averaged quantity Ag. This separa-
tion avoids introducing the looser maximum max{A}, sup, A*} and keeps each statement as tight
as possible for its regime.

Mutual-information correction. When the distilled dataset D, depends on the real dataset D,
the distilled-side deviation requires an additional correction. In the high-probability setting, one

obtains an additive penalty of order % \/I(Ds; D, ) in both uniform and averaged inequalities. In
the in-expectation setting, one instead obtains a linear penalty %I (Ds; D, ). In either case the rates
v/ Heov/k and H oy /k remain unaffected.

On the covering radius. The covering radius r is fixed throughout, and Hcoy (1) always refers to
the coverage complexity at that scale. Optimizing r affects only the constants but not the asymptotic

rates \/ Heov /K of Heov /-
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D.3 PROOF OF COROLLARY [5.3]

We now derive the corollary in Section 5] directly from the uniform bound in Appendix D}
Corollary D.3 (Coverage Law (required k at a fixed error)). For any €y > €pound,

2
sup [ Ry (05°) = R0 )| Seo =k > Kuinleo, A) = (25120 ) = O(Heor (A7),
ac
(68)

Thus, doubling configuration diversity doubles the required distilled size.

Proof. Fix any target € > €pound. A sufficient condition for sup, ¢ [R(6%) — R(OT™)| < €
is that the k—dependent term in Eq. (50) is at most €y — €nound:

Ceov(A)

\/E < €0 — €bound- (69)
Since Ceoy(A) > 0 and €g — €pouna > 0, Eq. is equivalent to
2
B () = Kaleo, A), (70)

which proves the first displayed formula.

It remains to show Kin(€o,.4) = O(H). Using Eq. and the elementary inequality (z + y)? <
222 + 2y% for z,y > 0,

2
1 n l‘{’max /
(€0 — €bound)? (2C +2B, V23)

Kmin(607~'4) = 02 -

(71)

(60 - 6bound)2 C’Q,min

8772 KZ2 (05)2 8772 ’%IQnax B;

max

O3 in (0 = ebound)? O3 iy (€0 — €bound)?

2
e e

H.

=: Cup,0 =: Cup,1
Hence Kyyin (€0, A) < Cupo + Cup H forall H > 0, i.e., Kinin = O(H).
For a matching lower bound, since = 22 is monotone on x > 0 and 2 C’g >0,
(2C5 +2B,V2H)? > (2B,V2H)? = 8B2H.

Therefore,

2
1 1 Kmax 9
Koin (o, > -8B =: Clow H. 72

(60 A) (60 - 6bound)2 <02,min> g H ! H ( )
Combining Eq. (refeq:K-upper)-Eq. (72), we obtain Ciow H < Kmin(€o, A) < Cup,o+ Cup,1 H-
In particular, for all H > 1, Kyin(€0,A) < (Cup,0 + Cup,1) H, 80 Kin (€0, A) = O(H). O

D.4 PROOF OF THE COVERAGE LOWER BOUND (THEOREM[5.2))

Standing assumptions. We use Assumption the identifiability condition in Theorem [5.2] a
p-packing {ay,...,apn} C (C,d4) with M = exp(H(A)), and the uniform envelopes in App.|D|
We also use the configuration-Lipschitz transfer (Assumption[D.2] Eq. (26)) to pass alignment state-
ments across configurations. For each a € A, ||g.(6;2)|| < By, [|Pa(8)]] < kg < Kmax on T
the PL-type dynamics are contractive with rate p, € (0,1), and we set Cy , = (1 — p,)/Lgr and
C'2,min = min, C’2,a~

Step D.4.1 Packing and testing prior. Pick a p—packing {a;}},; let the hidden index U be
uniform on [M] and ay; the evaluation configuration. The distillation algorithm Alg maps D, ~ ¢”
to is € Py and does not observe U.
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Step D.4.2 Small risk gap = small alignment (risk-to-alignment). For fixed a, the single-
configuration forward inequality (from PL contractivity unrolled over T steps) gives

R(OSV) = ROS)| < LrpT |10l +

gﬁa Gq, G, :=sup HEﬂsga(ﬁ; Z)—E; ga(0; Z)H
2,a oel

(73)
Hence, if |R(0$") — R(6S™)| < LrpZ (|60 + € then Gy < (Co.a/(154)) € and, using || Py || <
Ha’

C
< 2,a €

C min
Aolfir, fis) = sup | Pa(Bg, go — B ga)|| < KaGa < 2min ¢
oer

<
n n

(74)

Step D.4.3 Identifiability + configuration-Lipschitz = pairwise lower bound and decoder. For
any distinct a;,a; and any 6 € I,

||PlliEﬂq—gai - PajEﬂTgaj ” < ”Pai (Eﬂfgai - Eﬂsgai)

‘ + ”Paz‘Eﬂsgai - PajEﬂsgaj ||

=Aq,; <Lecont da(ai,aj)
+ H‘Paj (Eﬂsga]‘ - E;l-,—gaj)ll '
=A,,
J
By identifiability at ji,, || Py, B, ga, — Pa,Ea, ga, || > Ada(as, a;). Using d 4(a;i, aj) > p (packing)
and maximizing over 6,
Aai + Aaj > (/\ - Lconf) d.A(ai7 a'j) > (>\ - Lconf)p- (75)
Choosing (or refining) the packing so that L.onr < A/2 yields
A
min{A,,,A,,} > Zp' (76)

Consequently, if for the true configuration ayy we have A,, < (Ap)/8, then min, 2y A,, >
(Ap)/4 > (A\p)/8, and the decoder

~

Ul(fs) € arg min Ag, (fir, i) (77)
i€[M]
is correct (ties broken deterministically). Combining Eq. with A, < (Ap)/8 shows that the

decoder succeeds whenever
n

- 802,min

Ap. (78)

Step D.4.4 information tail + union bound. A high-probability mutual-information tail (e.g., Bu
et al.|2020; Xu & Raginsky|[2017;|Steinke & Zakynthinou|2020) implies that for any fixed a and any
€ (0,1),

Pr{Aa(ﬂT,ﬂs> < Co+\/C];I(I(Ds;DT)+1Ogi)} > 1-¢, (79)

where ¢y aggregates k—independent terms (intrinsic alignment, real-side sampling, test deviation),
absorbed into €pound. Setting ¢ = 1/(4M) and union-bounding over the M packed configurations
yields

C 3
Pr{ max A, < co+ \/I (I(DS;DT) + 1og(4M)> > —. (80)
ielM] " k 4
Thus, to ensure that with probability at least 3/4 we have A,, < € for all 4, it is necessary that
E> cot \/i[ (I(DS;DT)Jrlog(ZlM)) - Q( @) 81)

since M = exp(H(A)) and ¢y is k—independent.
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Conclusion. Assume the algorithm attains, with probability at least 3 /4, the small risk gap at every
packed configuration:
|R(OS)) = ROOS™)| < evpouna +6, Vi€ [M]. (82)

Then by Eq. we have simultaneously for all i A,, < (Ca min/n) €. Comparing with the neces-
sary condition Eq. (8I)), we obtain

¢ > Czinm \/ %(I(DS;DT)Hog(zLM)) - Q( #) (83)

Averaging over the uniform prior on the packing and absorbing all k—independent contributions into
€bound therefore yields

s,a T,a H(A
Ea ’RU(Q%’ )) —Ru(9%7 ))’ > €bound 1 Clb #7

for some numerical ¢, € (0, 1). Equivalently, to achieve any target €g > €pounds

ko> 9(7( HA) ).

B €0 — Ebound)2

E PROOFS FOR UNIFYING DISTRIBUTION, GRADIENT, AND TRAJECTORY
MATCHING

E.1 SETUP AND RECALL ASSUMPTIONS

Fix a training configuration a with feasible set I',. The inner update follows
Or1 = Po(0;18) = 0r —nPo(0r) Euga(by; 2), t=20,1,..., (84)
and the outer variable £ parameterizes the synthetic distribution p(§).
We assume the same single-configuration regularity assumptions used in section
() [|9a (05 2)|| < By and || Po ()| < kg on Ta;
(ii) the loss is L g-Lipschitz in 6;

(iii) the inner dynamics are contractive in the PL/smooth regime with factor p, € (0,1), and C3 , =
(1= pa)/Lr.

The alignment discrepancy is

Aa(.u’ V) = GSu’:}lIP ||Pa(0) (E}Lg(l(e; Z) - ]Evga(a; Z)) H

We also use the empirical risks R(6) = E; £(6; z) and the risk-Lipschitz lemma |]§(6) —R(9)| <
Lrll6 = ¢||. Let 5, := 6" — 6\ denote the in-configuration parameter gap when training on
s VS. [ir.

Outer surrogate contraction

Let My : £ — Rx¢ be the outer surrogate for branch ¢ € {DM, GM, TM} as listed in section E]
(DM: Wy or MMDy; GM: anchor-averaged squared field gap; TM: weighted path discrepancy over
an Lj-step unroll). The outer variable £ € = parameterizes the synthetic distribution p(€), and the
outer update is

£(j+1) _ f(j) — @J\@)(&(i))7

where @ng(g (1)) denotes the (possibly stochastic) estimator of the exact gradient V My (£1)) pro-
duced by mini-batching critics (DM), anchor/path sampling (GM/TM), or finite unrolls.

We assume throughout: (Lg-smoothness in &) My is Lg-smooth:

L =
My(y) < My(x) +(VMy(),y —2) + Ty 2> Veyes
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This is the standard descent lemma for L-smooth functions (Nesterov, 2013} Bubeck et al.| [2015)).
(PL condition for M) There exists j14 > 0 s.t.

1 .
3 IVM(OIF = o (My () = MZ), M= inf My (£).
This is the Polyak—Lt.ojasiewicz (PL) inequality used in the paper for the outer loop; see Eq.

(Estimator model) Write the gradient estimator as

VMy(€) = VMy(€) + €(€),
where e() captures the randomness due to critics, anchors, finite unrolls, etc.
We will consider two subcases:
(i) Unbiased finite-variance: Ele(§) | £ = 0 and E[le(¢) [ | €] < a3
(ii) Biased-but-controlled: |[E[e(€) | £]|| < By and E[[|e(§) — Ee(§)[1* | €] < o3,

These two settings cover mini-batch W;/MMD critics (variance) and approximate/implicitbackprop
through unrolls (small bias).

E.2 PROOF OF THE CONTRACTION PROPERTY EQ. (T3]

We first provide a detailed proof of the contraction property. The goal is to show that the outer-loop
update of the surrogate objective M admits a linear contraction up to a fixed estimator floor, thereby
establishing Eq. (I3).

Step E.2.1 Apply the descent lemma at the actual update. At iteration b, the outer-loop update
is given by
g(j+1) _ g(j) — @J\@)(f(i))7

where 7); is the step size and §M¢(§ G )) is the stochastic estimator of the true gradient. Since M,
has L 4-Lipschitz gradients, the descent lemma ensures that for any point y,

My(y) < My(€D)) + (VMy(ED),y — €D) + L2 ||y — €92,
Substituting y = £U+1) yields
My(E9FY) < My(69)) = (VM (ED), VM(ED)) + B2 [ VM) (85)

This inequality expresses how the function value decreases after one update, up to a quadratic cor-
rection controlled by L.

Step E.2.2 Expand the estimator and regroup. We next separate the stochastic gradient estima-
tor into the true gradient plus an error term:

VMy(ED) = VMy(6D) + e(6).
Substituting into Eq. [85] we expand and regroup terms:
My(§9+D) < My(€D) =y VMo(€D)|2 = i VM (69), e(6D))
+ 52 (I VM (D)2 +2(VM(69), e(69) + le(€)]?)
Collecting like terms gives the compact form:
My(€01) < My(€D) = ; (1 = B2, ) [V Mo(€))

+ (= 4 Lo} {(VM(ED), e(€D)) + S22 lle(€9)]> (86)

This decomposition highlights three distinct effects: (i) a contraction term proportional to ||V M||?,

(ii) a cross-term coupling gradient and error, and (iii) a pure variance term ||e||2.
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Step E.2.3 Take conditional expectation to remove the cross term. We now take conditional
expectation given £(7), analyzing two regimes of the estimator.

Case (i): unbiased estimator. Suppose E[e({7)) | £9)] = 0 and E[[|e(¢1))||? | )] < o3. The
cross term vanishes in expectation, leaving

E[M,(U) | €9] < Mo(€D) =y (1= S, ) IVMH( DI + Sendod.  87)

Case (ii): biased but controlled estimator. We decompose the estimation error into a determin-
istic bias and a zero-mean noise conditioned on £(7):

e(f(j)) _ é(g(j)) + é(g(j))7 é(é‘(j)) — E[e(ﬁ(j)) ‘g(j)} , E[é(é‘(j)) ‘g(j)} =0
Assume the bias is bounded and the conditional noise has bounded second moment:

le€ NI < 8o E[IeED)I?| €] <2,

Take conditional expectation and separate terms. Conditioning on £U) in Eq. the cross term
splits as

[<VM¢(§(J) ¢) >’§ }: VM, (€90, 8(€1)) >+]E[<VM¢ (€D, &) >’§J)]

=0

where the underbraced term vanishes because E[¢(£()) | £€1)] = 0. For the quadratic error term we

have
E[le(6P)I? [ £9] = llee)II? +E[Jle€ ) [€9] < 83 +3.
Therefore,
E[My(€9+0) | €9] < My(eD) =y (1= B2 ) IV M, ()2
+ (= nj + Lon?) (VMy(€9),e(€9)) + Z2n? (83 + 02).  (88)

Bound the cross term by Young’s inequality. Using Cauchy-Schwarz and Young’s inequality
ab < %az + %bz (valid for any 7 > 0), we get

(= L) (M6, S€D] < =+ Lo 196 )

T 21500
< ZIVMAEM? + 5= (= m; + o) (€.
(39)
Substituting Eq.[89]into Eq. [88]yields, for any 7 > 0,

E[ M, (€U) | 9] < Mo(€?) = m; (1= By ) IVM (D)2 + S IIVAM (D)1

1
+ (27(—77j+L¢7ﬁ) + 32) le@€N)1” + S0y o3 (90)

Cs(nj.7)

Choose 7 and simplify the gradient coefficient. Set 7 = 7;/2 (valid for any n; > 0). Then

T = 1i g0 the two gradient terms combine as

2 4
=y (L= 5, ) IV M |* + TV | = =y — S0 = 5 ) [V M2
nj 3 My ¢ A ¢ nj 2 M — 4 ol -
If we enforce the natural step-size condition n; <1 / Ly, then
L - L ] ]
-5 > = n-5n % >

and hence . .
I ) . )
=i (1= S IVMlP + BV |2 < = B vy ) 1)
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Consolidate the bias-dependent coefficient C3. With 7 = 7; /2, we have % = ni and therefore

1 2 L
Co(ny,7) = — (= + L) + 5115
nj
Note that ( — 7, + L¢n]2»)2 = 77]2 (1—Lgn;)? < 772.. Thus,
1 > Ly 1 1
—(=nj+Lyn?)" <y d 2 < 2 h e
77j( nj + ¢>773) = My an 277] < 277] wenevernjiLd)

A slightly sharper consolidation uses
1 2 L Ly 3
o (= mi 4+ Lom)” o =y (L= 2Lgm; =+ Lgn]) + o) = m; = 5 Lan] + L3,
J
which satisfies

3
§L¢77J2» + L¢77] < n; forall n; € [0,1/Ly],

since the cubic correction is nonpositive over this interval: — L¢772 +L2 ¢77] Lqm]z- (- % +Lyn;) <

0. Therefore ‘
Cs(nj, ) 1e(€UN1Z < my eI < n; B3 (92)

Collect all pieces. Combining Eq. (90), Eq. (91), and Eq. (92), and recalling E[||é(¢0))||? | 1] <
a¢, we obtain

n; —

E[My(€0) |€0] < My(e) ~ B [9M NI 40,83+ 20203 93)

This is precisely the claimed biased-case inequality: the gradient term contracts with rate 7;/4,
while the estimator contributes an additive floor composed of a bias term 7); 5; and a variance term

L¢ 2
S0

Step E.2.4 Convert gradient norm into function gap via the PL inequality. To turn gradient
norms into function-value gaps, we invoke the Polyak—}t.ojasiewicz (PL) condition:

IV M (§D)[? > 21 (M (£9) — M),

This inequality, weaker than strong convexity, suffices to guarantee linear convergence under
stochastic errors.

Applying it to Egs. [87)and 03] we get:
Case (i): unbiased.

]E[M¢(§(j+1)) _ M;

§9] < (1= 2mamy(1 = 5my) ) (Mo(€V) = M) + Sl O4)
Case (ii): biased.
E[M¢(§(j+1)) _ M(Z

g(j)] < ( #¢>773>(M¢(§(J ) — M) +n; B2+ L2¢ nio;. (95)

Step E.2.5 Choose stepsize and define the rate a,y. We now fix the step size 7); € (0,1/Lg).

Under this choice, 1 — —77] > 1/2, ensuring that the contraction factor is strictly positive. Thus
Eq.[94]becomes

E[M¢(§(j+1)) _ M;

_ A . I
5(”] < (1= pginy) (Mg (9)) — M) + o303
Taking full expectation yields the linear recursion

; ; L
E[M¢(§(J+1))] < (1 - Oé¢) E[M¢(§(j))] + ngg—stepa Qg = UeTy5, 6(()fe)—step = 7““7]20(55 %6)

In the biased case, the same recursion holds with vy := pgn,/2 and e(()fe)_step =005 + LQ‘” n;os.
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Step E.2.6 Unroll the linear recursion. Define u;, := E[M,(£()) — M]. Eq. implies

@
Uj+1 < (1 - Ck¢) up + 6(()ne)—slep'
This is a standard linear recurrence. By induction (or discrete Gronwall’s inequality),

1
uy < (1— a¢)JU() + — egfe)—slep’
Qe
Since Mj > 0 for our nonnegative surrogates, we can drop the constant shift and write the final

bound as
My(€)) < (1-ay)” My(€®) + )

est
. Lynjo? . 282+ Lgn,o>
where € which egfg = ZTJJ for unbiased case and eéft) = W for

biased case. This establishes the contraction property.

@) . 1 (@)
est T« one-step?

(#)

est *

Interpretation of the estimator floor ¢
introduces a one-step additive term

At each iteration, the stochasticity of the surrogate

€one-step —

() %77]2 o ﬁ, unbiased case,
;82 + 520203, biased case.

Unrolling the recursion amplifies this contribution by 1/, giving the long-run floor

Lyn;o?
M, unbiased,
6(¢t) _ Lo o = 21t
es one-step 2 2
Qg 285+ Lgnjo
M7 biased.

He

Distribution Matching (DM). Mini-batched critics or feature networks induce stochastic variance
0'(225 (and possibly a small bias 34 under early(zt)opping). This produces the one-step variance term

above, which after unrolling yields the floor €. .

Gradient Matching (GM). A finite set of anchors |©;| or truncated paths yields a Monte Carlo
estimator of the field-gap. Its sampling variance and mini-batch noise again instantiate the same
one-step term, leading to the same unrolled floor.

Trajectory Matching (TM). Finite unrolls or implicit differentiation introduce both variance (from
mini-batches) and bias (from truncation), which fit directly into the biased estimator case. The
resulting unrolled floor takes the same form as above.

In summary, across all three branches, the contraction rate 4 is preserved, while the estimator floor
(¢)

€est

captures the unavoidable stochasticity or bias of the surrogate.

E.3 BRIDGE INEQUALITIES: SURROGATE = ALIGNMENT A,
Connection to matching. Finally, each surrogate bounds the matching discrepancy:

PO L 2
Aa(,uww /Js) S IiaLz,a Wl or IiaCk MMDk, ﬁa|@j| MGI\/[, RQL/TIMTIW + KzaLGEpathy (97)

Wmin

BpM Bem
BrMm

where B represents the upper bound on the matching discrepancy for each method, and other sym-
bols are defined in Table[A] Appendix Section[A] due to space limit. Putting together the contraction
recursion in Eq. and the above inequalities, we can say that DM, GM, and TM are not com-
pletely different heuristics, but three surrogates that consistently shrink A, through the same bi-level
dynamics. In addition, we can obtain:

Proposition E.1 (DM bridge). Assume for each @ € T, the vector map z + g,(0;2) € R? is
L o—Lipschitz with respect to the data metric dz:

l9a(0;2) = ga(0; 2" )2 < L. adz(2,2")  (Vz,2).
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Then, for empirical real and synthetic measures [ir, [is,
Aa(ﬁ77 //Zs) < KJaLz7a Wl (ﬂw ﬁr)

Moreover, if a bounded—kernel RKHS (Hy, (-, )1, ) is used and, for each 0, the coordinate functions
Ga,;(0;) € Hy, satisfy

: 5 \1/2 . .
( E ll9a.5(0; )”Hk) < Cy (uniformly in 0),
i=1

then
Aa(ﬁTa ﬁs) < Ka Ck MMDk)(//fzsa /77')

Proof.

Step E.1.0 Reduce to an un-preconditioned vector gap. By definition and the operator-norm
bound || P,(0)lop < Kas

Ag(fir, ﬁs) = sup
0er,

< Kq - SUp HEﬁsgaw?Z) —Ez. 94(0; Z)H . (98)
6el’, 2

P,(9) (Eﬁsga(& 2) — Eg, 9a(0; Z>) H2

Hence it suffices to upper bound the /s—norm of the vector expectation difference.

Step E.1.1 Support-function identity for the Euclidean norm. For any v € RY, |jv]|s =
SUD|y),=1 (%, v). Apply this with

vg = E5,94(0; 2) — Ez, g94(0; 2).
Then

[lvgll2 = sup <u, En.9a(0;2) — Eﬁfga(ﬂ;z)> = sup (Eﬂsh97u(z) — EﬂTh97u(z)>, (99)

flull2=1 lJull2=1
where we set the scalar function hg ,(2) == (u, go(60; 2)).
Part E.1.A: W -bridge.

Step E.1.A.1 Scalar Lipschitz constant of hy,. Given the L, ,~Lipschitzness of g,(¢;-) and
[ull2 =1,

ho,u(2) = hou(2)] = (s (05 2) = 9a(0; 2))] < llull2 - (|90 (0; 2) — ga (0 2)|l2 < L0 dz(2,2").
Thus hyg ,, is scalar L, ,—Lipschitz on (Z,dz).

Step E.1.A.2 Kantorovich—-Rubinstein duality. By the KR dual for ; (apply to the scalar hg ,,),
for any probability measures u, v,

E/LhQ,u - Euhe,u‘ < Lip(hé‘,u) - Wy (,U7 V) < Lz,a Wi (,va V)-
With p = fis, v = [ir,
’]Eﬁg h@,u - Eﬁrhe,u‘ S Lz,a Wl (//J/\S7 //I‘r) (100)

Step E.1.A.3 Take the sup,,—, and then sup,. Combine Eq. @]—Eq. @

||1}9H2 = ! 5‘1|1p (Eﬁshe,u - Eﬁ.,.hO,u) < Lz,a Wl(//fzsa/-/l'r)-
u 2:1

This bound is uniform in €, hence

sup |lvglle < Lz Wi(fs, fir)-
fer,

Finally, plug into Eq.[98]to conclude the 1¥;-bridge:
ALL(ZZT7 ﬁs) < Ka Lz,a Wi (.asa ﬁT)
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Part E.1.B: MMD-bridge.

Step E.1.B.1 RKHS norm of the linear functional %y ,,. Assume for each ¢ the coordinate func-
tions g, ;(6; -) € Hy, and define the aggregate RKHS norm bound

d

/
Cy := sup (ZHga,j(a;')Hg-tk)l 2.
7j=1

0€l,

For any u € R with ||ul|2 = 1, the scalar hg,,(2) = ijl Uj ga,j(6; 2) belongs to Hy, by linearity,
and the RKHS norm satisfies (by Cauchy—Schwarz in R%):

d

|he,u||ﬂk=Hiujga>j<e;-)HHk < (X))’ (Zuga,j J8,)" < e aon
j=1 j

Step E.1.B.2 MMD dual formulation. The RKHS (kernel %) dual inequality says that for any
[ € My,
|Euf —Euf| < [Iflls. MMDy(p, v).

Apply this with f = hyg ,, together with Eq.
|Eﬁs hé,u - Eﬁ7h0,1t| < HheuHHk MMDk(ﬁSa //I'r) < Ck MMDk(ﬁw ,ZZT) (102)

Step E.1.B.3 Take the sup,,|_; and then sup,. As in Eq.

lvollz = sup (Eg,hou —Eg hou) < Ce MMDy (i, fir),

llull2=1
uniformly in . Taking sup, and using Eq.[98| gives the MMD bridge:
Aa(ﬁﬂ ,as) < Kq Gk MMDk(ﬁw ﬁT)

Proposition E.2 (GM bridge ). Define the anchor-averaged GM surrogate
MGM(M» v; ®j) = ﬁ ZGGG) HE/Jga(a; Z) - Ez/ga(e; Z) HQ’

where ©; C L'y is a finite anchor set. Assume the parameter—Lipschitz property in Assumption[5.]] -
holds on ( a || |l2) with constant Lg, and let ©; be an e-net of (Ly, || - ||2), i.e., for every 8 € T,

there exists 0 € ©, with ||6 — OHQ <. Then
Aa(v) < #a (16 Mari(,v:05) + Loe). (103)

In particular, if T', = O; (finite), then e = 0 and Ay (1, v) < Kq |0 Mam(p, v; 0;).

Proof.

Step E.2.1 Reduce to an un-preconditioned vector gap. For any 6 and any v, |P,(0)v]]s <
1P.(0)]lopllvll2 < Kallvl2- Let d(8) :=E,gq(0; 2) — E,ga(0; 2) € R Then

Ba(p,v) = sup |Pa(0)d(O)] < o sup [4(6)]]> (104)

a

Step E.2.2 Parameter—Lipschitz transfer on I',. By Assumption with @’ = a,
| Pa(0)Epuga (05 2) — Pa(0)Euga (05 2)||, < Loll0 = 6|2
Applying this with (u, ) and the triangle inequality yields, for all §,60" € Ty,

|d(0) —d(@)]l2 < Lo |60 — 62 (105)
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Step E.2.3 Covering argument with the c-net © ;. For any 0 € I, choose heco ; with ||6— §||2 <
€. Then

~ o~

14@)2 < [Id(0)ll2 + [1d(6) — d(O)[l> < max[[d(9)ll2 + Loe,

where the last inequality uses Eq. (T03). Taking supgcr, ,
sup [|d(0)2 < max [|d(J)]2 + Loe. (106)
6er, 196@1'

Step E.2.4 Relate max to the anchor average. Since all terms are nonnegative,

max [d(@)2 < > [[d@)]> = 85| Mani(,v; ;).
! YEOD;

Step E.2.5 Combine all. Plug Eq. (I06) into Eq. (T04), and use Step 4:
Ag(p,v) < na(gé%x [d(9)]]2 + Lo e) < fea(\@jl Meam(p,vi0;) + Lo 6),
J

which is Eq. (T03). If ', = ©, then ¢ = 0 and the last inequality reduces accordingly, which
means:

Au(p,v) < KalOf] Mam(p, v; ©5).

Proposition E.3 (TM bridge ). Fix an configuration a. For p € {[is, fi, } define
Fu(0) = Pu(0)Euga(6;2) €RY Au(fir i) = sup 1F5. (0) — Fa. (0)]]2-

Let the inner updates be
0% = @00 1) = 00 —nF007),  t=0,1,...,L,—1,

run from a shared initialization under the same configuration a but with . € {jis, [i; }. Assume the
path-Lipschitz condition holds along the unrolled path {Gt(s’a)}fzbo u {Ot(T’a) Lo

[1Eu(0) = Fu(@)ll2 < Lo [0 —0'll2, V0,0 onthe path, ¥ u € {jis, fi- }, (107)

where Ly is the parameter—Lipschitz constant from Assumption [5.1|(restricted to the path). Define
the TM surrogate

wi >0, Wnpin := min w; > 0.
20 ’ min 0<t< L,

Ly
Mas = 3w [0 — 07
t=0
Then the alignment discrepancy restricted to the unrolled path obeys
_ _ Lo +2
A= s E@ - F @l < P M oy
éE{Qgs’a)}U{QET’Q)} Wmin
Moreover, if the unrolled path is an epan—cover of the maximizer set in L', (i.e., for every maximizer

0* in the definition of A, there exists a path point 0 with ||0* —0||a < €patn), then by Assumption

~ o~ Ly+2
Aa(ﬂrvﬂs) < 97/77 MTM + Legpath- (109)

- Wmin
Bookkeeping with the preconditioner. Considering Assumption |1Pa(8)]lop < Ka, multiply the
right-hand sides of Eq. (I16)-Eq. (I109) by kq:

Lo+ 2 PN Lo+ 2
Agath < KQMMTM7 Aa(/}’f‘m,us) S ﬁauMTM + HaLG Epat}v

Wmin Wmin
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Proof.

Step E.3.0. From the two updates,
Abu =051 = 071 = 20— n(Fy, (00) = Fa, (67)),
we obtain the algebraic identity
s,a T,a 1
Fo (089) = Fr (677 = E(Aet —A0t+1>7 t=0,...,Ly— 1 (110)

No smoothness or inequality is used here.

Step E.3.1.A Point wise control at a path point, first choice. Fix any ¢t € {0,...,L, — 1} and
choose 6 = 9 By the triangle inequality,

1P, (8) — Fa. (0)|l2 < || Fa, (7)) — Fa (07 ) 2 + | Fa. (67) — Fa (6)]2. (111)

link across the two runs at time ¢ same (1 = [ir

The second term is controlled by the path—Lipschitz property:
(6" a>>\|2 < Lollof™ =6 l2 = Lo || A6z
For the first term in Eq. (TT1)), invoke Eq. (T10) and the triangle inequality:

|F, (07) — Fy

fir

S,a T,a 1 1
1Fz, (0°") — Fa (072 = 5\|Mt—mt+luz < 1882 + 1801 12).

Hence, )
1B 07 = F 0 ) < (Lot ) maxt A0, 1802} (12)

(1,a)

Step E.3.1.B Point-wise control, second choice and edge ¢t = L. Choosmg instead = 6,”" and
repeating the same argument (swap s and 7 in Eq. (I11)), use Eq. (110) again) yields the 1dent1cal
bound

T,a T,a 2
1B 67 = B (07 < (Lo o+ ) max{|A00]z, [186all} - (=0, 02y = 1),
(113)
For the terminal points t = Ly, apply Eq. (112) with index ¢ — 1:

(s,a s,a 2
1Pz, (054) = Fz (05| < (L9+ ;) max{[|Ab0r,—1[l2, [|A0L, |2},

and similarly for G(L:’a). Thus the same form holds at ¢ = Ly after relabeling the pair (¢,t + 1) as
(Lp — 1, Ly).

Step E.3.2 Supremum over the unrolled path. Collecting Eq. (I12)-Eq. (I13) (including the
terminal case), we obtain

) ) 2
AR = sup [ F, (0) — Fr (0)]]2 < (La + 7) max [|Af||z. (114)
éG{QEs’a)}U{eiT’Q)} n 0<t<L

Step E.3.3 From max to the quadratic TM surrogate. Using Zf:bo wi|| Al >
Win Maxy [[Ab;||2, we have

Jmax [Ad]> < mm(zwtnmtu ) (115)
Substituting Eq. (IT5) into Eq. (IT4) yields the path-restricted TM bridge
L 2
APath < Lot 2/m po (116)

Wmin
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Step E.3.4 From the path supremum to the global discrepancy via path coverage. Let * € T',,
be a maximizer (or e-maximizer) of the sup defining A,. By the £,,:n—cover assumption, choose a
path point 6 with ||0* — |2 < €pan. Then, using the parameter-Lipschitz property for each y and
the triangle inequality,

1F. (0%) = Fa, (02 < |1 F5, (0) — Fa, (0)ll2 + 1 Fa. (0%) — Fa, (0)ll2 + [ Fa, (0) — Fa, (67)]]2

< Fa.(0) = Fa (O)ll2 + Lo (|07 = 0ll2 + Lo (|6 — 0l

S Agath + 2L0 Epath-
Taking sup over maximizers (or letting € | 0) yields

Aa(ﬂ‘rv ﬂs) S Agath + 2L9 Epath- (1 17)
Combining Eq. (I16) and Eq. (IT7) gives the desired global TM bridge
o~ o~ Lo+ 2
AG(IU’T) /-%) S 97/17 MTM + 2L9 8path-

Wmin

E.4 EXCHANGEABILITY OF TM/GM/DM UP TO CONSTANTS (LEMMA [E.4))

Lemma E.4 (Exchangeability up to constants(informal).). Under standard smoothness/Lipschitz
and contractive inner-loop conditions in Assumption[d.1] the inequality in Eq. (97) yields bounds in
the following relations:

%TM = O(%GM) and sBG,M = O(%DM),

and A, < min{Bpm, Bewm, Brm | with each consistently shrinking the same matching discrep-
ancy through the bi-level dynamics.

Lemma [E.4] shows that the bounds in Eq. (97) are quantitatively interchangeable: controlling the
trajectory surrogate (TM) automatically controls the gradient surrogate (GM), which in turn is con-
trolled by the distribution surrogate (DM). This hierarchy explains why switching between matching
methods is an effective way to reduce matching discrepancy: once DM (or GM) saturates, further
progress can be made by GM (or TM) without altering the fundamental dependence on k or n.

Lemma E.5 (Precise exchangeability of bridge bounds (Formal)). Fix configuration a. Assume:
(i) z = g4(0;2) is L, ,—Lipschitz for all 0 € T',; (ii) along the trained path {Ht}f:bo, the map
0 — E,g,(0;2) is Lo—Lipschitz uniformly for v € {lis,[i,}; (iii) the preconditioner satisfies
|1Pa(8)]lop < Kas (iv) the inner update is p—contractive in expectation and trajectory weights
bounded below by win > 0. Let €patn denote the discretization error from sampling © ;.

Define the bridge bounds as in Eq. [}
Bt € { faLe,aWi (i, fir), £aC MMD(fis, fir) },
BoMm = KalO;] Mawm,
Brm = kg (M Mom + L Epath>-

Wmin

Then there exist finite constants C1,Cy > 0, depending only on (p, Lg, Nmin, Tmax, Wmin ), SUch that
Brm < C1Bam + KaLlgepatn, Bam < CoBpwm. (118)

Proof.

Step E.4.1 From the TM bridge to a bound in terms of ), ||d;|. By the TM bridge (Proposi-
tion |E.3)),

Ly
By = Ha<M Mrom + Le €path), My = ZthAt”'

Wmin
t=0
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One step of the two inner updates and the contractivity assumption give the exact split

Apgr = (05m0) — @4, (07 5m) =m0 = [ Derall < p A+ ne 164
Summing over ¢, using w; > wWnin and Ny < T]n’ldx’

M = Sl < o Slal < el

Plugging back into the TM bridge ylelds

L +2 max
Bopag < ﬁa( (01 /n)n

Ly—1

) S8l + KaLo epatn- (119)
mln t= O

::Cl

Step E.4.2 Aligning )", ||6;|| with the GM bridge. By definition, J; = P,(0)d(6%)), hence

Solal = D NP0 A7) < D O] = 46| Mo
t t
Since Bam = Ka|O;| Mawm, we have the clean comparison
STHI6 < Bear. (120)
t

Combining Eq. (IT9) and Eq. (I20) we obtain

L + 2 max
Brm < C1Bam + Kalo patns C1 == kKq %~
(1 - p) “hin
Step E.4.3 Comparing the GM and DM bridges (detailed). Fix an anchor § € ©;. The GM
residual is d(0) = Ez,94(0; 2) — Eg_ga(0; 2).

(121)

(Wasserstein—1 case). Reduce the vector norm to scalar test functions via the support function:
1d(O)]l2 = sup (v, B, ga(0;2) — Eg, ga(0; 2))

lv]l2<1

= suwp (Enduo— B duo), G00(2) 1= (v,9a(6:2)).

llvll2<1

If z — go(0; 2) is L, o—Lipschitz uniformly in 6, then ¢, g is also L ,—Lipschitz for every ||v|| < 1.
By Kantorovich—-Rubinstein duality,

Hd(9)||2 < Lz,a Wl(ﬁs, /ZZT)

(MMD case). Assume either (i) a vector-valued RKHS model g, (0; z) € HE with | g4 (6; 2) [0 <

C uniformly. Let p1 — my(p) := E,[pr(2)] be the kernel mean embedding in ;. By the
reproducing property (or its vector-valued analogue),

A2 = B ho — B holla < 19a(0; 2)ll3eg [l (is) = ma(ir) 3, < Cr MMDy(fis, fir )

(Averaging over anchors). The right-hand sides of [E.4| do not depend on 6, so averaging pre-

serves the bound:
Lz,a Wl(/-/;svﬁT)v
Mau Z @) < I
| 0€0; Ck MMDIC(MS? /’[/T)

Multiplying by £,|©;| and recalling the GM and DM bridge definitions,

SBGM = Ha|@j| MGM S |@]‘ *Rg LZJL Wl(ﬁq;ﬁ‘l—z’ = CQ %DMa 02 = |@J| (122)
Ck MMDk(,uSa,uT))

= Bpm
Step E.4.4 Conclusion. Equations Eq. (121)) and Eq. (122) give exactly
Brm < C1Bam + Kalg Epath, PBaom < C2Bpuw,
with Oy =, Let2 max qnq 0, = |Q,]. O

(1=p) wiin
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E.5 UNIFIED SINGLE-CONFIGURATION RISK BOUND (THEOREM [6.3))

Theorem E.6 (Dynamic single-configuration risk bound for matching-based distillation (For-
mal)). Fix an configuration a and run J outer iterations using a surrogate My with ¢ €
{DM(W7;), DM(MMD), GM, TM}. Under Assumptiond.1|(Lipschitz risk with constant L g, path-
Lipschitz field with constant Lg, preconditioner bound || P, (0)|lop < Kq, inner contractivity factor
pa € (0,1) with stepsizes m; € [Tmin, Tmax)), the TM weights satisfy wy > wmin > 0, and the outer
contraction Eq. holds with rate oy € (0, 1) and bias eéft) , then for any T' > 0, with probability
at least 1 — ¢,

|ROOF™) = ROT™)| < Lr L 6ol + ere(m,e)

r J 0 (@) (#)
" G [Coa((1= )" Mo(€?) +e2) + P (k)] 5,
KoL
+ 1{¢p=TM}- 2 e,
02,(1
where C2,q := (1 — pa)/Lr, and the branch constants are
Nkalza, ¢ = DM(Wl)v
N KkaCl, ¢ = DM(MMD),
Copa = N ka |O;], ¢ = GM,
R . oY1
Wmin
and the training-side concentration terms satisfy
e, ™ = O( & + ),
eEIWI) = O(kil/d + nil/d) for data metric space of (effective) dimension d,
omy _ 5 Lo+2/m)  Lem (4 4
Cor _O< Wmin 1= pa (VE+ ”) ’
The test-side concentration is ei.(m,€) = O(y/log(1/e)/m).
Proof of Theorem [6.3]
Step E.5.1 Risk gap = parameter gap (Lipschitz risk). By risk Lipschitzness,
R, (0) — Ry (0')] = [E,[€(6; 2) — £(0"; 2)]| < EyLg0 —0'l| < Lrl|6 — ¢']].
Therefore,
| R, (05°") = Ry(057°)| < Li 07 (124)

Step E.5.2 One-step recursion for J, 1 (contractivity + two-sample drift). Add and subtract the
same-measure map:

S = @ (0, 1) — Da(0F7): f17)
= q)a(egﬁ’a);ﬂ_r) _ (I)a(eg‘ﬂa); ﬂT) — (F[:Ls (9758,11)) _ FﬂT (egs,a))).

same measure

By Assumptionf4.1|(inner contractivity under a fixed measure), there is p, € (0,1) s.t. ||®4(6; fir)—
D,(0; )| < pall@ — 0’| along the path. Hence

1641 < palldell +me || B (65) = Fa (65| - (125)
=ty
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Step E.5.3 Unroll the recursion to time 7. Iterating Eq. (125) and using 7; < 7max,

T-1 oy
o]l < pE 1Sl + 3 P2~ " metbe < P NS0l 4 s Y 1 0
=0 —
"hmax T TImax
< pr _fmax_ < o .
< pg |90l + - OgrtngaTX_llﬁt < pg lldoll + - esgrpu | Fs, (0) — Fa (0)]|.  (126)

Step E.5.4 Replace the sup by A, and divide by x,. By definition of A, and | P,(0)|| < &q,
sup [ Fa.(0) — Fa (0] = sup | P2(0)(Bi,g — B, 9)|| < Aalfir, fis)-
Combining with Eq. (126) and then with Eq. (124),

T L max A ~
[R(65") = Ry (057 ™)| < Lip 00 + S22 Al o). (127)
Introduce Cy , := (1 — po)/Lr sothat Lr/(1 — p,) = 1/Cs 4.

Step E.5.5 Bridge A, to the surrogate M, (branch choice). We now invoke the three bridge
propositions given earlier:

(DM bridge): If z — g4(0; z) is L, ,~Lipschitz, for W7, for any 6,
L, «W1(fis, ftr); hence

Ei.9a(9) — En ga(0)] <

Aa(ﬂraﬂs) S KJaLz7a Wl (ﬂsvﬂT)7
and
Aa(ﬁﬂ'aﬂs) < "@ack MMDk(ﬂS?ﬂT)

(GM bridge): For anchors ©; C I', forming an e—net and the anchor-averaged surrogate Mg,
Aa(ua V) < Kf@(l®j| MGM(M? 12 @]) + L9 5)'
In particular, if ', = ©; (finite), e = 0 and A, (11, ) < Ka|Oj|Mcam.
(TM bridge): With weights w; > wpin > 0,
SN Ly +2
Aa(,ura ,LLS) < Kaq (6“}7/77 Mrm + Lo 5path>~
Summarizing, there exist branch-specific constants Cy , = K45, such that
Aa(,&‘r; ,[1,3) < Cqb,a M{,ﬁ + 1{(15 = TM} KaLg €path;
an,a Orncka ¢: Wl7 MMD7
B¢>7a = 77|®]|’ ¢:GM7
(nLG + 2)/wmina ¢ =TM,

where we absorbed the 7 from Eq. (127) into By , for uniformity.

(128)

Step E.5.6 Outer-loop contraction for the surrogate M. By the assumed outer contraction
Eq. , for some a4 € (0, 1) and bias ¢'9) (variance/noise floor),

est

My(ED) < (1 —ag)? My(e©@) + 9. (129)

Step E.5.7 Finite-sample penalties for each branch. We now upper bound the training-side error

egf) (k,n, ) that enters when replacing population quantities by empirical ones.

(DM: W;). For empirical fi,, of size n from a distribution on R? (with mild moment conditions),
the Wasserstein-1 convergence rate is

O(nfl/Q)’

d
EWy (s fin) = { O(n~2logn),
O(n=Y%), d

L
2,
3,

AV
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with high-probability analogues. Hence, by the triangle inequality, W1 (fis, fir) < Wi(jis, 1) +
Wi (s, fir) yields
egvl)(k;, n,e) = O(k_l/d + n_l/d)
(or faster under low-dimensional/covering assumptions).
(DM: MMD). For bounded kernels, the empirical MMD concentrates at a CLT rate: |MMD k(f, 0)—

MMDy (1, v)| = Oq(1/ /iy, + 1/+/fy). Thus eie™) = O(1/vE + 1/ /).

(GM). Define the scalar class F := { z — (v,94(0;2)) : 0 € Ty, |lv]l2 < 1}. Then
supy ||Ega () —Ezga(0)]| = sup e #(Ef —Es f). By symmetrization and Rademacher complexity
plus Ledoux—Talagrand contraction, under boundedness/Lipschitz envelopes we get

sup [[Ega (6) — Eaga(8)]| = O(1/v/m).

Applying this to both synthetic and real samples and averaging over anchors gives eEGM) =

O(1/VE +1/\/n).

(TM). The TM bridge (Proposition “TM bridge”) plus the one-step recursion yields

Ly—1
Rq . (s) (s)
My < 0= pu) o ; ur HEusgawt ) —Ep, 90, H + o Epath-

The same Rademacher argument as for GM applied at each Ht(s) gives a CLT rate scaled by the

Wmin 1—pq *
eé?M)(k,n,e) = O(Sa<ﬁ + ﬁ)) .
Step E.5.8 Test-side concentration. For the empirical test risk over m samples, ey o(m,ec) =

O(y/log(1/e)/m).

Step E.5.9: Assemble all pieces. Insert Eq. (I28) and Eq. (129) into Eq. (I27), and add the training-
side and test-side penalties from Steps E.5.7-E.5.8:

schedule factor S, :=

- KoL
|Ry<9§f’”’>fRy<a‘T’”>|<LRpa 30l + exe(m, €) + 1{$ = TM} 5= par

,a

(1 - ) Mo (60) + ) + el (hm )] (130

C(2 ,a

O

E.6 COVERAGE-AWARE BOUND WITH DYNAMIC OUTER PROGRESS (THEOREM [6.3))

Theorem E.7 (Coverage-aware bound with dynamic outer progress (formal)). Let (C, D 4) be an
configuration space. Fix a radius p > 0 and let A = {a1,...,an} C C be a p-net (ie.,
a p-packing that also p-covers C; if only a p-packing is given, replace p by 2p via the stan-
dard packing—covering conversion). For each center a; € A, run J outer steps with branch
¢ € {DM(W1), DM(MMD), GM, TM} and surrogate Mg, under Assumption 4.1 uniformly over
a € C and the cross-configuration Lipschitz transfer Assumption[5.1}

1Fy,a(0) = Fua (O < Leont dala,a’) (Y0, p € {fs, ir}).
Define the uniform constants

— Pa .
C = mf Copmax = SUPKg Bs.a, Qg min := inf ag(a),
2,min ace LR ) ¢, ma. aelg aPe,a ¢,min aec 4)( )

where By, , are as in Theorem|[6.3}
nLsaornC, ¢ = DM(W1), DM(MMD),
Bya = n|@j‘v ¢ = GM,
(nLO,a + 2)/wmina ¢ = TM.
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Then, with probability at least 1 — ¢,

sup | R, (05°*) — Ry (05°*)| < sup Lr(a)pl[|60]| + eve(m, €)
a€eC aeC N——
S—_— test

inner residual

C XL X
+ trans P +1{¢ _ TM} Rma 6,ma 5path

CQ,min C'2,min
coverage transfer TM discretization
1
+ 02 R {C¢,max((]— - a¢vmin)J Mgginax + 6o(agsﬁt),max) + ng)(kv n,¢&, N) ’ (131)
where © ©
— 0). ..
M¢,max T 1§mjaéXNM¢(£ 70‘.7)’
Rmax = SUP Kgq, L@,max ‘= sup LO,aa
Ctrans = Emachonfa
and
&9 (k,n,e, N) O(k~"/4 +n=1/1), ¢ = DM(W1)
(& n = ~
o (1 & O((ﬁ + 1) logN—l—log(l/a)), ¢ = DM(MMD), GM, TM,
and N := |A| is the covering number at scale p. The test-side term satisfies eio(m,e) =
O(y/log(1/e)/m).
Proof.

Step E.5.1 Alignment transfer from a to its center a;. Fix ¢ € C and take a; € A with
da(a,a;) < p. By the triangle inequality, for any 6,

”Fﬂs,a(a) - FﬂT,a(a)H < ||Fﬂs,a - F;ls,ajH =+ ”Fﬂs,aj - Fﬂmaj H + ”F”maj - Fﬂma”

< 2Lcont da(a,aj) + | Fa, a;(0) — Fa. a;(0)]]- (132)
Taking the supremum over § € I',, yields
Aulfinsfis) < Do, (firs is) + 2Lcont p- (133)

If the preconditioner norms || P,(#)|| vary across configurations, we upper bound them by Kpax :=
sup, g || Pa(0)]| and absorb the variation into Cirans := KmaxLcont, giving the stated transfer con-
stant.

Step E.5.2 Risk-alignment reduction at a. For any fixed configuration a, the single-configuration
reduction gives

S,a T,a 1 ~ ~
|R,(65") — R, (65| < Lg(a)p? 190]l + G Daliir: i) + exelm, <), (134)

where Cs , = (1 — po)/Lr(a).
Step E.5.3 Plug the transfer bound into the risk inequality. Combine Eq. (I133) and Eq. (134):

s,a T,a 1 ~ ~
B (65) = B0 )| < La(@p100]1+ | A, (s 1) + 2Chsans p] +ece(m, ). (139)

Step E.5.4 Bridge and outer contraction at the trained centers. By construction, we train only at
the centers a;. At each a;, the branch-specific bridge (DM/GM/TM) and the outer contraction yield

A, (fir, fis) < Cpra; Mg (€;a5) + 1{¢ = TM} Ko, L a; Epatn

< C¢7aj ((1 - a¢(a.j))J M¢(€(0)7 a’j) + et(e(ft) (a’j)) + 1{¢ = TM} Kaj L07aj Epath-
(136)
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Recall Cy o, = Ka;Bga, With By o, = 1L. 4, or nCy (DM), n|©;| (GM), (nLg.q; + 2)/Wnin
(TM).

Step E.5.5 Uniformize constants and take sup over a € C. Define the worst/best constants over
C:
e l=p
C12,rnin = ;relg Lr aa C¢,max = (sllélc) C¢7a7

Qg min = I0f ay(@), Fmax :=SUPKe, Lgmax :=Sup L.
acC a a

Let Mgginax = Maxi<j<nN M¢(§(O);aj) and egfg,max = max; ngg (aj)- Using 1/02,(1 <
1/02,min and Eq " in Eq 1' gives
5a ma 20 rans
(B (65) = R (67 )] < La(@)pl [90] Fewe(m, ) + =57
— ,min

inner residual

1 0
+ C i |:C¢>,max(<1 - a¢'7min)J be,znax + €£fg,max):|
2,min
ﬁmaxLO max
+1{¢ = TM} ———— €patn. (137)

CQ,min

Taking the supremum in a € C replaces Lr(a)p’ by sup, Lr(a)pl on the first term, leaving the
rest unchanged.

Step E.5.6 Coverage-aware training-side concentration over N centers. We now upgrade the
training-side surrogate estimation to hold uniformly over the N trained centers. This produces the

¢) (k,n,e, N) stated in the theorem.

coverage-aware term g‘Er

DM(W). For empirical measures in R%, nonasymptotic bounds give Wy (i, fi,,) = Oq(m~1/%) for
d > 3, Oq(m~'/2logm) for d = 2, and Oq(m~'/2) for d = 1. A union bound over N centers

multiplies failure probability by N; in the O(-) notation (suppressing polylog factors), we retain the
geometric-rate term:

‘é,gll'/VI)(kvn,a, N) = O(kil/d + n*l/d).
DM(MMD) & GM. For bounded kernels, MMDy, concentrates at CLT rate; for GM, let F :=

{z — (v,94(0;2)) : ||v]| < 1,0 € T'} and apply symmetrization + Rademacher complexity with
Ledoux—Talagrand’s contraction to obtain Oq(1/1/m). A union bound over N centers contributes a

log N + log(1/¢) factor:
S(MMD) 5(GM) _ O((ﬁ + ﬁ) log N + log(l/é))~

TM. The TM bridge plus the one-step recursion shows that the TM surrogate aggregates L; CLT-
scale deviations, scaled by the schedule factor

(Loa +2/Ma) >4 Nta

wmin,a 1-— Pa

Sy =

Uniformizing over a € C (and thus over centers) and applying the same union bound gives

é{t;FM) — O(Smax(ﬁ + iﬂ)\/log]\f + log(l/s)), Smax := sup Sg.

a€eC

Step E.5.7 Assemble and rename constants. Collect the inner residual into sup,cc Lr(a)pl |60,
keep ete(m, €) unchanged, and define Cirans := Kmax Lcont-

¢,max est,max est

MO mjz_xx/\/l¢(§(0);aj)a el?) = mj;;mxe(¢)(aj)7 N :=|A|.
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Algorithm 1: Single-configuration evaluation

Input: dataset D, distilled sets {Sy} for budgets k, source configuration ag
Output: points {(k, A, (k))} and linear fit of A vs. 1/vk
foreach £ do
load distilled set Sy,
for repeat r = 1..R do
initialize student 6 ~ ag
train 6 on Sy, using the student protocol of ag
evaluate accuracy Accgyy(k,7) on the test split of D

train a real-data baseline once under ag to obtain Accrey
| set Ay, (k) = AcCreas — mean, Acceyn(k, 1)

Fitaline y = ax + b with x = 1/vk andy = A, (k); report slope/intercept/R?.

Algorithm 2: Configuration coverage: from per-configuration curves to the coverage law

Input: dataset D, distilled sets {S }, configuration family C
Output: coverage points {(X,Y)} with X = /Togm/vk and Y = A(k,m); global fit
foreach £ do
foreach configuration a € C do
train a student 6, on Sj, under @ and record Accgyy (k, a)
obtain once-per-configuration real baseline Acceq(a)
L set A(k,a) = Accrear(a) — Accsyn(k, @)

Let A be the ordered list of configurations used.
form=1,---,|A| do
choose a size-m subset of configurations (prefix or random) and denote it A,,
foreach k do
setY = A(k,m) = L5 . A(k,a), set X =/logm/Vk; append (X,Y) to
the coverage set

Fit a single line Y = aX + b over all coverage points; report slope/intercept/ R2.

Plugging the center-wise bridge+contraction Eq. and the coverage-aware training terms into

Eq. (137) yields

sup IR, (65") — R, (57| < sup Lr(a)pg 9oll + eve(m )

configuration/branch/k-independent floor

2Cvtrans 14 HmaxLG max
—Ztans By 1{¢ = TM) —maxzvmax o
* C'2,min * {QS } C'2,min Epath
1
+ C |:C¢,max((1 - a¢amin)J Mé)oznax + eéfg max) + ’éfcf)(kv n,ée, N)i| .
2,min ’ ’

F EXPERIMENTS

F.1 DETAILED EXPERIMENTAL SETUP

Datasets. We evaluate on MNIST, CIFAR-10/100 (official train/test splits), and ImageNette (a
10-class ImageNet subset). For all datasets we follow the preprocessing prescribed by the respec-
tive baseline implementations (e.g., normalization, ZCA whitening when enabled), ensuring strict
comparability.
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Distillation methods. We study three established matching-based families—Gradient Matching
(GM: DC/DSA), Distribution Matching (DM), and Trajectory Matching (TM: MTT)—and further
include a recent diffusion-based pipeline (MGD?) on ImageNette to test whether our theory extends
beyond the matching paradigm. For each method we rely exclusively on the authors’ open-source
repositories with their default hyperparameters; the only controlled variable is the distilled budget k
(via IPC). Each distillation run is executed to completion under the default schedules of the respec-
tive methods.

Training configurations. A configuration «a is defined as a triplet (architecture X optimizer X
augmentation). Architectures include ConvNet, LeNet, ResNet-18, and AlexNet; for cov-
erage experiments on CIFAR-10/100 we additionally use MLP and VGG11. Optimizers are SGD
(momentum 0.9, weight decay 5 x 10~*) and Adam (default betas). Augmentation is either none
or DSA when enabled by the baseline. Distillation is always performed in a fixed source config-
uration (ConvNet+SGD, with DSA on when applicable), and target configurations are evaluated
across diverse target configurations sampled from C.

Distillation budget. We sweep images-per-class values IPC €
{1,2,4,6,8,12,18,28,51,100,200} (up to 100 on CIFAR-100), yielding a total distilled
size of k = IPC X #classes. All methods are evaluated on the same IPC grid.

Evaluation metric. We report the generalization error
A = |ROF) = RO,

the accuracy gap between training on distilled and real data within the same configuration a. Each
result is averaged over 5 independent repeats; for single-configuration runs we regress A against

1/+/k and report slope, intercept, and R2.

Target configuration training protocol. Students are trained from scratch with batch size 256,
strictly following the DC/DSA evaluation protocol. When DSA is enabled, students are trained for
1000 epochs; otherwise, for 300 epochs. SGD uses an initial learning rate of 0.01 with momentum
0.9 and weight decay 5 x 104, decayed x0.1 midway through training. Adam uses its default
settings. Architectures (ConvNet, LeNet, ResNet—-18, AlexNet) all follow this protocol.

Coverage-law construction. To test the predicted scaling with coverage complexity, we aggregate
multiple configurations. For each subset of size m, and each IPC k, we compute the averaged gap

Viogm

VE
We then regress Y against X to test the coverage law Y o X. Two subset strategies are used:
prefix (deterministic) and random (averaged over 1'=5 trials). For each configuration included,

the real-data baseline is trained once on the full dataset with the identical optimizer, epochs, and
augmentation as in the distilled run; this baseline is reused across k.

Y = A(k,m), X =

Hardware and software. Experiments are conducted on servers with AMD EPYC 7642 CPUs
(96 vCPUs), CUDA 12.4, and up to 4 xNVIDIA RTX 4090 GPUs.

F.2 ALGORITHMS

For clarity, we briefly summarize the two evaluation protocols. In the single-configuration evalua-
tion (Algorithm [I)), we fix a source configuration and train students on distilled datasets of varying
budget k. Each student is evaluated against its real-data counterpart in the same configuration, and
the resulting accuracy gaps A (k) are regressed against 1/+/ to reveal the single-configuration scal-
ing law.

In the coverage-law evaluation (Algorithm 2, we extend the analysis across multiple target config-
urations. For each subset of size m drawn from the configuration family C, we average the gaps over
the selected configurations to obtain A(k,m). Plotting A against v/Togm,/v/k tests the predicted
coverage law, and the slope of the regression quantifies the penalty induced by ecological diversity.
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G LIMITATION AND FUTURE WORK

Despite providing a unified Configuration-dynamics-error framework, our study still has several
limitations that we explicitly acknowledge.

Assumptions on optimization dynamics. Our bounds rely on Polyak—t.ojasiewicz (PL) contrac-
tion and Lipschitz continuity of update fields (Assumption [4.1). These assumptions hold for SGD
variants under moderate learning rates, but may fail in regimes such as large-batch training, adaptive
optimizers (e.g., AdamW), or architectures with non-smooth objectives. Extending our results to
weaker conditions such as one-point convexity or uniform stability is an important open direction.
Concretely, one next step is to verify whether the single-configuration scaling law (theorem[4.2)) still
exhibits linear 1/ vk behavior when training with AdamW or adaptive schedulers, and to adapt the
proof techniques accordingly.

Coverage complexity estimation. Our coverage law (Theorem [5.I] Corollary [5.3) shows that
risk scales as A(k,m) < vVHeov/ Vk, with Hecov (1) the coverage complexity under configuration-
distance d 4. In experiments, we approximate H.., by v/log m with m configurations, which can
underestimate heterogeneity when optimizers or architectures differ sharply in d 4. This limits the
direct deployment of our bounds. A concrete next step is to develop empirical estimators of H oy,
for instance by clustering configurations in the d 4 metric space and allocating distilled prototypes
adaptively with respect to cluster counts, rather than raw m.

Ecological scope beyond algorithmic variation. In this work we define configurations by al-
gorithmic choices (optimizer, architecture, augmentation). This abstraction omits distributional or
semantic shifts, such as cross-domain transfer, class imbalance, or multimodal inputs. Consequently,
our current coverage law captures algorithmic but not data-level diversity. A concrete next step is
to extend d 4 to include a distributional term (e.g., Wasserstein or MMD distance between domains)
and evaluate whether the scaling A o /Hcov/ vk continues to hold in cross-domain settings (e.g.,
CIFAR-10 — STL-10, ImageNet — DomainNet).

In summary, these limitations highlight well-scoped extensions: relaxing optimization assumptions,
sharpening coverage estimation, and expanding configuration definitions to data-level shifts. We
view these as promising future directions rather than weaknesses of the current framework.

H USAGE OF LLM

In preparing this work, we made limited use of ChatGPT (OpenAl) as a supportive tool. Specifically,
it was consulted in two ways:

* Coding support: ChatGPT-40 was occasionally used during debugging to suggest possi-
ble corrections for coding errors. All implementations were written, tested, and verified
independently by the authors.

» Language polishing: At the final stage of manuscript preparation, ChatGPT-5 was used
to polish the English expression of the appendix. The suggestions were carefully reviewed
and adapted by the authors to ensure accuracy and consistency with the original technical
content.

No Al tool was involved in generating research ideas, conducting experiments, or drawing conclu-
sions. All scientific contributions are the authors’ own.
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