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ABSTRACT

Contextual Stochastic Bilevel Optimization (CSBO) extends standard stochastic
bilevel optimization (SBO) by incorporating context-dependent lower-level prob-
lems. CSBO problems are generally intractable since existing methods require
solving a distinct lower-level problem for each sampled context, resulting in pro-
hibitive sample and computational complexity, in addition to relying on impractical
conditional sampling oracles. We propose a reduction framework that approximates
the lower-level solutions using expressive basis functions, thereby decoupling the
lower-level dependence on context and transforming CSBO into a standard SBO
problem solvable using only joint samples from the context and noise distribution.
First, we show that this reduction preserves hypergradient accuracy and yields an e-
stationary solution to CSBO. Then, we relate the sample complexity of the reduced
problem to simple metrics of the basis. This establishes sufficient criteria for a basis
to yield e-stationary solutions with a near-optimal complexity of O(e~3), matching
the best-known rate for standard SBO up to logarithmic factors. Moreover, we
show that Chebyshev polynomials provide a concrete and efficient choice of basis
that satisfies these criteria for a broad class of problems. Empirical results on in-
verse and hyperparameter optimization demonstrate that our approach outperforms
CSBO baselines in convergence, sample efficiency, and memory usage

1 INTRODUCTION

Many real-world optimization tasks involve solving a bilevel problem where the lower-level solution
depends on the upper-level uncertainty. Such tasks can be framed as Contextual Stochastic Bilevel
Optimization (CSBO) problems:

min (@) 2 Egpr,, (@57 (@,€).6m)] (CSBO)
st. y*(x,§) = argminE,p, . [9(z,y,&,m)], V€ Ré ¢ €2
yERYY

where IP(¢ ;) denotes the joint distribution of £ € R% and n € R%, and IP;|¢ denotes the conditional
distribution of 7 given &. Here, = C R% is the support of the random variable £. The dimension of
the upper and lower-level variables = and y are d,; and d,, respectively. The function f(z,y,&,n)
can be nonconvex in x, but g(x, y, £, n) must be strongly convex with respect to y for any given z, &,
and 7, ensuring that the lower-level solution y*(z, £) is uniquely defined. Our goal is to develop a

'The code is publicly available at: https://github.com/mbscry/CSBO-reduction,
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reduction framework that enables the use of existing stochastic bilevel optimization algorithms to
compute an e-stationary point x*, i.e. a point satisfying E||V F(x*)||? < € where the expectation is
taken over the randomness of the algorithm producing z*.

Stochastic Bilevel Optimization (SBO) is a special case of CSBO where the lower level is independent
of &, in which case the solution to the lower level y* depends only on x. In this setting, methods like
stocBiO (Ji et al.,[2021)) and STABLE (Chen et al.,|2022) achieve a sample complexity in 0(6_4).
With the use of variance reduction techniques or momentum-based estimators, sample complexities
improve to O(e~?3) (Guo et al.,[2021; Khanduri et al., 2021} Yang et al., 2023) or even O(e~3) (Chu
et al.,|2024). These results match the lower bound for single-level stochastic optimization (Fang
et al., 2018} |Cutkosky & Orabona, |2019; |Arjevani et al., [2022), suggesting that SBO can be solved
efficiently in theory. This raises a natural question: can we achieve similarly efficient solutions in the
more general CSBO setting?

A naive adaptation of SBO algorithms to CSBO computes e-stationary solutions by solving © (6’2)
lower-level problems at each iterate x, each corresponding to a different £, to estimate the hyper-
gradient VF(x;). Specifically, using this naive approach to solve CSBO problems, the sample
complexity increases from O(e~*) to O(e~%), and from O(e=3) to O(e~°) with variance reduction
methods. Using multilevel Monte Carlo methods, |Hu et al.| (2023b)) reduces the sample complexity to
O(e*). However, the practical efficiency of their algorithm relies on the existence and knowledge of
areference point yo (z) that is close to y* (z, &) for all £, which may not hold in practice. Alternatively,
one can approximate by partitioning the context space = into N sub-regions and form a SBO
problem with NV subproblems. While this approximation becomes more accurate as IV increases,
it introduces redundant computation across adjacent regions, resulting in slow convergence. In the
specific case where = is discrete and of finite cardinality m, |Guo et al.| (2021) achieves a sample
complexity in O(me~3). As such, their approach is not amenable to settings where ¢ is continuous.
In addition, all of the above algorithms require a sampling oracle from the conditional distribution
I, for any fixed &, which can be impractical. For example, in inverse optimization or federated
learning, although the joint distribution is often easily observable, the offline nature of the data or
privacy constraints can prohibit conditional sampling. Our framework circumvents this limitation
by needing only i.i.d. samples from the joint distribution, making it broadly applicable to realistic
CSBO problems. This issue does not arise in standard SBO, where the lower-level distribution does
not depend on &.

Despite recent progress, a significant gap remains between the complexity and practicality of SBO
and CSBO methods. Specifically, methods for solving CSBO suffer from the following drawbacks:

1. Sample inefficiency: existing CSBO algorithms incur at least a @(e_l) factor relative to the
optimal O(e~3) rate for SBO.

2. Oracle dependence: reliance on an often-unavailable oracle for sampling from the condi-
tional distributions I, ¢ for all fixed .

We show that, under mild conditions on g and IP¢, it is in fact possible to achieve a @(6*3) complexity
for CSBO — matching that of SBO up to logarithmic factors — using only samples from the joint
distribution P(¢ ..

The main challenge in solving (CSBO) lies in the coupling between x and ¢ through the lower
level solutions y*(x,&). To address it, we propose to decouple this dependency via a structured

parameterization. Specifically, we parameterize y*(z, £) as ygv (W (z), &) 2 W (x)®N(€), where
W (zx) € R%*N is a context-independent coefficient matrix, and ®[V : = — R¥ is a vector of basis
functions that captures the nonlinear dependence on £. We then consider the following SBO problem:

min - Fym () 2 Ee i,y o (@, W (x), &) (SBOg 1)
st. W*(z) = argmin E¢ )up,, (9o (z, W.En)], Vo€ R

WE]Rdi‘/ XN

where f(b[N] (l’, W» 57 77) £ f(xv YaIN] (W, g)a 57 7)) and gap(N] (l’, W» 57 77) £ g(l’, YpIN] (I/Va 5)7 5) 77)
Importantly, the lower-level solution is function of x only, and the linearity of the parameteriza-

tion ygny in W preserves strong convexity of the lower-level problem, provided that ® is not
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SBO with m CSBO + conditions
Oracle subproblems CSBO of Theorem
Guo etal] (2021) | Conditional ~ O (me™?) - -
Hu et al.|(2023b) | Conditional 10) (674) 10) (674) 1) (674)
Ours Joint only o} () 0(6_3 poly(Mq>(e)7 @)) o} (e®)

Table 1: Comparison of sampling oracle assumptions and sample complexity bounds for SBO/CSBO.

ill-conditioned. Crucially, the lower-level objective is now expressed as an expectation over the joint
distribution P(¢ ), eliminating the need for conditional sampling.

Our framework begins by selecting a vector of basis functions of ®! to reformulate (CSBO)) as a
standard SBO instance (SBOg~1). We then apply existing SBO algorithms to compute an e-accurate

solution to (SBOg 1), which we lift to a corresponding solution to (CSBO) that is e-accurate if PN]
SBOg )|

is suitably expressive. Our analysis relates the regularities of ( o)) and the optimality gap of the
constructed solution to simple metrics on ®V]. These relationships not only guide the choice of basis
functions but also enable near-optimal sample complexity guarantees under appropriate conditions

on ®,

MAIN CONTRIBUTIONS

* We propose a reduction framework for CSBO that leverages the efficiency of existing SBO
algorithms. Importantly, our approach requires only samples from the joint distribution
(¢, eliminating the need for conditional sampling from I, .. We show that when a basis
® is sufficiently expressive, the constructed solution is an e-stationary point to (CSBO)

(Theorem [4.3).

* We relate the regularity constants of the reformulated SBO problem (SBOg~i]), and its
sample complexity, to simple metrics on ® (Theorem[@.4). Crucially, this result establishes
sufficient conditions for a basis to guarantee e-stationary solutions to (CSBO) with @(6_3)
iterations and sample complexity, improving the best-known complexity for CSBO by an
order of magnitude and matching the lower bound for nonconvex stochastic optimization up
to logarithmic factors. We then show that Chebyshev polynomials are a practical, concrete
choice of basis that achieves O(¢~3) sample complexity under mild conditions on g and
P¢ satisfied in many relevant settings (Theorem . Table |1| compares prior SBO and
CSBO methods with our approach in terms of sampling oracle requirements and sample
complexity.

* We validate our framework empirically on inverse optimization and hyperparameter tuning
tasks. Our method consistently outperforms baselines in both convergence rate and final
loss. It also exhibits greater flexibility in allocating resources to challenging context regions,
matching or surpassing other methods with fewer samples and reduced memory usage.

2 RELATED WORK

Our work lies at the intersection of three lines of work: Stochastic Bilevel Optimization, Contextual
Optimization, and Approximation Theory.

Stochastic Bilevel Optimization

Stochastic bilevel optimization (SBO), first introduced by [Bracken & McGill| (1973), has been
extensively studied with a focus on the convergence and sample complexity of stochastic gradient
methods (Ghadimi & Wang| 2018};|Chen et al.} 2021} Khanduri et al.;, 2021} Hong et al.l 2023; [Kwon
et al.| |2024; |Chen et al., [2024). These works primarily address the standard setting in which the
lower-level problem is independent of any external context.
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The CSBO framework of |[Hu et al.| (2023b)) extends SBO by allowing the lower-level problem to
vary with a context £, which introduces significant algorithmic and theoretical challenges. Their
method leverages multilevel Monte Carlo estimators to speed up lower-level optimization, but a new
lower-level problem is solved without warm start for each sample £. In contrast, our work introduces
a reduction-based framework that transforms any CSBO instance into a structured SBO instance
by parameterizing the lower-level solution across contexts. This enables the direct application of
state-of-the-art SBO solvers — including first-order and variance-reduced methods (Guo et al.| 2021}
Khanduri et al., 2021} |Dagréou et al., [2022; (Chen et al., 2023} Shen & Chenl |[2023; Kwon et al., 2023}
Lu & Meil [2024) — without requiring conditional sampling or prior knowledge on y*. Moreover, we
prove that our approach achieves near-optimal sample complexity under mild assumptions, thereby
closing the computational gap between SBO and CSBO for a broad class of problems.

Contextual Optimization

Contextual Optimization (CO) refers to the problem of selecting an action z* () that minimizes
the expected cost conditioned on a context or covariate x. A recent survey by |[Sadana et al.[(2024)
provides a comprehensive overview of this literature. CO is closely related to the lower-level problem
in CSBO, as both involve making context-dependent decisions under uncertainty.

Common approaches to CO include optimizing surrogate losses aligned with downstream decision
objectives (Elmachtoub & Grigas|, [2022; |Bennouna et al., [2024), or learning decision rules such
as linear (Ban & Rudin, 2019) or neural network-based policies (Oroojlooyjadid et al., |2020).
Our parameterization can be interpreted as a structured linear policy in the context variable &,
where expressiveness is achieved via a nonlinear basis transformation ®(¢). Unlike most CO
formulations, however, our decision rule arises as the solution to a bilevel problem where the upper-
level objective depends on the learned representation of the lower-level solution. This structural
coupling distinguishes our setting and motivates our complexity and approximation analysis.

Approximation Theory

Function approximation techniques have been employed to address SBO and other nested optimization
problems. Recent work by Petrulionyte et al.| (2024) directly optimizes over function spaces in SBO.
More commonly, neural network approximations have been used to solve Lagrangian relaxations
(Lv et al.l [2008)) or to learn surrogates for the upper- or lower-level objective (Patel et al.l 2022}
Krongvist et al.,[2023;|Dumouchelle et al., 2023} 2024). While these models offer high expressiveness,
their nonlinearity and overparameterization make it difficult to obtain tight or interpretable error
guarantees.

In contrast, our approach leverages classical tools from approximation theory, particularly orthogonal
polynomials. Fourier and Chebyshev polynomials are well-known for their strong convergence prop-
erties (Boydl 2001} |Gautschil |2004; |Chiharal [2011). In particular, the uniform error of approximation
of Chebyshev polynomials decreases exponentially when approximating analytic functions, and
algebraic convergence for smooth functions (Irefethen, 2019). We use this property to construct
expressive and well-conditioned approximations to the context-dependent solution y*(z, -), and we
derive explicit error bounds linking the basis approximation quality to the optimality gap of the
original CSBO problem.

3 PRELIMINARIES

We first introduce the notation adopted throughout the paper. We use || - || to denote the l5 norm of
a vector and the spectral norm of a matrix. The variance of random vector or matrix X is defined
as E [||X —E[X] ||?]. For brevity of notation, we refer to {0,1,...,n} as [n]. We denote by E¢
and Var the operators E¢.p, and Varg p,. Similarly, we denote by E, ¢ and Var, ¢ the operators

E,~p, . and Var,p,_ ..

Throughout the paper, we make the following assumptions about problem (CSBO).
Assumption 3.1.

(i) The functions f, V f, Vg, and V2g, are Ly, Ly 1, Ly 1, and L, o-Lipschitz continuous
with respect to (z, y) for any fixed (£, n), respectively.

(ii) The function g is u-strongly convex with respect to y for all (x, &, n).
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(iii) If n ~ IPy¢, then the gradients V f(x,y,£,7n), Vg(z,y,{,n), and Vig(z,y,&,m), are
unbiased and have variance bounded by o7, o7 |, and o ,, respectively, uniformly across
all x, y, and .
Remark 3.2. Assumptions[3.1}(i) and [3.1}(ii) are standard in the SBO literature (Ghadimi & Wang|
2018 Yang et al., 2021} |Hong et al., 2023)). Assumption (iii) is also common in CSBO (Hu et al.|
2023b; Thoma et al.,[2024)). However, in contrast to (Hu et al.,2023b)), we do not enforce the global
Lipschitz continuity of g, thereby avoiding the implicit requirement that the lower-level variable y
lie in a bounded set. Moreover, we only require the variance of V f(z, y, £, n) to be bounded with
respect to the conditional distribution PP, ¢, instead of the joint distribution P(¢ ;).

We formally define the terms feature map and expressive basis which will be used frequently.

Definition 3.3. A feature map ® : = — R is a mapping whose components are the first N
elements of a countable basis of functions ®.

Definition 3.4. A countable basis of F(Z,R), ® = {¢j}ren, is No-expressive if the function
Ng : RY — N*is such that, for any € > 0, there exists Wt R — Rév*Ne(e) satisfying:

2

Ee lyaiacr (W1(2).8) " @, 9" < 51

————, VzeR% 1
SIRP L, TTERT (1

where K = L1+ Lg’iff’o + Lg’2Llfg’1Lf'° + Lf’luLg’l is a constant depending only on the regularities
of f and g. In that case, we refer to ®[V*()] as ®¢ for conciseness.

Example 3.5. Consider a CSBO problem where y*(x, &) = cos(¢ - cos(z)) and Pe = U(0, 1). Let &
be the polynomial basis ® = (1,¢,£2,...). Then ®V1 2 (1, ... ¢N¥=1) and the Taylor series of y*
at & = 0 gives for N even and £ € [0,1]: |y*(z, &) — W ()@ (¢)] < % < . Thus @ is
N (€)-expressive with Ny (€) = O(Ine~ '), and &€ £ ®Ne ()] = (1 ¢, ... eNe()-1),

4 REDUCTION FRAMEWORK AND SAMPLE COMPLEXITY GUARANTEES

Central to our approach is the parameterization of the lower-level solution using an expressive basis ®
to reformulate (CSBO)) into (SBOg-<)), an SBO problem with a single lower level. We address two main
questions: (i) can an e-accurate solution to be constructed from a solution to (SBOg<)? (ii)
does the reformulated problem preserve the structural assumptions (e.g., strong convexity, Lipschitz
continuity) required for applying efficient SBO algorithms? In this section, we answer both questions
affirmatively and show how this enables efficient solutions to (CSBO).

4.1 HYPERGRADIENT APPROXIMATION AND REDUCTION VALIDITY

We begin by bounding the discrepancy between the hypergradients of (CSBO) and (SBOg-).
Proposition 4.1. Under assumption the following holds for any x € R% :

IVE(z) = VFpe (z)|| < K - E¢llyac (W*(2),£) — y" (2,8l @
where K is defined in Definition 3.4}

This result shows that if the parameterized solution yg< (W*(z), £) closely approximates y*(z, ) in
expectation, then the hypergradient of the surrogate objective Fig is a good approximation to that
of the true objective F'. However, directly bounding the right-hand side of equation 2]is nontrivial,
as W*(z) is characterized implicitly. The regularities of g and the optimality of W*(z) in
yield:

Proposition 4.2. Under assumption we have for any x € R% and W € R%*Na(€):

L
Eellya- (W*(2).€) — " (2. O)|> < 2221 . Ee yae (W) — y* ()| 3

This result allows us to control the right-hand side of equation [2]by evaluating the error at a suitable
W for which the expected distance between yoe (W, ) and y*(x,-) is well characterized. Since
expressive bases admit such W for any fixed e, it is sufficient to solve the surrogate problem
to produce an e-stationary solution to the original problem (CSBO).
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Theorem 4.3. Suppose that assumptionholds, and let @ be an expressive basis. If (z*, W*(x*))
is an —=-stationary solution to , then (2, & — yoe (W*(2*),£)) is an e-stationary solution
CSBO

to

Proof. Combining Propositions .| and 4.2] we obtain:
E||VF(z*)|]* < E[[VFpe(a*)|? + E[|VF(2*) — VFpe ()|

< S B [K2 (Bellya: (0 (7)) -y (2", 6))?

IN

@ €2 2K32L 1

2 E [ e (). 0) - v 0]
2 2 2

gi+2K L_,Ll. ezu
2 o) 4K Lg’l

<€

where (1) uses Propositiond the fact that (z*, W*(z*)) is an 5 -Stationary solution to 1|
4.2 i

(2) results from Proposition 4.2/ and Jensen’s inequality, and (3) holds since ®¢ satisfies equation
O

This theorem essentially states that by working in the ®¢-parametrized space, any off-the-shelf SBO
solver can be used to solve the CSBO instance. Since the upper and lower level expectations of
are both taken over P(¢ ,,), one can obtain a solution to CSBO without conditional sampling
oracle. Moreover, if ® induces a smooth map & — yg-(x, &), then a gradient step at a given &
generalizes to its neighbors, yielding computational efficiency and guarding against overfitting to
context-specific noise.

4.2 GENERAL SAMPLE COMPLEXITY

Although expressive bases guarantee a small approximation error, achieving the condition in equa-
tion[I]may require € to have a large cardinality. In particular, the lower-level problem in (SBOg-)
may become high-dimensional or poorly conditioned as e — 0, especially if the basis functions are
unbounded or highly correlated. To quantify these effects, we define the following metrics:

M<I>(6) = max (15 216112 Hq)s(g)") , and  mg(e) = min (1, Ayin (E<I>6))

where Y¢ £ E¢ [0€(£)®(€) '] is the covariance matrix of the feature map ®¢. Here, Mg (€) upper
bounds the maximum magnitude attainable by the feature map ®¢, whereas mg (¢) captures the
non-degeneracy of ®¢ by lower bounding the smallest eigenvalue of Y.g-. A small mg (¢) indicates
that the feature vectors are concentrated near a lower-dimensional subspace. The reformulation’s
lower level inherits strong convexity if and only if mg4 (€) is positive. To ensure that the lower level
of the reformulation remains strongly-convex as e tends to 0 for our asymptotic complexity analysis,
we restrict our attention to bases satisfying mq (e) > 0 for all € > 0 and refer to any such basis as
well-conditioned.

We show that the reformulation can be solved efficiently by verifying that the functions
foe(x, W,&,1n), goe (x, W, £, n) and their first and second order derivatives satisfy the assumptions
of |Guo et al.| (2021)) provided in the Appendix [D.2]). Importantly, we express in lemmas|C.4Jand
[C-7]the Lipschitz constants and variance bounds in terms of Mg (€) and mq (€). Substituting these
regularity coefficients into Theorem 1 of (Guo et al.|(2021]), we obtain the result below.

Theorem 4.4. Suppose that assumption 3.1] holds and that ® is well-conditioned. — Then,
an e-stationary solution to can be achieved with a sample complexity in

o (6% - poly (M@(G), ﬁ))

Fundamentally, this Theorem shows that the sample complexity of (SBOg-<)) scales polynomially
in Mg (€) and 1/mq(€). While Ng (€) is a natural proxy for lower-level complexity (and hence for
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sample complexity), Theorem 4.4] shows that the complexity is governed by subtler interactions
between ® and P captured by Mg (e) and mq(e). Specifically, the complexity remains well-
controlled when:

1. The magnitude of ®¢ grows slowly, ensuring that the Lipschitz and smoothness constants
of the reformulation remain comparable to those of the original problem, and avoiding the
need for significantly smaller step-sizes.

2. The conditioning of ®¢ decreases slowly, guaranteeing that the reformulation’s lower level
retains a pronounced strong convexity.

Under these two favorable regimes, the number of iterations and samples required to obtain an
e-accurate solution to (SBOg:) is tightly controlled. Crucially, any expressive basis ® satisfying
Mg (€) = O(1) and 1/me () = O(1) results in a near-optimal sample complexity O(e~3).

In example the monomial basis yields Ng(e) = O(Iln(e7!)) and Mg(e) = /Na(e).
Moreover, the covariance matrix ¢ coincides with the Hilbert matrix, implying mqe(e) =

C) (\ /Ng(€) (1 + \/5) 74N¢(E)). Thus, under the uniform distribution, the monomial basis becomes

rapidly ill-conditioned as ¢ — 0, despite the fact that Ny (€) grows only logarithmically. In contrast,

the Chebyshev basis satisfies Ncnebyshey(€) = O(In(e™1)) and Mchebyshev (€) < v/ NChebyshey (€)s
while remaining well-conditioned with 1/mchebyshev(€) = O(Nchebyshev(€)) for any € > 0. Theo-

rem 4.4 thus yields a sample complexity in @(6_3) for this specific choice of basis.

4.3 CHEBYSHEV BASIS AND NEAR-OPTIMAL SAMPLE COMPLEXITY

Theorems and established that any sufficiently expressive, well-conditioned basis yields an
e-stationary solution to CSBO problems with a sample complexity depending on simple metrics
involving the basis and context distribution. Example [3.5]illustrates that the basis choice is key
to obtain strong convergence guarantees. We now provide sufficient conditions, satisfied in many
practical settings, under which the basis constructed from Chebyshev polynomials (defined in
achieves near-optimal complexity guarantees. We emphasize that these conditions are not necessary,
and that Chebyshev polynomials and other bases can yield near-optimal complexity when these
conditions are violated.

Theorem 4.5. Suppose that Assumption[3.1holds, along with the following conditions:

(c.1) Either (i) there exists ¢ > 0 such that the density of P¢ is lower bounded by c on Z, or (ii)
the cardinality of = is finite.

(c.2) The support = is bounded.
(c.3) The function G(z,y,&) = Ey¢ [9(x, y, &, n)] is analytic in (y, £) for any fixed .

Then the Chebyshev polynomial basis ® is well-conditioned with:

My(e) =0 (1), and mz'(e) = O(1).

The conditions of Theorem ensure that y*(x, -) can be efficiently approximated by a truncated
Chebyshev series. Specifically, [(c.T)| prevents the feature covariance matrix Y, from becoming
degenerate as € — 0; avoids requiring periodicity or decay conditions at infinity for uniform
approximation; and arantees analyticity of y*(x, -), so that the uniform error of approximation
of Chebyshev series decreases exponentially fast (Bernstein, |1912; |Adcock & Huybrechs| [2014; [Tre+
fethen, [2019). Many applications satisfy these conditions, including Meta-Learning and Wasserstein
DRO with Side Information (Hu et al., 2023b), as well as Tax Design, Reward Shaping, and Dynamic
Mechanism Design (Thoma et al., [2024), which are naturally modeled with discrete or truncated
continuous context distributions.

The proof builds on this exponentially fast decay for functions that are analytic in an open region
bounded by a Bernstein ellipse, and extends these convergence results to multivariate analytic
functions. As real-analytic functions on a bounded set = are analytically continuable in an open
complex set containing =, we use our results on multivariate analytic functions to prove that the
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Chebyshev basis is expressive with Ng growing sub-polynomially in ¢ ~!. Together with the facts
that Chebyshev polynomials are uniformly bounded by 1, and that the degeneracy of the truncated
series is bounded as mg () = © (1/Ng(€)) under condition (c.1), we obtain the desired result.

Along with theorems [4.3] and [4.4] it follows that one can reduce (CSBO) to (SBOg:)) using the
Chebyshev basis and solve the latter with O(e~3) samples as the terms involving Mg (€) and 1/m g (€)
in theorem [4.4] collapse into polylogarithmic factors.

Corollary 4.6. Suppose that assumption [3.1] and the conditions of Theorem .5 hold. Then, an
e-stationary solution to (CSBO|) can be achieved with a near-optimal sample complexity of O (6_3).

In practice, the conditions of Theorem [4.5]are satisfied in many relevant settings where & is finite (e.g.
SBO with multiple subproblems) or has bounded support and non-vanishing density (e.g., uniform,
truncated Gaussian, or mixture distributions). Notably, meta-learning and personalized federated
learning, where £ ranges over a finite number of tasks, and robust stochastic optimization with side
information drawn from a distribution with full support on a compact set all naturally satisfy these
conditions.

5 NUMERICAL RESULTS

Many machine learning tasks can be formulated as CSBO, including hyper-parameter optimization
(Shaban et al., 2019} [Franceschi et al., 2018)), inverse optimization (Ahuja & Orlin, 2001)), meta-
learning (Rajeswaran et al., [2019), reinforcement learning from human feedback (Chakraborty et al.,
2024), and personalized federated learning (Shamsian et al.| 2021)).

In the following experiments, we compare our proposed reduction framework against STOCBIO
(J1 et al.l [2021)) applied to discretized SBO approximations of the original CSBO problems. For
STOCBIO|N], the context space E is partitioned into N intervals of equal size, each treated as an
independent subproblem, yielding a SBO formulation with N subproblems.

Our method, denoted R4 [N], uses the feature map ®WN and STOCBIO[1] to solve the reduced
problem. We experiment with monomial, Chebyshev, and Fourier bases; however, in the hyperparam-
eter optimization task, we report only Chebyshev and monomial results, as Fourier and Chebyshev
perform nearly identically in that setting. Importantly, for any fixed N, STOCBIO[N] and Rg[V]
have identical memory usage: d, + Nd,, enabling a fair comparison under fixed resource constraints.
Details of the numerical experiments are provided in Appendix [A]

5.1 INVERSE OPTIMIZATION

Inverse optimization seeks parameters x that explain observed decisions 7 as optimal solutions to an
underlying optimization problem. While traditionally approached through bilevel formulations, many
inverse problems naturally fall into the CSBO setting, yet are rarely treated as such in existing work.

We consider the Static Traffic Assignment (STA) problem (Beckmann et al.,|1956), which models
network equilibrium flows under fixed origin-destination (OD) demand. Using Beckmann’s convex-
potential formulation and introducing a penalty for constraint violations, we cast inverse capacity
estimation as the following CSBO problem:

IIlZiH ]E(f,n)NIP’(é,,,) |y*(m,§) - 77” (4)
Ye
sty (x,8) = argminZ/ te(z;x)dz + Ae(y)
v ece”0

where y*(x, £) is the equilibrium flow given edge capacities = and OD demand &, 7 is the correspond-
ing noisy observation of that flow, ¢. is the edge performance function relating the flow to the travel
time, and ¢ (y) penalizes infeasible flows and the violation of OD pairs demand constraints.

We simulate a two-edge network with a single OD pair. For every trial, we sample a ground truth
capacity vector z* and generate training and test sets with 103 i.i.d. samples (£, 1) each. The final
solution (Z, §(-)) is averaged over the last 10% epochs. Performance is evaluated via the test loss
F(z), evaluated over the test set after computing the exact lower-level solutions y*(Z, ). We also
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report the expected lower-level error A, £ E¢||y*(z,£) — 5(€)||? and the upper-level parameter error
A, 2|7 — 2>
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Figure 1: Loss F'(Z) (left), lower level solution error A, (center), and upper level solution error A,

(right) of STOCBIO and our reduction framework using monomial, Fourier, and Chebyshev bases.
The reference loss is Fief = F'(x*).

Figure [I|demonstrates the advantage of the CSBO reduction. As few as N = 3 basis functions suffice
to produce reasonable solutions, whereas STOCBIO struggles with instability or excessive sample
requirements. By N = 5, all three bases close the optimality gap to within 3%, while STOCBIO
achieves a comparable accuracy at N = 50. Beyond N = 5, the lower-level error stops decreasing
significantly for the monomial basis, while the more expressive Chebyshev and Fourier bases continue
to reduce the error and consistently outperform STOCBIO at every N.

Rchebyshev and Rpourier achieve the smallest loss for N > 10, whereas STOCBIO requires N > 100,
and still does not reach the same lower-level error. These results validate our theoretical claims:
expressive bases can compactly approximate context-sensitive solutions in CSBO. Compared to
partition-based SBO approximations, the parameterization leverages the continuity of y* to achieve
better accuracy using an order of magnitude less memory or, with the same memory budget, an order
of magnitude lower optimality gap.

5.2 HYPERPARAMETER OPTIMIZATION

Hyperparameter optimization has become the benchmark of choice for evaluating the performance
of stochastic bilevel optimization (SBO) methods in practical, high-dimensional settings. Hu et al.
(2023a)) introduced a more challenging variant of this problem involving temperature-dependent
objectives. Instead of simplifying the problem to a finite set of temperatures, we address the original
formulation in which temperatures are drawn from a continuous distribution.

In this experiment, we aim to train a linear classifier for MNIST (LeCun et al., |1998) with the
complication that a fixed fraction p = 0.3 of the training labels have been randomly corrupted. Here,
the upper level seeks to weight the training points to minimize the expected validation loss across
a distribution of model temperatures IP¢, while the lower level computes, for each &, the model
parameters y by minimizing a weighted and regularized training loss. Formally:

mzin E¢np Ep~p,y [Le(y™(2,8); D)] (5)
st. y*(z,8) =argminEp.p,,, [O’(lﬂ)ﬁg(y; D)+ )\||y||2]
y

where L¢ is a temperature-specific convex loss, and P¢, Dyyi, and Dyain, denote the distributions over
temperatures, validation data, and training data, respectively. This CSBO formulation encourages
robustness to label noise while generalizing across temperatures.

Figure |2 compares our method R [N] against STOCBIO[N] baselines. Algorithms that solve a
separate inner problem for each sample £ are omitted since they require a prohibitively large number
of iterations to converge, even with the acceleration method of [Hu et al.| (2023b). By discretizing
the context space into /N subproblems, STOCBIO[N] yields lower final validation loss for larger N
at the cost of slower convergence, since finer partitions require nearby regions of = to be optimized
independently and redundantly. For small NV, the high and increasing training loss of STOCBIO[N]
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Figure 2: Moving average of the validation (left) and training (right) losses over epochs of stocBiO
and monomial, Fourier, and Chebyshev bases on hyperparameter optimization.

(arising from the increase, on average, of the weights o(z)) indicates its inability to accurately
estimate y* across all contexts and adapt to new training weights. Even for large N, it fails to
accurately approximate y* in regions where it varies sharply in .

In contrast, our method leverages shared structure by learning global coefficients across all contexts,
which cuts computational overhead and enables the model to allocate resources to context regions that
require them most. As a result, Rchebyshev [5] delivers both the fastest convergence and the lowest final
training and validation losses; adding more basis functions yields only marginal gains. In comparison,
the monomial basis lacks the expressiveness to substantially improve the accuracy of the lower-level
solution approximation as /N grows, and thus performs worse than other methods for N large.

6 CONCLUSION

We presented a framework that reduces any instance of CSBO to an SBO problem by parameterizing
the lower-level solution with expressive basis functions. This reduction decouples the upper-level
decision from the context and eliminates the need for conditional sampling oracles, which are often
impractical in real-world applications. We related the sampling complexity to simple basis-dependent
metrics, establishing criteria for achieving solutions with near-optimal O(¢~2) complexity, an order
of magnitude better than existing CSBO methods and matching the nonconvex lower bound up
to logarithmic factors. We then showed that Chebyshev polynomials satisfy these criteria under
mild conditions, offering a concrete and efficient choice of basis for a broad class of problems.
We validated our method on inverse and hyperparameter optimization tasks, demonstrating faster
convergence, lower final loss, and reduced memory usage compared to partition-based baselines.
While we demonstrated that the Chebyshev basis is a versatile choice, online learning of instance-
specific bases could yield a parameterization with improved accuracy and parsimony. Establishing
practical algorithms and theoretical guarantees for adaptive bases is left for future work.
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A SPECIFICATIONS AND FURTHER NUMERICAL EXPERIMENTS

Experiments are run in parallel on an AMD EPYC 9734 processor. Each individual run uses 16MB
for a runtime ranging from 10 to 90 minutes, depending on the application and parameters used.

We omit the DL-SGD and RT-MLMC schemes [Hu et al.| (2023b) from our benchmarks because
of their inner-loop strategy: both schemes use start from an arbitrary yy and use the EPOCH-GD
algorithm of Hazan & Kale|(2014) without the projection step. In practice, these schemes perform
best when either:

1. {y*(x,€&): & € =} is contained in a small ball around some yo(z), where yo(x) is known
or estimable from previous iterations.

2. The lower-level problem is sufficiently well-conditioned that only a few inner-loop steps
suffice for convergence.

In our experiments, such a yo(z) does not exist since the lower level solutions y*(z, -) vary sub-
stantially in £. Furthermore, depending on the inner-loop step size, the solution either diverges or
requires a large number of steps to provide a reasonable estimate of y* (and thus V F'), resulting in an
excessive runtime.

A.1 INVERSE OPTIMIZATION

In this experiment, we consider a network with two nodes, two edges, and a travel demand £ from
B8
node 0 to node 1. We use the edge performance function t.(y; ) £ toe (1 + a (ZZ—) ) with

« = 1 and 8 = 4. To penalize negative flows and violation of the travel demand &, we define
2

+
/\ﬁ(y) £ /\demand : <§ - Z ye) + )\+ ) Z (ye_)2

ect ee€

where 2T (resp. z27) denotes the positive (resp. negative) part of 2, Ademana = 100, and A, = 50. Note
that one only needs to penalize insufficient total flow since the edge performance function is strictly
increasing with respect to the flow y. The results are averaged over 50 runs, with 95% confidence
intervals assuming normally distributed errors across runs. Each run uses a synthetic dataset generated
with the following procedure. The free flow travel times ¢y and ground truth capacities =* are sampled
from the uniform distribution supported on [1,2]I¢! and [0.2,0.8]/¢!, respectively. We generate
Nrain = 1000 training samples by drawing each context £ independently from a standard uniform
distribution. For each &, we compute the corresponding optimal flow y* (z*, £) using gradient descent,
and set n = y*(z*, &) + € where € ~ N(0, o). We resample the noise € until 77 is non-negative. We
follow the same procedure for the n.y = 1000 samples forming the test set. We follow the same
steps as gn the hyper-paramters optimization experiment to select «, 5, Tinner, and set K = 10 and
s=107".

A.2 HYPER-PARAMETERS OPTIMIZATION

We compare the performance of our proposed algorithm with stocBio, a reference algorithm that
outperforms other baseline algorithms BSA, TTSA, HOAG on the MNIST Data Hyper-Cleaning task,
a hyperparameter optimization problem. The dataset consists in 19,000 training and 1,000 validation
images. The objective of Data hyper-cleaning involves training classifiers on a dataset where each
label has been randomly and independently corrupted with probability p; that is, each label is replaced
by a random class with chance p. The classifiers have losses with different temperatures. Formally,
the objective function is:

. 1
min Eeore | p5 > Ly (x,9)X:/6),Y))
val (Xi,Y;) €Dy
* . 1 2
sty (z,) =argmin—— Y o(@)LuyXi/E),Y:) + Ayl
y "Dtram|

(X,Y;) €Duain
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where L is the cross-entropy loss and o(-) is the sigmoid function. Here P¢ = ¢/(0.1,10) and
we choose the regularization parameter A = 10~3. The results are averaged over 20 randomized
trials. We use a batch size of 512 and use grid search to choose: the inner-loop stepsize 5 from
{0.001,0.01,0.1, 1,10}, the outer-loop stepsize o from {10* : k € [—5,5]}, and the number of
inner-loop steps Tpner from {1,10,100}. We choose a number of samples K = 10 and a scaling

_ . -1 K
s = 1072 to approximate (]Enwpmgvgzg(x7y,f,n)) ass- [, (I —s- V%ﬂ(m,y,{,nn)).
A.3 ADDITIONAL SBO BACKBONES

To demonstrate that our findings are not tied to a particular choice of backbone solver, we include
here two additional SBO solvers which differ substantially in design from STOCB10: SUSTAIN
Khanduri et al.|(2021)) and SOBA |Dagréou et al.|(2022). We follow the same setup as in the data-
cleaning task. We compare the final training and validation losses of the solutions obtained on the
n-subproblems SBO approximation (SOLVER) with the solutions obtained on the single lower-level
reformulation using n Chebyshev basis functions (Rchebyshev [SOLVER]). The results are averaged
over 5 randomly seeded runs. As shown in Table[2] the parametrization consistently improves both
training and validation losses across all solvers for any fixed n. Further, a lower final loss can be
achieved with fewer basis functions than subproblems. This indicates that the advantages of our
parametrization are not specific to STOCBIO, but persist across several distinct SBO solvers.

Table 2: Performance comparison of various SBO solvers with and without reduction.

Method n Validation Loss  Training Loss
5 0.869 £ 0.007 1.208 4 0.021
SOBA 10 1.015 £ 0.011 1.405 £ 0.017
50 1.348 £+ 0.024 1.838 4 0.034
5 0.659 £+ 0.014 0.790 £ 0.030
Rchepyshev[SOBA] 10 0.653 £ 0.013 0.783 £+ 0.027
50 0.656 & 0.012 0.786 £ 0.029
5 1.133 £ 0.006 1.335 +0.025
SUSTAIN 10 1.167 £ 0.010 1.540 £ 0.015
50 1.326 £ 0.018 1.887 +0.018
5 0.890 £ 0.011 0.972 £ 0.026
Rechevyshev[SUSTAIN] 10 0.905 4 0.008 0.975 £ 0.012
50 0.903 £ 0.009 0.968 + 0.028
5 0.941 £+ 0.010 0.848 £ 0.027
STOCBIO 10 0.837 4+ 0.020 0.784 £+ 0.036
50 0.734 4 0.022 0.739 £ 0.033
5 0.715 4+ 0.022 0.740 £ 0.041
Rchebyshev[STOCBIO] 10 0.706 4 0.010 0.729 £ 0.023
50 0.713 £ 0.017 0.733 £ 0.026

B  SIMILARITY OF HYPERGRADIENTS

We first prove Proposition {1}

Proof. Let * € R%. Recall that VF(z) = B, [VF(z,&n)] and VFpe(x)

E(Em) [VFge(x,&,m)], where:

VE(x,&n) 2 Vif(z,y"(2,€),€n)

_V129($7y*<m7§)7€a77) [VEQQ(xvy*(x7§)7fa 77)]71 V2f($7y*(x7£)7§a77)

VFCPG (1575777) £ Vlf(xvy¢(W*(x)’£)7fvn)

—Vi29(, yo (W*(2),€), €, 1) [Va9 (2, yo (W*(2),6),&m)] " Vaf (@, ya(W*(2),€),£,1)
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Consider a sample (&, 7). For readability, we define A, (z,£) £ [lys (W*(2),£) — y*(z,£)|| and:

Alye) = Vizg(@,ye (W (2),£),&m)  A(y") = Viag(z, ¥ (2,€),&,m)
B(yé) = v%ZQ(Ivy{)(W*(x)ﬂg)agan) B(y*) = VgQg(xa y*(xvé-)agan)
C(yq)) = va(z7y<D(W*(x)v€)7§7n) C(y*) = VQf(I, y*(z7£)a€7n)

We can then write and bound ||V Fge (x,&, 1) — VF (z,&,7)| using the triangular inequality as:

IVEge(2,8,m) = VF (2, &)l < [Vif (2,50 (W (2),€),§,m) = Vif (@, v (2,8), )l
+[1A(y2) B(ye) " Clya) — Ay")B(y*) ™ Cly")ll
< Lpaly(@,6) + [ Alye) = A" - 1By~ - I1C )]
+1B(ya) ™ = Bly*) ' - [Ae)|l - IC(ya)l
+1Clya) = ClyM)Il - | Ae)l - 1B~

From the regularity of f, g, and their gradient given in Assumption 3.1} we obtain:

[A(ye) = Ay ) < Lg 28y ()

1B(ya) ™" = Bly*) "'l < [|1B(ya) "Il - | Bya) — Byl - 1B(y*) 7| < L:éz Ay(@,€)
1C(ye) = CyII < Ly1Ay(2,)
[A(Ye) |l < Lg,1,
A < Lg.1,
IC(ya)ll < Ly.o,
ICW)I < Lo,

where the second inequality uses the identity || X! — Y| < | X1 - || X = Y| - [|[Y | and the
fact that || B(ye) || and || B(y*)~!| are upper bounded by 1/ from the strong convexity of g.

It follows that:
||VF¢E(‘T35777> - VF(%&U)H S Lfley(‘Tag) +

LgoLgy L
+ ZERALION, (1)

Ay(‘rvf)
n Lyi1Lg1Lgo
12

LgsLyo
I

Ay(x,ﬁ)

LgoLy LgoLgaLs LsaL
where K = Ly + 9’2"04— 2.2 ;2’1 L0+ “Mg’l.

We then bound the difference between the hypergradients using Jensen’s inequality:

IV Fae (2) — VF()|| < Ee,o) |V Fae (2.6,1) — VF(x,&,1)]
= K - Eellye (W*(2),€) — y* (2,8

We then proceed with the proof of Proposition 4.2

Proof. Letx € R%, W € R%*N and G(z,y,¢) £ Eyp, . [9(z,y,§,m)]. As g is Ly 1-smooth

in (z,y) for any (&, n), and u-strongly convex in y for any fixed (x,&,n), so is G. Since W*(x)
minimizes E¢ [G(z, ya (-, §), §)], we have in particular:

Additionally, since y* (z, {) minimizes G(z, -, §), it also holds that:

G(JZ, y*(m,f),é) < G(x,y‘;,(W*(x),f),Q
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Using the strong convexity of G at W*(x) we thus obtain:
Gz, ya (W™ (2),€),€) = Gz, y"(7,8),£) = %II%(W*(@,&) -y (@ 9l* VeeE ()
On the other hand, the smoothness of G yields:
|G (@92 (W, €),€) = G2, 5" (2,), )| < Loallya (W,€) =y (@, O)|*, ¥E€E ()

Taking the expectation over £ on both sides in equation [7]and equation[8] and using the inequality
equation [6] we have:

Belln (W*(2),6) = " (2. )1 < e [Gla,golW* (). €).6) Gy (0,),€)
< 2B (G0 (¥.9).€) ~ 6oy (2.9, €)

2L .
< Tg’lEgHy@(Wﬂﬁ) —y*(z,9)|?

As this holds for any x € R4 | we obtain the desired result. O

C REGULARITY OF EQUATION

For readability, we refer in this section to Mg (€) as Mg, and to me (€) as meo.
Lemma C.1. If A > ply, and B = Owithpu > 0, then AQ B = pl;, ® Band B A= nB®1,,.

Proof. By the bilinearity of the Kronecker product we have:
A®B—-ply, ® B=(A—ply,)® B

Since the Kronecker product of two positive definite matrix is positive definite, it holds that (A —
wlg,) ® B = 0and thus A® B — pA ® Iy, > 0. With a symmetrical argument, we obtain
B A= puB®Iqg,. O

C.1 STRONG CONVEXITY OF Goc(z, W) £ E ¢, [9(z, WP(£),&,n)]

Lemma C.2. Under assumptions ( ii) and if @ is well-conditioned, G- is pme(€)-strongly
convex in W for any fixed x € R%.

Proof. We have for any fixed z € R% that G- is twice differentiable with respect to 1V as the
expectation of compositions of twice differentiable and linear mapping. Additionally:

V3,Goc (2, W) = E¢ [V3,G(z, WO(),&) @ (£)P(E) ]

Since G is p-strongly convexity with respect to y with 1 > 0 and E¢ [®(£)®(€) "] = ma(€)Ing, () =
0, we obtain using Lemma [C.T] twice:

V3Gae (2, W) = pE¢ [Ia, © 2(€)(6) ']
= pla, @B [2(6)D(€) 7]
= pma (€)1, @ Ing(e)
= pme(€)la, Ny (o)

and we conclude that Gg< (x, W) is pmg (€)-strongly convex with respect to W forany x € Ry, . [

C.2 LIPSCHITZ CONTINUITY

Lemma C.3. Let h(x,y,£,1) : R% x R¥ x = x R¥ — R™ and [(£) : = — RY. Suppose the
following conditions hold:

1. h is L-Lipschitz continuous with respect to (x,y) for any fixed (£, 7).
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2. There exists a constant M such that:

O < M, VE€E

Then the mapping he : (x, W, &, 1) — h(z, W®(&),&,n)l(§) is LMe M -Lipschitz continuous with
respect to (x,y) for all fixed (§,n).

Proof. Since h(,y,£,7) is L-Lipschitz continuous in (2, y) and sup,cz ||®(€)|| < Ma, we have
for any (z, W) and (z', W'):
(e, W, &,m) — ho(a', W, )| = (e, WEE), & mi(E) — h(a', W'B(E), &, mi(E)]
< b, Wo(€), €. m) — hia', W'(E), &, m)]| - [1(E)]
< ML (e — o[ + [Wo(E) - Wa(©)])
< ML (e — o' + Ma|[W — W'|)
< LMo M (o — o' + [W — W'])

where (1) uses the sub-multiplicativity of || - ||, (2) follows from the Lipschitz continuity of h
and this inequality [|I(£)|] < M, (3) uses again the sub-multiplicativity of || - || and the inequality
|®(&)]] < Mg(e), and (4) holds since 1 < Mg. Therefore hg is LMe M -Lipschitz continuous in
(x, ). O

Lemma C.4. The following hold under assumption 3.1}
1. The functions foe(x, W,&,n) is Ly oMag-Lipschitz with respect to x and W.

2. The gradients ¥V foe(x, W, &,m) and V9o (x, W, &, n) are L1 M3 and L, 1 M%-Lipschitz,
respectively, with respect to x and W.

3. The second order gradients NV3,ge<(x, W,€&,n) and V3,gpe(x,W,&,n) are Ly oM3-
Lipschitz with respect to x and W.

Proof. Under assumption (i), the mappings f, V£, Vg, and V?g, are Lo, Ly, Lgq,and Lg o-
Lipschitz continuous with respect to (z, y) for any fixed (&, n), respectively. Additionally, the chain
rule gives:

Vifee(z,W.§n) = Vif(z, We(€), & n)
Vafar (@, W,&,1) = Va f (2, WO(), &, m®(E) T
Vigee(z, W,&,m) = Vig(z, We(£), & n)
Vaga: (x, W, €,1) = Vag(w, WE(E),&,m)@() |
V%QQQE(xaVvaa n) = V12g(x Wo(¢), &, )‘I’(f)T
Visgae (2, W,6,n) = Visg(z, W(£),6,1) ® 2()(€)"
We can then use Lemma|C.3|to obtain the following:
| n | 1 | L | M | Lipschitz coefficient of h(z, W(£), &, 1) wrt. (a, W) |
foe 1 Lso 1 LioMs
Vifee | Ia, | Ly1 | 1 Ly1 Mg
Vafee | @7 | Lpy | Mg Ly1M3
Vigee | I, | Lga | 1 Ly1 Mg
Vogee | ®T | Lyy | Ma Ly M2
V%ngﬂ o7 Lyo | Ms LQ’QM%
V3,90c | @7 | Lo | M2 Ly oM3
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and we conclude using the inequality 1 < M. O

C.3 BOUNDED VARIANCE

Lemma C.5. Under assumption then for all §, y*(-,§) is Ly-Lipschitz continuous with:

L _ Lgal

Yo

Proof. Let g(x,y,€&) = Eyeg(x, W, €, n). By definition of y*, we have Vag(z,y*(z,£),£) = 0.
Then, by taking the derivative on both sides w.r.t. z, using the chain rule, and the implicit function
theorem, we obtain:

Vi9(z,y*(2),€) + Viag(z, y* (2,£),§) Viy*(z,€) = 0
Lg1

Yy
It follows that ||V1y*(z, §)|| < T -

Lemma C.6. Let h(z,y,&,n) : R% x R% x Z x R¥ — R" and [(£) : £ — RN, Suppose the
following conditions hold:

1. h(x,y,&,n) has, conditioned on &, a variance bounded by o* i.e.

2
Enmp, |[(2,9,6,m) = By, [M(2,5,6,0)]||” < 0°, Vo e R% y e R ¢ € R%.

2. There exists a constant C' such that:
Ih(z,y,&,m)|| <C, Vo eR™ yeRW £eR%

3. There exists a constant M such that:
[N <M, VEeE
Then the mapping he : (z,W,&,n) — h(z, W®(E),£,n)l(§) has a variance bounded by
M? (02 + C?).

Proof. Let Z = hg(x, W, &, n). Using the law of total variance we have:

Vat(e ) [Z] = E¢ [Vary¢ [Z | €] + Varg [Eyj¢ [Z | €]
For all ¢ € = it holds that:

Vary e [Z | €] = Eyje [Hh(% W(E), & mI(E) = Eyie [, WE(E), & n)U)]||*

J
< P - Epe {\!h(%W@(f),&n) — Eye [h(z, W (), &, 1)) 5]
< UQI? - o

where the second inequality follows from the sub-multiplicativity of || - || and the fact that [(&) is
deterministic when conditioned on &, and the last inequality holds under condition 1.

Similarly, we have that for all £ € = and under condition 2:
By 121 €]]] < B [z, W (€), & m)i(€) | €]]
< N - ([Egje [, W.&,m) [ €]
<|[luol-¢

Combining the above results, we obtain:

Var(e ) 12] < Be [IU6)|0%] + Ee [|[Eyc 12 1 €)]]
< M2 +Ee [JUQ)I - 7]
< M?(o® +C?)

where the last inequality uses condition 3. O
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Lemma C.7. Under assumption the mappings Vi foe(x,W,&,n), Vafee(z, W, £,n),
Vagae(x, W, &,n), Viygae(x, W,&,n), and Viygee(x, W, &, 1) have a bounded variance for all
x and W such that |W — W*(z)|| < Ao.

Proof. Under assumption [3.1}(ii) we have for any (z,y, £) that the variances of V; f (a: y,&,m) and
Vaf(x,y,&, n) are upper bounded by 0]20, and the variance of V2,g(z, v, 5, ) and V3,9(z,y,£&,1)

by 03)2. Thus these 4 functions satisfy the first condition of Lemma From the Lipschitz
continuity of f and Vg (assumption[3.1}(i)) we have for any (z,y,&,7):

IVif(z,y,&n)ll < Lo
IVaf(x,y, &)l < Lo
|Vi0(z,y.&m)| < Lga
1V329(,y, & m)|| < Ly

Taking the expectation over n ~ P ¢, the second condition of Lemmanholds for theses 4 functions.
We then use the chain rule to get:

Vifoe(z, W,&n) = Vif(z, We(E),&,n)

Vafoe (2, W.&,n) = Vo f (2, WO(E), &)@ (€)

Viage (z, W, €,1) = Viyg(z, WO(E),6,m@(€)

Viagae (x, W,€,1) = Visg(z, WO(¢ )af»ﬁ)‘g’q)(f)‘b(f)T
Since ||®(€)|| < Mg, Lemma|C.6]applies and we obtain the following bounds:

h o? l C M | Bound on Var¢ ) [h(z, W, £, n)]
Vifee | 07 | la, | Lyo| 1 o + L,
Vofoe | 02 | @7 | Lo | Mo M2 (a§ 2 0)
V%Q‘gq)e 0372 (DT LgJ M<I> Mq% ( g 2 + L )
V3290e 03,2 PPT | Lyy | M3 Mg (02 Og2+ L )

We conclude that these 4 mappings have a bounded variance.

The case of V,gge requires extra care since it is not uniformly bounded. We have:

Hng('T?W(I)(E)v&n)H < HVQQ(I7W®(§)7€777) - v2g(x7y*(x’§)7£’77)” + Hng(Ivy*(va)?gvn)H
< Lga[We() — y™(z, Ol + Vag(z,y" (2, £),& )l

Using the identity (a + b)? < 2a® + 2b°, we have:

IVag(e, Wo(E), &mI* < 2L, [IWR(E) — y* (2, §)II* + 2] Vag(z,y* (2, €), & )|
We use the triangular inequality, the identity (a + b)? < 2a® + 2b%, and ||®(¢)|| < Mg to bound:
W) = y* (@, I < (IWR(E) — W*(@)@(E)|| + W (2)@(&) - y" (., 6)I])*
<2[Wa(E) — W (@) @) + 2[W* (2)(8) — y* (, )1
<2MG|[W = W (@)|* + 2[W* (2)@(€) - y* (2,9
Finally, combining |W — W*(z)|| < Ay, equation 3] and equation|[1] yields:

Ee||[Wo(€) - y* (z,§)II” < 2MFA] + 2/[W* (2)@(€) — y*(x, )|

4L

< 2M3AL + TQ’IEEHW*(x)@(@ — (2,2

<OMEAZ+ — K2
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From Assumption for any fixed &, Vag(z,y, £, n) is unbiased with variance bounded by O’?I’ 1-
By definition of y*(x, £) we have E, ¢ Vag(x, y*(z,£),&,n) = 0 for all £ and it follows that:

E?ﬂf”vzg(xa y*(:E, g)a €> 77)"2 = Var’r?\{ [VQQ(xa y*(xa 5)7 53 77)]
< 0'3,1
Taking the expectation over £ yields:

EenlIVag(z,y* (z,€),&m)|* < 03,1
Combining the above results we have:

Ee,m IV2g(z, WO(E), &, m)|I” < 2L \E(e.py [WR(E) — y* (2, §)|1* + 2E ¢, I V2g(z, y* (2, €), &, m) |12

62
<2L?, <2M§>A§ + K2> +202

Since Vaga- (z, W, £,17) = Vag(z, W(E), €, m)(€)T and |2(€)] < Mo we obtain:
Var(ém) [Vng’E (.13, VV7§7 7])] < E(E,n) HVQQ(I)( (37, Wa€777)H2 (9)
< Ee [IV29(z, W), & n) |17 [2()]1?]
2
<AL MAAG +2L7 , Mj— + 207, M
€

4 2 2 L312 2
S AMg | L1 80+ — 5= + 04

which concludes the proof. O

D PROOF OF THEOREM [4.4]

In this proof, we use the notations <, ~, and 2 to denote relations up to a constant. We will show

that under assumptions |3;1'| and if ¢ Té well-conditioned, the assumptions 1 and 2 of |Guo et al.|(2021)
hold for fg and go. Namely, we want to show:

Assumption D.1. Forany z € R%, E(¢ ) [go (z, W, &,7)] is A-strongly convex and L-smooth.

and
Assumption D.2. The following hold:
(i) Vifs is Ly,-Lipschitz continuous, Vafe is Ly,-Lipschitz continuous, Vagse is Lgy-

Lipschitz continuous, V3, gq is Lg,,-Lipschitz continuous, V3,9 is Lg,,-Lipschitz con-
tinuous, all with respect to (z, W).

(i) Vife, Vafs, Vags, Visfe, and V3, fo have a variance bounded by o2.
(i) [|V2E e [z, W6 |I* < CFys [VIE@e ) lo(z, W& )] ||* < CF,-

Under assumption [3.1] and if ® is well-conditioned, Lemma gives E¢ ) [go (z, W, &,1)] is

wma (€)-strongly convex with respect to W for any € R% . Further, we have from Lemmathat
Vags (x, W, €, n) is L, 1 MZ-Lipchitz continuous in W for all fixed (x, &, ). Taking the expectation
over (£,n) we obtain:

I V2E (¢ ) [90 (2, W, €,0)] = VaE(e,) 90 (2, W, & )|
= ||E(e.) [V2g0 (2, W,€,1) — Vage (', W', & n)]||
< Ee IVaga (2, W,€,1) — Vage (', W', &,n)|]
< Lga M3 (|lz — || + [[W = W’[])

where the first inequality holds since assumptionimplies that Vage (z, W, €, n) is unbiased and
the first inequality uses Jensen’s inequality. Therefore E ¢ ) [go (z, W, &, 1)] is Ly,1 M3-smooth for

any fixed z € R% and assumptionholds with A = pume(€) and L = L, 1 MZ.
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Using the implicit-function theorem, the accuracy of the estimate of VFg degrades linearly
with the gap ||W; — W*(z;)||. Hence ||[W; — W*(z;)|| cannot diverge and there exists Ay <
oo such that the iterates W, satisfy ||[W; — W*(x¢)|| < Ap. In particular, this is holds
for RSVRB as per Lemma 6 of |Guo et al| (2021). Henceforth, we restrict our analysis to
{(z,W) € Rds x RE&>Na(e) || — W*(z)|| < Ao} for the rest of the proof.

Lemma|C.4]and Lemma|C.7|show that assumption — (i) and[D.2]— (i4) hold fo and go for with

Lipchitz constant L and uniform variance bound ¢ given in the table below.

h L o?
Vifee | LiiMs of+ L3,
Vafoe | LyiM32 M3 (o3 + 12,)
Vagse Lg,lMcI% 4M<% (L§,1A3 + % + 052771)
Visgae | LgaM§ Mg (05, +L3,)
v%zg@ Lg,QMg Mé (‘7272 + Lflvl)

Further, Lemma [C;—éf] also gives that fe and g4 are LyoMg and L4 oMg-Lipschitz continu-
ous in (x, W), respectively. It follows that that |V1E ,y[fe (z, W,&,n)]|| < Lj;oMs and
IV2E¢ 90 (2, W, &,n)] || < LgoMs. Hence condition — (7i7) hold for fp and g¢ with
ny = Lf)oM@ and ngy = LgJM‘%.

Therefore Theorem 1 of (Guo et al.[(2021) holds. Before stating it we first bound some quantities in
term of Mg and me.

Since @ is well conditioned, we have X¢ = mgl No(e)- Therefore:
Ee [[|[W*(20)®(€)[?] = Ee [(W*(w0)®(€)) T W (w0)®(€)]
= E; [tr (W*(mo)‘b(f)(W*(fﬂo)‘l’(f))T)]
= tr (W (20)Ee [0(£)(6)T] W (20) ")
> mgtr (W*(xO)W*(xO)T)
= mg||[W* (o) |7
> mg||[W* (20)||?

For any (x, Wy) and by the p strong convexity of g we have:

Ee.n) (90 (20, Wo,&,m)] = Ee ) (90 (20, W*(20),€,m)] + %E(E,n) [[[W* (20)@()I°]

and thus, taking Wy = 0:

E¢ [[W* (z0)®(&)II°]

IA

2 *
;]E(g,n) (90 (z0, Wo,&, 1) — 9o (x0, W*(20),£, 1))

2

M (E(s,n) {9(950,075’77) - mying(xo,y?&,n)D

IN

Ag,o
Combining the above results we obtain:

Ee [[|W*(20)®(€)]|°]
me

W (zo)|I* <
~ 2850

=0 me
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From Lemma 2.2 in (Ghadimi & Wang|(2018), W*(z) is Lipschitz continuous in = with constant

Ly = % = L;;M‘? Additionally, V F' is Lipschitz continuous in z with constant

B fyA - iy ( Tv fyA Sl gAy gy)é D f{ gAy SR
I 2Ly Lgy + L}ngy LyyL?, + LfLgyLgey + LyLgyyLgy — LyL2, Lgy,
R ) * A2 MY

Using the notations of|Guo et al.| (2021), we have Syo = |[W1 — W*(x0)||? with Wy = Wy — 107w
and:

E (87,0 S V1 fae (0, Wo))|I” S M§
E [05y,0] S [IV2fae(z0, Wo))|I* S Mg
E [8gzy.0] S V1290 (z0, Wo))[I* < Mg
E [6gyy.0] < [ Vazgae (zo, Wo))|I* < Mg

E [8gy,0] S E[Vaga« (x0, Wo))|I” < Mg

where the first 4 inequalities follows from the Lipschitz constants given in Lemma[C.4] and the last
holds given equation[9].

Theorem 1 of|Guo et al.[(2021)) finally give:

T
1 F@(iﬂo) — Fq;(l'*) CE [(51}[/0]
— VFge 2| <« —+ 2 10
S | IVFw | < 2 — (10)
+ E [591/70 +0f2,0 + 05y,0 + dgay,0 + 5gyy70} + O (In(T +2))
ynonrT ynrl
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where for c = 1:

2 72 2 12 2 2
Co = <2L2¢ 60 )\Qquu i 60 C;‘\JZU 7 6L )\Sgw;) < M%Q
; mk
Ci=2
2
o = 6ny N %(%
2T T m2
2
_ GnyCgau -~ M7§>
DY T omg
2
Cu = 6Cgmy N Mijﬁ
A2 m3
1 NL
T = 3L ~

2 2 2 2
400 4 (L2, + L3, + L3, + L2, + I2,,) _ g

C = max

~ 5

Y mg

gry 9gyy

3/2 3/2 24
2,642, (2 ) , (72) (AC+Cot Cot 04)7)3/2} ~ i
F

cp = max
160 T m$

~ = min L > e

= (Co T t)l (1 1\1/3
Here the bounds on C' and ~y are obtain after considering all 4 possible cases. We can also bound

[wil] < 2Lg0Ma, thus [Wh]| S ﬁ?,and Swo < (IW1]l + [W*(zo)l)* S

le

Substituting in equation [I0] we finally obtain:

T
1 1 Fq;.(!l?o) — F.:p(x*)

— [ V Fge 2| = +CE[§
s [ LIV amn] | s vl

+ E [5gy70 + 5f3370 + 5fy70 + 5995%0 + 5gyy70} n O (ln(T + 2)):|

Mo Y
12 18 26 12
< ! [M@ M‘Ig L M“; + M‘i O (In(T + 2)))]
nrT my me  mE  mi

In particular, following the analysis in Cutkosky & Orabona (2019), the sample complexity is
A (L Poly(Mq>(e))).

€3 Poly(ma (€))

E CHEBYSHEV SERIES: UNIFORM CONVERGENCE AND CONDITIONING

For completeness, we recall the definitions of d-dimensional Chebyshev polynomial and the Bernstein
ellipse.

Definition E.1. Let k = (ky,...,k;) € N? be a multi-index. The k-th d-dimensional Chebyshev
polynomial is defined as:

d
0 (&, na) €117 T T, (&)
j=1

where Ty, (§;) = cos(k; arccos(&;)) is the Chebyshev polynomial of the first kind with degree k; in
the j-th dimension.
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Definition E.2. The Bernstein ellipse with parameter p is the complex set defined as:

ei& + pe—ié

{zG(C:z: 5

, 0. €10,2m) }
Lemma E.3.
Under assumptions ( ii) and condition y*(z,€) is real-analytic over = for any fixed v € R%.

Proof. Recall that G(z,y,&) = Ey~p,c [9(z,y,&,m)]. Under assumption (ii), g is p-strongly
convex in y for any fixed (x, £, 7). Thus, G is pu-strongly convex in y for any fixed (z, §) and y*(x, £)
is the unique solution to VoG (z,y’€) = 0. Additionally, since G is real-analytic in (y, £) for all
r € R%,s0is V5G. Define H(z,y,¢) = VoG(x,y,&). Then H(z,y*(z,€),£&) = 0forall z € R,
Further, the strong convexity of G with respect to y gives that Vo H = V3, is invertible. We can
then use the analytic implicit function theorem to obtain that, for any fixed € R%, there exists a
unique function y'(z, &) real-analytic over = and solution to H (x,y, &) = 0 for all ¢ € =. By unicity,
we must have 4* = y' and it follows that y* is real-analytic over = for any fixed z € R%.

Lemma E4.

Let f be an analytic function in [—1,1]™ that is analytically continuable to the open region E,,
delimited by the Bernstein ellipse with parameter p € (1, /2], where it satisfies | f(z)| < M for all
x € R(E,). Then for each k > 0 its Chebyshev coefficients satisfy

lan| < 2Mp~*.

E, - R
Proof. Let F': { Zp o f (Z+Z—1) . Since f is analytic in £, F' is also analytic in £, as the
2

composition of the two analytic functions z — (z + 27!)/2 and 2 + f(z). From Theorem 3.1 of
Trefethen| (2019), the Chebyshev coefficients are given by

ag = 3 271 F(2)dz

T J|z|=1

and .
ap = — R R(2)dz, VR > 1.
T J)z|=1

If F' is analytic in the closure of £, we can expand the contour to |z| = p without changing the value
of these integrals. Since |F(z)| < M forall z € E, and p € (1, e!/?] we obtain for k = 0:

2
lag] = = / 27 F(2)dz
T |J1zl=p
M -
<= 2|~ dz
T Jlzl=p
=4M In(p)
<2M
and similarly for all & > 1:
1
lak| = — / 2R P(2)dz
T |J1zl=p
M -
< — |z +6) 4,
T Jlzl=p
=2Mp~*

Otherwise, we can expand the contour to |z| = s for any s < p, giving the same bound for all s < p
and thus also for s = p.
Therefore |ax| < 2M p~* holds for any k& > 0. O
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Lemma E.S5.

Let [ be an analytic function in [—1,1|™ that is analytically continuable to the open region E;
delimited by m-dimensional Bernstein space [/, E, with p € (1,€'/?] and | f(z)| < M for all
Then the coefficients of the m-dimensional Chebychev expansion:

F@)=>" 00> an ok [ To ()
k1=0 km= =1
are such that, for any ki, ...,k >0,

‘akl,...,km| < MH (prki) )

i=1

Proof. Let Rﬁ) 2R (E},) be the projection of E}, onto R/, We begin by defining two classes of
functions:

HO(M) = {f :[~1,1]' = R | f analytically continuable to Ef), sup |f(z)| < M}
z€R]

.....

Let the hypothesis of induction be that the statement holds for a dimension [ — 1 < m. Namely,
H=D (M) € PV (M). We want to show that HO (M) € PO (M).

Let f0 ¢ HO(M). For any fixed (x1,...,2;_1) € [~1,1]'"1, define the single-variable function:

fl(l)(xl, ey my)[z] & f(l)(gcl7 oo x-1,m),  Yap e [-1,1).

Note that since f) € H® we have in particular for any fixed (x1,...,21-1) € Rlp’1 that

SUP,,c R, fl(l)(g;17 . ,xl,l)[xl]’ < SUp,ep |f®O(x)| < M. Since f® is jointly real-analytic

in all its variables and can be continued analytically to £', the mapping x; — fl(l) (21, 21-1)[m1]
is also real-analytic and can be continued analytically to £, for any (21,...,2-1) € Eé‘l.

Applying Lemma [E.4] we have that the coefficients of the Chebyshev expansion:

fl(l)(.’L'h e 71‘171)[{&] = Z Ck, (acl, e ,l'lfl)Tkl (.’L‘l)
k=1
satisfy
|Ckz(xla"'axl—1)| S2Mp7kla Vkl ZO
Since this hold for any fixed (z1,...,2;-1) € Rijl, we have sup . pi-1 [eg, ()| < 2Mp~He,

Further, because () is jointly analytic in all its variables and can be continued analytically to E!,

for any fixed x;, the mapping (z1,...,21-1) — f(l)(xl, ..., Tj—1,2;) is also analytic and can be
continued analytically to E.~'. By definition,

2 s
cr (@1, ) 2 ;/ FO ey, 1) [cos(0)] T, (cos 0)d8
0

2 s
=— / FO (@1, ..., x11,c08(0))Tx, (cos 0)do
T Jo
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$0 ¢y, is analytic on [—1,1)'~! and can be continued analytically on Eé‘l as integration preserves

analyticity. Therefore, ¢y, € H(!=V(2Mp~*t). By the induction hypothesis, it follows that ¢y, €
PU=1)(2Mp~*t). Thus, each ¢y, can be expanded as:

ckl(ml,...,xl 1 E E Ay, kg 1k1HTk xz

k1=1 ki_1=1
with
-1
Ay | < (2Mp~F) H (207")

i=1
l
=M (207"
i=1

It follows that for any (z1,...,2;) € [~1,1]},
Oy, m) = () ()
= Z Ckl (1‘1, e ,.’L‘l_l)Tkl (ml)

ki1=0

= Z Z Z Aky .. ki 1J€LHT1€ i Tkl xl)

k1=0 | k1=0 ki—1=0

g~

8

o0

=) . Zakl ..... . 1k,HTk

k=0 k=0
with |ag, k1 k] < M]_[i,=1 (2p*ki). This shows that ) € P(l)(M), completing the induction
step.
The initialization (I = 1) of the induction reduces to Lemmal[E.4] We conclude by induction that:
H™ (M) € P (1)

O
Lemma E.6.
Let f = lim,,_, o f, where
1,1 — R
n - n n m 5 Vn 2 1
f { z = Zklzo e ka:o koo | Limy Thei (%)

and a satisfies for p > 1:

laky, k| <M (207%)  Vki,...,ky > 0.

=

=1

f(x) = fn(z)| is bounded by

Then the residual r,, = SUPge[—1,1]m

et (1) - -,

p—

Proof. By definition, the remainder after truncation is

f@)=fa@) = D an ok [ T ().
=1

k1,--<7/€7y120
37 s.t. k}j >n
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Since |T}, (x;)| < 1 forall z; € [—1,1], we have

m

rn < Sup Z |a'k17---7k7n| H |Tki (-rz)|
=1

CE[=LA™ k) km >0

Jjst kj>n
< D ekl
ki,..0skm >0
Jjst k;j>n

Since |ak, .. k.| < M-, (2p~"), it follows that

rn < M j{: fi(?p k

K1y >0 i=1

Jjst kj>n
—uy - Z H -M Z Z [l
k1=0 m=01=1 k1=0 m=01i=1

I
/P—ﬂ\
[\)

)
L
\_/
R
<
bl
Nagh
DO
S
!
\_/

Since p > 1 we have:

for the full sum, and

n

1-(1/p)"
ZQp_kZQ' (1/p)
p—t p—1

for the truncated sum.

Substituting this back into our bound, we get:

o) (e

M (pfl)m 1 - (1= (1/p)")"]

which gives the desired result. O
Proposition E.7. Let ® be the basis of d¢-dimensional Chebyshev polynomials and

NE) =0 (% (1))
If assumption and the conditions of Theorem hold, then Ng is expressive with Ng(€) =

e [ u
ENE

Proof. Since Z is bounded under condition we assume without loss of generality that = —
[~1,1]%. Indeed, the domain can be normalized by defining a scaling mapping S : = — [—1, 1]%
ﬁ

and replacmg & with S %m (CSBO) and (SBOg-). Under assumptlons .(11) and condition

we have from Lemma that y*(z, -) is real-analytic over = for any fixed z € R% . Hence there

exists p € (1, e!'/2) such that y*(z, ) is analytically continuable to the closure of E,, the open region
delimited by the dg -dimensional Bernsteln space szl E,. Since y*(x, -) is analytic on the compact
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set E,, it is in particular contmuous and y*(z, -) is bounded on E, by some constant /. For any
Jj € [d,] Using LemmaE y; (w, ) admits the d¢-dimensional Chebyshev expansion:

5
yj (. &) = Z Z a(Jl) ..... kg HTki(§i>
=1

k1=0 k

where for any k1, ...,k >0,

Let W1 be such that its j-th row contains the elements of a(/). Then

v, (Wi(w), &) = W (2)9(¢)

= z Z A, ... kdgnTk (&)

k1=0 kg =0
Lemma [E.6|then yields for any n > 1:
d
* 2 ¢ n
sup o, V(0.6 =500 <01 (25) 1==or] - ap
€= -
Define
- 1 1/d
0@ 2 |~ 1<1M6dy (,;2 ) ) /In(p)| and N@E 2n@)% (12)

Note that N(¢) = © <lnd5 (1/ E)) as € — 0. Furthermore, for any number of basis functions

N > N(é), we have atleast n = N 1/d¢ > n(€) elements per dimension. As the right hand side of
equation|11|decreases in n, we have for any n > n(é):

sup lyo;(Wi(2),€) — yj(2,8)] <

Since this holds for any j € [d,], we obtain:
sup [y (W1 (@).6) — v (@ O] < &
(SS)
O

Lemma E.8. Let AN) € RN*N be g zero-indexed matrix containing the unweighted scalar product
of d-dimensional Chebyshev polynomials. Then A, (A(N )) =0Q (N *1).

Proof. We first consider the 1-dimensional case and define B € R™*"™ satisfying:

1
By =3 [ DT

For any zero-indexed vector v € R", we have:

nlnl

Bu=Y 0 / da

1=0 j=0
n—1 2
viTi(z)> dx
=0

- 2
v; cos(i arccos(x))) dx

Il
N | —
w\H
T
N
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After substituting z = cos(f) and dz = —sin(6)df we obtain for § = -

T [n—1 2
v' Bv = %/o (; v; cos(i@)) sin(6)d6é
=5 (n—1 2
/ <Z v; cos(i@)) sin(0)do
9 i=0
> sin(9) /W_(S <7§ v; cos(i9)> 2 do

On one hand, we know from Fourier theory that

-/OF cos(if) cos(jh) = {

T [/n—1 2 n—1
/ (Z on cos(i@)) df = T + g Z v?
0 \i=0 i=1

m 2
>
> 2ol

A%
DN =

ifi #j
ifi=5=0
otherwise.

nvE N O

and thus

On the other hand, we have using Cauchy-Schwartz inequality:

T [/n—1 2 T— n—1
v; cos(i0) | df = / v; cos(if) | db —|—/ v; cos(if) | db
/0 <§ ) S <Z ) [0,6]U[m—8,7] Z

T—8 [n— n—1

< / <Z v; cos(i@)) do + Hv||2/ (Z cos? (i) ) de
) i=0 [0,8]U[m—6,7]
-8 [n—1 2

< / <Z v; cos(i@)) do + 26||v|*n
4 i=0

Hence we obtain:

/; <Z vr cos(i ) ~ —2n) o]

and we conclude using sin(§) > 5 for any 6 € (0,1) that:
. (5) T—9 2
v Bu > SIHT/ (Z v; cos(i9)> do
3 i=0

> (2~ 20m) ol

1 T 1
=== ) lvl?
16n 2

Therefore we obtain for all n € N* that A\, (B ) > <1, withcp = ”3—_21

d
Suppose first that N = n¢ for some n € N*. We can decompose AN = ® B. Using Lemma
i=1
we obtain:
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Consider now an arbitrary N € N*, and n € N* such that N € [(n — 1)¢ + 1,n%]. Since A is a
principal submatrix of A(”d), the Eigenvalue Interlacing Theorem gives:

Auin (Aw)) Amin (Amd))

[N1/d]d

where the second inequality uses the result of the case N = n?, and the last equality hold since
N € [(n—1)%+1,n%].
We conclude that Ay (ANV)) = Q (N1).

O

Proposition E.9. Let ® be the basis of d¢-dimensional Chebyshev polynomials. If condition
holds, then mg(e) = Q (ﬁ(e))

Proof. Under condition|[(c.T)} we have that = is finite or there exists ¢ > 0 such that the density of P¢
is lower bounded by c on =.

Suppose first that |=| is finite. Then for any N < |=| we have that {®(£)}¢c= spans RY. Thus there
exists ¢y > 0 such that ¢ > cyIy. Since n — 1 polynomials of distinct order can interpolate

n point, we have Ng(e) < |Z|. Therefore, for any N € N* we have Xg > min‘nE:‘1
= |

particular mq(€) > ¢ > = Nagg With ¢ = min, = ¢,

cpIn and in

Suppose now that the density of P¢ is lower bounded by ¢ on =. Then:
Yo = B [2(6)2(¢) ']
1 1
—c [ a©e©)Ta+ [ 2(©)0(6)T (@B - o)
-1 -1
From Lemma we have Apin (f_ll <I>(§)<I>(§)Td§> = Q(1/Ng(€)). Additionally, (dP(§) —
cdg)(£)P(§)

we have:

> 0 for any £ € E as the product of a positive term and a rank 1 matrix. Therefore

)\min (Eé) =0 (1/N‘I>(€))
and we conclude that mg (¢) = Q(1/Ng(€)). O

Combining the above results, we now prove Theorem [.5]

Proof. Suppose that assumption [3.1] and the conditions of Theorem .5 hold. The first state-
ment of the theorem follows from Proposition Indeed we have that ® is expressive with

Ng (e <2K1 /£ 0) and since N (¢) = O <lnd§(€’1)), we obtain Ng(e) = O <lnd5 (671)).
Since ® encodes multivariate Chebyshev polynomials, we have |®;| < 1 for any ¢ € [Ng(e)]
and thus Mg(e) < y/Ng(e) = O (lndg/ 2(6’1)). The second statement directly follows from

Proposition , where substituting Ng(e) = O <lnd5 (6*1)> into mg(e) = Q (N (E)) gives
ma(e) = Q ln_df(e’l)). O

F DISCLOSURE OF LARGE LANGUAGE MODELS USAGE

LLMs were used solely to improve the clarity and readability of the main text (e.g., grammar and
phrasing). No technical content, proofs, or experimental results were generated or modified using
LLMs.
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