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Abstract

Conformal prediction is an emerging technique for uncertainty quantification that
constructs prediction sets guaranteed to contain the true label with a predefined
probability. Recent work develops online conformal prediction methods that
adaptively construct prediction sets to accommodate distribution shifts. However,
existing algorithms typically assume perfect label accuracy which rarely holds in
practice. In this work, we investigate the robustness of online conformal prediction
under uniform label noise with a known noise rate. We show that label noise
causes a persistent gap between the actual mis-coverage rate and the desired rate «,
leading to either overestimated or underestimated coverage guarantees. To address
this issue, we propose a novel loss function robust pinball loss, which provides
an unbiased estimate of clean pinball loss without requiring ground-truth labels.
Theoretically, we demonstrate that robust pinball loss enables online conformal
prediction to eliminate the coverage gap under uniform label noise, achieving a
convergence rate of O(T’l/ 2) for both empirical and expected coverage errors
(i.e., absolute deviation of the empirical and expected mis-coverage rate from the
target level o). This loss offers a general solution to the uniform label noise, and
is complementary to existing online conformal prediction methods. Extensive
experiments demonstrate that robust pinball loss enhances the noise robustness
of various online conformal prediction methods by achieving a precise coverage
guarantee and improved efficiency.

1 Introduction

Machine learning techniques are revolutionizing decision-making in high-stakes domains, such as
autonomous driving [1] and medical diagnostics [2]. It is crucial to ensure the reliability of model
predictions in these contexts, as wrong predictions can result in serious consequences. While various
techniques have been developed for uncertainty estimation, including confidence calibration [3]
and Bayesian neural networks [4], they typically lack rigorous theoretical guarantees. Conformal
prediction addresses this limitation by establishing a systematic framework to construct prediction
sets with provable coverage guarantee [5, 6, 7, 8]. Notably, this framework requires no parametric
assumptions about the data distribution and can be applied to any black-box predictor, which makes
it a powerful technique for uncertainty quantification.

Recent research extends conformal prediction to online setting where the data arrives in a sequential
order [9, 10, 11, 12, 13, 14]. These methods provably achieve the desired coverage property under
arbitrary distributional changes. However, previous studies typically assume perfect label accuracy,
an assumption that seldom holds true in practice due to the common occurrence of noisy labels in
online learning [15, 16, 17]. Recent work [18] proves that online conformal prediction can achieve a
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conservative coverage guarantee under uniform label noise, leading to unnecessarily large prediction
sets. However, their analysis relies on a strong distributional assumption of non-conformity score
and cannot quantify the specific deviation of coverage guarantees. These limitations motivate us to
establish a general theoretical framework for this problem and develop a noise-robust algorithm that
maintains precise coverage guarantees while producing small prediction sets.

In this work, we present a general theoretical framework for analyzing how uniform label noise
affects the performance of standard online conformal prediction, i.e., adaptive conformal inference
(dubbed ACI) [9]. Notably, our theoretical results are independent of the distributional assumptions
on the non-conformity scores made in the previous work [18]. In particular, we demonstrate that label
noise causes a persistent gap between the actual mis-coverage rate and the desired rate «, with higher
noise rates resulting in larger gaps. This gap can lead to either overestimated or underestimated
coverage guarantees, which depend on the size of the prediction sets (see Proposition 3.1).

To address this challenge, we propose a novel loss function robust pinball loss, which provides
an unbiased estimate of clean pinball loss value without requiring access to ground-truth labels.
Specifically, we construct the robust pinball loss as a weighted combination of the pinball loss
computed with respect to noisy scores and the pinball loss with scores of all classes. We prove
that this loss is equivalent to the pinball loss under clean labels in expectation. Theoretically, we
demonstrate that robust pinball loss enables ACI to eliminate the coverage gap under uniform
label noise. It achieves a convergence rate of O(T' -1/ 2) for both empirical and expected coverage
errors (i.e., absolute deviation of the empirical and expected mis-coverage rate from the target level
«). Notably, our robust pinball loss offers a general solution to the uniform label noise, and is
complementary to existing online conformal prediction methods.

To verify the effectiveness of the robust pinball loss, we conduct extensive experiments on CIFAR-
100 [19] and ImageNet [20] with synthetic uniform label noise. In particular, we integrate the
proposed loss into ACI with constant [9] and dynamic learning rates [12], and strongly adaptive
online conformal prediction [11]. Empirical results show that the robust pinball loss enhances the
noise robustness of online conformal prediction by eliminating the coverage gap caused by the label
noise. Thus, these methods achieve both long-run coverage and local coverage rate that are close to
the target 1 — o, and improved prediction set efficiency. For example, on ImageNet with error rate
o = 0.1, noise rate € = 0.15 and dynamic learning rate, ACI with the standard pinball loss deviates
from the target coverage level of 0.9, exhibiting a coverage gap of 8.372% and an average set size of
171.2. In contrast, ACI equipped with the robust pinball loss achieves a negligible coverage gap of
0.183% and a prediction set size of 13.10. In summary, our method consistently enhances the noise
robustness of various online conformal prediction methods by achieving a precise coverage guarantee
and improved efficiency.

‘We summarize our contributions as follows:

* We present a general theoretical framework for analyzing the effect of uniform label noise
on the coverage of online conformal prediction. Our theoretical results are independent of
the distributional assumptions made in the previous work [18].

* To address the issue of label noise, we propose a novel loss function — robust pinball loss that
enhances the noise robustness of online conformal prediction. This loss is complementary to
online conformal prediction algorithms and can be seamlessly integrated with these methods.

* We empirically validate that our method can be applied to various online conformal predic-
tion methods and non-conformity score functions. It is straightforward to implement and
does not require sophisticated changes to the framework of online conformal prediction.

2 Preliminary

Online conformal prediction. We study the problem of generating prediction sets in online clas-
sification where the data arrives in a sequential order [9, 12]. Formally, we consider a sequence
of data points (X;,Y;), t € N, which are sampled from a joint distribution Pyy over the in-
put space X C R%, and the label space J = {1,..., K}. In online conformal prediction, the
goal is to construct prediction sets Cy(X;), t € NT, that provides precise coverage guarantee:

limy_ o & 23:1 1{Y; ¢ C:(X+)} = a, where a € (0, 1) denotes a user-specified error rate.



At each time step ¢, we construct a prediction set C;(X;) by

Ct(Xt) = {yey : S(Xt,y) S%t} (1)
where 7; is a data-driven threshold, and S : X x ) — R denotes a non-conformity score function
that measures the deviation between a data sample and the training data. For example, given a
pre-trained classifier f : X — R, the LAC score [21] is defined as S(X,Y) = 1 — 7y (X), where
7y (X) = oy (f (X)) denotes the softmax probability of instance X for class Y, and o is the softmax
function. For notation shorthand, we use S; to denote the random variable S(X¢, Y;) and use Siy to
denote S( X, y) for a given class y € ). Following previous work [12, 22], we will assume that the
non-conformity score function is bounded, and the threshold is specifically initialized:

Assumption 2.1. The score is bounded by S(-,-) € [0, 1].
Assumption 2.2. The threshold is initialized by 71 € [0, 1].

In online conformal prediction, a representative method is adaptive conformal inference (ACI) [9],
which updates the threshold 7; with pinball loss:

hoa(r,s) = a(r = )L{r 2 s} + (1 - a)(s = 1)L{7 < 5},

where 7 denotes a threshold and s is a non-conformity score. As the label Y; of X, is observed after
model prediction, the threshold is then updated via online gradient descent:

Tepr =Tt =0 Vi limal(f, St) = 7o+ 1 (L{Y: ¢ Ce(Xe)} — ) )
where V.11 _, (7, s) denotes the gradient of pinball loss w.r.t the threshold 7, and > 0 is the learning

rate. The optimization will increase the threshold if the prediction set C;(X}) fails to encompass the
label Y%, resulting in more conservative predictions in future instances (and vice versa).

We use the empirical coverage error and the expected coverage error to evaluate the coverage
performance. The empirical coverage error measures the absolute deviation of the mis-coverage
rate from the target level «, while the expected coverage error quantifies the absolute deviation in
expectation. In particular, for any 7" € N*, we define

T
EmErr(T) = %Z 1{Y; ¢ C,(Xy)} —a|, ExEr(T)=

1 X
TZP{Yt ¢ Ci(Xe)} —af.

Uniform Label noise. In this paper, we focus on the issue of noisy labels in online learning, a
common occurrence in the real world. This is primarily due to the dynamic nature of real-time data
streams and the potential for human error or sensor malfunctions during label collection. Let (X4, Yf)
be the data sequence with label noise, and S; = S(X4, Y;) be the noisy non-conformity score. In this
work, we focus on the setting of uniform label noise [18, 23], i.e., the correct label is replaced by a
label that is randomly sampled from the K classes with a fixed probability € € (0, 1):

Y, =Y, - 1{U>e}+Y -1{U <¢},

where U is uniformly distributed over [0, 1], and Y is uniformly sampled from the set of classes ).
We assume the probability € (i.e., the noise rate) is known, in alignment with prior works [18, 23, 24].
This assumption is practical as the noise rate can be estimated from historical data [25, 26, 27].

Recent work [18] investigates the noise robustness of online conformal prediction under uniform
label noise, with a strong distributional assumption. Their analysis demonstrates that noisy labels will
lead to a conservative long-run coverage guarantee, with the assumption that noisy score distribution

stochastically dominates the clean score distribution, i.e., P {5 < 3} <P{S <s},VseR. The

distributional assumption is too strong to ensure valid coverage under general cases. Moreover, their
analysis fails to quantify the specific deviation of coverage guarantees. These limitations motivate us
to establish a general theoretical framework for this problem and develop a noise-robust algorithm
for online conformal prediction.

3 The impact of label noise on online conformal prediction

In this section, we theoretically analyze the impacts of uniform label noise on ACI [9]. In this case,
the threshold 7y is updated by

Fro1 =T — 10 Vali—a(7, St), A3



where S, is the noisy non-conformity score. As shown in Eq. (3), the essence of online conformal
prediction is to update the threshold 7; with the gradient of pinball loss. However, the gradient
estimates can be biased if the observed labels are corrupted. Formally, with high probability:

Vidi—a(7t,St) # Vi, li—a(Ft, St).

This bias in gradient estimation can result in two potential consequences: conformal predictors may
either fail to maintain the desired coverage or suffer from reduced efficiency (i.e., generating large
prediction sets). We formalize these consequences in the following proposition:

Proposition 3.1. Consider online conformal prediction under uniform label noise with noise rate
€ (0,1). Given Assumptions 2.1 and 2.2, when updating the threshold according to Eq. (3), then
forany d € (0 1) and T € N7, the following bound holds with probability at least 1 — §:

aﬁzn{wctxt)}_f + 2 TZ<1a>}{Enct<Xt>1)7

where
2—¢ 4 1 1
A= 21 - d B= —+1-— .
l—e Og<5) “ 1—6<77+ a)

Interpretation. The proof is provided in Appendix E.1. In Proposition 3.1, we evaluate the long-run
mis-coverage rate using + ZtT=1 1{Y; ¢ C:(X:)}. Our analysis shows that label noise introduces a

coverage gap of
: Z (-~ gElCEDN)

between the actual mis-coverage rate and desned mis-coverage rate « (the term % + % will diminish

and eventually approach zero, as T increases). In particular, the effect of label noise on the coverage
guarantee can manifest in two distinct scenarios, depending on the prediction set size:

* When the prediction sets are small such that E [|C;(X;)|] < K(1 — «), label noise can

result in over-coverage of prediction sets: Zthl 1{Y; ¢ C:(X:)} < «. In this scenario,
a higher noise rate € results in a larger coverage gap.

* When the prediction sets are large such that E [|C,(X})|] > K (1 — «), label noise causes
under-coverage of prediction sets. This situation generally occurs only when the model
significantly underperforms on the task, which is uncommon in practical applications (See
details in Appendix B.3)).

Empirical verification. To verify our theoretical result, we compare the performance of ACI
under different noise rates. In particular, we compute the long-run coverage, defined as Cov(T') =

T Zthl 1{Y; € C,(X})}, under noise rate ¢ € {0.05,0.1,0.15}, with a ResNet18 model on CIFAR-
100 and ImageNet datasets. We employ LAC score [21] to generate prediction sets with error rate
a = 0.1, and use noisy labels to update the threshold with a constant learning rate = 0.05. The
experimental results in Figure 1 validate our theoretical analysis: label noise introduces discrepancies
between the actual and target coverage rates 1 — «, with higher noise rates resulting in a more
pronounced coverage gap.

Overall, our results show that label noise significantly impacts the coverage guarantee of online
conformal prediction. The size of the prediction set determines whether coverage is inflated or
deflated, and the noise rate controls how much coverage is changed. In the following, we introduce a
robust pinball loss, which addresses the issue of label noise.

4 Method

4.1 Robust pinball loss

Our theoretical analysis establishes that biased gradient estimates arising from label noise can
significantly impact the coverage properties of online conformal prediction. Therefore, the key
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Figure 1: Performance of ACI [9] with a constant learning rate = 0.05 under different noise
rates, using ResNet18 on CIFAR-100 and ImageNet datasets. The results validate that label noise
introduces a coverage gap, with higher noise rates resulting in a more pronounced gap.

challenge of the noisy setting lies in how to obtain unbiased gradient estimates without requiring
ground-truth labels. In this work, we propose a novel loss function - robust pinball loss, which
provides an unbiased estimate of the clean pinball loss value without requiring access to ground-truth
labels. We begin by developing the intuition behind how to approximate the clean pinball loss under
uniform label noise.

Consider a data sample (X,Y") with a noisy label Y, we denote the clean non-conformity score
as S = S(X,Y), the noisy score as S = S(X,Y'), and the score for an arbitrary class y € ) as
Sy = S(X,y). Under a uniform label noise with noise rate ¢ € (0, 1), the distributions of these

. . . & c K

scores have the following relationship: P {S < s} = P {S < 5} — 09 =1 P{Sy < s},

for an arbitrary number s € R. We formally establish this equation in Lemma F.1 with a rigorous
proof. This correlation motivates the following approximation:

K
]l{S<s}’f::11_611{5'<8}—K(16_6)yz_:1]l{5y<3}.

The above decomposition suggests that the clean pinball loss can be approximated by replacing its
indicator function with the above expression. Inspired by this, we propose the robust pinball loss as:

1
1—c¢

K
Zl—a(Ta S, {Sy}gi(:l) = li—a(T, 5’) - ﬁ le—a(Tv Sy)- 4)
y=1

The following theoretical properties demonstrate how this loss function mitigates label noise bias:

Proposition 4.1. The robust pinball loss defined in Eq. (4) satisfies the following two properties:
(Es [1-a(r,9)] = Eg g, [l1-a(m 5, {S, 1))

(2)Es [Vohi-a(7, S)] = Eg g, |Vrhi-alr, 5, {S,HC0)] -

Interpretation. The proof can be found in Appendix E.2. In Proposition 4.1, the first property
ensures that our robust pinball loss matches the expected value of the true pinball loss, while the
second guarantees that the gradients of both losses have the same expectation. These properties
establish that updating the threshold with robust pinball loss is equivalent to updating with clean
pinball loss in expectation.

In summary, Proposition 4.1 establishes the validity of our robust pinball loss in expectation. Notably,
our robust pinball loss offers a general solution to the uniform label noise, and is complementary to
existing online conformal prediction methods. In the following sections, we apply the robust pinball
loss to ACI with constant [9] and dynamic learning rates [12]. We will show that by updating the
threshold with the proposed loss, ACI eliminates the coverage gap caused by the label noise.



4.2 Convergence with constant learning rate

We now analyze the convergence of the coverage rate of ACI under uniform label noise with a
constant learning rate schedule [9]. In particular, we update the threshold of ACI with respect to the
robust pinball loss:

Tep1 =Te — 1 V+tl~1—a(ﬁ, St, {St,y}gl,{:l)

1; [n{éts%t}—(l—a>}+n~K(fZK:[ll{St,ygﬂ}—(l—aﬂ-

€) =
)

=Tt—n-

For notation shorthand, we denote:
E[Vahi-ol =Es, [Vs.ioa(f S0], E |Valioa] =Es s, [Vadi-alfe, Si (St o) -

We first present the results for expected coverage error:

Proposition 4.2. Under the same assumptions in Proposition 3.1, when updating the threshold
according to Eq. (5), then for any § € (0,1) and T' € N7, the following bound holds with probability

at least 1 —§:
log(2/6) 1 1 € 1
ExErr(T) <4/ =2 . — - — — )=
xBrr(T) < 1—c¢ \/T+ n a+1—e T

Proof Sketch. The proof (in Appendix E.3) relies on the following decomposition:

T T ~ T _ T ~
S EVahioal| < D E [Vadia] = Y Vadica| +| Y Valial-
t=1 t=1 t=1 t=1

(a) ()

ExErr(T) = < +

Part (a) converges to zero in probability at rate O(T‘l/ 2) by the Azuma-Hoeffding inequality, and
part (b) achieves a convergence rate of O(T~!) following standard online conformal prediction
theory. Combining the two parts establishes the desired upper bound.

Building on Proposition 4.2, we now provide an upper bound for the empirical coverage error:

Proposition 4.3. Under the same assumptions in Proposition 3.1, when updating the threshold
according to Eq. (5), then for any § € (0,1) and T' € N, the following bound holds with probability
at least 1 — 6:

2—c¢ 4 1 1 € 1
EmErr(T) < 2log (=) —— 4+ (= —a+r—). .
mrr()_l_6 0g(6> \F+<77 a+1_6> T

Proof Sketch. The proof (detailed in Appendix E.4) employs a similar decomposition:

T T T
Y Vilio| <D Viliia— > E[Vsli_a
t=1 t=1 t=1

(a) (b)

EmErr(T) = < +

T
> E[V:h-d]|-
t=1

The analysis shows that both terms achieve O(T~'/2) convergence: part (a) through the
Azuma-Hoeffding inequality, and part (b) via Proposition 4.2.

Remark 4.4. It is worth noting that our method achieves a O(T~!/2) convergence rate for empirical
coverage error even in the absence of noise (i.e., € = 0), which is slightly slower than the O(T 1)
rate achieved by standard online conformal prediction theory [9, 12]. This is because our analysis
relies on martingale-based concentration to handle label noise, leading to the O(7~'/?) rate.

4.3 Convergence with dynamic learning rate

Recent work [12] highlights a limitation of constant learning rates: while coverage holds on average
over time, the instantaneous coverage rate Cov(7;) = P {S < 7;} would exhibit substantial temporal



variability (see Proposition 1 in [12]). Thus, they extend ACI to dynamic learning rate schedule where
7y can change over time for updating the threshold. In this section, we apply the robust pinball loss to
the dynamic learning rate schedule. Specifically, we update the threshold by:

Tig1 =Tt — Nt Vﬂilfa(%u St; {St,y}ff:l)

ﬁm-ll_s[n{gtgﬂ}(1a)}+nt.m1€_€>i[n{st,yg@}(1a)}.

y=1
(6)
For the convergence of coverage rate, our theoretical results show that, under dynamic learning
rate, NR-OCP achieves convergence rates of EmCovErr(T) = O(T~'/2) and ExCovErr(T) =
O(T~/2). The proofs are presented in Appendix E.5 and E.6.

Proposition 4.5. Under the same assumptions in Proposition 3.1, when updating the threshold
according to Eq. (6), then for any § € (0,1) and T' € N, the following bound holds with probability
at least 1 — 6:

log(2/6) 1

T
1+e -1 -1
< = 7 .. ___ . —
ExErr(T) < 1—c VT + (1 + lgrtrlga%glnt 1= 6) ;:1 |77t M1

Proposition 4.6. Under the same assumptions in Proposition 3.1, when updating the threshold
according to Eq. (6), then for any § € (0,1) and T' € N7, the following bound holds with probability
at least 1 — 6:

1

T

1
T

2—¢ 4 1
< — ] —
EmErr(T) < 1. 2 log <5> Nix +

1+e)
-1 -1
(1+1§Itn§a1}"(—1nt. 1_({) ;|77t — M1

In Proposition 4.5 and 4.6, we establish that for any sequence of learning rates that satisfies the
condition 23:1 ‘n[ - 17;_11‘ /T — 0asT — 400, both expected and empirical coverage errors

asymptotically vanish with a convergence rate of O(T’l/ 2). Therefore, by applying our method, the
long-term coverage rate would approach the desired target level of 1 — a.

Online learning theory (see Theorem 2.13 of [28]) established that ACI achieves a regret bound:

T T
Reg(T) = Y lLi—alft, 8) —miny_ lia(7,5;) = O(T"2),
t=1 t=1

with optimally chosen 7, which serves as a helpful measure alongside coverage [11]. We provide a
regret analysis for our method in Appendix B.1. In addition, we formally establish the convergence
of 7; towards the global minima in Appendix B.2 by extending the standard convergence analysis of
stochastic gradient descent (see Theorem 5.3 in [29]).

5 Experiments

5.1 Experimental setups

Datasets and setup. We evaluate the performance of NR-OCP under uniform label noise. The
experiments include both constant 77 = 0.05 and dynamic learning rates 7, = 1/t'/2+¢ with ¢ = 0.1,
following prior work [12]). We use CIFAR-100 [19] and ImageNet [20] datasets with synthetic label
noise. On ImageNet, we use four pre-trained classifiers from TorchVision [30] - ResNet18, ResNet50
[31], DenseNet121 [32] and VGG16 [33]. On CIFAR-100, we train these models for 200 epochs
using SGD with a momentum of 0.9, a weight decay of 0.0005, and a batch size of 128. We set the
initial learning rate as 0.1, and reduce it by a factor of 5 at 60, 120 and 160 epochs.

Conformal prediction algorithms. We integrate the robust pinball loss into ACI with constant
[9] and dynamic learning rates [12], and strongly adaptive online conformal prediction [11]. We
apply LAC [21], APS [34], RAPS [35] and SAPS [36] to generate prediction sets. A detailed
description of these non-conformity scores is provided in Appendix B.4. In addition, we use error
rates « € {0.1,0.05} in experiments.
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Figure 2: Long-run coverage and local coverage performance of various methods under uniform
noisy labels with noise rate e = 0.05. We apply robust pinball loss to ACI with (a) constant [9] and
(b) dynamic learning rate [12], and (c) SAOCP [11]. We employ LAC to generate prediction sets
with a = 0.1, using ResNet18 on CIFAR100. “Baseline” and “Clean” denote the online conformal
prediction with standard pinball loss, using noisy and clean labels.

Metrics. We employ four evaluation metrics: long-run coverage (Cov), local coverage (LocalCov),
coverage gap (CovGap) and prediction set size (Size). We use long-run coverage and local coverage
to present the dynamics of coverage during the optimization. Formally, for any 7' € Nt,

T T+L
Cov(T) = %Zﬂ (Vi € Ci(X,)}, LocalCov(T) = % S 1{Y e (X},
t=1 t=T

In particular, long-run coverage measures the coverage rate over the first 7" time steps, while local
coverage is over an interval with length L. In the experiments, we employ a length of L = 200.
Besides, the coverage gap and the prediction set size are computed over the full test set, indicating
the final performance of the online conformal prediction method. Formally, given a test dataset Z;.s¢,

. 1
CovGap = S 1Y eC(X)} - (1-a), slze:m > lC(X)]-

1
T
| test| t€Tiest t€Ttest

Small prediction sets are preferred as they can provide precise predictions, thereby enabling accurate
human decision-making in real-world scenarios [37].

5.2 Main results

Robust pinball loss enhances the noise robustness of existing online conformal prediction
methods. In figure 2, we apply robust pinball loss to ACI with constant [9] and dynamic learning
rate [12], and SAOCP [11]. We evaluate these methods with long-run coverage and local coverage.
We use the LAC score and a ResNet18 model on CIFAR100, with error rate &« = 0.1 and noise rate
€ = 0.05. The results demonstrate that the proposed robust pinball loss enables these methods to
achieve a long-run coverage and local coverage close to the target coverage rate of 1 — a. In summary,
the empirical results highlight the versatility of our robust pinball loss, demonstrating its potential to
enhance the noise robustness across diverse algorithms.

Robust pinball loss is effective across various settings. In Table 1, we incorporate robust pinball
loss into ACI with constant [9] and dynamic learning rate [12], under different noise rate €, error
rate « and non-conformity scores. We evaluate the prediction sets with coverage gap and prediction
set size. Due to space constraints, we report the average performance across four non-conformity
score functions. The performance on each score function is provided in Appendix B.5. The results



Table 1: Average performance of different methods under uniform noisy labels across 4 score
functions, using ResNet18. The performance on each score function is provided in Appendix B.5.
“Baseline” denotes the ACI with standard pinball loss. We include two learning rate schedules:
constant learning rate 7 = 0.05 and dynamic learning rates 1, = 1/t'/2*¢ where ¢ = 0.1. “|”
indicates smaller values are better and Bold numbers are superior results.

CIFAR100 ImageNet
CovGap(%) | Size | CovGap(%) | Size |
a=01 a=00 a=01a=005 a=01a=005 a=01 a=0.05
€= 0.05 Baseline 3.942 2.867 11.93 30.66 4.163 3.289 101.0 231.7
Ours 0.386 0.183 7.786 16.54 0.084 0.272 67.37 143.3

LR Schedule Error rate Method

g c=01 Baseline 7.139 3.753 21.81 46.93 7.509 4.068 178.4 389.7
S Ours 0.270 0.428 8.815 17.96 0.095 0.194 81.87 157.3
c=0.15 Baseline 8.032  4.147 36.95 59.92 8.566  4.348 318.0 513.2

Ours 0.520 0.395 9.396 19.41 0.198 0.144 90.52 163.4

€= 0.05 Baseline 4.106 2.780 6.527 21.97 4.498 2.584 31.15 128.1

o Ours 0.170 0.658 2.958 10.95 0.120 0.242 7502 4741
é c=01 Baseline 7.414 3.733 18.18 37.18 7.249 3.595 99.54 214.9
& Ours 0.414 0.217 3.361 12.01 0.079 0.321 10.34 67.03
c—0.15 Baseline  8.403 4.211 29.41 48.24 8.372 4.127 171.2 274.9

Ours  0.214  0.195 4.065 1298 0.183  0.256 13.10  78.64

show that robust pinball loss allows ACI to eliminate the coverage gap, achieving precise coverage
guarantees while significantly improving the long-run efficiency of prediction sets. For example, on
ImageNet with error rate o = 0.1, noise rate e = 0.15 and dynamic learning rate, ACI employing the
robust pinball loss achieves a negligible coverage gap of 0.183% and a prediction set size of 13.10.
We report additional results on various models in Appendix B.6. Overall, the robust pinball loss is
effective across different settings, including various label noise, error rate, non-conformity score
functions, and model architectures.

In real-world scenarios where the noise rate could be unknown, it can be estimated from historical
data [25, 26, 27]. In Appendix C, we leverage an existing approach to estimate the noise rate. Then,
we employ this estimated noise rate in our method. We show that in this circumstance, the robust
pinball loss can improve the noise robustness of online conformal prediction algorithms.

6 Conclusion

In this work, we investigate the robustness of online conformal prediction under uniform label noise
with a known noise rate, in both constant and dynamic learning rate schedules. Our theoretical
analysis shows that the presence of label noise causes a deviation between the actual and desired
mis-coverage rate «v, with higher noise rates resulting in larger gaps. To address this issue, we propose
a novel loss function robust pinball loss, which provides an unbiased estimate of clean pinball
loss without requiring ground-truth labels. We theoretically establish that this loss is equivalent to
the pinball loss under clean labels in expectation. In our theoretical analysis, we show that robust
pinball loss enables online conformal prediction to eliminate the coverage gap caused by the label
noise, achieving a convergence rate of O(T~'/2) for both empirical and expected coverage errors
under uniform label noise. This loss offers a general solution to the uniform label noise, and is
complementary to existing online conformal prediction methods. Extensive experiments demonstrate
that the proposed loss enhances the noise robustness of various online conformal prediction methods
by eliminating the coverage gap caused by the label noise. Notably, our loss function is effective
across different label noise, error rate, non-conformity score functions, and model architectures.

Limitation. As the first step to explore the label noise issue in online conformal prediction, our
analysis and method are limited to the setting of uniform noisy labels with a known noise rate. We
believe it will be interesting to develop online conformal prediction algorithms that are robust to
various types of label noise with fewer assumptions in the future.
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A Related work

Conformal prediction [38, 5] is a statistical framework for uncertainty qualification. In the literature,
many conformal prediction methods have been proposed across various domains, such as regression
[39, 40], image classification [35, 41, 42], outlier detection [43, 44, 45], and large language models
[46, 47]. Conformal prediction is also deployed in other real-world applications, such as human-in-
the-loop decision-making [37], automated vehicles [48], and scientific computation [49]. In what
follows, we introduce the most related works in two settings: online learning and noise robustness.

Online conformal prediction. Conventional conformal prediction algorithms provide coverage
guarantees under the assumption of data exchangeability. However, in real-world online scenarios,
the data distribution may evolve over time, violating the exchangeability assumption [50, 51]. To
address this challenge, recent research develops online conformal prediction methods that adaptively
construct prediction sets to accommodate distribution shift [9, 10, 11, 12, 13, 14]. Building on
online convex optimization techniques [52, 53, 54, 55, 56, 28], these methods employ online gradient
descent with pinball loss to provably achieve desired coverage under arbitrary distributional changes
[9]. Still, these algorithms typically assume perfect label accuracy, an assumption that rarely holds
in practice, given the prevalence of noisy labels in online learning [15, 16, 17]. In this work, we
theoretically show that label noise can significantly affect the long-run mis-coverage rate through
biased pinball loss gradients, leading to either inflated or deflated coverage guarantee.

Noise-robust conformal prediction. The issue of label noise has been a common challenge in
machine learning with extensive studies [57, 27, 58, 59, 60, 61, 62, 63, 64, 65]. In the context of
conformal prediction, recent works develop noise-robust conformal prediction algorithms for both
uniform noise [23] and noise transition matrix [24]. The most relevant work [18] shows that online
conformal prediction maintains valid coverage when noisy scores stochastically dominate clean
scores. Our analysis extends this work by removing the assumption on noisy and clean scores,
offering a more general theoretical framework for understanding the impact of uniform label noise.

B Additional results

B.1 Regret analysis

As [11] demonstrates, regret serves as a helpful performance measure alongside coverage. In particu-
lar, it can identify algorithms that achieve valid coverage guarantees through impractical means. For
example, prediction sets that alternate between empty and full sets with frequencies {«, 1 — o} satisfy
coverage bounds on any distribution but have linear regret on simple distributions (see detailed proof
in Appendix A.2 of [11]). Drawing from standard online learning theory (see Theorem 2.13. of [28]),
we analyze the regret bound for our method. Let 7% := arg min; 23:1 Li—a(m*, 56, {Sty}1=y). and
define the regret as
T
Reg(T) = » (ll_a(ﬂ, St AStytecr) = li—a(r*, St {St,y}ff:ﬁ) .

t=1
This leads to the following regret bound (the proof is provided in Appendix ??):
Proposition B.1. Consider online conformal prediction under uniform label noise with noise rate
€ € (0,1). Given Assumptions 2.1 and 2.2, when updating the threshold according to Eq. (6), for any
T € N, we have:

1 1+e\° 1+e\° a Mt
< —|1 : . —.
Reg( )_277T( +1§{sn§a1)“<—1nt 1—e> +(1—e> Z:2

Example 1: constant learning rate. With a constant learning rate 7, = 7, our method yields the
following regret bound:

1 1+€e\> [1+e\® Ty
Reg(T) < - (1 . T
< (101 5) ¢ (1)
This linear regret aligns with the observation in [12]: the constant learning rate schedule, while
providing valid coverage on average, lead to significant temporal variability in Coverage(7;) (see

Proposition 1 in [12]). The linear regret bound provides additional theoretical justification for this
instability.
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Example 2: decaying learning rate. Suppose the proposed method updates the threshold with
a decaying learning rate schedule: 7, = (1 — /1 + € + o) - V/£, where 19 € R. The inequality

7, 1/3/t < 2V/T follows that

Reg(T) <2 T

Lte 1462
1—c¢ o 1—c¢

This sublinear regret bound O(\/T) implies that the decaying learning rate schedule achieves superior
convergence compared to the linear regret of constant learning rates.

B.2 Convergence analysis of 7;

We analyze the convergence of our method toward global minima by combining the convergence
analysis of SGD (see Theorem 5.3 in [29]) and self-calibration inequality of pinball loss (see
Theorem 2.7. in [66]). Following [66], we first establish assumptions on the distribution of S. Let
R :=2S5—1 € [0, 1], with y denoting the 1 — « quantile of R. This indicates that v = 27 — 1, where
7 is the 1 — o quantile of S. We make the following assumption:

Assumption B.2. There exists constants b > 0, ¢ > 2, and g9 > 0 such that P{R =4} >
b|5 — v|""? holds for all 7 € [t — g, T + £o.

Furthermore, let 3 = b/(q — 1) and 6 = 3(2e()?~ . This leads to the following proposition (the
proof is provided in Appendix ??):

Proposition B.3. Consider online conformal prediction under uniform label noise with noise rate
€ € (0,1). Given Assumptions 2.1, 2.2 and B.2, when updating the threshold according to Eq. (6),
forany T € NT, we have:

A * T 2
oz o0 (Y[R St (L)
o b 2e9 22?:1 un Zle Tt 1—e

where T = Zthl M7/ Zf,Tzl Tt

B.3 Why does standard online conformal prediction rarely exhibit under-coverage under
label noise?

€
1—e

LS (1 —a)— LE[C/(X,)]) between the actual mis-coverage rate and desired mis-
coverage rate «. This result indicates that when the prediction sets are sufficiently large such that
(1 —a) < %E[Ci(X})], a high noise rate € decreases this upper bound, resulting in under-coverage

As established in Proposition 3.1, the label noise introduces a gap of

prediction sets, i.e., 7 Zthl 1{Y; ¢ C:(X:)} > «. However, this scenario only arises when
E[Ci(X:)] > K(1 — ). To illustrate, considering CIFAR-100 with K = 100 classes and error rate
a = 0.1, under-coverage would require E [C;(X)] > 90, a condition that remains improbable even
with random predictions. Moreover, in such extreme cases, as (1 — a) — ~E [C;(X;)] approaches
0, the coverage gap becomes negligible, resulting in coverage rates that approximate the desired
1 — a. We verify this empirically in Figure 3, where we implement online conformal prediction
using an untrained, randomly initialized ResNet18 model on CIFAR-10 and CIFAR-100 with noise
rates € = 0.05,0.1,0.15. The results confirm that even in this extreme scenario, the coverage gap
remains negligible, with coverage rates approaching the desired 0.9.
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Figure 3: Performance of standard online conformal prediction under different noise rates, with a
ResNet18 model on CIFAR-10 and CIFAR-100 datasets. We use noisy labels to update the threshold
with decaying learning rates 7, = 1/t'/2+¢ where ¢ = 0.1.

B.4 Common non-conformity scores

Adaptive Prediction Set (APS). [34] In the APS method, the non-conformity score of a data pair
(z,y) is calculated by accumulating the sorted softmax probability, defined as:

Saps(T,y) =) () + - + U To(y () (T),

where (1) (), T(2)(x), - - -, (k) () are the sorted softmax probabilities in descending order, and
o(y, m(x)) denotes the order of 7y (x), i.e., the softmax probability for the ground-truth label y. In
addition, the term w is an independent random variable that follows a uniform distribution on [0, 1].

Regularized Adaptive Prediction Set (RAPS). [35] The non-conformity score function of RAPS
encourages a small set size by adding a penalty, as formally defined below:

SRAPS(wa y) = 7T(1)(33) o tu 7-‘-o(y,fr(zc))(aﬁ;) +A- (0(y7 77(%)) - kreg)+a

where (z)" = max{0, z}, k., controls the number of penalized classes, and ) is the penalty term.

Sorted Adaptive Prediction Set (SAPS). [36] Recall that APS calculates the non-conformity score
by accumulating the sorted softmax values in descending order. However, the softmax probabilities
typically exhibit a long-tailed distribution, allowing for easy inclusion of those tail classes in the
prediction sets. To alleviate this issue, SAPS discards all the probability values except for the
maximum softmax probability when computing the non-conformity score. Formally, the non-
conformity score of SAPS for a data pair (x, y) can be calculated as

R U+ Tmaz (T), if o(y,w(x)) =1,
Ssaps(%?/,u;ﬂ) = { ﬁ-maz(w)(+)(o(y,ﬁ-(w))(g 2 (+ 1))) A, else,

where ) is a hyperparameter representing the weight of ranking information, 7,4, () denotes the
maximum softmax probability and  is a uniform random variable.

B.5 Additional experiments on different non-conformity score functions

We evaluate NR-OCP (Ours) against the standard online conformal prediction (Baseline) that updates
the threshold with noisy labels for both constant and dynamic learning rate schedules (see Eq. (3)).
We use LAC (Table 2), APS (Table 3), RAPS (Table 4) and SAPS (Table 5) scores to generate
prediction sets with error rates o € {0.1,0.05}, and employ noise rates ¢ € {0.05,0.1,0.15}. A
detailed description of these non-conformity scores is provided in Appendix B.4.
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Table 2: Performance of different methods under uniform noisy labels with LAC score, using
ResNet18. ‘Baseline’ denotes the standard online conformal prediction methods. We include two
learning rate schedules: constant learning rate 7 = 0.05 and dynamic learning rates 7, = 1/t1/2+¢
where € = 0.1. “|” indicates smaller values are better and Bold numbers are superior results.

CIFAR100 ImageNet
LR Schedule Errorrate Method CovGap(%) | Size | CovGap(%) | Size |
a=01 a=0.05 a=01 a=0.05 a=01 a=0.05 a=01 a=0.05

=005 Baseline  2.744 1.900 31.61 56.84 2.747 1.601 364.5 599.1

- Ours 0.289 0.122 22.78 47.31 0.018 0.138 254.7 530.6
é e—01 Baseline 4.911 2.967 43.03 67.58 4.578 2.656 488.1 707.6
:o) Ours 0.056 0.189 26.57 54.18 0.027 0.156 3124 584.9
c—015 Baseline  6.056 3.533 54.11 75.06 5.791 3.200 571.5 759.3

Ours 0.378 0.344 28.39 57.53 0.251 0.076 346.7 603.4

¢— 005 Baseline 3.978 2.833 11.54 41.75 4.333 2.889 87.27 391.8

o Ours 0.089 0.067 4.290 26.56 0.031 0.020 16.46 150.5
g c—01 Baseline  6.756 3.844 30.07 60.17 6.960 3.933 284.6 600.2
g‘ Ours 0.233 0.222 5.394 30.38 0.091 0.313 27.76 2279
¢—.15 Baseline 7.844 4.289 42.69 70.67 8.098 4.276 447.9 704.4

Ours 0.456 0.067 8.359 33.60 0.131 0.158 38.89 272.5

Table 3: Performance of different methods under uniform noisy labels with APS score, using
ResNet18. ‘Baseline’ denotes the standard online conformal prediction methods. We include two
learning rate schedules: constant learning rate 7 = 0.05 and dynamic learning rates 1, = 1/ t1/2+e
where € = 0.1. “|” indicates smaller values are better and Bold numbers are superior results.

CIFAR100 ImageNet
LR Schedule Errorrate Method CovGap(%) | Size | CovGap(%) | Size |
a=01 a=0.05 a=01 a=0.05 a=01 a=0.05 a=01 a=0.05

=005 Baseline  4.556 2.933 5.862 21.17 4.728 3.508 13.35 79.88

- Ours 2.667 0.311 2.788 6.763 0.144 0.211 4.879 14.09
% =01 Baseline  7.511 3.822 15.71 37.19 8.402 4.388 67.25 224.2
3 Ours 1.333 0.367 2.861 6.302 0.119 0.246 4.797 14.21
€=0.15 Baseline  8.533 4.188 29.76 51.63 9.380 4.644 192.4 355.3

Ours 0.500 0.233 2915 6.813 0.288 0.139 4.787 14.71

=005 Baseline  4.000 2433 4.693 13.03 4.157 2.122 11.31 31.38

o Ours 0.278 0.466 2427 5475 0.108 0.255 4.431 13.36
'g e—01 Baseline  7.211 3.366 11.14 21.91 6.791 3.137 27.78 54.14
E\ Ours 0.400 0.456 2.716 5.515 0.028 0.277 4.513 13.30
c=0.15 Baseline  8.288 3911 19.62 31.19 7.928 3.675 47.88 80.33

Ours 0.188 0.211 2479 5.790 0.264 0.088 4.321 14.03

Table 4: Performance of different methods under uniform noisy labels with RAPS score, using
ResNet18. ‘Baseline’ denotes the standard online conformal prediction methods. We include two
learning rate schedules: constant learning rate 77 = 0.05 and dynamic learning rates 1; = 1/ t1/2+e
where ¢ = 0.1. “}” indicates smaller values are better and Bold numbers are superior results.

CIFAR100 ImageNet
LR Schedule Errorrate Method CovGap(%) | Size | CovGap(%) | Size |
a=01 a=005 a=01 =005 a=01 a=0.05 a=01 a=0.05

=005 Baseline  3.978 3.533 5.275 26.71 4.716 4.509 13.73 164.7

- Ours 0.533 0.089 2,971 6.265 0.051 0.673 5.217 14.21
% =01 Baseline  7.656 4.278 15.25 50.25 8.689 4.84 85.19 395.5
S Ours 0.356 0.200 3.126 6.370 0.184 0.271 5.264 14.76
€=0.15 Baseline  8.896 4.467 36.03 62.27 9.733 4933 305.6 576.3

Ours 0.489 0.560 3.500 7.693 0.224 0.227 5.616 19.81

=005 Baseline  4.322 3.254 4.883 19.42 4.642 3.457 12.57 60.94

o Ours 0.233 0.211 2.586 5.344 0.067 0.078 4.305 13.73
-g c=01 Baseline  8.378 4.400 19.68 44.43 8.084 4311 54.42 153.7
E Ours 0.756 0.122 2.891 5.942 0.009 0.140 4.381 14.67
€=0.15 Baseline  9.022 4.600 33.87 57.87 9.256 4978 1333 239.8

Ours 0.011 0.440 2.821 5.290 0.231 0.264 4.578 15.59
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Table 5: Performance of different methods under uniform noisy labels with SAPS score, using
ResNet18. ‘Baseline’ denotes the standard online conformal prediction methods. We include two
learning rate schedules: constant learning rate 7 = 0.05 and dynamic learning rates 7, = 1/t1/2+¢
where ¢ = 0.1. “|” indicates smaller values are better and Bold numbers are superior results.

CIFAR100 ImageNet
LR Schedule Error rate  Method CovGap(%) | Size | CovGap(%) | Size |
a=01 a=0.05 a=01 a=0.05 a=01 a=0.05 a=0.1 a=0.05

=005 Baseline  4.489 3.100 4.982 17.92 4.462 3.537 12.53 83.04

- Ours 0.455 0.211 2.604 5.810 0.124 0.067 4.702 14.32
é c=01 Baseline  8.478 3.944 13.25 32.71 8.368 4.389 73.14 231.5
3 Ours 0.533 0.955 2.701 4.987 0.051 0.102 5.013 15.37
c—0.15 Baseline  8.644 4.400 27.89 50.73 9.360 4.613 202.3 361.7

Ours 0.711 0.444 2.778 5.609 0.029 0.135 4.971 15.68

=005 Baseline 4.122 2.600 4.992 13.68 4.859 1.866 13.46 28.28

o Ours 0.078 1.889 2.528 6.417 0.275 0.615 4.813 12.06
g c—0.1 Baseline  7.311 3.322 11.84 22.19 7.162 3.000 31.37 51.64
E» Ours 0.267 0.067 2.444 6.218 0.186 0.553 4.715 12.23
=015 Baseline  8.456 4.044 21.44 33.21 8.204 3.577 55.78 75.26

Ours 0.200 0.063 2.602 7.230 0.104 0.515 4.594 1243

B.6 Additional experiments on different model architectures

We evaluate NR-OCP (Ours) against the standard online conformal prediction (Baseline) that updates
the threshold with noisy labels for both constant and dynamic learning rate schedules (see Eq. (3)
and Eq. (??)), employing ResNet50 (Table 6), DenseNet121 (Table 7), and VGG16 (Table 8). We
use LAC scores to generate prediction sets with error rates o € {0.1,0.05}, and employ noise rates
e € {0.05,0.1,0.15}.

Table 6: Performance of different methods under uniform noisy labels with LAC score, using
ResNet50. ‘Baseline’ denotes the standard online conformal prediction methods. We include two
learning rate schedules: constant learning rate 7 = 0.05 and dynamic learning rates 1, = 1/ tl/2te
where ¢ = 0.1. “|” indicates smaller values are better and Bold numbers are superior results.

CIFAR100 ImageNet
LR Schedule Error rate  Method CovGap(%) | Size | CovGap(%) | Size |
a=0.1 a=0.05 a=01 a=0.05 a=01 a=0.05 a=0.1 a=0.05

=005 Baseline  3.244 1.783 28.58 56.08 3.226 1.982 294.4 575.7

- Ours 0.033 0.089 16.26 46.04 0.073 0.035 188.5 466.8
g e=01 Baseline  5.267 2.879 42.09 67.25 5.326 2.935 4259 674.2
8 Ours 0.125 0.122 17.88 49.06 0.231 0.067 241.1 506.4
c=0.15 Baseline  6.369 3.445 53.34 74.03 6.584 3.453 531.4 758.5

Ours 0.223 0.216 21.62 50.14 0.202 0.056 263.1 549.4

=005 Baseline 4.166 2.724 1091 41.95 4.397 3.104 44.86 361.8

o Ours 0.115 0.189 3.120 18.35 0.082 0.048 8.377 96.68
% c—0.1 Baseline  6.984 3.921 30.09 61.96 7.279 4.073 232.8 582.4
E» Ours 0.205 0.310 4.143 27.87 0.113 0.178 10.83 170.2
=015 Baseline  8.093 4.223 43.90 70.67 8.406 4.453 4179 705.9

Ours 0.244 0.043 4.368 27.81 0.133 0.059 21.98 178.0
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Table 7: Performance of different methods under uniform noisy labels with LAC score, using
DenseNet121. ‘Baseline’ denotes the standard online conformal prediction methods. We include two
learning rate schedules: constant learning rate 7 = 0.05 and dynamic learning rates 7, = 1/t1/2+¢
where ¢ = 0.1. “|” indicates smaller values are better and Bold numbers are superior results.

CIFAR100 ImageNet
LR Schedule Error rate  Method CovGap(%) | Size | CovGap(%) | Size |
a=01 a=0.05 a=01 a=0.05 a=01 a=0.05 a=0.1 a=0.05

=005 Baseline  3.978 3.533 5.275 26.71 4716 4.509 13.73 164.7

- Ours 0.533 0.089 2.971 6.265 0.051 0.673 5.217 14.21
é c=01 Baseline  7.656 4.278 15.25 50.25 8.689 4.84 85.19 395.5
3 Ours 0.356 0.200 3.126 6.370 0.184 0.271 5.264 14.76
c—0.15 Baseline  8.896 4.467 36.03 62.27 9.733 4.933 305.6 576.3

Ours 0.489 0.560 3.500 7.693 0.224 0.227 5.616 19.81

=005 Baseline  4.322 3.254 4.883 19.42 4.642 3.457 12.57 60.94

o Ours 0.233 0.211 2.586 5.344 0.067 0.078 4.305 13.73
g c—0.1 Baseline  8.378 4.400 19.68 44.43 8.084 4.311 54.42 153.7
Q& Ours 0.756 0.122 2.891 5.942 0.009 0.140 4.381 14.67
=015 Baseline  9.022 4.600 33.87 57.87 9.256 4.978 133.3 239.8

Ours 0.011 0.440 2.821 5.290 0.231 0.264 4.578 15.59

Table 8: Performance of different methods under uniform noisy labels with LAC score, using VGG16.
‘Baseline’ denotes the standard online conformal prediction methods. We include two learning rate
schedules: constant learning rate 7 = 0.05 and dynamic learning rates 7, = 1/t'/2¢ where ¢ = 0.1.
“}” indicates smaller values are better and Bold numbers are superior results.

CIFAR100 ImageNet
LR Schedule Error rate  Method CovGap(%) | Size | CovGap(%) | Size |
a=01 a=0.05 a=01 a=0.05 a=01 a=0.05 a=0.1 a=0.05

=005 Baseline 1.911 1.033 51.13 73.03 3.164 1.995 297.8 565.3

- Ours 0.078 0.144 43.50 67.97 0.002 0.031 206.6 488.1
é c—0.1 Baseline 3.474 1.700 58.08 76.44 4.878 2.975 439.8 669.4
3 Ours 0.224 0.267 45.48 68.28 0.217 0.119 229.4 511.2
c—=0.15 Baseline  4.489 2411 64.16 80.16 6.173 3.626 544.2 746.8

Ours 0.300 0.189 44.43 71.81 0.168 0.004 281.9 551.3

=005 Baseline 2.678 1.388 40.96 66.81 4.608 3.044 51.64 374.1

o Ours 0.244 0.004 28.92 59.26 0.062 0.013 5.316 112.7
'g c—0.1 Baseline  4.189 2.567 50.40 74.38 7.142 4.067 244.4 580.6
g Ours 0.289 0.133 30.81 61.08 0.195 0.071 10.65 152.1
=015 Baseline  5.733 3.044 60.46 78.65 8.413 4.451 4322 708.9

Ours 0.440 0.144 35.67 63.38 0.119 0.282 18.39 224.6

C The impact of misestimated noise rate on NR-OCP

In this section, we conduct an additional experiment where the noise rate is unknown and needs to be
estimated. In particular, we apply an existing algorithm [61] to estimate the noise rate without access
to clean data during the training of the pre-trained model. Then, we employ this estimated noise
rate in our method for online conformal prediction. The experiments are conducted on CIFAR-10
dataset, using ResNet18 model with noise rates € € {0.1,0.2,0.3}. We employ LAC score to
generate prediction sets and use a constant learning rate 7 = 0.05. The results demonstrate that our
method consistently achieves much lower coverage gaps and smaller prediction sets compared to the
baseline. This highlights the robustness and applicability of our method even when the noise rate is
not precisely estimated.
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Table 9
Noise rate Estimated Noise rate Method CovGap (%) Size

_ A Baseline 6.99 247
e=01 €=0.09 Ours 0.82 0.94
. . Baseline 8.72 5.41
AL L Ours 1.67 0.98
. A Baseline 9.04 6.72
e=03 €=0.26 Ours 232 115

D Additional information on Strongly adaptive online conformal prediction

D.1 Strongly adaptive online conformal prediction

The SAOCP algorithm leverages techniques for minimizing the strongly adaptive regret [67] to
perform online conformal prediction. In particular, SAOCP is a meta-algorithm that manages
multiple experts, where each expert is itself an arbitrary online learning algorithm taking charge of its
own active interval that has a finite liferime. At each ¢ € [T], SAOCP instantiates a new expert A;
with active interval [¢, ¢ + L(t) — 1], where L(¢) is the lifetime:

L(t)=g- max {2" :t =0 (mod 2")}, @)

n€lx>1

where g € Z>; is a multiplier for the lifetime of each expert. It can be shown that at most glog, ¢
experts are active at any time ¢ under the choice of L(t) in (7), resulting in a total runtime of
O(TlogT) for SAOCP when g = O(1). At each time ¢, the threshold 7; is obtained by aggregating
the predictions of the active experts.

A ~Q
Tt = E DitTt

i1€Active(t)

where the weight {p; ; };c[, is computed by the coin betting scheme [67, 68].

Choice of expert. SAOCP employs Scale-Free OGD (dubbed SF-OGD) [68] as its expert. In
particular, SF-OGD is a variant of OGD that decays its effective learning rate based on cumulative
past gradient norms.

D.2 Noise-robust strongly adaptive online conformal prediction

In the following, we present a pseudo-algorithm of NR-SAOCP. The essence of this method is to
update the threshold with our robust pinball loss. In Algorithm 1, we demonstrate how NR-SAOCP
manages multiple experts to update the threshold. In Algorithm 2, we present how each expert
updates the corresponding threshold.
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Algorithm 1 Noise-Robust Strongly Adaptive Online Conformal Prediction (NR-SAOCP)

Require: Target coverage 1 — o € (0, 1), initial threshold 7.
1: fort=1,...,7T do
2:  Initialize new expert A; = NR-SF-OGD(«v ¢+~ a; 1) + 1/4/3; 71 ¢ 7:_1) (Algorithm 2), and
set weight w; s = 0
3:  Compute active set Active(t) = {i € [T] : t — L(i) < i < t}, where L(4) is defined in Eq. (7)

4:  Compute prior probability m; oc i~2 (1 + [w;]+) 1 {i € Active(t)}, compute un-normalized
probability p; = m;[wy ;]+ for all ¢ € [t], normalize p = p/||p||1 if ||p||1 > 0, elsep =7

5: Update the threshold 7, = 3=, s ciive(r) PiT7

6:  Observe input X; and construct prediction set C’t(Xt) as in Eq. (1)

7:  Observe true label Y; € ), compute non-conformity score S; = S(X¢,Y;) and Sy, =
S(Xy,y) forally € Y

8: fori € Active(t) do

9: Update expert A; with robust pinball loss and obtain next predicted radius 7} i

10: Compute

it = {lﬂt Sts{Stytie1) — ﬁ 1SSy ) ifwe; >0
v (76, St { Sty }eor) = 17 St Sty tici)] ifwe; <0

where [ is the robust pinball loss defined in Eq. (4).

11: Update expert weight w; 441 = ﬁ (Zizz gm) (1 + 2311 ’wi,jgiJ)
12:  end for
13: end for

Algorithm 2 Noise-Robust Scale-Free Online Gradient Descent (NR-SF-OGD)

Require: « € (0, 1), learning rate ) > 0, initial threshold 7, € R
1: fort > 1do A
2:  Observe input X; and construct prediction set C;(X;) as in Eq. (1)
3:  Observe true label Y; € Y, compute non-conformity score S; = S(X;,Y;) and S, =
S(Xy,y) forally € Y
4:  Update the threshold:

VZTt(TtaSh{St y} )
S Vi 5 (S}

where [ is the robust pinball loss defined in Eq. (4).
5: end for

Ti4+1 = Tt —

E Omitted proofs

E.1 Proof for Proposition 3.1

Lemma E.1. Given Assumptions 2.1 and 2.2, when updating the threshold according to Eq. (3), for
any T € N*, we have
—an <7 <14 (1—a)n. (®)

Proof. We prove this by induction. First, we know 7; € [0, 1] by assumption, which indicates that
Eq. (8) is satisfied at ¢ = 1. Then, we assume that Eq. (8) holds for ¢ = 7', and we will show that
7741 lies in this range. Consider three cases:

Case 1. If 7 € [0, 1], we have

. . .~ (a)
Tre1 =71 =1 Valioalf,St) € [—an, 1+ (1 — a)n]
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where (a) is because V3,11 _o (74, 5;) € [a — 1,a].

Case 2. Consider the case where 77 € [1,1 4 (1 — a)n]. The assumption that S € [0, 1] implies
1 {5’ > f't} = 0. Thus, we have

Vi lial(f,8) = —1 {S > %t} fa=a
which follows that
Fry1 =1 — 1 Vali—a(f,5) = fr —na € [1 —na, 1+ (1 — a)n] C [—an, 1+ (1 —a)n]

Case 3. Consider the case where 77 € [—an,0]. The assumption that S € [0,1] implies
1 {5’ > ﬂg} = 1. Thus, we have

Vi lial(f,§) = —1 {S > ﬁ} ta=-1+a
which follows that
fro =71 —n-Valiolf, S) = fr —n(=1+a) € [~an, (1 —a)y] C [-an,1+ (1 —a)n]
Combining three cases, we can conclude that
—an <H <1+ (1-a)y
O
Proposition E.2 (Restatement of Proposition 3.1). Consider online conformal prediction under
uniform label noise with noise rate € € (0,1). Given Assumptions 2.1 and 2.2, when updating the

threshold according to Eq. (3), for any § € (0,1) and T € N7, the following bound holds with
probability at least 1 — §:

af—Z]l{Yt¢CtXt)} 21g(4> } b <717+1a)~;

€ 1 1
+1_6~T;(<1—a)—KE[ct<Xt)]>-

Proof. Consider the gradient of clean pinball loss:
T T T T

> Valia(m,8) =Y Valia(7,8) =Y Es [Valia(m,8)]+ Y Es [Valia (7, 5)]

t=1 t=1 t=1 t=1

IN

+ZES Voo (72, 50)]

t=1

Zvﬂzl o (12, 51) ZES [Vrdioa (72, 50)]
t=1

t=1

(a) (b)
Part (a): Lemma F.3 gives us that
T T 1
P Es, Vi, li—a(Tt, St)] — Vi li—a(Tt,S0)| < (2T log | < >1-
{;st[ ol 801 = 30 Vnli-a(hS) g(é)}

Part (b): Recall that the expected gradient of the clean pinball loss satisfies
ES [Vf—tll_a(f}, St)] = ]P{St S 7A't} — (1 — Oé)

@ (116P{»§t Sf’t}— [((;e)iP{S‘W gf-t}) —(1-a)
y=1
1 - c 1 XK
:1_6(]}’{ tSf't}—(l—oz)) 6<K2P{St,y§7°t}—(l—a)>

= B [Vahalie S0] - 15 (}(E (X)) - (1 - a))

N |
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where (a) comes from Lemma F.1. In addition, Lemma F.3 implies that

{3 )

Thus, we can derive an upper bound for (b) as follows

5, |Vatiza(i 0] = Vadioa( 50| <

T
Z ]ES [V‘T-tll—a(%tv S)]

t=1
T

_ ZE [vnzl (2,5 ] — = ( 1-a)— —IE [cf(Xt)]>

1 T T = T _ c T 1
= = (ZES [vﬂz1 NEN } > Vilioalf, )+Zvﬂzl_a(@,5)> + 1_62 ((1 —a) — KIE[C}(XM)

1 . ;:1 t:ll . ~ t=1
S 1_¢ ES |:va[1 [ Tta :| Zvnll [ Tta + m Zvﬁll—a(%tas)

t=1 t=1 t=1
> (0w - gEec)

1
<7 2T10g< ) ‘va,zl o7, S

(¢)
Then, we derive an upper bound for (c). The update rule (Eq. (3)) gives us that

Y (- - gEl)

t=1

. . .G .G 1. .
Tepr = Te =NV lia(7,S)) = Vi li_alf, S¢) = E(Tt — Te41)-
Accumulating from ¢ = 1 to ¢ = T and taking absolute value gives

1 (@1
W= —Trs1l < =14+ (1 —a)y
1l s S+ 0 —a)n)

Zvnll o(Te, St)

t=1

Tt *Tf+1

1
—+1-«
n

where (a) follows from the assumption that 7; € [0, 1] and Lemma E.1. Thus, we have

ZT:]ES (Vi li—o(F1,8)] < 1% 2T log (3) - <717 +1- a> — ZT: < (1—a)— %E [Ct(Xt)])

1—
t=1 ¢ t=1

+1—a>

By taking union bound and combining two parts, we can obtain that

Zvnzl o (1, 8;) < 1/2T10g 1/2T10g
t=1

1_62 (K [Ct(Xt)]—(l—a))

t=1

:T:Z 2Tlog<§)+1i€<717+1—a>+1iez<(1—a)—I1{E[Ct(Xt)])

holds with at least 1 — ¢ probability. Recall that

T T

T
Zvr,ll o (T¢,St) :Z (L{S: <n}-(1-0w) Z ﬂ{St27’:&}4'0‘):2(—]1{)/t¢Ct(Xt)}+04)

t=1 t=1 t=1 t=1
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‘We can conclude that

1 & 2—¢€ 4 1 1 1
— < — -] — — — .
o Ttgzlll{Y,;géCt(Xt)}_l_e 210g(6> \/T—’_l—e(n—i_l a)

: i . %Z <(1 —a) - %E [Ct(Xt)])

t=1

Nl

+

E.2 Proof for Proposition 4.1

Proposition E.3 (Restatement of Proposition 4.1). The robust pinball loss defined in Eq. (4) satisfies
the following two properties:

(Es [h-a(7, S)] = Eg g, [i-a(r, 5, {S,Ho0)]

(2)Es [Vohi—a(7, S)] = Eg g, [Vrhi-alr, 5, {S,HC0)] -

Proof. The property (1): We begin by proving the first property. Taking expectation on pinball loss
gives

Es [lh—o(r,S)] = Eg [a(r — S)1{r > S} + (1 — )(S — 7)1{r < S}]

ZQTP{TZS}—Ot/TSP{SZS}dS—(l—Oz)TP{T<S}+(1—a)/ sP{S = s}ds

0 T

= ar <11_6]P{g<7}+1i€P{S<T}) —a/(JTS<1:[P{§<T}+1€_6P{S<T}> ds —

— €

(a) (b)
(1—a)r (11_€]P{§>T}+16_6P{§>T}>+(1—a)/713(11 P{S>T}+1€;EP{§>T}:

— €

(c) (d)

1 ~ € _ 1 ~ . K
ar<1_€P{S§T}+1_6P{SST}) _aT<1_€P{S§T}+K(1_E);P{SyST}>

=Eggq, |oT (11_611{S<T}+K(1€_€)§:1]l{5y<7}>]

Part (b):

a/OTs<11_6]P’{S'§T}+1€_€IP’{S§T})ds—a/OTs<1i€IP’{S§T}+K(1€_6):;IP’{SyST}> ds
=Eg, a( €€1{§<T}+K(615i ] K>]I{Sy<7'}]

Part (¢):

1 ~ € - 1 ~ € K

(1—a)7<1_61p{5>7}+1_619>{5>7}) —(1-a)r (HP{S>T}+[((1_€)ZP{Sy>T}>

=Ezq |(1-a)7 <]1 {S > 7-} + K(li ) ZK:]l {Sy, > T})]
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Part (d):

(l—oz)/ls<1i6]}”{§>7'}+le_EP{S>T})dS
TT 1 ~ € X
:(1_a)/0 5(1_6P{S>T}+K,(1_€>Z:P{Sy>7'}>ds
S 5 €S, us
:ES,Sy l(la) (1_611 {S>T}+I((136)Z> 1{s, >T}]

y=1

Combining (a), (b), (c), and (d), we can conclude that

ES [ll_a(T, S)]
1 € X S €S X

=E= S < L < — S< bl v < -

E&Sy aT <1 _6]1 {S < T} + Ki=0 ;1{5‘@} < T}) o (1 _6]1 {S < 7'} Ki—-0) ;) 14{s, < T}]

Eeo |(1—a)r [ — 11{5>T}+6§:11{s > 7}

558y 1—ce¢ K(1—¢) = Y
S €S X
— 2 Y
+(1 a)( = H{S>T}+K(17 )lel{su>7}>]
1 - - -

= — < _ —

E[l_e (a(T 9)1 {S,T}+(1 a)($ — 1)1 {S>T})} +

K
< _ _
l 16;( LS, <7+ (1-a)(S —7)1{S, >T})]

:EL li—a(T,S) + 1—62“”5
= Egs, [-a(r 8, {8, H0))]
The property (2): We proceed by proving the second property, which demonstrates that the expected
gradient of the robust pinball loss (computed using noise and random scores) equals the expected
gradient of the true pinball loss. Consider the gradient of robust pinball loss:

Ess, [Vrlioa(r, 5,{8, 1)

! ~ X e -« ~ K (1—-a)e

=E= >SgL N T > - Sl tasl

Eg.s, 1_611{775} ;K(l_e)““‘gy} 1_61{T< 5}+;K(1_e)1{7< S,}
= O‘IP{ >S} i P{r>8,} ]P’{ <S}+i(1 S pir<s,)
1o UF K1—-o YV ’ Kil-¢o VU

=aP{r>S}-(1-a)P{r < S}
= ES [V-,—h_a(T, S)]

E.3 Proof for Proposition 4.2

Lemma E.4. Consider online conformal prediction under uniform label noise with noise rate
€ (0, 1). Given Assumptions 2.1 and 2.2, when updating the threshold according to Eq. (5), for any
5 €(0,1)and T € NT, we have

7
1—¢€

—an— 17 < <l-an+ ©)
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Proof. We prove this by induction. First, we know 7; € [0, 1] by assumption, which indicates that
Eq. (9) is satisfied at ¢t = 1. Then, we assume that Eq. (9) holds for t = T', and we will show that
7141 lies in this range. Consider three cases:

Case 1. If 70 € [0, 1], we have
. . 5 N (a) €
TT4+1 =T — 1" V%Tllfa(TTa ST7 {St,y}é(:l) € |:—Oé’l’] - 17176’ 1- an + 1n€:|

where (a) follows from Lemma F.2.

Case 2. Consider the case where 77 € [1, 1+ an — /(1 — €)]. The assumption that St, S; ,, € [0, 1]
implies 1 {S'T < %T} =1{S;, < 7r} = 1. Thus, we have

K
- ) _ R 1 R _
Virli—o(Tr, ST, {St,y}ff:l) = %]l {TT > ST} - Z%ﬂ {Ttr > Siy} — 1 _(:]l { T > T}

which follows that

R R ~ L~ R €
Try1 =77 — 0 Virli—o(Tr, ST, {Styy}le) =Tr —na € {1 —na, 1 — 117] C {—om - 17176, 1—an+ 1 i

Case 3. Consider the case where 7r € [—an — en/(1 — €), 0]. The assumption that §, s, € [0, 1]
implies 1 {5 < 77} = 1 {s, < 7r} = 0. Thus, we have

K
Verli-alir, S1, {8, o) = 71 {7r > ST} > gt Bz Sl - > 5r)
y=1
K-
+ Z ]]. {TT > St y}
y=1

1-« X (1—a)e
= ——1 S _— = —1
1—ce¢ {T<s}+yz::1K(1—e) “Th

which follows that

N N ~ R ~ N €
b = i1 =1 Vighoa(ir, Sz, {Suy o)) = 70 + (1 —a) € [—an — T+l - )1 - a)}

€1 n
C|—anp———,1—
[om 1-¢ O”]Jrl—J
Combining three cases, we can conclude that

n
<A <1- o
T Shsl-ant

—an —
O

Proposition E.5 (Restatement of Proposition 4.2). Consider online conformal prediction under
uniform label noise with noise rate € € (0,1). Given Assumptions 2.1 and 2.2, when updating the
threshold according to Eq. (5), for any § € (0,1) and T € N7, the following bound holds with
probability at least 1 — §:

log(2/8) 1 1 € 1
ExErr(T) < /284200~ 4 (2 _ S
e Vi U I e A
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Proof. The update rule of the threshold 7; gives us that
. R PG P L. .
Fipr =F = Valia(f, 56 {Sy}e1) = Valia(f, St {Siy}iey) = ;(Tt — T41).

Accumulating from ¢ = 1 to ¢ = T and taking absolute value gives
T

Z%(ﬁ — Tt41)

t=1

T
Z vﬂil_a(’f't, Sta {St,y}i{zl)

1 R (a) 1 €n 1 €
=—|f1—Tr41| < —|1l—an+ =——a+
t=1 N N 1

— €

where (a) follows from the assumption that 7, € [0, 1] and Lemma E.4. In addition, Lemma E.5 gives
us that

3 R 2T log(2/9)
~ . N ) o )
IP{ ;Egt,st,y |:V7A'tl1—a(7—t7 St) {St7y}y:1)_ - Zv‘f'tll—a(Tt7 St7 {St7y}y:1) S 1_6} Z 1— 6
Thus, with at least 1 — § probability, we have

t=1

T
Z ]ES‘pSt,y |:v%t Z]-*O‘(%t’ St’ {St7y}£{:l):|
t=1

T T
505 |Vridi-a (i S {80 HL)| = 30 Vadia (o S {8t Hn) + D0 Vel S {80, Ho)

t=1 t=1

T T
S’hst’y |:vﬂl17a(7ﬁt»st7{St,y}gi{:l)} - tZ:lvﬂllfa(%tastv{st,y}?i{:1) + Zv%tllfa(%tvsta{St,y}f:1)

t=1

IN

2T log(2/6 1
< V2Tlog(2/0) |1 . €
1—c¢ n 1—e¢

Applying the second property in Proposition 4.1, we have

N

T T
S B s, [Vadi-alfi S S, HL)] = DB, [Valialie, S01 = Y [PAS: < 7} — (1)

t

1
which implies that with at least 1 — § probability,

2T log(2/6) 1 €

ZP{StS%t}_(l_a)]|§+—Oé+

ZP{YtgéctXt 1—ce¢ n 1—c¢

Therefore, we can conclude that

ExErr(T

log(2/6) 1 (1 e\ 1
ZP{M@XJ} T \/T+<n i >

holds with at least 1 — 5 probability. O

E.4 Proof for Proposition 4.3

Proposition E.6 (Restatement of Proposition 4.3). Consider online conformal prediction under
uniform label noise with noise rate € € (0,1). Given Assumptions 2.1 and 2.2, when updating the
threshold according to Eq. (5), for any § € (0,1) and T € N7, the following bound holds with
probability at least 1 — §:

2—¢€ 4 1 1 € 1
EmErr(T) < 2log (=) —= + = — o
(1) < 3 210w (5) - n 4 (-0t 1) 7

Proof. Lemma F.3 gives us that
4
2T log (5) } >1-

"

T T
D Es, Vahi—a(Fe, SOl = > Valioa(f, S| <

t=1 t=1

N
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Follows from Proposition 4.2 (see Eq. (10)), we know

T T
X - o~ 2T log(4/6 1 €
D Es [Vahia(f S0l = |D_Es g, [Vahi-a(, 8, {S, 20| < fgi AL p Ot T
t=1 t=1
holds with at least 1 — §/2 probability. In addition, recall that
T
Zvnll o(Tt, St) Z [L{S; <7t} — (1 —a)]
t=1 t=1

Thus, by union bound, we can obtain that with at least probability 1 — 9,

T T T
D Vilioalf S| = —alf1,80) = Y _Es, [V, li—a(f, Sl + Y Es, [V, li—a(f1, S1)]

Tt

t=1 t=1 t=1
T T T
<D Valia(f,8) = Y Es, [Valia(f, SOl + | Y Es, [V, li—a(f1, S1)]
t=1 t=1 t=1
2T log 2 + V2 log4/0) log(4/9) + 1 a+ £
) 1—e¢ n 1—e¢

—€ 4 1 €
= -4/2T] - - -
1—€ 0g(5>+n CH_l—e

Recall that
T T T
D (Y ¢ (X))} =D [1{S <A} - A=) =D Vahalf,S)
t=1 t=1 t=1

Therefore, we can conclude that

T
EmErr(T T Zn {Y, ¢ C(X)} =7 z:: Vi, li—o(7t, St)
< 2 — 91 4 1 1 n € 1
=1- el\s) vt i) T
holds with at least 1 — ¢ probability. O

E.5 Proof for Proposition 4.5

Proposition E.7 (Restatement of Proposition 4.5). Consider online conformal prediction under
uniform label noise with noise rate € € (0,1). Given Assumptions 2.1 and 2.2, when updating the
threshold according to Eq. (6), for any § € (0,1) and T € N, the following bound holds with
probability at least 1 — §:

log(2/6) 1
1—-¢ T

ExErr(T) < +

146\ —
<1+1<I?<a1¥ M e) ;‘77;1 _77;—11‘
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Proof. Define 7 L=

T

Z V‘Ih'tilfoz(%ta S’t» {St,y}é(:l) =

t=1

T
> ot (Ut : Vﬁlla(ﬁ,St,{St,y}fl))‘
t=1
T
(m;
=1

T
- 77;711) : (Z UEN V‘T'Sllfoz(%sa 557 {Sy,s}5_1)> ‘

s=t

(@ |
= (Ut — N 1) (Tr — 7¢)
1

~
Il

—~
o
=

M=

-1

|77t - Ut_711| |7 — 7

o~
Il
—

INS

T
1+e -1 -1
1 E _
( * 1<Itn<ai)“( . e) ] |nt -1

where (a) comes from the update rule (Eq. (6)), (b) is due to triangle inequality, and (c) follows from
Lemma ??. In addition, Lemma F.5 gives us that

]P){
t=1

Thus, with at least 1 — J probability, we have

T

L : S 9T log(2/3

%050, |:V7”—tl1—a(7't7»9t; {St,y}fle) - ZVﬁh—a(Tt,St, {St,y}ff:l) < 1_3;2/)} >1-9
Tot=1

T
> Es,s,, [Vﬂllfa(ﬁ, S, {st,y};;l)}

t=1

T
S't,St’y |:V‘ftl1*a(f_t7 St? {St,y}‘f:l)} - Z v‘?tllfoz(’f_t; Sta {St,y}?i{:l) + Z V'ftllfa(f_tv St, {Styy}yi(:l)

t=1 t=1
T T
< ZESt,sw {Vﬂzl—a(’f_hgta{St,y}yi(:l)} - ZVﬂil—oz(%tagta{st,y}le) + Zvﬁil—a(%tagtv{St,y}f;{:l)
t=1 t=1 t=1

a;

T
1+e€ . .
1§Itn§7)“(71m' 1_6);|nt *77t—1|

Applying the second property in Proposition 4.1, we have

2T log(2
Sl()g(/6)+(1+
— €

T
ZES’,Sy {V‘f’tilfll(%tvgv {Sy}y 1 ] ZESt v"’tll ol Ttvst Z P{St <#ft-01 _a)}
t=1

t=1 t=1

which implies that with at least 1 — § probability,

IP’{YtgéCt X))} P{Stéﬂ}—(l—a)]
2T10g(2/6) 4
(11)
Therefore, we can conclude that
log(2/6) 1 1+¢6)
ExErr(T ZP{YtgéCt X} — - .ﬁ—i— 1+1<rgl<a%< lnt . ;Mt — N 1| T

holds with at least 1 — § probability. O

30



E.6 Proof for Proposition 4.6

Proposition E.8 (Restatement of Proposition 4.6). Consider online conformal prediction under
uniform label noise with noise rate € € (0,1). Given Assumptions 2.1 and 2.2, when updating the
threshold according to Eq. (6), for any § € (0,1) and T € N, the following bound holds with
probability at least 1 — §:

2—c¢ 4 1
< [ I
EmErr(T) < T 2log (5> Wi + (1 + Jnax m

1
)Z‘ —771:_—11 T

Proof. Lemma F.3 gives us that

"

Follows from Proposition 4.5 (see Eq. (11)), we know

T T

ZES,, [vﬁll—a(%tv St)] - Zvﬁ,ll—a(%ty St) <

t=1 t=1

4 0
— > —
2T10g(6>}_1 5

T
= Z Eg g, [V li—a(t, 5, {Sy}le)]

T
> Es, [Vali—a(F,S0)]

t=1

2T 10g(2/5) T+e\ e, 1 4
< V77 N T _
< g (U max e o tgl Ine b=

€

holds with at least 1 — §/2 probability. In addition, recall that

T T

Zvnll o Tt7St Z ]I{Stff—t}_(l_a)]

t=1 t=1

Thus, by union bound, we can obtain that with at least probability 1 — 4,

T T T T
D Vilialf S| = Z Vilia(F,8) = D Es, [Valia(F, SOl + > Es, [Va,li-a(F:, S1)]

t=1 t=1 t=1 =1
T T
A li—o(Ft, St) Z:IE&5 [V, l1—a(Te, St)]| + ZEst (Vi li—a(Tt, St)]
t=1
2Tlog 2/5 1+¢€) —
-1 -1
2Tlog (1 + lgrtnga%c_lm . e) ; !nt - 7lt—1’
T
B 1+e 1 1
_1_6 2Tlog<5> <1+1<Igl<aq¥1ﬂt'l_€>;’7lt M1
Recall that
T T
z [1{Y; ¢ C:(X1)} =D [M{Si<aH}—(1-a)l| =D Vil ol Sh)
t=1 t=1 t=1

Therefore, we can conclude that

T
1 .
EmErr Z]l{Y% ¢Ct Xt)} T;Vﬁll_a(n,&g)
2—¢ 4 1 1, 1
< )= L=
T l-c¢ 210g<6> T <1+1<rgl<a%< )Z| Tl
holds with at least 1 — ¢ probability. O
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E.7 Proof for Proposition B.1

Proposition E.9 (Restatement of Proposition B.1). Consider online conformal prediction under
uniform label noise with noise rate € € (0,1). Given Assumptions 2.1 and 2.2, when updating the
threshold according to Eq. (6), for any T € N, we have:

a 1 1+¢\° 1+e\? & n
7 A Q K 7 * O K t
Z (llfa(Tt» St7 {St,y}yzl) - llfoz(’r 7St7 {St,y}yzl)) S 2777 <]- + 1<rtn<a1}"( 17715 1_ 6> + (1 — 6) : Z 5

t=1

Proof. The update rule (Eq. (2)) gives us that

- - ~ - 2
(Frr =72 = (7o = 72+ 200(7" = 71) - Vo, i (72, St {Sey Yoer) + 17 - (Vﬂllfa(%ta St, {St,y}zl;{zl))

Recall that the robust pinball loss is defined as

Loa(r, S, {S, ) = —lalT, S) + () le (T, Sy).

Since pinball loss is convex, robust pinball loss inherits the convexity property. Thus, we have

(77" = 7¢) - Vﬂil—a(f't, St, {St,y}szl) < Zl—a(T*vgh {Stvy}zi(:l) - Zl—a(%t’ St {St7y}yK:1)‘
It follows that

(g1 — %) <(Fe —7%)* + 2, - (il—a(T*’Su {Sty 1)) — li—a(#, St {St,y}glle)) +

) B 9 (12)
77?' (Vﬂll—a(f-tvstv{St,y}é(:l))
Following from Lemma F.2, we have
- o~ 2 1+e\?
(V%llfoz(’rt; St, {St,y}£<:1)) < (1 — 6)
Dividing this inequality by 7; and summing over ¢t = 1,2, --- ,T provides
T ~ ~ ~ ~
> (Bl S LSty Hen) = a7, 81, Sty o))
t=1
| 1 1+ n
< Y A k2t A k)2 N3
;(2%(” ) QTlt(TtH T)) <l_€> 22
1 (5 — )2 1 5 T*>2+Z( 1 1 >(% T*)2+(1+e)2 int
= —(# — — Tl — - — . —.
2 21 =\ 241 2, K l—¢) 2

Lemma F.4 gives us that

2
1
(7%—7‘) (1+ max 1 - +€) ,

1<t<T—1 1—c¢

which follows that
T

> (Bi-alfe S (St i) = ol S0 {1 i)

t=1

1

2 2 2
1+e€ 1 1 1+e€ 1+4e€ Mt
— (1 . - = 1 . . i
2m ( + 1§rtn§a7}“(—1nt 1-— e) + (27IT 2771> < + 1§rtn§a:%(—1nt 1-—- e) + <1 — e) Z 2

2 2 T
1 1+e€ 1+e€ 7
1 : —.
277T( +1<Itn<a7}“( e —e> * (1—6) Z 2

t=1

53
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E.8 Proof for Proposition B.3

Lemma E.10. Under Assumption B.2, the pinball loss satisfies
1-— 1\?
oot < 020 () Ellh-a(,8) ~ li-a(r, )]

280

Proof. We employ the proof technique from Lemma C.4 in [11]. The Assumption B.2 gives us that
P{R=4} 205 —+"" = P{S=f}2220GF-7)"", §=27-1
By Theorem 2.7 of [66], we have
N R 1— 1 \¢ R 1/q
5=l < 2'7H9g gV (B lo(3, R) — hoa(y, BT =2 (q(bq) <2€0) “Elli-a(%, R) — ll—a(%R)]>
Since | — | = 2|7 — 7] and l;_ (%, R) = l1_4/(7, S), we can obtain

|7A_ _ 7_|q S q(lb_ q) <23:0> ) [llfa('fﬂs) - llfoc(7-7 S)]

O

Proposition E.11 (Restatement of Proposition B.3). Consider online conformal prediction under
uniform label noise with noise rate € € (0,1). Given Assumptions 2.1, 2.2 and B.2, when updating
the threshold according to Eq. (0), for any T’ € N7, we have:

R ” T 2
o < M=) (L) [ S (1)
0

T T
2 Zt:l Mt Zt:l Ui 1-e
where T = ZtT:l M7e/ Zthl Tt

Proof. We begin our proof from Eq. (12):

. . . . . _ 2
(P =72 < (o= 72 4 200 (Dalr, S (S0 o)) = hoa i S (S H) ) + 02 (T lialf, S (S Hoy) )
By taking expectation condition on (X, Y};) (or equivalently on S, and {St,y}le), and applying

Lemma F.2 and Proposition 4.1, we have

E (s = 7] < (o= 7P 20 ool )]~ Elca(reS)) 4+ (1)

By rearranging and taking expectation, we have

20 (Elh-a(Fe, 8) = hoa(r, S)) S E [ = 7] = E [(Feya = 7] 417 - (1 - Z)

Summing overt =1,2,--- T provides

QZ% El—o(f,S) —li—a(r,9)]) < (A = 7°)? = E [(fig1 — 7°)%] + <1 +€> Zntg

1—¢
~ *2 1+€
< (-7 + 1 —e¢ Zm

Let us denote 7 := Zf:l NeTe/ Zf:l 1. Applying Jensen’s inequality and dividing both sides by
2 Zthl 7 gives

T
Ellio (7 S) —lal(r,S)] < I (E[h—a(f,S) — hal(r,S)])
t=1 Zt:1 e

PG Yy <1+e>2
— T T
23 M D 1—e
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Continuing from Lemma E.10, we can conclude that

. N T 2
|7__T|q<q(1—q)<1>q.[(7—1—7-)2_‘_2#1%2.(1_‘_6)
= T T
b 2c0 23 e D1 Mt l—e

F Helpful lemmas

Lemma F.1. The distribution of the true non-conformity score, noise non-conformity score, and
scores of all classes satisfy the following relationship:

K
(1)P{S = 5} = 1;?{5:5}—[((;_6);1?{51,:5};

1

K
2)P{S < s} = liep{ggs}—ﬁZP{Sygs};

(B)P{S > s} = 1i61@{§>s} _K(1€—e)§:1p{5y > s},
where S, S, and S, denote the true score, noisy score, and score for class y respectively.
Proof. (1):
IP’{S‘:S} :P{S:S|S:S} ~P{S:S}+P{§:s\5‘:5} 41){&:5}
=P{s=s}-P{V =v}+P{S=s}-P{V =7}
=(1—-eP{S=s}+eP{S =5},

which follows that

P{S=s}= 1i6P{S’:s}— 1iEP{§:3}: 1iE]P’{§:3}_K(le_e)iP{Sy:s}.

2):

P{Sgs}:P{§§5|§=S}-P{§=S}+P{Sgs\§:§}-1?{§=§}
—P{s<st-P{V =v}+P{S<s}-P{V =7}
=(1—-e)P{S <s}+eP{S<s},

which follows that

€

P{Sgs}:iP{Sgs}fl_G

P{Sgs}:

1 ~ € K
1—€P{S§s}7K(l—G)ZP{SySS}.

3):
P{§>s}:]}”{§>3|5’:S}-P{§:S}+P{§>s

oY
Il
9]
—
=
=
e
Il
95]]
—

—P{S>s} P{V =Y} +P{S>s}-P{V =T}
=(1—e)P{S >s}+eP{S>s},
which follows that

€

]P’{S’>s}=11€]P’{S’>S}—1E]P’{S’>s}:116P{§>3}—K(1€€)?JZ]P’{SZ,>S}.
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Lemma F.2. The gradient of robust pinball loss can be bounded as follows

€ ~ n = K €
O[_l_ﬁ §v+ll_a(T,S, {Sy}yzl) SOZ"‘ m (13)

Proof. Consider the gradient of robust pinball loss:

K K
~ o~ K «a L = Qe R l—a_ (. =« (1-—a)e ..
. - >gl N >89 - —— ~ .
Valio(#,58,{S,}5)) 1_611{7 > 5} ; K gtz ) 1_61{T< s}+yle(1_6)n{T < 8,}
\—,—/ = \—’_/ =
(a) RS (©) RS
Due to fact that 1 {-} € [0, 1], we can bound each part as follows:
Part (a):
« ~ «
157>
1—e¢ {T_S}E { ’IJ
Part (b):
K e Qe
1{7 >
ZK(I—e) {725} [0’1 }
y=1
Part (c):
Loy i csre o e
1— T S y 1
Part (d):
K
(1-a) . (1—a)e
RSalvA | )
ZK(l—e) {F <8y} e 04—
y=1
Combining four parts, we can conclude that
- . K @ (1—-a) €
v7:ll_a(T,S,{Sy yzl) S 17—67070+17—6 =+ 1—6’
~ o= K e 1l -« €
Ny - > () — — = —1-— .
Vili—a(7,8,{Sy}y=1) > 0 T 176—1—0 « .

Lemma F.3. With at least probability 1 — 6, we have

T

T
> Es, [Valioa(7,S)] = Y Ve li-a(F, Si)

t=1 t=1

< /2T log (;)

Proof. Define

T T
Yr =Y Es, [Valia(f, S0l = Y Valialfr, S1);

t=1 t=1
Dr =Yy —Yr_1 =Eg[Vili—a(7t,5:)] — Vi, li—a (T, St).

Now, we will verify that { Y7} is a martingale, and { D7} is a bounded martingale difference sequence.
Due to the definition of {Yr}, we have

Es,[Yr|Yr-1, -+, Y] = Eg,[Dr + Yr_1|[Yr-1,- -, Yi| = Eg,[Dr|Yr—1, - V3] + Yr1 = Y71,
where the last equality follows from the definition of { D7 }. In addition, we have

Es, [Vali-al(t,S)] =P{S; <71} — (1 —a) € [a — 1,0,
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and Eq. (13) gives us that
Dy =Es, [Vi,li-a(7t,St)] = Vi, li_a(7, S¢) € [-1,1].
Therefore, by applying Azuma—Hoeffding’s inequality, we can have

{gofeo o

T

T
D Es, Vahi—a(F SOl = > Valia(f, S| <7

t=1 t=1

DD
Using = /2T log(4/0), we have

»{ orios(§) > 1-

Lemma F.4. Consider online conformal prediction under uniform label noise with noise rate
€ (0, 1). Given Assumptions 2.1 and 2.2, when updating the threshold according to Eq. (6), for any
T € NT, we have

€ 1
_ < tr < -
max 1 (a + 1= 6) <7mr<1l+4 1§Itj5ﬂ§aj}‘{71nt (1 — a) (14)

N >

T T
D Es, [Valiali, S0 =Y Valiali, Si)| <

t=1 t=1

O

1<t<T-1

forall T € Nt,

Proof. We prove this by induction. First, we know 7; € [0, 1] by assumption, which indicates that
Eq. (14) is satisfied at t = 1. Then, we assume that Eq. (14) holds for ¢ = T', and we will show that
7741 lies in this range. Consider three cases:

Case 1. If 7 € [0, 1], we have

R R - ~ - (a) € €
Fry1 =70 =0 - Varlioa(71, 57, {Sty 1) € [0 T <a+ 1- e) 1= (a - 6)]

€ 1
C - . _
= { 1<t (aJr 1—6) ,1+1Srtnga%(7177t (1—6 aﬂ

Case 2. Consider the case where 7p € [1,1 + maxj<i<r—17; - (1/(1 — €) — a)]. The assumption
that Sp, Sty € [0,1] implies 1 {S'T < %T} =1{S;, < 7r} = 1. Thus, we have

where (a) follows from Eq. (13).

Virli—ol(?r, ST, {St,y}éil) =1 Cie]l {f'T > S’T} Z K ]1 {71 > Sy} — (:]1 {AT > ~T}
K (1-
+Z 0 11 {70 > S}

K

— Y o -
— K 1—c¢)

which follows that

Fro1 =71 — 0 - Vephioa(fr, Sr, {Sey Hoy) =

7A_
1 nr
1 _ _
[ “ras b <Itn<a7)“( 1 (l—e a) 1—6:|
+ )1+ !
1<rtn<a7)“< e\ T 1<Itn<a1}“( AT e T @
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Case 3. Consider the case where 77 € [— maxi<i<7—17 - (@ + €¢/(1 — €)), 0]. The assumption that
S, Sy, € [0,1] implies 1 {S < %T} =1{S, < 7} = 0. Thus, we have

K
— « R ~
Virli-a(Pr, S1,{Sty}ioy) = 1711 {TT > ST} Zﬁﬂ {71 = Syt — T 1 {TT > ST}

y=1

N

+ Z Il{ Tr > S 1/}
y= 1
1- a)e

:—17]1{7< }+ZK )—a—l,

which follows that
+nr-(1-a)

7"_
[ max 7 - (a—i—
1<t<T—1

€
1
€ 1
- e (o 7 ) e (72—

tro1 = 71 — 01 - Vipli—a(r, St, {St,y}é(zﬂ

_€>+nT~(1—a),0+TiT‘(1_O‘)]

Combining three cases, we can conclude that
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Lemma E.5. With at least probability 1 — 6, we have
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Now, we will verify that {Yr} is a martingale, and { D} is a bounded martingale difference sequence.
Due to the definition of {Yr}, we have

Es, s, ,YrlYr—1,-+- Y| =Eg, 5, [Dr+Yra[Yr1,-- Vo] =Eg o [Dr[Yr—1, -+ Yi] +Yr1 =Y,
where the last equality follows from the definition of { D7 }. In addition, we have
Es, 5., |Vedi-a( St {Si Koy € la = 1a],

and Lemma F.2 gives us that
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Therefore, by applying Azuma—Hoeffding’s inequality, we can have
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Using r = [2T10g(2/(5)]71/2 /(1 — €), we have
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NeurlIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and follow the (optional) supplemental material. The checklist does NOT count
towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

¢ You should answer [Yes] , ,or [NA] .

* [NA] means either that the question is Not Applicable for that particular paper or the
relevant information is Not Available.

* Please provide a short (1-2 sentence) justification right after your answer (even for NA).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will be asked to also include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While "[Yes] " is generally preferable to " ", itis perfectly acceptable to answer " " provided a
proper justification is given (e.g., "error bars are not reported because it would be too computationally
expensive" or "we were unable to find the license for the dataset we used"). In general, answering
" "or "[NA] " is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justification to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification
please point to the section(s) where related material for the question can be found.

IMPORTANT, please:

* Delete this instruction block, but keep the section heading “NeurIPS paper checklist',
* Keep the checklist subsection headings, questions/answers and guidelines below.
* Do not modify the questions and only use the provided macros for your answers.

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction summarize the paper’s key contributions: 1.
theoretical analysis of the impact of label noise; 2. a method to eliminate this impact; 3.
Extensive evaluation of the method.

Guidelines:
e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]
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Justification: We discuss the limitation in the Section 6.

Guidelines:

The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: We clearly present the assumptions made in the theoretical results. All the
proofs can be found in the Appendix.

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theorems.

The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We have listed all the information needed in Section 5.

Guidelines:
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The answer NA means that the paper does not include experiments.
If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We include an example code in supplemental material.

Guidelines:

The answer NA means that paper does not include experiments requiring code.

Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.
The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).
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* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: All the details for reproducing the main experimental results are presented in
Section 5.

Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification:
Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: The information is provided in Section 5.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.
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9.

10.

11.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: This paper is aligned with the NeurIPS Code of Ethics.
Guidelines:

* The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This paper focuses on online conformal prediction, and it has no societal
impacts.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: All the datasets and models are available online.

Guidelines:
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12.

13.

14.

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: All the creators or original owners of assets are properly credited.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
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Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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