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Abstract

Tensor networks provide a powerful framework for compressing multi-dimensional data. The
optimal tensor network structure for a given data tensor depends on both data character-
istics and specific optimality criteria, making tensor network structure search a challenging
problem. Existing solutions typically rely on sampling and compressing numerous candi-
date structures; these procedures are computationally expensive and therefore limiting for
practical applications. We address this challenge by decoupling topology enumeration from
rank assignment search. We first represent the search space using canonical dimension trees,
a hierarchical structure that encodes potential network topology through nested index par-
titions. This representation inherently rules out redundant and suboptimal topologies by
construction. To eliminate the assessment bottleneck, we introduce a mechanism powered
by the precomputation of a singular value map. By archiving the singular values of all feasi-
ble tensor matricizations, we transform the evaluation of any candidate dimension tree into
a constraint-solving problem. This allows us to solve for the near-optimal ranks and calcu-
late the dimension tree’s cost via simple metadata lookup, bypassing the on-the-fly tensor
decompositions for all but the most promising candidates. Experimental results show that
our approach improves search speed by up to 10x and achieves compression ratios 1.5x
to 3x better than state-of-the-art. Notably, our approach scales to larger tensors that are
unattainable by prior work. Furthermore, the discovered topologies generalize well to sim-
ilar data; they achieve compression ratios up to 2.4x better than generic structures, while
maintaining a search time of approximately 110 seconds for 6D tensors of 1-2 GB disk size.

1 Introduction

Tensor networks have found widespread applications in machine learning [Lebedev et al. (2014)); Novikov
et al.| (2015); Phan et al.| (2020)); Memmel et al.| (2022)); [Sprangers & Vannieuwenhoven| (2023), scientific
computing Richter et al| (2021); [Evenbly| (2017)); |Gray & Chan| (2024); Ma et al.| (2024); [Ceruti et al.
(2021); [Rakhuba (2021)); Zhang & Kileel| (2023)), quantum computing |Verstraete et al.| (2008); Baniuls| (2023);
Montangero| (2018)); |Arad & Landaul (2010), among many other fields, because they allow effective low-rank
approximations of high-dimensional data. Over the past decade, various tensor network structures—such
as tensor trains (TT) [Oseledets| (2011)), Tuckers [Tucker| (1966]), and hierarchical Tuckers (HT) |Grasedyck
(2010)—have been deployed. Each of these structures offers distinct advantages for specific scenarios, with
no single optimal representation across problem settings. This observation brings up an important question:
given a data tensor and an optimization objective, how could one efficiently determine the most suitable
tensor network structure to achieve the desired goal? This question has evolved into a research topic known
as tensor network structure search (TN-SS).

TN-SS has two highly inter-related components: (1) the identification of a graph where nodes correspond
to tensors and edges represent shared dimensions between connecting tensors; and (2) an assessment of the
compression and approximation quality of each graph. More specifically, the task of searching for optimal
tensor network structures involves two subtasks: (1) topology search: identify the optimal connections
between nodes; and (2) rank search: find the optimal dimension sizes (also called ranks) for edges. While
this division provides a clear framework to address the TN-SS problem, existing approaches face significant
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challenges in effectively solving these subtasks. We categorize these problems into two primary challenges: the
combinatorial explosion of the search space, and the prohibitive computational cost of candidate evaluation.

The first challenge is the vast search space to jointly optimize tensor network topology and ranks. A large
portion of prior work has simplified this problem by focusing exclusively on either topology optimization with
fixed ranks |Li & Sun| (2020)); [Hikihara et al.| (2023)); Haberstich et al.| (2023)) or rank optimization for a fixed
topology |Rai et al. (2014)); Mickelin & Karaman| (2020); [Sedighin et al.| (2021); |Yin et al.| (2022); Ghadiri
et al.[(2023). However, such isolated optimization often fails to identify the optimal structure where topology
and rank are tightly coupled. Recent advancements attempt to address both subtasks simultaneously by
sampling candidate structures from the joint search space [Hashemizadeh et al.| (2020)); [Li et al.| (20225 2023));
Zeng et al.|[(2024)); [Zheng et al.| (2024]). However, the required sample size grows rapidly with the data tensor
size, leading to a large number of candidates. The scalability issue is further exacerbated by the introduction
of internal nodes, which enhances tensor network compression performance but can be inserted anywhere
within tensor networks, exponentially increasing the topological search space. While greedy heuristics have
been proposed to mitigate this explosion Hashemizadeh et al.| (2020]), they often sacrifice global optimality
for computational feasibility, leaving the discovery of near-optimal structures an open problem.

Orthogonal to the search space explosion is the high overhead associated with candidate assessment. To
determine the quality of a proposed structure, one must typically check whether the given data tensor
can be compressed into this structure within the prescribed error tolerance. Standard techniques, such
as alternating least squares [Kolda & Bader| (2009); [Hashemizadeh et al.| (2020]) or gradient descent [Kolda
& Hong| (2020); |Li & Sun| (2020); Li et al.| (2022)), involve iterative and computationally expensive tensor
operations. When these assessment procedures are embedded into a large search loop, where thousands of
candidates must be evaluated, the total search cost becomes prohibitive. Consequently, these is a critical
need for more efficient assessment proxies that can accurately rank candidates.

1.1 Efficient TN-SS via Canonical Dimension Tree Enumeration

In this work, we propose a framework that decouples the topology and rank search, which is fundamentally
different from prior work that attempt to sample the joint space of topologies and ranks. Instead, we
enumerate topological skeletons represented by dimension trees, and then utilize a constraint-solving method
to simultaneously solve for near-optimal ranks and evaluate candidate quality.

To achieve this decoupling, we first establish a representation of the network topology as a canonical di-
mension tree. A significant limitation of existing TN-SS methods is the redundant enumeration of network
topologies alongside rank configurations. In contrast, we focus the search strictly on the skeleton level,
defined as the graph connectivity and index placement without assigned edge weights. This enumeration
is enabled by canonical dimension trees, which extends the dimension trees in classical tree tensor net-
works |Falco et al.| (2021); |Grasedyck| (2010) by allowing multiple free indices to be assigned to both leaf
and non-leaf nodes, but enforces every tensor network to be in canonical form. This presentation defines
the search space through hierarchical index partitions. By treating the network topology as a nested set of
partitions, we can systematically explore node connectivity with different free index placements. The struc-
tural constraints defined in canonical dimension trees naturally prune the search space, excluding duplicate
enumeration and suboptimal topologies as they cannot be expressed as a valid dimension tree.

Complementing this structured search space, we introduce a constraint-solving framework as the primary
engine for both candidate assessment and rank optimization. Traditionally, TN-SS algorithms treat ranks
as discrete parameters to be sampled, and assessment as an expensive post-hoc factorization step. We
replace this step inside the search loop with a calculation powered by a precomputed metadata map €2
that archives the singular values of the data tensor across all possible index bipartitions. Specifically, we
leverage () to retrieve the approximated singular values and compute the truncation error for each edge
(corresponds to tensor unfoldings) in a candidate dimension tree. This allows us to solve for the near-
optimal rank assignment required to satisfy an error bound e without performing live decompositions. These
derived ranks are then used to calculate the tree’s total size, which serves as the cost for the candidate
dimension tree. We demonstrate that the size calculated through this method provides a rigorous over-
approximation of the optimal size for a given topology. By replacing tensor decomposition with constraint
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Figure 1: Overview of the proposed algorithm CADET. This algorithm consists of two phases: (1) enumera-
tion of dimension trees, each representing a tensor network skeleton, and (2) scoring of dimension trees. The
second phase includes two steps: (2a) pre-computation of singular values for all matricizations of the input
tensor, and (2b) scoring of dimension trees without explicit decomposition. After the promising dimension
trees are identified, tensor decomposition is run to obtain the optimal structure.

solving, our framework can identify near-optimal dimension trees and their corresponding rank assignments
with significantly reduced computational overhead.

Synthesizing these components into a unified pipeline, the integrated workflow illustrated in Fig. [T] consists
of two primary phases: dimension tree enumeration and constraint-based candidate scoring. First, the
algorithm generates a collection of generalized dimension trees, each standing for a tensor network skeleton.
Due to the special design of generalized dimension trees, this phase rules out suboptimal skeletons from
the search space. It also significantly reduces the search space size by ignoring rank enumerations. Second,
for each dimension tree, the algorithm queries the singular value map  to solve the rank optimization
problem. The resulting rank assignment is used to calculate the tree size as the score, which effectively ranks
the skeletons based on their estimated compression performance under the error constraint. By delaying
computationally intensive tensor decompositions until the most promising skeletons and their ranks are
determined, our strategy identifies high-performance network structures with the cost much lower than the
traditional computational overhead.

Contributions In summary, we make the following contributions in this paper:

e We introduce canonical dimension trees to represent tensor network topologies. This representation
encodes network topologies as hierarchical index partitions, and inherently rules out suboptimal and
redundant skeletons by construction, effectively regularizing the search space (Section [3.2)).

e We propose a novel evaluation mechanism that bypasses the need for full tensor compressions during
the search phase. By formulating rank assignment as a constraint-solving problem over precomputed
singular values, we can simultaneously optimize bond dimensions and assign quality scores to skele-
tons with low computational overhead (Section [3.3)).

o We implement the proposed ideas as a tool named CADET (CAnonical DimEnsion Trees). We
demonstrate the effectiveness of CADET through empirical evaluations and show that CADET runs
significantly faster, achieves better compression ratios, and scales to larger tensors that baselines
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cannot handle. Additionally, the discovered topologies can be generalized to unseen data from the
same source (Section .

1.2 Related Work

Tensor Network Structure Search TN-SS has been explored in prior work from different aspects.
Some studies Rai et al.|[(2014); Mickelin & Karaman| (2020)); Sedighin et al.| (2021)); [Yin et al.| (2022)); Ghadiri
focus on optimizing rank assignments for specific tensor network topologies, proposing efficient
algorithms to enumerate rank assignments against error constraints. Others focus on topology search with
fixed internal ranks [Li & Sun| (2020); Hashemizadeh et al.| (2020); Hikihara et al.| (2023); [Haberstich et al.|
(2023). Recent work |Li et al.| (2022} [2023)); [Zheng et al| (2024); Zeng et al.| (2024) addresses the complete
TN-SS problem by integrating topology and rank search, which often uses sampling-based methods and
verifies if sampled structures satisfy error bounds. Zheng et al.|Zheng et al, (2024) introduce an alternative,
which encodes topology and rank search into a single optimization problem, and they solve this problem
with the alternating direction method of multipliers. Our approach evolves traditional sampling-based
methods by decoupling topology and rank search. We utilize canonical dimension trees to prune redundant
candidates and a constraint-based scoring framework to accelerate candidate assessment. As demonstrated in
Section [5.2] these strategies allow our method to identify structures with superior compression performance
in significantly less search time than these baselines.

Low-Rank Tensor Decomposition Low-rank tensor decomposition has been studied for many different
structures. Tucker decomposition Tucker| (1966)); De Lathauwer et al.| (2000); Minster et al.|(2020); Sun et al.|
factorizes a high-order tensor into a core tensor with several low-rank tensors, one for each mode.
Tensor train decomposition [Oseledets (2011)); |[Aksoy et al.| (2024)) expresses a high-order tensor as a linear
multiplication of 3-order tensors. Hierarchical Tucker decomposition [Hackbusch & Kiihn| (2009); |Grasedyck|
(2010); [Falcé et al. (2021) generalizes tensor trains and tuckers to arbitrary trees, offering greater flexibility
and compression potential. Beyond tree-based structures, several prior work |Zhao et al|(2016]); Handschuh|
(2015); [Espig et al. (2012); Mickelin & Karaman| (2020); Yang et al. (2017) explores cyclic structures, such
as tensor rings or tensor chains. In contrast, our work focuses on searching for the optimal tree structure to
compress the input data tensor. Cyclic structures are left as future work.

Tree Generation The systematic generation of tree structures is a foundational problem in enumerative
combinatorics, governed by the growth patterns of Catalan and Schr'oder numbers Knuth| (1997)); [Stanley|
(2015). Established algorithms for the exhaustive enumeration of these structures typically focus on the
Constant Amortized Time (CAT) generation of non-isomorphic unlabeled trees using lexicographical se-
quences |[Aho & Hopcroft| (1974); Beyer & Hedetniemi| (1980); Zaks| (1980); [Erdés & Székely] (1989); [Sawada)
(2006)); [Kobayashi et al.| (2025). In computational biology, these principles are adapted to model hierarchi-
cal complexity, such as in phylogenetics, where trees represent evolutionary lineages inferred from genetic
data [Semple et al. (2003)); Wirtz| (2022)); [Johnson| (2012). Our work on dimension tree enumeration builds
upon these combinatorial foundations but introduces a canonical form specialized for tensor network skele-
tons. Because tensor networks are inherently unrooted trees, they can be represented by multiple distinct
rooted trees; our framework resolves this redundancy by defining a unique representative for each isomor-
phism class. This symmetry-breaking approach effectively prunes the search space.

2 Preliminaries

Definition 2.1 (Tensor, Tensor Size). Let d € N and ny,ns,...,n4 € N. A tensor X € R™*1*Xn2X"Xnd jg g
d-dimensional array. The p'" dimension of X has a name I . with size n,, for all p € {1,2,...,d}. The size
of the tensor X is defined as size (X) = HZ:1 n,.

Definition 2.2 (Matricization). For a d-dimensional tensor X € R™*m2XX"d with indices {I1,..., 14}, let
1, T2, ... Tq be a permutation of 1,2,...,d. We partition the dimensions of X into Z; = {I,,..., I, } and
T, = {In 15+ Ir,} such that T, NZs=0and Z,UZ, = {11, I,...,1;}. The I,-matricization of X is

X = Xy ey mgsns e s g (1)
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In other words, indices in Z, enumerate the rows of X(Z+), and the remaining indices enumerate the columns.

Definition 2.3 (Tensor Contraction, Decomposition, and Truncated Decomposition). The contraction be-
tween two tensors A € R™MX72X X7 and B € RPuXMut1XXna along the p'" dimension of A and first
dimension of B is an operation represented as A ®i B. The resulting tensor C is computed as

Ny
Clins syt ipg1s--ia) = 3 Al .. iu_1, k) x B(kyiysr,. .. ia) (2)
k=1

The inverse operation of contraction is decomposition. A tensor € € RMX"2XMu-1XNu1XXNd can he decom-

posed into two smaller tensors A and B with respect to a partition of its indices {I; }*~}'[{I; }?: a1 [ b written

1 . -1 d
as C=AQ, B, where A € Rm*n2X XM B g RrunXmus1X X and n, = min([[[Z) ni, [1i-, 1, mi). Such

decomposition can be done through QR or singular value decomposition (SVD).

A rank-r truncated decomposition of € is the operation that approximates € with A®i B such that the
contraction dimension size n, = 7. This operation is realized through truncated SVD |Hansen| (1987):
given a matrix M, suppose its SVD result is M = UXV where U = [uy, us, ..., u,], V = [v1,v9,...,0,]7,
and ¥ = diag(oy,09,...,0,) contains singular values in descending order, then its rank r truncation is
M =Ul[:,: r]S[: r,: 7]V[: r]. This can be easily extended to high-order tensors when reshaping is inserted to
make the conversion between matrices and tensors.

Definition 2.4 (Tensor Network, Tree Tensor Network). A tensor network is an undirected graph A =
(V,E) where vertices V are tensors, and edges £ are tuples of two node names and their shared index
name. Tensor networks without cycles are called tree tensor networks. The tensor represented by a graph
N is the contraction of all tensors over shared modes, denoted by R. The size of a tensor network is
size (N) = Y ey size (X). We call edges with a dangling end free indices, and those without dangling
ends contracted indices. For example, in Fig. [1} the resulting optimal network structure has four nodes, four
free indices Iy, I, I3, I and three contracted indices r1, 72, r3. The represented tensor of this network is

1 T2 T3

R (i, g,k 1) =D " Xi(iya) x Xa(j,b) x Xs(a,b,c) x Xa(e, k,1) (3)

a=1b=1c=1

Definition 2.5 (Tensor Network Structure Search). A TN-SS problem is a tuple (X, €), where X is the data
tensor and ¢ is a prescribed error bound. The goal of the TN-SS algorithm is to solve the optimization
problem

argmj\ifn size (N) s.t. |[Ry — X||r < e||X||r (4)

In other words, the TN-SS problem aims at finding the most compressed tensor network within a given error
bound. In this work, we target arbitrary tree structures, excluding structures with cycles.

3 TN-SS via Canonical Dimension Tree Enumeration

This section details the proposed algorithm CADET, focusing on the systematic decoupling of structure
search from numerical factorization. We first present the high level pipeline of the algorithm. Followed by
that, we formalize the search space through the lens of dimension trees. Finally, we introduce the dimension
tree scoring method, which utilizes precomputed singular values to estimate approximation errors without
incurring the cost of iterative SVDs.

3.1 The High-Level Algorithm

Algorithm [T] outlines the primary stages of the CADET framework. The workflow adopts a paradigm of can-
didate enumeration followed by systematic assessment, utilizing a priority queue C to maintain the highest-
quality structures identified during the search (Line [3]). The algorithm iteratively traverses the search space

We use {X;}%_, to represent {Xa, Xat1,...,Xp}
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Algorithm 1 Proposed tensor network structure search algorithm

Input Data tensor X, error bound &, number of selected candidate structures ky, and maximum number of
nodes in the dimension tree Sy
Output A tensor network N such that size (N) < size (X), and [|Ry — X||r < e]|X||r
1: function CADET(X, ¢, kg, Sp)

2: ) + PREPROCESS(X,e) > Precompute singular values for all tensor matricizations (Section [3.3.1))
32 C+0

4: for Tr € ENUMDIMTREES(INDICES(X), Sp) do > Enumerate candidate dim trees (Section (3.2
5: ¢, p + GETCOSsT(Q,X,¢,T7) > Compute cost via constraint solving (Section [3.3.2
6: add (Tz, ¢, p) to C and remove trees with large costs to maintain |C| < kg

7: NMuin + ({X},0)

8: for (Tz,c,p) € C do

9: Nin + min(Npin, DECOMPOSE(X, T7, p)) > Decompose X into 77 with ranks p (Section
10:  return Ny,

by generating candidate dimension trees (Lines . Within this loop, the quality of each candidate T7 is
evaluated by calculating a cost ¢ (Line [5)), which determines the priority of the structure within C (Line @
Once the top-ky candidate structures are established, full tensor decompositions are performed to compress
the input data tensor X into these specific topologies, ultimately returning the structure that yields the
minimum tensor network size (Lines .

There are two technical insights in this algorithm design. First, the search space is restricted to a specific
subset of dimension trees to effectively exclude suboptimal and duplicate network skeletons from the enumer-
ation process (Section. Second, CADET eliminates the requirement for tensor decompositions during the
screening of candidates. By executing a one-time preprocessing of the data tensor to construct a metadata
map 2, the algorithm stores the singular values for all valid index partitions, or tensor matricizations (Line
. Leveraging the property that singular values associated with a specific index partition are monotonically
non-increasing following tensor truncation, the framework utilizes these precomputed singular values as a
computationally efficient proxy to estimate candidate costs (Section .

3.2 Network Topology Exploration via Dimension Tree Enumeration

In this section, we establish a systematic framework for navigating the space of tensor network topologies.
We first introduce generalized dimension trees (GDTS) as a formal representation of network topologies.
By relaxing the exhaustive partitioning requirements of traditional dimension trees|Grasedyck| (2010); Falcd
et al| (2021), GDTs can represent a significantly broader class of networks, including those with free indices
on non-leaf nodes and multiple indices assigned to a single leaf.

To ensure search efficiency, we incorporate pruning rules within this representation to eliminate suboptimal
topologies early in the process. Furthermore, since a single network topology can be mapped to multiple
valid GDTs, we define a canonical dimension tree (CDT). This canonical form establishes a one-to-one
mapping between the tree structure and the underlying topology, effectively removing redundancy during
the enumeration phase.

Definition 3.1 (Generalized Dimension Trees). Let Z = {I1,...,14} be the set of free indices associated
with a d-dimensional tree tensor network A/. A tree T7 is a generalized dimension tree of Z if

(a) The root node is the full set Z; every other node v corresponds to a non-trivial subset of Z;

(b) For any node v, its children {cy,ca,...,c,} constitute non-trivial, mutually disjoint subsets of v,
such that ¢; C v,¢; # 0 for all ¢ and ¢; N¢; = 0 for all ¢ # j;

(¢) For any pair of children u,v of the root, uUv # Z.

Nodes with no children are called leaf nodes. We use children(T7z,Z;) to represent children nodes of Z; € T.
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Figure 2: Examples of generalized dimension trees and their corresponding tensor network skeletons.
Unfilled nodes represent structures that lead to sub-optimality, which can be merged with adjacent neighbors
to reduce the total network size. Node labels in (b) and (d) are provided for ease of reference in the text.

The main differences between generalized dimension trees and traditional dimension trees are requirements
@ and Requirement @ relaxes the exhaustive partitioning of indices among children found in tradi-
tional dimension trees. Instead, it allows a node to contain indices that do not appear in any of its children;
these indices are thus designated as free indices of that specific node. Requirement excludes structures
with suboptimal nodes.

Figure [2] illustrates the versatility of generalized dimension trees in representing diverse tensor network
topologies. Unlike conventional partition trees where the union of children’s indices must exhaustively
cover the parent’s set, this generalized framework accommodates indices at multiple hierarchical levels. As
shown in Fig. and Fig. free indices can be associated directly with the root and other non-leaf
nodes, respectively. Furthermore, Fig. demonstrates that leaf nodes may support multiple free indices
simultaneously. This representation allows for the identification of suboptimal configurations; for instance,
the dimension tree in Fig. [2d]is invalid because it contains two nodes {I1, Io} and {I3, I} that sums up to the
total index set, violating the requirement of dimension tree’s definition. While this structure resembles
a traditional Hierarchical Tucker (HT) format |Grasedyck| (2010), the root node X; serves no purpose and
only adds unnecessary parameters. Specifically, without merging, the total size of nodes X, X5, and X3
is 314 + T17273 + T4n3m4. The uncolored node X; can be merged with adjacent neighbors to reduce the
total network size: if r3 < ryq, X7 should be merged to the right neighbor X3, reducing the total size into
r1roTs + ryngny; if r3 > r4, X1 should be merged to the right neighbor Xs, reducing the total size into
rirory + rangng. Both reduced sizes are strictly lower than the unmerged sizes. To summarize, this GDT
mapping ensures that the search space is both inclusive of necessary topologies and pruned of inherently
inefficient skeletons.

Definition 3.2 (Generalized Dimension Tree Size). Given a generalized dimension tree Tz for free indices
IZ=A{hL,...,I4} withn+1nodes Zy =7 and Z3,--- ,Z,, C Z, and a rank assignment p = {r;}}_, where r;
is the rank size for the edge between nodes Z; and its parent, and ry = 1, the size of the dimension tree T7
is recursively defined as

size (Tr | {ri}lu,) = Z r; X H size (I) x Hrc + Zsize (Tz, | {ri}iy) (5)
i=0 c c

[3 IEIqj\UCIC
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Figure 3: Generalized dimension trees for the same tensor network skeleton at different roots. Fig. is in
canonical form whereas the other three are not.

where 7. are the children of the node Z;, and T, are the subtrees rooted at each child node.

Intuitively, the size of a dimension tree sums up the size of all nodes inside it. As an example, consider
the dimension tree in Fig. [2b] with rank assignments 71, 7,73 corresponding to the edges between (X2, X3),
(X2,X4), and (X1, X3) respectively. Then the size of this dimension tree is
size (T, 15,151, | {r1,72,73}) = size (I4) X 13 size of node Xy
+ 73 x size (I3) X r1 X ro size of node X5
+ 71 X size ([1) size of node X3
+ 79 X size (I3) size of node X4
However, GDTs are not unique to a given tensor network. As illustrated in Fig. [3] a single network can
yield multiple distinct dimension trees depending on the node selected as the root. This non-uniqueness
introduces a significant challenge for network skeleton enumeration: the search algorithm must effectively
prune redundant exploration paths to avoid the computational cost of processing equivalent structures. To
eliminate this redundancy, we define a canonical dimension tree (CDT) for each tensor network and restrict
the enumeration process exclusively to these canonical forms.

Definition 3.3 (Order on Index Subsets). Let Z = {I;}%_, be a set of indices with a lexicographical order
such that Iy < Iy < --- < I4. For any two subsets Z,,7Z;, C Z, we define a total order Z, < Z; according to
the following criteria:

(a) Cardinality: Z, < Zp if |Z,| < |Zs|

(b) Lexicographical precedence: If |Z,| = |Z| = k, and their respective sorted elements are (ay,...,ax)
and (b1,...,bx), then Z, < 7, if there exists 1 < j < k such that a; < b; and a; = b; for all ¢ < j.

Under this ordering, the subsets follow the sequence {I1} < {I2} < {I1,L} < {I,14} < {I2,I3}. This
ordering allows us to uniquely identify a representative structure, which we define as follows:
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Algorithm 2 Discover all possible canonical dimension trees for a given data tensor.

Input A set of free indices Z, and maximum number of nodes in the resulting dimension tree Sy
Output A set of canonical dimension trees 17

1: function ENUMDIMTREES(Z, Sp)

2: Initialize T7 with Z being the root

3: yield from GROWTREE(Tz, Sp)

4: function GROWTREE(TZ, Sp)

5 if size (T7) > Sy then return

6 for 7, € T do > Enumerate all possible expansions
7 T, < Zs \ Ucechildaren(Ty,Z,)C > Get remaining indices on the current node
8 for 7, C 7, st. Z; # 0 do > Separate a subset from remaining indices
9: if 37; € T7. 7; UZ; = 1 then continue > Well-formedness of generalized dimension trees
10: if Z\ Z; < Z; then continue > Canonical form of dimension trees
11: if 37; € T7. Z; < Z; then continue > Enforce the expansion order to avoid duplicates
12: Add Z; to Tz as a child of Z; and yield 77

13: GROWTREE(TZ, Sy)

Definition 3.4 (Canonical Dimension Trees). Let Z be the set of d free indices of a tree tensor network N.
A generalized dimension tree T7 is considered a canonical dimension tree of N if every node Z, € Tr satisfies
either Zy =7 or Z, < T\ Z,.

Among the four dimension trees illustrated in Fig. [3 only Fig. is in canonical form. The other trees
fail this criterion due to specific node violations: the nodes {I3,I5, 4} in Fig. {Is,1,} in Fig. and
{1, I3, 14} in Fig. [3d|all violate the canonical condition because their respective complement sets are smaller
under the defined order.

3.2.1 Dimension Tree Enumeration (Procedure EnumDimTrees)

The generation of CDTs is formalized in Algorithm [2] The algorithm takes a set of free indices Z and a
parameter Sy to control the size of output dimension trees. At a high level, the procedure initializes a
tree with a single root node Z (Line [2)) in accordance with dimension tree’s definition rule Item @ and
subsequently expands the structure by recursively inserting child nodes (Line [3)).

The core logic resides within the GROWTREE function, which employs an iterator-style approach to yield
valid canonical trees. GROWTREE first verifies the current tree size against the limit Sy (Line. If capacity
remains, the algorithm iterates through all existing nodes in the tree (Line @ to identify potential expansion
points. For a selected node, the algorithm identifies the set of indices Z,. not yet partitioned (Line [7)) and
evaluates all possible non-empty subsets Z; C Z, to create new child nodes (Line . To ensure efficiency
and uniqueness, the algorithm applies three critical pruning filters:

(1) Well-Formedness of Dimensijon Trees: A new node Z; is discarded if, when combined with an
existing sibling node Z;, it fully partitions the index set Z. This prevents the formation of invalid
trees that violate the rule Item in the definition of dimension trees (Line E[)

(2) Canonical Form of Dimension Trees: The algorithm enforces that the enumerated trees are
canonical. If the complement set Z \ Z; is smaller than Z according to our defined set order, the
node is skipped to ensure only the canonical form is explored (Line .

(3) Insertion Order: To prevent isomorphic trees arising from different insertion sequences (e.g.,
adding {I;} then {I5} versus vice-versa), we enforce a strict descending order for node introduction
(Line[T1]). A new node is only added if it is smaller than previously added nodes in the current tree.

Once a candidate node Z; passes these checks, it is integrated into the tree and yielded as a valid canonical
structure (Line . The process then continues recursively to explore deeper expansions (Line .
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Figure 4: Enumeration of canonical dimension trees. Gray dashed edges and trees are redundant redundant
enumeration paths and trees respectively, which are excluded from the search process. Three kinds of
redundancy are pruned: (1) invalid dimension trees R; where the two sibling nodes {I1,I>} and {I5, I}
form a full partition of the indices; (2) non-canonical dimension trees Ry where the node {I1, I, I3} has
a shorter complement node {I;}, and therefore {17, I5, I3} should never appear in a canonical dimension
tree; (3) duplicate canonical dimension trees resulted from multiple enumeration paths (73 to Ty, T7 to T5).
Redundancy (1) and (2) are ruled out by the definition of canonical dimension trees, while redundancy (3)
is excluded by enforcing the order when adding nodes.

Figure [4] illustrates this enumeration process for a four-dimensional tensor. Starting from the single node
tree Tp, the algorithm introduces child nodes such as {I1, 12} (step @), {I4} (step (D), etc. to expand the
structure. Among them, the transition from T, to Rz is excluded because Ry contains the node {I1, Iz, I3},
violating the canonical rule of CDTs as its complement set {4} is smaller in our defined order. Focusing
on the valid path in step (O, the algorithm introduces the child {I;, Is}. From this state, the tree can grow
by attaching {I»} (step @) or {I1} (step ®) to the leaf {I;, I}, or by adding a sibling node {I4} to the
root (step (®). Notably, the algorithm prohibits attaching {I3, I4} to the root (tree R;) as it would violate
the well-formedness rule of GDTs. Furthermore, while steps (2 and (3) could eventually converge on the
same structure Ty, only the path through step (@) is permitted; the transition from T3 to T} is pruned by the
insertion order constraint because {I} < {I>}.

3.3 Fast Scoring Via Constraint Solving

The CDTs generated via enumeration define an expansive search space of tensor network skeletons. While
these structures establish the node connectivity (topology), the associated edge weights, specifically the
rank assignments for each bond, remain undetermined. A naive approach would involve executing a full
tensor decomposition for every candidate tree T7 to evaluate its performance. However, such a strategy is
computationally prohibitive for large data tensors, as the cost of decomposition scales poorly regardless of
the specific algorithm employed.

10
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Algorithm 3 Precompute singular values for all matricizations of a given data tensor.
Input A set of free indices Z
Output Mapping €2 from index subsets to singular values
1: function PREPROCESS(X)
7 + INDICES(X)
Q0
for s=1,2,..., L:Ler;ﬂj do > Enumerate all possible index subsets
for 7, € SUBSETSOF(Z, s) do
U; 3,V < SVD(X(Z:))
Q[Z,] + diag(®) > Store the singular values for the unfolding at Z

® NP

return €

To bypass this bottleneck, we propose a constraint-solving technique designed to rapidly screen candidate
structures and figure out the near-optimal rank assignment at the same time. This method identifies rank
configurations with the highest compression potential, significantly reducing the number of full-scale decom-
positions required. The fundamental insight of this approach is that the singular value spectra of the original
data tensor X can serve as a rigorous upper bound (over-approximation) for the singular values encountered
during the actual hierarchical decomposition process.

In the following sections, we detail the mechanics of this scoring framework. We first describe the one-time
singular value precomputation phase (Line [2[ of Algorithm , which populates the metadata map 2. We
then demonstrate how these precomputed singular values are utilized in a fast cost computation routine
(Line [5)) to evaluate candidate skeletons without the need for intermediate tensor factorizations.

3.3.1 Pre-computation of Singular Values (Procedure Preprocess)

At the initialization of CADET (Line , we construct a metadata map €) to store the singular values for
all possible matricizations of the input data tensor. As detailed in Algorithm [3] the tensor X is unfolded
along every subset of its free indices Z (Line . For each matricization X(Z+), we perform SVD to extract
the associated singular values (Line |§[) These information are indexed by their corresponding index sets
7, and archived in © (Line . While this preprocessing is the most computationally expensive phase of
the algorithm with a complexity that grows exponentially with the number of dimensions, it is a one-time
cost that serves as a high-speed look-up table for the assessment phase. Since the algorithm bypasses online
decompositions during the evaluation of thousands of candidate skeletons, it remains highly efficient. For
very high-dimensional tensors, this costly preprocessing step can be embedded within a hierarchical search
framework to reduce the high computation complexity |Guo et al.| (2026)).

3.3.2 Constraint-Based Rank Optimization and Assessment (Procedure GetCost)

While CADET can exhaustively enumerate a vast library of dimension trees, each representing a distinct ten-
sor network skeleton, it is computationally prohibitive to perform explicit tensor decompositions to identify
the optimal rank assignment for every candidate. Even with fixed ranks, the cost of iterative factorizations
remains the primary bottleneck in the search process (Section . To overcome this, we treat rank as-
signment not as a search variable, but as a constrained optimization problem solved analytically for each
dimension tree.

Given a data tensor X, an error bound e, and a dimension tree 177 with n + 1 nodes where Zyo = Z and
Ty, Iy, ..., I, C I, we formulate the task of GETCOST as finding the rank assignment p = {r;}7_; that
minimizes the dimension tree size while satisfying the error budget. Leveraging the precomputed singular
value in 2, we model this as the following integer programming problem:

min nsize (Tr | {rstozq) st Z Z Q[Z,, 1] < (e]|X]| p)? (6)

T1,72,..,T !
s=11i>rg

11
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Figure 5: Approximation of singular values during decomposition using those of the input data tensor. Big
circles denote the pre-computed SVD results over different matricizations of the input tensor. Solid small
dots represent singular values for the data tensor, and unfilled small circles represent the location of what
singular values we are approximating.

In this formulation, each 74 is an integer variable for the edge rank between node Z, and its parent, and
Q|[Z,, i] represents the i'" largest singular value for the Z, unfolding of data tensor X. The constraint ensures
that the cumulative truncation error, which is equal to the sum of discarded singular values across all n
edges, remains within the threshold €. Once solved, the resulting rank assignment p is recorded and the
corresponding dimension tree size serve as the cost metric used to rank the trees.

As illustrated in Fig. [5] this approach approximate hierarchical tensor decompositions described in a dimen-
sion tree with a sequence of independent tensor decompositions applied to the original data tensor. For a
dimension tree defined by the nested index sets {I1, I, I3, I4}, {I1, 12}, {I2}, and {I;}, we approximate the
singular values at each edge using the precomputed Q[{I1, I2}], Q[{I2}], and Q[{I1}]. This methodology is
theorectically supported by the following property:

Theorem 3.5 (Singular Value Upper Bound). Let X € R™ > %" pe g d-dimensional tensor, compressing
X into a structure described by a dimension tree Tt of n + 1 nodes Z,11,Z,...,Z, produces the structure
N, then for every 1 < i,s < n, we have o; (RM (Ib‘)) < oy (DC(IS)) where o (A) is the Gt largest singular
value of the matriz A, and N is the network obtained after the first i tensor decompositions specified by Tr.

Proof. By the definition of dimension trees, for every pair 1 < s < ¢t < n, there could only be three relations
between Z, and Z;: Z, C Z;, Z; C Z,, or Z, NI, = .

Suppose the network obtained after the k" tensor decomposition is denoted as Nj. The network obtained
after performing the tensor decomposition on N}, along index set Zj, is Njy1. Performing the split defined
above is equlvalent to performlng a truncated SVD on R, (F¥). Formally, we can say that if R, ) = UxV,
then R, =U EV where U Z and V are truncated matrices of U, ¥, and V. Consequently, using
Theorem we have that, for Z, C {I1,...,I4} such that 7, C Z5,Zs C Iy, or Z, N T, = 0, o (RNk,+1)
0; (Ras,) for all possible ¢ and k.

From the above result, we can conclude that o; (R, 7)) < 07 (R, (%)) = o; (X)) for all valid choices of
Z; and all possible values of ¢ and k. O

Theorem [3.5] allows us to use the singular values of the original data as a rigorous over-approximation for
any candldate dimension tree. While this may lead to a conservative estimate of the truncation error, we
find that this upper bound is an exceptionally effective proxy for ranking. By solving for this bound, CADET

12
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identifies high-performance dimension trees without the prohibitive overhead of live tensor decompositions
during the search phase.

3.4 Tensor Decomposition From Dimension Trees (Procedure Decompose)

The final step of CADET is involves the physical transformation of the data tensor into the tensor network
structures dictated by the highest-ranked dimension trees (Lines of Algorithm. Unlike the assessment
phase, which operates on 2, the DECOMPOSE procedure executes a sequence of tensor decompositions, using
the determined rank assignments p as the bond dimensions.

The hierarchical structure of the generalized dimension tree Tz serves as a blueprint for this process. Each
non-root node in 77 prescribes a specific bipartition that incrementally shapes the network topology. As
illustrated in Fig. |§|, the process begins at a leaf representing an index set {I»}, and isolates these indices via
a rp truncated SVD along the bipartition {I5}|Z \ {2}, splitting the data tensor into two factors (step @).

When moving to the leaf {I;}, the algorithm identifies X; as the target node. To ensure the subsequent
steps correctly compute the singular values, the algorithm must shift the orthogonality center between splits.
Standard tensor network theory dictates that a local SVD only yields the true, global singular values of a
bipartition if the operating node concentrates the system’s full norm White| (1992; 1993)); [Evenbly| (2022).
Therefore, the previously created factor X is orthonormalized into the isometry U;, pushing the global norm
into Xy. Then, the second decomposition performed to separate index I; (step @).

For the non-leaf node {I, Io}, the algorithm identifies the node in the current network that serves as the
lowest common ancestor to both the I; and I branches. In our example, this common ancestor is X3. After
centering the orthogonality at X3 by orthonormalizing surrounding tensors, a further decomposition splits
it into X5 and Xg to achieve the desired index partition (step ().

Following the completion of the hierarchical decomposition, the resulting network approximates the original
data X within the relative error bound €. However, as established by Theorem the singular values used
during the constraint-solving phase are rigorous over-approximations derived from the original tensor. This
implies that the solved ranks p may be more conservative than strictly necessary. To recover these potential
gains, we apply a rounding procedure, an extension of the TT-rounding algorithm |Oseledets| (2011)) adapted

13
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Figure 7: Comparison of compression ratios for random generated data. Ground truth compression is the
compression ratio of the structure used to generate synthetic data.

for tree structures to exhaust the remaining error budget. Notably, we employ the solved ranks p in the final
decomposition rather than adopting an even error distribution across decomposition stages as common in
TT or HT decomposition. In practice, we observe that this strategy yields improved compression ratios by
utilizing the specific rank assignment identified by the solver.

4 Complexity Analysis

Given a tensor of d dimensions and each dimension has size n, the preprocessing phase runs the SVD for
all possible index partitions, which takes time O (n1'5d2d). Then, the algorithm enumerates all dimension
trees with at most Sy nodes. The total number of dimension trees is O (259d). For each dimension tree, a
constraint solving is run to compute the rank assignment, each taking time O (5’92'5259). Lastly, we compress
the data tensor for the best dimension tree, which involves at most Sy truncated SVDs. Therefore, the total
complexity is O (n154(Sp + 24) + §2-5250+54) In practice, when d < 6 and Sy < 6, the algorithm produces
good compression ratios. We leave the support of higher-dimensional data as future work.

5 Evaluation

In this section, we present empirical evaluation results, which aim to answer the following questions:

(RQ1) Can CADET discover well-compressed structures for synthetic and real data?

(RQ2) How does the performance of CADET compare to prior work?

(RQ3) How useful are CDT-based enumeration and constraint-based ranking in the search?
(RQ4) Can the structures discovered by CADET generalizable to unseen data?

General Experiment Setup We run all the following experiments on a laptop with the Apple M3 Max
CPU and 128 GB memory. In the experiments, we collect the running time and the compression ratio, which
is defined as size (X) /size (Ry) = size (X)/}_,cy size (v). We choose the top kg structure for actual
decomposition from all enumerated candidates.

5.1 RQ1: Compression Performance of Cadet on Synthetic and Real Data
5.1.1 Performance on Synthetic Data

Experiment Setup We evaluate our algorithm on synthetic data by generating random tensors contracted
from random tree structures. This provides a basic test that our algorithm can identify structures with
compression ratios equal to or better than the generation structure. Following prior work [Zheng et al.
(2024)), we generate order-4 tensors with dimensions 16 x 18 x 20 x 22 and order-5 tensors with dimensions
14 x 16 x 18 x 20 x 22. Internal ranks are randomly sampled between 2 and 5. For each shape, we sample
50 structures with random tensor values, and contract them into data tensors.
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Table 1: Average compression ratio (CR), search time in seconds, and reconstruction error (RE) of CADET
on real datasets for error bounds € = 0.1 and ¢ = 0.01.

| e=0.1 | e =0.01
Data | CR Time (s) RE | CR Time (s) RE
Light field (40 x 60 x 3 x 9 x 9) 68.34 16.07 0.098 | 7.04 10.17 0.010
BigEarthNet (30 x 12 x 120 x 120) 155.71 4.67 0.099 | 2.69 8.07 0.010
BigEarthNet (5 x 20 x 30 x 12 x 120 x 120) | 151.73 4914.70  0.099 | 3.07 5074.46 0.010
PDEBench (10 x 5 x 21 x 64 x 64 x 64) 38.75 2222.05 0.099 | 1.81 2660.13 0.010

Result Analysis Fig.[7|compares the compression ratios of generation structures and those discovered by
CADET. The results indicate that CADET achieves compression ratios that are equal to or greater than that
of generation structures, for every data point. In other words, CADET identifies improved structures when
the generation structure is not optimal.

5.1.2 Performance on Real Data

Experiment Setup To evaluate the performance of CADET on real-world data, we employ three datasets:
light fields|Zheng et al.| (2024]), BigEarthNet Sumbul et al.[(2019), and PDEBench Takamoto et al.[ (2022a3b)).
For the light field data, we use the bunny data with dimensions 40 x 60 x 3 x 9 x 9, following prior work [Zheng
et al.| (2024). The BigEarthNet data is used to create tensors with dimensions 30 x 12 x 120 x 120 and
5 x 20 x 30 x 12 x 120 x 120 by randomly sampling and stacking 30 and 3000 data points respectively. For
the PDEBench data, we sample 10 data points from the 3D compressible Navier-Stokes problem to create
tensors of dimensions 10 x 5 x 21 x 64 x 64 x 64.

Result Analysis We collect average compression ratios, search time in seconds, and reconstruction errors
for each dataset in Table [1, The results demonstrate that CADET achieves significant compression across
diverse real-world datasets while strictly adhering to the prescribed error bounds. For an error tolerance of
€ = 0.1, the algorithm yields high compression ratios, notably above 150 for the BigEarthNet datasets. As
the error bound tightens to € = 0.01, the compression naturally decreases, ranging from 1.81 to 7.04. The
search time increases with the size and order of the data. For small data tensors with low dimensionality,
the search time is usually below 20 second. For large data tensors, the search time rises up to around 5000
second. The stable reconstruction errors across all benchmarks confirm that precomputed singular values
provides an upper bound for real singular values: CADET uses precomputed singular values to search for rank
assignments, and none of the numerical experiments witness the exceeding of the prescribed error bounds.

5.2 RQ2: Compression Performance Comparison Between Cadet and Existing Tools

Experiment Setup We compare our method in terms of search time and compression ratio against tensor
trains (TT), binary hierarchical tuckers (HT), and three baselines: (1) GreedyTN|Hashemizadeh et al.| (2020)):
a greedy algorithm that gradually increases internal ranks; (2) TnALE [Li et al. (2023)): a sampling-based
method that reduces sample sizes by local search; (3) SVDinsTN |Zheng et al.[(2024): an optimization-based
approach that integrates rank and topology search. For our algorithm, we search dimension trees of up to 6
nodes and pick the top one for the tensor decomposition. The timeout limit is 3 hours.

Result Analysis The results are shown in Fig. Compared to TT and HT, our algorithm finds more
compressed structures, albeit requiring roughly an order of magnitude more time across all datasets. This
is expected, as our approach explores general tree structures and allows reordering free indices, whereas TT
and HT are limited to special cases within our broader search space.

In comparison to prior work, our method not only achieves comparable or superior compression ratios,
especially on large tensors, but is also at least 10x faster than baselines. While TnALE occasionally discovers
structures with higher compression ratios by finding cyclic structures, its dependence on a large sample

15



Under review as submission to TMLR

200 1 150 1 401
150 A "
4 | | 4
150 ' 30 P
100 P - 1001 T
e i @
.‘ 1004 ® + 20 ®  GreedyTN
504 " v _*-_.i."*{._' ® + SVDinsTN
5 i 501, 9 % 501 ToaLE
@ 1 o]
) L B—— e : S ——
g 6 2ol L8]
o 8‘ .
(@] 54
61 L] 4 2.5 1.61
=Im
41 2 3 ® ]
2.0 1.4
21 '*.';:-i- 212 ®
e . . S . 1 1242 , ,
100 102 104 10° 10* 102 103 10% 103 104 10? 103 104
Time (s) Time (s) Time (s) Time (s)

Figure 8: Comparison of compression ratio vs time on real datasets. The datasets from left to right are light
field data (40 x 60 x 3 x 9 x9), BigEarthNet (30 x 12 x 120 x 120), BigEarthNet (5 x 20 x 30 x 12 x 120 x 120),
and PDEBench (10 x 5 x 21 x 64 x 64 x 64). The two rows corresponds to error bounds of 0.1 and 0.01
respectively.
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Figure 9: Compression Ratio vs. Runtime on Light Field Data (40 x60x3x 9 x9) with ¢ = 0.1 and a timeout
limit 1 hour. Each data point of the baselines represents the structure search result for a data tensor with a
specific hyperparameter configuration. The proposed method (Ours) achieves competitive compression while
remaining orders of magnitude faster than high-performance baselines like TnALE.

size leads to significant slowdowns across tests. Moreover, TnALE often fails to converge to the desired
error bound within the timeout, and encounters out-of-memory issues with large tensors. TNGreedy and
SVDinsTN exhibit performance similar to ours on smaller tensors and larger error bounds, but neither scales
well as tensor size increases. They do not produce results within the 3-hour timeout for BigEarthNet data
with € = 0.01 or other larger tensors with either error bound.

To verify that the performance gains of CADET are consistent across different baseline parameterizations,
we conducted an extensive parameter sweep on the light field dataset with ¢ = 0.1 and timeout limit of
1 hour. We tested a broad range of configurations for each baseline: rank boundaries from [10,15,20]
for TnALE; optimization steps from [100, 200, 300], rank increments from [1,2, 4], and ALS iterations from
[100, 150, 200] for GreedyTN; and the regularization parameters v € [0.05,0.1,0.5], u € [0.1,0.5,1.0], and
p € [107%,107°,107%] for SVDinsTN. These parameter choices are centered around the manually tuned
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Table 2: Comparison of compression ratio (CR) and runtime on Light field data 60 x 40 x 3 x 9 x 9,
and BigEarthNet 30 x 12 x 120 x 120 data across different variants of our algorithm. The variants differ
based on the dimension tree enumeration method (canonical or non-canonical) and the rank search method
(constraint-based or equal error distribution). Canonical + Constraint is ours. Results are shown for error
bounds € = 0.1 and ¢ = 0.01.

Dataset \ Variant \ e=0.1 | e=001
‘ Enum Rank ‘ CR Time ( ‘ CR Time (s)
. Canonical Constraint 68.34 16.07 | 7.03 3.62
Light field N ical O . 4 4 1 9
0% 60X 3X9 %9 on—can(?nlca onstraint 68.3 069.6 | 7.03 635.
Canonical Equal 69.18 28.73 | 7.03 44.32
. Canonical Constraint | 155.71 4.67 | 2.69 8.07
BigEarthNet
30 x 11g2 jr120 i 120 Non-Caonical  Constraint | 154.64 1248.06 | 2.66 419.65
Canonical Equal 147.51 15.04 | 2.62 68.97

Table 3: Performance of network search on the training batch, optimal discovered network on the test
batches, and hierarchical Tuckers (HT) on the test batch with respect to compression ratios and time.

|  BigEarthNet |  PDEBench
‘ CR Time (s)‘ CR Time (s)

Train | 157.12 4591.64 | 38.75 2141.85
Test | 148.98 109.61 | 38.58 115.38
HT 60.71 190.98 | 22.65 95.21

settings used in the previous experiment. Due to the significant runtime of the baselines, this exhaustive
sweep was restricted to the light field data as a representative benchmark.

As shown in Fig. EI, the resulting performance trends mirror our previous evaluation in Fig. [8| (top left).
CADET provides a superior balance of efficiency and compression performance, identifying high-quality struc-
tures with small search overhead. While TnALE can reach higher absolute compression ratios, largely due
to its support for cyclic topologies, it requires orders of magnitude more search time and frequently hits the
one-hour timeout. GreedyTN exhibits significant performance variance across different parameter settings
and tensors, but no configuration reaches the compression performance of our method. SVDinsTN is more
stable, but it frequently converges to suboptimal structures or fails to satisfy the error bound. In contrast,
our approach CADET identifies high-quality tensor network structures without the need for the extensive
hyperparameter tuning that limits the practical utility of existing methods.

These results confirm that our method outperforms baselines in terms of search time and compression ratio.
Our method of deferring decomposition until the search space is narrowed down effectively reduces the search
time. However, the lack of support for cycles limits our performance on compression ratio in some cases,
and we plan to address this in future work.

5.3 RQ3: Ablation Studies
5.3.1 Dimension Tree Enumeration w/ vs w/o Canonicalization

We evaluate the effectiveness of canonical dimension tree enumeration by comparing its performance to
general tree enumeration (removing the three checks on lines of Algorithm . We set the maximum
number of nodes in dimension trees to 6. We compare compression ratios and running time of the two
settings on light field data with dimensions 40 x 60 x 3 x 9 x 9, and BigEarthNet data with dimensions
30 x 12 x 120 x 120. Ablation experiments on larger tensors did not produce results within 12 hours and
are therefore omitted. Table [2] shows that both methods achieve similar compression ratios, but canonical
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Figure 10: Performance comparison between constraint-based and rank-enumeration-based scoring for light
field data. The proposed constraint-based method reduces search time by approximately two orders of
magnitude at the cost of a moderate reduction in compression ratio (CR), which remains within 80-85% of
the rank-enumeration method. Dotted lines indicate corresponding data points between two methods.

dimension tree enumeration significantly accelerates the search process because allowing canonical checks
results in only 63 CDTs whereas removing canonical checks leads to 35727 trees.

5.3.2 w/ vs w/o Constraint-Based Rank Search

To evaluate the effectiveness of constraint-based rank search, we compare it against a variants that enu-
merates all possible rank assignments for a tree. Figure [10| presents the changes of compression ratios and
search time for the 10 light field data tensors at ¢ = 0.1. It shows that our proposed method reduces the
search time by approximately two orders of magnitude while maintaining high compression ratios, typically
reaching 80-90% of the values found by the exhaustive rank-enumeration method.

However, it is unaffordable to run exhaustive rank enumeration on light field data with ¢ = 0.01 or BigEarth-
Net data with either error tolerance, we develop a cheaper variant that distributes the error budget equally
between steps, which is the strategy adopted by HT and TT. The results in Table 2] demonstrate that this
variant not only achieves a lower compression ratio but is also slower than the constraint-solving approach.
Our constraint-based rank search method avoids performing actual data fitting for each dimension tree by
using a constraint solver, which reduces computation time, especially for small error bounds.

5.4 RQ4: Generalization Analysis

Experiment Setup We conduct a generalization test to evaluate if the structure discovered by our algo-
rithm generalizes to unseen data. To begin, each dataset is divided into equal-sized batches. The first batch
serves as the training batch, where both topology and rank search are performed using the proposed algo-
rithm. For subsequent test batches, we apply the topology from the training batch, and run the constraint-
based rank search to assess generalization. In the BigEarthNet dataset, data is divided into 89 batches of
tensors with shape 5 x 20 x 30 x 12 x 120 x 120, each containing 3000 samples. In the PDEBench dataset,
the data is divided into 60 batches of 10 samples each, producing tensors of shape 10 x 5 x 21 x 64 x 64 x 64.
The error bound used for this experiment is ¢ = 0.1.

Result Analysis Table|3|presents the compression ratios and running time for the training batch and the
averages of test batches. The results show that the compression ratios of test batches are close to that of
the training batch, which proves that the discovered topology generalizes well to unseen data. Particularly,
although the training batch requires thousands of seconds to find the optimal structure, it takes only about
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110 seconds on average to perform the decomposition for each test batch. This result reinforces the feasibility
of running the training batch once to determine the optimal topology and reusing it for subsequent batches,
which significantly reduces the overall computation time.

6 Conclusion and future work

In this work, we introduced a framework for tensor network structure search based on generalized dimension
trees. By representing potential architectures as hierarchical index partitions, we successfully decouple
topology enumeration from rank optimization, a strategy that significantly reduces the complexity of the
search space. Our methodology replaces the traditional, computationally expensive candidate assessment
methods with an efficient constraint-solving mechanism. By precomputing a metadata map of singular
values, we are able to analytically solve for optimal ranks and evaluate candidate quality without performing
live tensor decompositions for every structure in the search space.

Our empirical results on both synthetic and real-world datasets demonstrate that the proposed approach
consistently discovers well-compressed structures, achieves higher compression ratios than existing baselines,
and scales to larger tensors where prior methods fail. Moreover, the structures identified by our method
generalize to unseen data from the same source, enabling efficient reuse in practical applications.

Looking ahead, several directions remain open. Extending our framework to accommodate cyclic tensor
networks would broaden its applicability to a wider range of physical and mathematical systems. Improving
scalability for extremely high-order tensors is another promising direction.
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A Proofs

A.1 Proof of Singular Value Approximations

Definition A.1 (Subtensor). Suppose X € R™*n2%--nd jg g d-dimensional tensor. Its subtensor Y €
Rmaxmex..md (written as Y C X) is also a d-dimensional tensor obtained by restricting the index sets
corresponding to dimension p to m,, elements where for all p € {1,2,...,d}, m;, <n,. If Y is a subtensor of
X, there exists a set of binary matrices with orthonormal rows 7y, ... 74 such that Y = (m @ m ® - - - @ m4) X.

Lemma A.2 (Subtensors Preservation on Permutation). Let X € R™1*"2X-X"a pe g d-dimensional tensor,
Y e Rmxmexexma gnd Y C X, IfII € {1,...,d} — {1,...,d} is a permutation of the dimensions, then
permute(Y,I1(1),...,1I(d)) C permute(X, II(1),...,II(d)).

Proof. As Y C X, there exists a list of binary matrices with orthonormal rows [ﬂ'u]lgugd such that Y =
(m @M ® -+ ®7g)X. Then, we can see that

permute (Y,11(1),T1(2), ..., 1(d)) )
= permute ((m; @ M2 ® - -+ @ 7q) X, I1(1),I1(2), ..., 1I(d)))

Since each 7, only modifies values along the corresponding mode u, and permutation only moves dimensions
without altering values, we can move the projection outside the permute by reordering the projections
according to the dimension permutation, and get

permute ((m] @ T3 ® - - @ wq) X, 1I(1), I1(2), ..., TI(d)))
= (@) @ Te) ® - @ mr(q)) permute (X, 11(1),11(2),...,II(d))

Therefore, permute(Y,II(1),I1(2),...,1I(d)) C permute(X, II(1),I1(2),...,II(d)) holds. O

(8)

Lemma A.3 (Subtensors Preservation on Reshape). Let X € R™*"2X""d pe ¢ d-dimensional tensor with
indices I, I, ..., 15, and Y € R™M*m2X--Md phe g d-dimensional tensor with indices Ji, Ja,...,Jg. If YC X,
then for any s C {1,2,...,d}, we have XZ:) T YWs) | and vice versa.

Proof. Since YJ C X, there exists binary matrices with orthonormal rows [7,],c(1,2,...,a} such that
Y=(m@m®- - my) X (9)
For a set of indices Zs, by Theorem and the associativity of tensor product, we get that

y(JTs) — ®ﬂ-“ ® ®7ru x(Zs) (10)

HES NEs
Therefore, we have that Y(JTs) £ (s,

Similarly, the property can be proved for the reverse direction by applying the above two steps in the reverse
order. O

Lemma A.4 (Singular Value Upper Bound in Subtensors). Let X € R™*"2XXnd phe q d-dimensional
tensor with indices Iy, I, ..., I, Y € RM1Xm2X.-XMd pe o d-dimensional tensor with indices Ji, Ja, ..., Jq,
and Y C X. Define a;(A) to be the it" largest singular value of a matriz A. Then, for all s C {1,2,...,d},
if Ts = {I; }ies and Js = {J; }ies, we have 0 (Yo)) < gy (X(T)).

Proof. From Y C X and Theorem we know that 13(‘75)) C X, Then, the result can be obtained by
applying the Poincaré separation theorem to X(Z+) (X(IS))*. O

Lemma A.5 (Singular Value Upper Bound in Truncations). Let X € R™*"2X"Xnd pe o d-dimensional
tensor with indices Iy, Iy, ..., Iq. Let T, C {I1,I5,..., 14} be a set of indices. Suppose SVD(XZ+)) = ULV
After truncation to some rank r, we get XT) = USV where U = Ul:,: 7], S = S[: r,: ], and V = V[: 7].
Then we have that, for all Ty C {I1,Ia, ..., 14}, if T CZs,Zs C Iy, or Z,NZy = 0, then oi(a'(zt)) < 0y (XT0).
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Proof. In this proof, matrices U and V' can be treated as (ns + 1) and (d — ns + 1) dimensional tensors

where ny = |Z,|. The same considerations are made for U and V. Due to the tree structure, we consider the
following three cases of relations between Z; and Z;.

e Case I: 7, = Z,. The singular values are discarded without other modification, so Ui(f)NC(L)) =
ai(f)C(If)).

e Case II: Z; C Z,. By the definition of matricization and SVD, we know that Z, C INDICES((}).
Hence, Z; C INDICES(U). By Theorem Theorem and UX C U, we know that

o; ((ﬁi) <It>) <o ((UZ) <It>) (11)
o; (i(L)> =o0; ((ﬁi) (It)) <o ((UE) (It)) =o0; (DC(L)> (12)

e Case III: I, CLyor NI, = = 0. By the definition of matricization and SVD, we know that Z
INpICES(U). Hence, Z, C INDICES(X) \ INDICES(U) C INDICES(V). By Theorem Theorem
and XV C XV, we know that

Therefore,

o (EV)®) <oy ((mv) @) (13)
Therefore,
o; (DNC(L)) =0 ((i?) gﬁ)) <o ((EV) (L)> =0 (JC(I*)> (14)
To summarize, we have o; (%(If)) <o (X(If)) for all possible choices of Z;. O

Theorem A.6 (Singular Value Upper Bound). Let XX € R > %" pe g d-dimensional tensor, compressing
X into a structure described by a dimension tree Tt of n + 1 nodes Z,11,Z,...,Z, produces the structure
N, then for every 1 < i,s < n, we have o; (RM (IS)) < oy (DC(IS)) where o; (A) is the Gt largest singular
value of the matriz A, and N is the network obtained after the first i tensor decompositions specified by Tr.

Proof. By the definition of dimension trees, for every pair 1 < s < ¢t < n, there could only be three relations
between I, and Z;: T, C Iy, Iy C L, or Z, NI, = 0.

Suppose the network obtained after the k** tensor decomposition is denoted as Nj,. The network obtained
after performing the tensor decomposition on N along index set Zj is Npy1. Performing the split defined
above is equivalent to performlng a truncated SVD on R, (Zr) | Formally, we can say that if R, ) = UxV,
then Ry, ™) = =U ZV where U, Z and V are truncated matrices of U, ¥, and V. Consequently, using
Theorem , we have that, for Z, C {I1,...,I4} such that 7, C Z5,Zs C Iy, or Z, NI, = 0, o; (RNk+1)
0; (Ras,) for all possible ¢ and k.

From the above result, we can conclude that o; (RN (Zt)) <oy (RNO (It)) =0; (DC(L)) for all valid choices of
T and all possible values of ¢ and k. O

Theorem A.7 (Upper Bound of Costs). For a data tensor X with indices I, a dimension tree Tz of n+ 1
nodes o = I,T1,Ta, ..., In C I, and an error bound ¢, let os; be the it largest singular value of X\Z=), and
Ssi be the ith largest singular value of X where X is obtained after performing truncated SVD over X. If
T1,...,Tn 1S a solution to the constraint solving with singular values og; for all Iy C I, then ry,...,ry, is
also a solution to the constraint solving with singular values ¢s; < 0.

Proof. 1t is easy to see that

i o< Z 3" o2 < (el|X]|r)?

s=11i>rg s=1i>rg

which also satisfies the linear programming constraints. [
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B Example Structures

This section presents structures discovered by our tool and features the necessity of TN-SS. In each structure,
square nodes denote free indices, labeled in the format of “<index name>-<index size>". Round nodes
represent the constituent tensors, which are linked by contraction edges annotated with respective ranks.
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Figure 11: These structures showcase that our tool can discover non-standard structures other than TT,
HT, etc. One single internal node suffices to provide good compression ratio in these cases.
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Figure 12: These two structures are similar to tensor trains but they have clustered and reordered indices,
which allow them to have better compression ratios than traditional tensor trains.
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