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Abstract

Recent advances in generative diffusion models have explored replacing the stan-
dard Brownian driving noise with non-Markovian fractional Brownian motion
(fBM) or heavy-tailed Lévy processes. In image restoration, the Generalized
OrnsteinUhlenbeck Bridge (GOUB) model maps low-quality to high-quality im-
ages by extending the stochastic dynamics of generative bridge models to a time-
varying Ornstein-Uhlenbeck (OU) process, while retaining standard Brownian mo-
tion as the driving noise. We combine these two directions by investigating how
GOUB can be extended to a driving fractional noise, leveraging a Markov ap-
proximation of fBM (MA-fBM) for tractable simulation. We show that extending
GOUB to fractional noise is inherently difficult: the resulting noise process will
depend on the starting value at terminal time, making it infeasible to initialize
the backward process during sampling. To nevertheless enable non-Markovian
noise trajectories for low-to-high image translation, we employ instead of GOUB
the recently proposed Fractional Diffusion Bridge Model (FDBM) for paired data
translation and extend its application to image restoration. Empirically, FDBM
improves reconstruction quality across a broad range of metrics compared to a
Brownian baseline with an identical diffusion constant, but still falls short of
purely Brownian-driven GOUB dynamics with a time-dependent diffusion coef-
ficient. Interestingly, FDBM performs best when Brownian motion is modified
only minimally toward a non-Markovian process.

1 Introduction

Continuous-time generative diffusion models [1] traditionally learn data distributions via stochastic
dynamics driven by Brownian motion [2—4], which is a centered Gaussian Markov process with
independent and stationary increments. Recent advances in generative diffusion models [5—7] and
generative bridge models [8] have replaced the standard Brownian motion with the non-Markovian
fractional Brownian motion (fBM) [9, 10], a centered Gaussian process with correlated increments
controlled by the Hurst index H € (0,1). In contrast to Brownian motion, the trajectories of fBM
exhibit distinct regularity depending on the Hurst index H. For H > 0.5, positively correlated
increments lead to smoother, super-diffusive paths, whereas for H < 0.5, negative correlations
yield rougher, sub-diffusive behavior. Standard Brownian motion is recovered when H = 0.5. In
the context of image restoration, the Generalized Ornstein-Uhlenbeck Bridge (GOUB) [11] extends
stochastic bridge dynamics to a time-varying Ornstein-Uhlenbeck process, while retaining Brownian
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motion as the driving noise. The resulting generalized dynamics achieve strong performance across
a range of restoration tasks, including inpainting, deraining, and super-resolution. In this work, we
investigate whether the GOUB model can be extended to a driving fBM. Following Nobis et al. [8],
we note that simulating fractional Brownian bridges directly is intractable. Therefore, we employ a
Markov approximation of fBM (MA-fBM) [12, 13] as the driving process. We show that a straight-
forward extension of GOUB to a driving MA-fBM is not feasible, since the induced noise process
depends on the information contained in the clean image at terminal time, thus rendering the initial-
ization of the backward process infeasible. Instead, we adopt Fractional Diffusion Bridge Models
(FDBM) [8] and compare the performance of Brownian and fractional noise for image restoration.
Our contributions are:

* We derive the backward dynamics of GOUB with a Markovian approximation of fractional Brow-
nian motion and show that it is not suitable for image restoration, as the terminal value of the noise
process depends on information from the initial clean image.

* We extend the application of the recently proposed Fractional Diffusion Bridge Models to image
restoration - specifically, the image deraining task - thereby enabling non-Markovian interpolating
trajectories.

* We show that FDBM achieves substantial improvements over the Brownian baseline with identical
diffusion constant, surpassing it on every evaluated metric.

2 Generalized Ornstein-Uhlenbeck bridges driven by fractional noise

For ease of notation, we assume one-dimensional data. The proposed theory generalizes to a mul-
tidimensional setting, as every data dimension is driven by independent noise. The Generalized
Ornstein-Uhlebeck Bridge (GOUB) model of Yue et al. [11] begins with the Generalized Ornstein-
Uhlenbeck (GOU) process following for 7' > 0 the dynamics

dXt = Gt(,u—Xt)dt—thdBt, t e [O,T], (1)

where B is a standard Brownian motion, g; is the diffusion function, 6, is a drift coefficient that
determines how fast X, approaches the constant x, and g; and 6, are constrained to satisfy 2\? =
g?/0;, for a given constant \. The resulting stochastic process X solving eq. (1) is a stationary
Gaussian-Markov process, where the mean of the marginal distribution approaches for large 7" a
Gaussian distribution with mean y and variance A? [11]. We replace in the following the standard
Brownian motion used in the stochastic dynamics of GOUB by an approximation of

Definition 2.1 (Type II Fractional Brownian Motion [9]). Let B = (B;):>0 be a standard Brownian
Motion (BM) and I the Gamma function. The centered Gaussian process
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is called Type II fractional Brownian motion (fBM) with Hurst index H € (0,1).
Since the reverse model of a stochastic process driven by fBM is not available with sufficient struc-

ture to train a neural network [6, 14] we use a Markovian-approximation of fBM (MA-fBM) [13, 15],
defined by the linear superposition

K t
Bl =Y "wYf, vF= / e~ wE=)dB,,  te|0,T] 3)
k=1 0
of the K € N Ornstein-Uhlebeck processes Y'! ... Y X with approximation coefficients w1, . .., wx

and geometrically spaced speeds of mean reversion 71, ...,7x. Importantly, the OU processes
Y1, ..., Yk are all driven by the same Brownian motion, approximating the time-correlated behav-
ior of fBM. The above approximation is justified by the integral representation of fBM over a family
of OU processes by Harms and Stefanovits [12], and we follow Daems et al. [13] in choosing the
L?-optimal approximation coefficients 4 and wy. We fix K = 5 throughout all experiments, as it
already provides a good approximation of Type II fBM Daems, Rembert [16, Figures 3.13-3.15].
Nobis et al. [8, Proposition 8] show that B* is non-Markovian and coincides with Brownian motion
for H = 0.5 only if the mean-reversion speeds of the underlying OU processes are adjusted accord-
ingly. As we fix non-zero v; # v2 # -+ # i across all Hurst indices H € (0, 1), the resulting
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Figure 1: Qualitative results for varying H, with K = 5, g = 0.2, and 10 solver steps for image deraining.

driving noise process remains non-Markovian even for = 0.5 and does not reduce to Brownian
motion. Under these fixed 1, ...,vVk, the case H = 0.5 can thus be viewed as an L?-minimal
adjustment of Brownian motion to a non-Markovian process, since the approximation coefficients
minimize fOT E[BY-5— B?%]dt [13]. Replacing the standard Brownian motion in eq. (1) by MA-fBM
we find using the definition of the OU-processes and Ito’s formula [17] the forward dynamics

K K
AXy = 0,(n — Xe)dt — g, > wpn Y dt + 9. Y widBy, t€[0,T], 4)

k=1 k=1
with explicit forward representation derived in Section A. Assuming fooo fsds = oo yields

E[Xr|Xo] — pfor T — oo, implying that the mean-reverting property of Yue et al. [11] car-
ries over to our generalized setting. Considering the augmented OU processes we write Z =
(X,Y ..., YY) for the augmented forward process. Since Z has a linear drift, we know that Z
and X are Gaussian processes [18]. Conditioning X to attain the terminal value 7 we extend the
partially pinned process of Nobis et al. [8, Proposition 4], derived for constant diffusion function, to
the partially pinned process Z|;, »,, = Z|(Xo = xo, X7 = xr) of our setting solving

dZ\zo,zT (t) = [J(t) + F<t)Z|zo,mT (t) + G(t)G(t)Tu(t7 Z\zo,zT (t>)] dt + G(t)dBtv (5)

E ) P) T xp — pr)e(2)
u(t,2) = (%) Bz . R(y) TR
T|t

; Q)

where 17 (2) and a%“ denote the mean and the variance of the conditional terminal Xr|(Z; =

z), respectively. The vector valued function J(t),G(t) € RE+! and the matrix valued function
F(t) € REFLEHL are given in Appendix Section B. The above construction generalizes eq. (43)
to a driving MA-fBM. To obtain the reverse dynamics, we follow the derivations of Nobis et al. [8,
Appendix B.5] in our generalized setting, which yields:

dZ 4,00 (1) = [J(t) + F(t)Z)0,0p () — G()GT (t)V . log ﬁt(Z‘xo,xT(t)m)] dt + G(t)dB;.  (7)

Hence, the reverse dynamics of the partially pinned process coincide with those of the reference
process conditioned on z¢, and the conditional score function V logp;(-|z¢) can serve as a target
for training a neural network to approximate the unconditional score function.

Unfeasible reverse-time simulation of the fractional GOUB dynamics. As the previous deriva-
tions show, the forward-backward scheme of GOUB can be generalized to a driving MA-fBM. How-
ever, the resulting backward dynamics are unsuitable for transforming distorted images into clean
ones. To illustrate this, we examine the terminal distribution of the augmented OU processes in the
partially pinned process. Our forward dynamics reduce for §; = 0 and g; = g > 0 to the forward
dynamics used in Nobis et al. [8]. We note by the derivations of Nobis et al. [8, Appendix B.4] that

we have for Z|,, .. = (X|0,1, Y‘imw, ey Y\i{ozT)
Y]I;OJT (T) i G/(Z‘T - .1?0) + )‘Tfa f ~ N(07 1)7 (8)

where ¢ > 0 and Ay > 0 are known constants and ¢ is independent of (Xo, X;). To see that
having only access to samples of X does not suffice to initialize the terminal values Y)?o, x,(T)
conditionally on X7, we compute

E[Y%, x,(T)| X7] = E[a(Xr — Xo) + A& | X1] = a(Xr — E[X, | X7]), 9)

where we use that E[¢ | X7] = 0. Thus, initializing Y};m x, (') given X requires knowledge of
the conditional law of X | X, in particular of E[X, | Xr|, which is unknown. Since we have
have no access during sampling to E[X, | X7], the fractional GOUB dynamics in eq. (7) are not
suitable for training a generative data translation model.
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Method PSNR_Y1 SSIM? LPIPS| FID|

GOUB™ [11] 3196 09 005 18.14
LeiPs 4 Mean-ODE™ [11] 3456 09  0.08 32.83
"ABM (Brownian baseline) [T9] ~ 71976 ~ 0.71 ~ 0.38 106.74°

FDBM(H = 0.2) 244 0.55 0.34 838

244 072 032 109.32

Figure 2: Quantitative results for varying H Table 1: Results for 100 solver steps

3 Fractional Diffusion Bridge Models

To incorporate fractional noise into image restoration, we extend the application of Fractional Dif-
fusion Bridge Models (FDBM) [8], which do not require a reverse-time model, to this task. Using
eq. (5) within FDBM is generally possible, but it makes sampling from the partially pinned process
considerably harder, since the covariances required for sampling are no longer available in closed
form Nobis et al. [8, Appendix B.4]. For that reason, we focus in this work on exploring FDBM for
image restoration with zero drift #; = 0 and a constant diffusion function g(t) = g > 0, such that
eq. (5) recovers the partially pinned process of FDBM:

dZ|meO (t) = FZ\ZT,IO (t)dt+GGTu(t, Z|a:T,z(J (t))dt+GdB(t), Z|IT’ZU(0) = (xT,OK), (10)

))T To — #T\t(z) .

u(t,z) = (1 wiGi(t,T) ... wrlx(t,T (11)

U%\t
Here we intentionally swap the roles of zy and x7, as our goal is to generate the clean image xg
through forward simulation starting from a distorted image x7 ~ Ilp, while preserving the given

coupling (xr,zo) ~ Ilr between distorted and clean images. The data transforming process is
parameterized as

Az = FZ0dt + GGTul (t, Xo, Z0)dt + GdB;, Z§ = (Xr,0,...,0),  (12)
W(tzo,2) = (1 wiCi(t,T) ... wiCx(t, 1)) @t o, prye(2)), (13)

where %’ is a time-dependent neural network trained to minimize the KL-divergence Dy (P*|P?) of
the II7 o-coupling-preserving path measure P* of Z*, constructed in Nobis et al. [8, Proposition 5],
and the path measure P? of Z9, via

2

aire T X7 — 1% Zf ~
’C%D];M(e) :/0 Ep- HTQTM — % (t, Xr, prip(27))| | dt. (14)

9T

With the trained model @/ at hand, we use the forward dynamics in eq. (12) to generate a clean
image using the Euler-Maruyama scheme [17].

4 Results

To assess the quality of the generated clean images for the deraining task presented in Yue et al. [11],
we evaluate image fidelity with the Peak Signal-to-Noise Ratio (PSNR) [11] and the Fréchet Incep-
tion Distance (FID) [20], perceptual quality with the structural similarity index measure (SSIM) [21],
and perceptual similarity using the Learned Perceptual Image Patch Similarity (LPIPS) [22]. Follow-
ing Yue et al. [11], we calculate PSNR, SSIM, and LPIPS on the Y channel YCbCr space, instead
of a standard RGB space. We fix g = 0.2, as it empirically yields the best results across metrics for
the image deraining task. This choice is consistent with the configuration that achieved the best per-
formance in Nobis et al. [8] for predicting conformational changes in proteins. We report qualitative



results in Figure 1, as well as quantitative results in Table 1 and Figure 2. Interestingly, we observe
that the setting H = 0.5, where Brownian motion is L2-minimally adjusted to a non-Markovian
process with respect to the fixed geometrically spaced grid of the approximation, yields the best per-
formance across metrics—significantly outperforming Augmented Bridge Matching (ABM) [19]
driven by Brownian motion with the same diffusion constant ¢ = 0.2. Comparing our results with
the metrics reported in Yue et al. [11] for GOUB shows that FDBM performs worse across all met-
rics. We emphasize that FDBM was trained for only 1600 epochs due to computation limits, whereas
GOUB was trained for 4000 epochs. Nonetheless, we acknowledge a significant performance gap.
We hypothesize that adapting the forward dynamics of FDBM to a time-dependent diffusion func-
tion is necessary to close this gap and to enable a fair comparison between purely Brownian-driven
GOUB dynamics with a time-dependent diffusion coefficient and FDBM.

5 Conclusion

In this work, we analyzed the feasibility of extending the GOUB model to a driving Markov approx-
imation of fBM and showed that such an extension is conceptually challenging, as the induced noise
in the reverse-time dynamics depends on terminal information. In future work, we plan to investi-
gate whether an adjusted Markovian approximation can mitigate this issue or whether it reflects an
inherent property of the temporal correlations in fBM itself.

To incorporate fractional noise into image restoration, we employed Fractional Diffusion Bridge
Models (FDBM) and demonstrated improved performance on an image-deraining task compared to
purely Brownian-driven dynamics with an identical diffusion constant, although FDBM still falls
short of Brownian-driven GOUB dynamics with a time-dependent diffusion coefficient. Interest-
ingly, the best-performing noise regime of FDBM arises when Brownian motion is adjusted in an
L?-minimal sense to achieve a non-Markovian process.

Our findings highlight the importance of the underlying stochastic dynamics for the performance of
generative diffusion bridge models, as evidenced by the performance differences observed across
noise regimes. The empirical results further suggest that extending FDBM to a time-dependent
diffusion function is a promising direction for future work, and may clarify whether the advantages
of non-Markovian noise observed under a constant diffusion function persist when compared to
time-dependent, purely Brownian-driven GOUB dynamics.
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A Derivations of the explicit forward representation

We follow the same arguments as in the proof of Nobis et al. [6, Proposition 4.2]. The solution to

t t K K +
Xo= = [0Xudst [(0i= 3 wong(oWids+ S [ g 43)
0 0 k=1 k=1 0

is given by [17, Theorem 16.6.1]

170+/T1 up Zwmg v ds+§Kjwk/Tg<s)qu (16)
o c(s) = "o cls)

where c(t) = exp(— fot fsds). Using

XT = C(T)

Y| Z = e 7Ty —|—/ e 7" WIRB,, s>t (17)
t
we find
T o T g(s) [&
Xr|Z; — e Ji QSdSthrC(T),u/ elo Ouduasdg —c(T)/ TS) [Zwkyk(nk|Zt) ds (18)
t t k=1
=ar|; ()
K T
+e(T)D wr / 9) i, (19)
o ¢ c(s)
T K s
= arp(xe) — o(T) / 9(s) Zwm {e%<st>yf+ / e”’“(su)dBu} ds (20)
¢ c(s) 1 t
K T
g9(s)
+o(T wk/ 95) i, 1)
M2 |
S T9(8) st
= arp(x;) — (T Zwmyt T ds (22)
¢ c(s)
(s) = [Tgls)
Zwk/ / o (s—u) g ds—l—c(T)Zwk/ 9% B, (23)
c(s) = " Ji cs)

Using Stochastic Fubini, we have

T s T T
¢ Jioc(s) ¢ Ju c(s)

and hence in total

T
Xr|Zy =€ I Osdsp, 1 C(T)/.L/ elo Pudug s (25)

t

K T T T
~ [T gudu g(u) / 9(8) —vi(s—w) / 9(8) (=) 5k
eI / L(u) ™ (€ ds) dBut | o) ds

k=1
—ah (Tu)
(26)
T T s
—e Osds g 4 c(T)/,L/ elo Oudug ds+ 27
¢
T
=I5 bu duZwk {/ ar(T,u)dBy + Yk / %eka(sft)dsyf} (28)
¢



Therefore with ¢(T') = e~ J5" ., du we have for the mean

9(8) sty
c(s)

T
S
t

T ) K

E[X7|Z,] = e~ %%, + o(T)p / elo Oudug ds — o(T) Y~ wiyiys /
t k=1

(29)

K T
— e ftT Bsdsxt + C(T)u[efoT Oydu efot Oudu] B C(T) Z Wk'}/kyf / g((s)) 67wk(57t)d5
1 t Cc(s

(30)

K T
— e jtT esdsxt + U(l e ftT eudu) _ C(T) wawf / g(s)eff) Guduef'yk(sft)ds
k=1 t

(€29)
and for the variance
T[ K 2
VIXr|Zi] = 02(T)/ [Z wrpak(T,u)| ds (32)
b k=1
T K T
— ¢ 2Jo Oudu Zwiwj / a; (T, u)a; (T, u)ds. (33)
i, t
B Details of the fractional Generalized Ornstein-Uhlenbeck process
The augmented forward Z = (X, Y'...YX) process follows the dynamics
dZ(t) = [J(t) + F(t)Z(t)] dt + G(t)dB(t) 34)

with the vector valued function J(t),G(t) € RE*! and the matrix valued function F(t) €
REFLE+L given by

—0:  —guiy1 —grwaY2 .. —GWEVk
and
Ocpt gt Zszl Wk
J(t) = 0| e REH gnd G(t) = 1 e REF! (36)
0 1

Since Z has a linear drift, we know that Z and X are Gaussian processes [18].



(a) Solver steps = 100 (b) Solver steps = 10

Figure 3: Quantitative results for varying H with different SDE solver steps.

C Details of the partially pinned dynamics

To derive the control function u in the partially pinned dynamics given in eq. (5) we calculate using
Xr|Z; ~ N(E[X7|Z], V| Xr|Z4]), we find
— ——

mr|¢ G%It
u(t, z) = V,,logq(zr|zt) (37)
T
_[rr— mre(zt) Omrp(2ze) o7 — mrp(2ze) Omp(2e) o7 — mp(2) 3mT|t(2t))
o7 oxy ' o oy 7 oT oyr
(38)
Omr(z)  Ole” S Oads g — [T 0.d
— = t Us@S 39
6xt 8$t ¢ ( )
o) Blefo Oudu ST oyt [T g(s)els Fuduemi(s=1) gg] “0)
dyf dyr
T T s
—elo eud“wkvk/ g(s)efd Oudu g =y (s=1) g, 41)
t

D Implementation details and additional results

We use the same U-Net architecture as described in GOUB [11]. During training, we do not patch
the images; instead, we use the full image size with a batch size of 8. We employ the Adam optimizer
with standard parameters 81 = 0.9 and S = 0.99. The total number of training steps is 360000,
corresponding to 1600 epochs, given the training dataset size of 1800 images. The learning rate is
scheduled using the OneCycleLR policy with a total of 360000 steps and an initial learning rate of
0.0001.

The forward process parameters I’ and G are described in Appendix B, with the diffusion constant g
fixed as a value in [0, 1] for each model configuration. The number of SDE solver steps was selected
from 10, 50, 100.

The effect of varying the number of solver steps can be observed in Figure 3 and Table 2. Increasing
the number of SDE solver iterations leads to faster convergence of the metrics toward improved
results for almost all model configurations, and also yields superior overall statistics.

E Generalized Ornstein-Uhlebeck bridges

We summarize in this section the forward-backward dynamics of the Generalized Ornstein-Uhlebeck
Bbridge (GOUB) modelYue et al. [11] starting with the Generalized Ornstein-Uhlenbeck (GOU)
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(a) Inference steps N = 100

Method / H PSNRT PSNR_Y1 SSIM1 LPIPS| FID|
GOUB”* [11] 3196 09  0.05 2093
Mean-ODE* [11] 3456 0.9  0.08 3283
FDBM(H = 0:2) 2100 ~ ~ 244 ~055° ~0.34 " 838
FDBM(H =0.3) 2378 2679 065 022 63.64
FDBM(H =0.4) 2235 2428 07 022 9443
FDBM(H =0.5) 2535 2735 077 015 5574
FDBM(H = 0.6) 21.07 226 07 0.23124.82
FDBM(H =0.7) 219 2366 068 02 139.67
FDBM(H =0.8) 2094 2244 072 032 109.32
‘ABMTI9] 1836 1976~ 0.71  0.38 106.74
GOUB [11] 3031 3169 09 005 2093

(b) Inference steps N = 10

Method / H PSNR1 PSNR_Y1 SSIM1 LPIPS| FID]
ABM [19] 2272 2413 076 017 95.96
FDBM(H =0.2) 297 748 0.1 139 361.8
FDBM(H =0.3)  7.76 1252 0.16  1.25298.99
FDBM(H = 0.4) 14.93 19.16 032  0.93 155.63
FDBM(H = 0.5) 2147  24.69 057 035 84.68
FDBM(H = 0.6) 1891 2164 05 053 1365
FDBM(H =0.7) 1834 2151 042  0.53 162.53
FDBM(H = 0.8) 190 2245 047  0.58 106.59

Table 2: Comparison of two methods. Results marked with * were recomputed (our baseline).

process following the dynamics
dXy = 0y(p — Xy)dt + g:d By, (42)

where B is a standard Brownian motion, g; is the diffusion function, 6, is a drift coefficient, deter-
mining how fast X, approaches the constant y, and g; and 6, are constrained to satisfy 2\% = gf /0,
for a given constant \. The resulting stochastic process X = (X¢)¢cjo,7] solving eq. (1) is a station-
ary Gaussian-Markov process, where the mean of the marginal distribution approaches for large T’
a Gaussian distribution with mean p and variance A\? [11]. Conditioning X on the terminal value
X7 = xp yields via the h-transform [18] the forward dynamics used in GOUB to transform a clean
image x to a distorted image xr via [11]

—20:.1
2 e

dXt = <9t + gt —

) (xr — X¢)dt + g:dBy,  Xo = wo, (43)
ou.T

where 0., = f: 0,du, 5.4 = (g2/20)(1 — e~2%%:t) and the Gaussian transition density p(z|z¢, z;)
of X|(Xo = zo,Xr = zp) is available in closed form. We write in the following whenever
X = (X(t))te0,1] is a stochastic process and g is a function on [0, 1], we write X () = X (1 —t) for
the reverse-time model and g(t) = g(1 — t) for the reverse-time function. The reverse-time model
to eq. (43) is given by the backward dynamics [11],

dX, =

_ 6726~T—t:T B B B
<9t +gi—— | (a7 — X4) — 6} Var_, logp(Xe|or) | dt + :dBy, Xr = a7,

oT—t.T
(44)
The score function V, log p; is intractable and approximated by a time-dependent neural network
sg, whose parameters are trained via the maximum-likelihood objective proposed in Proposition 3.3
of Yue et al. [11].
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