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Abstract

Metriplectic systems are learned from data in a way that scales quadratically in both
the size of the state and the rank of the metriplectic data. Besides being provably
energy conserving and entropy stable, the proposed approach comes with approxi-
mation results demonstrating its ability to accurately learn metriplectic dynamics
from data as well as an error estimate indicating its potential for generalization to
unseen timescales when approximation error is low. Examples are provided which
illustrate performance in the presence of both full state information as well as when
entropic variables are unknown, confirming that the proposed approach exhibits
superior accuracy and scalability without compromising on model expressivity.

1 Introduction

The theory of metriplectic, also called GENERIC, systems [l 2] provides a principled formalism
for encoding dissipative dynamics in terms of complete thermodynamical systems that conserve
energy and produce entropy. By formally expressing the reversible and irreversible parts of state
evolution with separate algebraic brackets, the metriplectic formalism provides a general mechanism
for maintaining essential conservation laws while simultaneously respecting dissipative effects.
Thermodynamic completeness implies that any dissipation is caught within a metriplectic system
through the generation of entropy, allowing for a holistic treatment which has already found use in
modeling fluids [3} 4]], plasmas [5 (6], and kinetic theories [[7, 18]

From a machine learning point of view, the formal separation of conservative and dissipative effects
makes metriplectic systems highly appealing for the development of phenomenological models. Given
data which is physics-constrained or exhibits some believed properties, a metriplectic system can be
learned to exhibit the same properties with clearly identifiable conservative and dissipative parts. This
allows for a more nuanced understanding of the governing dynamics via an evolution equation which
reduces to an idealized Hamiltonian system as the dissipation is taken to zero. Moreover, elements
in the kernel of the learned conservative part are immediately understood as Casimir invariants,
which are special conservation laws inherent to the phase space of solutions, and are often useful
for understanding and exerting control on low-dimensional structure in the system. On the other
hand, the same benefit of metriplectic structure as a “direct sum” of reversible and irreversible parts
makes it challenging to parameterize in an efficient way, since delicate degeneracy conditions must
be enforced in the system for all time. In fact, there are no methods at present for learning general
metriplectic systems which scale optimally with both dimension and the rank of metriplectic data—an
issue which this work directly addresses.

Precisely, metriplectic dynamics on the finite or infinite dimensional phase space P are generated by a
free energy function(al) F' : P — R, F' = E+.S defined in terms of a pair £, S : P — R representing
energy and entropy, respectively, along with two algebraic brackets {-, -}, [-, ] : C°°(P) x C*(P) —
C*°('P) which are bilinear derivations on C*°(P) with prescribed symmetries and degeneracies
{S,-} = [E,]] = 0. Here {-,-} is an antisymmetric Poisson bracket, which is a Lie algebra
realization on functions, and [-, ] is a degenerate metric bracket which is symmetric and positive
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semi-definite. When P C R" for some n > 0, these brackets can be identified with symmetric
matrix fields L : P — Skew,(R),M : P — Sym, (R) satisfying {F,G} = VF - LVG and
[F,G) = VF - MVG for all functions F, G € C*°(P) and all states « € P. Using the degeneracy
conditions along with V& = I and abusing notation slightly then leads the standard equations for
metriplectic dynamics,

@ ={x,F} +[z,F) = {x,E} + [¢,5] = LVE + MVS,

which are provably energy conserving and entropy producing. To see why this is the case, recall that
LT = — L. Tt follows that the infinitesimal change in energy satisfies

E=%¢-VE=LVE-VE+ MVS-VE=—-LVE-VE+VS-MVE =0,

and therefore energy is conserved along the trajectory of «. Similarly, the fact that MT = M is
positive semi-definite implies that

S=&-VS=LVE -VS+MVS-VS=-VE-LVS+MVS-VS = |VS[3; >0,

so that entropy is nondecreasing along x as well. Geometrically, this means that the motion of a
trajectory @ is everywhere tangent to the level sets of energy and transverse to those of entropy,
reflecting the fact that metriplectic dynamics are a combination of noncanonical Hamiltonian (M =
0) and generalized gradient (L = 0) motions. Note that these considerations also imply the
Lyapunov stability of metriplectic trajectories, as can be seen by taking E as a Lyapunov function.
Importantly, this also implies that metriplectic trajectories which start in the (often compact) set
K ={z| E(x) < E(xo)} remain there for all time.

In phenomenological modeling, the entropy S is typically chosen from Casimirs of the Poisson
bracket generated by L, i.e. those quantities C' € C°°(P) such that LVC = 0. On the other hand,
the method which will be presented here, termed neural metriplectic systems (NMS), allows for all of
the metriplectic data L, M, E, S to be approximated simultaneously, removing the need for Casimir
invariants to be known or assumed ahead of time. The only restriction inherent to NMS is that the
metriplectic system being approximated is nondegenerate (c.f. Definition [3.T)), a mild condition
meaning that the gradients of energy and entropy cannot vanish at any point € P in the phase space.
It will be shown that NMS alleviates known issues with previous methods for metriplectic learning,
leading to easier training, superior parametric efficiency, and better generalization performance.

Contributions. The proposed NMS method for learning metriplectic models offers the following
advantages over previous state-of-the-art: (1) It approximates arbitrary nondegenerate metriplectic
dynamics with optimal quadratic scaling in both the problem dimension n and the rank r of the
irreversible dynamics. (2) It produces realistic, thermodynamically consistent entropic dynamics
from unobserved entropy data. (3) It admits universal approximation and error accumulation results
given in Proposition[3.7]and Theorem[3.9] (4) It yields exact energy conservation and entropy stability
by construction, allowing for effective generalization to unseen timescales.

2 Previous and Related Work

Previous attempts to learn metriplectic systems from data separate into “hard” and “soft” constrained
methods. Hard constrained methods enforce metriplectic structure by construction, so that the
defining properties of metriplecticity cannot be violated. Conversely, methods with soft constraints
relax some aspects of metriplectic structure in order to produce a wider model class which is easier to
parameterize. While hard constraints are the only way to truly guarantee appropriate generalization
in the learned surrogate, the hope of soft constrained methods is that the resulting model is “close
enough” to metriplectic that it will exhibit some of the favorable characteristics of metriplectic
systems, such as energy and entropy stability. Some properties of the methods compared in this work
are summarized in Table [T}

Soft constrained methods. Attempts to learn metriplectic systems using soft constraints rely on
relaxing the degeneracy conditions LV.S = MV E = 0. This is the approach taken in [9], termed
SPNN, which learns an almost-metriplectic model parameterized with generic neural networks
through a simple L? penalty term in the training loss, Lpen = |[LVE |2 + |MVS |2. This widens
the space of allowable network parameterizations for the approximate operators L, M. While
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the resulting model violates the first and second laws of thermodynamics, the authors show that
reasonable trajectories are still obtained, at least when applied within the range of timescales used
for training. A similar approach is taken in [10]], which targets larger problems and develops an
almost-metriplectic model reduction strategy based on the same core idea.

Hard constrained methods. Perhaps the first example of learning metriplectic systems from data
was given in [11]] in the context of system identification. Here, training data is assumed to come from
a finite element simulation, so that the discrete gradients of energy and entropy can be approximated
as VE(z) = Az, VS(x) = Bx. Assuming a fixed form for L produces a constrained learning
problem for the constant matrices M, A, B which is solved to yield a provably metriplectic surrogate
model. Similarly, the work [[12] learns M, E' given L, .S by considering a fixed block-wise decoupled
form which trivializes the degeneracy conditions, i.e. L = [« 0;0 0] and M = [0 0;0 x]. This
line of thought is continued in [13]] and [[14], both of which learn metriplectic systems with neural
network parameterizations by assuming this decoupled block structure. A somewhat broader class
of metriplectic systems are considered in [15] using tools from exterior calculus, with the goal of
learning metriplectic dynamics on graph data. This leads to a structure-preserving network surrogate
which scales linearly in the size of the graph domain, but also cannot express arbitrary metriplectic
dynamics due to the specific choices of model form for L, M.

A particularly inspirational method for learning general metriplectic systems was given in [16] and
termed GNODE, building on parameterizations of metriplectic operators developed in [17]. GNODE
parameterizes learnable reversible and irreversible bracket generating matrices L, M in terms of state-
independent tensors £ € (R”)@)3 and ¢ € (R”)®4: for1 < «, 8,7, 4, v < n, the authors choose
Log(x) = 3. €apy07S and Mag(z) = 3, , Cap,pv0" EOVE, where 0°F = 0F/0x,, £ is to-
tally antisymmetric, and ¢ is symmetric between the pairs (v, 1) and (3, ) but antisymmetric within
each of these pairs. The key idea here is to exchange the problem of enforcing degeneracy conditions
LVE = MVS = 0 in matrix fields L, M with the problem of enforcing symmetry conditions in
tensor fields &, ¢, which is comparatively easier but comes at the expense of underdetermining the
problem. In GNODE, enforcement of these symmetries is handled by a generic learnable 3-tensor

£ € (R™)®® along with learnable matrices D € Sym,.(R) and A* € Skew,,(R) for1 < s <r <n,
leading to the final parameterizations ., = 3 (éa/y, — Eav + Epva — Epay + Eyap — é,ga> and
Cap,Br = Zs,t A? uDstA%,,- Along with learnable energy and entropy functions F, .S parameterized
by multi-layer perceptrons (MLPs), the data L, M learned by GNODE guarantees metriplectic
structure in the surrogate model and leads to successful learning of metriplectic systems in some
simple cases of interest. However, note that this is a highly redundant parameterization requiring
(%) + (%) + (") + 2 learnable scalar functions, which exhibits O(n® + rn?) scaling in the

2
problem size because of the necessity to compute and store (g) entries of £ and r(g) entries of A.
Additionally, the assumption of state-independence in the bracket generating tensors &, ¢ is somewhat

restrictive, limiting the class of problems to which GNODE can be applied.

A related approach to learning metriplectic dynamics with hard constraints was seen in [18]], which
proposed a series of GFINN architectures depending on how much of the information L, M, E, S
is assumed to be known. In the case that L, M are known, the GFINN energy and entropy are
parameterized with scalar-valued functions f o Py, 4 where f : R"™ — R (¥ or 5) is learnable and
P4 : R® — R” is orthogonal projection onto the kernel of the (known) operator A (L or M).
It follows that the gradient V(f o Py a) = PieraV f(Piera) lies in the kernel of A, so that the
degeneracy conditions are guaranteed at the expense of constraining the model class of potential ener-
gies/entropies. Alternatively, in the case that all of L, M, E, S are unknown, GFINNs use learnable
scalar functions f for F, S parameterized by MLPs as well as two matrix fields Q¥, Q% € R"™*"
with rows given by ¢/ = (S/Vf )T for learnable skew-symmetric matrices Sf, 1 < s < 7,
f = E,S. Along with two triangular (r x r) matrix fields Tr,, Tz, this yields the parameterizations
L@) = Q%) (T (2)" - T1(x))Q%(x) and M(z) = QF(2)T(Tar(z) T (2))QF (z),
which necessarily satisfy the symmetries and degeneracy conditions required for metriplectic struc-
ture. GFINNSs are shown to both increase expressivity over the GNODE method as well as decrease
redundancy, since the need for an explicit order-3 tensor field is removed and the reversible and
irreversible brackets are allowed to depend explicitly on the state . However, GFINNs still exhibit
cubic scaling through the requirement of 7n(n — 1) + 72 4+ 2 = O(rnz) learnable functions, which
is well above the theoretical minimum required to express a general metriplectic system and leads to
difficulties in training the resulting models.
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Model reduction. Finally, it is worth mentioning the closely related line of work involving model
reduction for metriplectic systems, which began with [19]. As remarked there, preserving metriplec-
ticity in reduced-order models (ROMs) exhibits many challenges due to its delicate requirements on
the kernels of the involved operators. There are also hard and soft constrained approaches: the already
mentioned [[10] aims to learn a close-to-metriplectic data-driven ROM by enforcing degeneracies by
penalty, while [20] directly enforces metriplectic structure in projection-based ROMs using exterior
algebraic factorizations. The parameterizations of metriplectic data presented here are related to those
presented in [[20]], although NMS does not require access to nonzero components of VE, VS.

3 Formulation and Analysis

The proposed formulation of the metriplectic bracket-generating operators L, M used by NMS is
based on the idea of exploiting structure in the tensor fields &, ¢ to reduce the necessary number
of degrees of freedom. In particular, it will be shown that the degeneracy conditions LVS =
MYV E = 0 imply more than just symmetry constraints on these fields, and that taking these additional
constraints into account allows for a more compact representation of metriplectic data. Following
this, results are presented which show that the proposed formulation is universally approximating on
nondegenerate systems (c.f. Definition [3.1)) and admits a generalization error bound in time.

3.1 Exterior algebra

Developing these metriplectic expressions will require some basic facts from exterior algebra, of
which more details can be found in, e.g., [21, Chapter 19]. The basic objects in the exterior algebra
AV over the vector space V' are multivectors, which are formal linear combinations of totally
antisymmetric tensors on V. More precisely, if 7(V') denotes the two-sided ideal of the free tensor
algebra T'(V') generated by elements of the form v ® v (v € V), then the exterior algebra is the
quotient space AV ~ T(V)/I(V') equipped with the antisymmetric wedge product operation A.
This graded algebra is equipped with natural projection operators P* : AV — AFV which map
between the full exterior algebra and the Eth exterior power of V, denoted /\kV, whose elements
are homogeneous k-vectors. More generally, given an n-manifold M with tangent bundle 7'M, the
exterior algebra /\(T'M) is the algebra of multivector fields whose fiber over € M is given by
N M.

For the present purposes, it will be useful to develop a correspondence between bivectors B € A?(R™)
and skew-symmetric matrices B € Skew,,(R), which follows directly from Riesz representation in
terms of the usual Euclidean dot product. More precisely, supposing that eq, ..., e,, are the standard
basis vectors for R™, any bivector B € A?TR™ can be represented as B = ", <j Biie; A ej where
B ¢ R denote the components of B. Define a grade-lowering action of bivectors on vectors through
right contraction (see e.g. Section 3.4 of [22])), expressed for any vector v and basis bivector e; A e;
as (e; AN ej)-v=(e;-v)e; — (e; - v)e;. It follows that the action of B is equivalent to

B-v= ZBij((ej -v)e; — (e;-v)e;) = ZBijvjei - ZBjivjei = ZBijvjei = Bv,

i<j i<y J<i i,
where BT = —B € R"*" is a skew-symmetric matrix representing B, and we have re-indexed
under the second sum and applied that B = —B’* for all 4, j. Since the kernel of this action is

the zero bivector, it is straightforward to check that this string of equalities defines an isomorphism
M : A’R" — Skew,,(R) from the 279 exterior power of R™ to the space of skew-symmetric
(n x n)-matrices over R: in what follows, we will write B ~ B rather than B = M (B) for notational
convenience. Note that a correspondence in the more general case of bivector/matrix fields follows in
the usual way via the fiber-wise extension of M.

3.2 Learnable metriplectic operators

It is now possible to explain the proposed NMS formulation. First, note the following key definition
which prevents the consideration of unphysical examples.

Definition 3.1. A metriplectic system on &' C R" generated by the data L, M, E, S will be called
nondegenerate provided VE, VS # 0 forall z € K.
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With this, the NMS parameterizations for metriplectic operators are predicated on an algebraic result
proven in Appendix [A]

Lemma 3.2. Let K C R™. For all x € K, the operator L : K — R"*" satisfies LT = —L
and LV S = 0 for some S : K — R, V.S # 0, provided there exists a non-unique bivector field
A : U — A?R" and equivalent matrix field A ~ A such that

1
Le(An Y2 ). vs=A— L _avsavs.
VS| VS|

Similarly, for all x € K a positive semi-definite operator M : K — R"*"™ satisfies MT = M
and MV E = 0 for some E : K — R, VE # 0, provided there exists a non-unique matrix-valued
B : K — R" " and symmetric matrix-valued D : K — R"*" such that r < n and

VE VE
M = Dy|b°N—— ] VE® bAN—— | -VE
2 t( |VE|2> ( |VE2)

_Z’Dst(be o) (- b SEo)

where b® denotes the s column of B. Moreover, using Pf = (I V|v fléT) to denote the

orthogonal projector onto Span(V f ) , these parameterizations of L, M are equivalent to the
matricized expressions L = P§ APSL and M = PE%BDBT Pﬁ-

Remark 3.3. Observe that the projections appearing in these expressions are the minimum necessary
for guaranteeing the symmetries and degeneracy conditions necessary for metriplectic structure. In
particular, conjugation by Pjﬁ- respects symmetry and ensures that both the input and output to the

conjugated matrix field lie in Span(V )+

Lemma demonstrates specific parameterizations for L, M that hold for any nondegenerate
metriplectic data and are core to the NMS method for learning metriplectic dynamics. While
generally underdetermined, these expressions are in a sense maximally specific given no additional
information, since there is nothing available in the general metriplectic formalism to determine the
matrix fields A, BDBT on Span(VS), Span(VE), respectively. The following Theorem, also
proven in Appendix [A] provides a rigorous correspondence between metriplectic systems and these
particular parameterizations.

Theorem 3.4. The data L, M , E, S form a nondegenerate metriplectic system in the state variable
x € K if and only if there exist a skew-symmetric A : K — Skew,(R), symmetric postive
semidefinite D : K — Sym,.(R), and generic B : K — R"™*" such that

@ = LVE + MVS = Py APyVE + Py BDBTP; V5.

Remark 3.5. Note that the proposed parameterizations for L, M are not one-to-one but properly
contain the set of valid nondegenerate metriplectic systems in E, S, since the Jacobi identity on L
necessary for a true Poisson manifold structure is not strictly enforced. For 1 < 4,5,k < n, the
Jacobi identity is given in components as ) _, LigE)Eij + ngafL,m- + LMBELU = 0. However, this
requirement is not often enforced in algorithms for learning general metriplectic (or even symplectic)
systems, since it is considered subordinate to energy conservation and it is well known that both
qualities cannot hold simultaneously in general [23]].

3.3 Specific parameterizations

Now that Theorem [3.4] has provided a model class which is rich enough to express any desired
metriplectic system, it remains to discuss what NMS actually learns. First, note that it is unlikely to
be the case that F, S are known a priori, so it is beneficial to allow these functions to be learnable
alongside the governing operators L, M. For simplicity, energy and entropy E, S are parameterized
as scalar-valued MLPs with tanh activation, although any desired architecture could be chosen for
this task. The skew-symmetric matrix field A = Ay; — A, used to build L is parameterized
through its strictly lower-triangular part Ay,; using a vector-valued MLP with output dimension (g) ,
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which guarantees that the mapping Ay,; — A above is bijective. Similarly, the symmetric matrix
field D = Ko K" ohol 18 parameterized through its lower-triangular Cholesky factor K01, which

is a vector-valued MLP with output dimension (7‘51). While this choice does not yield a bijective
mapping K01 — D unless, e.g., D is assumed to be positive definite with diagonal entries of fixed
sign, this does not hinder the method in practice. In fact, D should not be positive definite in general,
as this is equivalent to claiming that M is positive definite on vectors tangent to the level sets of F.
Finally, the generic matrix field B is parameterized as a vector-valued MLP with output dimension
nr. Remarkably, the exterior algebraic expressions in Lemma [3.2]require less redundant operations
than the corresponding matricized expressions from Theorem [3.4] and therefore the expressions from
Lemma [3.2]are used when implementing NMS. Figure[I| summarizes this information.

Remark 3.6. With these choices, the NMS parameterization of metriplectic systems requires only
(1/2)((n+7)? — (n — r)) 4 2 learnable scalar functions, in contrast to () +7(5) + (") + 2 for
the GNODE approach in [16] and rn(n — 1) + r2 + 2 for the GFINN approach in [18]]. In particular,
NMS is quadratic in both n, r with no decrease in model expressivity, in contrast to the cubic scaling
of previous methods.

nx1

VE(x) Input/Output Learnable Calculated

E(x) VS(x)
. . . nx1 S(x)
Table 1: Properties of the metriplectic
architectures compared.
x(tr)
Name Physics Bias Restrictive ~ Scale Bx) L(x)
NODE None No Linear RE)
SPNN Soft No Quadratic Aui(x)
GNODE Hard Yes Cubic
GFINN Hard No Cubic Kao() ]
NMS Hard No Quadratic

Figure 1: A visual depiction of the NMS architecture.

3.4 Approximation and error

Besides offering a compact parameterization of metriplectic dynamics, the expressions used in NMS
also exhibit desirable approximation properties which guarantee a reasonable bound on state error
over time. To state this precisely, first note the following universal approximation result proven in
Appendix

Proposition 3.7. Let K C R" be compact and E,S : K — R be continuous such that LV S =
MVE =0and VE, VS # 0 forall x € K. For any € > 0, there exist two-layer neural network
ﬁmcttonsE S:K—-R,L:K— Skew, (R )andM K — Sym,,(R) such that VE, VS # 0 on
K, M is positive semi-definite, LVS = MVE = 0 for all € K, and each approximate function
is e-close to its given counterpart on K. Moreover, if L, M have k > 0 continuous derivatives on K
then so do i, M.

Remark 3.8. The assumption € K of the state remaining in a compact set V' is not restrictive when
at least one of F, —S : R™ — R, say F, has bounded sublevel sets. In this case, letting ¢ = x(0) it
follows from F < 0 that E(x(t)) = E(xo) + fot E(x(1)) dr < E(=), so that the entire trajectory
x(t) lies in the (closed and bounded) compact set K = {x | E(x) < E(x¢)} C R™.

Leaning on Proposition[3.7]and classical universal approximation results in [24], it is further possible
to establish the following error estimate also proven in Appendix [A]which gives an idea of the error
accumulation rate that can be expected from this method.

Theorem 3.9. Suppose L, M, E S are nondegenerate metriplectic data such that L, M have at
least one continuous derlvatlve E, S have Lipschitz continuous gradients, and at least one of £, —S

have bounded sublevel sets. For any € > 0, there exist nondegenerate metriplectic data L M, E,S
defined by two-layer neural networks such that, for all T' > 0,

T 2 b
/ le— & dt | <e|-
O a

‘\/e%T —2e°T + T +1,
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where a,b € R are constants depending on both sets of metriplectic data and & = L(&)VE(&) +

M(z)V5(&).
Remark 3.10. Theorem 3.9 provides a bound on state error over time under the assumption that the
approximation error in the metriplectic networks can be controlled. On the other hand, notice that
Theoremm can also be understood as a generic error bound on any trained metriplectic networks

L, M, E, S provided universal approximation results are not invoked in the estimation leading to €b.

This result confirms that the error in _the state « for a fixed final time 7" tends to zero with the
approximation error in the networks L,M . E,S, as one would hope based on the approximation
capabilities of neural networks. More 1mportantly, Theorem 3.9]also bounds the generalization error
of any trained metriplectic network for an appropriate (and possibly large) € equal to the maximum
approximation error on K, where the learned metriplectic trajectories are confined for all time.
With this theoretical guidance, the remaining goal of this work is to demonstrate that NMS is also
practically effective at learning metriplectic systems from data and exhibits reasonable generalization
to unseen timescales.

4 Algorithm

Similar to previous approaches in [16] and [18], the learnable parameters in NMS are calibrated
using data along solution trajectories to a given dynamical system. This brings up an important
question regarding how much information about the system in question is realistically present in
the training data. While many systems have a known metriplectic form, it is not always the case
that one will know metriplectic governing equations for a given set of training data. Therefore, two
approaches are considered in the experiments below corresponding to whether full or partial state
information is assumed available during NMS training. More precisely, the state x = (z°, *) will
be partitioned into “observable” and “unobservable” variables, where =" may be empty in the case
that full state information is available. In a partially observable system x° typically contains positions
and momenta while =" contains entropy or other configuration variables which are more difficult
to observe during physical experiments. In both cases, NMS will learn a metriplectic system in x
according to the procedure described in Algorithm|[T}

Algorithm 1 Training neural metriplectic systems

1: Input: snapshot data X € R"*"=, each column x; = x(ts, ps), target rank r > 1, batch size
ny 2 1.

2: Initialize networks Ay,i, B, Kcnol, E, S, and loss L = 0

3: for step in Ngieps do

Randomly draw batch P = {(te, s, )}ty

5:  for (t,x) in P do

6: Evaluate Ayi(x), B(x), Kehol(), E(x), S(x)

7.

8

noR

Automatically differentiate F, S to obtain VE(x), VS ()
: Form A(z) = Ayi(z) — Ayi(z)" and D(z) = Kepo1(2) Kenol(z) T
9: Build L(x), M (x) according to Lemma
10: Evaluate € = L(x)VE(x) + M (x)VS(x

11: Randomly draw ny, ...,n; and form t; =t 4 n;At¢ for all j
12: Z1,...,&; = ODEsolve(&, t1,...,1;)

13: L +=1""3, Loss(x;, ;)

14:  end for

15:  Rescale L = |P|7'L
16:  Update Asyi, B, Kcnol, E, S through gradient descent on L.
17: end for

Note that the batch-wise training strategy in Algorithm [I] requires initial conditions for «* in the
partially observed case. There are several options for this, and two specific strategies will be
considered here. Suppose the data are drawn from the training interval [0, T'] with initial state x
and final state 7. The first strategy sets ¢j = 0, 7 = 1 (where 1 is the all ones vector), and
x¥ =1/T,0 < s < T, so that the unobserved states are initially assumed to lie on a straight line.
The second strategy is more sophisticated, and involves training a diffusion model to predict the
distribution of =* given x°. Specific details of this procedure are given in Appendix
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5 Examples

The goal of the following experiments is to show that NMS is effective even when entropic information
cannot be observed during training, yielding superior performance when compared to previous
methods including GNODE, GFINN, and SPNN discussed in Section E} The metrics considered
for this purpose will be mean absolute error (MAE) and mean squared error (MSE) defined in the
usual way as the average ¢! (resp. squared ¢2) error between the discrete states z, & € R™*"s. For
brevity, many implementation details have been omitted here and can be found in Appendix Bl An
additional experiment showing the effectiveness of NMS in the presence of both full and partial state
information can be found in Appendix [C]

Remark 5.1. To facilitate a more equal parameter count between the compared metriplectic meth-
ods, the results of the experiments below were generated using the alternative parameterization
D = KKT where K : K — R™¥" is full and 7’ > r. Of course, this change does not affect
metriplecticity since D is still positive semi-definite for each = € K.

5.1 Two gas containers

The first test of NMS involves two ideal gas containers separated by movable wall which is removed
at time tg, allowing for the exchange of heat and volume. In this example, the motion of the state
x=(q p Si1 S2)"isgoverned by the metriplectic equations:

P : 2(El($)Ez($)>7

= P=3\ "y 2L — ¢
& 9N2k?5.a< 11 ) & 9N2k%‘3a( 11 >
YT 4B (x) \Ei(z) Eu(x) )’ 2 4F(z) \Ei(z) Es(xz))’

where (g, p) are the position and momentum of the separating wall, S7, So are the entropies of the
two subsystems, and the internal energies I/, E'5 are determined from the Sackur-Tetrode equation

for ideal gases, S;/Nkp = In (éViEf’/2>, 1 < ¢ < 2. Here, m denotes the mass of the wall, 2L is

the total length of the system, and V; is the volume of the i*" container. As in [16,25] Nkp = 1 and
o = 0.5 fix the characteristic macroscopic unit of entropy while ¢ = 102.25 ensures the argument of
the logarithm defining E; is dimensionless. This leads to the total entropy S(x) = S + So and the
total energy E(x) = (1/2m)p? + E1(x) + Ea(x), which are guaranteed to be nondecreasing and
constant, respectively.

The primary goal here is to verify that NMS can accurately and stably predict gas container dynamics
without the need to observe the entropic variables S7, So. To that end, NMS has been compared to
GNODE, SPNN, and GFINN on the task of predicting the trajectories of this metriplectic system
over time, with results displayed in Table 2] More precisely, given an intial condition x and an
interval 0 < tipain < tvalid < ttest, €ach method is trained on partial state information (in the case of
NMS) or full state information (in the case of the others) from the interval [0, t;,.;n] and validated on
(ttrain, tvalid] before state errors in g, p only are calculated on the whole interval [0, ¢cst]. As can be
seen from Table [2]and Figure 2] NMS is remarkably accurate over unseen timescales even in this
unfair comparison, avoiding the unphysical behavior which often hinders soft-constrained methods
like SPNN. The energy and instantaneous entropy plots in Figure 2] further confirm that the strong
enforcement of metriplectic structure guaranteed by NMS leads to correct energetic and entropic
dynamics for all time.

5.2 Thermoelastic double pendulum

Next, consider the thermoelastic double pendulum from [26] with 10-dimensional state variable x =
(@i @2 pP1 p2 Si Sz)T, which represents a highly challenging benchmark for metriplectic
methods. The equations of motion in this case are given for 1 < ¢ < 2 as

. Di
q;, = —,
m;

pi = —0q,(Er(z) + Ba(z)), S1=n(Ty'Ta—1), Sy=r(TiTy "' —1),

where % > 0 is a thermal conductivity constant (set to 1), m; is the mass of the i spring (also set to
1) and T; = Og, E; is its absolute temperature. In this case, q;, p; € R? represent the position and



344
345

347

348
349
350
351
352
353
354

355

356

358
359
360
361
362
363

365
366

SPNN GNODE GFINN — NMS

2.0
1.24

12 i 101 [\/\VI\/‘ \/\VI\V/\ VAVAVAVA

o

0.5 I»'wﬁ 0.8
0.0 | ‘MMMMWM ___________________________________ 0.6 1
(I) Zb 4‘0 6‘0 8’0 100 10 15 20 25 3‘0 35 40
. . 2 ..
(a) Hamiltonian H = Z— (b) Position ¢
5 0.015 +
I | °
0.010 {1
1 A\ 4 O 3 o o e e e (|
00 \} \/\\/\\/\/\v,\l Y 0.005 1§
_054
=51 [ o e —— 90 75
10 1‘5 20 2‘5 3‘0 3‘5 40 0 20 40 6‘0 8‘0 100 0 20 4b Gb 80 100
(¢) Momentum p (d) Energy E=H + ), E; (e) Instantaneous Entropy S

Figure 2: The ground-truth and predicted position, momentum, instantaneous entropy, and energies
for the two gas containers example in the training (white), validation (yellow), and testing (red)
regimes.

Table 2: Prediction errors for «° measured in MSE and MAE on the interval [0, t1est] in the two gas
containers example (left) and on the test set in the thermoelastic double pendulum example (right).

NODE SPNN GNODE  GFINN NMS NODE SPNN GNODE  GFINN NMS

MSE .124+.04 .13+£.10 .16£.10 .07+.03 .01+.02 MSE 41+.01 42+.01 42+.01 40+.03 .38+.03
MAE 25+.10 264+.14 25+.13 .13+.03 .08 .06 MAE 48+.04 47+.03 46+.04 43+.07 42+.07

momentum of the i*" mass, while S, represents the entropy of the i*" pendulum. As before, the total
entropy S(x) = S1 + So is the sum of the entropies of the two springs, while defining the internal

energies B; () = (1/2)(In \;)* +1n X, + €5~ 0% — 1.\ = |g;], A2 = |g2 — q1], leads to the total
energy E(@) = (1/2m1)|p1|* + (1/2m2) |p2|* + Ei(2) + Bz ().

The task in this case is prediction across initial conditions. As in [[18]], 100 trajectories are drawn from
the ranges in Appendix [B|and integrated over the interval [0, 40] with At = 0.1, with an 80/10/10
split for training/validation/testing. Here all compared models are trained using full state information.
As seen in Table[2] NMS is again the most performant, although all models struggle to approximate
the dynamics over the entire training interval. It is also notable that the training time of NMS is greatly
decreased relative to GNODE and GFINN due to its improved quadratic scaling; a representative
study to this effect is given in Appendix D]

6 Conclusion

Neural metriplectic systems (NMS) have been considered for learning finite-dimensional metriplectic
dynamics from data. Making use of novel non-redundant parameterizations for metriplectic operators,
NMS provably approximates arbitrary nondegenerate metriplectic systems with generalization error
bounded in terms of the operator approximation quality. Benchmark examples have shown that
NMS is both more scalable and more accurate than previous methods, including when only partial
state information is observed. Future work will consider extensions of NMS to infinite-dimensional
metriplectic systems with the aim of addressing its main limitation: the difficulty of scaling NMS
(among all present methods for metriplectic learning) to realistic, 3-D problems of the size that would
be considered in practice. A promising direction is to consider the use of NMS in model reduction,
where sparse, large-scale systems are converted to small, dense systems through a clever choice of
encoding/decoding.
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A Proof of Theoretical Results

This Appendix provides proof of the analytical results in Section 3| of the body. First, the parameteri-
zations of L, M in terms of exterior algebra are established.

Proof of Lemma[3.2] First, it is necessary to check that the operators L, M parameterized this way
satisfy the symmetries and degeneracy conditions claimed in the statement. To that end, recall that
aAb~ abT —baT, meaning that (ab™ — ba™)" ~ bAa = —a Ab. It follows that AT ~ A = —A

where A denotes the reversion of A ie., A= Z@ <j Al e; N e;. Therefore, we may write
1

- 1] —
L"~A- —AVSAVS=-A+ —AVSAVS~ L,
VS| VS|

showing that L™ = — L. Moreover, using that
(bAe)-a=—-a-(bAc)=(a-c)b—(a-b)c,
it follows that

1
LVS:A-VS—W(AVSAVS)VS:AVS—AVS:O,

since VS - AVS = —VS - AVS = 0. Moving to the case of M, notice that M = Dy v* @ v for
a particular choice of v, meaning that

MT = ZDst(vs ®v")’ = ZDstvt v’ = ZDtsvs ® vt = ZDStvs ® vt =M,
st s,t t,s s,t
since D is a symmetric matrix. Additionally, it is straightforward to check that, forany 1 < s < r,

b*-VE
IVE|?

vS~VE:<bS— VE>~VE:bS-VE—bS-VE:O.

So, it follows immediately that

MVE =) Dy(v*®v") - VE=> Dy(v'-VE)v® =0.
s,t s,t

Now, observe that

L=A- —(AVS(VS) - VS(AVS)T)

VS|
1
=A—- ——5(AVS(VST)+VS(VS)TA)
VS|
T T
=(1- LW‘? AT - LW‘? = P& APy,
VS| VS|
since AT = — A and hence vT Av = 0 for all v € R™. Similarly, it follows that for every 1 < s <'r,
P3b* =b" — %va
IVE]|

and therefore M is expressible as

M =) " Dy(Pgb*)(Pyb')" = Py BDB™ P [

s,t

With Lemma 3.2 established, the proof of Theorem [3.4]is straightforward.

Proof of Theorem The “if” direction follows immediately from Lemma[3.2} Now, suppose that
L and M define a metriplectic system, meaning that the mentioned symmetries and degeneracy
conditions hold. Then, it follows from LVS = 0 that the projection P4 LPg = L leaves L
invariant, so that choosing A = L yields P§AP§ = L. Similarly, from positive semi-definiteness
and MVE = 0 it follows that M = UAUT = PE-UAUTPE: for some column-orthonormal

U < RY*" and positive diagonal A € R"*". Therefore, choosing B = U and D = A yields
M = P BDBTP, as desired. O

12
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Looking toward the proof of Proposition we also need to establish the following Lemmata which
give control over the orthogonal projectors Pé:, Pg-. First, we recall how control over the L°® norm

||, of a matrix field gives control over its spectral norm |-|.

Lemma A.1. Let A : K — R"*" be a matrix field defined on the compact set K C R™ with m
continuous derivatives. Then, for any £ > 0 there exists a two-layer neural network A : K — R™*"

such that supmeK‘A — A‘ < € and supmeK‘VkA — kai‘ < efor1 <k < mwhere V" is the

(total) derivative operator of order k.

Proof. This will be a direct consequence of Corollary 2.2 in [24] provided we show that |A| < c|A|
for some ¢ > 0. To that end, if 07 > ... > 0, > 0 (r < n) denote the nonzero singular values of

A — A, it follows that for each x € K,

’A—A‘201§\/0%+...+03:

On the other hand, it also follows that

‘A - A’F - \/%:‘Aij — Ay “< \/ZZ’;H}%X’AM — Ay

2

i

9

= n\/ma_x‘Aij = flij

:@A—A

‘ o0

and therefore the desired inequality holds with ¢ = n. Now, for any € > 0 it follows from [24] that

there exists a two layer network A with m continuous derivatives such that SUDPgc ;¢ ‘A — A’ <e/n
o0

and supweK’VkA — VkA‘ <¢e/n < eforall 1 <k < m. Therefore, it follows that
o0

xeK

completing the argument.

sup’A— A‘

~ €
gnsup‘A—A‘ <n—=g¢g,
reK 00 n

Next, we bound the deviation in the orthogonal projectors Pé;, Pg-.

Lemma A.2. Let f : R” — R be such that V f # 0 on the compact set K C R™. For any e > 0,
there exists a two-layer neural network f : K — R such that V f #0on K, supmeK‘f — f‘ <

5,supm€K‘Vf—Vf‘ <k, andsupweK‘PfL —PfL’ <e.

Proof. Denote V f = v and consider any © : K — R. Since |v| < |9]| + |v — 9|, it follows for all
x € K that whenever |v — 9| < (1/2) infzex|v|,

- 1.
|o| > |v| —|v — 9| > |v] — = inf |v] > 0,
2 xeK

so that © # 0 in K, and since the square function is monotonic,

On the other hand, we also have |9| < |v| + |0 — v| < |v| + (1/2) infzex|v

2
1 1
inf [6)* > inf (|v| — = inf |v] ] == inf |v]?
TeK TEK 2 xeK 4 xeK

subtracting vvT and applying Cauchy-Schwarz, it follows that for all x € K,

, so that, adding and

|[vvT — 997T| < |v — D||v| + |D]|lv — D] < 2max{|v|, |9|}|v — D] < <2|’u + ig(v|>|v — 2|
T

Now, by Corollary 2.2 in [24], for any € > 0 there exists a two-layer neural network f : K — Rsuch

that

sup |v —
ek

Vf‘ <min{

1
— inf |v],
2 zcK

infee v €

28Upge || + infrex|v] 47

13
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and also sup, ¢ x ’f - f‘ < e. Letting v = Vf, it follows that for all x € K,

|[vvT — vOT| 2|v| + infrex|v|
<
= 2 1 ~2\ = . 2 =2
m1n{|v| .| 0] } mln{|’U‘ |9 }

and therefore, taking the supremum of both sides and applying the previous work yields the desired
estimate,

voT voT
o)

25upg e |v| + infrex|v]
‘2

sup v — 0| <e. O

1 1
sup ‘P — P: ‘ <4
! I reK

xeK infpex|v

With these intermediate results established, the proof of the approximation result Proposition
proceeds as follows.

1
A tri)P S
and similarly for L. Notice that, by adding and subtracting P;: AmPg- and PSJ- Atrin-, it follows
that forall x € K,

’PSlAmPSL - Pg,&mpg‘

Proof of Proposition[3.7] Recall from Theorem [3.4| that we can write L = Pg (A — A

= ‘<P§__PSJ_)AWIP,;—"_PA%_(AHI_Atrl)P§_+P§_Atrl(P§_—P§‘)

< |P§_ 7P§_|‘Atr1‘ + ’Atri - Atri

+ ‘Atri

|Ps — Py

< 2maX{|Am\, A

}‘Pé_P§‘+‘Atri_Atri

where we have used that P§, PSL have unit spectral norm. By Lemma for any € > 0 there exists
< §.and by Lemmathere exists

1ol

a two layer neural network Am such that supg ¢ ‘Am — Am

a two-layer network S with VS # 0 on K such that

sup ‘PSl — PSL‘ < min{ e, max{ sup | Atril, sup | A
xeK TrEK TEK

It follows that S, V.S are e-close to S, V.S on K and

sup (2 max{ |Atri ‘, ‘Atri
xcK

1 1 €
pIPs —Pel) < 4
Therefore, the estimate

sup ’L — i‘ < 2 sup Pg‘AmPSJ‘ — PglfimPSJ" < 2(E + E) =g,
zeK ek 4 4

implies that L is e-close to L on K as well.

Moving to the case of M, we see that for all z € K, by writing M = UAUT = Ky, K], for

Kgo=U AY? and repeating the first calculation with K, in place of Ay,; and P]j: in place of
j

1 T
‘P & Kenol K, chol

L 1L g T L
Pi - P{ Ka K, Pt |

<2 maX{ | Kchot|, | K.

chol

VPE - PE| KooK, KooKl

Moreover, if ‘Kchol — Kchol‘ < (1/2) infpe k| Kcnol| for all & € K then similar arguments as used
in the proof of LemmalA.2]yield the following estimate for all x € K,

}‘Kchol - Kchol

T % T
]Kchochhol — Ka KD, Kehol

S 2 max{ |Kchol|a

S (2|Kchol| + 1nf |Kchol|) ‘Kchol - Kchol
zeK

14
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As before, we now invoke Lemmato construct a two-layer lower-triangular network K chol such
that

sup Kchol - Kchol
reK

as well as (using Lemma a network E satisfying VE # 0 on K and

1
.1 . €
< min {2 inf | Kchol, (2 sup |Kehol| + inf |Kch01|) },
TEK 2K zEK 2

1l

Again, it follows that E~‘7 VE are e-close to F , VE on K, and by the work above we conclude

sup |P}Jj — Pi:| < min amax{ sup | Kchol|, sup ’Kchol
reK xeK xeK

sup| M — M| = sup|Pg Kawa K], Pg — P Ka K], PE| < 5 +5 =,
reK rzeK

as desired. O

It is now possible to give a proof of the error bound in Theorem Recall the L?([0,T1]) error
metric ||| and Lipschitz constant Lz, defined for all , y € R" and Lipschitz continuous functions

f as
2 T 2
Jlf? = / w2dt, |f(x) - )| < Lylz - yl.
0

Proof of Theorem[3.9] First, note that the assumption that one of E, —S (without loss of generality,
say F) has bounded sublevel sets implies bounded trajectories for the state  as in Remark [3.8]
so we may assume x € K for some compact K C R". Moreover, for any € > 0 it follows
from Proposition that there are approximate networks E, S which are e-close to E, S on K.
Additionally, it follows that E, S have nonzero gradients VE, V.S which are also e-close to the true
gradients VE, V.S on K. This implies that foreach x € K, F = E+ (E — E) < E+ €, SO it
follows that the sublevel sets {z | E(x) < m} C {x| E(z) < m + ¢} are also bounded. Therefore,
we may assume (by potentially enlarging K) that both , € K lie in the compact set K for all time.

Now, let y = & — . The next goal is to bound the following quantity:

lyl = ‘L(w)VE(w) M(z)VS(x) - L(@)VE(Z) - M(2)VS5(2)

- ’ (L(:c)VE(az) - i(i)VE(aE)) + (M(a:)VS(w) - M(i)VS(:E)) ‘ =: |y + ¥s.

To that end, notice that by adding and subtracting L(x)VE(&), L(x)VE(&), L(&)V E(&), it fol-
lows that

yr = L()(VE(x) - VE()) + (L(x) - L(z) ) VE()
+ (i(m) - i(:ﬁ))VE(:a) + L(2) (VE(gz) - vE(:z)).
By Proposition [3.7|there exists a two-layer neural network L with one continuous derivative such

that sup,,¢ K‘L — IN/‘ < ¢, which implies that L is Lipschitz continuous with (uniformly well-

approximated) Lipschitz constant. Using this fact along with the assumed Lipschitz continuity of
V E and the approximation properties of the network E already constructed then yields

lyg| < (LVE sup |L| 4 Lj sup VE|) ly| + 5<sup ’i‘ + sup |VE|) =:agly|+¢cbg.
zreEK reK reK reEK
Similarly, by adding and subtracting M (x)V.S(&), M ()VS(&), M (&)VS(&), it follows that
ys = M()(VS(2) - VS(2)) + (M(@) - M(2)) VS()
+ (M(@) - M(2))VS(2) + M(@)(VS(2) - V5(2)).
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By Proposition , there exists a two-layer network M with one continuous derivative such that
SUDPg ¢ K‘M — M| < &, with M Lipschitz continuous for the same reason as before. It follows from

this and supmeK‘VS - VS‘ < ¢ that

51 < (Los supI] + Ly sup V5]l + = sup |87 + sup 751 ) = aslyl + <t
xreK zreEK reK rzeEK
Now, recall that ;|y| = |y| ™" (¢ - y) < |g| by Cauchy-Schwarz, and therefore the time derivative of
|y| is bounded by
Olyl < yel + [9s| = (ap + as)|yl + £(be + bs) =: aly| + b.

This implies that 9;|y| — a|y| < b, so multiplying by the integrating factor e~%* and integrating in
time yields

t
ly(t)| < 65/ =) dr = Eg(e‘” -1),
0

where we used that y(0) = 0 since the initial condition of the trajectories is shared. Therefore, the
L2 error in time can be approximated by

T 2
b
lyll* = / [y dt < (2T —2e"T + T+ 1),
0

establishing the conclusion. O

B Experimental and Implementation Details

This Appendix records additional details related to the numerical experiments in Section 5} For each
benchmark problem, a set of trajectories is manufactured given initial conditions by simulating ODEs
with known metriplectic structure. For the experiments in Table |2} only the observable variables
are used to construct datasets, since entropic information is assumed to be unknown. Algorithm 2]
summarizes the training of the dynamics models used for comparison with NMS.

Algorithm 2 Training dynamics models

1: Input: snapshot data X € R™*"= each column xs = x(ts, ps), target rank r > 1
2: Initialize loss L = 0 and networks with parameters ©

3: for step in Ngieps do

4:  Randomly draw an initial condition (o, , o, ) Where k € n,

5. &i,...,& = ODEsolve(xo, , &, t1, ..., ;)

6:  Compute the loss L((x9,...,x7), (&, ..., 2}))

7. Update the model parameters © via SGD

8: end for

For each compared method, integrating the ODEs is done via the Dormand—Prince method (do-
pri5) [27] with relative tolerance 10~ and absolute tolerance 10~°. The loss is evaluated by
measuring the discrepancy between the ground truth observable states «° and the approximate observ-
able states ° in the mean absolute error (MAE) metric. The model parameters © (i.e., the weights
and biases) are updated by using Adamax [28] with an initial learning rate of 0.01. The number of
training steps is set as 30,000, and the model parameters resulting in the best performance for the
validation set are chosen for testing. Specific information related to the experiments in Section [3]is
given in the subsections below.

For generating the results reported in Table [2] we implemented the proposed algorithm in Python
3.9.12 and PyTorch 2.0.0. Other required information is provided with the accompanying code. All
experiments are conducted on Apple M2 Max chips with 96 GB memory. To provide the mean
and the standard deviation, experiments are repeated three times with varying random seeds for all
considered methods.
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B.1 Two gas containers

As mentioned in the body, the two gas container (TGC) problem tests models’ predictive capability
(i.e., extrapolation in time). To this end, one simulated trajectory is obtained by solving an IVP with
a known TGC system and an initial condition, and the trajectory of the observable variables is split
into three subsequences, [0, tuainl, (irains tval]> and (tyar, tese] for training, validation, and test with
0< tlrain < ya < tlest-

In the experiment, a sequence of 100,000 timesteps is generated using the Runge—Kutta 4th-
order (RK4) time integrator with a step size 0.001. The initial condition is given as * =
(1,2,103.2874, 103.2874) following [29]. The training/validation/test split is defined by trin = 20,
tvar = 30, and s = 100. For a fair comparison, all considered models are set to have a similar
number of model parameters, ~2,000. The specifications of the network architectures are:

* NMS: The total number of model parameters is 1959. The functions Ay,i, B, Kchol, F, S
are parameterized as MLPs with the Tanh nonlinear activation function. The MLPs pa-
rameterizing Ay, B, K0!, F are specified as 1 hidden layer with 10 neurons, and the on
parameterizing S is specified as 3 hidden layers with 25 neurons.

* NODE: The total number of model parameters is 2179. The black-box NODE is param-
eterized as an MLP with the Tanh nonlinear activation function, 4 hidden layers and 25
neurons.

* SPNN: The total number of model parameters is 1954. The functions E and S are parame-
terized as MLPs with the Tanh nonlinear activation function; each MLP is specified as 3
hidden layers and 20 neurons. The two 2-tensors defining L and M are defined as learnable
3 x 3 matrices.

* GNODE: The total number of model parameters is 2343. The functions £ and S are
parameterized as MLPs with the Tanh nonlinear activaton function; each MLP is specified
as 2 hidden layers and 30 neurons. The matrices and 3-tensors required to learn L and M
are defined as learnable 3 x 3 matrices and 3 X 3 x 3 tensor.

* GFINN: The total number of model parameters is 2065. The functions F and S are
parameterized as MLPs with Tanh nonlinear activation function; each MLP is specified as 2
hidden layers and 20 neurons. The matrices to required to learn L and M are defined as K
learnable 3 x 3 matrices, where K is set to 2.

B.2 Thermoelastic double pendulum

The equations of motion in this case are given for 1 <1¢ < 2 as

q; = %a Pi = —0q,(E1(z) + Ex(z)), S1= k(T T — 1), Sy = k(DT ' —1),
where k£ > 0 is a thermal conductivity constant (set to 1), m; is the mass of the ith spring (also set to
1) and T; = Os, E; is its absolute temperature. In this case, q;, p; € R? represent the position and
momentum of the i*" mass, while S, represents the entropy of the i*" pendulum. As before, the total
entropy S(x) = S1 + So is the sum of the entropies of the two springs, while defining the internal

energies
1 i —1n
Ei(x) = 5(110)\1‘)2 Flnd +eBTmN 1 N =gil, A=lg—al

leads to the total energy E(z) = (1/2m.)|p1|* + (1/2my)|pa|” + Er(x) + Es().

The thermoelastic double pendulum experiment tests model prediction across initial conditions. In
this case, 100 trajectories are generated by varying initial conditions that are randomly sampled from
[0.1,1.1] x [-0.1,0.1] x [2.1, 2.3] x [-0.1,0.1] x [-1.9,2.1] x [0.9,1.1] x [-0.1, 0.1] x [0.9,1.1] X
[0.1,0.3] C R0, Each trajectory is obtained from the numerical integration of the ODEs using an
RK4 time integrator with step size 0.02 and the final time T' = 40, resulting in the trajectories of
length 2,000. The resulting 100 trajectories are split into 80/10/10 for training/validation/test sets. For
a fair comparison, all considered models are again set to have similar number of model parameters,
~2,000. The specifications of the network architectures are:
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* NMS: The total number of model parameters is 2201. The functions A, B, K, F, S are pa-
rameterized as MLPs with the Tanh nonlinear activation function. The MLPs parameterizing
are specified as 1 hidden layer with 15 neurons.

* NODE: The total number of model parameters is 2005. The black-box NODE is param-
eterized as an MLP with the Tanh nonlinear activation function, 2 hidden layers and 35
neurons.

* SPNN: The total number of model parameters is 2362. The functions £ and S are parame-
terized as MLPs with the Tanh nonlinear activation function; each MLP is specified as 3
hidden layers and 20 neurons. The two 2-tensors defining L and M are defined as learnable
3 X 3 matrices.

* GNODE: The total number of model parameters is 2151. The functions £ and S are
parameterized as MLPs with the Tanh nonlinear activaton function; each MLP is specified
as 2 hidden layers and 15 neurons. The matrices and 3-tensors required to learn L and M
are defined as learnable 3 x 3 matrices and 3 x 3 x 3 tensor.

* GFINN: The total number of model parameters is 2180. The functions F and S are
parameterized as MLPs with Tanh nonlinear activation function; each MLP is specified as 2
hidden layers and 15 neurons. The matrices to required to learn L and M are defined as K
learnable 3 x 3 matrices, where K is set to 2.

C Additional experiment: Damped nonlinear oscillator

Consider a damped nonlinear oscillator of variable dimension with state x = (¢ p S)", whose
motion is governed by the metriplectic system

p

2
§=2, p=ksing—yp, $=29
m

mT

Here g, p € R™ denote the position and momentum of the oscillator, S is the entropy of a surround-
ing thermal bath, and the constant parameters m, v, 7" are the mass, damping rate, and (constant)
temperature. This leads to the total energy E(xz) = (1/2m)|p|*> — k cos ¢ + T'S, which is readily
seen to be constant along solutions x(t).

It is now verified that NMS can accurately and stably predict the dynamics of a nonlinear oscillator
x=(q p S)7inthe case that n = 1,2, both when the entropy S is observable as well as when it
is not. As before, the task considered is prediction in time, although all compared methods NODE,
GNODE, and NMSyown are now trained on full state information from the training interval, and test
errors are computed over the full state  on the extrapolation interval (tyalid, ttest], Which is 150%
longer than the training interval. In addition, another NMS model, NMS 4ig, was trained using only
the partial state information ° = (q, p)Tand tested under the same conditions, with the initial guess
for " generated as in Appendix [E| As can be seen in Table[3] NMS is more accurate than GNODE
or NODE in both the 1-D and 2-D nonlinear oscillator experiments, improving on previous results by
up to two orders of magnitude. Remarkably, NMS produces more accurate entropic dynamics even
in the case where the entropic variable S' is unobserved during NMS training and observed during
the training of other methods. This illustrates another advantage of the NMS approach: because of
the reasonable initial data for S produced by the diffusion model, the learned metriplectic system
produced by NMS remains performant even when metriplectic governing equations are unknown and
only partial state information is observed.

To describe the experimental setup precisely, data is collected from a single trajectory with initial
condition as « = (2, 0, 0) following [L6]]. The path is calculated at 180,000 steps with a time interval
of 0.001, and is then split into training/validation/test sets as before using ty.i, = 60, tva = 90 and
test = 180. Specifications of the networks used for the experiments in TableE] are:

* NMS: The total number of parameters is 154. The number of layers for Ay, B, Koo, E, S
is selected from {1,2,3} and the number of neurons per layer from {5,10,15}. The best
hyperparameters are 1 hidden layer with 5 neurons for each network function.

* GNODE: The total number of model parameters is 203. The number of layers and num-
ber of neurons for each network is chosen from the same ranges as for NMS. The best
hyperparameters are 1 layer with 10 neurons for each network function.
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Table 3: Experimental results for the benchmark problems with respect to MSE and MAE. The best

scores are in boldface.

1-D D.N.O. T.G.C. 2-D D.N.O.
MSE MAE MSE MAE MSE MAE
NMS 4t 0170 .1132 .0045 .0548 .0275 .1456
NMSinown -0239 1011  .0012 .0276 .0018 .0357
NODE 0631 2236 .0860 .2551 .0661 .2096
GNODE  .0607 .1976 .0071 .0732 .2272 4267

* NODE: The total number of model paramters is 3003. The NODE architecture is formed by
stacking MLPs with Tanh activation functions. The number of blocks is chosen from {3,4,5}
and the number of neurons of each MLP from {30,40,50}. The best hyperparameters are 4
and 30 for the number of blocks and number of neurons, respectively.

D Scaling study

To compare the scalability of the proposed NMS architecture design with existing architectures, dif-
ferent realizations of GNODE, GFINN, and NMS are generated by varying the dimension of the state
variables, n = {1, 5, 10, 15, 20, 30, 50}. The specifications of these models (i.e., hyperparameters)
are set so that the number of model parameters is kept similar between each method for smaller values
of n. For example, for n = 1, 5 the number of model parameters is ~20,000 for each architecture.
The results in Figure confirm that GNODE scales cubically in n while both GFINN and NMS
scale quadratically. Note that only a constant scaling advantage of NMS over GFINN can be seen
from this plot, since r is fixed during this study.

It is also worthwhile to investigate the computational timings of these three models. Consider-
ing the same realizations of the models listed above, i.e., the model instances for varying n =
{1, 5,10, 15, 20, 30,50}, 1,000 random samples of states {w(i)}}’zof 0 are generated. These samples
are then fed to the dynamics function L(z)VE(x®) + M (z))VS(z®) fori = 1,...,1000,
and the computational wall time of the function evaluation via PyTorch’s profiler API is measured.
The results of this procedure are displayed in Figure Again, it is seen that the proposed NMSs
require less computational resources than GNODEs and GFINNSs.
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Figure 3: A study of the scaling behavior of GNODE, GFINN, and NMS.
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E Diffusion model for unobserved variables

Recent work in [30] suggests the benefits of performing time-series generation using a diffusion
model. This Appendix describes how this technology is used to generate initial conditions for the
unobserved NMS variables in the experiments corresponding to Table [3] More precisely, we describe
how to train a conditional diffusion model which generates values for unobserved variables =" given
values for the observed variables z°.

Training and sampling: Recall that diffusion models add noise with the following stochastic
differential equation (SDE):

dx(t) = f(t,x(t))dt + g(t)dw, te[0,1],

where w € R4™X) js a multi-dimensional Brownian motion, f(¢,-) : RI™®) — RImME) jg 5
vector-valued drift term, and g : [0, 1] — R is a scalar-valued diffusion function.

For the forward SDE, there exists a corresponding reverse SDE:
dx(t) = [f(t,x(t)) — ¢°(t) Vs log p(x(1))]dt + g(t)dw,
which produces samples from the initial distribution at ¢ = 0. This formula suggests that if the score

function, Vy;ylog p(x(t)), is known, then real samples from the prior distribution p(x) ~ N (p1,0%)
can be recovered, where p, o vary depending on the forward SDE type.

In order for a model Mjy to learn the score function, it has to optimize the following loss:

L(0) = E{ () Exq) HM9 (t,x(t)) — Vy) log p(x H
where ¢ is uniformly sampled over [0, 1] with an appropriate weight functlon A(t) = [0,1] — R.
However, using the above formula is computationally prohibitive. Thanks to [31]], this loss can be
substituted with the following denoising score matching loss:

L*(8) = Ee{ A (1) Ex(0)Ex(e) (o) || Mo (£, X(1)) — Ve log p(x()[x(0))] 3]}
Since score-based generative models use an affine drift term, the transition kernel p( (t)|x(0)) follows
a certain Gaussian distribution [32], and therefore the gradient term V() log p(x(t)[x(0)) can be
analytically calculated.

Experimental details On the other hand, the present goal is to generate unobserved variables "
given values for the observed variables ° = (g, p), i.e., conditional generation. Therefore, our model
has to learn the conditional score function, V zu () log p(z*(t)|x°). For example, in the damped
nonlinear oscillator case, S(t) is initialized as a perturbed ¢ € [0, 1], from which the model takes the
concatenation of q, p, S(t) as inputs and learns conditional the score function V g(;) log(S(t)|q, p).

For the experiments in Table [3 diffusion models are trained to generate x* variables on three
benchmark problems: the damped nonlinear oscillator, two gas containers, and thermolastic double
pendulum. On each problem, representative parameters such as mass or thermal conductivity are
varied, with the total number of cases denoted by N. Full trajectory data of length 7 is then generated
using a standard numerical integrator (e.g., dopri5), before it is evenly cut into |7'/L] pieces of
length L. Let V, U denote the total number of variables and the number of unobserved variables,
respectively. It follows that the goal is to generate U unobserved variables given V' — U observed
ones, i.e., the objective is to generate data of shape (NT/L, L,U) conditioned on data of shape
(NT/L,L,V — U). After the diffusion model has been trained for this task, the output data is
reshaped into size (N, T, U), which is used to initialize the NMS model. Note that the NODE and
GNODE methods compared to NMS in Table [3| use full state information for their training, i.e.,
x" = & in these cases, making it comparatively easier for these methods to learn system dynamics.

As in other diffusion models e.g. [33]], a U-net architecture is used, modifying 2-D convolutions to
1-D ones and following the detailed hyperparameters described in [33]]. Note the following probability
flow ODE seen in [33]:

dx() = [£(0,x() — 57(1)Fxolog p(x(1)) |,

Although models trained to mimic the probability flow ODE do not match the perofrmance of the
forward SDE’s result in the image domain, the authors of [30]] observe that the probability flow ODE
outperforms the forward SDE in the time-series domain. Therefore, the probability flow ODE is used
with the default hyperparameters of [33].
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NeurlIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and follow the (optional) supplemental material. The checklist does NOT count
towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

* You should answer [Yes] , ,or [NA].

* [NA] means either that the question is Not Applicable for that particular paper or the
relevant information is Not Available.

* Please provide a short (1-2 sentence) justification right after your answer (even for NA).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While "[Yes] " is generally preferable to " ", itis perfectly acceptable to answer " " provided a
proper justification is given (e.g., "error bars are not reported because it would be too computationally
expensive" or "we were unable to find the license for the dataset we used"). In general, answering
" "or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justification to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification
please point to the section(s) where related material for the question can be found.

IMPORTANT, please:

* Delete this instruction block, but keep the section heading ‘“NeurIPS paper checklist',
* Keep the checklist subsection headings, questions/answers and guidelines below.

* Do not modify the questions and only use the provided macros for your answers.

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The claims made in the abstract and contributions paragraph at the end of the
introduction are justified in detail throughout the rest of the paper.

Guidelines:
e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]
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Justification: Limitations are discussed in the Conclusion section.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms

and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to

address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: All theoretical results are clearly stated along with the necessary assumptions.
All formal arguments are complete and contained in the Appendix.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: All information necessary to implement the proposed architecture is included
in the body of the manuscript. In addition, all relevant experimental details are included in
the Appendix.
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Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: Code for running the proposed algorithm is included in the supplemental
material and will be released publicly upon publication.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.
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* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: All relevant experimental details are presented in the Appendix at an appropri-
ate level of detail.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: All experiments in the body contain means and standard deviations as the
initialization is varied.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

 For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

e If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: All necessary information is included in the Appendix.

Guidelines:
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10.

11.

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: This is explained in the "broader impacts" section.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: This paper investigates a novel machine learning method tailored to physics-
based simulations and fundamental science. While subsequent applications of this work may
have societal impact, the research presented here is strictly foundational and only serves to
improve the production of physically realistic dynamics from data.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards
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12.

13.

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: N/A

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?
Answer: [NA]
Justification: N/A
Guidelines:
* The answer NA means that the paper does not use existing assets.
 The authors should cite the original paper that produced the code package or dataset.
* The authors should state which version of the asset is used and, if possible, include a
URL.
* The name of the license (e.g., CC-BY 4.0) should be included for each asset.
¢ For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.
* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: N/A
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

» At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
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14.

15.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: N/A
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: N/A
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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