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Abstract

Most methods for learning with noisy labels re-
quire privileged knowledge such as noise tran-
sition matrices, clean subsets or pretrained
feature extractors, resources typically unavail-
able when robustness is most needed. We pro-
pose Conformal Margin Risk Minimization
(CMRM), a plug-and-play envelope frame-
work that improves any classification loss un-
der label noise by adding a single quantile-
calibrated regularization term, with no privi-
leged knowledge or training pipeline modifica-
tion. CMRM measures the confidence margin
between the observed label and competing
labels, and thresholds it with a conformal
quantile estimated per batch to focus train-
ing on high-margin samples while suppressing
likely mislabeled ones. We derive a learning
bound for CMRM under arbitrary label noise
requiring only mild regularity of the margin
distribution. Across five base methods and
six benchmarks with synthetic and real-world
noise, CMRM consistently improves accuracy
(up to +3.39%), reduces conformal prediction
set size (up to −20.44%) and does not hurt
under 0% noise, showing that CMRM cap-
tures a method-agnostic uncertainty signal
that existing mechanisms did not exploit.

1 INTRODUCTION

Deep neural networks have achieved remarkable success
across domains such as vision (Zhao et al., 2024; Zhang
et al., 2024), language (Naveed et al., 2025; Teubner
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et al., 2023), and healthcare (Thirunavukarasu et al.,
2023; Celard et al., 2023), but their performance typi-
cally depends on clean labels (Arpit et al., 2017). How-
ever, in real-world scenarios, labels are often corrupted
by human annotation errors (e.g., crowd-sourcing) or
automated data collection pipelines (Song et al., 2022;
Gupta and Gupta, 2019). Learning with label noise
(LNL) formalizes this setting, where corrupted labels
distort empirical risk and lead to overfitting (Natara-
jan et al., 2013; Zhang et al., 2021; Arpit et al., 2017).
This issue is particularly severe in high-stakes domains
such as medical imaging (Shi et al., 2024a) and au-
tonomous driving (Li et al., 2021a), making robustness
to label noise an important problem in modern ma-
chine learning (Song et al., 2022; Frénay and Verleysen,
2013).

Learning under label noise has been extensively studied
(Song et al., 2022), with existing approaches broadly
falling into the following categories. Noise modeling
approaches assume a specific corruption process (e.g.,
symmetric, class-conditional, or instance-dependent)
and often require estimating or knowing the noise tran-
sition matrix (Natarajan et al., 2013; Patrini et al.,
2017; Li et al., 2021b; Cheng et al., 2020), which is typi-
cally unobservable and difficult to model under complex
noise (Yao et al., 2020). Loss correction methods ad-
just training objectives to counteract label corruption
but typically depend on auxiliary information, such as
small trusted clean subsets or accurate noise rate esti-
mates (Hendrycks et al., 2018; Xia et al., 2019), both
of which are often unavailable or unreliable in prac-
tice. Auxiliary methods leverage additional sources,
such as peer networks, semi-supervised learning (SSL)
pipelines, or external expert models such as large lan-
guage models (LLMs), which introduce strong data and
supervision requirements (Han et al., 2018; Li et al.,
2020; Wang et al., 2024). Table 1 summarizes rep-
resentative methods and their key assumptions (see
Section 3 for details).

Despite this progress, these approaches share a com-
mon limitation: they all require some form of privileged
knowledge about the noise process or access to aux-
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Methods Assumptions
LNL (Natarajan et al., 2013) Symmetric noise
Forward (Patrini et al., 2017) Known label noise transition matrix
GLC (Hendrycks et al., 2018) Small clean data subsets
Co-teaching (Han et al., 2018) Two peer nets
CORES (Cheng et al., 2020) Instance-dependent noise
VolMinNet (Li et al., 2021b) Class-conditional noise

FINE (Kim et al., 2021) Eigen-structure noise
ELR+ (Liu et al., 2020) Clean samples learned first

NCFW (Zhang and Agarwal, 2024) Known class posteriors
CSGN (Lin et al., 2024) Latent causal graph transition

NI-ERM (Zhu et al., 2024) Strong pretrained feature extractor
NoiseGPT (Wang et al., 2024) External LLM

CMRM (ours) Smooth CDF + positive density

Table 1: Classical and recent methods for learning
from noisy labels and their assumptions. CMRM
only assumes mild regularity conditions, a smooth CDF
with positive density at the target quantile. Details in
Section 3. CMRM’s assumptions are automatically satisfied
in standard training (see Figure 2(d)).

iliary resources, such as a noise transition matrix, a
clean data subset, a peer network or a pretrained fea-
ture extractor, which is typically unavailable in the
settings where robustness to label noise is most needed,
especially under severe or heterogeneous noise (Arazo
et al., 2019; Song et al., 2022). This raises the main
research question of this paper: Can we design a flexi-
ble envelope framework that enhances the robustness of
existing methods under arbitrary label noise, requiring
only standard mathematical regularity conditions, in-
stead of any knowledge of the noise process or access
to auxiliary supervision?

To answer this question, we propose Conformal Margin
Risk Minimization (CMRM), an envelope framework
to improve the robustness and accuracy of prior meth-
ods. CMRM does not rely on noise models, clean
subsets or auxiliary supervision. CMRM achieves the
goal through an uncertainty-aware training objective
that integrates confidence margins and conformal quan-
tiles. Confidence margin, defined as the gap between
the confidence of the observed label and competing la-
bels, provides a principled signal to distinguish reliable
from uncertain training samples (Cui et al., 2019; Pleiss
et al., 2020). Conformal quantiles offer distribution-
free, statistically valid thresholds for these margins
(Angelopoulos and Bates, 2021; Lei et al., 2018).

This algorithm design is motivated by two prior obser-
vations: (1) label noise creates a mismatch between
corrupted labels and the evolving confidence structure
of the model (Pleiss et al., 2020), and (2) ignoring this
uncertainty often leads to overfitting on noisy samples
and prevents algorithms from leveraging informative
signals (Zhang et al., 2021; Arpit et al., 2017). Build-
ing on this motivation, CMRM formulates a conformal
margin risk that directly incorporates uncertainty into
the training objective. Specifically, CMRM computes
per-example confidence margins, estimates a conformal

quantile to set an adaptive threshold, and minimizes a
conformal risk defined as the average negative margin
above that threshold. Importantly, CMRM requires
no architectural modification, no additional networks
and no clean validation data, as it adds only a single
quantile-calibrated regularization term to any exist-
ing training objective. We further establish a learning
bound for CMRM under arbitrary noise. Our extensive
experiments on both binary and multi-class classifica-
tion benchmarks demonstrate that, without requiring
prior knowledge of noise, CMRM consistently improves
methods with fundamentally different LNL design prin-
ciples, indicating that conformal margin calibration
captures a method-agnostic uncertainty signal that
existing mechanisms fail to fully exploit.

Contributions. Our key contributions include:

• We propose CMRM, an envelope framework whose
robustness requires only mild regularity of the
margin distribution that is automatically satisfied
in standard training, instead of assumptions on
noise models, clean data or auxiliary resources (see
Table 1).

• We derive a learning bound under arbitrary la-
bel noise that decomposes the gap between the
noisy surrogate and clean conditional margin risk
into function-class complexity, quantile estimation
error, and distribution shift.

• We demonstrate that CMRM, requiring only a sin-
gle regularization term, improves accuracy across
all base method and dataset combinations tested
and reduces prediction set size in nearly all cases,
across five base methods (CE, Focal, LDAM, GCE,
NI-ERM) and six benchmarks with synthetic and
real-world noise, and incurs no accuracy penalty
when labels are clean. The CMRM code is avail-
able at https://github.com/YuanjieSh/CMRM.

2 RELATED WORK

Learning with Label Noise (LNL) studies how to
train models when labels are corrupted by annotation
errors, heuristic labeling, or unreliable sources (Frénay
and Verleysen, 2013; Song et al., 2022; Johnson and
Khoshgoftaar, 2022). Many approaches have been pro-
posed, often under specific assumptions on the noise
mechanism or requiring auxiliary supervision (see Ta-
ble 1 and Section 3). These include loss or posterior
correction with known noise models (Natarajan et al.,
2013; Patrini et al., 2017; Li et al., 2021b), methods us-
ing clean side information or peer networks (Hendrycks
et al., 2018; Han et al., 2018; Li et al., 2020; Liu et al.,
2020), approaches for instance-dependent or structured
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noise (Cheng et al., 2020; Kim et al., 2021; Lin et al.,
2024), and methods leveraging external knowledge such
as pretrained features or LLMs (Zhang and Agarwal,
2024; Zhu et al., 2024; Wang et al., 2024). In contrast,
our envelope approach requires only mild regularity
conditions and is compatible with most prior methods.

Conformal Prediction (CP) is a distribution-free
uncertainty quantification framework that constructs
prediction sets with guaranteed finite-sample coverage
(Vovk et al., 2005; Lei et al., 2018; Angelopoulos and
Bates, 2021; Fontana et al., 2023; Ghosh et al., 2023a,b;
Shi et al., 2024b; Shahrokhi et al., 2025). Recent confor-
mal training methods incorporate these principles into
the training process, focusing on minimizing prediction
set size (Stutz et al., 2021; Shi et al., 2025) or refining
coverage calibration (Einbinder et al., 2022; Kiyani
et al., 2024), but assume clean training data. In con-
trast, CMRM leverages conformal principles to enhance
discriminative ability under noisy supervision. Impor-
tantly, CMRM is not a conformal prediction method
in the standard sense; it does not construct prediction
sets or provide coverage guarantees at inference time.

3 PROBLEM SETUP AND
MOTIVATION

Notations. Suppose X ∈ X is an input from X ,
and Y ∈ Y = {0, 1, · · · ,K − 1} is the ground-truth
label, where K is the number of candidate classes. Let
the underlying data distribution be P(X,Y ), which
characterizes the relationship between inputs and class
labels. We denote by P(X) the marginal distribu-
tion of inputs, and by P(Y |X) the conditional label
distribution given inputs. Let f : X → RK denote
the logit vector produced by soft classifier f ∈ F ,
where F denotes a hypothesis class. We also define
Pf (X) = σ◦f(X) : X → ∆K

+ as the corresponding con-
fidence score, where ∆K

+ is the (K-1)-dimensional prob-
ability simplex, and σ is the Sigmoid function in binary
and Softmax function in multi-class setting, respec-
tively. Let Pf (X)y denote the confidence score of class
y. Define 1[·] as an indicator function. Denote Dtr and
Dtest as the training and test sets. Let B be a randomly
sampled batch of training data of size s. We denote
by W1(P,Q) = infπ∈Π(P,Q)

∫
X×X d(x, x′) dπ(x, x′) as

the Wasserstein-1 distance between two distributions
P and Q on metric space (X , d), where Π(P,Q) is the
set of all joint distributions of P and Q.

Learning with Noisy Labels (LNL). In many real-
world scenarios, the training data are corrupted by
noisy labels. Instead of the clean label Y , we only
observe a potentially corrupted label Ỹ ∈ Y generated
from Y through an unknown label noise transition
matrix T (Ỹ | X,Y ) (Zhu et al., 2024). For example,

symmetric noise corresponds to T (Ỹ | X,Y ) being
uniform over all incorrect labels, while class-conditional
noise assumes dependence only on Y . We highlight
that our proposed CMRM framework does not rely on
such assumptions and permits T to be arbitrary.

Such noisy labels setting arises typically due to annota-
tor mistakes, inconsistent labeling criteria, or spurious
labels introduced by large-scale data collection pipelines
(Natarajan et al., 2013; Patrini et al., 2017). Formally,
we define the noisy training data distribution as:

Pnoisy(X, Ỹ ) =
∑
y∈Y
P(X, y)T (Ỹ | X, y).

Accordingly, the training set Dtr = {(Xi, Ỹi)}ni=1 of size
n is drawn from Pnoisy, while the clean test set Dtest
is drawn from P.

Limitations of Existing Approaches. Despite sub-
stantial progress on learning from noisy labels, most
existing methods remain fundamentally constrained by
strong assumptions. As summarized in Table 1, these
assumptions fall into three major categories:

First, many approaches impose explicit noise-model
assumptions, from symmetric noise or known transi-
tion matrices (Natarajan et al., 2013; Patrini et al.,
2017) to class-conditional (Li et al., 2021b), instance-
dependent (Cheng et al., 2020), or eigen-structure
noise (Kim et al., 2021), but these still rarely align
with real-world corruption.

Second, a range of methods rely on auxiliary informa-
tion, such as clean subsets (Hendrycks et al., 2018),
noise transition matrices (Patrini et al., 2017), strong
pretrained feature extractors (Zhu et al., 2024), or ex-
ternal LLMs (Wang et al., 2024), which are costly and
unavailable at scale.

Third, some approaches exploit architectural assump-
tions or model-specific heuristics, such as peer net-
works (Han et al., 2018; Li et al., 2020), early-learning
assumptions (Liu et al., 2020), or latent causal struc-
tures (Lin et al., 2024).

Overall, these assumptions limit existing methods, es-
pecially under severe or heterogeneous noise (Arazo
et al., 2019; Song et al., 2022). Therefore, an envelope
framework that provides robustness guarantees under
only mild regularity conditions is needed.

4 CMRM FRAMEWORK

In this section, we first describe the general Conformal
Margin Risk Minimization (CMRM) envelope frame-
work and its variant for binary classification. Next, we
develop a practical optimization algorithm for CMRM
and theoretically analyze its learning bound.
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4.1 General Framework

Confidence Margin. The confidence margin quanti-
fies the separation between the confidence assigned to
the observed label and the highest confidence among
other candidate labels:

Mf (Xi, Ỹi) = Pf (Xi)Ỹi
−maxy∈Y\{Ỹi}Pf (Xi)y. (1)

This notion of confidence margin has been widely used
in the machine learning literature (Cui et al., 2019;
Bartlett and Mendelson, 2002). Large margins indi-
cate a strong preference for the observed label, whereas
small or negative margins reflect uncertainty (Cui et al.,
2019). Margins are widely used to characterize deci-
sion boundary distance (Bartlett and Mendelson, 2002;
Neyshabur et al., 2017) and to measure predictive un-
certainty (Elsayed et al., 2018; Jiang et al., 2018; Lak-
shminarayanan et al., 2017).

Conformal Quantile. Conformal prediction
(CP) (Vovk et al., 2005; Angelopoulos and Bates, 2021)
provides a distribution-free mechanism for defining
quantile thresholds. Let V be a real-valued random
variable, and let {Vi}mi=1 denote an i.i.d. sample from V
with size m. Given a target level α ∈ (0, 1), the empiri-
cal conformal quantile is defined as τ̂α = Q

(
α, {Vi}mi=1

)
,

where Q selects the ⌈α(m + 1)⌉-th largest value in
{Vi}mi=1. Hence, at most an α-fraction of the sam-
ple values lie below τ̂α, i.e., the empirical α-quantile.
Through CP, this quantile enjoys distribution-free va-
lidity guarantee, making it a principled tool for UQ.

Conformal Margin Risk. While conformal quan-
tiles provide principled thresholds, their effectiveness
depends on using a score that reflects label reliability
under noise. Confidence margin serves this role: clean
samples typically exhibit large margins, whereas noisy
labels tend to have small margins (Zhang and Sabuncu,
2018; Liu et al., 2020; Zhang et al., 2021). This is
intuitive: correct labels align with dominant class ev-
idence, while corrupted labels conflict with the input
features and are outscored by alternative labels. Fig-
ure 1 illustrates this separation on CIFAR-100 under
different types of noise (class-conditional and human
annotation noise). However, such observations have
mainly been used for diagnostic analysis or heuristic
filtering, without formal risk formulations.

CMRM closes this gap by calibrating confidence mar-
gins with conformal quantiles to yield an assumption-
light and uncertainty-aware risk. Specifically, we instan-
tiate V with confidence margin Mf (X, Ỹ ), and define
the conformal quantile threshold on {Mf (Xi, Ỹi)}ni=1:

τ̂α(f) = Q
(
α, {Mf (Xi, Ỹi)}ni=1

)
, (2)

so that at most an α-fraction of samples fall below

(a) Class-cond. noise (b) Human annota. noise

Figure 1: Confidence margin distributions for clean
(blue) and noisy (orange) samples on CIFAR-100.
(a) Class-conditional noise at 20% and (b) human annota-
tion noise at 40%. In both cases, clean samples concentrate
on positive margins while noisy samples shift to negative,
showing that confidence margins can distinguish clean from
noisy labels without assumptions on the noise process.

this threshold, a property that always holds without as-
sumptions on the noise process. α is a hyper-parameter
tuned on validation set. Larger α filters more aggres-
sively, improving noise robustness but risking loss of
clean samples, while smaller α retains more signal
but with corruption. α is a hyper-parameter selected
through validation data (see sensitivity study in Section
5.1).

Next, we define the conformal margin risk L̂cr(f) as:

L̂cr(f) =
1

n

n∑
i=1

ℓ̂cr(f,Xi, Ỹi), such that (3)

ℓ̂cr(f,Xi, Ỹi) = −Mf (Xi, Ỹi) · 1̃[Mf (Xi, Ỹi) ≥ τ̂α(f)],

where ℓ̂cr(f,Xi, Ỹi) is the per-sample conformal mar-
gin loss of (Xi, Ỹi), and 1̃[x ≥ y] = 1/(1 + exp(−(x−
y)/temp)) is the smoothed indicator by Sigmoid func-
tion with temperature parameter temp. This formu-
lation assigns a soft weight in (0, 1) to each sample
rather than hard 0/1 filtering, smoothly downweight-
ing low-margin samples during training, similar to soft
reweighting strategies in Tjandra and Wiens (2023).

By construction, L̂cr(f) is the average negative mar-
gin over the selected samples, i.e., those with margins
above the threshold. Minimizing L̂cr(f) increases the
separation on selected high-confidence samples while
discarding low-confidence samples. Thus, this principle
aligns training with predictive uncertainty and filters
out potentially corrupted labels (empirically verified in
Figure 2(b)), without assumptions on the noise model
or auxiliary supervision.

Finally, we incorporate CMRM as a plug-and-play reg-
ularizer for any classification loss L̂cl(f) (e.g., cross-
entropy), including prior LNL loss functions, as demon-
strated in our empirical evaluation:

L̂(f) = L̂cl(f) + λ · L̂cr(f), (4)

where λ ≥ 0 controls the strength of the CMRM term
relative to L̂cl(f). The above formulation is general
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for multi-class classification problems with standard
accuracy metrics. However, binary classification tasks
require optimizing more specific metrics. Hence, we
provide an instantiation for binary classification below.

CMRM for Binary Classification. Binary classi-
fication often relies on class-conditional performance
measures such as false positive and false negative rates
(FPR and FNR), which allow users to impose class-
conditional tolerances (Zhou and Liu, 2006). Since
CMRM’s quantile-based formulation naturally extends
to class-conditional settings, we introduce a binary vari-
ant that adapts its margin thresholding to each class
separately, enabling asymmetric error control while
preserving its core structure.

First, we define class-conditional quantile thresholds
for tolerances α+ and α−:

τ̂−(f)=min
{
t :

1

n0

∑
i:Ỹi=0

1
[
Pf (Xi)1≥ t

]
≤ ⌈α

−(n0+1)⌉
n0

}
,

τ̂+(f)=max
{
t :

1

n1

∑
i:Ỹi=1

1
[
Pf (Xi)1≤ t

]
≤ ⌈α

+(n1+1)⌉
n1

}
,

where n0 and n1 are the numbers of observed negative
and positive samples, respectively. These thresholds
control the upper tail of the negative class (potential
false positives) and the lower tail of the positive class
(potential false negatives).

Next, we define a two-sided hinge formulation relative
to these thresholds:

L̂bin
cr (f) =

1

n

n∑
i=1

ℓ̂bin
cr (f,Xi, Ỹi), such that (5)

ℓ̂bin
cr (f,Xi, Ỹi) =− λ−

1̃[Ỹi = 0] ·
(
Pf (Xi)1 − τ̂−(f)

)+
− λ+

1̃[Ỹi = 1] ·
(
τ̂+(f)− Pf (Xi)1

)+
,

where (z)+ = max{0, z} and λ+, λ− > 0 control the
relative strength of the two penalties.

This binary classification variant preserves the two core
ingredients of CMRM: conformal quantile-based filter-
ing and margin maximization on retained samples. By
separately controlling the class-conditional distribution,
it aligns naturally with standard binary performance
metrics such as FPR and FNR.

4.2 Optimization and Theoretical Analysis

Optimization Algorithm. A key challenge in
CMRM is that its objective depends on set-level quan-
tiles of confidence margins over the full training data
distribution, requiring O(n log n) sorting per iteration
and thus prohibitive for large-scale training. We ad-
dress this by replacing set-level quantiles with batch-
level quantiles τ̂sα(f): each iteration estimates the

Algorithm 1 Conformal Margin Risk Minimization
1: Input: training dataset Dtr, regularization param-

eter λ, batch size s, learning-rate η > 0, exclusion
rate α

2: Randomly initialize the deep neural network f0
3: for t← 0 : T − 1 do
4: Randomly sample batch Bt ⊂ Dtr
5: Compute Mft(Xi, Ỹi) on Bt
6: Compute batch-wise quantile τ̂sα(ft) on Bt
7: Compute classification loss L̂cl(ft) on Bt
8: Compute conformal margin risk L̂cr(ft) on Bt
9: ft+1 ← ft − η∇f

(
L̂cl(ft) + λL̂cr(ft)

)
10: end for
11: Output: the trained model fT

quantile from a batch of size s, reducing the cost to
O(s log s). This yields a tractable surrogate objective
L̂s

cr(f) by using τ̂sα(f):

L̂s
cr(f) = E

τ̂s
α(f)∼Tα(f)

[ n∑
i=1

−Mf (Xi, Ỹi)· (6)

1̃[Mf (Xi, Ỹi) ≥ τ̂sα(f)]

]
,

where Tα(f) is the underlying distribution of τ̂sα(f).
Although this introduces an approximation gap relative
to population quantiles, our theoretical analysis shows
that the gap is bounded.

Algorithm 1 summarizes the CMRM training proce-
dure. The algorithm follows a standard stochastic
optimization loop. For each iteration t, we first com-
pute the confidence margins on batch Bt (Line 5) and
then estimate the batch-wise conformal quantile thresh-
old (Line 6). Next, we compute both the classification
loss (Line 7) and the conformal margin risk (Line 8).
The final update (Line 9) jointly minimizes both terms.
Importantly, CMRM requires no change to model ar-
chitecture or optimization, introducing only a quantile-
calibrated regularizer that is compatible with arbitrary
classifiers and loss functions.

Theoretical Analysis. Building on the optimization
procedure, we analyze the effect of using batch-level es-
timates and the corresponding learning bound. Propo-
sition 1 shows that the batch-level quantile in L̂s

cr(f)
concentrates around the population quantile at rate
Õ(1/

√
s) where s is the batch size. Theorem 1 further

bounds the gap between empirical margin risk on noisy
data and population risk on clean data. Together, these
results characterize the robustness of CMRM under
arbitrary label noise with minimal assumptions.

We start with the definition of population quantile
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τα(f) on the noisy data distribution:

τα(f) = min
{
t : P(X,Ỹ )∼Pnoisy

[Mf (X, Ỹ ) ≤ t
]
≥ α

}
.

Next, we analyze the gap between the batch-level quan-
tile and population one.

Proposition 1 (Gap between τα and τ̂sα). Denote by
G(t) the cumulative distribution function (CDF) of
Mf (X, Ỹ ) under the noisy distribution Pnoisy. Assume
that G(t) is continuously differentiable in a neighbor-
hood of τα(f) with density g(t) and g(τα(f)) > 0. Then,
for any δ ∈ (0, 1), we have:

P
(
|τα(f)− τ̂sα(f)| ≤ Õ

( 1√
s

))
≥ 1− δ,

where Õ hides the logarithmic factors.

Remark 1. Proposition 1 shows that the batch-level
quantile τ̂sα(f) closely approximates the population
quantile τα(f), with an error of order Õ(1/

√
s), which

quantifies the statistical accuracy of the threshold esti-
mation step in CMRM. This relies on a mild regularity
assumption on the CDF (smoothness and positive den-
sity), standard in quantile estimation theory (e.g., Ser-
fling (2009); Van der Vaart (2000)). We empirically
verify these assumptions in Figure 2(c).

Next, we analyze the learning bound. Instead of eval-
uating the unconditional classification risk, CMRM
focuses on the retained high-margin region where the
model is confident. This reflects the mechanism of the
method: low-margin samples—more likely to be cor-
rupted under label noise—are suppressed during train-
ing, while high-margin samples dominate the learning
signal. Accordingly, the appropriate clean-distribution
objective is the conditional margin risk restricted to
this retained region, analogous in spirit to Conditional
Value at Risk (CVaR)-style tail-risk analyses in the
robustness literature.

To this end, we first define the conformal margin risk
on the clean distribution as:

Lcr(f) = −E(X,Y )∼P [Mf (X,Y ) |Mf (X,Y ) ≥ τα(f)] .

We define its empirical Rademacher complexity as:

R̂n(F) := Eσ

[
supf∈F

1

n

n∑
i=1

σi f(Xi, Ỹi)

]
,

where {σi}ni=1 are Rademacher variables. The following
theorem analyzes the learning bound of CMRM.

Theorem 1 (Learning bound). Suppose the assump-
tions in Proposition 1 hold. Define δw as the av-
erage Wasserstein-1 distance between the noisy and

clean label distributions conditional on X, where δw =

EX∼P(X)

[
W1

(
Pnoisy(· | X), P(· | X)

)]
. Then the

learning bound of CMRM is:

Lcr(f)− L̂s
cr(f) ≤ Õ

(
R̂n(F) +

1√
s
+ δw + α+ temp

)
.

Remark 2. Theorem 1 characterizes how the surrogate
objective optimized by CMRM on noisy data relates
to the clean retained-region margin risk, and clearly
decomposes the generalization gap of CMRM into three
terms reflecting its core components: quantile estima-
tion error Õ(1/

√
s), function class complexity R̂n(F),

and distribution shift δw. These correspond to the use
of batchwise quantiles, empirical-to-population approx-
imation on noisy data, and the mismatch between noisy
and clean label distributions, respectively. Together,
they provide an assumption-light characterization of
CMRM’s robustness under arbitrary label noise.

5 EXPERIMENTS AND RESULTS

5.1 Multi-class Classification Experiments

Datasets. We evaluate CMRM under both synthetic
and real-world noisy supervision. For synthetic noise,
we conduct experiments on CIFAR-100 (Krizhevsky
et al., 2009), mini-ImageNet (Vinyals et al., 2016),
and Food-101 (Bossard et al., 2014). CIFAR-100 is
corrupted with class-conditional label noise, where
each label is randomly replaced with another la-
bel within the same coarse superclass, following the
protocol of (Yao et al., 2023). For mini-ImageNet
and Food-101, we apply symmetric label flips follow-
ing (Jiang et al., 2020). We vary the noise rate from
{0%, 5%, 10%, 20%, 30%, 40%}, where 0% corresponds
to the clean-label setting; additional implementation
details are provided in Appendix B.1. For real-world
noise, we evaluate on CIFAR-10N and its four variants,
as well as CIFAR-100N (Wei et al., 2022), whose labels
were collected through human annotation. The noise
rates of these datasets range from 9.03% to 40.20%,
covering a broad spectrum of labeling quality.

Baselines and ML Models. For synthetic noise
experiments, we compare CMRM against four repre-
sentative families of methods: (i) cross-entropy (CE),
the standard objective; (ii) Focal loss (Lin et al.,
2017), a standard robustness-oriented variant; (iii)
LDAM (Cao et al., 2019), a margin-based objective;
and (iv) GCE (Zhang and Sabuncu, 2018), a general-
purpose noise-robust loss that remains a common base-
line in the recent learning from noisy labels litera-
ture (Englesson and Azizpour, 2024; Nguyen et al.,

Detailed statistics and descriptions of CIFAR-10N and
CIFAR-100N are summarized at http://noisylabels.com.

http://noisylabels.com
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Dataset Metric CE Focal LDAM GCE

Base +CMRM Base +CMRM Base +CMRM Base +CMRM

CIFAR-100 ACC (%) ↑ 65.16 66.32 (+1.16) 64.42 65.39 (+0.97) 59.63 61.12 (+1.49) 62.17 63.65 (+1.48)
M.APSS ↓ 6.67 6.52 (−2.25%) 6.89 6.61 (−4.06%) 17.85 17.67 (−0.78%) 7.70 6.28 (−18.44%)

mini-ImageNet ACC (%) ↑ 57.42 59.41 (+1.99) 55.54 57.93 (+2.39) 56.60 56.62 (+0.02) 55.16 55.51 (+0.35)
M.APSS ↓ 7.40 7.04 (−4.86%) 7.67 7.28 (−5.08%) 13.07 12.88 (−1.45%) 9.90 9.59 (−3.13%)

Food-101 ACC (%) ↑ 56.21 58.48 (+2.27) 56.35 58.92 (+2.57) 55.49 56.42 (+0.93) 55.66 59.05 (+3.39)
M.APSS ↓ 7.93 6.96 (−12.23%) 7.76 6.89 (−11.21%) 11.94 11.53 (−3.43%) 8.41 6.93 (−20.44%)

Table 2: Top-1 accuracy (%) and marginal average prediction set size (M.APSS ↓) on multi-class datasets
corrupted by synthetic noise with noise rate 20%. Each Base objective is paired with its +CMRM counterpart; the
better value within each pair is in bold. Numbers in parentheses indicate the relative change (%): + denotes accuracy
improvement, and − denotes M.APSS reduction compared to the corresponding Base objective. On average across all
datasets and objectives, CMRM improves accuracy by 1.58 and reduces M.APSS by 7.28%.

(a) Loss (b) Filtered noise ratio (c) Sensitivity of α (d) KDE of margin

Figure 2: Justification experiments for multi-class classification on CIFAR-100 with 20% synthetic label noise.
Subfigure (a) shows the training dynamics of total loss (Total), classification loss (cl), and CMRM loss (cr) over epochs.
CMRM exhibits stable and monotonic convergence alongside standard loss components. Subfigure (b) reports the ratio of
noisy samples among those filtered (with soft weight < 0.5) out by CMRM (α = 0.15) at each epoch, demonstrating that
CMRM consistently suppresses noisy examples by excluding low-margin samples during training. Subfigure (c) examines
the sensitivity of α, showing that CMRM maintains higher accuracy than CE across a range of α values, indicating
robustness to hyperparameter α. Subfigure (d) depicts the kernel density estimate (KDE) of the margin distribution, with
the vertical dashed line indicating the estimated τα(f) with α = 0.15. The density curve is smooth and strictly positive
around τα(f), supporting the differentiability and positive-density assumption in Proposition 1.

Method CIFAR-10N (worst) CIFAR-100N

ACC(%) M.APSS ACC(%) M.APSS

NI-ERM 95.71 0.93 83.17 1.49
NI-ERM+CMRM 97.19 0.91 83.95 1.29

(+1.48) (−2.15%) (+0.78) (−13.42%)

Table 3: Top-1 accuracy (%) and marginal average
prediction set size (M.APSS ↓) on CIFAR-10N and
CIFAR-100N corrupted by human annotation noise.
Numbers in parentheses indicate the relative change: +
denotes accuracy improvement and − denotes M.APSS
reduction. CMRM consistently improves accuracy and re-
duces uncertainty across CIFAR-N variants, with the largest
gains observed on CIFAR-10N Worst and CIFAR-100N. Full
results on all CIFAR-10N variants (Aggre, Rand1–3, Worst)
and CIFAR-100N are provided in Appendix B.

2024). All methods use a ResNet-20 (He et al., 2016)
backbone with standard data augmentation. For
real-world noise experiments, we benchmark CMRM
against NI-ERM (Zhu et al., 2024), a recent state-
of-the-art approach that achieves strong performance
on CIFAR-10N and CIFAR-100N by training a lin-
ear classifier on frozen DINOv2 (Oquab et al., 2023)
features. All methods share the same protocol. For

CMRM, We set temp = 1.0 in all experiments and
select λ ∈ {0.05, · · · , 0.25} and α ∈ {0.05, · · · , 0.25}
via grid search; See Appendix B.1 for full details.

Evaluation Metrics. We evaluate models using
marginal Top-1 accuracy and marginal average pre-
diction set size (M.APSS). To assess predictive uncer-
tainty, we adopt CP and define prediction sets and
average prediction set size (APSS) (Romano et al.,
2020; Angelopoulos et al., 2022). For each input, CP
outputs a prediction set containing the true label with
high probability, controlled by a target coverage rate
of 0.9. For multi-class settings, M.APSS denotes the
marginal variant of APSS, i.e., averaged uniformly over
all test examples. It also complements top-1 accuracy
by capturing how sharply the model distinguishes plau-
sible labels under noisy supervision. We also report
class-conditional variants (PC APSS, NC APSS) for
binary classification.

CMRM improves accuracy and reduces uncer-
tainty under different types of noise. Table 2
reports results on CIFAR-100, mini-ImageNet, and
Food-101 corrupted by synthetic label noise. For each
objective (CE, Focal, LDAM, GCE), we compare the
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Method Evaluation Metric

AUROC (↑) AUPRC (↑) FNR (↓) FPR (↓) ACC (↑) M.APSS (↓) PC APSS (↓) NC APSS (↓)
LR 0.784 0.885 0.073 0.571 0.802 1.223 1.154 1.432
LR + CMRM 0.852 (+0.068) 0.925 (+0.04) 0.082 (+0.009) 0.422 (−0.149) 0.833 (0.031) 1.209 (−1.15%) 1.109 (−3.9%) 1.308 (−8.66%)
Focal 0.809 0.890 0.136 0.388 0.801 1.257 1.224 1.356
Focal + CMRM 0.872 (+0.063) 0.942 (+0.052) 0.128 (−0.008) 0.324 (−0.064) 0.823 (0.022) 1.221 −2.87% 1.148 −6.21% 1.295 −4.5%
SVM 0.808 0.925 0.029 0.807 0.776 1.276 1.370 1.512
SVM + CMRM 0.847 (+3.9%) 0.937 (+1.2%) 0.048 (+1.9%) 0.585 (−22.2%) 0.817 (+4.1%) 1.199 (−6.03%) 1.322 (−3.5%) 1.343 (−11.17%)
GCE 0.819 0.904 0.119 0.424 0.804 1.286 1.176 1.396
GCE + CMRM 0.846 (+0.027) 0.928 (+0.024) 0.172 (+0.053) 0.286 (−0.138) 0.800 (−0.004) 1.273 (−1.01%) 1.207 (+2.63%) 1.340 (−4.01%)

Table 4: Results for binary classification on Adult with 20% label noise. We report ranking (AUROC, AUPRC),
error rates (FNR, FPR), accuracy (ACC), and uncertainty (M.APSS, PC APSS, NC APSS). ↑ indicates higher is better; ↓
lower is better. Best results for each base method (LR, Focal, SVM, GCE) are in bold. Numbers in parentheses indicate
absolute and relative changes (%) of CMRM, where + denotes increase and − denotes decrease. On average, CMRM
improves AUROC by 0.049, AUPRC by 0.032, and ACC by 0.023, while reducing FPR by 0.143 and slightly increasing
FNR by 0.018. For uncertainty-aware metrics, CMRM reduces M.APSS, PC APSS, and NC APSS by 2.77%, 2.75%, and
7.09% on average, respectively. Results on Email and Credit show similar trends and are provided in Appendix C.2.

Base model with its +CMRM counterpart. On av-
erage across all datasets and objectives, CMRM im-
proves accuracy by 1.58 and reduces M.APSS by 7.28%.
The improvements are most pronounced for CE, Focal,
and GCE, with accuracy gains of up to 3.39 and sub-
stantial uncertainty reduction. Even when combined
with LDAM, which already encourages margin sepa-
ration, CMRM consistently yields additional accuracy
improvements without increasing uncertainty. Table 3
summarizes results on CIFAR-10N and CIFAR-100N
with human-annotated label noise. CMRM consis-
tently outperforms NI-ERM across all CIFAR-N vari-
ants, achieving the largest gains on the most challeng-
ing settings (CIFAR-10N Worst and CIFAR-100N).
Complete results on all CIFAR-10N variants (Aggre,
Rand1–3, Worst) are provided in Appendix B. These
findings clearly demonstrate that CMRM improves ac-
curacy and reduces uncertainty under both synthetic
and real-world noisy supervision.

CMRM loss convergence results. Figure 2(a)
shows the training dynamics of the classification loss
and the CMRM regularization loss. Both components
decrease steadily and stabilize as training progresses, in-
dicating smooth joint optimization. The CMRM term
integrates with standard objectives and does not intro-
duce instability or slow down of convergence, demon-
strating that CMRM can be efficiently optimized.

CMRM filters out noisy samples during training.
Figure 2(b) shows the fraction of noisy samples among
those excluded by CMRM (with soft weight < 0.5) at
each epoch. This proportion rapidly increases during
the early training phase and stabilizes above 78%, indi-
cating that CMRM consistently identifies and filters out
mislabeled examples via its margin-based thresholding
mechanism.

CMRM is robust to the choice of hyperparame-
ter α. Figure 2(c) examines the sensitivity of CMRM
to the hyperparameter α. Across a range of α val-

ues, CMRM consistently achieves higher accuracy than
CE, indicating that its performance is robust to the
choice of α and does not rely on careful hyperparameter
tuning. Notably, CMRM performs well even when α
does not match the true noise rate, suggesting that
exact noise rate knowledge is unnecessary. In practice,
α ∈ [0.1, 0.2] consistently yields strong results across
all settings tested.

Assumptions in Proposition 1 are empirically
valid. Figure 2(d) presents the kernel density estimate
(KDE) of the margin distribution, with the vertical
dashed line indicating the estimated τα(f). The den-
sity curve is smooth and strictly positive in the neigh-
borhood of τα(f), supporting the differentiability and
positive-density assumption in Proposition 1.

CMRM incurs no penalty on clean labels. No-
tably, CMRM also improves or matches accuracy at 0%
noise across all objectives (Table 6 in Appendix B.2),
confirming that the regularizer incurs no penalty even
when labels are clean.

5.2 Binary Classification Experiments

Experiment Setup. We also evaluate the binary vari-
ant of CMRM on three datasets: Email (Hopkins et al.,
1999), Credit (Quinlan, 1987), and Adult (Becker and
Kohavi, 1996). To simulate label noise, we randomly
flip 20% of the training labels while keeping the test
labels clean. Additional implementation details are
provided in Appendix C.1. Baselines include logistic
regression (LR), focal loss, support vector machines
(SVM) with hinge loss as a margin-based method, and
GCE. LR, Focal, and GCE models use a two-layer MLP,
while SVM employs a linear kernel with default regular-
ization. We report AUC-ROC and PR-AUC to assess
ranking quality, FPR and FNR to capture class-specific
error tendencies, and Accuracy as a general indica-
tor. We also measure the predictive uncertainty using
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(a) Loss (b) Two thresholds

Figure 3: Training dynamics of LR+CMRM for bi-
nary classification on the Email dataset. Subfigure (a)
Training dynamics of total loss (all loss), classification loss
(cl loss), and CMRM loss (cr loss) over epochs. CMRM
exhibits stable and monotonic convergence alongside stan-
dard loss components. Subfigure (b) τ− (negative class
threshold) and τ+ (positive class threshold) of LR+CMRM
during training. The separation between the thresholds
increases, indicating that CMRM actively maximizes the
margin between positive and negative classes.

APSS, including marginal (M.APSS), positive-class
(PC APSS), and negative-class (NC APSS) variants.
Larger values of AUC-ROC, PR-AUC, and Accuracy
indicate better performance (↑), whereas smaller values
of FPR, FNR, and APSS metrics (M.APSS, PC APSS,
NC APSS) are preferred (↓).

CMRM improves robustness for binary classifi-
cation. Table 4 reports results on the Adult dataset
with 20% label noise. CMRM consistently improves
ranking performance, with AUROC and AUPRC in-
creasing by 0.049 and 0.032 on average, respectively,
indicating that it enables models to better separate
classes under noisy supervision. These gains are ac-
companied by improvements in classification metrics,
with Accuracy increasing by 0.023 on average and FPR
decreasing by 0.143, at the cost of a modest increase
in FNR (+0.018). Finally, CMRM reduces predictive
uncertainty, as reflected by lower M.APSS, PC APSS,
and NC APSS (average reduction of 2.77%, 2.75%, and
7.1%, respectively), indicating sharper and more dis-
criminative predictions. Overall, these improvements
demonstrate that CMRM enhances robustness in bi-
nary classification under label noise. Similar trends
are observed on the Email and Credit datasets (see
Appendix C.2 for complete results).

CMRM optimization dynamics in binary clas-
sification. Figure 3 examines the training behavior
of LR + CMRM on the Email dataset with 20% label
noise. Subfigure (a) shows that both the classification
and CMRM regularization losses decrease steadily and
stabilize, indicating that the joint objective can be opti-
mized smoothly on binary classification data. Subfigure
(b) tracks the evolution of the class-conditional thresh-
olds τ+ and τ− during training. τ− steadily increases
while τ+ decreases, leading to a widening gap between
them. This growing separation reflects that CMRM

(a) LR (b) LR+CMRM

Figure 4: Histograms of positive confidence distri-
butions for clean (blue) and noisy (orange) samples
on the Credit dataset with 20% label noise. The top and
bottom rows correspond to samples with observed labels
Ỹ = 0 (negative) and Ỹ = 1 (positive), respectively. Dis-
tributions are obtained using LR (left) and LR+CMRM
(right). CMRM induces a clearer separation between clean
and noisy confidence distributions for both classes.

could actively enlarge the margin between positive and
negative classes.

CMRM separates clean and noisy supervision.
Figure 4 shows the effect of CMRM on positive-class
confidence distributions under label noise. With LR
(Figure 4a), the distributions of clean and noisy sam-
ples overlap substantially for both observed positive
and negative label groups, indicating limited ability
to distinguish reliable labels from corrupted labels. In
contrast, LR+CMRM (Figure 4b) yields a clearer sepa-
ration: clean samples concentrate in high-confidence re-
gions for their true class, while noisy samples are pushed
toward lower-confidence regions, improving their dis-
tinguishability in the confidence space.

6 CONCLUSION

We propose CMRM, a simple envelope framework for
robust learning under label noise, requiring only mild
regularity of the margin distribution rather than noise
models, clean data or auxiliary resources. CMRM uses
a batch-wise conformal quantile on confidence margins
to focus training on reliable samples while suppressing
likely corrupted ones. Theoretically, we establish a
learning bound under arbitrary label noise. Empirically,
CMRM integrates smoothly into standard pipelines
and consistently improves accuracy and robustness
across binary and multi-class benchmarks. As a single
regularization term with no architectural cost, CMRM
is a natural default when training with noisy labels.
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A TECHNICAL PROOFS

A.1 Technical Proofs for Proposition 1

Proposition (Re) 1 (Gap between τα and τ̂sα). Denote by G(t) the cumulative distribution function (CDF) of
Mf (X, Ỹ ) under the noisy distribution Pnoisy. Assume that G(t) is continuously differentiable in a neighborhood
of τα(f) with density g(t) and g(τα(f)) > 0. Then, for any δ ∈ (0, 1), we have:

P
(
|τα(f)− τ̂sα(f)| ≤ Õ

( 1√
s

))
≥ 1− δ,

where Õ hides the logarithmic factors.

Proof. of Proposition 1.

Before proving Proposition 1, we first define Ĝs(t) = 1
s

∑
1[Mf (Xi, Ỹi) ≤ t] as the empirical CDF of Mf (X, Ỹ )

with s samples.

By the definition, τα(f) = G−1(α), where τ̂sα(f) := inf{t : Ĝs(t) ≥ α}.

Step 1. By the definition of τ̂sα, we have Ĝs(τ̂sα) ≥ α. Moreover, since Ĝs is a step function with jumps of size
1/s, the value at the first crossing satisfies

α ≤ Ĝs(τ̂sα) ≤ α+
1

s
. (7)

Equivalently, τ̂sα is an order statistic and the ECDF at an order statistic lies in an interval of width 1/s.

Step 2. By the DKW inequality, for any δ ∈ (0, 1), with probability at least 1− δ,

supt∈R
∣∣Ĝs(t)−G(t)

∣∣ ≤ εs(δ) :=

√
log(2/δ)

2s
. (8)

On the event (8), evaluating at the same point t = τ̂sα gives∣∣G(τ̂sα)− Ĝs(τ̂sα)
∣∣ ≤ εs(δ).

Combining with (7), we obtain the sandwich

α− εs(δ) ≤ G(τ̂sα) ≤ α+
1

s
+ εs(δ). (9)

Step 3. Let U = (τα − η, τα + η) and assume inft∈U g(t) ≥ g0 > 0. Then G is strictly increasing on U , hence
invertible on G(U), and its inverse is (1/g0)-Lipschitz on G(U): for any u1, u2 ∈ G(U),

|G−1(u1)−G−1(u2)| ≤
1

g0
|u1 − u2|. (10)

Now we show that on the event (8) and for sufficiently large s (or more explicitly, whenever εs(δ) + 1/s ≤ g0η),
the probability interval in (9) lies inside G(U), which implies τ̂sα ∈ U and legitimizes applying (10). Indeed, since
G(τα) = α and g ≥ g0 on U , we have

G(τα + η)− α ≥ g0η, α−G(τα − η) ≥ g0η.

Thus if εs(δ) + 1/s ≤ g0η, then

α− εs(δ) ≥ G(τα − η), α+
1

s
+ εs(δ) ≤ G(τα + η),

so (9) implies G(τ̂sα) ∈ G(U) and hence τ̂sα ∈ U .
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Step 4. On the event (8) and under εs(δ) + 1/s ≤ g0η, we can apply (10) with u1 = G(τ̂sα) and u2 = α = G(τα):

|τ̂sα − τα| =
∣∣G−1(G(τ̂sα))−G−1(α)

∣∣ ≤ 1

g0
|G(τ̂sα)− α|.

Using (9), we obtain

|G(τ̂sα)− α| ≤ εs(δ) +
1

s
,

hence

|τ̂sα − τα| ≤
1

g0

(
εs(δ) +

1

s

)
=

1

g0

(√ log(2/δ)

2s
+

1

s

)
.

Finally, since (8) holds with probability at least 1− δ, the desired high-probability bound follows.

A.2 Technical Proofs for Theorem 1

Theorem (Re) 1 (Learning bound). (Theorem 1 restated.) Suppose the assumptions in Proposition 1 hold.
Define δw as the average Wasserstein-1 distance between the noisy and clean label distributions conditional on X,
where δw = EX∼P(X)

[
W1

(
Pnoisy(· | X), P(· | X)

)]
. Then the learning bound of CMRM is:

Lcr(f)− L̂s
cr(f) ≤ Õ

(
R̂n(F) +

1√
s
+ δw + α+ temp

)
.

Proof. of Theorem 1.

Before proving Theorem 1, we first define conformal margin risk on the noisy distribution as:

Lnoisy
cr (f) = −E(X,Ỹ )∼Pnoisy

[
Mf (X, Ỹ ) · 1[Mf (X, Ỹ ) ≥ τα(f)]

]
.

and its surrogate risk on the noisy distribution, where the indicator function 1[x ≥ y] is replaced by the Sigmoid
function 1̃[x ≥ y] = 1/(1 + exp(−(x− y)/temp)), as:

L̃noisy
cr (f) = −E(X,Ỹ )∼Pnoisy

[
Mf (X, Ỹ ) · 1̃[Mf (X, Ỹ ) ≥ τα(f)]

]
.

Recall that:

L̂cr(f) =
1

n

n∑
i=1

−Mf (Xi, Ỹi) · 1̃[Mf (Xi, Ỹi) ≥ τ̂α(f)],

L̂s
cr(f) = E

τ̂s
α(f)∼Tα(f)

[ n∑
i=1

−Mf (Xi, Ỹi) · 1̃[Mf (Xi, Ỹi) ≥ τ̂sα(f)]

]
,

and

Lcr(f) = −E(X,Y )∼P [Mf (X,Y ) |Mf (X,Y ) ≥ τα(f)] .

Then we show the following technical lemmas:

Lemma 1. (Immediate results from Theorem 3.3 in (Mohri et al., 2018)) For any f ∈ F , the following inequality
holds with high probability:

E
τ̂s
α(f)∼Tα(f)

[
− E(X,Ỹ )∼Pnoisy

[
Mf (X, Ỹ ) · 1̃

[
Mf (X, Ỹ ) ≥ τ̂sα(f)

]] ]
≤ L̃s

cr(f) + Õ
(
R̂n(F) +

1√
n

)
.
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Lemma 2. Suppose the assumptions in Proposition 1 hold. Then, the following inequality holds:∣∣∣∣∣L̃noisy
cr (f)− E

τ̂s
α(f)∼Tα(f)

[
− E(X,Ỹ )∼Pnoisy

[
Mf (X, Ỹ ) · 1̃

[
Mf (X, Ỹ ) ≥ τ̂sα(f)

]] ]∣∣∣∣∣ ≤ Õ(1/
√
s).

Lemma 3. Suppose the assumptions in Proposition 1 hold. Then, the following inequality holds:

|Lnoisy
cr (f)− L̃noisy

cr (f)| ≤ O(temp).

Lemma 4. Define δw as the average Wasserstein-1 distance between posteriors under the training and test
domains, where δw = EX∼P(X)

[
W1

(
PPnoisy(· | X), PP(· | X)

)]
. Then the following inequality holds:

∣∣Lcr(f)− Lnoisy
cr (f)

∣∣ ≤ 2δw + α.

Now we begin to prove Theorem 1:

Lcr(f)− L̂s
cr(f)

=Lcr(f)− Lnoisy
cr (f)︸ ︷︷ ︸

2δw+α, Lemma 4

+Lnoisy
cr (f)− L̃noisy

cr (f)︸ ︷︷ ︸
O(temp), Lemma 3

+ L̃noisy
cr (f)− E

τ̂s
α(f)∼Tα(f)

[
− E(X,Ỹ )∼Pnoisy

[
Mf (X, Ỹ ) · 1̃

[
Mf (X, Ỹ ) ≥ τ̂sα(f)

]] ]
︸ ︷︷ ︸

Õ(1/
√
s, Lemma 2

+ E
τ̂s
α(f)∼Tα(f)

[
− E(X,Ỹ )∼Pnoisy

[
Mf (X, Ỹ ) · 1̃

[
Mf (X, Ỹ ) ≥ τ̂sα(f)

]] ]
− L̂s

cr(f)︸ ︷︷ ︸
Õ

(
R̂n(F)+ 1√

n

)
, Lemma 1

≤2δw + α+O(temp) + Õ(1/
√
s) + Õ

(
R̂n(F) +

1√
n

)
≤Õ

(
R̂n(F) +

1√
s
+ δw + α+ temp

)
,

where the first inequality is due to Lemma 1, 2, 3, 4, and the second inequality is due to s ≤ n.

Therefore, we have:

Lcr(f)− L̂s
cr(f) ≤ Õ

(
R̂n(F) +

1√
s
+ δw + α+ temp

)
.

A.3 Proofs for Technical Lemmas

A.3.1 Proofs for Lemma 2

Lemma (Re) 1. (Lemma 2 restated.) Suppose the assumptions in Proposition 1 hold. Then, the following
inequality holds:∣∣∣∣∣L̃noisy

cr (f)− E
τ̂s
α(f)∼Tα(f)

[
− E(X,Ỹ )∼Pnoisy

[
Mf (X, Ỹ ) · 1̃

[
Mf (X, Ỹ ) ≥ τ̂sα(f)

]] ]∣∣∣∣∣ ≤ Õ(1/
√
s).

Proof. of Lemma 2.

Before proving Lemma 2, we first show the following technical lemma:
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Lemma 5. (Lipschitz continuity of L̃noisy
cr in τ) Define the smoothed conformal margin risk on the noisy

distribution as a function of the threshold τ :

L̃noisy
cr (f ; τ) := −E(X,Ỹ )∼Pnoisy

[Mf (X, Ỹ ) · 1̃[Mf (X, Ỹ ) ≥ τ ]],

where the softened indicator is the Sigmoid function 1̃(Mf ≥ τ) := σ(
Mf (X,Ỹ )−τ

temp ), and σ(u) = 1
1+exp(−u) . Assume

|Mf (X, Ỹ )| ≤ 1 almost surely and temp > 0. Then, for any fixed f , the function τ → L̃noisy
cr (f ; τ) is L-Lipscthiz

continuous with L = 1/(4temp).

The proof of Lemma 5 is deferred to the end of this proof.

Now we begin to prove Lemma 2.∣∣∣∣∣L̃noisy
cr (f)− E

τ̂s
α(f)∼Tα(f)

[
− E(X,Ỹ )∼Pnoisy

[
Mf (X, Ỹ ) · 1̃

[
Mf (X, Ỹ ) ≥ τ̂sα(f)

]] ]∣∣∣∣∣
=

∣∣∣∣∣− E(X,Ỹ )∼Pnoisy
Mf (X, Ỹ ) · 1̃[Mf (X, Ỹ ) ≥ τα(f)]− E(X,Ỹ )∼Pnoisy

[
Mf (X, Ỹ ) · 1̃

[
Mf (X, Ỹ ) ≥ τ̂sα(f)

]] ]∣∣∣∣∣
≤ 1

4temp
·
∣∣∣∣τα(f)− E

τ̂s
α(f)∼Tα(f)

[
τ̂sα(f)

]∣∣∣∣
≤ 1

4temp
· Õ(1/

√
s)

≤Õ(1/
√
s),

where the first inequality is due to Lemma 5, the second inequality is due to Proposition 1, and the last inequality
is due to the setting temp = 1.0.

Therefore, we have:∣∣∣∣∣L̃noisy
cr (f)− E

τ̂s
α(f)∼Tα(f)

[
− E(X,Ỹ )∼Pnoisy

[
Mf (X, Ỹ ) · 1̃

[
Mf (X, Ỹ ) ≥ τ̂sα(f)

]] ]∣∣∣∣∣ ≤ Õ(1/
√
s).

Now we begin to prove Lemma 5.

Proof. (of Lemma 5)

Let Z := Mf (X, Ỹ ), u := Z−τ
temp .

We can rewrite the interested function as L̃noisy
cr (f ; τ) = −E[Z · σ(u)], where the expectation is taken over

(X, Ỹ ) ∼ Pnoisy.

First, we develop the differentiation of L̃noisy
cr w.r.t. τ by applying the chain rule as follows

∂L̃noisy
cr (f ; τ)

∂τ
= −E[Z · ∂σ(u)

∂τ
]. (11)

Since u = (Z − τ)/temp, we have ∂u
∂τ = −1/temp.

The derivative of the Sigmoid function is

∂σ(u)

∂u
=

exp(−u)
(1 + exp(−u))2

.

Thus, by using the chain rule, we have

∂σ(u)

∂τ
=

∂σ(u)

∂u
· ∂u
∂τ

= − 1

temp
· exp(−u)
(1 + exp(−u))2

.
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Substituting the above equality back into Equation (11), we have

∂L̃noisy
cr

∂τ
(f ; τ) = −E[Z · (− 1

temp
· exp(−u)
(1 + exp(−u))2

)] =
1

temp
· E[Z exp(−u)

(1 + exp(−u))2
]. (12)

Then, we would like to bound the derivative. Taking absolute value of (12) and using |Z| ≤ 1, we have

|∂L̃
noisy
cr (f ; τ)

∂τ
| ≤ 1

temp
· E[ exp(−u)

(1 + exp(−u))2
].

Recall that h(u) := exp(−u)
(1+exp(−u))2 = σ(u) · (1− σ(u)), which is the standard logistic hat function. It satisfies

0 ≤ h(u) ≤ 1/4, with h(0) = 1/4.

Therefore, we have E[h(u)] ≤ 1/4. Hence, we conclude |∂L̃
noisy
cr (f ;τ)

∂τ | ≤ 1/(4temp).

Finally, to determine the Lipschitz parameter, for τ1, τ2, we have

|L̃noisy
cr (f ; τ1)− L̃noisy

cr (f ; τ2)| ≤ supτ |
∂L̃noisy

cr (f ; τ)

∂τ
| · |τ1 − τ2| ≤

1

4temp
|τ1 − τ2|.

Thus, it shows L̃noisy
cr (f ; τ) is Lipschitz in τ with constant L = 1/(4temp).

A.3.2 Proof for Lemma 3

Lemma (Re) 2. (Lemma 3 restated.) Suppose the assumptions in Proposition 1 hold. Then, for any f , there
exists a constant C > 0 independent from f and temp such that:

|Lnoisy
cr (f)− L̃noisy

cr (f)| ≤ Ctemp.

In particular, with Big-O notation, we have

|Lnoisy
cr (f)− L̃noisy

cr (f)| ≤ O(temp).

Proof. (of Lemma 3.)

Before proving Lemma 3, we first present the following technical lemma:

Lemma 6. (Upper bounding the gap between hard and soft indicator functions) Let

Γ(∆) := 1[∆ ≥ 0]− 1̃[∆ ≥ 0], and 1̃[∆ ≥ 0] = 1/(1 + exp(−∆/temp)),

where temp > 0 is the temperature parameter. Then, for every ∆ ∈ R, the following inequality holds:

|Γ(∆)| ≤ exp(−|∆|/temp).

Now we begin to prove Lemma 3.

Recall the definitions of the noisy conformal margin risk and its smoothed variant:

Lnoisy
cr (f) = −E(X,Ỹ )∼Pnoisy

[Mf (X, Ỹ ) · 1[Mf (X, Ỹ ) ≥ τα(f)]],

L̃noisy
cr (f) = −E(X,Ỹ )∼Pnoisy

[Mf (X, Ỹ ) · 1̃[Mf (X, Ỹ ) ≥ τα(f)]].

where the soft smoothed indicator function is 1̃[M ≥ τ ] = 1
1+exp(−(M−τ)/temp) .

For a fixed f , define the margin–threshold difference as

∆f (X, Ỹ ) := Mf (X, Ỹ )− τα(f),
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and define the difference between the hard and soft smoothed indicators as

Γ(∆f (X.Ỹ )) := 1[∆f (X, Ỹ ) ≥ 0]− 1̃[∆f (X, Ỹ ) ≥ 0].

By assumption, Mf (X, Ỹ ) ∈ (−1, 1). Since τα(f) is the α-quantile of Mf (X, Ỹ ) under Pnoisy, we also have
τα(f) ∈ (−1, 1). Hence we have

∆f (X, Ỹ ) ∈ (−2, 2) almost surely.

In what follows, we use three steps to prove the desired result.

Step 1: Reducing to bounding E[|Γ(∆f )|]. We first write the difference between the two risks explicitly as
follows:

Lnoisy
cr (f)− L̃noisy

cr (f) =− Enoisy[Mf (X, Ỹ ) · 1[Mf (X, Ỹ ) ≥ τα(f)]] + Enoisy[Mf (X, Ỹ ) · 1̃[Mf (X, Ỹ ) ≥ τα(f)]]

=Enoisy[Mf (X, Ỹ ) · (1̃[Mf (X, Ỹ ) ≥ τα(f)]− 1[Mf (X, Ỹ ) ≥ τα(f)])]

=− Enoisy[Mf (X, Ỹ ) · Γ(∆f (X, Ỹ ))].

Taking the absolute values and using |Mf (X, Ỹ )| ≤ B, we have

|Lnoisy
cr (f)− L̃noisy

cr (f)| =|Enoisy[Mf (X, Ỹ ) · Γ(∆f (X, Ỹ ))]| ≤ Enoisy[|Mf (X, Ỹ )| · |Γ(∆f (X, Ỹ ))|]

≤Enoisy[B|Γ(∆f (X, Ỹ ))|].

Therefore, it suffices to upper bound Enoisy[|Γ(∆f )|].

Step 2: Use the density of ∆f and Lemma 6. Let G(t) and g(t) = G′(t) denote the CDF and the density
of Mf (X, Ỹ ) under Pnoisy, respectively. By the assumptions in Proposition 1, g is continuous and bounded, i.e.,

g∞ := supt∈Rg(t) <∞

For fixed f , τα(f) is a constant, so the random variable ∆f = Mf − τα(f) has density which is also continuous
and bounded with ∥g∆f

∥∞ ≤ g∞

Therefore, we can write

Enoisy[|Γ(∆f )|] =
∫ 2

−2

|Γ(δ)| · g∆f
(δ)dδ,

where we use the fact that ∆f ∈ (−2, 2) almost surely.

By Lemma 6, for all δ ∈ R, we have

|Γ(δ)| ≤ exp(−|δ|/temp).

Combining this with the bound on g∆f
, we derive

Enoisy[|Γ(∆f )|] =
∫ 2

−2

|Γ(δ)|gδf (δ)dδ ≤ g∞ ·
∫ 2

−2

exp(−|δ|/temp)dδ.

The integral can be computed explicitly:∫ 2

−2

exp(− |δ|
temp

)dδ = 2

∫ 2

0

exp(−δ/γ)dδ = 2temp(1− exp(−2/temp)) ≤ 2temp,

where we used 1− exp(2/temp) ≤ 1.

Thus, we have Enoisy[|Γ(∆f )|] ≤ 2g∞temp.
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Step 3: Conclude the upper bound. Putting everything together, we derive

|| ≤ Enoisy[|Γ(∆f )|] ≤ 2g∞temp.

Hence the difference between the hard formal margin risk and its smoothed counter is O(temp).

Recall that the Mf (X, Ỹ ) is the confidence gap between the confidence score of the observed label and the highest
confidence among other candidate labels. Thus, Mf (X, Ỹ ) ∈ (−1, 1). As τα(f) is the α-quantile of Mf (X, Ỹ ),
τα(f) ∈ (−1, 1) and ∆f (X,Y ) ∈ (−2, 2).

We also recall that G(t) is the CDF of Mf (X, Ỹ ) under Pnoisy, and g(t) = G′(t) is its density, which is assumed
to be continuous and bounded. Denote g∞ = suptg(t) < +∞. Since τα(f) is a constant for fixed f , the density of
∆f is g∆f

(t) = g(t+ τα(f)), which satisfies ∥g∆f
∥∞ = g∞.

Then, we have:

|Lnoisy
cr (f)− L̃noisy

cr (f)|

=
∣∣∣E(X,Ỹ )∼Pnoisy

[
Mf (X, Ỹ ) · 1̃[Mf (X, Ỹ ) ≥ τα(f)]

]
− E(X,Ỹ )∼Pnoisy

[
Mf (X, Ỹ ) · 1[Mf (X, Ỹ ) ≥ τα(f)]

]∣∣∣
=

∣∣∣∣E(X,Ỹ )∼Pnoisy

[
Mf (X, Ỹ ) ·

(
1̃[Mf (X, Ỹ ) ≥ τα(f)]− 1[Mf (X, Ỹ ) ≥ τα(f)]

)]∣∣∣∣
≤|E(X,Ỹ )∼Pnoisy

[
Mf (X, Ỹ )

]
| ·
∣∣∣E(X,Ỹ )∼Pnoisy

[(
1̃[Mf (X, Ỹ ) ≥ τα(f)]− 1[Mf (X, Ỹ ) ≥ τα(f)]

)]∣∣∣
≤
∣∣∣E(X,Ỹ )∼Pnoisy

[(
1̃[Mf (X, Ỹ ) ≥ τα(f)]− 1[Mf (X, Ỹ ) ≥ τα(f)]

)]∣∣∣
≤E(X,Ỹ )∼Pnoisy

∣∣∣1̃[Mf (X, Ỹ ) ≥ τα(f)]− 1[Mf (X, Ỹ ) ≥ τα(f)]
∣∣∣

=E(X,Ỹ )∼Pnoisy

∣∣∣1̃[∆f (X,Y ) ≥ 0]− 1[∆f (X,Y ) ≥ 0]
∣∣∣

=E[Γ(∆f (X,Y ))]

=

∫ 2

−2

Γ(∆f (X,Y ))∂∆f (X,Y )Γ(∆f (X,Y ))d∆f (X,Y )

≤
∫ 2

−2

exp
(
− |∆f (X,Y )|

temp

)
∂∆f (X,Y )Γ(∆f (X,Y ))d∆f (X,Y )

≤g∞ ·
∫ 2

−2

exp
(
− |∆f (X,Y )|

temp

)
d∆f (X,Y )

=g∞ · 2temp(1− exp(−2/temp))
≤O(temp),

where the first inequality is due to the Hölder’s inequality, the second inequality is due to the Jansen’s inequality
and expectation is convex function, the third inequality is due to Mf (X, Ỹ ) ∈ (−1, 1), the fourth inequality is
due to Lemma 6, the fifth inequality is due to the upper bound for the gradient of ∆f (X,Y ) is g∞, and the last
inequality is due to 1− exp(−2/temp) ≤ 1.

Therefore, we have:

|Lnoisy
cr (f)− L̃noisy

cr (f)| ≤ O(temp).

Now we begin to prove Lemma 6.

Proof. (of Lemma 6)

We analyze the two cases, i.e., ∆ ≥ 0 and ∆ < 0 separately below.

Case 1: ∆ ≥ 0
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In this case, by using the condition ∆ ≥ 0, we first reformulate Γ(∆) as follows

Γ(∆) = 1− 1

1 + exp(−∆/temp)
=

exp(−∆/temp)
1 + exp(−∆/temp)

.

Since the denominator is at least 1 (due to exp(·) > 0), we have the following inequalities

0 < Γ(∆) = |Γ(∆)| ≤ exp(−∆/temp) = exp(−|∆|/temp), (13)

where the last equality is due to ∆ ≥ 0, the condition for this case 1. Thus, the desired inequality holds for all
∆ > 0.

Case 2: ∆ < 0

In this case, by using the condition ∆ < 0, we reformulate Γ(∆) as follows

Γ(∆) = 0− 1

1 + exp(−∆/temp)
= − 1

1 + exp(−∆/temp)
< 0.

Then, with the condition ∆ < 0, we have |∆| = −∆. To upper bound |Γ(∆)| in this case, it suffixes to show:

|Γ(∆)| = −Γ(∆) =
1

1 + exp(−∆/temp)
≤ exp(∆/temp) = exp(−|∆|/temp), (14)

where the last inequality is due to exp(a) ≤ 1 + exp(a) for any a ∈ R.

Finally, combining (13) and (14) implies that for any ∆ ∈ R, the following inequality holds:

|Γ(∆)| ≤ exp(−|∆|/temp).

A.3.3 Proof for Lemma 4

Lemma (Re) 3. (Lemma 4 restated.) Define δw as the average Wasserstein-1 distance between posteriors
under the training and test domains, where δw = EX∼P(X)

[
W1

(
PPnoisy(· | X), PP(· | X)

)]
. Then the following

inequality holds: ∣∣Lcr(f)− Lnoisy
cr (f)

∣∣ ≤ 2δw + α.

Proof. of Lemma 4.

Before proving Lemma 4, we first show the following technical lemmas:

Lemma 7 (Range of Probability). Define δw as the average Wasserstein-1 distance between posteriors under
the training and test domains, where δw = EX∼P(X)

[
W1

(
PPnoisy(· | X), PP(· | X)

)]
. Then the probability

PP
(
Mf (X, y) ≥ τα(f)

)
∈ [1− α− δw, 1− α+ δw].

Lemma 8 ( Wasserstein-1 distance bound of expected difference (Dudley, 2018; Arjovsky et al., 2017)). For any
bounded measurable function g : X → R, we have:∣∣∣EPnoisy [g]− EP [g]

∣∣∣ ≤ 2∥g∥∞W1

(
PPnoisy ,PP

)
.

The proof of Lemma 7 is deferred to the end of this proof. Now we begin to prove Lemma 4.

Recall that Mf (X, Ỹ ) as the gap of confidence scores, where |Mf (X, y)| ≤ 1 for any (X, Ỹ ). We also recall that
Lcr(f) = −EX∼P [Mf (X,Y ) |Mf (X,Y ) ≥ τα(f)].
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Define P = PP
(
Mf (X,Y ) ≥ τα(f)

)
. Thus, we have:∣∣Lcr(f)− Lnoisy

cr (f)
∣∣

=
∣∣EP [Mf (X,Y ) |Mf (X,Y ) ≥ τα(f)]− EPnoisy

[
Mf (X, Ỹ ) · 1[Mf (X, Ỹ ) ≥ τα(f)]

] ∣∣
=

∣∣∣∣∣EP

[
Mf (X,Y )1

[
Mf (X,Y ) ≥ τα(f)

]]
PP

(
Mf (X,Y ) ≥ τα(f)

) − EPnoisy

[
Mf (X, Ỹ ) · 1[Mf (X, Ỹ ) ≥ τα(f)]

] ∣∣∣∣∣
=

∣∣∣∣ 1P EP

[
Mf (X,Y )1

[
Mf (X,Y ) ≥ τα(f)

]]
− EPnoisy

[
Mf (X, Ỹ )1

[
Mf (X, Ỹ ) ≥ τα(f)

]]∣∣∣∣
=

∣∣∣∣( 1

P
− 1

)
EP

[
Mf (X,Y )1

[
Mf (X,Y ) ≥ τα(f)

]]
+ EP

[
Mf (X,Y )1

[
Mf (X,Y ) ≥ τα(f)

]]
− EPnoisy

[
Mf (X, Ỹ )1

[
Mf (X, Ỹ ) ≥ τα(f)

]]∣∣∣∣
≤
∣∣∣∣( 1

P
− 1

)
EP

[
Mf (X,Y )1

[
Mf (X,Y ) ≥ τα(f)

]]∣∣∣∣︸ ︷︷ ︸
A

+

∣∣∣∣EP

[
Mf (X,Y )1

[
Mf (X,Y ) ≥ τα(f)

]]
− EPnoisy

[
Mf (X, Ỹ )1

[
Mf (X, Ỹ ) ≥ τα(f)

]]∣∣∣∣︸ ︷︷ ︸
B

, (15)

where the first inequality is due to the triangle inequality.

Then we analyze the upper bound of A and B, respectively.

Part I: Upper bound of A

∣∣∣∣( 1

P
− 1

)
EP

[
Mf (X,Y )1

[
Mf (X,Y ) ≥ τα(f)

]]∣∣∣∣
≤
∣∣∣∣( 1

P
− 1

)∣∣∣∣EP

∣∣∣∣[Mf (X,Y )1
[
Mf (X,Y ) ≥ τα(f)

]]∣∣∣∣
=

∣∣∣∣( 1

P
− 1

)∣∣∣∣EP

∣∣∣[Mf (X,Y )
]∣∣∣1[Mf (X,Y ) ≥ τα(f)

]
≤
∣∣∣∣( 1

P
− 1

)∣∣∣∣EP1
[
Mf (X,Y ) ≥ τα(f)

]
=

∣∣∣∣( 1

P
− 1

)∣∣∣∣P
=

∣∣∣∣1− P

∣∣∣∣
P

P

≤α+ δw, (16)

where the first inequality is due to the triangle inequality, the second inequality is due to |Mf (X,Y )| ≤ 1, and
the last inequality is due to the Lemma 7.

Part II: Upper bound of B

For any fixed X, we define ϕX(Y ) = Mf (X,Y )1
[
Mf (X,Y ) ≥ τα(f)

]
. Then, we try to bound ∥ϕX(y)∥∞ as:

∥ϕX(Y )∥∞ = ∥Mf (X,Y )1
[
Mf (X,Y ) ≥ τα(f)∥∞ ≤ ∥Mf (X,Y )∥∞ ≤ 1,

where the first inequality is due to 1[·] ∈ [0, 1], and the second inequality is due to |Mf (X,Y )| ≤ 1.
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Then, we rewrite B as:∣∣∣∣EP

[
Mf (X,Y )1

[
Mf (X,Y ) ≥ τα(f)

]]
− EPnoisy

[
Mf (X, Ỹ )1

[
Mf (X, Ỹ ) ≥ τα(f)

]]∣∣∣∣
=

∣∣∣∣∣EX

[
Ey∼P(·|X)

[
Mf (X,Y )1

[
Mf (X,Y ) ≥ τα(f)

]]
− Ey∼Pnoisy(·|X)

[
Mf (X, Ỹ )1

[
Mf (X, Ỹ ) ≥ τα(f)

]]]∣∣∣∣∣
=

∣∣∣∣∣EX

[
Ey∼P(·|X)

[
ϕX(Y )

]
− Ey∼Pnoisy(·|X)

[
ϕX(Ỹ )

]]∣∣∣∣∣
≤

∣∣∣∣∣EX

[
2W1

(
PPnoisy(· | X), PP(· | X)

)]∣∣∣∣∣
=2

∣∣∣∣∣EX

[
W1

(
PPnoisy(· | X), PP(· | X)

)]∣∣∣∣∣
=2δw, (17)

where the first inequality is due to Lemma 8.

Combining inequalities (15),(16), and (17), we have that:∣∣Lcr(f)− Lnoisy
cr (f)

∣∣ ≤ 2δw + α.

Proof. (of Lemma 7)

Recall that Y denotes the label space equipped with the 0–1 distance d(y1, y2) = I{y1 ̸= y2}. For each fixed X,
define ΦX(Y ) = 1

(
Mf (X,Y ) ≥ τα(f)

)
. Under this metric, ΦX(Y ) is 1-Lipschitz because |ΦX(y1)− ΦX(y2)| ≤

d(y1, y2).

Denote by µX = PPnoisy(· | X) and νX = PP(· | X) the label posteriors under the noisy and clean domains,
respectively. Then, we have: ∣∣∣PPnoisy

(
Mf (X, Ỹ ) ≥ τα(f)

)
− PP

(
Mf (X,Y ) ≥ τα(f)

)∣∣∣
=
∣∣∣EX∼P(X)

[
EỸ∼µX

ΦX(Ỹ )− EY∼νX
ΦX(Y )

]∣∣∣
≤EX∼P(X)

[∣∣∣EỸ∼µX
ΦX(Ỹ )− EY∼νX

ΦX(Y )
∣∣∣]

=EX∼P(X)

[∣∣∣∑
y∈Y

ΦX(y)
(
µX(y)− νX(y)

)∣∣∣]
≤EX∼PX

[
W1

(
µX , νX

)]
=EX∼PX

[
W1

(
PPnoisy(· | X), PP(· | X)

)]
= δw,

where the first inequality is due to Jensen’s inequality, and the last inequality is due to Kantorovich–Rubinstein
duality for Wasserstein-1.

Due to PPnoisy

(
Mf (X, Ỹ ) ≥ τα(f)

)
= 1− α, we have:

∣∣∣PP
(
Mf (X,Y ) ≥ τα(f)

)
− (1− α)

∣∣∣ = δw.

B ADDITIONAL EXPERIMENTS FOR MULTI-CLASS CLASSIFICATION

B.1 Additional Experimental Setup Details

Datasets. To evaluate model robustness under noisy supervision, we construct asymmetric label noise on both
CIFAR-100 and mini-ImageNet, simulating realistic mislabeling patterns.
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CIFAR-100 consists of 100 fine-grained classes organized into 20 coarse-grained superclasses (e.g., aquatic
mammals, large carnivores). To inject structured label noise, we first build a mapping from each fine label to
its corresponding coarse superclass. For noise rates ρ ∈ {0%, 5%, 10%, 20%, 30%, 40%}, we randomly select ρn
training samples, where n is the dataset size. Each selected label is replaced by a randomly chosen different label
from the same superclass, ensuring that the corrupted label remains semantically similar to the original. The
indices of noisy samples are recorded to facilitate evaluation and ablation.

mini-ImageNet is a 100-class image classification dataset. To inject asymmetric noise, we randomly select a
fraction ρ = 20% of training samples and replace each label Y with (Y +1) mod 100, introducing a deterministic
and minimal perturbation.

FOOD101 is a 101-class image classification dataset. To inject asymmetric noise, we randomly select a fraction
ρ = 20% of training samples and replace each label Y with (Y + 1) mod 100, introducing a deterministic and
minimal perturbation.

This form of circular asymmetric noise preserves the class index structure and ensures the new label is different
from the original. The transformation is applied only to training labels, leaving the validation and test sets clean
for evaluation.

Hyperparameters for training. We set datasets, base loss, batch size, training epochs, training parameters
(learning rate, learning schedule, momentum, gamma, and weight decay), λ and α as hyperparameter choices.
We search for hyperparameters on batch size ∈ {64, 128, 256, 512}, epochs ∈ {50, 100}, learning rate (η) ∈
{0.1, 0.07, 0.05, 0.03, 0.01}, learning rate schedule ∈ {[10], [10, 30], [60], [60, 80]}, Momentum = 0.9, weight decay
= 0.0002, γ = 0.01, λ = {0.05, 0.1, 0.15, 0.2, 0.25}, and α = {0.05, 0.1, 0.15, 0.2, 0.25} to select the best combination
of hyperparameters of each methods. For GCE, we additionally scale λ by a factor of 0.1, resulting in λ ∈
{0.005, 0.01, 0.015, 0.02, 0.025}. The hyerparameters employed to get the results presented in the main paper are
summarized in Table 5.

Data Loss Batch size Epochs η lr schedule Momentum γ weight decay λ α

CIFAR-100

CE+CMRM 128 50 0.05 [10] 0.9 0.01 0.0002 0.1 0.15
Focal+CMRM 128 50 0.05 [10] 0.9 0.01 0.0002 0.15 0.1

LDAM+CMRM 128 100 0.05 [60, 80] 0.9 0.01 0.0002 0.1 0.15
GCE+CMRM 128 50 0.05 [10] 0.9 0.01 0.0002 0.005 0.05

mini-ImageNet

CE+CMRM 512 50 0.05 [10] 0.9 0.01 0.0002 0.15 0.2
Focal+CMRM 512 50 0.05 [10] 0.9 0.01 0.0002 0.15 0.15

LDAM+CMRM 512 100 0.05 [60, 80] 0.9 0.01 0.0002 0.2 0.1
GCE+CMRM 512 50 0.05 [10] 0.9 0.01 0.0002 0.0005 0.15

FOOD101

CE+CMRM 512 50 0.05 [10] 0.9 0.01 0.0002 0.15 0.15
Focal+CMRM 512 50 0.05 [10] 0.9 0.01 0.0002 0.15 0.1

LDAM+CMRM 512 100 0.05 [60, 80] 0.9 0.01 0.0002 0.05 0.15
GCE+CMRM 512 50 0.05 [10] 0.9 0.01 0.0002 0.0001 0.1

Table 5: The details we used to train our models for multi-class classification corrupted by synthetic noise
with noise rate 20%. We reported the hyperparameters that give the best accuracy. We employed SGD optimizer for all
training unless specified.

B.2 Additional Experimental Results

Result: CMRM improves accuracy and reduces uncertainty under different types of noise.

Table 6 summarizes results on CIFAR-100 with synthetic label noise at rates {0%, 5%, 10%, 20%, 30%, 40%},
where 0% corresponds to the clean-label setting. For each objective (CE, Focal, LDAM, and GCE), we compare
the Base model with its +CMRM variant. On average across all objectives and noise levels, CMRM improves
accuracy by 1.34 and reduces M.APSS by 3.89%. The most notable gains occur under moderate to high noise.
For example, CE and Focal achieve up to +2.14 and 2.22 accuracy improvements, while GCE shows the largest
uncertainty reduction (up to −18.44% in M.APSS). Even when combined with LDAM, which already promotes
margin separation, CMRM consistently provides additional accuracy improvements without increasing predictive
uncertainty.

Table 7 reports the mean ± standard deviation of Top-1 accuracy across multiple random seeds on CIFAR-100
with 20% synthetic label noise. For each objective (CE, Focal, LDAM, and GCE), we compare the Base model
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Noise Rates Metric CE Focal LDAM GCE

Base +CMRM Base +CMRM Base +CMRM Base +CMRM

0%
ACC (%) ↑ 68.82 69.38 (+0.56) 68.32 69.27 (+0.95) 62.94 64.15 (+1.19) 62.80 62.80 (+0)
M.APSS ↓ 3.22 3.37 (+4.52%) 3.04 3.26 (+7.24%) 10.89 11.06 (+1.56%) 5.95 5.95 (+0%)

5%
ACC (%) ↑ 67.48 68.02 (+0.54) 66.76 67.66 (+0.90) 61.63 63.00 (+1.37) 63.88 65.29 (+1.41)
M.APSS ↓ 3.79 4.13 (+8.97%) 3.66 3.82 (+4.37%) 13.03 13.28 (+1.92%) 6.27 6.30 (+0.48%)

10%
ACC (%) ↑ 66.29 67.32 (+1.03) 66.52 66.82 (+0.30) 61.06 62.28 (+1.22) 62.80 64.73 (+1.93)
M.APSS ↓ 4.31 4.57 (+6.03%) 4.28 4.53 (+5.84%) 15.57 15.32 (−1.61%) 6.55 5.58 (−14.81%)

20%
ACC (%) ↑ 65.16 66.32 (+1.16) 64.42 65.39 (+0.97) 59.63 61.12 (+1.49) 62.17 63.65 (+1.48)
M.APSS ↓ 6.67 6.52 (−2.25%) 6.89 6.61 (−4.06%) 17.85 17.67 (−0.78%) 7.70 6.28 (−18.44%)

30%
ACC (%) ↑ 64.02 65.22 (+1.2) 63.46 65.33 (+1.87) 58.27 59.56 (+1.29) 61.49 63.23 (+1.74)
M.APSS ↓ 8.81 7.88 (−10.56%) 9.12 7.66 (−16.01%) 20.44 18.63 (−8.86%) 6.77 6.18 (−8.71%)

40%
ACC (%) ↑ 62.63 64.77 (+2.14) 62.65 64.87 (+2.22) 58.25 59.27 (+1.02) 59.34 60.85 (+1.51)
M.APSS ↓ 10.31 8.99 (−12.80%) 10.55 9.12 (−13.55%) 19.54 20.95 (+7.22%) 7.76 7.74 (−0.26%)

Table 6: Top-1 accuracy (%) and marginal average prediction set size (M.APSS ↓) on CIFAR-100 datasets
corrupted by synthetic noise with noise rates {0%, 5%, 10%, 20%, 30%, 40%}. Each Base objective is paired with its
+CMRM counterpart; the better value within each pair is in bold. Numbers in parentheses indicate the relative change
(%): + denotes accuracy improvement, and − denotes M.APSS reduction compared to the corresponding Base objective.
On average across all datasets and objectives, CMRM improves accuracy by 1.34 and reduces M.APSS by 3.89%.

Metric CE Focal LDAM GCE

Base +CMRM Base +CMRM Base +CMRM Base +CMRM

ACC (%) ↑ 64.74 ± 0.50 65.95 ± 0.30 (+1.21) 64.33 ± 0.15 65.26 ± 0.21 (+0.93) 59.64 ± 0.34 60.76 ± 0.26 (+1.12) 62.46 ± 0.70 63.60 ± 0.24 (+1.14)

Table 7: Mean ± standard deviation (std) of Top-1 accuracy (%) across multiple random seeds on CIFAR-100
with synthetic label noise (noise rate 20%). Each base objective is paired with its +CMRM variant. The better
value within each pair is shown in bold. Numbers in parentheses denote the absolute accuracy improvement over the
corresponding base objective.

Method CIFAR-10N (Aggre) CIFAR-10N (Rand1) CIFAR-10N (Rand2) CIFAR-10N (Rand3) CIFAR-10N (Worst) CIFAR-100N

ACC(%) M.APSS ACC(%) M.APSS ACC(%) M.APSS ACC(%) M.APSS ACC(%) M.APSS ACC(%) M.APSS

NI-ERM 98.69 0.904 98.80 0.902 98.65 0.903 98.67 0.904 95.71 0.93 83.17 1.49
NI-ERM+CMRM 98.81 0.903 99.03 0.901 98.95 0.903 98.88 0.899 97.19 0.91 83.95 1.29

(+0.12) (−0.11%) (+0.23) (−0.11%) (+0.30) (0%) (+0.21) (−0.55%) (+1.48) (−2.15%) (+0.78) (−13.42%)

Table 8: Top-1 accuracy (%) and marginal average prediction set size (M.APSS ↓) on CIFAR-10N and
CIFAR-100N corrupted by human annotation noise. Numbers in parentheses indicate the relative change: +
denotes accuracy improvement and −% denotes M.APSS reduction. CMRM consistently improves accuracy and reduces
uncertainty across CIFAR-N variants, with the largest gains observed on CIFAR-10N and CIFAR-100N. On average across
all datasets, CMRM improves accuracy by 0.52 and reduces M.APSS by 2.72%.

(a) CE+CMRM (b) Focal+CMRM (c) LDAM+CMRM (d) GCE+CMRM

Figure 5: training dynamics of total loss (Total), classification loss (cl), and CMRM loss (cr) for all base
losses over epochs on CIFAR-100 with 20% synthetical label noise. Subfigure (a) CE+CERM; Subfigure (b) Focal+CERM;
Subfigure (c) LDAM+CERM; Subfigure (d) GCE+CERM; CMRM exhibits stable and monotonic convergence alongside
standard loss components.

with its +CMRM variant. Across all objectives, CMRM consistently improves accuracy under the multi-seed
evaluation. In particular, CMRM yields accuracy gains of +1.21, +0.93, +1.12, and +1.14 for CE, Focal, LDAM,
and GCE, respectively. These results demonstrate that the performance improvements brought by CMRM remain
stable across different random seeds.
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(a) CE+CMRM (b) Focal+CMRM (c) LDAM+CMRM (d) GCE+CMRM

Figure 6: The ratio of noisy samples among those filtered out by CMRM at each epoch on CIFAR-100 with
20% synthetical label noise. Subfigure (a) CE+CMRM (α = 0.15); Subfigure (b) Focal+CMRM (α = 0.1); Subfigure (c)
LDAM+CMRM (α = 0.15); Subfigure (d) GCE+CMRM (α = 0.05); CMRM consistently suppresses noisy examples by
excluding low-margin samples during training.

(a) CE+CMRM (b) Focal+CMRM (c) LDAM+CMRM (d) GCE+CMRM

Figure 7: The sensitivity of α of different base losses on CIFAR-100 with 20% synthetical label noise. Subfigure (a)
CE+CERM; Subfigure (b) Focal+CERM; Subfigure (c) LDAM+CERM; Subfigure (d) GCE+CERM; CMRM maintains
higher accuracy than CE across a range of α values, indicating robustness to hyperparameter α.

(a) CE+CMRM (b) Focal+CMRM (c) LDAM+CMRM (d) GCE+CMRM

Figure 8: The sensitivity of λ of different base losses on CIFAR-100 with 20% synthetical label noise. Subfigure (a)
CE+CERM; Subfigure (b) Focal+CERM; Subfigure (c) LDAM+CERM; Subfigure (d) GCE+CERM; CMRM maintains
higher accuracy than CE across a range of λ values, indicating robustness to hyperparameter λ.

(a) CE+CMRM (b) Focal+CMRM (c) LDAM+CMRM (d) GCE+CMRM

Figure 9: the kernel density estimate (KDE) of the margin distribution of different base losses on CIFAR-100
with 20% synthetical label noise. Subfigure (a) CE+CMRM (α = 0.15); Subfigure (b) Focal+CMRM (α = 0.1); Subfigure
(c) LDAM+CMRM (α = 0.15); Subfigure (d) GCE+CMRM (α = 0.05); The vertical dashed line indicating the estimated
τα(f). The density curve is smooth and strictly positive around τα(f), supporting the differentiability and positive-density
assumption in Proposition 1.

Table 8 summarizes results on CIFAR-10N and CIFAR-100N with human-annotated label noise. Across all
datasets, CMRM consistently improves both accuracy and uncertainty compared to NI-ERM. On average, CMRM
increases accuracy by 0.52 and reduces M.APSS by 2.72%, indicating more confident and reliable predictions
under noisy supervision. The improvements are particularly pronounced on the most challenging settings, i.e.,
CIFAR-10N (Worst) and CIFAR-100N, where accuracy rises by up to 1.48 and predictive uncertainty decreases
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by as much as 13.42%. These consistent gains demonstrate that CMRM effectively enhances both robustness and
calibration under real-world label noise.

Result: CMRM loss convergences. Figure 5 shows the training dynamics of the classification loss and the
CMRM regularization loss. Both components decrease steadily and stabilize as training progresses, indicating
smooth joint optimization. The CMRM term integrates with standard objectives and does not introduce instability
or slowing down of convergence, demonstrating that CMRM can be efficiently optimized.

Result: CMRM filters out noisy samples during training. Figure 6 shows the fraction of noisy samples
among those excluded by CMRM at each epoch. This proportion rapidly increases during the early training
phase and stabilizes above 78%, indicating that CMRM consistently identifies and filters out mislabeled examples
via its margin-based thresholding mechanism.

Result: CMRM is robust to the choices of hyperparameter α and λ. Figure 7 and 8 examine the
sensitivity of CMRM to the hyperparameter α and λ, respectively. Across a range of α and λ values, CMRM
consistently achieves higher accuracy than CE, indicating that its performance is robust to the choice of α and λ,
and does not rely on careful hyperparameter tuning.

Result: Assumptions in Proposition 1 are empirically valid. Figure 9 presents the kernel density estimate
(KDE) of the margin distribution, with the vertical dashed line indicating the estimated τα(f). The density curve
is smooth and strictly positive in the neighborhood of τα(f), supporting the differentiability and positive-density
assumption in Proposition 1.

C ADDITIONAL EXPERIMENTS FOR BINARY CLASSIFICATION

C.1 Additional Experimental Setup Details

Datasets. We evaluate our methods on four standard binary classification benchmarks, three of which are
sourced from the UCI Machine Learning Repository:

• EMAIL: This dataset contains features extracted from emails and aims to classify whether an email is spam
or not. We treat spam emails as the positive class (label 1) and non-spam emails as the negative class (label
0). Following prior work, we invert the original labels in the dataset to conform to this definition.

• ADULT: This dataset involves predicting whether an individual’s income exceeds 50K based on demographic
and employment features. We define the positive class as individuals earning ≤ 50K (label 1) and the
negative class as those earning > 50K (label 0), effectively focusing on identifying lower-income individuals.

• CREDIT: This dataset contains information on credit card clients and whether they defaulted on their
payment in the following month. We define the positive class as non-defaulting clients (label 1) and the
negative class as clients who defaulted (label 0), inverting the original label to emphasize reliable borrowers.

Hyperparameters for training. We set datasets, base losses, base models, learning rate, λ+,
λ−, α+, and α− as hyperparameter choices. We search for hyperparameters on learning rate (η) ∈
{0.001, 0.005, 0.01}, λ+ ∈ {0, 0.05, 0.1, 0.15, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0, 1.1, 1.2, 1.3, 1.4, 1.5}, λ− ∈
{0, 0.05, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0, 1.1, 1.2, 1.3, 1.4, 1.5}, α+ ∈ {0.1, 0.2, 0.3, 0.4, 0.5}, and α− ∈
{0.1, 0.2, 0.3, 0.4, 0.5} to select the best combination of hyperparameters of each methods. The hyperparameters
employed to get the results presented in the main paper are summarized in Table 10.

C.2 Additional Experimental Results

Result: CMRM improves robustness for binary classification. Table 9 reports results on the Adult,
Email, and Credit datasets under a 20% label noise setting. Across all base models (LR, Focal, SVM, GCE),
CMRM consistently improves ranking (AUROC, AUPRC) and classification (ACC, FPR) performance, while
maintaining comparable FNR. It also reduces predictive uncertainty, as shown by lower M.APSS, PC APSS, and
NC APSS values. These results demonstrate that CMRM enhances model robustness and uncertainty estimation
under noisy supervision without requiring any noise priors.
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Dataset Method Measure

AUROC (↑) AUPRC (↑) FNR (↓) FPR (↓) ACC (↑) M.APSS (↓) PC APSS (↓) NC APSS (↓)

Adult

LR 0.784 0.885 0.073 0.571 0.802 1.223 1.154 1.432
LR + CMRM 0.852 0.925 0.082 0.422 0.833 1.209 1.109 1.308
Focal 0.809 0.890 0.136 0.388 0.801 1.257 1.224 1.356
Focal + CMRM 0.872 0.942 0.128 0.324 0.823 1.221 1.148 1.295
SVM 0.808 0.925 0.029 0.807 0.776 1.276 1.370 1.512
SVM + CMRM 0.847 0.937 0.048 0.585 0.817 1.199 1.322 1.343
GCE 0.819 0.904 0.119 0.424 0.804 1.286 1.176 1.396
GCE + CMRM 0.846 0.928 0.172 0.286 0.800 1.273 1.207 1.340

Email

LR 0.831 0.869 0.246 0.200 0.773 1.405 1.415 1.392
LR + CMRM 0.875 0.910 0.259 0.129 0.793 1.335 1.247 1.291
Focal 0.833 0.858 0.228 0.208 0.780 1.404 1.449 1.345
Focal + CMRM 0.907 0.916 0.246 0.080 0.822 1.235 1.152 1.202
SVM 0.952 0.964 0.043 0.219 0.885 1.029 1.003 1.001
SVM + CMRM 0.954 0.967 0.060 0.125 0.913 0.975 0.996 0.993
GCE 0.931 0.925 0.069 0.101 0.918 0.976 0.977 0.975
GCE + CMRM 0.938 0.933 0.074 0.082 0.922 0.984 0.982 0.986

Credit

LR 0.690 0.866 0.134 0.600 0.764 1.468 1.414 1.522
LR + CMRM 0.714 0.877 0.121 0.565 0.782 1.400 1.365 1.436
Focal 0.673 0.862 0.169 0.588 0.739 1.507 1.467 1.547
Focal + CMRM 0.677 0.861 0.176 0.547 0.743 1.527 1.543 1.511
SVM 0.688 0.856 0.079 0.618 0.803 1.387 1.335 1.438
SVM + CMRM 0.711 0.869 0.084 0.553 0.813 1.421 1.437 1.405
GCE 0.671 0.861 0.134 0.845 0.751 1.446 1.366 1.526
GCE + CMRM 0.701 0.875 0.115 0.627 0.773 1.417 1.339 1.495

Table 9: Performance comparison on binary classification. We evaluate three datasets (Adult, Email, and Credit)
under a 20% label noise setting. Models are assessed across accuracy (ACC), ranking (AUROC, AUPRC), calibration
(FNR, FPR), and uncertainty metrics: marginal average prediction set size (M.APSS), positive-class prediction set size
(PC APSS), and negative-class prediction set size (NC APSS). ↑ means higher is better; ↓ lower is better. Best results for
each base model (LR, Focal, SVM, GCE) are in bold. Our method consistently improves uncertainty estimation (M.APSS,
PC APSS, NC APSS), ranking metrics (AUROC, AUPRC), and accuracy (ACC, FPR), while slightly increasing FNR.

Data loss Architecture Epochs η λ+ λ− α+ α−

Adult

LR+CMRM MLP 150 0.01 0.4 0.5 0.3 0.1
Focal+CMRM MLP 150 0.01 0.1 0.4 0.3 0.5
SVM+CMRM SVM 150 0.01 0.15 1.5 0.2 0.5
GCE+CMRM MLP 150 0.001 0.0 0.2 0.1 0.5

Email

LR+CMRM MLP 150 0.01 0.7 0.2 0.2 0.2
Focal+CMRM MLP 150 0.01 0.4 0.6 0.1 0.1
SVM+CMRM SVM 150 0.01 0.3 1.0 0.3 0.3
GCE+CMRM MLP 150 0.01 0.9 0.7 0.4 0.4

Credit

LR+CMRM MLP 150 0.005 0.0 0.3 0.1 0.1
Focal+CMRM MLP 150 0.001 0.05 0.3 0.3 0.1
SVM+CMRM SVM 150 0.001 0.0 1.0 0.1 0.5
GCE+CMRM MLP 150 0.0005 0.0 0.3 0.1 0.1

Table 10: The details we used to train our models for binary classification. We reported the hyperparameters
that give the best combination os metrics.

CMRM Loss convergences. To verify the stability and trainability of our method, we monitor the learning
dynamics of CMRM during optimization. As shown in the top row of Figure 10, both the classification loss and
CMRM loss steadily decrease and stabilize, indicating that the joint objective converges smoothly. The CMRM
regularization term integrates seamlessly with standard classification training and does not introduce optimization
instability or slow down convergence. This confirms that CMRM can be efficiently optimized using standard
gradient-based methods and is compatible with commonly used loss functions.
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(a) LR + CMRM (b) Focal+CMRM (c) SVM+CMRM (d) GCE+CMRM

Figure 10: Dynamics of losses (Top Row) and two thresholds (τ+ and τ−, Bottom Row) for binary
classification of all base loss (LR, Focal, SVM, GCE) with CMRM on Email datasets. Top row shows the
training dynamics of total loss (all loss), classification loss (cl loss), and CMRM regularization loss (CMRM loss) over
epochs. CMRM exhibits stable and monotonic convergence alongside standard loss components. Bottom row shows τ+

(negative class threshold) and τ− (positive class threshold) of LR+CMRM during training. The separation between the
thresholds increases, indicating that CMRM actively maximizes the margin between favorable and unfavorable classes.

Margin τ− − τ+ of CMRM grows over Time. The bottom row of Figure 10 illustrates the evolution of the
class-conditional thresholds τ+ and τ− over training. These thresholds define the CMRM margin region, with τ−

indicating the lower bound for confident positives and τ+ the upper bound for confident negatives. As training
progresses, we observe that τ− increases while τ+ decreases, leading to an expanding margin between the two
thresholds. This demonstrates that CMRM successfully enforces separation between favorable and unfavorable
classes in high-confidence regions, which is critical for robustness under posterior shift.
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