Under review as a conference paper at ICLR 2026

CONTROLLING STRUCTURED EXPLANATIONS
VIA SHAPLEY VALUES

Anonymous authors
Paper under double-blind review

ABSTRACT

Structured explanations elucidate complex feature interactions of deep networks,
promoting interpretability and accountability. However, existing work primar-
ily focuses on post hoc diagnostic analyses and does not address the fidelity of
structured explanations during network training. In contrast, we adopt a Shap-
ley value-based framework to analyze and regulate structured explanations during
training. Our analysis shows that valid subexplanation counts in structured expla-
nations of Transformers and CNNs strongly correlate with each model’s feature
interaction strength. We also adopt a Shapley value-based multi-order interaction
regularizer and experimentally demonstrate on the large-scale ImageNet and fine-
grained CUB-200 datasets that this regularization allows the model to actively
control explanation scale and interpretability during training.

1 INTRODUCTION

The growing demand for explainable vision models necessitates explanations beyond conventional
saliency maps, which inherently oversimplify the complex interactions among visual cues that the
model actually processes. In contrast, structured explanations—such as Structured Attention Graphs
(SAG) (Shitole et al., 2021)—systematically capture both local saliency and global reasoning path-
ways. By explicitly capturing how visual details interact with broader contextual cues, these methods
yield more informative and interpretable explanations, which is critical for high-stakes applications
where transparency is essential (e.g., medical imaging and autonomous driving). Beyond improving
interpretability, structured explanations can enhance robustness, modularity, and user understanding,
enabling better reasoning about model predictions and counterfactuals (Shitole et al., 2021)).

While structured explanations offer valuable insights into model reasoning, they remain purely di-
agnostic and do not support the integration of explanatory guidance into the training process. This
limitation reveals a critical gap: without incorporating explanatory feedback during learning, models
can achieve high performance while relying on spurious or opaque reasoning. To ensure that predic-
tions are not only accurate but also grounded in meaningful, human-aligned rationale, it is essential
to directly integrate the explanation objectives into training—moving beyond post hoc analysis.

In this paper, we characterize structured explanations of various models within a theoretical frame-
work based on Shapley values (Deng et al.l 2022), and leverage this foundation to analyze how
interaction structure relates to post-training explanations. Originating in game theory, Shapley val-
ues provide a principled method to fairly allocate a total payoff among a set of cooperating agents
based on their individual contributions. Our first contribution identifies a principled connection be-
tween a popular metric for characterizing structured explanations—the count of minimal sufficient
subexplanations (Jiang et al., 2024)—and the strength of feature interactions as quantified by Shap-
ley values. Our experiments across a diverse set of models demonstrate a strong correlation between
the subexplanation metric and feature-interaction strength: models with stronger feature interactions
across mid-range spatial contexts in the input image also tend to yield higher subexplanation counts.
By establishing this relationship at different granularity levels (or scales) of explanations—where
scale refers to the spatial extent of the input region needed to preserve a valid explanation—we
also provide insight into how various models integrate features during inference, suggesting that
feature-interaction strength could serve as a lever to influence the decision-making pathways.

Motivated by the observed correlation between interaction structure and explanation patterns, our
second contribution enables explicit control over the scale and interpretability of structured expla-
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nations—and by extension, aspects of model behavior—during training. To ensure the explanations
align with specific XAl objectives, we adopt the differentiable feature-interaction loss from [Deng
et al.[(2022) as a regularization term in end-to-end learning. In this way, Shapley-based interaction
strength serves not only as a post-training diagnostic tool but also as an optimization constraint dur-
ing training. While prior work applied this loss mainly to CNNs and only to analyze the CNN’s
representational bottleneck, it did not study how modifying interaction strength affects explanation
scales or reasoning patterns. Here, we extend prior work to a range of models and evaluate the
effects of this regularization using multiple interpretability metrics based on SAGs (Shitole et al.,
2021])), subexplanation counts (Jiang et al.,[2024)), saliency distributions, and ProtoTrees (Nauta et al.,
2021). Our experiments demonstrate that targeted manipulation of interaction strength effectively
modifies structured explanation scales, shifts subexplanation patterns, and influences model reason-
ing behaviors observed across architectures. Importantly, our goal is not to characterize or optimize
the accuracy—explainability tradeoff, but to show how explanation structure can be systematically
regulated while maintaining competitive accuracy, leaving a study of such tradeoffs to future work.

The rest of the paper proceeds as follows: Sec. [2] reviews related work. Sec. [3] covers the theory
behind Shapley values. Sec.[d] presents our correlation analysis between interaction strengths and
structured explanation scales. Sec. [5] details the interaction-based regularization and evaluates its
impact on post-training explanations and model behavior.

2 RELATED WORK

This section reviews related explainability frameworks and work on Shapley values.

Attribution maps, or heatmaps, explain model predictions by assigning importance scores to input
features. Gradient-based methods (Bach et al., [2015} Selvaraju et al., 2017; Sundararajan et al.,
2017; Zeiler & Fergus| 2014} |Adebayo et al., 2018} Nie et al., 2018} [Zimmermann et al., [2021)
compute the heatmaps by backpropagating gradients to input features, but fail to capture feature
interactions. Attention-based methods (Abnar & Zuidema, 2020;|Vig et al., 2021} [Clark et al.,2019;
Vaswani et al.,2017) estimate the importance of different input parts. The resulting heatmap serves
as an explanation by visually highlighting input regions that the model’s attention was focused on
during processing, but does not reveal the model’s full reasoning process.

Structured explanations have been advocated for more effective model interpretations (Ribeiro
et al.} 2018 |Geiger et al.|[2021}; Janizek et al.,|2021}Schnake et al., [2021}; [Feng & Steinhardt, [2024)).
Sufficient input subsets (Carter et al., 2019) and SAGs (Shitole et al.,|2021)) generate explanations as
minimal subsets of image patches sufficient to replicate the model’s output on the entire image. SAG
scale can be quantified with valid subexplanation counts (Jiang et al., [2024), i.e., by counting fea-
ture combinations that preserve model confidence above a threshold. While subexplanation counts
highlight behavioral differences between transformers and CNNGs, they fail to reveal the underlying
principles of these differences and offer no practical guidance for model training. Prior work has
used explanation-related regularization to encourage models to follow human-defined or semantic
cues (Ross et al., 2017} Ismail et al., [2021; [Plumb et al., 2020), but these methods generally focus on
isolated attributions and do not reveal how explanation scales relate to model reasoning. Our work
addresses both of these limitations by showing structured explanation scales are essentially char-
acterized by multi-order Shapley interaction strengths, enabling our formulation to be seamlessly
incorporated as an explanatory regularization loss in end-to-end training.

Shapley values (Roth| [1988; Winter, 2002} |Shapleyl 1953} |Grabisch & Roubens| |1999; Sundarara-
jan et al., 20205 (Covert et al.,[2023;/Ancona et al.,|2019b; Tsai et al.,|2023}; Jethani et al., 2022} |Chen
et al.,|2023bja; |(Covert & Lee, |2021)) quantify individual feature contributions to the model’s output
by averaging marginal effects over all possible feature subsets. CS-Shapley (Schoch et al.l 2022)
computes class-specific Shapley values to address class imbalance. Sobol indices (Fel et al.| 2021}
looss & Lemaitre, [20135)) are also used for global sensitivity analysis and interaction studies, but they
decompose output variance and are designed for input-output attribution rather than shaping inter-
nal model reasoning. In contrast, we adopt multi-order Shapley interaction (Zhang et al., 2020b),
which systematically quantifies feature-pair interactions across contexts and enables direct control
of interaction structure during training—providing a model-level summary of interaction complexity
beyond what Sobol indices capture. To the best of our knowledge, we are the first to use multi-order
Shapley interactions to regulate the fidelity of structured explanations.
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3 PRELIMINARIES

This section reviews Shapley values and their ability to quantify feature interactions of a model.

Shapley values (Shapley, 1953)) provide a principled way to assign credit to input features by averag-
ing their marginal contributions to the model’s output across all feature subsets. Let f(.5) : 2INT
R be a model that takes a subset of input features S C N and outputs a scalar prediction, where N is
the set of all input features. The remaining features in N \ .S are replaced with baseline values (e.g.,
the mean feature values across all samples) (Ancona et al.,[2019a)). The Shapley value of feature 1,
¢(1), is computed as the expected marginal contribution of ¢ over all possible feature orderings:

o) = > BHELEER s 0 ) - ris). m
SCN\{i}

¢ (1) satisfies four desirable properties—efficiency, symmetry, dummy, and linearity (Zhang et al.,
2020a)—that guarantee fairness in credit allocation to input features. In image classification, each
image patch can be treated as an input feature, allowing Shapley values to quantify their individual
contributions. While useful for identifying salient image regions, ¢ () does not capture cooperative
effects between image patches. This limitation motivates the formulation of multi-order interaction
strength, discussed next.

Shapley values of feature pairs, ¢(i, j), quantify how two features, (i,j) € N, jointly contribute
to model predictions across varying input subsets (Zhang et al., [2020azb). They can be computed
at a given kth-order of feature interactions, ¢(*) (4,7), to quantify the expected interaction utility
between (i, j) € N in the context of |S| = k(|N| — 2) other input features, 0 < k < 1, as

oW (i) =E scnigy LF(SULE5}) — F(SU{i) — F(SULH +£(S)], 0<k<1
|SI=k(IN|=2) o

Lower values of k correspond to low-order feature interactions, while higher values capture more
complex dependencies. Thus, by varying k, qb(k)(i, j) provides a principled way to probe model
reasoning at different complexity levels of feature interactions.

Multi-order interaction strength. Following Deng et al., (2022), to quantify a model’s feature
interactions, we aggregate Shapley-based pairwise interactions into an order-wise summary:
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where (2 is the set of images, each represented by a feature set V.

4 LINKING INTERACTION STRENGTH TO STRUCTURED EXPLANATIONS

This section begins by reviewing recent work that quantifies structured explanation scale using valid
subexplanation counts (Jiang et al.| [2024). We then propose a more principled quantification via
multi-order Shapley interactions, enabling us to show that structured explanation scale is largely
determined by feature-interaction strength.

4.1 STRUCTURED EXPLANATIONS AND VALID SUBEXPLANATION COUNTING

Structured Attention Graph (SAG) (Shitole et al., |2021) addresses the limitation of single-
explanation attention mechanisms by generating multiple interrelated attention maps that form a
graph structure. Each node in the graph represents an attended region (e.g., object parts or con-
textual features), while edges model their spatial or semantic relationships (e.g., proximity, depen-
dencies). SAG captures complex interactions among diverse image components, offering a holistic
understanding of how combinations of features collectively drive predictions.

The scale of SAG was quantified by Jiang et al.| (2024)) through Minimal Sufficient Explanations
(MSE), defined as the smallest subset S of image patches that preserves at least 90% of the model’s
performance relative to the full image with N patches. A subexplanation is any subset of S. The
SAG construction begins with the full set .S as the root, followed by iteratively removing patches
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from S and thereby generating valid subexplanations while ensuring the model’s softmax confidence
score remains above 50% of the original score obtained on S.

The number of valid subexplanations in SAG, serves as a metric to characterize the model’s rea-
soning behavior and elucidate fundamental differences in the decision-making mechanisms across
various models (Jiang et al., 2024)). Models with disjunctive reasoning yield smaller subexplanation
counts, as they depend on a few critical regions whose removal from S sharply reduces confidence.
Conversely, models with more compositional reasoning achieve larger counts, since their confidence
is distributed across multiple regions and remains stable under partial removal, allowing them to re-
tain high confidence on various subsets of S. As demonstrated in Jiang et al. (2024)), Transformers
exhibit compositional behavior, whereas CNNs are characterized by disjunctive behavior.

4.2 QUANTIFYING EXPLANATION SCALE VIA MULTI-ORDER INTERACTION STRENGTH

Extending (Jiang et al., 2024), we offer a more principled framework which reveals that the scale of
structured explanations is determined by multi-order Shapley interaction strength, given by equa-
tion [3] This characterization is supported by a correlation analysis between feature-interaction
strength and explanation scale, as quantified using subexplanations, on ImageNet (Deng et al.,[2009).

Implementation Details. Following Deng et al.| (2022)); Jiang et al.|(2024), each image is divided
into 16 x 16 patches, which define the input feature set IV, and Shapley interaction strength .J(*)
is efficiently estimated using the sampling method from Zhang et al.[ (2020b). Since Jiang et al.
(2024) used the first 5,000 images from the ImageNet validation dataset to calculate subexplana-
tion counts, we also use the same dataset to evaluate J(*). For efficiency, 250 patch pairs (i,7) are
randomly sampled per image, with ¢ and 7 no more than two patches apart, since deep models tend
to capture stronger interactions between nearby patches. Then, for every (i, j) and every order &,
we randomly select 250 feature contexts S C N \ {i,7}, where |S| = k(]N| —2),0 < k < 1.
These choices are empirically optimized, as detailed in the Appendix For computing J*) in

equation the model output is defined as f(S) = log %, where S denotes the selected set
of image patches that remain unmasked, while the rest of patches in NV \ S are masked to average
feature values; P(§ = c|S) is the model’s softmax score for class ¢ given the visible subset .S;
and ¢ = argmax; P(g|N) is the class that the model predicts for the full input N. J*) is eval-
uated for various models covering multiple design paradigms, as in Jiang et al.[(2024), including:
older CNNs—VGG19 (Simonyan & Zisserman, [2015), ResNet50 (He et al.} 2016); newer CNNs—
ResNet50-C1, ResNet50-C2, ResNet50-D (Wightman et al., [2021)); hybrid convolution-transformer
models—ConvNeXt-T (Liu et al.l 2022); Transformers—Swin-T (Liu et al., 2021), Nest-T (Zhang
et al.l 2022), DeiT-S (Touvron et al., 2021)), PiT-S (Heo et al., [2021)); and distilled Transformer
variants—DeiT-S-distilled (Touvron et al.,|2021)), PiT-S-distilled (Heo et al.,2021), LeViT-256 (Gra-
ham et al., [2021)). All pretrained models were sourced from the torchvision and timm libraries. Ex-
periments were carried out using 2 Nvidia H100 80GB GPUs or 4 Nvidia Tesla V100 32GB GPUs.
We report the time and computational cost of interaction strength estimation in Appendix
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Figure 1: Subexplanation count vs interaction Figure 2: Multi-order interaction strength across
strength for orders £€[0.05,0.5] on ImageNet. four models trained on ImageNet. Transformers
Similar architectures cluster together, suggesting capture stronger feature interactions across inter-
a positive correlation between the two metrics.  mediate spatial contexts 0.1 < k < 0.4.
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Fig. 1| shows the correlation between .J(¥), given by equation [3| and the subexplanations counts re-
ported in |Jiang et al.| (2024), across diverse models trained on ImageNet, for intermediate spatial
contexts S taking up to a 50% of the input image, k € [0.05, 0.5]. As shown, models with similar ar-
chitectures tend to cluster together along the two explanation metrics. Transformers, such as Swin-T
and Nest-T, exhibit both lager subexpalnation counts and high interaction strengths, whereas CNNs,
such as VGG19 and ResNet50, are characterized by smaller subexpalnation counts and low inter-
action strengths. This suggests a strong positive correlation between the two metrics and indicates
that explanation scale is tightly linked to the types of feature interactions a model encodes. To fur-
ther support this trend, we computed correlation values (Essam et al., [2022) across all 13 models in
Fig. [T} showing a moderate linear correlation (Pearson = 0.47) and strong monotonic trends (Spear-
man = 0.66, Kendall = 0.51), confirming that models with higher interaction strength consistently
exhibit larger subexplanation counts.

Fig. 2| further illustrates our characterization of structured explanation scales for four representative
models in terms of J(*). As shown, CNNs on ImageNet exhibit stronger low-order interactions over
small spatial contexts 0 < k < 0.1, with notably weaker interactions at mid k. This pattern echoes
the “representation bottleneck” discussed by |Deng et al.| (2022), where CNNs generally struggle
to encode interactions of moderate complexity. Our results provide further insight that this phe-
nomenon is architecture-dependent — while CNNs strongly exhibit the bottleneck, Transformers
capture stronger interactions across intermediate spatial contexts (0.1 < k < 0.4). This is intuitive,
as the self-attention mechanism enables modeling of broader spatial relationships. Notably, this dis-
tinction aligns with subexplanation counts (higher for Transformers, lower for CNNs), reinforcing
the view that interaction structure provides a principled lens into how different models reason. A
comprehensive set of per-model heatmaps—including CNNs, hybrids, and Transformers—is pro-
vided in Appendix to illustrate these patterns in greater detail.

5 CONTROLLING STRUCTURED EXPLANATIONS BY INTERACTION LOSS

In this section, we build on the empirical observation that feature-interaction strength correlates with
structured explanation scale. Motivated by this insight, we investigate whether incorporating XAl
objectives into training via interaction-based regularization could steer structured explanation scales
toward a desired level and influence model reasoning behavior. We first outline the training strategy
that explicitly controls interaction strength. Then we examine how explicit training for feature in-
teractions of specific complexity alters the model’s reasoning behavior, as interpreted through two
explainability frameworks: SAG (Shitole et al.,2021) and ProtoTree (Nauta et al., 2021)).

5.1 SHAPLEY INTERACTION-BASED LOSS FUNCTIONS

Following Deng et al.| (2022}, we adopt two loss functions based on multi-order interaction strength
to explicitly train the model to favor feature interactions of a given order. The two losses are spec-
ified in terms of a prediction-change distribution over C classes, U (k1, k) = {Uc(k1,k2) : ¢ =
1,...,C}, which quantifies how predictions change as the amount of unmasked spatial context at
the input varies using

k
Uil k) = sofumax (B csscvlee(S2) — E22u(5)]). @
1
where S; and S are random subsets of input features, |Sy|=k1|N|, |Sz|=k2|N|, 0<k; <k2<1, and
zc(S) is the model’s logit for class ¢ when features of image patches in N \ S are masked to their
dataset-wide average values. Larger values of U.(k1, k) indicate greater changes in the prediction
across the range of interaction orders (k1, k2). The two loss functions are defined as:

C
Fkr ko) = ZP ) logUo(ky, k), L™ (k1 ka) =Y Uelkr, k2)log Uec(kn, k2),

c=1
&)
where P(y* = c) is the true probability of class ¢ for the input image (e.g., 1 for the ground-truth
class). Alongside the standard classification loss, we use these two additional loss functions to train
the model with the following total loss: L = Lepssification + ALT (k1,k2) + (1 — A) L™ (kq, ko),
where A = {0,1} controls which loss is active during training. Minimizing L' encourages the
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model to be more discriminative across the given interaction orders [k1, k2], thereby increasing the
strength of feature interactions within this range. Since L~ is the negative entropy of the distribu-
tion U (k1, k2), minimizing L~ promotes non-discriminative behavior across the specified interval
[k1, ko], effectively suppressing interaction strength in this range. Importantly, the training loss does
not require computing Shapley values or interaction strengths during optimization. It only involves
an additional forward-backward pass on two masked variants of the input, adding a modest, linear
overhead per epoch that remains practical even on standard hardware.

5.2 EFFECTS ON STRUCTURED ATTENTION GRAPH
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Figure 3: Heatmaps of J(®) across varying softmax confidence ratios If((gllff)) and orders k for

ResNet50 on ImageNet: (Left) standard training, (Right) training with L~ (0.7, 1) regularization
enhances mid-order interactions compared to standard training.

Impact of L~ Regularization on CNNs. Inspired by the reasoning behavior of Transform-
ers—strong feature interactions at intermediate orders k shown in Fig. [I] 2}—we aim to shift the
reasoning of ResNet50 toward more Transformer-like, compositional behavior. We expect that
promoting mid-order interactions during training will encourage richer integration of visual cues
across broader spatial contexts, supporting more interpretable and robust reasoning under par-
tial occlusions and other visual challenges. To this end, we apply L~ (0.7,1) in the total loss
(A = 0) during training to suppress higher-order and encourage mid-order feature interactions.

To summarize interaction strength, we average .J(*) within five bins defined by 5((5“2)) > b, with

b € {80%, 70%, 60%, 50%, 0%}, following the subexplanation thresholds in|Jiang et al.[(2024). As
shown in Fig. 3| the large values of interaction strength, previously concentrated at higher k& under
standard training (Fig. ), shift toward mid-order interactions (Fig. ), as intended.
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Figure 4: SAG explanations of ResNet50 regularized with L~ (0.7, 1). The red regions denote the
patches removed at each SAG node, and the confidence shown reflects the model’s prediction on the
masked image. Our regularized training shifts the model’s focus from localized head regions (left)
to holistic body regions (right).

We next examine how regularized training alters the organization of explanations in SAG. For
ResNet50, training with L~ (0.7, 1) produces longer explanation paths in SAG, indicating that the
model distributes attribution across a broader set of regions rather than concentrated in a few patches
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Table 1: Subexplanation counts of ResNet50 and SWIN-T on ImageNet

Subexplanation counts across softmax confidence ratios

Model Training type > 80% > 70% > 60% > 50%
Standard 537 108.6 180.4 296.9

ResNet30 17— (0.7, 1) reg. 869 168.8 264.4 378.4

swinp | Standard 221,58 882.72 293303 726820
L+(0,0.5) reg.  55.39 12270 290.97 636.41

(Fig.[). This change is quantified through subexplanation counts (Jiang et al.,2024), and as further
evidence of the positive correlation between subexplanation counts and Shapley interaction strength,
Tab. [1| reports that after training with L~ (0.7, 1) regularization, ResNet50’s subexplanation counts

increase across varying softmax confidence ratios Ifég‘lf,)) on ImageNet (Deng et al., 2009). Clas-

sification performance remains comparable. The higher subexplanation counts indicate that we
encouraged ResNet50 to rely on a broader yet more focused set of patches—shifting from diffuse
high-order to compositional mid-order reasoning, as hypothesized. We conducted the same analy-
sis for fine-grained classification on the CUB-200-2011 dataset (Wah et al.,|2011) and observed a
similar trend, with values reported in Appendix [A.4]

Table 2: Accuracy (%) under salient region removal. Values show top-1 accuracy as increasing
percentages of the most salient pixels are removed (SmoothGrad).

Training 0% 10% 20% 30% 40% 50% 60% T70% 80%  90%

Standard 99.29 67.66 4526 3259 2466 20.25 1859 18.08 16.22 13.22
L=(0.7,1) 99.08 96.96 92.56 82.20 66.29 4693 2851 17.38 1255 12.12
L=(0.1,1) 99.00 98.02 9593 9323 8844 8152 679 46.85 2745 15.71

Finally, we contrast our method with prior regularization-based approaches. Unlike methods that
focus on a single isolated attribution (e.g., saliency alignment in [Ismail et al.[(2021)), our method
shapes structured explanations by modulating feature interactions. To illustrate this distinction,
Tab. 2] presents the saliency-removal evaluation from|Ismail et al.|(2021). We trained their CNN with
and without the L~ loss (for two configurations of k; and k5) and measured the model accuracy as
we incrementally removed the most salient pixels identified by SmoothGrad. As shown, the CNN
trained without L~ suffers a sharp accuracy drop — indicating overreliance on a few highly salient
regions — whereas the model trained with L~ degrades more gradually, suggesting that predictions
depend on broader, more distributed feature interactions (as explicitly intended during training).

Importantly, the CNN trained with L~ (0.1,1.0) exhibits a slower accuracy decline than the
model trained with L~ (0.7, 1.0) as salient regions are progressively removed. This indicates that
L=(0.7,1.0) promotes broader but more distributed dependencies, while L~ (0.1, 1.0) encourages
reliance on many smaller, independent patch subsets that remain robust even under substantial dele-
tion. These results highlight our method’s fine-grained control over the structure of model expla-
nations—not by steering attention to specific regions, but by shaping how explanatory content is
distributed across interactions. This supports our central claim: rather than competing with saliency-
based or “right-reason” training methods, our approach complements them by offering explicit con-
trol over the form and granularity of explanations.

Impact of L™ Regularization on Transformers. Given that Transformers exhibit strong mid-order
feature interactions, we apply L1 (0,0.5) regularization (A = 1) during Swin-T training to boost
lower-order .J(*) values, thereby steering the model’s reasoning toward a more CNN-like, disjunc-
tive behavior—if such behavior is desired. A comparison between interaction strengths after stan-
dard training and after training with L regularization on ImageNet, shown in Fig. |5} demonstrates
that low-order interaction strengths have increased, as intended. Turning to qualitative explana-
tions, SAG reveals shorter explanation paths under L™ (0,0.5), where attribution becomes more
concentrated and foreground-focused (Fig. [6). These qualitative observations are further supported
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Figure 5: Heatmaps of J(*) across varying softmax confidence ratios and orders k for Swin-

Standard L™ regularized

Figure 6: Effect of L1 (0,0.5) on Swin-T. The red regions indicate the patches removed at each SAG
node, and the confidence corresponds to the model’s response after this removal. Our regularized
training shifts the model’s attention from extraneous background features (left) to semantically rel-
evant foreground regions (right).

by quantitative analysis - Tab. [1| shows that training Swin-T on ImageNet with L™(0,0.5) regu-
larization leads to consistently lower subexplanation counts across a range of softmax confidence

ratios g((fl‘f/)) . This reduction suggests that the applied regularization effectively steers the model to-

ward weaker compositional reasoning by decreasing the scale of its structured explanations. These
findings further support a positive correlation between subexplanation counts and .J (%),

Overall, these findings demonstrate that interaction-based regularization provides controllability
over both the model’s reasoning behavior and the form of its explanations, without implying that
any particular style is inherently superior or more interpretable.

5.3 EFFECTS ON PROTOTREE INTERPRETABILITY

ProtoTree (Wu et al., 2024; | Xu-Darme et al., 2023; Rymarczyk et al., 2022; |Cui et al., 2023) replaces
the model’s standard classification layer with a decision tree composed of learned prototypes. Each
prototype determines soft routing decisions in the decision tree based on its similarity to image
patches, enabling the model to perform classification through a sequence of interpretable binary
decisions. As detailed in [Nauta et al.| (2021), the learned prototypes are visualized via similarity
mapping to training patches — ensuring interpretable decision processes.

While ProtoTree offers inherent transparency via its prototype-based reasoning, we observe that
many prototypes can still activate on irrelevant or background regions, limiting their semantic value.
In this work, we hypothesize that incorporating interaction-based regularization during training en-
courages prototypes to attend to foreground object regions that are generally more informative for
classification. Our aim is to modify interpretability not by post-hoc filtering or visualizations, but
by influencing what the model attends to during learning.
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To evaluate this hypothesis, we quantify L~ (0.7, 1) regularization’s impact on interpretability via
prototype-foreground overlap precision. Prototypes overlapping image foregrounds (vs. back-
grounds) are prioritized as interpretable, with true positives requiring prototype—ground-truth fore-
ground alignment. The precision is evaluated via the Intersection over Union (IoU) between the
prototype region and the relevant annotation, with IoU thresholds from 50% to 75% in 5% steps.

We trained standard and L~ (0.7, 1)-regularized ProtoTree variants on ImageNet-200 (200 classes,
14k training and 6k validation images with bounding box annotations). The resulting trees con-
sisted of 203 and 199 prototypes, respectively, and both models achieved comparable classification
accuracy (83.12% and 83.17%). We applied the same training setup and regularization strategy for
CUB-200-2011. The standard and regularized ProtoTrees trained on CUB yielded similar perfor-
mance (81.74% and 81.31%), with 202 and 203 final prototypes, respectively. This consistency in
classification performance between the standard and regularized models on both datasets ensures
that observed interpretability differences are not driven by performance disparities.

0.90

07

Interpretability precision
Interpretability precision

—e— Standard ProtoTree (83.12% Accuracy)

—e— Standard ProtoTree (81.74% Accuracy)
—e— Regularized ProtoTree (83.17% Accuracy) —e— Regularized ProtoTree (81.31% Accuracy)

275% 270% 265% 260% 255% 250% >0% 275% 270% 265% 260% 256% 250% >0%
loU thresholds loU thresholds

Figure 7: Improved precision of prototypes for our regularized ProtoTree compared to standard
ProtoTree on ImageNet-200 (left), CUB-200-2011 (right).

As shown in Fig. [/] the regularized ProtoTree consistently achieved higher interpretability preci-
sion on both ImageNet-200 and CUB-200-2011. Compared to the standard model, more prototypes
aligned with semantically meaningful object regions and fewer activated on background areas. This
supports our hypothesis that interaction-based regularization guides the model toward more semanti-
cally meaningful representations and encourages ProtoTree to form more interpretable explanations.
A complementary part-level analysis on CUB-200-2011 (Appendix[A.3) further evaluates prototype
alignment with semantic parts (e.g., beak, wing, tail), providing finer granularity. Qualitative ex-
amples comparing prototype-to-region alignments are provided in Appendix illustrating the
same trend. All evaluations are grounded in annotation-based alignment, avoiding reliance on sub-
jective human judgments. Together, these results demonstrate that interaction-based regularization
improves both the precision and structural grounding of ProtoTree explanations.

6 CONCLUSION

To bridge network training with post hoc interpretability, we adopt a game-theoretic framework
based on Shapley values and show that incorporating Shapley interaction strength into the training
objective enables direct control over the scale and fidelity of structured explanations. Networks
trained with this regularization produce structured explanations—such as SAG and ProtoTrees—
that reflect shifts in reasoning between holistic feature integration and sparse, localized cues. These
changes are quantified by linking the number of Minimal Sufficient Subexplanations to Shapley in-
teraction strength. The results show that the typically disjunctive reasoning of CNNs can be steered
toward compositional, while the compositional reasoning of Transformers can be made more dis-
junctive. We do not assume that any particular interaction order is inherently superior; rather, the
value of controllability lies in adapting explanation structure to deployment needs, as prior work
shows different structures can enhance robustness, modularity, or usability, and also improve user
understanding and counterfactual reasoning. Moreover, we show that the proposed regularization
improves the fidelity of structured explanations by aligning them more closely with annotation-
grounded object and part regions. This is quantified by evaluating the true-positive overlap between
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ProtoTree explanations and ground-truth foreground regions in both large-scale (ImageNet) and
fine-grained (CUB-200-2011) classification settings. By characterizing various architectures with
multi-order Shapley interaction strength and correlating these with subexplanation counts, we offer
a more principled framework for studying the scale of structured explanations. Limitations include
the use of approximation-based Shapley estimates and evaluations restricted to specific structured
explanation methods. Exploring broader tradeoffs among accuracy, interpretability, robustness, and
controllability remains future work.

7 REPRODUCIBILITY STATEMENT

This work adopts a Shapley-based interaction metric and loss functions for explanatory regulariza-
tion. Sec. 3| provides the theoretical formulation, while Sec. [4.2] and Appendices [A.T] [A.2] describe
the estimation of interaction strengths, including implementation details, sampling strategies, and
computational costs. Sec. [5.1] specifies the proposed loss functions, while Sec. [5.2] [5.3] detail the
training setups for CNNs, Transformers, and ProtoTrees, ensuring reproducibility.

REFERENCES

Samira Abnar and Willem Zuidema. Quantifying attention flow in transformers. In Proceedings of
the 58th Annual Meeting of the Association for Computational Linguistics, pp. 4190-4197, 2020.

Julius Adebayo, Justin Gilmer, Michael Muelly, Ian Goodfellow, Moritz Hardt, and Been Kim.
Sanity checks for saliency maps. Advances in neural information processing systems, 31, 2018.

Marco Ancona, Cengiz Oztireli, and Markus Gross. Explaining deep neural networks with a poly-
nomial time algorithm for shapley value approximation. In International Conference on Machine
Learning, pp. 272-281. PMLR, 2019a.

Marco Ancona, Cengiz Oztireli, and Markus Gross. Explaining deep neural networks with a poly-
nomial time algorithm for shapley value approximation. In Kamalika Chaudhuri and Ruslan
Salakhutdinov (eds.), Proceedings of the 36th International Conference on Machine Learning,
volume 97 of Proceedings of Machine Learning Research, pp.272-281. PMLR, 09—-15 Jun 2019b.
URLhttps://proceedings.mlr.press/v97/anconal9a.html.

Sebastian Bach, Alexander Binder, Grégoire Montavon, Frederick Klauschen, Klaus-Robert Miiller,
and Wojciech Samek. On pixel-wise explanations for non-linear classifier decisions by layer-wise
relevance propagation. PloS one, 10(7):¢0130140, 2015.

Brandon Carter, Jonas Mueller, Siddhartha Jain, and David Gifford. What made you do this? under-
standing black-box decisions with sufficient input subsets. In The 22nd International Conference
on Artificial Intelligence and Statistics, pp. 567-576. PMLR, 2019.

Hugh Chen, Ian C Covert, Scott M Lundberg, and Su-In Lee. Algorithms to estimate shapley value
feature attributions. Nature Machine Intelligence, 5(6):590-601, 2023a.

Lu Chen, Siyu Lou, Keyan Zhang, Jin Huang, and Quanshi Zhang. HarsanyiNet: Computing
accurate shapley values in a single forward propagation. In Andreas Krause, Emma Brun-
skill, Kyunghyun Cho, Barbara Engelhardt, Sivan Sabato, and Jonathan Scarlett (eds.), Pro-
ceedings of the 40th International Conference on Machine Learning, volume 202 of Proceed-
ings of Machine Learning Research, pp. 4804-4825. PMLR, 23-29 Jul 2023b. URL https:
//proceedings.mlr.press/v202/chen23s.htmll

Kevin Clark, Urvashi Khandelwal, Omer Levy, and Christopher D Manning. What does bert look
at? an analysis of bert’s attention. arXiv preprint arXiv:1906.04341, 2019.

Ian Covert and Su-In Lee. Improving kernelshap: Practical shapley value estimation using linear
regression. In International Conference on Artificial Intelligence and Statistics, pp. 3457-3465.
PMLR, 2021.

Ian Connick Covert, Chanwoo Kim, and Su-In Lee. Learning to estimate shapley values with vision
transformers. In The Eleventh International Conference on Learning Representations, 2023. URL
https://openreview.net/forum?id=5ktFNz_pJLK.

10


https://proceedings.mlr.press/v97/ancona19a.html
https://proceedings.mlr.press/v202/chen23s.html
https://proceedings.mlr.press/v202/chen23s.html
https://openreview.net/forum?id=5ktFNz_pJLK

Under review as a conference paper at ICLR 2026

Jin’an Cui, Jinghao Gong, Guangchen Wang, Jinbao Li, Xiaoyu Liu, and Song Liu. An novel
interpretable fine-grained image classification model based on improved neural prototype tree. In
2023 IEEE International Symposium on Circuits and Systems (ISCAS), pp. 1-5. IEEE, 2023.

Huiqi Deng, Qihan Ren, Hao Zhang, and Quanshi Zhang. Discovering and explaining the represen-
tation bottleneck of DNNSs. In International Conference on Learning Representations, 2022.

Jia Deng, Wei Dong, Richard Socher, Li-Jia Li, Kai Li, and Li Fei-Fei. Imagenet: A large-scale hi-
erarchical image database. In 2009 IEEE conference on computer vision and pattern recognition,
pp. 248-255. Ieee, 2009.

F Essam, Hashash El, and Shiekh Raga Hassan Ali. A comparison of the pearson, spearman rank
and kendall tau correlation coefficients using quantitative variables. Asian J. Probab. Stat, 20(3):
3648, 2022.

Thomas Fel, Rémi Cadene, Mathieu Chalvidal, Matthieu Cord, David Vigouroux, and Thomas
Serre. Look at the variance! efficient black-box explanations with sobol-based sensitivity analy-
sis. Advances in neural information processing systems, 34:26005-26014, 2021.

Jiahai Feng and Jacob Steinhardt. How do language models bind entities in context? In International
Conference on Learning Representations, 2024.

Atticus Geiger, Hanson Lu, Thomas Icard, and Christopher Potts. Causal abstractions of neural
networks. Advances in Neural Information Processing Systems, 34:9574-9586, 2021.

Michel Grabisch and Marc Roubens. An axiomatic approach to the concept of interaction among
players in cooperative games. International Journal of game theory, 28:547-565, 1999.

Benjamin Graham, Alaaeldin El-Nouby, Hugo Touvron, Pierre Stock, Armand Joulin, Hervé Jégou,
and Matthijs Douze. Levit: a vision transformer in convnet’s clothing for faster inference. In
Proceedings of the IEEE/CVF international conference on computer vision, pp. 12259—-12269,
2021.

Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Deep residual learning for image recog-
nition. In Proceedings of the IEEE conference on computer vision and pattern recognition, pp.
770-778, 2016.

Byeongho Heo, Sangdoo Yun, Dongyoon Han, Sanghyuk Chun, Junsuk Choe, and Seong Joon
Oh. Rethinking spatial dimensions of vision transformers. In Proceedings of the IEEE/CVF
international conference on computer vision, pp. 11936-11945, 2021.

Bertrand Iooss and Paul Lemaitre. A review on global sensitivity analysis methods. Uncertainty
management in simulation-optimization of complex systems: algorithms and applications, pp.
101-122, 2015.

Aya Abdelsalam Ismail, Hector Corrada Bravo, and Soheil Feizi. Improving deep learning inter-
pretability by saliency guided training. Advances in Neural Information Processing Systems, 34:
26726-26739, 2021.

Joseph D Janizek, Pascal Sturmfels, and Su-In Lee. Explaining explanations: Axiomatic feature
interactions for deep networks. Journal of Machine Learning Research, 22(104):1-54, 2021.

Neil Jethani, Mukund Sudarshan, Ian Connick Covert, Su-In Lee, and Rajesh Ranganath. FastSHAP:
Real-time shapley value estimation. In International Conference on Learning Representations,
2022. URL https://openreview.net/forum?id=72g2G_VTV53T.

Minggqi Jiang, Saeed Khorram, and Li Fuxin. Comparing the decision-making mechanisms by trans-
formers and cnns via explanation methods. In Proceedings of the IEEE/CVF Conference on Com-
puter Vision and Pattern Recognition, pp. 9546-9555, 2024.

Ze Liu, Yutong Lin, Yue Cao, Han Hu, Yixuan Wei, Zheng Zhang, Stephen Lin, and Baining Guo.
Swin transformer: Hierarchical vision transformer using shifted windows. In Proceedings of the
IEEE/CVF international conference on computer vision, pp. 10012-10022, 2021.

11


https://openreview.net/forum?id=Zq2G_VTV53T

Under review as a conference paper at ICLR 2026

Zhuang Liu, Hanzi Mao, Chao-Yuan Wu, Christoph Feichtenhofer, Trevor Darrell, and Saining Xie.
A convnet for the 2020s. In Proceedings of the IEEE/CVF conference on computer vision and
pattern recognition, pp. 11976-11986, 2022.

Meike Nauta, Ron Van Bree, and Christin Seifert. Neural prototype trees for interpretable fine-
grained image recognition. In Proceedings of the IEEE/CVF conference on computer vision and
pattern recognition, pp. 14933-14943, 2021.

Weili Nie, Yang Zhang, and Ankit Patel. A theoretical explanation for perplexing behaviors of
backpropagation-based visualizations. In International conference on machine learning, pp.
3809-3818. PMLR, 2018.

Gregory Plumb, Maruan Al-Shedivat, Angel Alexander Cabrera, Adam Perer, Eric Xing, and Ameet
Talwalkar. Regularizing black-box models for improved interpretability. Advances in Neural
Information Processing Systems, 33:10526—-10536, 2020.

Marco Tulio Ribeiro, Sameer Singh, and Carlos Guestrin. Anchors: High-precision model-agnostic
explanations. In Proceedings of the AAAI conference on artificial intelligence, volume 32, 2018.

Andrew Slavin Ross, Michael C Hughes, and Finale Doshi-Velez. Right for the right reasons:
Training differentiable models by constraining their explanations. In Proceedings of the Twenty-
Sixth International Joint Conference on Artificial Intelligence, IJCAI-17, pp. 2662-2670, 2017.
doi: 10.24963/ijcai.2017/371. URL https://doi.org/10.24963/1ijcai.2017/371}

Alvin E Roth. Introduction to the shapley value. The Shapley value, 1, 1988.

Dawid Rymarczyk, Lukasz Struski, Michat Gorszczak, Koryna Lewandowska, Jacek Tabor, and
Bartosz Zieliniski. Interpretable image classification with differentiable prototypes assignment. In
European Conference on Computer Vision, pp. 351-368. Springer, 2022.

Thomas Schnake, Oliver Eberle, Jonas Lederer, Shinichi Nakajima, Kristof T Schiitt, Klaus-Robert
Miiller, and Grégoire Montavon. Higher-order explanations of graph neural networks via relevant
walks. IEEE transactions on pattern analysis and machine intelligence, 44(11):7581-7596, 2021.

Stephanie Schoch, Haifeng Xu, and Yangfeng Ji. Cs-shapley: class-wise shapley values for data
valuation in classification. Advances in Neural Information Processing Systems, 35:34574-34585,
2022.

Ramprasaath R Selvaraju, Michael Cogswell, Abhishek Das, Ramakrishna Vedantam, Devi Parikh,
and Dhruv Batra. Grad-cam: Visual explanations from deep networks via gradient-based local-

ization. In Proceedings of the IEEE international conference on computer vision, pp. 618-626,
2017.

Lloyd S Shapley. A value for n-person games. In Harold W. Kuhn and Albert W. Tucker (eds.),
Contributions to the Theory of Games II, pp. 307-317. Princeton University Press, Princeton,
1953.

Vivswan Shitole, Fuxin Li, Minsuk Kahng, Prasad Tadepalli, and Alan Fern. One explanation is
not enough: structured attention graphs for image classification. Advances in Neural Information
Processing Systems, 34:11352—-11363, 2021.

Karen Simonyan and Andrew Zisserman. Very Deep Convolutional Networks for Large-Scale Image
Recognition. In International Conference on Learning Representations, 2015.

Mukund Sundararajan, Ankur Taly, and Qiqi Yan. Axiomatic attribution for deep networks. In
International conference on machine learning, pp. 3319-3328. PMLR, 2017.

Mukund Sundararajan, Kedar Dhamdhere, and Ashish Agarwal. The shapley taylor interaction
index. In International conference on machine learning, pp. 9259-9268. PMLR, 2020.

Hugo Touvron, Matthieu Cord, Matthijs Douze, Francisco Massa, Alexandre Sablayrolles, and
Hervé Jégou. Training data-efficient image transformers & distillation through attention. In
International conference on machine learning, pp. 10347-10357. PMLR, 2021.

12


https://doi.org/10.24963/ijcai.2017/371

Under review as a conference paper at ICLR 2026

Che-Ping Tsai, Chih-Kuan Yeh, and Pradeep Ravikumar. Faith-shap: The faithful shapley in-
teraction index. Journal of Machine Learning Research, 24(94):1-42, 2023. URL http:
//imlr.org/papers/v24/22-0202.html.

Ashish Vaswani, Noam Shazeer, Niki Parmar, Jakob Uszkoreit, Llion Jones, Aidan N Gomez,
Lukasz Kaiser, and Illia Polosukhin. Attention is all you need. Advances in neural informa-
tion processing systems, 30, 2017.

Jesse Vig, Ali Madani, Lav R. Varshney, Caiming Xiong, richard socher, and Nazneen Rajani.
{BERT}ology meets biology: Interpreting attention in protein language models. In Interna-
tional Conference on Learning Representations, 2021. URL https://openreview.net/
forum?id=YWtLZvLmud7.

C. Wah, S. Branson, P. Welinder, P. Perona, and S. Belongie. The Caltech-UCSD Birds-200-2011
dataset. Technical Report CNS-TR-2011-001, California Institute of Technology, 2011.

Ross Wightman, Hugo Touvron, and Hervé Jégou. ResNet strikes back: An improved training
procedure in timm. CoRR, abs/2110.00476, 2021.

Eyal Winter. The shapley value. Handbook of game theory with economic applications, 3:2025—
2054, 2002.

Zhifeng Wu, Xiaohui Li, Luning Wang, Shendi Wang, Yufei Cui, and Jiahai Wang. Prototree-mil:
Interpretable multiple instance learning for whole slide image classification. In 2024 International
Joint Conference on Neural Networks (IJCNN), pp. 1-8. IEEE, 2024.

Romain Xu-Darme, Georges Quénot, Zakaria Chihani, and Marie-Christine Rousset. Sanity checks
for patch visualisation in prototype-based image classification. In Proceedings of the IEEE/CVF
Conference on Computer Vision and Pattern Recognition, pp. 3691-3696, 2023.

Matthew D Zeiler and Rob Fergus. Visualizing and understanding convolutional networks. In
Computer Vision—ECCV 2014: 13th European Conference, Zurich, Switzerland, September 6-12,
2014, Proceedings, Part I 13, pp. 818-833. Springer, 2014.

Hao Zhang, Xu Cheng, Yiting Chen, and Quanshi Zhang. Game-theoretic interactions of different
orders. arXiv preprint arXiv:2010.14978, 2020a.

Hao Zhang, Sen Li, Yinchao Ma, Mingjie Li, Yichen Xie, and Quanshi Zhang. Interpreting and
boosting dropout from a game-theoretic view. In International Conference on Learning Repre-
sentations, 2020b.

Zizhao Zhang, Han Zhang, Long Zhao, Ting Chen, Sercan O Arik, and Tomas Pfister. Nested
hierarchical transformer: Towards accurate, data-efficient and interpretable visual understanding.
In Proceedings of the AAAI Conference on Artificial Intelligence, volume 36, pp. 3417-3425,
2022.

Roland S Zimmermann, Judy Borowski, Robert Geirhos, Matthias Bethge, Thomas Wallis, and
Wieland Brendel. How well do feature visualizations support causal understanding of CNN acti-
vations? Advances in Neural Information Processing Systems, 34:11730-11744, 2021.

13


http://jmlr.org/papers/v24/22-0202.html
http://jmlr.org/papers/v24/22-0202.html
https://openreview.net/forum?id=YWtLZvLmud7
https://openreview.net/forum?id=YWtLZvLmud7

Under review as a conference paper at ICLR 2026

A APPENDIX

A.1 EFFECT OF SAMPLING PARAMETERS

We conduct an ablation study to analyze how the choice of the number of patch pairs A and number
of contexts C' affect the approximation of J(*). The study assesses the stability of the approximated
J*) using an instability metric (Deng et al.| [2022). Specifically, we calculate J*) separately for
each input image represented by a feature set NV as:

Eijen[lo®™ (i, 5)|]

JE (N = 2l 0< k<1, (6)
By [Eijenlld®) (i, )]
The overall instability of .J(*) was then computed as:
Eupiumn| I (N) — I (N
instability = Eyeqky | ool (V) @) (7)

E, 107 (N))|

where J*) (z) and g (z) represent the approximated values of .J(*)(N) at the u-th and v-th sam-
pling times, respectively. This instability metric helps quantify the variability in the approximation

of J(*) across different sampling iterations and interaction orders.
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Figure 8: The instability of J(*) w.r.t the number of patch pairs M and number of contexts C.

We evaluated the instability using a ResNet50 model trained on the ImageNet dataset. We conducted
two experiments to analyze how the number of sampled patch pairs M and number of sampled con-
texts C' affected instability. In the first experiment, we fixed the number of pairs at 100 and examined
the impact of varying the number of sampled contexts. Fig.[§]shows as the number of contexts in-
creased, the instability gradually declined. When the number of contexts reached 250, the instability
dropped to approximately 0.15, confirming that a sufficient number of sampled contexts improved
stability. Based on this result, we fixed the number of contexts at 250 in the second experiment and
varied the number of sampled patch pairs. Similarly, Fig. [8| shows that increasing the number of
sampled pairs reduces instability. Once the number of pairs surpassed 250, the instability dropped
below 0.15, indicating a stable approximation of interaction strength. These findings demonstrate
that our sampling strategy provides a reliable approximation of .J(¥).

Beyond assessing the stability of J(*), we also examine the storage requirements associated with
varying the number of patch pairs M and number of contexts C. Specifically, we track the disk space
used to store intermediate logits, which are saved as .npy files to prevent exceeding GPU memory
constraints. The evaluation follows a similar experimental setup as in the instability analysis. Fig.[]
shows that in the first experiment with 100 fixed patch pairs, as the number of contexts increases
beyond 250, storage requirements exceed 250GB. Likewise, in the second experiment with a fixed
number of 250 contexts, when the number of patch-pairs surpasses 250, storage usage exceeds
640GB. These findings highlight the substantial storage overhead introduced by larger sampling
choices, underscoring the trade-off between approximation stability and storage feasibility.

Selection of Optimal Parameters. Considering the trade-off between stability and storage con-
straints, we select the number of (4, j) pairs, M = 250 and number of contexts, C' = 250 as the
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Figure 9: The required storage for approximating J*) w.r.t the number of patch pairs M and
number of contexts C'.

optimal values for our evaluations. These settings ensure a stable approximation of .J¥) while keep-
ing storage requirements within a feasible range. Choosing smaller values risks increased instability,
whereas larger values lead to excessive storage consumption without significant gains in stability.
By adopting these optimal parameters, we strike a balance between computational efficiency and
reliable interaction strength estimation.

A.2 INTERACTION STRENGTH ESTIMATION COMPLEXITY

We analyze the time and computational cost required to estimate interaction strengths for a single
image. The total cost scales with the number of patch pairs M and the number of context sets C' sam-
pled per pair. For each (4, j) pair, C masked context variants are generated, and four forward passes
are required per context to compute [f(SU{i,j}) — f(SU{i}) — f(SU{j}) + f(S)]. Tab.
summarizes empirical runtimes and average FLOPs for two representative models—ResNet50 and
Swin-T—using 2 Nvidia H100 80GB GPUs.

Table 3: Interaction computation time and FLOP cost for one image. M: number of patch pairs; C":
number of context samples per pair.

Model GFLOPs M C  Time (s)

250 348.12

ResNet50 4.13 250 100 141.76
. 250 694.60
Swin-T 4.37 250 100 279.32

Tab. [3] shows that ResNet50 requires 4.13 GFLOPs per forward pass. For M = 250 and C' = 250,
computing interactions takes 348.12 seconds, in addition to 13.17 seconds for sampling contexts.
Reducing the number of contexts to C' = 100 lowers the interaction computation time to 141.76
seconds and sampling time to 5.32 seconds. Swin-T requires slightly higher cost per forward pass
(4.37 GFLOPs). For the same setting with M = 250 and C' = 250, interaction computation takes
694.60 seconds, while reducing to C' =100 lowers it to 279.32 seconds. Context sampling overheads
are identical to those of ResNet50. These results confirm that total cost grows linearly with both the
number of context samples and patch pairs, and that Swin-T incurs higher wall-clock time due to its
greater computational complexity per inference.

The computational cost of our framework can be flexibly controlled by adjusting the number of
patch pairs M and sampled contexts per pair C, allowing practitioners to trade off interpretability
resolution against runtime. For each image, the method requires (4 x M x C') forward passes,
resulting in a total cost of approximately 4M C x FLOPs, where the per-pass FLOPs depend on
the model architecture (e.g., 4.13 GFLOPs for ResNet50 and 4.37 GFLOPs for Swin-T). This linear
scaling makes the method tunable for different hardware budgets, and practical even on moderately
resourced systems. As expected, total runtime is further influenced by model-specific inference
complexity and GPU throughput, with larger architectures such as Swin-T exhibiting longer per-
image computation times.
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A.3 ADDITIONAL EVALUATION OF INTERACTION STRENGTHS ACROSS MODELS
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Figure 10: Multi-order interaction strengths for VGG19 trained on ImageNet.
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Figure 11: Multi-order interaction strengths for ResNet50-C1 and ResNet50-C2 trained on ImagNet.

ImageNet. Fig.|10] shows the interaction heatmap for VGG19. Like ResNet50, VGG19 exhibits
a distinctly bimodal structure, with the highest interaction strength concentrated at k¥ = 0 under
low-confidence predictions (5.58 when likelihood ratio < 50%) and a secondary rise at high orders
(k > 0.8), peaking at 4.21. However, interaction strengths across the middle-order range remain
minimal, reinforcing the presence of a representational bottleneck. This pattern highlights VGG19’s
strong reliance on either highly localized or fully global feature combinations, and its limited ability
to model interactions involving a moderate number of contextual variables.

Fig. [[T] and Fig. [I2] extend the interaction strength analysis to additional CNN variants and hybrid
architectures. ResNet50-C1 and ResNet50-C2 (Fig. continue to exhibit the characteristic low-
order peak seen in standard CNNs, with strong interaction strength at k& = 0 for low-confidence
predictions (4.97 for C1 and 4.62 for C2 when likelihood ratio < 50%). However, unlike VGG19
and standard ResNet50, the interaction distribution for C1 and C2 is less sharply bimodal. Specif-
ically, interaction strength at high orders (¥ > 0.9) is notably reduced, and mid-level orders (e.g.,
k € [0.2,0.6]) show modest increases in strength, suggesting a mild shift toward more distributed
reasoning. This hints at a partial relaxation of the representational bottleneck, though the core CNN
limitation of reduced capacity for encoding interactions at intermediate orders remains evident.

ResNet50-D and ConvNeXt-T (Fig. [I2) continue this progression. Like ResNet50-C1 and C2,
ResNet50-D shows a strong interaction peak at & = 0 under low-confidence conditions (3.30 for
likelihood ratio < 50%), but the drop across middle orders is less severe, and high-order interactions
are slightly diminished. This reflects a gradual shift toward more distributed interactions without
fundamentally departing from the representational limitations of conventional CNNss.

ConvNeXt-T, on the other hand, demonstrates a noticeably different interaction profile. While it
retains a low-order peak (3.75 at £ = 0 for low-confidence inputs), it sustains stronger interaction
strengths across the middle-order range (k € [0.1,0.6]) and shows only a mild rise at high orders.
This distribution indicates a more balanced encoding of interactions which are less dependent on
isolated or extreme contexts, suggesting improved capacity for mid-level feature integration. These
trends are consistent with ConvNeXt’s architecture, which replaces ReLU with GELU, BatchNorm
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Figure 12: Multi-order interaction strengths for ResNet50-D and ConvNeXt-T trained on ImagNet.

with LayerNorm, and introduces depthwise convolutions with large kernel sizes—features adapted
from Transformer models that likely contribute to its more compositional reasoning behavior.
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Figure 13: Multi-order interaction strengths for Nest-T and PiT-S trained on ImagNet.
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Figure 14: Multi-order interaction strengths for DeiT-S trained on ImagNet.

Fig. 13| presents interaction heatmaps for Nest-T and PiT-S, which follow the typical behavior seen
in Transformer-based models such as Swin-T and DeiT-S. Both exhibit a more balanced interaction
distribution compared to CNNs, with meaningful interaction strength maintained across intermedi-
ate orders (k € [0.1,0.6]), even at higher confidence levels. For instance, Nest-T peaks modestly at
k = 0 under low-confidence conditions (2.27), and sustains elevated interaction strengths through
middle orders as confidence increases. PiT-S shows a similar pattern with a relatively mild peak
at order 0 (2.60), and strong contributions at high orders (e.g., 3.78 at £k = 1.0), underscoring its
ability to engage distributed features across the spatial extent of the image. These trends reinforce
the earlier observation that self-attention architectures favor compositional and context-aware rep-
resentations, distributing interactions more evenly rather than relying on extremes.

Fig.[I4]shows the interaction heatmap for DeiT-S. Consistent with other Transformer-based models,
DeiT-S displays a more distributed interaction pattern, with significant strength across a broad span
of intermediate orders (k € [0.2,0.7]). While the interaction strength still peaks at & = 0 under

17



Under review as a conference paper at ICLR 2026

low-confidence predictions (3.41), the increase is less pronounced than in CNNs, and middle-order
contributions remain substantial across all confidence tiers. This distribution supports the model’s
capacity for context-dependent reasoning and confirms that DeiT-S maintains the Transformer trait
of avoiding sharp reliance on low or high extremes—favoring instead a smoother, compositional
integration of features across the input.
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Figure 15: Multi-order interaction strengths for DeiT-S-dis and PiT-S-dis trained on ImagNet.

£
8 {0.00|0.58 [0.94(0.96 | 1.05 | 1.03| 0.97 | 0.82 | 0.72 | 0.74 [ 0.95 | 1.25 [ 3.00 | [I-8
N
s _ -7
-8
& 24000071 |112(1.16(1.47| 152|146 |1.30|1.24|1.02 | 0.99 | 1.01 [ 0.00| | ¢
=N
a
e g 3
T £ 40.00(089|1.19|1.29|154|1.61(1.53|1.27 121|087 |0.510.79 | 0.00
e a4
E N
33 3
£ 2 {0.01|110|1.34| 141157 |1.63| 1.46 [ 1.22 1.14 | 0.75 | 0.69 | 0.65 | 0.00
s
& -2
3
aﬂl.os 0.61|0.40 [ 0.34 | 0.32| 0.33 [ 0.29 | 0.30 | 0.19 | 0.18 [ 0.17 | 0.00| -1
A
T T T

T T T T T T T T T -0

0 005 0.1 02 03 04 06 07 08 09 095 10

Ordelrstk)
Figure 16: Multi-order interaction strengths for LeViT-256 trained on ImagNet.

In contrast, the interaction profiles of the distilled Transformer variants (Fig. [I5] and Fig. [I6) re-
semble those of classical CNNs. DeiT-S-dis exhibits a sharp spike at order 0 under low-confidence
settings (6.55), with significantly diminished strength across both mid and high orders. Similarly,
PiT-S-dis peaks at 3.43 for k = 0, followed by a steep decline across the context spectrum. LeViT-
256 further amplifies this trend, showing an extreme low-order peak of 8.77, surpassing even the
highest values seen in ResNet50 and VGG19, while mid and high-order interactions are nearly ab-
sent. This shift mirrors the dual-peak structure noted in CNNs and suggests that distillation, while
effective for compressing or simplifying models, may inadvertently reintroduce a representational
bottleneck. The return to low-order dominance highlights a potential trade-off introduced by distil-
lation: it may aid efficiency and training stability, but appears to constrain the model’s capacity for
compositional, multi-part reasoning.
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Figure 17: Multi-order interaction strengths for ResNet50 and Swin-T trained on CUB-200-2011.
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CUB-200-2011. Fig. shows that ResNet50 on CUB-200-2011 exhibits significantly higher .J(*)
values, across a wide range of mid to high orders k, compared to ImageNet, suggesting a more
distributed reasoning process involving multiple features. This behavior likely reflects the increased
modeling demands of the fine-grained recognition task. On the other hand, Fig.[T7b|shows that Swin-
T on CUB-200-2011 exhibits a shift in its multi-order interaction strength toward order O under low-
confidence settings. This suggests that, when uncertain, the Transformer defaults to localized low-
order spatial contexts rather than engaging in compositional reasoning. These results highlight that
the proposed multi-order interaction strength effectively captures how the task domain—fine-grained
versus general classification—influences the reasoning mechanisms of different architectures.

A.4 ADDITIONAL REGULARIZATION ON CUB-200-2011

Table 4: Subexplanation counts of ResNet50 on CUB-200-2011

Subexplanation Counts Across Softmax Confidence Ratios

Training > 80% > 70% > 60% > 50%
Standard 11.6 26.4 43.0 67.6
L=(0.7,1) reg. 59.9 96.3 127.0 164.0

Tab. @] reports subexplanation counts of ResNet50 on CUB-200-2011 across varying softmax confi-
dence ratios. As with ImageNet, training with L~ (0.7, 1) regularization substantially increases the
counts compared to standard training, indicating a shift toward compositional mid-order reasoning.

A.5 ADDITIONAL PART-BASED EVALUATION OF INTERPRETABILITY ON CUB-200-2011

While the main paper evaluates interpretability in terms of prototype overlap with the annotated
object bounding boxes, here we provide an additional part-based analysis leveraging the richer an-
notations available in CUB-200-2011. Specifically, since CUB includes keypoint annotations for 15
bird parts, we can assess alignment at a finer granularity that corresponds to semantically meaningful
object components—especially important in fine-grained classification settings where recognizing
characteristic object parts (e.g., beak, wing, tail) is essential.
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Figure 18: (a) Example of true and false positives for the part-based interpretability metric. Red
boxes are ground truth examples - body part bounding boxes for CUB-200-2011. Yellow boxes are
prediction examples (mapped prototypes). (b) Part-based interpretability precision comparison (IoU
{, 0%) of mapped prototypes for standard and regularized ProtoTree.

For this analysis, we construct square part regions centered at each annotated keypoint. The side
length of each square is scaled relative to the object size by setting its diagonal to 5%, 10%, 15%,
and 20% of the object’s bounding box diagonal. This scaling allows us to systematically evaluate
how closely each prototype activation aligns with semantically meaningful bird parts across varying
levels of spatial tolerance. As illustrated in Fig.[I8a] yellow boxes indicate prototype activations, and
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Figure 19: Part-based interpretability precision comparison of mapped prototypes for (a) standard
and (b) regularized ProtoTree on CUB-200-2011

red boxes denote ground-truth part regions. The top activation overlaps with a part and is counted
as a true positive, while the bottom one falls outside all part boxes and is treated as a false positive.

Figure [T8b| presents part-based interpretability precision computed under a simplified evaluation
criterion that counts any overlap between a prototype and a ground-truth part region (i.e., IoU ¢ 0%)
as a true positive. This summary captures the general trend across different part box sizes, showing
that the regularized ProtoTree consistently outperforms the standard version. While both models
improve as part boxes grow, the regularized ProtoTree maintains a clear lead across all scales.

To more rigorously evaluate interpretability across different spatial tolerances and matching strin-
gency, Figure [T9]reports precision heatmaps for both models over multiple part box sizes (x-axis)
and IoU thresholds (y-axis). For each prototype, we identify its top-matching image patch from the
training set and evaluate its overlap with the annotated part regions. A true positive is counted if the
prototype’s matched region overlaps with any annotated part region at the specified IoU threshold.
The regularized ProtoTree consistently achieves higher precision across nearly all settings, partic-
ularly at lower IoU thresholds and larger part boxes. While precision gains diminish as thresholds
become more stringent, the regularized ProtoTree outperforms the standard one in the majority of
conditions. It is slightly lower only in a few settings, such as when the part box diagonal is 15% of
object bounding-box diagonal and IoU > 75%, or when the diagonal is 20% with IoU > 65%. These
results reinforce our hypothesis that directing the model’s attention toward smaller, more structured
contextual scopes improves its ability to associate prototypes with specific, part-level structures.
This effect is particularly beneficial for fine-grained recognition, where interpretability hinges on
accurately attending to subtle, localized differences across categories.

A.6 QUALITATIVE PROTOTYPE-TO-REGION ALIGNMENT EXAMPLES

To further illustrate the structured interpretability improvements introduced by multi-order inter-
action modeling, we provide additional qualitative comparisons of ProtoTree explanations on test
images. For each example, we compare the decision path of the standard ProtoTree with that of
the regularized ProtoTree. Each path consists of a sequence of prototypes matched to regions in
the test image. As shown, the standard ProtoTree frequently activates on vague or background re-
gions, whereas the multi-order ProtoTree tends to align with semantically meaningful bird parts,
suggesting improved part-awareness and more grounded explanations.

Fig. [20] presents qualitative comparisons of ProtoTree explanations for two test images from
ImageNet-200 and CUB-200-2011, highlighting the differences in prototype-to-region alignment
between the standard and regularized ProtoTree models. Green boxes indicate matches that align
with annotated foreground or part regions, while red boxes mark vague or misaligned activations. In
the first example (204), the standard ProtoTree misclassifies an ox image as a “space heater”, with its
decision path dominated by prototypes that match grass textures and irrelevant background features.
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(a) Local explanation comparison for an ox image from ImageNet-200.
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(b) Local explanation comparison for a Hooded Warbler bird image from CUB-200-2011.

Figure 20: Local explanations from standard and regularized ProtoTree models on (a) ImageNet-200
and (b) CUB-200-2011. Each explanation panel contrasts standard (top) and regularized (bottom)
models. Green boxes indicate semantically meaningful, human-aligned prototype matches, while
red boxes denote vague or misaligned activations. The regularized model yields more focused, part-
relevant matches (e.g., fur texture and animal-on-grass for the ox, head and belly regions for the
bird), while the standard model often attends to background or mismatched regions.

In contrast, the regularized ProtoTree aligns its prototypes with semantically meaningful parts of
the object, including fur patterns and animal-on-grass regions, leading to the correct classification
and a more coherent explanation. In the second example @, taken from CUB-200-2011, the
standard ProtoTree again activates on background textures and mismatches a bird head prototype to
the tail region. Meanwhile, the regularized ProtoTree matches two distinct head prototypes to the
bird’s head and a yellow body-pattern prototype to the yellow belly area, yielding more focused and
biologically meaningful evidence.

Figure 21| provides local explanation examples for two test images from the CUB-200-2011 dataset,
comparing the reasoning paths of the standard and regularized ProtoTree models. In the first ex-
ample (2Ta[2Tb), the standard ProtoTree activates on background-like prototypes, one of which is
matched to the bird’s face in the test image, and another to an irrelevant background region. In con-
trast, the regularized ProtoTree routes its decision through prototypes that clearly represent class-
relevant features such as the bird’s belly and head, with matching patches in the test image showing
strong semantic alignment. In the second example (ZIc|2Td), the default ProtoTree initially routes
the image through a series of vague or background-focused prototypes. One prototype activates on
a background region in the test image, while another incorrectly matches the bird’s body. In con-
trast, the regularized ProtoTree starts with a precise match between a prototype of a bird head and
the corresponding region in the test image, followed by additional semantically consistent matches
across the bird’s body.

Overall, these examples demonstrate that suppressing extreme high-order interactions encourages
ProtoTree to rely on more focused, part-aligned visual evidence. By steering decisions toward se-
mantically meaningful regions and away from vague or background features, the regularized model
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Figure 21: Local explanations from standard and regularized ProtoTree models on CUB-200-2011.
Each explanation panel contrasts standard (top) and regularized (bottom) models.

produces explanations that are both more coherent and structurally grounded. This effect is particu-
larly beneficial in fine-grained recognition tasks, where subtle part-level differences determine class
distinctions, and it complements the quantitative improvements reported in the main paper.

A.7 ADDITIONAL INTERACTION STRENGTH PLOTS FOR TRANSFORMERS
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Figure 22: Multi-order interaction strength across for Swin-T and Nest-T on ImageNet.
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Figure 23: Multi-order interaction strength across for DeiT-S and PiT-S on ImageNet.

A.8 THE USE OF LARGE LANGUAGE MODELS

Large language models (LLMs) are only used to aid or polish writing at the word or sentence level.
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