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Abstract

Generative models are widely used, yet they often struggle to capture the multi-modal
structure of complex tabular datasets. We address this challenge by introducing a novel
framework that employs mixtures of diverse generators, each specialized to different regions
of the data space. Our method proceeds in two stages: first, generators are assigned to data
clusters via a compute-efficient bandit-based allocation strategy; second, cluster assignments
are refined through an iterative procedure inspired by the Expectation–Maximization (EM)
framework. Crucially, our approach is designed for settings where the generators’ likelihoods
are intractable and only generated data samples are accessible. We provide theoretical
guarantees by establishing convergence rates of the mixture distribution under approxi-
mate cluster identification. Empirical evaluations on both synthetic and real-world tabular
datasets demonstrate that our approach produces high-quality synthetic data, validating its
effectiveness in challenging generative modeling tasks.

1 Introduction

Generative models have revolutionized machine learning by enabling the creation of realistic, data-like outputs
from input datasets. These models excel at capturing the underlying patterns of training data, allowing
them to generate new, synthetic samples for a wide range of applications—a process known as synthetic data
generation.

Recent breakthroughs have led to the development of advanced deep generative models like Diffusion models
(Azizi et al., 2023), Generative Adversarial Networks (GANs) (Goodfellow et al., 2020), and Variational
Autoencoders (VAEs) (Kingma, 2013). These models excel with complex structured data types, such as text
and images, and have drawn significant interest from the machine learning community.

While tabular data is critical across various domains, advancements in generating synthetic tabular data have
lagged (Manousakas & Aydöre, 2023). However, this area is now gaining more attention. Adaptations of the
aforementioned models, such as CTGAN (Fang et al., 2022) and TVAE (Xu et al., 2019a), have shown promise
in producing high-quality synthetic data. Additionally, a variety of other synthetic data generators, based on
Diffusion Models (Kim et al., 2022; Shi et al., 2024), Large Language Models (LLMs) (Zhao et al., 2023), and
Random Forests (Watson et al., 2023a; Nock & Guillame-Bert, 2024), have emerged in the literature.

However, the intrinsic multi-modal and complex nature of real-world data poses challenges such as mode
collapse (Lala et al., 2018), where models excel in certain distribution areas but fail to capture others
comprehensively.

To circumvent this issue, we explore the promising approach of combining diverse generative models to
leverage the strengths of each generator while ensuring diversity in the synthetic data produced. By allowing
each generator to specialize in a specific data region, we aim to capture the multi-modalities in the dataset
and to produce high-quality samples.

While optimizing mixture weights for fixed generators using metrics like Maximum Mean Discrepancy (MMD)
is relatively straightforward, the real challenge lies in simultaneously learning these data regions, denoted as
clusters, and their corresponding generators from a dataset.
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To address this challenge, we first offer theoretical insights into situations where data clusters are imperfectly
learned. In a simplified scenario where correct clusters can be roughly identified, we demonstrate that an
optimal mixture of generators can be learned up to a certain accuracy. However, in more realistic scenarios
where clusters are unknown and difficult to approximate, we introduce a two-step algorithm to effectively
tackle this issue and efficiently combine diverse generators.

The first step employs a bandit-inspired method to assign generators to data clusters in the best possible way
given compute constraints, and the second step involves an iterative cluster adjustment mechanism inspired
by the EM framework to fine tune the performance. This approach is tailored for scenarios where generators
have intractable likelihoods, yet allow for easy sampling of points.

An advantage of our method is its ability to accurately represent underrepresented classes in real-world datasets.
We demonstrate this by synthesizing the Credit Card Fraud Detection dataset, which has unbalanced classes
with only 2% in the minority class. Table 1 shows that our algorithm, BIRD (see Section 4), outperforms
complex individual generators by accurately sampling the correct proportion of minority class points and
identifying distributions in both classes.

BIRD ARF CTGAN DDPM NFLOW TVAE
Prop.* (%) 97.9 98.4 98.6 94.3 96.9 99.9
P-F1 Majority ↑ 0.640 0.621 0.199 0.482 0.367 0.427
P-F1 Minority ↑ 0.686 0.548 0.141 0.372 0.187 †

Table 1: Performance of synthetic data generators evaluated by P-F1 scores for majority and minority classes
1. *True proportion is 98%. † indicates insufficient data for metric estimation. Bold values highlight the best
performance.

Our contributions are as follows:

1. We demonstrate that under mild assumptions, leveraging the robustness properties of the MMD,
learning a mixture of distributions from imperfect clusters yields an error rate of O(n−1/2) with n as
the sample size. This rate is comparable to the scenario where clusters are perfectly identified.

2. We propose a bandit-based method that efficiently learns the best generator for each data cluster
under a given compute budget.

3. We introduce an EM-inspired algorithm to train mixtures of diverse, intractable generative models
by iteratively refining the initial clusters and updating the generators parameters.

4. We illustrate the practical efficacy of our approach through empirical results on both simulated and
real-world datasets.

2 Related work

Numerous studies have explored the use of mixtures of generative models to effectively capture multi-modal
datasets. Many focus on modifying the training procedures or architectures of well-established generative
models like GANs to address mode collapse ((Eghbal-zadeh et al., 2019; Ghosh et al., 2018)). For instance,
(Park et al., 2018) trains a mixture of GANs using a gating network to learn cluster assignments. In the
context of VAEs, (Shi et al., 2019) employs a mixture of experts to create a multi-modal variational posterior.

Some other approaches leverage pretrained generators. (Rezaei et al., 2024) propose an online algorithm to
optimize mixture weights, whereas our method emphasizes simultaneous learning of clusters and generators,
resulting in improved clustering accuracy. (Banijamali et al., 2017) also investigate simultaneous learning
of clusters and generators through an EM-like algorithm. Unlike our work, their approach is limited to
mixtures of the same type of generators and relies on random initial cluster-generator assignments. We

1Additional details about the experimental setup and metrics can be found in appendix F.

2



Under review as submission to TMLR

introduce a bandit-based approach to optimize initial cluster-generator assignments, effectively leveraging
diverse generators within our mixture.

Training mixtures of generative models with boosting algorithms has been suggested by (Tolstikhin et al., 2017),
but this sequential training is time-intensive. To mitigate this, (Locatello et al., 2018) offer a competitive
training procedure with an additional discriminator, allowing parallel training. However, our approach
uniquely remains budget-aware, allowing users to effectively control the computational budget at each step of
the algorithm, which is not possible with the other methods.

Table 2 compares our method with closely related works, and highlights several key properties discussed
earlier.

Method Simultaneous Diverse Budget
learning generators aware

Banijamali et al.
(2017) ✓ ✗ ✗

Rezaei et al. (2024) ✗ ✓ ✗

Locatello et al. (2018) ✓ ✗ ✗

BIRD (Ours) ✓ ✓ ✓

Table 2: Comparison of the properties of different methods for training mixtures of generative models.

3 Learning mixtures of diverse generative models

We consider having access to i.i.d. observations (x1, . . . , xn) ∈ Xn drawn from a random variable X taking
values in a space X . We assume X follows a finite mixture distribution Pmix =

∑J
i=1 λiPi, where J > 0, λi ≥ 0

for i ∈ [J ], and
∑J

i=1 λi = 1. In each component, we aim to approximate Pi by a parametric distribution Pθi
,

referred to as a generator throughout this paper, where θi belongs to a parameter set Θi for i ∈ [J ]. Since
each individual distribution Pi can exhibit significantly different characteristics, we require a diverse set of
probability distributions to effectively capture their unique properties. Our goal is to learn this mixture of
diverse generative models.

For our theoretical results, we focus on the Maximum Mean Discrepancy (MMD) (Gretton et al., 2012) as
the distance between two probability distributions to minimize. Given a characteristic kernel k, the squared
MMD between two distributions P and Q is defined by

MMD2
k(P,Q) =EX,X′∼P[k(X, X ′)] + EY,Y ′∼Q[k(Y, Y ′)]

− 2EX∼P,Y ∼Q[k(X, Y )].

One motivating factor for using the MMD as an evaluation metric for mixture of generative models is its
convexity with respect to the first argument (Allen et al., 2024).

This result suggests that a mixture of generative models inherits the average performance of its individual
components. Specifically, the mixture will perform at least as well as the poorest-performing generator within
it, regardless of the mixing proportions. If we can identify the optimal weights that minimize the MMD to the
target distribution, the mixture will naturally outperform even the best standalone generator in the mixture.
Remark 3.1 As demonstrated in works such as (Rezaei et al., 2024) and (Allen et al., 2024), optimizing
the weights with respect to the empirical distribution of (x1, . . . , xn) ∈ Xn is a quadratic convex problem that
can be solved exactly with specific solvers.
3.1 Learning generators on imperfect clusters

The aim of our study is to optimally learn a mixture of distributions when the generators are not fixed,
necessitating simultaneous estimation of both generators parameters and mixing proportions.

When observations are sampled from a mixture, having access to the latent variable indicating which
component each point originates from would naturally lead to training each generator on distinct clusters.
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The generators would then be combined, assigning weights based on the proportion of points in each cluster,
allowing each generator to specialize in specific regions of the input space. This strategy has been explored in
the literature, offering privacy guarantees for the resulting mixture (Acs et al., 2018).

Yet, in practical situations, the latent variables remain unknown, preventing precise recovery of the underlying
clusters. Under mild assumptions, by using robustness properties of the MMD, we show that learning a
mixture of distributions from imperfect clusters achieves an error rate similar to the well-specified scenario.
We introduce notations in the following paragraph.

Clustering and Empirical Measures: Given J ∈ N∗ and our i.i.d. sample x = (x1, . . . , xn) ∈ Xn, a
clustering rule c partitions these observations into J sets. Formally, the clustering rule c is represented as
c = (x(1), . . . , x(J)), where x(i) ∈ Xni for all i ∈ {1, . . . , J}, satisfying

∑J
i=1 ni = n and ni > 0. Additionally,

we ensure that:

J⋃
i=1

x(i) = x, and x(i) ∩ x(j) = ∅ ∀i ̸= j.

The partition results in J clusters denoted as x(i) for i ∈ {1, . . . , J}.

We assume i.i.d. samples from Pmix and that we know from which distribution each point has been generated.
In other words, the true clustering rule c∗ = (x∗(1), . . . , x∗(J)) is known. We apply a clustering algorithm to
recover these true clusters, yielding an estimated clustering rule ĉ = (x̃(1), . . . , x̃(J)). The estimated clusters
x̃(i) have sizes ñi, and their empirical distribution is given by:

P̂i = 1
ñi

∑
x̃l∈x̃(i)

δx̃l

The missclassification rate for the i-th cluster is defined as the cardinality of the symmetric difference between
x∗(i) and x̃(i), divided by n:

msr(x(i), x̃(i)) =
#
(
x̃(i)△x(i))

n

The missclassification rate of the clustering rule ĉ with respect to the true clustering rule c∗ is defined as:

msr(x, x̃) = max
i∈{1,...,J}

msr(x∗(i), x̃(i))

We consider the following assumptions:

Assumption 3.2 The problem is well-specified within each true cluster, i.e., for all i ∈ [J ], there exists
θ0,i ∈ Θi such that Pi = Pθ0,i

, where Θi ∈ Rai with ai the number of parameters of the distribution Pi.

Assumption 3.3 the missclassification rate of the clustering rule ĉ with respect to the true clustering rule
c∗ is smaller than ϵ > 0.

Assumption 3.4 In each identified cluster x(i), i ∈ [J ] of size ni, there exists a parameter θ̃
(i)
n , approximately

minimizing the MMD up to a slackness of χ ≥ 0, with respect to points in cluster i, such that

MMDk

(
P

θ̃
(i)
n

, P̂i

)
≤ inf

θ∈Θi

MMDk

(
Pθ, P̂i

)
+ χ

where δx represents the Dirac measure at point x.
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Assumption 3.2 asserts that our generator family is rich enough to include the correct probability distributions
for each cluster. Assumption 3.3 posits that the true clusters can be accurately identified, subject to a fixed
missclassification rate. Finally, Assumption 3.4 states that within each cluster, it is feasible to approximately
find generator’s parameters that minimize the MMD with respect to the empirical distributions.

Assuming we can precisely estimate the optimal weights λ̂ = {λ̂i}J
i=1 that minimize the MMD relative to the

empirical distribution as explained in Remark 3.1, we can apply the generalization bound from Theorem 3.1
in (Chérief-Abdellatif & Alquier, 2022), which guarantees that

E(MMDk(Pλ̂,Pmix)) ≤ 2
√

1
n

, with Pλ̂ =
J∑

i=1
λ̂iPi.

Furthermore, by utilizing the robustness of MMD against outliers as demonstrated in Theorem 3.5 of
(Chérief-Abdellatif & Alquier, 2022; Briol et al., 2019), we establish the following finite-sample consistency
guarantees:

Corollary 3.5 If Assumptions 3.2, 3.3 and 3.4 hold, with samples x = (x1, . . . , xd) being i.i.d., the kernel k

is characteristic and bounded by 1, then the mixture with estimated weights λ̂ = {λ̂i}J
i=1satisfies:

E

(
MMDk

(
J∑

i=1
λ̂iPθ̃

(i)
n

,Pmix

))
≤ 4ϵ +

J∑
i=1

4λi√
ñi

+ χ + 2√
n

where the expectation is taken over the sampling of x from Pmix. Furthermore, with probability at least 1− γ
with γ > 0, we have:

P

(
MMDk

(
J∑

i=1
λ̂iPθ̃

(i)
n

,Pmix

)
≤ 4

γ

(
ϵ + χ

4 + 1
2
√

n
+

J∑
i=1

λi√
ñi

))
≤ 1− γ

The proof of Theorem 3.5 is given in Appendix A.

With J fixed as n becomes large, if the size of each cluster verifies ni = O(n) for i = 1, . . . , J , the
missclassification rate satisfies nϵ = O(

√
n) and the precision in learning the true parameter within each

cluster meets nχ = O(
√

n), we establish a finite sample error bound of order n−1/2, akin to the well-specified
case (Chérief-Abdellatif & Alquier, 2022), even when the true clusters in the data are not precisely identified.
In practice, identifying even approximate clusters can be challenging. In the case of unbalanced ñi, the result
still holds. However, if for some i0 ∈ {1, . . . , J}, ñi0 = O(1) as n→ +∞, then the rate of O(n− 1

2 ) is no longer
satisfied.

In the next section, we propose an algorithm that addresses this issue by iteratively updating the clusters
and generators simultaneously.

4 BIRD algorithm

Accurately estimating parameters within a mixture of distributions is a well-studied yet challenging task due
to issues such as non-identifiability (Teicher, 1961). While the Expectation-Maximization (EM) algorithm
(Dempster et al., 1977) remains a popular method for iteratively maximizing likelihood in the presence
of latent variables, optimizing such models can become complex, especially with diverse and intractable
generators.

In this section, we introduce BIRD, Bandit-inspired generator assignment and Iterative cluster Refinement, a
novel algorithm designed to iteratively learn a mixture of diverse generative models. This algorithm, inspired
by the EM algorithm, is specifically tailored for complex generators with intractable likelihoods, as proposed
by (Banijamali et al., 2017). The key motivation is that, for most practical generators, accessing samples is
generally more feasible than determining their likelihood.
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Simultaneously learning clusters and generators is motivated by theoretical insights: identifying approximate
clusters allows us to guarantee performance for the resulting mixture in terms of MMD. However, some
datasets make it challenging to even approximate clusters. This challenge drives the creation of an algorithm
that dynamically updates both clusters and generative models throughout the learning process to enhance
performance.

Given a total computational budget T for training generators, BIRD consists of two pivotal steps, distributing
the computational resources between them:

1. Cluster and Generator Initialization. After forming initial clusters, instead of relying on traditional
methods that either assign the same generator to all clusters or allocate them randomly, we introduce a
bandit-inspired algorithm. This algorithm optimally pairs each cluster with a generator from a diverse set of
candidates. It does so while efficiently allocating the compute budget to adaptively focus on training the
parameters of the most promising generators for each cluster.

2. Iterative Refinement of Clusters and Generators. After bandit-inspired matching and training,
to address potential errors from imperfect clustering, we propose an algorithm inspired by (Banijamali
et al., 2017) that iteratively refines both clusters and generators. This approach, akin to the EM algorithm,
progressively enhances the identification of true data clusters. The complete method is outlined in Algorithm
1.

Bandit-inspired
Algorithm

Step 1 Step 2

Generators: Clusters: EM-type
Algorithm

Imperfect
Clustering

Generator
Assignment

EM-type
Algorithm

After First
Iteration

After Last
Iteration

Figure 1: General workflow of our algorithm. Step 1 consists of clustering the data, which will not recover
clusters perfectly in practice, and assigning generators to each cluster with our bandit-inspired algorithm.
Here, there are three possible generators, and two are selected. In Step 2, we iteratively refine the clusters
and the generators with an EM-type algorithm. After Step 2, we can generate synthetic data.

Figure 1 graphically represents the workflow of this BIRD algorithm. The following sections provide an
in-depth explanation of each component within our approach.

4.1 Step 1: initialization

Cluster Initialization. To effectively learn a mixture of distributions, we begin by initializing the clusters.
Based on the nature of the input data, we employ common clustering algorithms such as k-means, Uniform
Manifold Approximation and Projection (UMAP), or t-distribureed Stochastic Neighbor Embedding (t-SNE).
The dataset is partitioned into J clusters, where J is determined by the chosen clustering algorithm. We
conducted an additional experiment to test the sensitivity of our algorithm to the initial clustering in the
Appendix D.

Generator Assignment to Clusters. Unlike the approach taken in (Banijamali et al., 2017), where
generators are randomly assigned, we aim to carefully assign generators to clusters at initialization.We treat
this assignment task as a stochastic multi-armed bandit problem, see Appendix G. The assignment aims
to match each cluster with the most appropriate generator through sequential training. Each generator is
trained using a fixed computational budget, and the less effective ones are systematically eliminated. This
iterative process continues until we assign a single generator to each cluster.
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Applying a bandit algorithm for generator selection is a complex task that, to our knowledge, has not been
explored in the literature. To align our approach with the framework of stochastic rising bandits (Metelli
et al., 2022), which is a variant of the multi-armed bandit problem where the reward distributions of the arms
can change over time, we aim to select a well-behaved performance metric that improves in expectation as
training progresses, thereby ensuring convergence guarantees. Based on empirical investigations, see Appendix
G, we chose the inverse of the MMD as the reward.

Best arm identification in a stochastic rising bandit has been studied by (Mussi et al., 2023), which proposed
an algorithm based on Successive Rejects called R-SR Algorithm 2.

However, since different generators require varying computational times per iteration and bandit algorithms
assume each arm selection consumes one unit of time, we cannot directly apply this algorithm with the
number of iterations as the unit of time. To address this, we employ a least common multiple-based training
approach, where we allocate training time in proportion to the least common multiple of the per-iteration
runtimes across the candidate generators. The efficiency of our bandit algorithm at selecting the optimal
generator is presented in Appendix F.

4.2 Step 2: iterative cluster and generator refinement

In this step, the algorithm iteratively estimates the posterior probabilities of the latent variables zi based on
current parameter estimates. Due to the complexity of the likelihoods, we use sample-based approximations.

Our goal is to estimate the membership probabilities, indicating the likelihood of each observation belonging
to a specific cluster generated by a particular generator. For each generator Gj (where j = 1, . . . , J), we
generate l samples: Y (j) = (y(j)

1 , . . . , y
(j)
l ). We then calculate a similarity score si,j between each training

data point xi and these samples.

Banijamali et al. originally used the mean Gaussian kernel distance for this similarity scoring. However, this
measure can be ineffective in high-dimensional settings. Therefore, we adopt kernel scoring rules, specifically
using the Energy score for its robustness in these contexts.

The membership probabilities are given by

mij ≈ P(xi is generated by Gj) = sijπj∑J
k=1 sikπk

.

We update the mixing proportions as πj =
∑n

i=1
mij/n.

After estimating membership probabilities, these values determine each training point’s influence on learning
a specific generator. Unlike the log-likelihood weighting used in EM, we propose an alternative for intractable
generators. We incorporate data point importance into the mini-batch selection process for training the
generators, whereas (Banijamali et al., 2017) incorporated it into adjusting the learning rate. Specifically,
we select mini-batches proportionally to the membership probabilities and train the generators on these
batches within a fixed training budget. The process is repeated iteratively until the maximal computational
budget is reached. Algorithm 1 presents the second step in detail. A discussion about the choices for the
hyperparameters can be found in the Appendix B.

5 Experiments

5.1 Toy dataset

In this section, we illustrate visually the performance benefits of our method using a toy dataset. We generated
data with the sklearn library (Pedregosa et al., 2011), creating the well-known two-moons dataset, which
consists of two interlocking half-circle shapes.

The two-moons dataset is frequently used to evaluate clustering and classification algorithms due to its
non-linear boundary. As illustrated in Figure 2a, our clustering approach, which involves first projecting the
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Algorithm 1 Step 2 of the BIRD Algorithm
1: Input: Observations x1, . . . , xn; Generators Gi, 1 ≤ i ≤ J with J > 0; Initial parameters θ1, . . . , θJ ;

Initial weights π1, . . . , πJ ; Batch size B; Similarity measure s; Budget Cbu; Maximal budget T ; l number
of samples generated at each iteration; S number of synthetic samples.

2: Output: Synthetic samples (xsyn
i )S

i=1;
3: Initialize r ← 0;
4: while r ≥ T do
5: for j = 1 to J do
6: Generate Y (j) = (y(j)

1 , . . . , y
(j)
l );

7: for i = 1 to n do
8: Compute similarity sij between Y (j) and xi;
9: mij ← sijπj/(

∑J
k=1 sikπk);

10: end for
11: Sample batch of size B from (x1, . . . , xn) proportionally to mij ;
12: Train Gj with budget Cbu and update θj ;
13: Update πj ←

∑n

i=1
mij

n ;
14: end for
15: r ← r + Cbu;
16: end while
17: Generate (xsyn

i )S
i=1 from the obtained mixture;

18: return (xsyn
i )S

i=1;

(a) Initial clusters (b) Synthetic data from BIRD (c) Synthetic data from naive mixture

Figure 2: Experimental results on the two-moons dataset demonstrating the effectiveness of our method
compared to a naive mixture benchmark.

data using UMAP followed by applying the k-means algorithm, struggle to correctly identify and separate
the two distinct clusters.

We explored two approaches for generating realistic synthetic data from the two-moons dataset. Our
proposed method, the BIRD algorithm, utilizes simple neural networks tailored for moon-shaped generation
as individual generators in the mixture (see Appendix F for further information). We compared this with
a “naive mixture” method, which employs the same individual generators. In the “naive mixture”, each
generator is fully trained on the initial clusters.

While the “naive mixture” relies on the initial clusters, it fails to generate meaningful synthetic data if those
clusters are incorrect. This limitation is evident in Figure 2c.

In contrast, Figure 2b demonstrates that the BIRD algorithm effectively captures the true clusters, producing
synthetic data that reflects the two-moons shape accurately. This highlights the importance of our method’s
second step, which involves iterative refinement of clusters and generators in an EM-like fashion to progressively
identify the underlying clusters in the data.

8



Under review as submission to TMLR

The two-moons example, though simplified, illustrates the motivations for our research by demonstrating
the challenges in clustering complex, multi-modal datasets. It reveals the shortcomings of overly simplistic
methods in combining synthetic data generators.

5.2 Real world datasets

Evaluation metrics. To evaluate the quality of synthetic data generators, we use several metrics that
measure different aspects of synthetic data quality. MMD (Gretton et al., 2012) is the metric we optimize
in the bandit part of the algorithm and use in our theory. Jensen-Shannon divergence (JSD) and inverse
Kullback-Leibler divergence (IKL) are general measures of synthetic data quality. Probabilistic precision (P-
PR; ; Park & Kim, 2023) measures how realistic the synthetic datapoints are, while probabilistic recall (P-RE)
measures how much of the real distribution is covered by the synthetic distribution. The Probabilistic F1
Score (P-F1) is introduced in Appendix F.

The evaluation of MMD is based on the Gaussian kernel with bandwidth computed corresponding to the
median heuristic (Gretton et al., 2012), while JSD and IKL are evaluated through Synthcity package (Qian
et al., 2023a) with all default settings. P-PR and P-RE are evaluated through the help of accompanying
package provided by the authors of (Park & Kim, 2023).

Available generators. In our mixture, we have a selection of generators available: the Conditional Tabular
Generative Adversarial Network (CTGAN) (Xu et al., 2019b), the Tabular Variational Autoencoder (TVAE)
(Xu et al., 2019a), the Robust Tabular Variational Autoencoder (RTVAE) (Akrami et al., 2020), Normalizing
Flows (NFlow) (Kobyzev et al., 2021), the Tabular Denoising Diffusion Probabilistic Model (TabDDPM)
(Kotelnikov et al., 2023), and Adversarial Random Forests (ARF)

Competitors. We compare our BIRD algorithm with individual generators and other methods for training
mixtures of generators:

• Naive Mixture Each initial cluster is assigned to the same type of generator, with clusters remaining
fixed throughout.

• Banijamali et al. (2017) Mixture: Each initial cluster is assigned to the same type of generator,
from our available options. The clusters and generators are then iteratively refined.

• Mix UCB: We implemented the method of Rezaei et al. (2024) as a baseline, initially dividing the
budget equally to pre-train the generators, and then applying the Mix-UCB algorithm.

• Random Mixture: Generators are randomly assigned to each cluster instead of using a bandit-
inspired approach. The second step of the BIRD algorithm is then applied.

• Individual Generators: The dataset is modeled using a single generator selected from the list of
available generators.

Unfortunately, we couldn’t fully reproduce the method of Locatello et al. (2018) due to insufficient details,
particularly concerning the choice of the discriminator.

Computational Budget. The time budget T for training the generators is set to 10 seconds. Step 1 and 2
of the BIRD algorithm are allocated 20% and 80% of the budget, respectively, based on sensitivity analysis
of budget allocation choices detailed in Appendix E. In our computational budget, we focus solely on the
time allocated for training generators, excluding the computation of membership probabilities, which can be
expensive. While the BIRD algorithm, as well as the Mixture and Naive Mixture methods from (Banijamali
et al., 2017), are afforded more time than the individual generators in this setup, empirical evidence indicates
that all individual generators converge within the budget given to them, so they would not benefit from the
additional runtime the mixture methods are able to use. Therefore, we believe that comparing these methods
remains fair. We report the performance of individual generators and Naive Mixture, selecting the training
iteration with the smallest MMD. Analysis of the complexity is provided in Appendix C.
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5.2.1 Banknote Authentification dataset

In this section, we conducted experiments on the Banknote Authentication dataset (Lohweg, 2012) from the
UCI repository. This dataset includes 1372 observations from 4-dimensional data. All results are reported as
the mean ± standard deviation, averaged over 10 runs.

Generator Type MMD (1e-3) ↓ JSD (1e-3) ↓ IKL (1e-1) ↑ P-PR ↑ P-RE ↑ P-F1 ↑

BIRD 0.469 ± 0.186 3.933 ± 0.641 9.76341 ± 0.12130 0.405714 ± 0.015051 0.897376 ± 0.012221 0.5586 ± 0.0134

Naive mixture 78.835 ± 124.622 26.559 ± 35.060 8.15546 ± 1.84682 0.121035 ± 0.173431 0.538358 ± 0.321038 0.1959 ± 0.2381

Banijamali et al. Mixture 7.714 ± 5.615 13.848 ± 14.155 8.91797 ± 1.33041 0.209458 ± 0.147522 0.592455 ± 0.317706 0.2798 ± 0.2129

Mix-UCB 11.417 ± 6.152 10.548 ± 0.668 9.38736 ± 0.23686 0.206793 ± 0.031956 0.794306 ± 0.034745 0.3266 ± 0.0364

Random Mixture 12.116 ± 6.863 19.713 ± 9.616 8.28383 ± 1.38414 0.160032 ± 0.072428 0.423865 ± 0.340211 0.2180 ± 0.1413

ARF 0.419 ± 0.052 4.309 ± 0.513 8.651744 ± 0.13326 0.373593 ± 0.010446 0.888907 ± 0.012230 0.5260 ± 0.0091

CTGAN 16.603 ± 1.689 53.16 ± 52.306 8.51315 ± 0.34615 0.147025 ± 0.017913 0.360716 ± 0.045909 0.2077 ± 0.0185

NFlow 10.124 ± 5.821 8.145 ± 1.355 9.649678 ± 0.14678 0.066208 ± 0.003685 0.784299 ± 0.032493 0.1221 ± 0.0063

RTVAE 13.205 ± 2.426 44.685 ± 1.582 5.996462 ± 0.10672 0.083014 ± 0.008969 0.000143 ± 0.000319 0.0003 ± 0.0006

TabDDPM 5.324 ± 2.25 6.494 ± 2.791 9.611834 ± 0.08279 0.489463 ± 0.023662 0.705380 ± 0.012596 0.5778 ± 0.0204

TVAE 13.898 ± 2.221 21.193 ± 1.338 8.48663 ± 0.08936 0.114446 ± 0.007894 0.385992 ± 0.014786 0.1764 ± 0.0097

Table 3: Experiment Results Over the Banknote Authentication Dataset. For each evaluation metric, the
down (up) arrow means the lower (higher) the better respectively. The unit of value for each column is stated
in the bracket right after the corresponding variable name in the table. Bold indicates the best performance.
All results are reported as the mean ± std, averaged over 10 runs.

Experimental results. Table 3 presents our experimental findings. Within a fixed time budget, BIRD
algorithm performs the best in 3 out of 6 evaluation metrics. While TabDDPM only outperforms BIRD in the
P-PR and P-F1 metric and ARF in the MMD metricw, it seems that overall BIRD provides higher quality
synthetic data due to its consistent performances across all metrics. The Mix-UCB method is performing
poorly.

Our method demonstrates notable improvement over other mixtures across all metrics. The superior
performance of the (Banijamali et al., 2017) Mixture over the Naive Mixture highlights the value of the second
step in the BIRD algorithm, which involves iterative refinement of clusters and generators. Additionally,
the enhanced results of our method over the Random Mixture demonstrate the advantages of using a
bandit-inspired approach for assigning generators to clusters, instead of random assignment. Furthermore,
ARF consistently outperforms other individual generators, explaining its frequent selection in our mixtures
throughout experiments, see Table 4.

Results interpretation. In addition to analyzing performance metrics, we further evaluate the obtained
mixture’s characteristics. By running our algorithm multiple times, we examine the frequencies of selected
cluster numbers and generator types, as shown in Table 4. The results highlight that the ARF generator is
predominantly chosen, and 9 clusters are selected in the majority of runs. Furthermore, we offer a detailed
analysis of a specific algorithm run, showcasing the number of clusters, the selected generators for each cluster,
and the evolution of weights throughout the process; see Appendix F.

Clusters Frequency Generators Frequency
6 5% ARF 65%
7 10% RTVAE 15%
8 30% TabDDPM 10%
9 55% NFlow 10%

Table 4: Frequency of clusters and generator types selected by the BIRD Algorithm for the Banknote
Authentication Dataset.
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5.2.2 Wilt Dataset

The Wilt dataset from the UCI repository consists of image segments, generated by segmenting the pansharp-
ened image obtained from a remote sensing study by Johnson et al. (2013). The dataset is structured in a
tabular format, comprising 4, 889 observations across five dimensions. We selected a random sample of 1000
observations. All results are reported as the mean ± standard deviation, averaged over 10 runs.

Generator Type MMD (1e-3) ↓ JSD (1e-3) ↓ IKL (1e-1) ↑ P-PR ↑ P-RE ↑ P-F1 ↑

BIRD 0.717 ± 0.254 3.152 ± 0.472 9.54116 ± 0.14931 0.784571 ± 0.007734 0.893646 ± 0.005541 0.8355 ± 0.0043

Naive mixture 195.967 ± 223.134 42.162 ± 37.747 7.23394 ± 2.62841 0.331965 ± 0.356911 0.520919 ± 0.348841 0.6265 ± 0.3023

Benjamili’s mixture 10.924 ± 17.764 13.236 ± 12.132 8.96860 ± 0.66291 0.775574 ± 0.050931 0.700290 ± 0.242300 0.7140 ± 0.1725

Mix-UCB 2.020 ± 2.242 5.001 ± 1.472 9.68704 ± 0.11048 0.770677 ± 0.008392 0.863528 ± 0.011048 0.8144 ± 0.0041

Random mixture 9.906 ± 4.237 17.533 ± 0.652 8.80693 ± 0.66291 0.810574 ± 0.074438 0.542776 ± 0.217401 0.6325 ± 0.1832

ARF 1.152 ± 0.335 3.814 ± 0.524 9.43006 ± 0.14108 0.757962 ± 0.011955 0.890924 ± 0.006112 0.8316 ± 0.0051

CTGAN 4.033 ± 1.730 17.855 ± 2.221 8.59009 ± 0.34408 0.782503 ± 0.050652 0.556873 ± 0.044805 0.6533 ± 0.0700

NFLOW 2.188 ± 0.083 8.481 ± 0.162 9.51835 ± 0.06154 0.731015 ± 0.027852 0.834860 ± 0.008516 0.7812 ± 0.0104

RTVAE 11.014 ± 1.407 67.147 ± 2.180 5.09527 ± 0.25950 0.884897 ± 0.035128 0.000000 ± 0.000000 0.0086 ± 0.0000

TabDDPM 1.310 ± 0.432 3.863 ± 0.406 8.73762 ± 0.13682 0.811365 ± 0.021716 0.844694 ± 0.027302 0.8285 ± 0.0049

TVAE 4.205 ± 1.137 11.984 ± 3.745 9.18439 ± 0.20267 0.720246 ± 0.075902 0.676544 ± 0.073853 0.7057 ± 0.0221

Table 5: Experiment Results Over the Wilt Dataset. For each evaluation metric, the down (up) arrow denotes
lower (higher) is better, respectively. The unit of value for each column is indicated in the bracket right after
the corresponding variable name in the table. Bold indicates the best performance. All results are reported
as the mean ± standard deviation, averaged over 10 runs.

The results presented in table 5 shows that our BIRD algorithm outperforms the other mixtures across
almost all metrics. While the individual generators, ARF and DDPM, also perform well, they do not match
the overall effectiveness of BIRD. Our BIRD algorithm demonstrates superior performance in generating
high-quality synthetic data, as evidenced by its higher P-F1 score compared to other methods.

Furthermore, we present the frequencies of selected generators and the number of clusters to provide insights
into the results and the obtained mixture. As shown in Table 6, ARF has been the most selected generators
and there is a strong preference for selecting 7 clusters.

Clusters Frequency Generators Frequency

7 95% ARF 40%

5 2.5% RTVAE 25%

9 2.5% TabDDPM 20%

NFlow 15%

Table 6: Frequency of the number of clusters and type of generator selected for the Wilt dataset.

6 Discussion

This study addresses the challenge of modeling complex multi-modal distributions in tabular datasets through
a mixture of generative models. Given a set of generative models and a tabular dataset, our goal is to
effectively combine these models to produce high-quality synthetic data. We have developed a novel algorithm
called BIRD, which integrates an innovative bandit-inspired generator assignment and an iterative cluster
refinement mechanism, to efficiently train mixtures of generative models. Our approach leverages diverse
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generators, enabling each to specialize in distinct data regions, thereby circumventing the limitations of
traditional generative models like mode collapse.

Unlike the framework developed in (Banijamali et al., 2017), which was limited to homogeneous generators,
our approach accommodates diverse types of generators. This flexibility is made possible by our innovative
application of a bandit algorithm, inspired by stochastic bandit literature, marking the first use of such
a method for generative model assignment. While step 2 of our algorithm builds on existing ideas, such
as those in Banijamali’s work, we have introduced several modifications to enhance performance. Notably,
we’ve employed the Energy score as a similarity measure between a point and a cluster. Additionally, we’ve
modified the way to incorporate point importance by using this importance in selecting the batch size for
training the generators.

Theoretically, we demonstrate that by utilizing the robustness properties of the MMD, if clusters can be
approximately identified, learning an optimal mixture of generators can be achieved with an error similar to
that in the well-specified case. Although our theoretical results build on those in (Chérief-Abdellatif & Alquier,
2022), we emphasize the novelty of our work in utilizing the robustness of the MMD to tackle the challenge
of imperfectly identified clusters. We believe this approach paves the way for applying similar insights using
various robust metrics. In more realistic scenarios, where clusters are challenging to approximate, we offer
empirical evidence of BIRD’s efficacy, showcasing substantial improvements over simple mixture models and
individual generators in generating synthetic data.

Our algorithm, initially developed with a focus on tabular data, is versatile and can be adapted for other
data types, including images and text. This adaptation would require minor adjustments, such as selecting
suitable kernels for the MMD and choosing an appropriate similarity measure. While we observed significant
improvements over baseline models, opportunities remain for optimizing implementation choices like similarity
measures and budget allocation, especially with high-dimensional datasets. Future research could explore
more efficient methods for calculating membership probabilities, as these can be time-consuming and weren’t
fully accounted for in our resource budget. Extending theoretical results to robust metrics beyond MMD
could be valuable.
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A Proofs

Corollary 3.1: If Assumptions 3.2, 3.3 and 3.4 hold, with samples x = (x1, . . . , xd) being i.i.d., the kernel k

is characteristic and bounded by 1, then the mixture with estimated weights λ̂ = {λ̂i}J
i=1satisfies:

E

(
MMDk

(
J∑

i=1
λ̂iPθ̃

(i)
n

,Pmix

))
≤ 4ϵ +

J∑
i=1

4λi√
ñi

+ χ + 2√
n

where the expectation is taken over the sampling of x from Pmix. Furthermore, with probability at least 1− γ
with γ > 0, we have:

P

(
MMDk

(
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)
≤ 4
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4 + 1
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Proof of Corollary 3.1:

We consider a characteristic kernel k, and let Hk denote the reproducing kernel Hilbert space (RKHS)
associated to k equipped with the norm ∥·∥Hk

. We assume that the data has been generated by the mixture
distribution Pmix =

∑J
i=1 λiPi where P1, . . . ,PJ are probability distributions on the same space. We estimate

the weights λ = {λi}J
i=1 by λ̂ = {λ̂i}J

i=1 obtained by exactly minimizing the MMD with respect to the
empirical distribution as detailed in Remark 3.1. By denoting θ̃i

n = {θ̃n}J
i=1, the approximate parameters

obtained in each cluster as presented in Assumption 3.4, we get that:
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where we used the linearity of the kernel mean embeddings and the triangular inequality. By taking the
expectation with respect to the empirical samples, we get that:
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By using the proposition 3.5 of (Chérief-Abdellatif & Alquier, 2022) in the independent setting, if the
assumption 3.4 and 3.3, are satisfied and by adding a slackness of δ due to the inexact learning of the optimal
generator in each cluster, we get that for every cluster i:

E(MMDk(P
θ̃

(i)
ni

,Pi)) ≤ χ + 4ϵ + 4
√

1
ñi

(1)

Furthermore, it has been shown in section 3.1 that if we’re estimating exactly the optimal weights with respect
to the empirical distribution which comes from the generalization bound of Theorem 3.1 in (Chérief-Abdellatif
& Alquier, 2022), we have a rate of order 1√

n
:
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By combining equations 1 and 2, we get the desired result:
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Then by using Markov Inequality to the random variable Z = MMDk

(∑J
i=1 λ̂iPθ̃

(i)
n

,Pmix

)
, which is almost

surely positive, we have that:
∀ υ > 0, P(Z ≥ υ) ≤ E(Z)

υ
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If we denote ρ =
∑J

i=1
4λi√

ñi
+ χ + 4ϵ + 2√

n
, we have by the previous result that: E(Z) ≤ ρ.

By combining the equations, we get that:

∀ υ > 0, P(Z ≥ υ) ≤ E(Z)
υ
≤ ρ

υ

If we consider γ = ρ
µ , we get that for all γ > 0:
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γ
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by replacing Z and ρ by their expressions, we obtain:
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ñi

))
≤ 1− γ

B Implementation choices

Our current algorithm involves several implementation choices to optimize performance and accuracy. These
choices include:

• Similarity Measure Selection: We should use different similarity measures depending on the data
type. For numerical data, we employ the Energy Score, which is well-suited as a proper scoring rule
for measuring similarity between a point and an empirical probability distribution in a multivariate
setting.

• Computational Budget Allocation: At each iteration of the second step of our algorithm 1, we
train the generators with a budget denoted Cbu. The choice of this computational budget decide
how much we want to update the generators based on the current clusters. Currently, we choose this
budget based on heuristics.

.

Furthermore, it is essential to select an appropriate kernel for the Maximum Mean Discrepancy (MMD) in
the bandit algorithm. This choice should be tailored to the specific problem at hand. We currently use the
Gaussian kernel with the median heuristic for bandwidth selection, as described by (Gretton et al., 2012).
However, other studies, such as (Dziugaite et al., 2015), suggest employing mixtures of Gaussian kernels with
varying bandwidths.

Other hyperparameters, such as batch size for training generators and window size in the bandit algorithm,
are currently selected based on heuristics. A more comprehensive analysis would be needed in future work to
optimize these settings. Finally, users can determine the total computational budget for training generators
based on their available resources, currently we fix this budget to 10 seconds for these experiments.

C Complexity of the algorithm

A detailed analysis of scaling considerations is presented below, where K represents the number of clusters, d
the dimensionality of the observations, and nn the dataset size:

• Initial Clustering: The K-means algorithm operates with a complexity of O(nKd).

• Bandit-Inspired Assignment: The computational complexity of this step can be effectively
managed by setting a specific budget, which should be adjusted according to the generators and
dataset size.
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• Membership Probabilities Computation: A significant challenge in scaling to larger datasets
involves computing membership probabilities. By denoting m as the number of elements sampled
from each generator for similarity assessment, the complexity for calculating similarities between the
n dataset points and the K clusters, using Energy scores, scales as m2 × d×K × n. This quadratic
increase in complexity relative to m can pose issues. To mitigate this, we have developed various
sub-sampling strategies to efficiently reduce m.

• Training of Generators: In the second phase of BIRD, we train K generators using standard
procedures. Training can be parallelized once the membership probabilities are established, ensuring
that the requirement to train multiple generators is manageable.

Our method requires additional computational resources beyond standard single-generator training procedures
due to the need for clustering and membership probability calculations. The initial clustering and membership
probability computations have linear complexity in terms of n, K, and d. However, the complexity for
computing membership probabilities scales quadratically with m, the number of data points considered for
similarity assessment. To address this, we have developed and implemented subsampling strategies that
effectively mitigate this issue. It is also possible to use another similarity metric.

Additionally, our EM-type algorithm involves multiple iterations of membership probability computations,
while clustering is performed only once at the beginning. Consequently, the complexity for membership
probabilities computation becomes more critical in our approach. This challenge can be particularly significant
with large values of N , K, and d. In practice, we can mitigate this issue by reducing the frequency of
membership probability computations, thereby increasing the training budget Cbu for each generator following
parameter updates.

D Sensitivity to initial clustering

We conducted an additional experiment to test the sensitivity of our algorithm to the initial clustering.
For this purpose, we manually deteriorate the quality of the initial clustering by randomly flipping a
proportion of points between clusters and see how the performances of the BIRD algorithm changes. We
performed experiments with 25, 50 and 75%, of points flipped into other clusters, we considered the Banknote
Authentification dataset with the same budget and hyperparameters as in the original experiments, see
Section 5.2. The results presented in the table 7 show that the performances decreases with poor initial
clustering. In terms of Probabilistic Precision (P-PR) and Probabilistic Recall (P-RE), this decrease is not
dramatic (metrics results are within ±2%).

Random Proportion MMD (1e-3) ↓ JSD (1e-3) ↓ IKL (1e-1) ↑ P-PR ↑ P-RE ↑
25% 0.532 2.618 9.68048 0.787081 0.894134
50% 0.547 3.065 9.57840 0.788960 0.889261
75% 0.646 3.842 9.56200 0.778305 0.901704

Table 7: Sensitivity Analysis for the proportion of points flipped from initial clusters. For each evaluation
metric, the down (up) arrow means the lower (higher) the better respectively. The unit of value for MMD
and JSD is scaled by 10−3, and IKL by 10−1.

E Sensitivity to budget allocation

To study the effect of the budget allocation between the steps of our algorithm, we ran our method with
various allocations to assess how this parameter influences performance. We denote α the hyperparameter
corresponding to the budget allocated to Step 1 and we ran experiments on the Banknote Authentication
dataset with all hyperparameters the same to the original experiments described in 5.2, except the budget
proportion α. We provide here an overview of the obtained results for some selected values of α for the BIRD
algorithm.
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α MMD (1e-3) ↓ JSD (1e-3) ↓ IKL (1e-1) ↑ P-PR ↑ P-RE ↑
0.1 0.586 2.882 9.71532 0.786700 0.891381
0.2 0.129 2.565 9.54787 0.776410 0.895885
0.5 0.781 4.045 9.26192 0.770004 0.881362
0.9 1.207 14.301 8.92574 0.727702 0.808941

Table 8: Overview of the obtained results for selected values of α for the BIRD algorithm. For each evaluation
metric, the down (up) arrow means the lower (higher) the better respectively. The unit of value for MMD
and JSD is scaled by (1e-3), and IKL by (1e-1).

The results from Table 8 show that the best performances in terms of MMD and JSD are attained for α = 0.2.
In terms of Probabilistic Precision and Probabilistic Recall, it seemes that performance is approximately at
the same level while α is between 0.1 and 0.5, and drop heavily when α becomes higher than 0.5. Overall,
choosing a value of α = 0.2 as in the main paper, is a reasonable choice. We will use this value for the
experiments in this paper.

F Experimental details and additional experiments

F.1 Experimental details

The Banknote Authentication dataset 5.2 is first shuffled, then randomly divided into two parts: 20% for Step
1 and 80% for Step 2. Within step 1, 0.5 second is assigned for bandit selection of generators if applicable.
Table 9 illustrates the computational capacity utilized in our experiments.

Generator Type ARF CTGAN TabDDPM NFlow RTVAE TVAE
Iteration Numbers 1204 ± 17 112 ± 11 865 ± 22 304 ± 12 92 ± 2 94 ± 1

Table 9: Resulting numbers of iteration for Baseline Competitors on Banknote Authentication dataset with
computation budget of 10 seconds, and the computation device of Apple Silicon M4Pro with 18G memory.
All results are reported as the mean ± std, averaged over 10 runs.

All experiments have been performed in Python 3.11.5. The hyperparameters of the individual generators
have been set to their default values in the arfpy package for the ARF generator and the Synthcity (Qian
et al., 2023b) for the other generators. This includes for example learning rates, batch sizes and weight
decays. In particular, for all the generators based on neural networks, it corresponds to Kaiming Initialization:
Uniform for weights and uniform for bias.

As the goal of the method is simultaneously learning the parameters of the mixtures components as well as
the clusters, we aim to be able to escape from a poor initialization of the individual generators.

The initial clustering step involves two main parts. First, the selected dataset is projected into a two-
dimensional space using the UMAP method with default settings from the UMAP package. Next, the data is
clustered using the k-means algorithm from the sklearn package, also utilizing default settings. To determine
the optimal number of clusters, K, we evaluated values ranging from 2 to 10 using the Silhouette Score
Shahapure & Nicholas (2020).

For the bandit-inspired algorithm, we used the R-SR algorithm (see Appendix G), and allocated 50 time
units for training all generators, approximately equating to 2 seconds in total. This time unit is based on the
generator with the shortest average training time, determined by evaluating all generators over 100 iterations.

The Maximum Mean Discrepancy (MMD) is calculated using a Gaussian kernel, with the bandwidth
determined by the median heuristic as described in Section B. For estimation, we generate 100 samples from
the generators and apply the U-estimator introduced in Lemma 6 of Gretton et al. (2012).
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In step 2, to compute membership probabilities, we generate 1, 000 samples from the generators using their
current parameter values. The Energy score is then calculated using the scoringRules package in R.

For the baseline competitors, specifically the individual generators, the entire dataset is utilized for both
training and evaluation.

For the other competitors, which use mixtures of generators, the dataset is divided in the same way as in the
experiments with the BIRD algorithm: 20% for the initial clustering step and 80% for the remainder of the
algorithm.

Both the Naive Mixture and the mixture inspired by (Banijamali et al., 2017) randomly select one generator
to assign to each initial cluster. In contrast, the Random Mixture assigns potentially different generators to
each cluster at random.

Furthermore, while both the Random Mixture and the (Banijamali et al., 2017) inspired mixture include a
second step of iterative cluster refinement using membership probabilities, the Naive Mixture directly trains
each generator with the entire computational budget on the initial clusters without further cluster refinement.

F.2 Metrics

The evaluation of MMD is based on the Gaussian kernel with bandwidth computed corresponding to the
median heuristic (Gretton et al., 2012), while JSD and IKL are evaluated through Synthcity package (Qian
et al., 2023a) with all default settings. P-PR and P-RE are evaluated through the help of accompanying
package provided by the authors of (Park & Kim, 2023).

The Probabilistic F1 score (P-F1) corresponds to the harmonic mean of the Probabilistic Precision and the
Probabilistic Recall.

P -F1 = 2× P -PR× P -RE

P -PR + P -RE

F.3 Additional experiments

F.3.1 Credit Card Fraud Detection Dataset

In this section, we present experimental results for synthetic data generation similarly to Section 5.2. We
consider the Credit Card Fraud Detection Dataset which contains information about transactions made
by credit cards in September 2013 by European cardholders. It contains data about a total of 284, 807
transactions and only numerical input variables which are the result of a Principal Component Analysis
(PCA) transformation. The dataset is publicly available at https://www.kaggle.com/datasets/mlg-ulb/
creditcardfraud.

The experiments summarized in Table ?? involve a fixed sample of 1,000 randomly selected data points from
the Credit Card Fraud Detection Dataset. A total of 20 seconds is allocated for these experiments due to the
high number of features and the extended time required for full convergence.

The results presented in Table ?? highlight the performance of our BIRD algorithm compared to other
mixture models across all considered metrics. In particular, it performs 30% better than the second performing
model, ARF, in terms of MMD. We observe that while other mixtures perform poorly in every metric—even
compared to individual generators—BIRD achieves the best overall performance in terms of MMD and JSD.
Although the normalizing flow generator (NFlow) performs better in IKL, it falls short compared to BIRD
in all other metrics. Note that the other mixture methods performs poorly compared to BIRD

In terms of P-F1 score, which combines P-PR and P-RE, TabDDPM is the best method followed by our
BIRD algorithm.

We can conclude that BIRD significantly outperforms all other mixtures and demonstrates overall superior
performance compared to individual generators.
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Generator Type MMD (1e-3) ↓ JSD (1e-3) ↓ IKL (1e-1) ↑ P-PR ↑ P-RE ↑ P-F1 ↑

BIRD 1.906 ± 1.515 6.378 ± 2.929 9.27328 ± 0.06391 0.468566 ± 0.078628 0.795691 ± 0.058072 0.5846 ± 0.0468

Naive Mixture 197.489 ± 254.740 45.892 ± 42.667 6.07838 ± 3.11481 0.174958 ± 0.250850 0.623146 ± 0.412858 0.2029 ± 0.2206

Banijamali’s Mixture 25.138 ± 21.339 19.213 ± 12.523 7.99611 ± 1.51338 0.534003 ± 0.232009 0.605491 ± 0.243739 0.4989 ± 0.1012

Mix-UCB 101.822 ± 27.842 33.213 ± 4.988 4.197 ± 0.4513 0.396667 ± 0.042069 0.934609 ± 0.018138 0.5556 ± 0.0376

Random Mixture 19.923 ± 10.638 23.233 ± 12.083 8.54704 ± 0.36309 0.597679 ± 0.251271 0.412036 ± 0.050313 0.4659 ± 0.0980

ARF 2.482 ± 1.292 6.419 ± 1.336 8.99981 ± 0.29777 0.314598 ± 0.020789 0.815830 ± 0.023858 0.4535 ± 0.0187

CTGAN 37.053 ± 7.445 16.115 ± 3.342 8.85289 ± 0.20707 0.579759 ± 0.023151 0.512022 ± 0.019602 0.5432 ± 0.0049

NFlow 6.745 ± 3.080 12.358 ± 6.808 9.49701 ± 0.20378 0.304914 ± 0.045414 0.680647 ± 0.036210 0.4188 ± 0.0400

RTVAE 32.121 ± 12.163 66.857 ± 18.839 5.39402 ± 49.663 0.836923 ± 0.023157 0.266681 ± 0.042040 0.04030 ± 0.0500

TabDDPM 38.537 ± 8.976 19.746 ± 11.548 7.83914 ± 0.24907 0.520137 ± 0.024947 0.754111 ± 0.029245 0.6150 ± 0.0150

TVAE 27.003 ± 0.011697 23.635 ± 9.877 8.87221 ± 0.23482 0.652175 ± 0.077301 0.432904 ± 0.050928 0.5175 ± 0.0426

Table 10: Combined Experiment Results Over the Credit Card Fraud Detection Dataset. For each evaluation
metric, the down (up) arrow means the lower (higher) the better respectively. Bold indicates the best
performance. All results are reported as the mean ± std, averaged over 5 runs.

Clusters Frequency Generators Frequency

3 60% ARF 70%

6 25% RTVAE 30%

9 15%

Table 11: Frequency of the number of clusters and type of generator selected for the Credit Card Fraud
Detection Dataset.

We present the frequencies of selected generators and the number of clusters to provide deeper insights into
the BIRD algorithm. As shown in Table 11, ARF and RTVAE are the only generators selected by our
method, with a marked preference for ARF. Additionally, the most frequently observed number of clusters is
3.

F.3.2 Wilt dataset

The Wilt dataset from the UCI repository consists of image segments, generated by segmenting the pansharp-
ened image obtained from a remote sensing study by Johnson et al. (2013). The dataset is structured in a
tabular format, comprising 4, 889 observations across five dimensions. We selected a random sample of 1000
observations.

The results are provided in the table 5.

Additionally, we provide details about the number of clusters, selected generators per cluster and the weights
for the obtained mixture in Table 12, for a particular run of the algorithm to illustrates how we can analyze
the resulting mixture. We can see that the ARF has been selected for most of the clusters and that the
weights evolve during the training process.

F.4 Capturing the distribution of minority classes

In this section, we examine the capability of our mixture algorithm to accurately capture the distribution of
minority classes. This is a crucial factor in developing a fair and effective synthetic data generator.
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Number of Clusters 7
Selected Generators by the Bandit Algorithm ARF 1, ARF 2, ARF 3, ARF 4, ARF 5, RTVAE 1, ARF 6
Initial Weights 0.0913, 0.1432, 0.2076, 0.1489, 0.1168, 0.1690, 0.1231
Final Weights 0.1200, 0.1833, 0.1751, 0.1170, 0.1934, 0.1044, 0.1066

Table 12: Experimental details for a single run of the BIRD algorithm.

F.4.1 Credit Card Fraud Detection dataset

We selected a subset of the Credit Card Fraud Detection dataset with 1000 observations and 10 features such
that the positive class (frauds) account for 2% of the observations while it corresponds only to 0.172% of all
transactions in the original dataset.

We trained every individual generators presented in Section 5.2 and our BIRD algorithm on this dataset.
We compare the synthetic data obtained with the different methods and the real data using Probabilistic
Precision (P-PR) and Probabilistic Recall (P-RE) by splitting both the real and synthetic data into two parts
corresponding respectively into majority class and minority class samples. The results of this experiments
can be found in Table 1 of the Introduction.

We can see that the BIRD algorithm is performing better than the other generators in both the majority and
the minority classes. Most of the generators, except BIRD and ARF, are performing very poorly especially
in the minority class.

These results show that using a mixture of generative models allows to capture the distribution underrepre-
sented classes in complex datasets. This is important for fairness considerations.

F.4.2 Simulated data

We used the make blobs function from the Python package sklearn to generate data with two different clusters.
The dataset contains 1000 observations with 10 features, one cluster contains 97% of the points and the other
clusters contains 3% of the points. We performed dimension reduction with Principal Components Analysis
(PCA) to reduce the number of dimensions to 2 and be able to visualize the results in Figure 3. In figure
3 we see that a single complex generator, Adversarial Random Forests (ARF) (Watson et al., 2023b), has
difficulty efficiently capturing the small cluster on the right side of the plot. In contrast, a mixture of two
ARFs successfully captures both clusters. Detailed information about this experiment is available in the
Appendix F.
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Figure 3: Synthetic samples from ARF and a Mixture of ARFs

Similarly to above, we generated data with different synthetic data generators and we evaluated the quality of
the synthetic datasets with the harmonic mean of P-PR and P-RE denoted by P-F1 in both on the minority
and majority clusters. The results presented in Table 13 show that BIRD algorithm outperform the other
synthetic generators in the minority class as well as in correctly identifying the proportion of points in each
class. However, the ARF and TVAE outperforms BIRD in the majority class. This shows the benefit of
using mixtures for correctly capturing the distribution of underrepresented classes.

BIRD ARF CTGAN DDPM NFLOW TVAE
Prop.* (%) 97.8 98.4 98.9 95.6 97.2 99.7
P-F1 Majority ↑ 0.7881 0.7950 0.0191 0.7706 0.6705 0.8566
P-F1 Minority↑ 0.7715 0.4943 0 0 0 †

Table 13: Performance of synthetic data generators evaluated by P-F1 scores for majority and minority
classes. *True proportion is 97%. † indicates insufficient data for metric estimation. Bold values indicate the
best performance.

F.5 Experiments on large datasets

For the other experiments in this paper, the dataset size was constrained by the computational time needed to
compute membership probabilities, limiting us to 1, 000 points. In this section, we conducted experiments on
a larger dataset by randomly sub-sampling points during similarity calculations, which significantly reduced
computational time.

We used the MiniBooNE_PID dataset with 20, 000 datapoints. The results presented in Table 14 shows that
our BIRD algorithm performs significantly better than the other methods in terms of all MMD, JSD and
IKL.

The sub-sampling process is carried out in the following manner: during each iteration of Step 2, we randomly
select 2, 000 data points from the total 20, 000. We then calculate their membership probabilities. This
approach significantly reduces the RAM usage while preserving the algorithm’s overall efficiency.

F.6 Removing top-performing generators

In this section, we aim to study the algorithm’s behavior and especially the generators to clusters assignment
when the top-performing generators, such as ARF, are removed. We have conducted an additional experiment
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Generator Type MMD (1e-3) ↓ JSD (1e-3) ↓ IKL (1e-1) ↑ P-PR ↑ P-RE ↑

BIRD 2.980 ± 0.794 0.999 ± 0.174 9.22886 ± 0.27653 0.409803 ± 0.006164 0.903449 ± 0.013041

Naive mixture 288.994 ± 245.058 39.905 ± 37.145 4.57110 ± 3.17187 0.191489 ± 0.273209 0.691338 ± 0.345877

Benjamili’s mixture 241.169 ± 253.435 32.22 ± 33.903 5.36801 ± 3.61730 0.278167 ± 0.311445 0.595166 ± 0.464903

Mix-UCB 24.814 ± 5.654 6.666 ± 1.159 8.49603 ± 0.16144 0.367286 ± 0.014062 0.992846 ± 0.002402

Random mixture 43.664 ± 68.025 4.273 ± 2.364 7.49510 ± 2.10787 0.381265 ± 0.235827 0.863253 ± 0.145128

ARF 6.031 ± 2.261 1.012 ± 0.185 9.17215 ± 0.11263 0.357982 ± 0.046912 0.907358 ± 0.011522

CTGAN 46.22 ± 8.753 2.815 ± 0.243 9.13999 ± 0.52489 0.149513 ± 0.045038 0.905282 ± 0.043921

NFLOW 72.09 ± 27.618 6.608 ± 1.964 6.07824 ± 1.05561 0.213437 ± 0.010271 0.907882 ± 0.005221

RTVAE 37.090 ± 16.942 81.723 ± 1.025 6.07174 ± 0.53275 0.729125 ± 0.014641 0.064946 ± 0.046071

TabDDPM 18.403 ± 0.012 63.686 ± 0.396 7.49154 ± 0.01632 0.195206 ± 0.007152 0.953307 ± 0.025488

TVAE 15.296 ± 5.615 2.153 ± 0.513 8.99508 ± 0.02085 0.582362 ± 0.071160 0.479192 ± 0.040327

Table 14: Experiment Results Over the MiniBooNE_PID Dataset. For each evaluation metric, the down
(up) arrow denotes lower (higher) is better, respectively. The unit of value for each column is indicated in the
bracket right after the corresponding variable name in the table. Bold indicates the best performance. All
results are reported as the mean ± standard deviation, averaged over 10 runs.

Clusters Frequency Generators Frequency

3 90% TabDDPM 90%

6 5% NFLOW 5%

9 5% RTVAE 5%

Table 15: Frequency of the number of clusters and type of generator selected for the Banknote Authentication
dataset without ARF only.

to explore this. The Table 15 show the frequency at which each generators are selected by the bandit
algorithm for the Banknote Authentication dataset, when only ARF is missing. We notice that TabDDPM is
then mostly selected so we removed it and run again bandit algorithm whem both ARF and TabDDPM are
removed from the list of generators and we notice than in Table 16 that several generators are often chosen.

Additionally, we ran the full algorithm excluding ARF and TabDDPM from the list of generators and
compared the results to the baselines. Table 16 demonstrates a significant decline in performance compared
to the original results in Table 3 of the main paper. Despite this, BIRD remains the top performer in terms
of MMD and P-F1 scores.

Clusters Frequency Generators Frequency

3 90% NFLOW 50%

6 5% TVAE 40%

9 5% RTVAE 10%

Table 16: Frequency of the number of clusters and type of generator selected for the Banknote Authentication
dataset without ARF and TabDDPM.
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Generator Type MMD (1e-3) ↓ JSD (1e-3) ↓ IKL (1e-1) ↑ P-PR ↑ P-RE ↑ P-F1 ↑

BIRD 9.587 ± 1.159 17.747 ± 1.371 8.94972 ± 0.11765 0.140516 ± 0.009723 0.465669 ± 0.015969 0.215629 ± 0.010488

Naive mixture 117.260 ± 141.339 36.181 ± 40.897 7.73831 ± 2.18291 0.024233 ± 0.017443 0.417923 ± 0.288081 0.060707 ± 0.013675

Benjamili’s mixture 11.071 ± 2.731 18.820 ± 15.325 8.57727 ± 1.55891 0.115376 ± 0.026687 0.415916 ± 0.265740 0.147819 ± 0.083541

Mix-UCB 54.934 ± 10.492 31.181 ± 8.202 7.66439 ± 0.40323 0.125040 ± 0.061944 0.123557 ± 0.130439 0.088983 ± 0.060471

Random mixture 16.654 ± 4.105 25.418 ± 7.925 7.51094 ± 1.26152 0.118058 ± 0.062279 0.191215 ± 0.167033 0.132628 ± 0.112368

CTGAN 21.895 ± 12.562 54.966 ± 50.917 8.33875 ± 0.42357 0.139314 ± 0.014989 0.325276 ± 0.102973 0.191407 ± 0.031981

NFLOW 14.072 ± 4.608 8.026 ± 1.206 9.67579 ± 0.11756 0.069021 ± 0.004169 0.791199 ± 0.026395 0.126914 ± 0.006871

RTVAE 13.951 ± 2.719 44.639 ± 1.615 6.16086 ± 0.35692 0.073490 ± 0.020426 0.000410 ± 0.000603 0.000800 ± 0.001171

TVAE 13.764 ± 2.218 21.050 ± 1.334 8.53013 ± 0.12747 0.112067 ± 0.008002 0.387082± 0.013284 0.173730 ± 0.010401

Table 17: Experiment Results Over the Banknote Dataset when ARF and TabDDPM are removed from the
list of generators. All results are reported as the mean ± std, averaged over 10 runs.

F.7 Bandit-based Algorithm Evaluation

In this section, we assess the performance of the bandit-based algorithm used in step 1 of BIRD, as detailed
in Section G. Our focus is on the algorithm’s ability to accurately identify the true data generator. To
this end, we utilize simple generators that cannot replicate one another. Specifically, we use a multivariate
Gaussian generator, a multivariate Student’s t generator with a fixed degrees of freedom parameter, and a
multivariate Gumbel generator.

For each generator, data is generated using randomly selected parameters. We then run our bandit-inspired
algorithm, referred to as the R-SR algorithm, with a fixed budget of 2 seconds. The algorithm determines an
optimal generator, and its effectiveness is evaluated based on the accuracy in identifying the true generator.
We compare our algorithm against the R-UCBE algorithm, which uses an exploration rate of 0.1 and the
same computational budget.

Finally, we also evaluate a naive strategy that involves equally splitting the total computational budget of 2
seconds across all generators.

Generator Type Multivariate-Gaussian Multivariate-StudentT Multivariate-Gumbel Overall

R-SR Accuracy 0.850 ± 0.046 0.996 ± 0.005 0.926 ± 0.005 0.924 ± 0.067

R-UCBE Accuracy 0.456 ± 0.022 0.340 ± 0.007 0.558 ± 0.028 0.451 ± 0.094

Table 18: Accuracy of the different bandits algorithm to identify the true generating distribution. All results
are reported as the mean ± std, averaged over 5 runs with 100 tests in one run.

The results presented in table 18 demonstrate that our R-SR clearly outperforms the other methods for
identifying the true generator. That’s why we used this algorithm in our experiments.

G Best arm identification in stochastic rising bandits

G.1 Stochastic bandits

A stochastic multi-armed bandit game is parameterized by the number of arms J , the number of rounds (or
budget) T , and J probability distributions ν1, . . . , νJ associated respectively with arm 1 to arm J . These
distributions are unknown to the player. For t = 1, . . . , T , at round t, the player select an arm Kt ∈ [J ],and
observes a reward drawn from νKt independently from past actions and outcomes. At the end of the T
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rounds, the player chooses an arm, denoted KT , which is evaluated in terms of the difference between the
mean reward of the optimal arm and the mean reward of KT . If we let µ1, . . . , µJ be the respective means of
ν1, . . . , νJ and µ∗ = maxk∈[J] µk, then the simple regret of the learner is rT = µ∗ − µKT

.

We assume that the support of νk, k ∈ [J ] is in [0, 1] and that there’s a unique optimal arm i∗ such that
µi∗ = µ∗. We define the suboptimality gap of arm i ̸= i∗ as ∆i = µ∗ − µi. While the minimum nonzero gap
is considered to be ∆i∗ = mini̸=i∗ ∆i. The error probability is given as eT = P(KT ̸= i∗).

G.2 Stochastic rising bandits

In the typical stochastic bandit setting described above, the reward distributions for each arm are fixed
at µ1, . . . , µJ , hence we are in a stationary setting. Next, we consider the possibility of these distributions
changing over time. Specifically, we examine a rested bandit scenario Tekin & Liu (2012) where the expected
reward of an arm increases whenever it is pulled.

The player selects an arm Kt ∈ [J ], plays it, and observes a reward xt ∼ νKt
(NKt,t), where νKt

(NKt,t) is the
reward distribution of arm Kt at round t and depends on the number of pulls performed so far

Ni,t :=
t∑

τ=1
I{Kτ = i}

The rewards are stochastic, formally xt := µKt(NKt,t) + ηt, where µKt(·) is the expected reward of arm Kt

and ηt is a zero-mean σ2-subgaussian noise, conditioned to the past. We assume that the expected rewards
µi(t) are bounded in [0, 1], ∀i ∈ {1, . . . , J}, ∀t ∈ {1, . . . , T}.

The objective is to select the arm with the highest expected reward with a high probability, given a fixed
budget T . Unlike the stationary best arm identification problem, where the optimal arm remains constant, this
scenario requires us to determine when to evaluate an arm’s optimality. Optimality is defined by considering
the arm with the highest expected reward at the end of T pulls. It’s important to note that the optimal arm
may change depending on the value of T .

We assume that the expected rewards satisfy the following assumptions Mussi et al. (2023), which seems
numerically verified for our generators by taking the negative MMD as reward, as shown in Figure 4b.

Assumption 1 (Non-decreasing and concave expected rewards).

Let ν be a rested multi-arm bandit , defining γi(n) := µi(n + 1)− µi(n), for every n ∈ [0, T ] and every arm
i ∈ [J ] the expected rewards are non-decreasing and concave:

• Non-decreasing: γi(n) ≥ 0,

• Concave: γi(n + 1) ≤ γi(n).

Assumption 2 (Polynomial γi(n))

There exists c > 0 and β > 1 such that for every arm i and number of pulls n, it holds that γi(n) ≤ cn−β .

At round t ≤ T , we would like to estimate the mean reward of each arm at the end of the budget T i.e we’re
looking for estimators of µi(T ), 1 ≤ i ≤ J

Let ϵ ∈ (0, 1
2 ). We use an adaptive, arm-dependent window size h(Ni,t) = ⌈ϵNi,t−1⌉ to include only the most

recent samples collected from arm i. At this stage, we might also consider employing exponential smoothing
as an alternative to the sliding window method.

From this, we can define two estimators of µi(T ) similarly to (Metelli et al., 2022):

• A pessimistic estimator assumes that the mean of the reward distribution remains constant. It
calculates the average of the recent h(Ni,t−1) rewards collected from the i-th arm. The estimator is
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defined by:

µ̂i(Ni,t−1) = 1
h(Ni,t−1)

Ni,t−1∑
τ=Ni,t−1−h(Ni,t)+1

xτ (3)

• An optimistic estimator assumes that the mean of the reward distribution increases linearly with each
selection of an arm. This estimator is developed by enhancing the pessimistic estimator, µ̂i(Ni,t−1),
with an estimate of the expected increment that occurs in the subsequent steps up to T .

µ̌i(Ni,t−1) = µ̂i(Ni,t−1)

+
Ni,t−1∑

τ=Ni,t−1−h(Ni,t)+1

(T − τ)
xτ − xτ−h(Ni,t−1)

h(Ni,t−1)2 (4)

Using these estimators, Mussi et al. (2023) proposed two algorithms: one based on the Upper Confidence
Bound (UCB) and the other on the Successive Rejects (SR) method.

We present adaptations of two algorithms to address the problem of identifying optimal generator.

G.3 Identify the optimal generator

We want to apply the framework of best arm identification in stochastic rising bandits to selecting the optimal
generator for synthesizing a given dataset.

Assume we need to synthesize a dataset X = (x1, . . . , xn) and have access to a set of generators
{G(1)

θ , . . . , G
(J)
θ }, where each G

(i)
θ is a parametric generative model, for i = 1, . . . , J . Our goal is to identify

which generator is best suited for synthesizing X.

Training each generator individually and selecting the best-performing one based on a specific criterion can
be time-intensive, especially if the number of potential generators is large.

To address this, we propose using a sequential procedure to identify the best generator. Each generator
corresponds to an arm, and each action involves applying training steps to an arm. We define the stochastic
reward at time t for arm i as the minus the MMD between samples generated by G

(1)
θt

, using current parameters
θt and the original sample X.

We show empirically in section G.4 that this reward is increasing with respect to the number of iterations.
This trend is anticipated, as the generators typically improve on average with additional iterations. Moreover,
experimental results suggest the concavity of this reward, which supports the use of algorithms designed for
stochastic rising bandits.

Using these estimators, Mussi et al. (2023) proposed two algorithms: one based on the Upper Confidence
Bound (UCB) and the other on the Successive Rejects (SR) method.

We present adaptations of two algorithms to address the problem of identifying optimal generators.

Our R-UCBE algorithm (3) utilizes the value

β̌T
It

(NIt,t, α) = σ(t−Ni,t−1 + h(Ni,t−1)− 1)
√

α

h(Ni,t−1)3

which guides the algorithm’s exploration. Selecting the appropriate exploration parameter can be challenging,
as it requires an understanding of the problem’s complexity—an often elusive factor.

Conversely, our adaptation of the R-SR algorithm (2) eliminates the need for an exploration parameter
altogether.

Since different generators have varying computational times per iteration, directly using iterations as a budget
is impractical. To overcome this, we employ a least common multiple-based training approach, where we
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Algorithm 2 Implementation of R-SR Bandit
1: Input: Time Budget T , List of Available Generators [J ], List of Clusters [C].
2: Initialize t← 1, N0 = 0, X0 = [J ]
3: for c ∈ [C] do
4: for j ∈ [J − 1] do
5: Update Nj := ⌈ 1

log(J)
T −J

J+1−j ⌉, where log(J) := 1
2 +

∑J
i=2

1
i

6: for i ∈ Xj−1 do
7: for t ∈ [Nj−1 + 1, Nj ] do
8: Choose generator i and train the generator with data points from cluster c for a unit of time,

equivalently n iterations
9: Trained generator i generates a set of samples S

10: Observe reward xt = −MMD(c, S)
11: t← t + 1
12: end for
13: Update µ̂i(Nj) = 1

Nj−Nj−1

∑Nj

t=Nj−1+1 xt

14: end for
15: Define Īj ∈ arg mini∈Xj−1 µ̂i(Nj)
16: Update Xj = Xj−1 \ {Īj}
17: end for
18: Recommend A unique generator Î∗

c (T ) ∈ XK−1.
19: end for
20: Return the optimal selection of generators [Î∗

c (T )]

Algorithm 3 Implementation of R-UCBE Bandit
1: Input: Time Budget T , List of Available Generators [J ], List of Clusters [C], Window Size ϵ, Exploration

Rate α.
2: Initialize Ni,0 = 0, BT

i (0) = +∞, ∀i ∈ [J ].
3: for c ∈ [C] do
4: for t ∈ [T ] do
5: Compute It ∈ argmaxi∈[J]B

T
i (Ni,t−1)

6: Choose generator It and train the generator with data points from cluster c for a unit of time,
equivalently n iterations

7: Trained generator i generates a set of samples S
8: Observe reward xt = −MMD(c, S)
9: NIt,t = NIt,t−1 + 1

10: Ni,t = Ni,t−1, ∀i ̸= It

11: h(Ni,t−1) = n ∗ ϵ

12: Update BT
It

(NIt,T ) = µ̌T
It

(NIt,t) + β̌T
It

(NIt,t)
13: end for
14: Recommend Î∗

c (T ) ∈ argmaxi∈[J]B
T
i (Ni,T )

15: end for
16: Return the optimal selection of generators [Î∗

c (T )]

allocate training time in proportion to the least common multiple of the per-iteration runtimes across the
candidate generators.

In our experiments, we primarily used the R-SR algorithm 3 because of its superior performance.

G.4 Empirical validation of the hypothesis

In this section, we empirically validate the assumptions of stochastic rising bandits outlined in Section G.2.
Specifically, we demonstrate that the inverse of the Maximum Mean Discrepancy (MMD), which we selected
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as our reward function, is a non-decreasing, concave function of the number of training iterations. To achieve
this, we trained each generator in our mixture using the Banknote Authentication dataset Lohweg (2012).
After each training iteration, we generated m samples from the generator and computed the inverse of the
MMD relative to the training data.

(a) Inverse MMD over training for the CTGAN (b) Inverse MMD over training for the other generators

Figure 4: Experiment results over the Banknote Authentication Dataset.

Figure 4a illustrates the evolution of the inverse MMD during the training of a CTGAN on the Banknote
Authentication dataset. It appears that, on average, the assumptions of non-decreasing behavior and concavity
are verified. Similarly, Figure 4b demonstrates that these assumptions are also validated on average for the
other generators.
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