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Abstract

Step-by-step reasoning is widely used to en-
hance the reasoning ability of large language
models (LLMs) in complex problems. Eval-
uating the quality of reasoning traces is cru-
cial for understanding and improving LLM rea-
soning. However, the evaluation criteria re-
main highly unstandardized, leading to frag-
mented efforts in developing metrics and meta-
evaluation benchmarks. To address this gap,
this survey provides a comprehensive overview
of step-by-step reasoning evaluation, proposing
a taxonomy of evaluation criteria with four top-
level categories (groundedness, validity, coher-
ence, and utility). We then categorize metrics
based on their implementations, survey which
metrics are used for assessing each criterion,
and explore whether evaluator models can trans-
fer across different criteria. Finally, we identify
key directions for future research.

1 Introduction

Large language models (LLMs) have demonstrated
remarkable capabilities in reasoning in complex
problems, such as logic, math, and science. At the
core of this versatility lies step-by-step reasoning
(Wei et al., 2022b; Kojima et al., 2022), where
the LLM generates an intermediate reasoning trace
before presenting the final answer.

The step-by-step reasoning ability of LLMs is of-
ten measured in terms of answer accuracy, i.e. find-
ing the correct answer in a problem that requires
complex reasoning (OpenAl, 2024a; Groeneveld
et al., 2024; DeepSeek-Al, 2025). However, an-
swer accuracy is generally insufficient for measur-
ing LLMs’ reasoning ability, as the correct answer
does not imply the correctness of the preceding rea-
soning trace (Lanham et al., 2023; Mirzadeh et al.,
2024; Paul et al., 2024). Furthermore, the quality
of the reasoning trace is crucial for improving the
reasoning ability, in terms of reinforcement learn-
ing (Lu et al., 2024; Qwen-Team, 2024; DeepSeek-
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Figure 1: This survey aims to provide a comprehensive
view of different terminologies on criteria and metrics
designed for step-by-step reasoning evaluation.

Al 2025) and inference-time search (Wang et al.,
2023c; Yao et al., 2023).

Due to its importance, step-by-step reasoning
evaluation is a rapidly evolving field with numer-
ous new metrics and criteria actively proposed. Es-
tablishing the precise definition of the criterion
(what to evaluate) is crucial for correctly imple-
menting the metric (how fo evaluate). However,
the terminologies in the field are highly unstandard-
ized, which has led to fragmented approaches in
implementing metrics and meta-evaluation bench-
marks. This current state motivates a systematic
review, which will serve as a foundation for general
criteria and metrics that can span diverse reasoning
tasks.

In this survey, we reorganize existing step-by-
step reasoning evaluation criteria defined within
diverse metrics and meta-evaluation benchmarks
into four distinct categories: factual groundedness
in the given information, logical validity of steps,
semantic coherence, and if the step contributes to
the correct answer (utility). Based on the proposed
taxonomy, we review and compare widely used



terms for criteria and metrics. Finally, we analyze
the case of transferability, whether a single evalua-
tor trained/optimized for one criterion can evaluate
another, based on reported scores on three recent
meta-evaluation benchmarks (Jacovi et al., 2024;
Song et al., 2025; Zheng et al., 2024). Finally, we
conclude the survey with open questions in the field
of evaluating step-by-step reasoning.
The key contributions of this survey are:

* Defining the taxonomy of step-by-step evalu-
ation criteria, and comparing it with existing
terminologies (§3-§4).

* Surveying existing metrics for step-by-step
reasoning evaluation based on their implemen-
tations, across diverse reasoning tasks and cri-
teria (§5).

* Analyzing transferability between criteria
based on reported empirical results (§6).

2 Background

2.1 Step-by-step reasoning evaluation

Step-by-step reasoning is where LLMs generate a
series of intermediate natural language steps that
lead to the final answer (Wei et al., 2022b). Each
step-by-step reasoning consists of three parts, a
query, a reasoning trace, and the answer (Fig-
ure 2). Query refers to the entire input, which
includes the question and retrieved evidence in
fact-intensive reasoning tasks (Lewis et al., 2020).
Upon seeing a query, the LLM autoregressively
generates its solution as a long reasoning trace.
Finally, a trace should output an answer, either ex-
plicitly formatted (e.g. \boxed{15}) or implicitly
stated (e.g. Therefore, John ate 15 apples).

Various evaluation metrics require the reasoning
trace to be segmented into steps. The step bound-
ary can be determined using simple rules, e.g. sen-
tences or double newlines (\n\n). However, the
format of a reasoning trace is highly dependent on
the format of the instruction tuning data, which
might lead to inconsistent granularity of steps. As
a solution, alternative segmentation strategies were
proposed, including Semantic Role Labeling-based
chunking Prasad et al. (2023) or prompting LL.Ms
Zheng et al. (2024).

Finally, metrics assess the quality of the step and
assign a score. The details about different metrics
are further described in Section 5. These scores
can be used to improve answer accuracy in Best-of-
N decoding (Cui et al., 2024; Zhang et al., 2025),
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Figure 2: Illustration of three elements of step-by-step
reasoning: query, reasoning trace (steps), and the an-
SWer.

train LLMs via reinforcement learning (Wang et al.,
2024b; Zhang et al., 2025), or guide inference-time
tree search (Yao et al., 2023; Yang et al., 2022).

2.2 Reasoning tasks

The concept of step-by-step reasoning was ini-
tially derived from factual/commonsense reason-
ing. These tasks include questions that can only
be answered by combining different information
from the query and performing multi-hop inference
(Mavi et al., 2024). Factual reasoning focuses on
combining facts to find the correct answer (Yang
et al., 2018; Talmor and Berant, 2018; Kwiatkowski
et al., 2019), while commonsense reasoning also
requires commonsense knowledge to complete the
inference (Clark et al., 2018; Talmor et al., 2019;
Geva et al., 2021; Trivedi et al., 2022).

Another important venue is symbolic reasoning,
where the reasoning process can be expressed us-
ing symbols (e.g. equations, logic, code) (Sprague
et al., 2024). This encompasses mathematical rea-
soning, including arithmetics, calculus, and num-
ber theory (Cobbe et al., 2021; Hendrycks et al.,
2021; He et al., 2024a; Gao et al., 2024b); logical
reasoning, which involves performing complex se-
quence of deductive inference (Tafjord et al., 2021;
Han et al., 2024a; Saparov and He, 2023); and al-
gorithmic reasoning, which requires manipulating
strings or data structures (BIG-Bench-Team, 2023;
Suzgun et al., 2022; Valmeekam et al., 2023).1

Further details on reasoning tasks and bench-
marks are presented in Appendix A.

3 Taxonomy

This section aims to provide a clear taxonomy of
criteria for evaluating step-by-step reasoning. Ex-
isting criteria can be seen as falling into one of the
four categories, namely Groundedness, Validity,

'While symbolic reasoning may strictly refer to algorith-
mic reasoning (Wei et al., 2022b) depending on context, we
adopt the broader sense that includes math and logical reason-
ing.(Sprague et al., 2024).
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Coherence, and Utility. These definitions are inde-
pendent (aim at different objectives — Section 4.1),
but not mutually exclusive (a step can fail to suffice
multiple criteria at once).

3.1 Groundedness

Groundedness evaluates if the step is factually
true according to the query (Lewis et al., 2020;
Gao et al., 2024d). A step can be ungrounded to
any part of the query, e.g. the question (Figure
3-Groundedness) or evidence (e.g. falsely stating
that Buddy Rich was born in Chicago, where the
retrieved document states that he was born in New
York).

3.2 Validity

Validity evaluates if a reasoning step contains no
eITors.

The validity of a reasoning step can be defined in
terms of entailment (Bowman et al., 2015), which is
widely accepted in factual/commonsense reasoning.
Under this definition, a step is considered valid
if it can be directly entailed from previous steps
(Tafjord et al., 2021; Dalvi et al., 2021; Saparov
and He, 2023) or at least does not contradict them
(Golovneva et al., 2023a; Prasad et al., 2023; Zhu
et al., 2024b).

The notion of validity often used in symbolic
tasks is correctness, e.g. performing accurate cal-
culations in math reasoning (Lightman et al., 2024;
Jacovi et al., 2024; Zheng et al., 2024) or infer-
ring the correct logical conclusion based on the
provided premises (Wu et al., 2024b; Jacovi et al.,
2024; Song et al., 2025).

3.3 Coherence

Coherence measures if a reasoning step’s precon-
ditions are satisfied by the previous steps (Wang
et al., 2023a). For instance, if a trace includes the
reasoning step "Next, we add 42 to 16." but the
origin of the value 42 was never explained in the
previous steps, this step is considered incoherent.
An intuitive way to obtain an incoherent trace is
randomly shuffling a coherent trace (Wang et al.,
2023a; Nguyen et al., 2024), as the premise of some
steps will not appear anywhere in the previous steps
even though it can be eventually deduced (valid).

Note that coherence judgment is inherently sub-
jective and pragmatic compared to other crite-
ria. For instance, seemingly trivial steps like "A
part of something is present in that something" in
WorldTree V2 (Xie et al., 2020) is annotated as
necessary in Dalvi et al. (2021) but not necessary
in Ott et al. (2023).

3.4 Utility

Utility measures whether a reasoning step con-
tributes to getting the correct final answer (answer
correctness).

One interpretation of utility is progress, or
whether the step is correctly following the ground
truth solution. For instance, in Game of 24 (mak-
ing the number 24 using 4 natural numbers and
basic arithmetic operations) (Yao et al., 2023), a
solution can be defined as a sequence of operations
(e.g. 5+7=12—12-6=6—6%4=24.). In this task, the
utility of a step (making 5 + 7 = 12 from 5 and 7)
can be directly assessed by checking if it is a part
of a correct solution.



Utility can also be interpreted as value function
(estimated reward), which is proportional to the
probability of reaching the correct answer starting
from the step (Hao et al., 2023; Wang et al., 2024b;
Xie et al., 2024; Chen et al., 2023). This black-box
interpretation of utility offers high scalability as it
only requires the gold answer, without any human
annotation or ground-truth solutions (Wang et al.,
2024b; Lai et al., 2024).

4 Comparative analysis

4.1 Comparison between proposed categories

Groundedness+> Validity. Groundedness focuses
on the explicit information in the query while valid-
ity focuses on the inference. For instance, Given an
incorrect step Albert Einstein died in 1965 (he died
in 1955), this step is not grounded if the query ex-
plicitly mentions that Einstein died in 1955. Apart
from that, if the previous steps provide the premises
for reaching 1955, i.e. Einstein was born in 1879,
and he died at the age of 76, the step is invalid.

Validity«+Coherence. Existing works often
treat coherence as a subtype of validity (Golovneva
et al., 2023a; Zhu et al., 2024b; Kim et al., 2024b;
Jacovi et al., 2024), as both criteria judge a step
based on its previous steps. However, validity and
coherence are different by definition, as validity
focuses on the logical correctness of a step while
coherence focuses on the pragmatic aspect of in-
formativeness. For instance (Figure 3-Coherence),
omitting a step (Step 3) from the correct trace will
make the subsequent step (Step 4) incoherent, but
Step 4 is still valid since it can be eventually de-
duced from the query and previous steps.

Validity«> Utility. Previous studies have contin-
uously pointed out that validity does not necessar-
ily lead to utility and vice versa (Lyu et al., 2023;
Nguyen et al., 2024). One case is shortcut reason-
ing (Schnitzler et al., 2024; Lee and Hwang, 2025),
where LLM generates invalid Chain-of-thoughts
but guesses the correct answer directly from the
query. ProcessBench (Zheng et al., 2024) reports
that invalid traces with correct answers can be eas-
ily found in challenging problems, reaching 51.8%
in the olympiad-level Omni-MATH (Gao et al.,
2024b).

4.2 Comparison to existing terminologies

Factuality is often defined as "model’s capabil-
ity of generating contents of factual information,
grounded in reliable sources" (Wang et al., 2023b,
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Figure 4: A Sankey diagram displaying the relationship
between commonly used terminologies (left) to the pro-
posed taxonomy (right).

2024c), which originates from other text generation
tasks such as abstractive summarization. However,
this definition fails to include groundedness to the
question, e.g. using the exact numbers provided in
the math problem (Zhu et al., 2024b).

Hallucination is most commonly defined as
"models either generating (1) nonsensical or (2) un-
faithful to the source content" (Ji et al., 2023; Baner-
jee et al., 2024; Huang et al., 2024), which corre-
sponds to (1) validity/coherence and (2) grounded-
ness. However, some works restrict the meaning
of hallucination to groundedness errors, i.e. "mod-
els generating description tokens that are not sup-
ported by the source inputs” (Xiao and Wang, 2021;
Akbar et al., 2024).

Faithfulness is also used in different contexts.
The most common definition for faithfulness is
"logical consistency between the generated text
and the query/previous steps" (Maynez et al., 2020;
Creswell and Shanahan, 2022; Huang et al., 2024),
which includes both groundedness (query) and va-
lidity (previous step). Instead, faithfulness can be
used as "accurately representing the model’s inter-
nal reasoning process" (Lyu et al., 2023; Lanham
et al., 2023). Under this definition, the final step
containing the answer is unfaithful if it is not sup-
ported by the previous steps, which falls under the
definition of coherence.

Informativeness is defined as "providing new
information that is helpful towards deriving the gen-
erated answer" (Golovneva et al., 2023b; Prasad
et al., 2023). Lack of informativeness is often de-
scribed as redundancy "removing the step does
not affect the reasoning process” (Chiang and Lee,
2024; Song et al., 2025; Zhou et al., 2024) or ir-



relevance "unrelated to the query’s topic or task"
(Wang et al., 2023a; Zhou et al., 2024; Jacovi et al.,
2024). Informativeness is highly related to utility,
as it aims to evaluate the contribution of a step to
reaching the final answer.

S Metric implementations

Metric impl. G VvV C U

Rule-based
Uncertainty
V-information
Cross-encoder

PRM

Critic models
Generative verifiers
LLM-as-value-function

Table 1: Mapping between each metric implementation
type to the category commonly used. For each combina-
tion of metric and implementation, e denotes that there
are at least 3 published works, and » denotes that there
are 1 or 2. The full table can be found in Appendix C.

Numerous metrics have been proposed to evalu-
ate and quantify the quality of a reasoning trace be-
yond the answer correctness. This section provides
an overview of these methods, from rule-based met-
rics to neural models.

5.1 Rule-based matching

For tasks where the ground truth solution can be
expressed as a graph of entities, one can view a
step as a directed edge between two entities. Typ-
ical examples include knowledge graphs for fac-
tual reasoning Nguyen et al. (2024) or computation
graphs in arithmetic problems (Li et al., 2023). In
this setting, groundedness corresponds to having
the necessary entities given in the query, validity
to predicting the relation between entities, coher-
ence to the correct ordering of steps, and utility
to the existence of the step in the gold reasoning
chain (Nguyen et al., 2024; Saparov and He, 2023).
However, this approach may not generalize well for
tasks that do not have a straightforward graph repre-
sentation, e.g. commonsense reasoning or complex
math reasoning beyond arithmetic word problems.

5.2 Intrinsic properties

Uncertainty. Uncertainty of the model can be
used as an intrinsic proxy about the generated con-
tent’s quality (Xiao and Wang, 2021; Zhang et al.,
2023b). Qiu et al. (2024) and Wu et al. (2024a) use
token probability entropy (Figure 5(a)), defined as

Sievp(t)log(p(t)) where p is the probability dis-
tribution of all tokens in vocabulary V. Farquhar
et al. (2024) and Kossen et al. (2024) extend the ap-
proach by clustering semantically similar answers
and calculating the entropy with respect to the clus-
ters. Another variant of uncertainty uses confi-
dence, i.e. maxicyp(t) (Wu et al., 2024a; Wang
et al., 2024d). In this setting, higher confidence
implies that the step is more grounded/correct.

V-information. (Chen et al., 2023; Prasad et al.,
2023) use Conditional V-information (CVI) (He-
witt et al., 2021) to evaluate reasoning traces. CVI
can be informally defined as the amount of informa-
tion the evaluation target text ¢ adds to the model.
Formally, given a model g trained to predict the an-
swer with t (calculates g(a | ¢,t)) and ¢’ trained to
predict the answer a without t (calculates ¢'(a | q)),
the CVlI is calculated by

CVI(t — a|q) = —logg'(a | q) +logg(a | q,t)

which is maximized when predicting the answer
without the target is hard (smaller ¢’(a | ¢)) but it
becomes easier with the target (larger g(a | ¢,t))
(Figure 5(b)). While this definition directly corre-
sponds to utility (Chen et al., 2023), Prasad et al.
(2023) leverages CVI to evaluate validity in an en-
semble with cross-encoders (introduced below).

5.3 Neural evaluator models.

Cross-encoders. Cross-encoders are neural mod-
els that simultaneously encode two sentences using
a single network (Figure 5(c)). They have been
widely applied to solve tasks such as natural lan-
guage inference (Bowman et al., 2015) and fact
verification (Thorne et al., 2018), where one has to
determine if the hypothesis can be inferred from
the given premise. Cross-encoders trained on these
off-the-shelf tasks are used to evaluate a reasoning
step based on the query (groundedness) or previous
steps (validity) (Wu et al., 2024a; Zha et al., 2023;
Prasad et al., 2023). Instead of using an off-the-
shelf model, Zhu et al. (2024b) perturbs correct
traces with LLMs and uses the synthetic data to
train the cross-encoder.

Process reward models. While process reward
model (PRM) is defined as "a model that provides
feedback/evaluation for each step” in the broadest
sense, in practice, it commonly refers to an LLM
with a lightweight head attached to the final layer
and trained to predict a numeric score in a super-
vised manner (Lightman et al., 2024; Wang et al.,
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2024b; Setlur et al., 2024). The training data can be
categorized as (1) validity data including correct-
ness annotations for each step (Hendrycks et al.,
2021) (Figure 5(d)), or (2) utility data (Wang et al.,
2024b) providing the value function obtained from
Monte Carlo Tree Search (MCTS) and its variants
(Figure 5(e)). We discuss the difference and trans-
ferability between these PRMs in Section 6.3.

Critic models (LLM-as-a-judge). LL.M-as-a-
judge (Zheng et al., 2023; Kim et al., 2024a) is a
widely accepted paradigm for evaluate long texts.
In reasoning trace evaluation, the term critic mod-
els often refers to the same concept (Zheng et al.,
2024; Lin et al., 2024). Jacovi et al. (2024); Wu
et al. (2024d); Niu et al. (2024); Yao et al. (2023)
showed that prompting instruction-tuned LLMs can
effectively evaluate groundedness, validity, coher-
ence, and utility in diverse reasoning tasks with
Chain-of-thoughts prompting (Wei et al., 2022b).
The specific format of evaluation can vary from
(1) evaluating if the entire trace is correct or not,
(2) finding the location of the first erroneous step
given the entire trace, or (3) judging a single step’s
correctness based on the query and previous steps.

Generative Verifiers. This paradigm lies in the
middle ground of PRMs and critic models, by first
generating the evaluation rationale and then using
a small head to predict the numerical scores con-
ditioned on the self-generated rationales (Ankner
et al., 2024; Zhang et al., 2024b).

LILM-as-value-function. LLMs can be directly
trained to align sequence probabilities (relative to

the initial model’s probability) to the value func-
tion as shown in Direct Preference Optimization
(DPO; Rafailov et al. (2023)) (Figure 5(f)). Con-
sequently, LLMs trained to distinguish traces with
correct answers from incorrect ones by DPO can
directly serve as a utility evaluator (Mahan et al.,
2024; Lai et al., 2024; Xie et al., 2024; Pang et al.,
2024; Cui et al., 2025), where the relative sequence
probability is the utility score. Unlike PRMs that
are not fine-tuned for generation, these models re-
tain (and improve) the ability to generate. However,
these models require an additional forward pass to
obtain the initial model probability, doubling the
computation cost during the evaluation phase.

6 Analysis on reported meta-evaluation

Based on the taxonomy provided in Section 3, we
observe that a single evaluator model, with iden-
tical implementation design, model, and training
data/prompt, is often used to evaluate different met-
rics. For instance, a single cross-encoder model is
used to evaluate the groundedness and validity in
Golovneva et al. (2023b); Zhu et al. (2024b).
However, such transferability, i.e. an evaluator
tuned for one metric being able to generalize to
another, is not trivial because the criteria defini-
tions are independent. Transferability is important
in terms of designing metrics and meta-evaluation
benchmarks, as (metric) using the same model for
evaluating non-transferable criteria will lead to sub-
optimal performance, and (meta-evaluation bench-
mark) annotating non-transferable errors as same
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criteria can synergize when jointly considered.

categories might disrupt the meta-evaluation re-
sults. Note that high correlation does not imply
that the criteria are duplicates, as their definition
significantly differ (Section 3).

We investigate if there is evidence of transfer-
ability between criteria proposed in Section 3 by
analyzing reported empirical results in three meta-
evaluation settings, namely REVEAL (Jacovi et al.,
2024), PRMBench (Song et al., 2025), and Process-
Bench + BoN decoding (Zhang et al., 2025).

6.1 Validity-Groundedness

REVEAL (Jacovi et al., 2024) is a meta-evaluation
benchmark based on commonsense reasoning. It
evaluates a cross-encoder model (Honovich et al.,
2022) and various critic models (LLM-as-a-judge)
(Brown et al., 2020; Wei et al., 2022a; Anil et al.,
2023) upon reasoning traces sampled from four
commonsense reasoning benchmarks. The results
(Figure 6(a)) show that the correlation between the
two scores is weak, indicating that using a single
model for both methods can result in suboptimal
evaluation performance.
Notably, the cross-encoder model (Figure 6(a)
) achieves significant accuracy in groundedness
but falls over 10p behind critic models in evaluat-
ing validity. This result indicates that it might not
be feasible to employ off-the-shelf cross-encoders
trained on NLI tasks for validity judgments, as op-
posed to existing works (Golovneva et al., 2023a;
Prasad et al., 2023).

6.2 Validity-Coherence

PRMBench (Song et al., 2025) defines nine fine-
grained error classes in the PRM800k dataset

(Lightman et al., 2024) and annotates 150 sam-
ples per class for meta-evaluation. Among the nine
classes, we display the correlation between Step
Consistency (SC; Are the two steps contradictory?)
representing the validity error and Prerequisite Sen-
sitivity (PS; Are any critical premises, assumptions,
or necessary conditions absent?) representing co-
herence. The results (Figure 6(b)) show that the
correlation is high in diverse PRMs and critic mod-
els, indicating that the abilities to evaluate validity
and coherence are very likely transferable.

6.3 Validity-Utility

Recent works on process reward models do not ex-
plicitly disambiguate between validity-based and
utility-based PRMs. Consequently, training the
model with one data (e.g. validity) and evaluat-
ing with another (utility) has settled as a common
experimental practice (Lightman et al., 2024; Ma
et al., 2023; Zheng et al., 2024; Song et al., 2025).
In this setting, we analyze results on Process-
Bench (Zheng et al., 2024) and Best-of-N decoding
results, reported by Zhang et al. (2025). Process-
Bench is a meta-evaluation benchmark constructed
from human annotations on validity. In contrast,
Best-of-N decoding tests the ability of an evaluator
to select the reasoning trace with the highest utility
(chance of answer correctness) out of N samples.
In Figure 6(c), the correlation between two crite-
ria is weaker than validity-coherence (R? = 0.69).
Furthermore, Zhang et al. (2025)’s analyses show
that if only comparing validity and utility PRMs
trained on the same base model (Qwen-2.5-MAth-
7B (Yang et al., 2024), models trained on utility?

Figure 6(c) Math-Shepherd, Qwen-MCh, Qwen-MCs



achieve significantly lower performance in valid-
ity evaluation than validity PRMs>. They show
that filtering the training samples with high validity
and utility scores leads to powerful PRM*. These
results indicate that validity and utility are comple-
mentary, and considering both yields more robust
evaluation results than using single criterion.

7 Future directions

Despite rapid progress on step-by-step reasoning
evaluation, crucial questions remain to be solved.
Resources for evaluating reasoning in chal-
lenging real-world reasoning tasks. Datasets for
training and evaluating neural reasoning trace eval-
uators are generally restrained to tasks that are ei-
ther overly simple (e.g. popular MHQA datasets)
or restricted in domains (e.g. olympiad-level math
reasoning). However, there are many real-world
reasoning tasks such as complex science questions
(Rein et al., 2024), repository-level coding (Zhang
et al., 2023a), medicine (Savage et al., 2024), law
(Holzenberger and Van Durme, 2021; Kim et al.,
2024c), and finance (Li et al., 2024b). The rea-
soning required for these tasks is complex, requir-
ing both groundedness to retrieved documents and
expert-level mathematic/logical skills. Develop-
ing step-by-step reasoning evaluators and meta-
evaluation benchmarks for such expert-level tasks
will significantly enhance the generalizability and
real-world applicability of LLM reasoning.
Evaluation of long, complex reasoning traces.
Due to the recent attention to OpenAl o1 (Ope-
nAl, 2024b), numerous models have been trained
to generate a long reasoning trace that includes hes-
itation, backtracking, and lookahead assumptions
(OpenAl, 2024b; Zhao et al., 2024; DeepSeek-Al,
2025; Muennighoff et al., 2025). However, exist-
ing step-by-step evaluation reasoning metrics are
not designed to accommodate these complex traces.
For instance, incorrect steps followed by correct
self-correction (e.g. Wait, this reasoning is not
correct.) will get low validity and utility scores be-
cause the step will lead to a contradiction and is se-
mantically irrelevant to the final answer. While the
necessity of trace evaluation in obtaining stronger
long-trace models is under debate (DeepSeek-Al,
2025), the effort to develop evaluation resources
for such trace will lead to a better understanding of
long-trace models’ behaviors and further improve-

3Figure 6(c) PRM800K, Qwen-Critic
4Figure 6(c) Qwen-MChNCritic

ment in reasoning performance.

Symbol-grounded evaluation of reasoning
traces. Reasoning tasks often have a symbolic
ground truth solution. For instance, deductive rea-
soning tasks can be represented with formal logic,
and arithmetic problems can be expressed as a se-
ries of equations or symbolic theorems. These
solutions provide precise, formal ways to define
metrics, including validity and utility (progress).
However, not much work has been done to exploit
the parallel between reasoning traces and the under-
lying symbolic solution. While several rule-based
approaches parse reasoning traces for evaluation
in relatively easier reasoning tasks (Saparov and
He, 2023; Nguyen et al., 2024; Li et al., 2023), no
attempts have been made to extend this paradigm
to evaluate reasoning traces for first-order logic
reasoning (Han et al., 2024a,b) and math problems
formalized using theorem provers, e.g. Lean (Yang
et al., 2023; Gao et al., 2024c¢).

Objective metrics for coherence evaluation.
LLMs often omit trivial inference steps in their
reasoning (Saparov and He, 2023), but there is no
consensus about to what extent can the step be omit-
ted (Section 3.3). This widespread ambiguity led
to a deprivation of objective coherence evaluation
metrics. A large-scale annotation of omittable and
non-omittable steps will facilitate the development
of precise coherence evaluators and comprehen-
sive meta-evaluation based on human perception
of coherence.

8 Conclusion

This survey aims to organize the scattered termi-
nologies and methods for step-by-step reasoning
evaluation, which is crucial for understanding and
improving LLM’s reasoning capabilities. This sur-
vey provides a unified taxonomy for evaluation cri-
teria, a comprehensive review on existing metrics
and their implementation, and tackle transferability
between different metrics.

Still, there are diverse challenges left in the field
of evaluating step-by-step reasoning. As the rea-
soning trace becomes longer and more complex
to solve challenging problems, existing methods
might fail to capture the complex structure of the so-
lution. As the step-by-step reasoning performance
and trustworthiness of LLMs improve, proper and
careful evaluation will surely remain crucially im-
portant.



9 Limitation

This survey aims to provide a comprehensive view
of step-by-step evaluation reasoning by focusing on
criteria definition and metric implementations. In
return, this work does not fully address the role of
human judgments in the task, including the human
annotation process (Lightman et al., 2024; Zheng
et al., 2024; Song et al., 2025), human correlation
(Zha et al., 2023; Golovneva et al., 2023a; Prasad
et al., 2023), and inter-annotator agreement (Jacovi
etal., 2024). Furthermore, while this work analyzes
reported empirical results in Section 6, it does not
perform additional experiments to compare more
diverse metrics in a fair and comprehensive set-
ting.
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A Tasks

This section aims to describe different reasoning
tasks and datasets in more detail.

Al

This section focuses on the metrics proposed for
evaluating the reasoning traces for multi-hop ques-
tion answering (MHQA) tasks. MHQA is often
divided into two subcategories, factual reasoning
and commonsense reasoning.

Inference in factual MHQAs is finding the se-
quence of bridging entities that leads to the final an-
swer (Yang et al., 2018; Talmor and Berant, 2018;
Kwiatkowski et al., 2019). For example, to solve
a factual MHQA question "The Argentine PGA
Championship record holder has won how many
tournaments worldwide?", one must first find who
(bridging entity) is the Argentine PGA champi-
onship record holder and determine how many tour-
naments he has won worldwide.

In contrast, an inference step in commonsense
MHQAs (Clark et al., 2018; Mihaylov et al., 2018;
Talmor et al., 2019; Bisk et al., 2019; Geva et al.,
2021; Trivedi et al., 2022) can require information
that is not present in the provided facts. The form
of such commonsense knowledge can be diverse,
ranging from well-known facts (Paris is in France.)
to logical rules (If A was born after B was dead,
they have never met each other).

LLMs are known to achieve strong performance
in challenging datasets such as ARC-Challenge and
PIQA (OpenAl, 2024a; Anil et al., 2023), some-
times exceeding human performance. However, de-
spite the high performance, multiple studies report
that even modern LLMs like GPT-4 are vulnera-
ble to errors, such as failing to correctly adhere to
long evidence (Zhu et al., 2024a), leveraging short-
cuts (Schnitzler et al., 2024), or ignoring temporal
relation between events (Li et al., 2024a). There-
fore, identifying and categorizing mistakes made
by LLMs can still be considered relevant tasks.

Multi-hop Question Answering

A.2 Symbolic Reasoning

Due to the improvement of LLMSs’ reasoning ability
since the discovery of Chain-of-thought prompting
(Wei et al., 2022b; Kojima et al., 2022), step-by-
step reasoning has proven effective in symbolic
reasoning tasks® such as mathematical reasoning,

SWhile symbolic reasoning may strictly refer to algorith-
mic reasoning (Wei et al., 2022b), we adopt the broader sense
including math and logical reasoning that can be readily ex-
pressed in symbols (equation, logic) (Sprague et al., 2024).
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logical reasoning, and algorithmic reasoning.

Arithmetic reasoning, where the model has to
predict the correct answer from arithmetic word
problems, is the most recognized variant of math
reasoning. Popular benchmarks include MathQA
(Amini et al., 2019) and GSM8k (Cobbe et al.,
2021), which provide long, diverse natural lan-
guage queries. Game of 24 (Yao et al., 2023) and
Mathador (Kurtic et al., 2024) ask to combine given
numbers and arithmetic operations to generate the
target number, requiring thorough exploration and
backtracking in the exponential solution space.

The rapid saturation of LLMs in arith-
metic word problems facilitated more challeng-
ing mathematical reasoning benchmarks from
olympiad/graduate-level problems, covering fields
like calculus, probability and statistics, geometry,
number theory, and more (He et al., 2024a; Gao
et al., 2024b; Glazer et al., 2024; Zhang et al.,
2024a). Recent reasoning-focused (a.k.a. slow-
thinking) LLMs (OpenAl, 2024b; Qwen-Team,
2024; DeepSeek-Al, 2025) achieve unprecedented
performance in these benchmarks by generating
long reasoning traces with self-verification and cor-
rection.

Deductive logical reasoning (Tafjord et al.,
2021; Tian et al., 2021; Saparov and He, 2023;
Han et al., 2024a) mainly focuses on logical deduc-
tion, where repeatedly applying the provided rules
to facts will reach the correct answer. Constraint-
based reasoning (Zhong et al., 2021; Tyagi et al.,
2024) is a variant of deductive reasoning where
one must find the solution that suffices the pro-
vided initial constraints (also referred to as grid
puzzle). These datasets have an exponentially sized
solution space that significantly reduces the LLM’s
reasoning performance in plain Chain-of-thought
setting (Kang et al., 2024).

Finally, algorithmic (symbolic) reasoning tasks
include manipulating strings and data structures,
such as concatenating the last letters of the given
words (Wei et al., 2022b) or completing the in-
complete Dyck language. BIG-Bench-Hard (BBH;
Suzgun et al. (2022)) and NPHardEval (Fan et al.,
2024) includes 11 and 9 algorithmic reasoning
tasks, respectively, which is challenging for even
modern LL.Ms like GPT-4 and PalLM-540B.

A.3 Uncovered tasks

Science reasoning tasks lie between fac-
tual/commonsense reasoning tasks and symbolic
reasoning tasks, as they often require addressing

18

very complicated facts and performing precise
math/logical reasoning (Rein et al., 2024; He et al.,
2024a). The most popular benchmark in this field,
GPQA-Diamond (Rein et al., 2024), contains 546
questions from physics, chemistry, and biology
where human experts only get 65% of the problem
correct.

Programming/coding is closely related to al-
gorithmic reasoning tasks. Popular benchmarks
regarding programming include competitive cod-
ing where one has to solve an algorithm problem
given in natural language and test codes (Chen
et al., 2021; Li et al., 2022), and practical coding
that covers tasks of software engineers and devel-
opers (Zhang et al., 2023a; Jimenez et al., 2024;
Chan et al., 2024). While writing a correct program
requires reasoning ability, coding differs from other
reasoning tasks in various aspects including: (1)
there is a strict syntax requirement for code, and (2)
the result is evaluated by the execution result, not
the final answer. These constraints lead to several
issues when (1) segmenting the trace (code) into
steps, or (2) applying metrics that require explicitly
stated answers, i.e. V-information.

B Resources

This section enumerates useful resources contain-
ing stepwise annotation. These datasets can be used
to train an evaluator or perform meta-evaluation on
different metrics.

B.1 Factual/Commonsense reasoning

For  meta-evaluating  metrics fac-
tual/commonsense reasoning, human annotations
on LLM-generated outputs are provided by
ROSCOE (Golovneva et al., 2023a), REVEAL
(Jacovi et al., 2024), and MR-Ben (Zeng et al.,
2024b) (MMLU portion).

in

B.2 Symbolic Reasoning

Training data for validity evaluators. The most
popular validity dataset used for training PRMs is
PRMS800k (Lightman et al., 2024), which contains
800k human-anntoated stepwise labels (75k rea-
soning traces) in MATH (Hendrycks et al., 2021)
dataset. It classifies each step into three labels,
positive, neutral, and negative, where negative de-
notes a clearly incorrect step and neutral is used
to defer the annotator’s uncertainty in borderline
cases. Other than PRM800k, MATH-Minos (Gao
et al., 2024a) provides LLM-generated validity
judgments for 440k reasoning traces.



Dataset Train Eval Base task Criteria # Trace Human
ROSCOE (Golovneva et al., 2023b) GSMB&K, DROP, eSNLI, (GV)U 1.0k
COSMOS-QA, SemEval-2018
Taskl11
REVEAL (Jacovi et al., 2024) StrategyQA, MuSiQue, Sports,  G(VC) 3.4k
Fermi
PRM800k (Lightman et al., 2024) MATH \% 75k
MATH-Minos (Gao et al., 2024a) GSMS8k, MATH % 440k
SCDPO (Lu et al., 2024) GSM8k, MATH U 30k
MR-GSMB8k (Zeng et al., 2024a) GSMS8k \% 3.0k
MR-Ben (Zeng et al., 2024b) MMLU (science), LogiQA, % 6.0k
MHPP (coding)
MR-MATH (Xia et al., 2025) MATH \% 0.1k
BIG-Bench-Mistake (Tyen et al., BIG-Bench (algorithmic) (vou 2.2k
2024)
ProcessBench (Zheng et al., 2024) GSM8k, MATH, Olympiad- \ 3.4k
Bench, Omni-MATH
PRMBench (Song et al., 2025) MATH vCcu 6.2k
Math-Shepherd (Wang et al., 2024b) GSM8k, MATH U 440k

Table 2: List of PRM training data and meta-evaluation benchmarks with step-wise annotation. Train/Eval columns
denote if the dataset is used for training or meta-evaluation. Base task indicates what tasks are used to sample
the reasoning trace. Criteria column shows the criteria used to annotate the data classified according to Section
3, where GVCU stands for groundedness, validity, coherence, and utility, respectively. Parentheses indicate that the
criteria group is not explicitly distinguished in the labels. Human column indicates human annotation, where

denotes full human annotation, automatic annotation with human verification, and no human intervention,

respectively.

Meta-evaluating validity evaluators. There are
multiple validity meta-evaluation benchmarks that
incorporate human evaluation. PRM80OK (Light-
man et al., 2024), MR-GSMS8k (Zeng et al., 2024a),
MR-Ben (Zeng et al., 2024b), MR-MATH (Xia
et al., 2025), BIG-Bench-Mistake (Tyen et al.,
2024), ProcessBench (Zheng et al., 2024), and
PRMBench (Song et al., 2025). PRM800k, BIG-
Bench-Mistake, and PRMBench formulate the task
as stepwise classification, where one has to evalu-
ate each step logically correct or not. In contrast,
ProcessBench and MR-* series are set to identify
the index of the first erroneous step in the reasoning
trace.

Training data for utility evaluators. Training
data for utility evaluators. The most popular op-
tion is Math-Shepherd (Wang et al., 2024b), which
includes 445k reasoning traces with labels assigned
by MCTS. A step’s label is positive if any of the
N = 8 rollouts starting from the step leads to a
correct answer, and negative otherwise. Also, Step-
Controlled DPO (Lu et al., 2024) provides a large
set of correct and incorrect reasoning traces, where
incorrect ones are obtained by slowly increasing
the LLM’s temperature.

Meta-evaluating utility evaluators. The stan-
dard approach for utility meta-evaluation in sym-
bolic reasoning is applying Best-of-N (BoN) decod-
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ing on challenging math reasoning datasets (Wang
et al., 2024b; Cui et al., 2024; Zhang et al., 2025).
In this setting the evaluator should choose the best
trace among /N sampled candidates, and the answer
accuracy is determined from the selected one. A
slight variant, weighted voting (Yuan et al., 2024a),
decides the final answer based on the sum of eval-
uation scores instead of choosing the one with the
highest score. In both settings, the upper bound
of utility evaluators’ performance is pass@N score,
which counts when at least one from N traces has
a correct answer.

C Metrics



Criterion Implementation Works
Groundedness Rule-based PrOntoQAT (Saparov and He, 2023), Nguyen et al. (2024)
Uncertainty SynCheck (Wu et al., 2024a), Qiu et al. (2024), Zhang et al. (2023c),
Semantic entropy probes (Farquhar et al., 2024; Kossen et al., 2024)
Cross-encoders ROSCOE-LI (Golovneva et al., 2023b), ReCEval (Prasad et al., 2023),
DBS (Zhu et al., 2024b), SynCheck (Wu et al., 2024a), As a baseline
(Jacovi et al., 2024)
PRMs As a baseline (Song et al., 2025)
Critic models RAGTruth (Niu et al., 2024), OCEAN (Wu et al., 2024c), F>-Verification
(Wang et al., 2024a), As a baseline (Ling et al., 2023; Jacovi et al., 2024;
Song et al., 2025, inter alia.)
Validity Rule-based PrOntoQA (Saparov and He, 2023), Nguyen et al. (2024), DiVeRSe (Li
et al., 2023)
V-information ReCEval (Prasad et al., 2023)
Cross-encoders ROSCOE-LI (Golovneva et al., 2023a), ReCEval (Prasad et al., 2023),
DBS (Zhu et al., 2024b), As a baseline (Jacovi et al., 2024)
PRMs PRMS8OOK (Lightman et al., 2024), MATH-Minos (Gao et al., 2024a),
ReasonEval (Xia et al., 2025), Qwen-PRM (Zhang et al., 2025), As a
baseline (Zheng et al., 2024; Zeng et al., 2024b; Xia et al., 2025; Song
et al., 2025, inter alia.)
Critic models F?-Verification (Wang et al., 2024a), As a baseline (Ling et al., 2023; Jacovi
et al., 2024; Zheng et al., 2024; Song et al., 2025, inter alia.)
Generative verifiers CLoud (Ankner et al., 2024), Generative verifier (Zhang et al., 2024b)
Coherence Rule-based PrOntoQA ' (Saparov and He, 2023), Nguyen et al. (2024)
Cross-encoders ROSCOE-LI" (Golovneva et al., 2023a), DiVeRSe (Li et al., 2023), DBS
(Zhu et al., 2024b)
PRMs As a baseline (Wang et al., 2024b)
Critic models Verify-CoT (Ling et al., 2023), As a baseline (Song et al., 2025)
Utility Rule-based PrOntoQA (Saparov and He, 2023), DiVeRSe (Li et al., 2023), Nguyen
et al. (2024)
Uncertainty Chain-of-probe (Wang et al., 2024d)

V-information

Cross-encoders

PRMs

Critic models

LLM-as-value-function

REV (Chen et al., 2023), ReCEval (Prasad et al., 2023), As a baseline (Yao
and Barbosa, 2024)

DBS (Zhu et al., 2024b)

Math-Shepherd (Wang et al., 2024b), RLHFlow-PRM (Xiong et al., 2024),
Skywork-01-Open-PRM (o1 Team, 2024), Eurus-PRM (Yuan et al., 2024b),
Qwen-PRM (Zhang et al., 2025)

Tree-of-thoughts (Yao et al., 2023), CPO (Zhang et al., 2024c), CriticBench
(Lin et al., 2024), As a baseline (Song et al., 2025)

GenRM (Mabhan et al., 2024), Step-DPO (Lai et al., 2024), MCTS-DPO
(Xie et al., 2024), IRPO (Pang et al., 2024) Tree-PLV (He et al., 2024b),
Step-Controlled DPO (Lu et al., 2024), PRIME (Cui et al., 2025)

Table 3: Metrics for step-by-step reasoning evaluation, sorted by criteria and implementation. If a work falls into
multiple categories because it ensembles different metrics or proposes/tests multiple implementations, it appears as
duplicate entities in the table. For the construction of Table 1, we do not count works with the following marks:
“While not explicitly claimed, the training instances might include errors about the criterion. tWhile the work
proposes a metric, the implementation is not transferable to other datasets.
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