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Abstract

Knowledge distillation (KD), a framework in which a smaller student model is trained under the
guidance of a stronger teacher, has become a popular technique for model compression. Despite
its empirical success, the theoretical understanding of KD remains underexplored. In this work, we
theoretically study the generalization behavior of linear knowledge distillation (LKD), a simplified
setting in which the student is restricted to a linear model. We first characterize the implicit bias
of gradient descent on separable training data when the student is trained with LKD. Building on
the results, we derive a population zero-one risk bound for the distilled student under binary Gaus-
sian mixture data. We quantify the provable generalization benefit of LKD distilled from various
teachers compared to standard hard-label training.

1. Introduction

Knowledge distillation (KD) [13] refers to a technique in which a smaller student model is trained
with the auxiliary supervision of a larger teacher model. Given its empirical success across diverse
domains—from computer vision [29, 33] to large language models [1, 11]—KD has been widely
adopted for improving performance and compressing models.

Accordingly, understanding the mechanisms underlying the effectiveness of KD in generaliza-
tion has become an important research direction. However, most prior work falls into one of the
following categories: (1) Taking a static viewpoint, e.g., solely analyzing the KD objective, thereby
overlooking the optimization dynamics closely tied to generalization [9, 17, 19, 38, 39], (2) consider
settings where the teacher and student share the same architecture (i.e., self-distillation) [10, 22, 32],
or (3) analyzing a surrogate generalization measure (e.g., agreement in predictions between the
teacher and student) [15, 26]. A more detailed discussion of related work is provided in Section A.
Contribution. In this work, we study the generalization properties of KD for binary classification
on separable training data. For theoretical tractability and simplicity, we consider a setting in which
the teacher’s knowledge is distilled into a linear student model, which we refer to as linear knowl-
edge distillation (LKD). We first derive the converged solution—also known as implicit bias—of
gradient descent (GD) in LKD. Based on the result, we derive an upper bound on the population
zero-one risk under binary Gaussian mixture. We further show that LKD can achieve better gener-
alization than standard hard label training, when distilled from various form of teachers.

2. Problem setup

We consider the task of binary linear classification in the overparametrized regime. We want to pre-
dict the label y € {—1,+1} from the feature x € R? for the pair (x, y) jointly drawn from the pop-
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ulation distribution D. The student model is a linear classifier fi (x) = sign(w 'x), parametrized
by the weight w € R%. Our goal is to minimize the zero-one risk of the student, i.e.,
R(w):= Pr x)|= Pr cw'x < 0. @))
w)i= Pr ly# fulx)] = Pr Iy |
We train the student by minimizing the empirical KD risk over a training dataset {(x;, y;) }_, with
d > n. For each sample x;, we use two forms of supervision: the hard label h; := (1 + y;)/2 is
simply the label rescaled to have values in {0, 1}. The soft label p; := o(T (x;)) is the (positive)

class probability predicted by the teacher model T : R* — R, where o(z) := 1/(1 4+ e™%) is the
sigmoid function. Given these supervisions, the empirical KD risk is defined as

n

Ew, ) =5 37 (0= 2 50 + A6, (8T x)|. @
=1

where A € [0, 1] is the distillation weight that balances the impact of the hard and soft labels, and
4(u) denotes the standard cross-entropy loss ¢4(u) := —qlog o(u) — (1 — ¢)log(1 — o(u)).
The student w is trained via full-batch gradient descent, with learning rate n > 0:

~

wi(t+ 1) = wy(t) — nVwL(wr(t), N). 3)

For our theoretical analyses, we make the following assumptions.

Assumption 1 (Linear separability) There exists w. € R? with y;w] x; > 0, Vi € [n].

Assumption 2 (Full-rank) We have rank(X) = n, where X := [x1,--- ,%,]T € R"*4

Notation. For z € R", diag(z) € R™*" denotes the corresponding diagonal matrix. X denotes the
pseudoinverse of X. ®(-) denotes the standard Gaussian CDF. For a symmetric, positive-definite
matrix A, (x,y)a := x'Ay is the induced inner product, and consequently cosa (x,y) :=

(XY)A_ The jdentity matrix is denoted by I, € R4xd

ENEN and the all-one vector by 1, € R%.

3. Main results
In this section, we provide our main theoretical results, from implicit bias of LKD to population risk

bound with different teacher choices. All proofs in this section are deferred to Section C.

3.1. Implicit bias
We first characterize the exact form of the implicit bias induced by GD in LKD.

Lemma 3 For any )\ € (0,1] and any stepsize 0 < 1 < 8n/||X||3, we have

lim wy(t) = (Ig — X' X)w(0) + w}, wi:=X'o '((1-Nh+Xp), @)

t—o00

where h:= [hy, -+, hy] T and p := [p1, -+, pa] T
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Remark. Since (I; — X'X)w(0) is unaffected by the GD iterations and \, we will simply omit
this term in the subsequent discussions, by assuming w(0) = 0.

Lemma 3 extends the result of Phuong and Lampert [26]—which considered distillation-only
loss and gradient flow—to the case of gradient descent with mixed supervision. By letting A = 1,
we can recover the identical solution as in [26], i.e., GD and GF converges to the same minimum.

Through the extension to GD, we can now compare the result more directly with the results of
Soudry et al. [31] on the implicit bias of linear classifiers trained via GD on separable data, using
only the label-training loss (i.e., A = 0). In this case, the magnitude of the weight ||w(¢)]||2 diverges
and its direction wq(t)/||wo(t)||2 converges to the hard-margin support vector machine (SVM), i.e.,

Jim wo(t)/[[wo(t)ll2 = wsvm/[[wsvmll2,  where )
wgyM = arg min |[wlls st oy -w x; > 1, Vi€ [n]. (6)
weRd

On the other hand, Lemma 3 reveals that for any A € (0, 1], the weight converges to a finite-norm
solution w. Here, the solution is equivalent to the minimum-norm interpolator for the mixed label
ZNi = (1 — )\)hl + )\pi, i.e.,

wi = arg min |[wlls st w'x; =0 (zx,), Vi€ n] (7)
weRd

Note that =1 (zy ;) diverges as A — 0, and thus the limit of w) is singular. Nevertheless, under
appropriate assumptions (see Assumption 4), the normalized direction admits a well-defined limit
at A = 0. In this case, we can write

. | v fu S A=0 .
w) = arg min ||w st. W x; = , Yie€|n]. 8
A gweRd I {Ul(z)\,i) A€ (0,1] ] ®

In this sense, Lemma 3 can be seen as providing a smooth interpolation of two classic results—on
A =01[31]and A = 1 [26]—for the intermediate regime A € (0, 1].

3.2. Risk bound

In this section, we analyze the generalization behavior of the linear student, based on the results
from Section 3.1. We first specify the data model for our analysis, i.e., a binary Gaussian mixture.

Assumption 4 The training data {(x;,y;)}I"_, are generated i.i.d. as follows:
* Binary label y; ~ Unif({—1,+1}).

o X; = yipt + z; with z; ~ N'(0,1,) independent of y;, where pu € R®\ {0}.

* There exists an constant Cp > 0 such that d > Cp max {n? ny/logn||p||2} and ||p|l2 >
Ch.

The last condition—from Cao et al. [7]—ensures both linear separability of the training data and
the equivalence between the SVM and minimum-norm interpolator in A — 0 limit, since all train-
ing samples become support vectors. Moreover, under the data model, Assumption 2 holds almost
surely. With this setup, we now present the risk bound of LKD.
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Theorem 5 Let X = diag(y)X, s = Xpu, ay = iwj{ K = (XXT)"L. Assuming
(w3) T > 0, for every X € [0, 1], we have

cost, (ar,s) sl
R(W}) < exp <—c SR 2 ) 9)
) o082, (Ln,s) A+l

with probability at least 1 — O(n~") and for some constant C > 0.

By letting A = 0 in Theorem 5, the squared ratio involving the cosine term becomes one, and the
risk bound recovers the same rate as that of Cao et al. [7], i.e., exp(—O(n/d)). More generally,
the bound can be tighter or looser—compared to A = 0—depending on the cosine ratio, which
quantifies the alignment between the logit vectors under the inner product induced by K.

3.3. LKD vs. Label Training: When Does Distillation Improve Generalization?

We now ask: Does LKD lead to better generalization than standard label training? If so, when?
From Egq. (9), we can see that the effects of A and teacher supervision enter only through the cosine
ratio. This motivates the following definition of the generalization improvement factor Imp(\, T').

Imp(\, T) := cosk (ay,s)/cosk (1,,,s). (10)

Here, the risk bound becomes tighter when Imp(\, 7)) > 1 and looser otherwise, relative to the
A = 0 baseline. Now, we analyze the different choices of teacher, derive Imp (A, 7), and establish
the conditions for improvement.

Example 1: Bayes teacher. Theoretical works on KD often study an idealized setting in which
the teacher is given by the Bayes posterior, i.e., the teacher outputs the ground-truth population
distribution p = p* (y = +1|x) [9, 19, 23]. The result is stated in Lemma 6.

Lemma 6 The Bayes teacher is obtained as T (x) = 2u " x. For any X € (0, 1], we have
LS Imp(A, T) S 1+ 1/llpellz, (11)

and lmp(\, T) is monotonically increasing in \ € (0, 1].

Example 2: Biased teacher. Next, we consider the Bayes teacher with non-zero bias, i.e., Tp(x) =
2p"x + b, where b € R\ {0}.

Lemma 7 For )\ € (0, 1], we have Imp(X\, Tp) > 1 when

bl < /2ll3 + log(1/3) + 1 (12)

Example 3: Noisy teacher. Here, we consider a noisy teacher, defined as a Bayes teacher whose
output label is flipped independently with probability p € [0, 0.5]. The result is stated in Lemma 8.
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Lemma 8 We have Imp (1,7,) > 1 when

p <05~ \/lull3/(4lll3 + ). (13)

Example 4: Linear teacher. As a final example, we consider the linearly parametrized teacher by
v € R?, written as 7 (x) = v x, without assuming Bayes optimal direction.

ﬁ’;”’g W denotes the component of v orthogonal to p. For \ € (0, 1],
2

we have Imp(\, Ty,) > 1 when

Lemma9 Letv :=v—

2
lvillz S

(vT )2 ( 1 zlogum)
1+ + . 14
Tk B v u o

Implication. For the Bayes teacher, any A € (0, 1] improves the risk bound. Moreover, the im-
provement is maximized at A = 1 (i.e., pure distillation): In this case, the numerator of Eq. (10)
becomes one, thereby attaining the optimal improvement. For the biased, noisy, and linear teachers,
improvement is not always guaranteed. However, in each case, we can set b, p, or v appropriately
to obtain Imp (A, 7)) > 1. This implies that A and the teacher’s imperfectness should be considered
jointly for achieving better generalization in KD.
Numerical experiments. To analyze this more precisely, we conduct numerical experiments, with
results and additional details provided in Section B. In Figs. 1 to 3, we plot Imp(\, 7") as a function
of A for the biased, noisy, and linear teachers, respectively. There, we show that the improvement
factor predicted by our theory closely matches the improvement factors (1) derived from the implicit
bias (Eq. (8)) and (2) obtained from standard gradient-based training.

In the case of the Bayes teacher (b = 0, p = 0, and ||v_ |2 = 0), as mentioned earlier, the
improvement increases monotonically as A becomes larger.

Even when the teacher is imperfect, pure distillation can still be beneficial (e.g., b = 4 in Fig. 1).
In some cases, improvement occurs only when A falls below a certain threshold, as in the case
of b = 8. Moreover, somewhat counterintuitively, even when pure distillation severely degrades
generalization, a sufficiently small A can still outperform label training.

4. Conclusion

In this work, we theoretically study the generalization behavior of LKD, a learning framework in
which a linear student is trained under the supervision of a teacher. We first characterize the exact
form of its asymptotic implicit bias. Building on this result, we derive a population zero-one risk
bound that depends on both the distillation weight and the output of a teacher, where the tightness
of the bound is determined by the alignment between the logits of the Bayes optimal classifier and
those of the student. For different choices of teacher, we further show how the bound becomes
tighter or looser compared with standard label training.

Limitation. Our results do not capture the effect of temperature, although this hyperparameter
plays an important role in feature learning dynamics [2, 4, 36]. Also, our risk bound relies on the
asymptotic implicit bias and thus does not capture finite-time behavior [24, 37].
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Appendix A. Related Work

Theoretical analysis on knowledge distillation. Since knowledge distillation (KD) [13] has demon-
strated empirical success across various domains, understanding its internal mechanisms has be-
come an important and active research direction in deep learning [3, 12, 18, 25].

A seminal work by Phuong and Lampert [26] studies the implicit bias of KD with only soft
labels (in our case, A = 1), when both the teacher and student are linear models. They also analyze
the transfer risk of the distilled student, defined as the difference in prediction between the student
and the teacher. Ji and Zhu [15] extend this framework to the setting where the student is in the
neural tangent kernel regime [14]. However, transfer risk is not aligned with standard generaliza-
tion metrics, such as test loss or accuracy, because it merely measures agreement in predictions or
parameters between teacher and student. In contrast, our generalization bound is directly tied to
test accuracy. Moreover, our work provides provable quantitative performance gains compared to
standard label training.

Another research direction focus on characterizing the quality of teacher theoretically. For ex-
ample, Menon et al. [19] analyze KD from a statistical perspective, characterizing the optimal
teacher as one that outputs the Bayes class probabilities and explaining its benefits through a gener-
alization bound. Their results suggest that the minimizing the calibration error (i.e., {5 distance be-
tween Bayes class probability and the teacher prediction) improves generalization. Dao et al. [9] take
a similar viewpoint while relaxing assumptions on the loss functions. However, these static view-
point does not consider the gradient-based optimization dynamic of the student, which is closely
tied to generalization behavior. Compared to these works, we derive generalization bound based on
the converged solution (i.e., implicit bias) depending on both A and teacher predictions.

Classification on Gaussian mixture data. In theoretical machine learning, (sub-)Gaussian mix-
ture is among the most tractable and widely used data model for studying various phenomena that
we observed in practical scenarios.

For example, Chatterji and Long [8] and Wang and Thrampoulidis [35] derive the finite-sample
risk bound on Gaussian mixture in linear classification, and discovered the condition when the
interpolating classifier can be overfitting benignly (also known as “benign overfitting” [5]). Cao
et al. [7] relax the data assumption and provide tighter risk bound. These results focus solely on the
maximum ¢s-margin classifier, which corresponds to the implicit bias when A = 0 in our paper. In
contrast, our work extends this setup to distillation scenarios.

In the domain of KD, several studies have leveraged the replica method [20] from statistical
physics to derive closed-form expressions for the generalization error in the proportional limit
regime, where d/n — « € (0,00) as d,n — oo [21, 27]. Within this framework, Saglietti and
Zdeborova [28] provide an analysis of KD, demonstrating that the distillation process inherits the
implicit regularization of the teacher model. Recently, Takanami et al. [32] study self-distillation on
a noisy Gaussian mixture and claim that the effects of dark knowledge are negligible; Rather, the
distillation process denoises the noisy labels, thereby improving generalization. Compared to these
works, we do not assume proportional limit: To our knowledge, we provide the first theoretical
analysis of KD under a Gaussian mixture data with finite number of training samples.

10
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Appendix B. Numerical Experiments and Analysis

In this section, we present numerical experiments investigating how different factors—the distilla-
tion weight \, the pair (A, 7), the bias b, the flip probability p, and the ¢2-norm of the orthogonal
component ||v | [[o—affect the improvement factor Imp(\, 7).
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(a) Zoomed-in view. (a) Full view.

Figure 1: Experiments on biased teacher: \ vs. Imp (A, 7) for varying b. Our theory denotes the
theoretical prediction derived in our analysis, Implicit bias denotes the solution from Eq. (8), and

GF denotes the result obtained by training the student via gradient flow.
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(a) Zoomed-in view.

Figure 2: Experiments on noisy teacher: X\ vs. Imp (A, 7") for varying p. Our theory denotes the
theoretical prediction derived in our analysis, Implicit bias denotes the solution from Eq. (8), and

GF denotes the result obtained by training the student via gradient flow.
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Figure 3: Experiments on linear teacher: A vs. Imp (A, 7) for varying ||v 2. Our theory denotes
the theoretical prediction derived in our analysis, Implicit bias denotes the solution from Eq. (8),
and GF denotes the result obtained by training the student via gradient flow.

In Figs. 1 to 3, we plot log(1/X) versus approximated Imp (A, 7") (i.e., without o(1) error term)
plot, for the “Example 27, “Example 3”, and “Example 4" respectively. Here, we can interpret the
results as follows:

* Generalization improvement with Bayes teacher. When b = 0 in Fig. 1, p = 0 in Fig. 2, and
||lvL|l2 = 0 in Fig. 3, the teacher becomes Bayes teacher. Here, the results suggest that using the
Bayes teacher consistently outperforms label training, as the improvement factor never falls below
1. Moreover, Imp(), 7') increases as A increases, as we proved in Lemma 6.

* Emergence of an optimal \. For moderate values of b and p, the improvement is maximized at
an optimal \*, corresponding to the peak observed in the full-view figure. For example, in Fig. 1,
as b increases—meaning that the deviation from the Bayes teacher becomes larger—\* decreases.
This aligns with the intuition that as the teacher becomes more uninformative, we should assign a
smaller weight to the soft labels.

* (Moderately) Bad teacher can make good student. Even for small levels of teacher’s imperfect-
ness (e.g., b € {2,4}), LKD with any X outperforms the hard-label baseline. Interestingly, when
b = 8, there exists a threshold Ay, es: For examp,e, when A < A¢pres, LKD outperforms hard-label
training; Otherwise, hard-label training achieves a better generalization bound.

* (Very) Bad teacher harms generalization. When b = 20, LKD cannot achieve better general-
ization than the hard-label baseline, in an approximate sense.

These analyses indicate that there is a permissible level of teacher imperfection for which LKD
achieves better generalization than the hard-label baseline.

Our findings align with phenomena observed in practical KD scenarios. For example, (1) even
when the teacher is imperfect, KD with a moderate A can improve generalization compared to label
training; and (2) a weaker teacher can produce a stronger student, a phenomenon also known as
weak-to-strong generalization [6].

12
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Experimental details. For all numerical experiments, we set n = 50, d = 10*, and |||, = 4. To
approximate gradient descent, we numerically integrate the gradient flow ODE using a Runge-Kutta
method: Since the implicit bias characterizes the asymptotic limit of training, finite-time GD iterates
can deviate noticeably from this limit (especially for small A, see [24, 30] for related discussions).
Solving the gradient flow (GF) ODE allows us to efficiently reach this asymptotic regime (in an
approximate sense) that would otherwise require prohibitively many GD steps, since the implicit
bias of GD and GF are identical in our case.

13
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Appendix C. Deferred Proofs
C.1. Proof of Lemma 3

Before we begin, let us define the mixed label as
zni = (L= Nhi + Api. (15)
Then, due to the linearity of /,(-) with respect to the g, we know that the following identity holds:
(1= N, (u) + My, (u) = Lz, ,(u). (16)
Thus, the problem boils down to the analysis of gradient descent for another soft label z) ;.

Risk convergence. Letz) = [z)1,..., zx,n]T € R"™ denote the vector of mixture labels on the
training dataset. The empirical KD risk and its gradient can be expressed as

L(w,\) = %Zem(xjw), (17)
=1
Vo L(w,)) = %XT (o(Xw) — 7)., (18)

where o (-) is applied entrywise. Moreover, since

ly(w)
lq(u)

(u) —q (19)
(u)(1—o(u) <1/4 (20)

o
o
holds, the Hessian of the empirical KD risk can be written as
V2 L(w,\) = %XTD(W)X, 1)
where
D(w) := diag([a(xfw)(l —o(x] w)),...,o(x w)(l - U(XZW))]). 22)
As the sigmoid function satisfies o(x)(1 — o(x)) < 1/4, we have
IV3E(w )l < oI XIB. (3)

In other words, L(-, A) is || X |2/4n-smooth. Moreover, we know that L(-, \) is also convex, due to
the convexity of ¢,(u). Thus, we have the risk convergence:

lim L(wx(t),A) = inf L(w,)), YA€ (0,1], € (0,8n/|X][3). 24)

t—o00 weRd
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Implicit bias. It remains to characterize the minimizer. Since /,4(u) is strictly convex in u for
every ¢ € (0, 1), the first-order optimality condition implies that the logit vector u = Xw has a
unique minimizer

u} = o L(zy). (25)

When d = n, we can simply invert the matrix to get the unique optimal weight w* = X ~1o71(z)),
to which the gradient descent trajectory converges to. For d > n, consider the decomposition R? =
range(X ") @ null(X). Then, the set of risk minimizers can be written as

arg min L(w,\) = {XTU_I(Z)\) +v|ve null(X)} . (26)
weRd
Since
~ 1
VwL(w,\) = ﬁXT(O'(XW) —z,) € range(X "), (27)

i.e., every GD update lies in range(X ). In other words, the component of the iterate in null(X)
is invariant under GD. Since I; — XX is the orthogonal projection onto null(X), we have, for all
GD iteration t > 0,

(I; — XIX)w(t) = (Ig — X X)w(0). (28)

The remaining component lies in range(X ") and converges to the unique minimum-norm interpo-
lating solution, i.e.,

lim X Xwy(t) = XTo7l(z)) (29)
Combining the results, we obtain
lim wy(t) = (Ig — XIX)w(0) + XTo1(zy), (30)

t—o00

and this completes the proof.
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C.2. Proof of Theorem 5

We prove the theorem in the following steps.

* First, we derive the upper bound of the population zero-one risk, including the (1) cosine ratio
and the (2) ratio of the inner product term w.r.t. K.

¢ Next, we define the matrix R, which is a surrogate for K, and lower bound the inner product
term w.r.t. K.

* Finally, we transfer this lower bound to K.

Throughout the proof, we write all positive absolute constant as C}, for brevity, where k € N.

Risk bound in terms of the cosine ratio. Under Assumption 4, the logit of the student model
with parameters w € R? can be written as

YW X=w p+y-w'z (31)

Since z ~ N (0,1,) and y is independent of z, we have y - w 'z ~ A (0, [|w/||3). Therefore,

R(w)=Prly - w'x<0]=Prly-w'z < -—w'p] (32)
T
—® <—W“> (33)
w2
(w'n)’
=P (_ 2wl .

Here, the last inequality is due the standard Gaussian tail bound, from the assumption of w ' g > 0.!
Plugging in w}, we have

(35

2a/\ Ka) > (36)

E 1cosK ay, )‘(1IKS)2> (37)
o (-

2 cosf (1n,8) 1]K1,

1cosK ay,s ) A2>

2cosk (1,,8) B (38)

where

A:=1'Ks, B:=1'K1,. (39)

1. This assumption is satisfied when the distilled student performs no worse than random guessing, and is therefore a
mild one.
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Lower bound on the surrogate ratio. It remains to derive a lower bound on A2/ B. By rotational
invariance of the Gaussian noise, we can assume without loss of generality that

p=+/me; where ej:=[1,0,---,0]", m:=|ul3 (40)

Moreover, we can write as

si=%X p=m+vmG,  G~N(0,1). (41)
Then, we may decompose the matrix X as
X=|Hu (42)
- \/m? 9

where H € R™(?=1) has i.i.d. A (0, 1) entries and is independent of s. Therefore,
K= (XX")"! (43)
= (HH' +ss' /m)"L. (44)

Next, let us define the surrogate matrix and scalars

K = ((d— 1)In—|—ssT/m>_1, 45)

=1,/(d—1)—ss"/((d—1)D). (46)
A:=1]Ks, (47
B:=1K1,. (48)

Here, Eq. (46) can be obtained from using the Sherman—Morrison formula. For notational brevity,
we additionally define the following scalars:

T:=1)s, S:=|s|3, D:=(d-1)m+5. (49)
Using the notations, we can write as

~ mI 5 nD-T2 A2 (d—1)T?m?
A="2 B="2""__ p S
D’ d—1D ""° 5 T DmD_17) (50)

By the Gaussian tail bound and the Lemma 1 from Laurent and Massart [16], with probability at
least 1 — O(nil) (see Section C.2.1 for the detailed derivation procedure),

DG

i=1

< Ci/nlogn, 2 <nVar,(G) < 2n, 51)

where Var, (-) denotes the empirical variance. Since m > C and C is sufficiently large, this event
implies

0.5nm < T < 1.5nm (52)
T? 9
S = - + mnVar, () < 7 +2nm < Conm (m + 1) (53)

17
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Hence
D=(d-1)m+S 4
<(d—1)m+ Conm (m+1) (55)
< Csm (d+ nm), (56)

where we used d = Q(n?). Therefore,

12 —1DT2m2
AT d=D1m? (57)
B D(nD-1T?)
_ 2 2
> (d—1)(nm/2)*m (58)
Csm (d+nm)-nm((d—1)+2n)
d—1 nm?
>C : 59
=Y =140 d+nm (59)
2
nm
> C . 60
=5+ nm (60)
Transferring the lower bound. Define
E=K!-K! 61)
=HH' — (d-1)L,. (62)

Using the singular value bound for the Gaussian random matrix [34, Theorem 4.6.1], with proba-
bility at least 1 — O(n~1),

IE[|2 < 2vd — 1(v/n + /21logn) + (v + /2 log n)? 63)
< Cs(Vnd +n + +/dlogn + logn) (64)
< Cs(Vnd + n) + C+(v/nd +n) 65)
< CS(M%—n). (66)

Moreover, since K1 = (d — 1)I,,, we have HKHQ <1/(d—1).LetF := K'/2EK"/2. From the
submultiplicativity of spectral norm, we obtain

IF[l2 < [K]2- B2 (67)
< Cy(Wnd +m)-1/(d — 1) (68)
< Gy (v/nfd +n/d) (69)
<1/2. (70)

Here, since d > Cn?, taking C sufficiently large, we get the last inequality. Moreover,
ro—1 -1 1>1/2 —1351/2
K:(K +E> = K!/2(1, + F) K2, a1
and this implies

K/2 < K < 2K. (72)

18
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From the inequality, we obtain

B =u'Ku < 2u'Ku=2B. (73)
We next compare A and A
‘A-E’ _ (uT (K-f{) s‘ (74)
_ (<f<1/2u, ((In FF) - In) K1/25>‘ (75)
|2
< ————||lullallslle 76
S T-0F] [ullzlIsllg (76)
< 2[[F|2llulzlIslg (77)
< Crol|[F|l2A (78)
< A)2. (79)

where the detailed derivation of the inequalities can be found in Section C.2.1. Combining this with
B < 2B gives

A%/B > (A/2)*/2B (80)
_ A%/3B @1)

2

nm
> Cnd—l—nm’ (82)

Plugging Eq. (82) into Eq. (37) and taking a union bound over the all events gives probability at
least 1 — O(n~1), and this concludes the proof.
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C.2.1. DETAILED DERIVATION

Derivation of Eq. (51) Wehave )" ; ¢; ~ N(0,n). Hence, by the standard Gaussian tail bound,

for any ¢ > 0,

DG

=1

)
>t)] <2exp <—2> .
n

Pr (
Taking t = C'1v/nlogn gives
n
Pr ( Zgi

i=1
Therefore, by choosing C'; > 2, we obtain

n
Zgi

=1

21
> Clx/nlogn> < 2exp (—C(legn)

= o G112,

< Ciy/nlogn

with probability at least 1 — O(n~1). Next, let

n

¢ = %ZQ, Vary, (() == %Z (G- 5)2 ~X2_q,
=1

i=1

(83)

(84)

(85)

(86)

&7

since (; are i.i.d. standard Gaussian random variables. Here, x2_; denotes the Chi-square random
variable with (n — 1) degree of freedom. From Laurent and Massart [16], for Q ~ xi and any

x > 0, we have
Pr (Q > k:—l—2\/k:x+2a:> <e®
Pr (Q < ]-c—2\/kx> <e T

Applying this with Q = nVar,({;), k = n — 1, and x = clogn, we get

n—1—2y/(n—1)clogn. < nVar,((;) <n—1+24/(n—1)clogn + 2clogn,

Thus, for sufficiently large n,

< nVar,(¢;) < 2n

|3

with probability at least 1 — O(n™1).
Combining the two events by a union bound, we get what we want.

20
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Derivation of Eq. (79) From sTKs =mS /D, we have

j@
2
cosg (U,8) = ———~

K B (sTKs)
_ (d—=1)T*m
~ S(nD-1T?)

d—1 m

> .
=20 +n m+1
> C’137

for an absolute constant cagle > 0. This implies [[ul|g sz < C14A, and we get Eq.
increasing C' if necessary, we may assume 2C14||F|j2 < 1/2, hence A > A/2.

21
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C.3. Proof of Lemma 6

We prove the lemma in the following steps. Similar to Section C.2, we write an positive absolute
constant as .

Characterizing the Bayes teacher. Since the data model is symmetric Gaussian mixture, output
of the Bayes teacher can be characterized as

_ Pr(xly = +1)
- Pr(xly = +1) + Pr(x|y = —1) €
_ Pr(x|y = +1)/Pr(x|y = —1) 08)
1+ Pr(xjy = +1)/Pr(x|y = —1)
1
1 + exp(—2px) 99)
=o(2u"x). (100)

In other words, the Bayes teacher is parametrized as 7 (x) = 2u ' x. In this case, by letting s; =
yip,Txi, we get

gx(si) == yio " (1 = Ahi + Api) (101)

1 — A1 +exp(2s;))~!
=1 102
o8 < M1+ exp(2s:)) ! (102)

1 928:) — A
:log< + oxp(2s:) ) (103)
A

We now write ay := [gx(s1),- - ,g;/\\(sn)]—r. Now, we follow the similar approaches as in Sec-

tion C.2, we use the surrogate matrix K. Using the definition in Section C.2, we can write as

a, Ks =ma,s/D, (104)
s'Ks =mS/D (105)
a\Kay = (D[|ax]5 — (als)*)/((d = 1)D). (106)

Let us define the surrogate improvement factor

mrp()\, T):= cos%{ (ay, s)/cos%{ (1,,s) (107)

B (aTs)2(nD — (uTs)2)
" (2Dl - (@5 (1o®
A2 ((d—1)m+n(S —T?))

T T2 ((d— 1)ymVy +n(SVy — A2))

(109)

where - denotes the empirical average over n training samples.
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Let Z ~ N (m,m) denote a random variable with the same distribution as each s;. By Gaussian
and sub-exponential concentration inequalities, for any fixed A € (0, 1], we have

sz(l:tCl\/logn/n) (110)

S = (m?+m) <1i01\/10gn/n) 111)
Ay = E[Zgr(2)] (1 + Clx/logn/n> (112)
¥\ = E[gx(2)?) (1 + Clx/logn/n) . (113)
Substituting these estimates into Eq. (109), we obtain
— B (d—14n)Jy logn  E[Zg\(2))?
mpT) = e sy L EV ) AT e g Y

Transferring the estimate. We now transfer the surrogate Imp()\ T) into Imp(>\ T). Using the
same inverse-perturbation argument as in the Section C.2, where K = (K~'+E)~! and | K}/2EK'/2|); =
O(y/n/d), we obtain

B (d—14n)Jy [logn \/ﬁ
Imp(A’T)_d—l—i-n(m%-l—mJ)\) <1i03< n + d] ]’ (115

To derive the bound for Imp, we derive the upper bound of Jy:

ElZ 2
Z 2
=1+1/m. (118)
Next, we establish the lower bound for J):
E[Zgr(2)]?

_ (E[lgA(2)] +E[g)(2)])?
" Ela(Z)P + Var(:(2)) (120

(Elg(2)] +Elg} (2)? a2
~ E[ga(2)]? + E[g9r(2)]E[9)(2)]
=1+ m >1 (122)

Here, we use Stein’s lemma in Eq. (120): E[Z ¢, (Z)] = mE[g\(Z)] —i—mE[gS\(Z)]. Eq. (121) follows
from the Gaussian Poincaré inequality and the facts that 0 < ¢} (¢) < 2 and g)(t) > 2t, which
imply Var(gx(Z)) < mE[g)(2)?] < 2mE[g}(Z)] < E[gxr(Z)]E[g}(Z)]. Combining the lower and
the upper bound, we obtain

1<Jy<141/m. (123)
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From Eq. (115), let

F(xm,d):= 5= 1&1;(;1”1)?77%]9' (124)
Since this term is increasing w.r.t .Jy since f’(Jy,n,d) > 0, we have
f(,n,d) < f(Jx,n,d) < f(14+1/m,n,d), (125)
where
Fnd) =1,  fO+1/mnd) = %(1 +1/m) (126)

Plugging this into Eq. (115), for some C' > 0, we get

logn n d—14+n 1 logn n
1—0(\/ p —i-\/;><lmp()\,7')<d_1 <1—|—m> (1—1—0(@/ —+ d))’

127)

with probability at least 1 — O(n~1). Since d = Q(n?) and log(n)/n = o(1), in a approximate
sense, we obtain

1 <Imp\,7T) <1+ (128)

23’

and this concludes the proof.
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C.4. Proof of Lemma 7

We using the same notation as in Sections C.2 and C.3. Since the teacher is 7 (x) = 2u'x + b, we
have

yiT (%) = 2s; + by;. (129)

In this case, J) in Eq. (114) becomes J), p, which is

_ E[ZgA(2Z +bY))? B exp(t) +1— A
Iy = m2E[gx(2Z + bV )] where g,)(t) = log 3 , (130)
and Y ~ Unif({—1,+1}).
For the denominator of J) ;, we have
0
E[ZgA(2Z + bY)] = mE[gx(2Z + bY )] + mE [8Zg,\(22 + bY)} (131)
= m(E[gr(2Z + bY)] + 2E[¢}(2Z + bY)]). (132)

From now on, we write Q) := gx(2Z 4+ bY') and Q}, := ¢} (2Z + bY’) for simplicity. Then, we have

m(E[Qy] + 2E[Q3])° _ (E[@] + 2E[@}))?

MOETIREG EQ VarQil (133
For Var[Q], we have
Var[Qp] = Ey [Var[Qy|Y]] + Vary [E[Qp|Y]] (134)
< 4mE[Q}) + Vary [E[Qy]Y]] (135)
< 4mE[Q}] + b%. (136)

Here, we use Gaussian Poincaré inequality in Eq. (135), and 1-Lipschitzness of gy (x) in Eq. (136).
Next, we compute E[Q):

E[Qy] = E[gA(2Z + bY)] > E[2Z + bY +log(1/\)] = 2m + log(1/)). (137)

Since 2Z + bY is symmetric random variable, with Lemma 10, we get E[Q;] > 0.5. Thus, when
plugging the derived terms, we have .J ; > 1 when

b < /2llall3 + 2log(1/A) + 1, (138)

and we get what we want. Here, note that Imp > 1 when J) ; > 1, up to o(1) error term.
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Remark. For the proofs of Lemma 8 and Lemma 9, we note that we follow the same derivation
as in Section C.4. That is, we use the same notation .Jy, and obtain Imp(X, 7)) > 1 when J) > 1.

C.5. Proof of Lemma 8

First, let us define the random variable that indicates the label-flip probability p as F, i.e., Pr(F =
—1) = p. Recall that Z ~ N (m,m). Then, for the label-flipped teacher, the logit is
yi - 2Fip ' x; = 2F}s;. (139)
To derive Imp, we follow the same approaches as in Section C.4: Recall that g, () = log (%) .
Then we have
E[Zg\(2FZ))?
= L g ( )]2 (140)
m?E[g\(2F'Z)?]
(1 = p)EIZgr(22)] + pE[Zgr(~22)))?

~ m2((1— p)E[0r(22)7] + pElgx(—22))) (141)

However, directly analyzing Eq. (141) is hard, thus we consider the case of pure distillation (i.e.,
A = 1). When we set A = 1, we have g1 (t) = ¢. Then

_ E[Z-2FZ)?

Tip = m2E[(2F 2)?] (142)
_ AE[F)?E[Z?)?
= Tum?EZ?] (143)
= (1—2p)%(1+1/m). (144)

Thus, up to o(1) error term, we have Imp(1,7,) > 1 whenever

b5 | mls (145)
' 4\pli3 + 4

and this concludes the proof.
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C.6. Proof of Lemma 9

Before begin, let us decompose the teacher’s weight vector v € R? into the component aligned with
1 and the orthogonal component v , i.e.,

-
V:L u'u,—|—VJ_. (146)
m
From 7y (x) = v ' x, for simplicity, we write
ri = yiTo(x:) = yiv ' x;. (147)

Recall the definition of Z (i.e., Z ~ N'(m, m)) and define v ~ N(0, ||v_||%). Then, r; has the same
distribution as

.
R=YFPziu (148)
m

Similar to Section C.4, let us define Qv := gx(R) and @, := g¢)(R). Next, we define J)  and
proceed as

. ElZQy]
P = QY e
_ mE[Qv] + (v WE[QY]
T EQ (150
_ mE[Qv] + (v WE[QY]
T ERVE+ VarlQy] (>0
By Gaussian Poincaré inequality, we have
T,,)2 2
varloy) < (5 4 vagg) Eeu) (152
Thus, taking a similar approach to Section C.4, we have J v > 1 when
T T, \2E[) T,,)\2
m m m
_ 2T log(1/N) | (T (v ) 154)

m 2m?2 m

up to o(1) error term. Rearranging the term, we get what we want.
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C.7. Technical Lemma

Lemma 10 Let X be a symmetric random variable and gy (z) = log ((exp(z) + 1 — \)/x). Then,
for any y > 0, we have

E[gA(X +y)] > 0.5. (155)

Proof Since g} is an increasing function, we have E[¢} (X + y)] > E[g} (X)]. Also, since X is
symmetric, we have E[g} (X)] = 0.5E[g} (X) + ¢} (—X)]. Since

/ / _ exp(x) 1
9a(@) + g5 (=) = exp(z) +1—X (1 —X)exp(z)+1 =1 (156)

we finally have
E[g7(X +y)] = E[g)(X)] = 0.5 (157)

This concludes the proof. |
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