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Abstract

We study multi-agent reinforcement learning (RL) where agents cooperate through
asynchronous communications with a central server to learn a shared environ-
ment. Our first focus is on the case of multi-agent contextual bandits with general
function approximation, for which we introduce the Async-NLin-UCB algorithm.

This algorithm is proven to achieve a regret of 5(\/ T dimg(F)log N(F)) and a

communication complexity of O(M? dimg(F)), where M is the total number of
agents and 7 is the number of rounds, while dimg(F) and N (F) are the Eluder
dimension and the covering number of function space F respectively. We then
progress to the more intricate setting of multi-agent RL with general function ap-
proximation, and present the Async-NLSVI-UCB algorithm. This algorithm enjoys

a regret of O(H?2/K dimg(F)log N(F)) and a communication complexity of

O(HM? dimg(F)), where H is the horizon length and K the number of episodes.
Our findings showcase the provable efficiency of both algorithms for collaborative
learning within nonlinear environments and minimal communication overhead.

1 Introduction

Multi-agent reinforcement learning (RL) is an important paradigm in RL, and has been successfully
applied to real-world tasks such as robotics [Williams et al., [2016} [Liu et al., 2019} Ding et al., 2020,
Liu et al., 2020, |[Na et al.,[2022]], games [Vinyals et al., [2017, Berner et al., |2019| Jaderberg et al.|
2019, [Ye et al., [2020], and control systems [[Bazzan, [2009, |Yu et al., 2014} 2020, |[Min et al.| 2022} | Xu
et al.,|2023]]. By learning cooperatively, agents benefit from sharing learning experiences, enabling
them to collectively enhance their decision-making capabilities. This collaborative process is usually
accomplished through the utilization of a central server, whose task is to aggregate local data and
deliver feedback for the agents.

There has been an excellent line of work establishing provably efficient algorithms for multi-agent
bandits and RL. However, most existing works are restricted to the synchronous setting, where com-
munications between all agents and the server must happen simultaneously. This is impractical since
in many scenarios the availability of agents may vary and be unpredictable. Ideally, communication
should be allowed to happen asynchronously to offer the agents more flexibility. [He et al.|[2022] and
Min et al.|[2023]] studied this setting respectively for linear contextual bandits and linear Markov
Decision Processes (MDPs), both of which assumes linearity in the environment, and introduced
algorithms with low regret and communication cost. Yet the linear function class is quite limited, and
does not encompass practical reinforcement learning scenarios where nonlinearity is prevalent.

To address the aforementioned drawback, in this work, we tackle environments with general function
approximation, broadening the applicability of the algorithm to more realistic and complex scenarios.
We first delve into multi-agent contextual bandits with general function approximation, where multiple
agents interact with homogeneous environments in parallel to solve a common objective. Notably,
the communication protocol is designed to be flexible and asynchronous, allowing agents to initiate
communication with the server and acquire new policy functions whenever the need arises. The
primary objective is to minimize total regret while reducing communication cost as much as possible.
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We propose an algorithm Async-NLin-UCB, which adapts a fully asynchronous communication
protocol, and leverages various methods for tackling nonlinear function approximation. Despite the
flexibility of communication, our algorithm performs almost as well as a single agent, in terms of a
regret that is mostly independent of the number of agents and a low communication cost.

We then progress to multi-agent RL with general function approximation under similar requirements
and objectives. We propose an algorithm named Async-NLSVI-UCB based on Least-Squares Value
Iteration (LSVI) to learn the underlying Markov decision processes (MDPs), which demonstrates
similar advantages with provably low regret and communication cost.

Our main contributions are summarized in the following:

¢ For asynchronous multi-agent nonlinear contextual bandits, we propose the algorithm
Async-NLin-UCB, which enjoys an O(/T dimp(F)log N(F) + dimg(F)) regret and an

O(M? dimg(F)) communication complexity, where dimz(F) and N (F) are respectively the
Eluder dimension and the covering number of function space F.

* For asynchronous multi-agent nonlinear MDPs, we propose the algorithm Async-NLSVI-UCB,
which enjoys an O(H?/K dimg(F)log N(F) + H?dimg(F)) regret and a communication
complexity of O(H M? dimg(F)).

* At the core of our algorithm, we design a communication criterion in order to tackles the challenges
posed by both asynchronous communication and the nonlinearity of function approximation. To

guarantee a low communication cost, we propose a low switching communication criterion that
allows the agent to trigger communication rounds.

* We carefully design our download content from server to local agents, which consist only of
decision and bonus functions, with no mention of any specific historical data. This effectively
protects user data against exposure by disallowing local users from obtaining the data of others.

Notation. We use lower case letters to denote scalars. We denote by [n] the set {1,...,n}. For
two positive sequences {a,, } and {b,} withn = 1,2,..., we write a,, = O(b,,) if there exists an
absolute constant C' > 0 such that a,, < Cb,, holds for all n > 1. We use O(-) to further hide the
polylogarithmic factors. For two non-negative integers a, b satisfying a < b and a sequence {s; }
indexed by integers i, we use s[4.5] to denote the subsequence {SasSat1s " s Sp}-

2 Related Work
2.1 Multi-Agent Bandits

First, there is a multitude of previous work on distributed or federated multi-armed bandits and
stochastic linear bandits [Liu and Zhaol [2010,|Szorenyi et al., 2013} [Landgren et al.,|2016| (Chakraborty
et al., 2017, Landgren et al.,|2018| |Martinez-Rubio et al., 2019, |Sankararaman et al., 2019, Wang et al.,
2020alcl [Zhu et al., 2021} [Huang et al.,2021]. For the more realistic setting of contextual bandits, most
previous work are within the scope of linear contextual bandits with synchronized communication.
Korda et al.|[2016]] introduced two novel distributed confidence ball (DCB) algorithms for linear
bandit problems in peer-to-peer networks. Wang et al.|[2020c]] considered both P2P and star-shaped
communication, achieving near-optimal regret and low communication cost that is largely independent
of the time horizon in their algorithm DisLinUCB. Dubey and Pentland| [2020] proposed FedUCB,
an algorithm focusing on differential-privacy.

L1 and Wang| [2022] first considered an asynchronous communication protocol and proposed the
algorithm Async-LinUCB with near-optimal regret, yet the algorithm contains a download step
for all agents triggered by the central server. Their results are flexible and contains a parameter to
control the trade-off between regret and communication cost. He et al.|[2022] improved the setting
to a fully asynchronous communication, proposing the algorithm FedLinUCB with near-optimal
regret of O(d+/T') and low communication cost of O(dm?), comparable to the benchmark in single-
agent contextual linear bandits [Abbasi-Yadkori et al.,[2011]]. We consider the same communication

protocol in our results. A summary of these results along with ours can be found in the first four rows
of Table[dl

2.2 Multi-Agent RL

Multi-agent reinforcement learning is decidedly more challenging than contextual bandits. There is
also a vast literature on this setting, with many works discussing different aspects of multi-agent RL
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Algorithm Regret Communication asyfgﬁiﬁm
DisLinUCB d\/Wlogg T A3 M3/2 X

[Wang et al.LZOZOC]
Async-LinUCB

(Li and Wang, 2022] dM=/2/Tlog T dM'*7 log T 4
[HF: jﬂ;fl‘;gle dyTlogT dM21og T v
e an e dmplogNTlogT  dimp M2log> T v
Coop-LSVI 3/9 772 5
(Dubey and Pentland, 2021] d*PH*VMK log K dHM X
Async-Coop-LSVI-UCB P22 KTog K JHM? log K /

([Min et al.} 2023
Async-NLSVI-UCB
(ours)

Vdimglog NH2VKlog K dimg HM?log® K v

Table 1: Comparison of our result against baseline methods for multi-agent contextual bandits and
MDPs. Note that the first four rows are for contextual bandits, and the last three are for reinforcement
learning. Only our algorithms are in the general function approximation setting. We abbreviate
dimpg = dimg(F) and N = N(F), and hide logarithmic factors. For algorithms with synchronized
communication, each communication round actually corresponds to M rounds in asynchronous
settings, which explains the extra M terms.

than ours. For example, there are works focusing on convergence guarantees [Zhang et al., 2018blal
Wai et al.| 2018]], non-stationary or heterogeneous environments [Lowe et al., 2017, Yu et al., 2021},
Dubey and Pentland, 2021} |[Kuba et al.} 2022} [Liu et al., 2022, Jin et al.| |2022]], and deep federated RL
[Clemente et al., 2017, Espeholt et al., 2018} [Horgan et al.| 2018, Nair et al., {2015, |Zhuo et al., 2019],
to name a few. We refer to a recent survey on federated reinforcement learning Qi et al.|[2021]] for a
more comprehensive summary.

Narrowing it down to multi-agent RL with function approximation, the benchmark is the LSVI-UCB
algorithm in the single-agent setting [Jin et al., [2020], with an O(d*/? H?\/K) regret. Dubey and
Pentland| [2021]] proposed CoopLSVI for multi-agent linear MDPs, which requires a synchronized
communication through central server, and proves a regret of O(d®/2 H?+/M K ). They also extended
their result to the heterogeneous setting. [Min et al.|[2023|] considered the fully asynchronous setting
and introduced the Async-Coop-LSVI-UCB algorithm, with a O(d®/2 H?+/K) regret not dependent
on the number of agents M, as well as a low communication cost. A summary of these results along
with ours can be found in the last three rows of Table[Il

2.3 General function approximation

Reinforcement learning with general function approximation extends the well-studied case of linear
MDPs to more general classes of MDPs, and has gained a lot of traction in recent years [Wang et al.|
2020b, Jin et al., 2021} [Foster et al., 2023 |Du et al.l 2021} |Agarwal and Zhang, 2022, |Agarwal
et al.| 2023]]. Previous works focus on different measures of complexity for the function classes, for
example the Bellman rank proposed by Jiang et al.|[2017]], the Bellman Eluder dimension introduced
inJin et al.[[2021]], the Decision-Estimation Coefficient in [Foster et al.|[2023]], and generalized Eluder
dimension in|Agarwal et al.[[2023]]. Our work considers the Eluder dimension with the introduction
of uncertainty estimators D?, which has been widely utilized to establish results in RL with general
function approximation [[Agarwal et al., 2023| [Zhao et al.| 2023 |Ye et al., 2023} D1 et al., 2023].

3 Preliminaries

In this section, we introduce the formal definition of both multi-agent nonlinear contextual bandits
and MDPs and some related concepts, and discuss the asynchronous communication protocol.

3.1 Multi-Agent Contextual Bandits with General Function Approximation

We assume a global action set .4 that is known to all agents. At each round ¢ € [T, a single arbitrary
agent m; € [M] is chosen to participate. The agent receives a contextual decision set A; C A and
chooses from the set an action a; € A; to perform, and subsequently receives a random reward 7.
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The assumption of general function approximation is that the reward is generated according to
re = f*(a) +ne, (H

where f* is the ground truth objective function, and 7 is a random noise variable. We assume the
the objective function lies within a known function class F. In addition, we also make the following
assumptions regarding the function class and noise variables, which are standard assumptions for
contextual bandits [[Abbasi-Yadkori et al., 2011} [He et al., 2022]:

Assumption 3.1. Suppose the following conditions hold for the contextual bandits environment:
e Forany f € Fanda € A, |f(a)| < 1;
* 1 is R-sub-Gaussian conditioned on data history: E [e)‘”t |a1:t, mi.g, 7"1:,5_1] < exp(R2A\?/2), V).

Learning Objective. The primary goal of contextual bandits is to minimize the cumulative regret

Reg(T) = Y1, [f*(ar) — maxaea, f*(a)].

Notice that this summation is across all time steps does not depend on agent participation order,
as should be the case for the resulting regret bound. To achieve this goal, agents are allowed to
communicate with the server to upload their interaction history and update their policy. The secondary
learning objective is to reduce communication overhead. We will explain the communication protocol
further in Section 3.4

3.2 Multi-Agent Episodic MDPs with General Function Approximation

We consider episodic MDPs, which are a classic family of models in reinforcement learning [[Sutton
and Bartol 2018]]. It is characterized by the following elements, which we assume to be homogeneous
across all agents: a state space S, an action space A, the horizon length H, transition probability
functions P = {Py(-|-,-)}L, and reward functions {r,(-,-)}_,). Similar to the bandit case,
for each episode k = 1,--- , K, a single agent m = my is chosen to participate. An episode
k begins with an initial state s’f, which is drawn from an unknown fixed distribution. Then for
steps h = 1,--- , H, the participating agent m selects an action af based on the observed state
sﬁ After each action, the agent receives a reward r}’j = rh(sﬁ, aﬁ), where 7, : S x A — R s the
reward function at step h. Here for the sake of convenience, we assume the reward function to be
deterministic, but it is not difficult to generalize our result to stochastic rewards. We also assume
rp(s,a) € [0,1] for all (s,a) € S x A without loss of generality. The environment then transitions
to the next state according to ¥, ~ Py (:|s}, afr), where [P is the transition probability at step h.
The episode terminates when 77 is observed.

The strategy an agent employs to interact with the environment is called the agent’s policy, which can
be described by a set of decision functions m = {mp, }/L |, where 75, : & — A is the decision function
at level h, mapping the current state to an action to select.

Value Functions. For any policy 7 = {7}, }, we define Q-value functions and V'-value functions:

Qr (sn,an) =E |00 _prw (sw, an)

Sh’ah}’ Vi (sn) == E | _prn (swr, anr)

3h:| v @

where the expectation is taken over the trajectory (s1,a1,- - , Si, ap), determined by the transition
probability functions P and policy 7. The optimal strategy 7* is the maximizer of the value functions:

7" := argmax, V" (s1),Vs1.

We also have optimal value functions )} := QZ and V;© = V/© ", which satisfy Bellman equations
Qn(snyan) = ra(sn,an) + E[Viy 1 (she1)|sh,an], Vi (sn) = maxaea Q} (s, a). 3

Function Approximation. We approximate @-value functions with function classes {7} |
which contain real value functions with domain S x .A. One basic assumption is that Q; € JFy, for
all steps h € [H]. Now with the convention that functions at level H + 1 are uniformly zero, i.e.,
fr+1 = 0, we define the Bellman operator 7Tj,:

(Thfni1)(snyan) := E[rn(sn, an) + for1(sni1)|sn, an],

and we expect 7, to map any function in Fp4 to a function in Fp, i.e., TpFp+1 C Fp. This is
called the completeness assumption, which is a fundamental assumption in RL with general function
approximation [Wang et al.,|2020b, Jin et al., 2021]].
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Learning Objective. The primary goal in multi-agent MDPs is to minimize the cumulative regret
over K episodes

_ K k Tm, k k
Reg(K) =3, [Vl*(sl) -V (51)]7
where 7y, 1 is the policy of agent m = my, at round k, while the secondary objective is to minimize
the communication cost.

3.3 Eluder Dimension and Covering Number

To measure the complexity of the learning objective, Russo and Van Roy|[2013] first proposed the
concept of Eluder dimension, which we define below.

Definition 3.2 (e-dependence). For a function class F on domain D, a point z € D is e-dependent
on Z C D if, for any f1, fo € F satisfying \/ZZ’EZ (fl(z’) _ f2(z/))2 < ¢, it must hold that

|f1(2) — f2(2)] < e. Accordingly, z is e-independent of Z if it is not e-dependent on Z.

Definition 3.3 (Eluder dimension). The e-Eluder dimension dimg(F, €) is the length of the longest
sequence of elements in D satisfying that, for some €, > €, each element is eyp-independent of the set
consisting of its predecessors.

It has been demonstrated that the Eluder dimension roughly corresponds to regular dimension
concepts in linear and quadratic cases [Russo and Van Roy, [2013]], and that the Eluder family is
strictly larger than the generalized linear class [Li et al., | 2022]]. Note that our Eluder definition can be
applied to either the contextual bandit case with D = A or the MDPs case with D = S x A.

We also introduce covering number for function classes [Wainwright, 2019] in the following:

Definition 3.4 (Covering number). An e-cover of F is any subset F. C F such that for any f € F,
there exists f' € F that ||f — f'|lc < €. The covering number of F, denoted by N(F,¢), is the
minimal cardinality of its e-cover.

3.4 Communication Protocol

We consider a star-shaped communication model [He et al 2022, [Min et al.; 2023]], where the agents
communicate through a central server to collaborate. To ensure asynchronous communication, we
mandate that all communications must be initiated by a participating agent. Specifically, at the end of
a time step / episode, the agent will decide whether or not to trigger a communication round. If so,
the agent uploads its local data history and receives some global data for future decision making. The
communication cost is the total number of communication rounds initiated by the agents.

One variability is the form of global data that the communicating agent downloads from server. It
may be tempting to have the server send all its stored trajectories to the agent for future decision
making, but this will unnecessarily expose other agents’ data to the current participating agent. We
will come back to this issue and our solution in Section

4 Multi-Agent Contextual Bandits

In this section, we introduce the Asynchronous Nonlinear UCB (Async-NLin-UCB) algorithm
designed for multi-agent contextual bandits with general function approximation, and provide a
theoretical result for its regret and communication cost.

4.1 Algorithm: Async-NLin-UCB

Algorithm | takes as input the total number of time steps 7', regularization parameter \, communica-
tion parameter o and exploration radii {3}~ ;.

In the algorithm, there are some variables that go through different versions as ¢ progresses through
1,---,T. For clarity, here we give them an extra subscript ¢ to denote the version of that variable
before (not included) the least squares calculation on Line @] at round ¢.

Throughout the learning process, the server maintains a global history set Z;* that stores action-
reward pairs (a,r) € A x [0, 1], initialized on Line[2]and updated only during communication rounds.
Each local agent m maintains a decision function f,, ; for taking action, a bonus function b,, ; for
checking communication criterion, and a local data history set Z!%,, all initialized on Line 3} Each
step of Algorithm[T]contains two parts: local exploration and server updates.

Part I: Local Exploration. At step ¢ a single agent m = my is active (Line[5). It receives a decision
set, finds the greedy action according to its decision function f,, ¢, receives a reward, and updates its

local dataset Z}%‘;t (Lines|5|- .
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Algorithm 1 Async-NLin-UCB

1: Imput: total number of rounds 7', parameters A, o, B; fort =1,...,T.

2: Server init: Set 75 = &.

3: Local init: For all m € [M], set f,, = 1, b, = Ba(@, F; A\, B) and Z° = &.

4: fort=1,...,T do

5:  Agentm = my € [M] is active.

6:  Receive decision set A; C A and take action a; € argmax,cp, fm(a) and receive reward r;.
7

8

Update local history Z!% = Z1°¢ U {(a,, 1)}
if switch condition (@) is met then

9: Send new data Z!% to server.
10: on server:
11: Update Z%" = Z%r U Z1o°,
12: Calculate f according to (3)) and the bonus function b = B4 (Z%, F; A, ).
13: Send f + b and b to agent m.
14: end of server R
15: Agent m receives decision and bonus functions f,,, = f + b, b, = b, then set Z1% = &.
16:  endif
17: end for

After exploration, the agent checks if the switch condition is true using its bonus function:
S amezss, Vs@)/ (B2 +2) > a, )

where ¢’ is the last time step when agent m communicated with the server. If so, the agent initiates a
communication round and uploads its local data (Line[J), prompting the server to begin global policy
updates. We will discuss the reasons behind this switch condition in Section4.2]

Part II: Server Updates. After receiving a new local data history from an agent, the server merges
the data into its global dataset Z;*" (Line , and calculate a function f;; € F which minimizes
the sum of squares error according to the current dataset Z;* (Line|[12):

—~ ) 2

frer =argmingcz 37, e e (f(a)—7)". %)
The next step is to obtain a bonus function b, from the oracle B 4 from Deﬁnition (Line 2?).
We discuss the specifics of this construction in detail up next in Section Finally, the server sends
the optimistic value function f;;1 + b.+1 and the bonus function b, back to agent m for future
exploration and updates; agent m also resets its local data history to an empty set (Lines [I3]and [I3).

4.2 Uncertainty Estimators and Bonus Functions

In this section, we introduce uncertainty estimators and bonus functions, and give a detailed explana-
tion for our communication criterion (). Most of these apply to the MDPs setting as well.
Uncertainty Estimators. First we define the uncertainty estimator of new data a against data history
Z, which is considered in many works on bandits and RL with general function approximation
[Gentile et al.; 2022, |Agarwal et al.| 2023

Dir(a; Z) = supy, poer | fi(a) = fz(a)l/\//\ + 2o myez | f1(a) = fal@)?, (©)

here A is the regularization parameter, F is a function class. Intuitively, the uncertainty estimator
measures the difference between functions on new data a against the difference on historical data Z.
Switch Condition Based On Uncertainty Estimators. The determinant-based criterion is a
common technique used in contextual bandits and RL with linear function approximation to reduce
policy switching or communication cost [[Abbasi-Yadkori et al) [2011]]. For nonlinear function
approximation, one can use uncertainty estimators to formulate a new form of switch condition:

Z(av"')ezzew D/2\s]:(a’ Z)‘ﬁ)]d) 2 . (7)

where we use Z™" and Z{' to denote newly accumulated data and old historical data. This criterion
has a similar function as the determinant-based criterion in linear settings. Parameter « controls
communication frequency: smaller « indicates more frequent communication, more accurate decision
functions and smaller regret, thus implying a trade-off between regret and communication cost.
Bonus Function Oracle. Next, we introduce bonus functions obtained through oracles that
approximate the uncertainty estimators.
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Definition 4.1 (Bonus Function Oracle Bp). Given domain D, the oracle Bp(Z, F; A, 3) takes the
following as inputs: a dataset Z consisting of a series of data points (z, ¢), where z € D and e is some
additional data content; function class F with functions f : D — R>; regularization parameter A
and exploration radius 3. It returns a function b € Wp : D — R satisfying for any z € D that

* b(2) ZmaX{’fl 2) = fo(2)] : f1s f2 € F, X oyez (1(2) —fz(z))2 §52}9
'D,\]:ZZ <b /\/52 )\<CBD)\]:ZZ)

where Cp is an absolute constant.

Remark 4.2. Similar bonus function oracles have been proposed in previous works (Definition 3
in |Agarwal et al.| [2023]]). The accessibility of these oracles is also supported by previous works
that proposed methods to compute bonus functions [[Kong et al.| 2023| Wang et al.| 2020b]. In this
definition, we leave the domain and data format to be variable so the oracle can be applied to both
contextual bandits and MDPs. For bandits, the domain is .4, and the data format has z = a ande = r.
The first property of the bonus function guarantees the optimism of decision functions f;11 + b1
(see Lemma [6.1|for MDPs or Lemma [A.2] for bandits), while the second property links bonuses to
uncertainty estimators.

Switch Condition Based On Bonus Functions. If we try to adapt the switch condition (7) in our
setting, a local agent will require access to historical data Z{'¢ to calculate uncertainty estimators
D?\’ r(a; 7). For multi-agent learning, this dataset consists of the collective data from all agents,
and giving local agent access is a clear violation of data privacy. Our solution is to let local agents
download bonus functions and set communication criterion to (@), using bonus functions instead of
uncertainty estimators.

Decision Functions Based On Bonus Functions. Another benefit of introducing the bonus function
is evident from our exploration method in line[§] A common practice for nonlinear RL algorithms is
to construct confidence sets of functions during policy update, and find the optimal function within the
confidence sets during exploration [Agarwal et al., 2023 |Ye et al.;, 2023]]. However, in a multi-agent
setting, this would involve the download of confidence sets, which is impractical due to the complex
nature of function classes. With the bonus function, local agents need only download the decision

function from the server for future exploration, which for contextual bandits is simply ﬁ+1 + bit1.
4.3 Theoretical Results

Our main results for Algorithm[T]are summarized in the following theorem, which provides a regret
upper bound and communication complexity order.

Theorem 4.3. By taking v = O(1/T), By = Cga (\& + RC(M, a)log(3MN(F,~)/6)) and
C(M,0) =1+ Ma(v/1+ Mo+ M\/a), the regret ofAlgorithmwithin T rounds is

0(\/?51\/(1 + Ma) dimp log(T/ min{1,\}) + (1 + Ma) dimp log?(T/ min{1, )\})),
where we abbreviate dimg, := dimg(F, \/T); the total communication complexity is

0((1 + Ma)?/a dimp log?(T/ min{1, )\}))

Remark 4.4. When reduced to linear contextual bandits, where dimp(F,\/T) = O(d) and

log N(F,~) = 9] (d), our result on regret correspond exactly to Theorem 5.1 of He et al.| [2022]],
except for an extra 1 + M« term in the communication cost, an unimportant term when taking
a = 1/M? that comes from the complication of communication cost analysis in nonlinear settings.

S Multi-Agent Reinforcement Learning

In this section, we introduce the Asynchronous Nonlinear Least Squares Value Iteration UCB
(Async-NLin-UCB) algorithm for multi-agent MDPs with general function approximation, and a
corresponding theoretical result.

5.1 Algorithm: Async-NLSVI-UCB

To better represent the elements in the datasets, we sometimes use o, to represent the tuple
(Sh,an,Th, spe1) and z, to represent (sp,ap) when there is no confusion. Similar to the ban-
dit case, we give some variables an extra subscript k here for clarity, which denotes the version of the
variable before (not included) Line [I4]at episode k.
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Algorithm 2 Federated Nonlinear MDPs
1: Input: total number of rounds K, parameters A, a, By for k = [K] and h € [H]
2: Server init: Set Z;*" = @ for all h € [H].
3: Local init: Vm € [M] and h € [H], set Q. p, = 1, by.p = B(D, Frs; A, Bo.n)s Z,
4: fork=1,..., K do
5. Agentm = my, € [M]is active and receives initial state s¥ € S.
6: forh=1,...,Hdo
7
8

= .

mh

Take action af = argmax,¢ 4 Qm,n (s}, a), receive reward r)’ and next state s§_ ;.
I ! kook ok ok
Update Z,0°), = Z,>¢, U {(sp, aps Ty Sphiq) }-
9:  end for
10:  if switch condition (8] is met then

11: Send new data {Z,>°), } e[ to server.

12: on server:

13: Update Z7* = Z7 U Z:;’:h.

14: Initialize Qg1 = Vg1 = 0.

15: forh=H,H—1,---,1do

16: Calculate f), according to (9) and bonus function b, = Bsx 4(Z;", Fi; A, Br,h)-
17: Calculate @, and V}, according to (TT).

18: end for

19: Send {Qp }L, and {by }_, to agent m.

20: end of server

21: Agent m receives Q. ;, = Qp, b, = by, and resets Zij’lfh = g forall h € [H].
22:  end if

23: end for

The server maintains global historical datasets Z}7, containing sequences of tuples (Shy Qhy Thy Sht1)s
initialized in Line 2} Each local agent m maintains optimistic value functions {Q, x5 }_ ;, bonus
functions {by, k.5 };—,, and local datasets {Z)°%, , }i_ ), all initialized in Line

Each episode k of Algorithm [2]also consists of the two parts local exploration and server updates.
Part I: Local Exploration. At step k an agent m = my, is active (Line [5). It interacts with
the environment by executing the greedy policy according to {Q k1 }—,, Obtaining a trajectory
{(s},af,ry, sy, 1)}, which is then stored into the local historical datasets Z,°° ko (Imes@ @)

After exploration, the agent checks for the following switch condition: there exists A € [H| so that
Eo;leziif,kyh b?n,k,h(‘gh’ ah)/(ﬁﬁ’,h +A) > o, (®)

where k' is the last communication round for m. If so, the agent triggers communication (Line [11)).
Part II: Server Updates. After receiving new data, the server merges it with its global datasets Z;7,
(Line and calculates value function estimates {Q 1,5}, and {Vj41,5 L, using LSVL
Suppose we already have (- and V' -value function estimates Q1 n+1 and Vi1 41 atlevel h 4 1.
We solve the least squares problem for ﬁl to minimize the Bellman error (Line :

~ ) 2
fet1,n = argming, c z, ZOheZ,S:jh (fu(zn) = i = Vigrns1 (snt1)) - ©

We now also define the uncertainty estimator of a new pair of data z = (s, a) against data history Z
with normalization parameter A and function class F as

Dy r(z Z) = supy, per|f1(2) N/ VA+ ez 111(Z) = f2(Z)]2. (10)

Similar to the bandits setting, the uncertainty can be approximated with the bonus function acquired
from an oracle Bsy 4 in Deﬁnition@ In this case, the domain D = S x A, and the data format
corresponds to z = (s, a) and e = (r, s’). Despite these definitions not depending on the step h, we
expect the parameters z, Z, F to always come from same step h. Finally, we allow the bonus function
classes Wy, = Wy, s« .4 to vary between different levels.

After calling oracle for b1 5 (Line @]), we can obtain value function estimates (Line :

Qit1.1(5,0) = Frsn(5,0) + bpran(s,0), Vip1n(s) = Uy g Qerin(s,a). (1)
Iterating through h = H,---,1, the server calculates a set of updated ()-value functions

{Qk+1,n}}-, and bonus functions {bx11,,}/_,, and send them back to agent m for future ex-
ploration and updates (lines [T9) and [21]).
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5.2 Theoretical Results
We summarize the regret and communication cost of Algorithm 2]in the following theorem:
Theorem 5.1. Taking v = O(1/HK), Bk = Cp2 [\f/\ +HC(M, ) \/log(SHMN(’y)/(S)} and
N(v) := maxp N(Fn,Y)N(Fnt1,7)NWhi1,7), the regret within K rounds is bounded by

O(HB’2 V(1 + Ma)dimg K log(K/min{1,\}) + H*(1 + Ma) dimg log*(K/ min{1, /\})>.
where we abbreviate dimpg := dimg(F, A/ K); the total communication complexity is

O(H(1+ Ma)*adimp(F,\/K)log?(K/min{1,\})).

Remark 5.2. This result when reduced to linear MDPs correspond well to Theorem 5.1 in Min
et al.| [2023]]. Taking o = 1/M?, we get a regret of O(H?/K dimglog N + H?dimg ) and a
communication cost of O (HM? dimg ), where N = maxy {N (Fn,7), N(Wh,7)}.

6 Proof Sketch

In this section, we provide an outline for the proof of Theorem [5.1] while a more detailed proof can
be found in Appendix [B] and the full versions of the following lemmas are in Appendix [B.1]

6.1 Regret Upper Bound

For the regret upper bound, the first lemma establishes optimism of value function estimates.
Lemma 6.1. Taking By, as in Theorem 5.1} with probability at least 1 — 6, for all k, z € S x A and
he [H], [ ThQk+1,h+1(2) = frt1,0(2)] < brg1,n(2).
This allows us to decompose regret into a sum of bonuses:
K # Tom. k
Reg(K) =>4, [V1 (sP) - Wy k(slf)]

< Vet et B (@i = ThQunenn] (58, af) < 3y Son 2bmkn(sf, af). (12)
The sum of bonuses is equal to the sum of uncertainty up to a constant, which we bound in the
following lemma corresponding to the elliptical potential lemma [[Abbasi-Yadkori et al.,|2011].

Lemma 6.2. Define universal datasets as Zg{lh = {Olfbl}kle[k]. Then we have for any h € [H|:
N DR # (ks Zi ) = O(dimp(F, A/ K) log? (K / min{1, A})).

Careful examination exposes a problem: the uncertainty Dy z(z; Z;)) corresponding to bonuses are

based on server data Z;%, instead of universal data Z%, . The next lemma bridges this gap:

Lemma 6.3. Foranyz € S x A k € [K], h € [H], D} (2 2%,) < (1 4+ Ma)D3_z(z; Z{",).
With these, we can deduce the regret bound from (12).
6.2 Communication Cost

For communication cost, we employ an epoch segmentation scheme, which defines N epochs
segmented by episodes {k;} Y ;, with k; being the smallest episode satisfying

H 2 s
Zohezzﬁyh\zg_l’h Yone1 Di 7, (2ns 230 ) 2 1 (13)

This is a generalization of epoch segmentation based on doubling determinants in linear settings, yet
the lack of determinant in the nonlinear case dramatically increases its complexity. Intuitively, switch
condition (8] suggests an agent must gather a substantial amount of data to trigger communication,
yet a careful analysis according to (I3)) yields a maximum of M + C'/« communication rounds within
one epoch. With this we only need an upper bound for the number of epochs N. This is derived by
summing (I3)) over all epochs, then using Lemma(6.1]and Lemma[6.3]to bound the left hand side.

7 Conclusions

We propose the algorithms Async-NLin-UCB and Async-NLSVI-UCB to tackle multi-agent nonlinear
contextual bandits and MDPs with asynchronous communication. We prove that our algorithms enjoy
low regret and communication cost, which are comparable to previous results.

Our algorithms employ a communication criterion that allows the agents to trigger communication
rounds, effectively controlling communication cost while promoting the asynchronous protocol.
Moreover, we carefully design the contents of server download to guard against data exposure.
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Our work has the potential to enhance cooperative learning systems across diverse fields. By
introducing algorithms that enable efficient collaboration among agents with minimal communication
overhead, our research paves the way for advancements in distributed systems, including robotics,
traffic management, and distributed sensor networks. This could lead to more adaptive, efficient,
and scalable systems capable of tackling complex problems in dynamic environments, ultimately
contributing to technological progress and societal well-being.

As far as we can tell, there is hardly any negative social impact from our work, mainly because we do
not include experiments apart from our theoretical analysis.
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A The Bandit Case: Proof of Theorem 4.3

Before we begin the analysis of Algorithm |1} we reiterate and add some notations for clarity and
convenience. Define the data collected by agent m that has already been uploaded to the server
by round ¢ as Z;‘,f,t, and the universal data at round ¢ as Z!!. Apart from these we also have from

the algorithm the datasets Zi;’:t and Z;¥. It is not difficult to check that they satisfy the following

relation:
M

zZ"=J (Zr,uz,).
m=1

Furthermore, when ¢ is not a communication round, we also have

M
ser __ up
Zt - U Zm,ta
m=1

and when it is a communication round that

M
o= U ) v,
m=1

which will be useful in our proof of Lemma[A.T|and [B.1]in Section [C.1]

Next, we assume that at rounds 0 = ¢y < ¢; < --- <t < tr41 =T + 1, the participating agent
communicates with the server, where ¢y and ¢, are dummy rounds. The subscripts will be denoted
as! =1,---, L in the future.

We now describe a participant reordering trick for our asynchronous multi-agent setting, which we will
use multiple times in the proof. The basic idea is that, as long as the communication order remains the
same, and for any given agent, the number of rounds between two consecutive communication rounds
remains the same, one can switch the episodes around and change the order of agent participation to
a certain degree. For example, we may assume that m; = my, for all t € (¢;_1, t;] by reordering the
participants, which means all participation of any given agent happens immediately before a certain
communication round; as another example, we may assume m; = my,_, forall ¢t € [t;_1,t;), which
means all participation happen immediately affer communication rounds. It should be noted that one
needs to be careful when utilizing this argument, since switching the participation order changes the
values of ¢; and many associated elements, so applying this trick twice in succession would lead to
contradictions.

For a dataset Z, we define the Z-norm on function set F as || f||% := > (arez f?(a) forany f € F.
Then we have the shortened notation

sup [f1(a) = fo(a)|
fifeF A+ fiL = foll

Finally, we define the confidence set of functions at round ¢ 4 1 as:

Fir1 = {f eF: Y (fla)=finl)® < /3?}, (14)

(a,r)eZy

Dy r(a; 2) =

which is a common construction in reinforcement learning.
A.1 Auxiliary Lemmas

In this section we present some auxiliary lemmas that will be used in the proof of Theorem[4.3] Note
these lemmas correspond well to the lemmas presented in [6] only that these are for the contextual
bandit case. The proofs for these lemmas can be found in Section [C]

Lemma A.1. Foranyt € [T], m € [M] and f1, f» € F, as long as agent m does not communicate
with the server at time step t, we have

1
A+ ) IlA- f2||22‘1‘5/,1t > EHfl - fQHQZi”{,{
m’€[M]
Furthermore, for any t € [T] and f1, fo € F,

1
A f1 = fall e >

m()\+ Hfl - f2||2Z‘g”)’
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and as a corollary, for any a € A,
D3 #(a; ZI") < (1 4+ Ma) D3 #(a; z")

This lemma describes the discrepancy between different datasets. Crucially, it provides a worst case
ratio between uncertainty measured on the server dataset and universal dataset. This is an important
tool for bridging between the different uncertainty estimators in the following proofs. The proof can
be found in Section

Lemma A.2. By taking v = O(1/T) and

By = Br = Cs1 [VA+ /(12 +yR)T + RC(M, ) log(3M N (F,)/5)],

with Cg .1 = 6, where C(M, «) := /1 + Ma + M+/a, we have f* € Fyi1 forall t € {t;}1_, with

probability at least 1 — 6. As a corollary, we also have | f.(a) — ﬁ+1(a)| < by1(a) forany a € Ay
andt € {t;} ;.

This is the central optimism lemma present in all provably efficient reinforcement learning literature.
It states that the confidence function set corltains the ground truth function f* with high probability,
and in our case, that the decision function f; + b; is optimistic. With this, we define the good event
Er ={f* € Fy1,Vt € {t;}£,}. Then according to P(Er) > 1 — 4. The proof can be found
in Section

Lemma A.3. The sum of squared uncertainty estimators of new data over all historical data can be
bounded as follows with some absolute constant Cp:

T
> D3 pla; Z{",) < Cp dimp(F, \/T) log®(T/ min{1, A})
t=1

This lemma corresponds to the elliptical potential argument from the linear setting [[Abbasi- Yadkori
et al., 2011]]. In the nonlinear setting, this lemma essentially reveals the relationship between the sum
of Eluder-like confidence quantities and the Eluder dimension. The proof can be found in Section

[C3
A.2 The Epoch Segmentation Scheme

In this section, we introduce an epoch segmentation scheme, which is needed for both the regret and
communication cost proofs presented in the next two sections. It is a generalization of the epoch
segmentation scheme based on doubling determinant in the linear bandits / MDPs setting [He et al.,
2022} Min et al., [ 2023]], but the lack of a Gram matrix (used for linear regression) in the nonlinear
case complicates matters significantly.

We segment the entire run of ¢ = 1,--- , T into IV epochs as follows. Define iteratively 0 = [y <
li1<---<ly<Las

l
l; = min {l >l Z Z D?\J—(a; Ztsle_ril) > 1},

U=li—1+1 (a,r)eZl*

m,,tl/

where for a given I’ in the summation, m = my,, is the participating agent at ¢;.. In the iterative
process, if the above minimum does not exist, simply define N = ¢ — 1 and end the process there.
Correspondingly, the i-th epoch is defined by the time steps [t;,_,, ;).

The following sections will make use of this epoch scheme as befit their needs, but here we shall give
an upper bound for the total number of epochs N. Based on the definition of /;, we have for any
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575 l;_1 <1 < ; that

l
1> > Y Dirlazy )

U=li—1+1 (a,r)eZl*

Mty sty

l

_ Z Z [f1(a) = fa(a)]?
- Ther A+ 11— Bl
U=li—1+1 (aaT)GZflr/ \Z:elr/71 frfer ! 2 Z?’elyifl
Z(a,q«)ez;ir\z;ir_ [fi(a) = fa(a)]?
Z Sup i—1
fr.f2€F A+ If —f2||22;§r

i—1
A+lf = f2HQZ;§r
= sup -1,
fper A+ lf1 = fz”Qnglr

i—1

s76  which gives A+ || fi — fol Ze < 2(A+ [ fr = foll 5 ) forany fi, fo € F. Then we have
b i1

DY rla; 25" ) < 2D 5(a; Z3Y") (15)
577 for any a, and so
1<) Diswzy )
(@) eZE N\
l;

= > Y, Dirlwzy)

I=lim1+1 (a,r)EZEN\ 25

l;
<2 > S DipazE),

I=lio1+1 (a,r) €25\ 25

s7¢ and summing over ¢ = 1,--- | N — 1 that:

L
Vo12) Y Biswz)
1=1 (a,r)€ZF\ZT_,

579 If we apply the participant reordering trick and let m; = m,, forallt € (¢;_1,%] and [ € [L], we get
ser\ rzser __ t :
se0  Zy\Zp = {(a¢, ) by, 41> and so applying Lemmaand Lemma we get

L t
N-1<2> Y D3rlasZ)

I=1t=t;_1+1

L t
<21+ Ma)) > DR rlan Zit)
=1 t=t;_1+1
T
<21+ Ma)) DX rla Ziy)
t=1
< C(l1+4 Ma)dimg(F,\/T)log(T/N)logT,
581 which gives the order of total number of epochs:
N=0 ((1 + Ma) dimg (F, \/T)log?*(T/ min{1, A})). (16)
ss2  Notice that the participant reordering trick is only used to bound the number of epochs, which itself
583 does not depend on the specific order of participation. This is crucial since it suggests this reordering

s84+ does not change anything essential, and is in fact not necessary for the proof - it just made the proof
s85 easier to read. Therefore we can still reorder participants as we see fit in other parts of our proof.
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ss6  A.3 Proof of Regret Upper Bound

ss7  Now we are ready to prove the first part of Theorem [4.3] concerning the regret upper bound. We
ss8  begin by applying the participation reordering trick to assume, without loss of generality, that the
ss9  same agent is active within the rounds [t;, {11 — 1], i.e. my, =My, = -+ = my,,,—1. Under this
590 assumption, we have t; = 1.

so1  Let af := argmax,.p, f.(a) be the best arm at time ¢. Then by Lemma fe(al) < (fonen +

592 b, 1)(aF) < (Funest + by ) (a1), where the second inequality is due to the choice of a; at round .
503 Hence we get

T
Reg(T) =Y [fu(a;) — fu(ar)]

1

o~
Il

T
<) min{2b, 1 (ar), 4}
t=1

L tiy1—1
Z Z by, (ay +22m1n{b7”tl;tl (ay,), 2}, a7
=1 t=t;+1

se4  where the first inequality is due to | f| < 1 from Assumption and the second inequality again
so5 uses Lemma[A.2] We first bound the second term here using the epoch scheme in Section[A.2] We
596 start by converting the bonus term to uncertainty:

bmtl 7] (a‘tl) = btl—l (atz)

< Cpy\/BE_1 + X Darlay; Z;" ). (18)

se7  Now consider the episodes in an epoch i, specifically {¢;, _,,¢;,_,+1,--- ,t;, }. Forany [;_1 <1 <;,
s98  since Z3;" s Z" |, we can deduce that

D} #la3 23" ,) < D3 gz 23 ) < 2D3 p(213 Z3),

ti—1

se9 where the second inequality is borrowed from (T3) from Section[A:2] Therefore continuing from

o0 (I8),
L
S minfb, ()2} < Y [xf O/ 1+ A~ Dy r(ens 225 }+22

=1 l€{li}ﬁ\’=1

L
< V208 Y Dar(2u; 250/ B2 + A+ 2N, (19)

=1

601 Now combine this result with the first term in (I7) and use again (I8), we get

L ti41—1 L
Reg(T) <2C Y > Darlan Z)\ /B2 + A+ 2V2C8 Y D rl(z; Zi)y/ B + A+ 4N
=1 t=t;+1 =1
L ti41—1
<2V205) Y Darlas Z5)\/BL + A+ 4N
=1 t=t;
L tig1—1 1/2¢ T 1/2
< 2V2C3 [Z > Dixlas Z:fr)} [Z B+ ) } +A4N
=1 t=t; t=1

where
B =Cp {\FA + RC(M, ) log(SN()M/é)} .
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602 According to Lemma[A.T|and Lemma[A-3] the term

L tiy1—1 L tiii—1
> Y D) S0+ M)y Y D rlan Z0)
=1 t=t = =
T
= (1+Ma) ) DX rla; Z31)
t=1

< C(1+ Ma)dimg(F,A/T)log” (T/min{1,\}).
603 combining this with (T6), we get
s T 1/2
Reg(T) < C[(1 + Ma) dimp(F, A/T)log” (T/min{1,\})] / {Z(ﬁf + A)] + 4N
t=1

=0 <\/T51 V(14 Ma) dimg(F, \/T)log(T/ min{1,\})

+ (1 + Ma) dimg(F, \/T)log*(T/ min{1, /\})) :

604 A.4 Proof of Communication Cost

605 In this section we prove the second part of Theorem {.3] by calculating the communication com-
606 plexity. First, for each communication round ¢;, assume the last time before ¢; when the agent my,
607 communicated with the server was t;/, then

" b, (a)/C ?
> Dz Y @ o
l/

(a,r)eZlke (a,r)eZke

m,t; m,t;

608 Now employing the epoch segmentation scheme from section[A.2] for the i-th epoch consisting of
sos the time steps [¢;,_,,;,), we have the inequality

i—17

l;i—1

1> D3 (a; Z5
arla 2y )

I=lio1+1 (a,r) €25,

l;i—1

> Y Di(wzh, vz ).

I=l;—1+1 (a,r)EZL‘)’fml

Form € [M], assume the agent mm communicated with the server a total of n,, times within [¢;,_,, %, ).
Then except for the first of these communication rounds, for each ! € [I;_1 +1,1; — 1] with m;, = m,
there exists I € [l;—1,1) with my,, = m, thus we have Z,0, D Z,7, 1 = Z7 O Z3" . With this

m

we have the corresponding term

2 . r7Up _ 2 up o
Z D)\’}-(Ch Zm’tl Y Z'?erl) B Z DAJ:(CL’ Zm,tz) = c2’
(a,r)€Z (a,r)EZle . B
610 therefore
M o M o2
— B
127;1(%_1)'402 :;HWSM+ a

Notice that fo:l N = l; — ;1 is the number of communication rounds within [t;,_,,#;,), hence
summing over i the total number of communication rounds is upper bounded by N(M + C%/«).
Combine this with (T6), we have the total number of communication rounds throughout the algorithm

0 (W dimg (F, \/T) log? (T'/ min{1, A})) .
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B The MDPs Case: Proof of Theorem|5.1

Similar to the bandit case, we define Zl;’:k’ W fo; kb Z,bfrh and Zz{lh to be the local, uploaded, server
and universal data, with corresponding subscripts of agent m € [M], episode k € [K], h € [H].
Suppose atrounds 0 = kg < k1 < --- < kp < kp41 =T + 1, the participating agent communicates
with the server, where k¢ and k1, are dummy rounds.

For a dataset Zj, in the MDPs setting, we again define the Zj,-norm on function set Fy, as || f||% =
ZO;LEZ f?(zp,) forany f € F. As a reminder, the tuples o, = (Sp, an,7h, sne1) and z;, = (sp, ap).
Then we have the shortened notation

Dy 5, (#n; Zy) = sup [f1(zn) — fo(zn)

f1,f2€Fn )\"FHfl_f?Hth

Finally, we define the confidence set of functions at round k£ + 1 and step h as:

Frt1,n = {f € Fn: Z (f(zn) — ﬁc+1,h(2h))2 < (5k,h)2}~ (20)

ser
OheZ}c,h

B.1 Auxiliary Lemmas

In this section we present some auxiliary lemmas that will be used in the proof of Theorem[5.1] These
lemmas are generalizations / restatements to the lemmas presented in[6] and their detailed proofs can
be found in Section [Cl

Lemma B.1 (Restatement of Lemmal6.3). Forany k € (K], m € [M], h € [H] and f1, f» € F, as
long as agent m does not communicate with the server at episode k, we have

1
2 2
M D0 = Pl =l Bl

m’€[M]

Furthermore, we have for any k € [K] and f, fo € F,

A — fol| %, > ———
A= Rlzy, 2 75370,

and as a corollary, for any z = (s,a) € S X A,
Di,]—'(Z; Z) < (1+ Ma)D/Q\);(z; Zg”h)

A+ [If1 = fol

; )
il
Zin?

Similar to Lemma[A.T] this lemma provides a worst case ratio between uncertainty measured on the
server dataset and universal dataset. The proof can be found in Section [C.T]

Lemma B.2 (Restatement of Lemmal6.1). By taking v = 1/(C, K H) with C, > 20, as well as

Bre,h = By = Ca |[VA+ HC(M,a)\/log(3HMNy(7)/9)|,

with Cg.o = 12 forall k € [K] and h € [H], where Ny () = N(Fn,7v) - N(Frs1,7) - NWht1,7),
we have with probability at least 1—0 that TpQr+1,h+1 € Fit1,nforallk € {kl}le with probability
at least 1 — 0. As a corollary, we also have |Tp, Q41 h+1(8,a) — ﬁ+1,h(s,a)| < brt1,n(s, a) for
any (s,a) € S x A k € {k;}t_, and h € [H].

This is the central optimism lemma. It states that the Bellman operator of ()-value function at level
h + 1 is within the confidences set at level h. The conclusion immediately gives the optimism
inequality 7, Qk+1,n+1(8,a) < Qr+1.(s,a), which we will use at the start of the regret upper
bound prove. The proof of the lemma can be found in Section[C.2]

With this, we define the good event &7 = {T, Q41,141 € Fit1,, Yk € {ki}_,, h € [H]}. Then
according to Lemma[B.2} P(Er) > 1 — 4.

Lemma B.3. For some absolute constant Cp, the following holds for all level h € [H|:

K
S D3 (4 281 1) < Cp dimp(F, A/ T) log?(T/ min{1,A})
k=1

This lemma is essentially the same as Lemma[A.3] It reveals the relationship between the sum of
Eluder-like confidence quantities and the Eluder dimension. The proof can be found in Section
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B.2 The Epoch Segmentation Scheme

In this section, we introduce the epoch segmentation scheme for MDPs, which is again needed for
both the regret and communication cost proofs presented in the next two sections. All of this is
quite similar to the bandit case in Section but the introduction of multiple levels h € [H| does
complicate things a bit.

We segment the entire run of episodes k£ = 1,--- , K into N epochs as follows. Define iteratively
O=lpy<lhi<---<lIy<Las

l H
li:min{l>li1: Y % D;ﬂ@h;z;j;lﬁ)y},

U'=l;—1+1 h=1 Ohezl;y): kyrsh

where for a given I’ in the summation, m = my,, is the participating agent at k. In the iterative
process, if the above minimum does not exist, simply define N = 7 — 1 and end the process there.
Correspondingly, the i-th epoch is defined by the episodes [ki,_,, ki, )-

The following sections will make use of this epoch scheme as befit their needs, but here we shall give
an upper bound for the total number of epochs N. Based on the definition of /;, we have for any
li_1 <1 <;that

l H
12 > > > DirGmZ )

U=li_1+1 h=1 ), e Z*

m,kl/,h
l H
[f1(zn) = fal(zn))?

=2 > X up

U'=l;—14+1 h=1 OhEZk'/ h\ZseLr/ L f1,f2€F 1 2 Zieriil,

i 2onezg \2k " [f1(zn) = f2(zn)]
> sup i

h—1 J1:f2EFn Al fa _f2||2Z§€elr.71’h

EH: [ At fi— f2||QZ;$l“yh

h=1 flaf2€]:h A + ||f1 f2H2Z;9L; n ’

i—1

which gives A+ || f1 — szQZ]s:r < 2(A+ | f1 —ngQZ?r h) forany h € [H] and f1, fo € Fp. Then
Ll l

i—1"
we have

DX 7 (zn; Ziy n) < 2D3 # (213 Zitn) 21

forany h € [H] and z;, € S x A, and so

l H
E § : § : 2 . r7ser
D)\,]'-h (Zh7 Zklifl’h>
1=l;_1 =1 o, € Zlc
i H

m,ky,h
2 . r7ser
Z Z Dy 7, (205 235" 1)y

=l Lon€Ziy \Z5] | .n

and summing over¢ = 1,--- , N — 1 that:

H
23S Y Dia iz ).
h=

1i=1 one€Zyy h\ZZC;—l,h
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If we apply the participant reordering trick and let my, = myg, forall k € (k;_1, k] and I € [L], we
get Zserh\ZZ:fl?r A= {Oh}k k,_,+1- and so applying Lemmaand Lemma L we get

l
No1223S S DR Gk )

h=11=1 k=k;_1+1

2(1+ Ma) ZZ Z D)\]-'hzhvzk 1h)

h=11=1 k=k;_1+1
H K
21+ Ma) Z Z DS 7, (21 211 )
h=1k=1
< CH(1+ Ma)dimg(F,A\/T)log(T/X)logT,

which gives the order of total number of epochs:
N=0 (H(l + Ma) dimg (F, \/T)log?*(T/ min{1, A})). (22)

B.3 Proof of Regret Upper Bound

In this section, we prove the first half of Theorem[5.1] which gives an upper bound for the cumulative
regret of Algorithm 2]

Using the participant reordering trick, assume without loss of generality that the same agent is active
within the rounds [k, k41 — 1], i.e. my, = my, 41 = - -+ = my,,,—1. Under this assumption, we
have k1 = 1.

We first prove via induction that Q3 < Q, » forany m € [M], k € [K]and h € [H+1]. This holds
true for h = H + 1 trivially since both value functions at  + 1 are uniformly 0. Suppose we already
have @} ,; < Qm k,nt1, We have from Lemmathat for the last communication round %’ for agent
m, the server functions satisfy 7, Qx+1,h+1(S, @) < fir+1,0(8,a) + brr11.n(8,a) = Qrry1.1(8, a).
Couple this with the fact that Q,, 1.5 = Qr’41,n, We can prove that

Qn = ThQhi1 < ThQm kh+1 < Qs
which ﬁnishes the induction process.
Now let a}* := argmax,. 4 @} (sF, a) be the best action at time ¢, then V;*(s}) = Qh(sh, *) <

mek,h(sh, ah *) < Qo h(sh, ah) where the second inequality is due to the choice of ah at round
k. Hence we get

Reg(K Z Vi( 31 - (slf)]
k=1

IN

min { Vi, 1, 1(s8) = VE (58, 2H}

I DN T 1
>
Il

min {]Eﬂk [Qm k h(sfm ah) ﬂLQm k h+1(5£7 QZ)} 2}

Mm Mm

min {Ex, [forr1,n (55, af) + bprrn(sh, af) — ThQumpns (sh,ab)], 2}

h=1
H
< Zmin{?bk/ (sf,ar),2}
1h=1
L kiy1—1 H
=23 > i) —t—QZZmln{bmkl koh (20, 1} (23)
1=1 k=k;+1 h=1 I=1 h=1

where the second equality uses the Value-decomposition Lemma from Jiang et al. [2017]], the second
inequality uses again Lemma [B.2] and from the third inequality onward we let &’ be the last time
agent m communicated with the server.
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We now bound the second term here using the epoch scheme in Section[B.2} We start by converting
the bonus term to uncertainty:

k
bmk“kz,h(zh ) = bk, 1,h (Zhl)

< Cp\/BE_1n+ XN Dar, (25 2 ) (24)

Now consider the episodes in an epoch 7, specifically {k;,_,, ki, _,+1,--- , ki, }. Forany l;_1 <1 <;,
since Z,SC‘:r n C Z,Sflr > We can deduce that
li—1> -

2 ki . rzser 2 ki . r7ser 2 ki . r7ser
D5 7, (215 25 1) < Dx 7, (215 k,H,h) <2D5 £, (205 25 )

where the second inequality is borrowed from (ZI)) from Section [B-2] Therefore continuing from

@,
H
szln{bmkl’k” (zh 1}< Z Zl:fcs\/ﬁkl 1h+)‘ DAJ:h(Zh7 Zy :|+ZZI

=1 h=1 1€{1; 3V, h=1 i=1 h=1
L H
<V2C5Y Y Dar, (55 2300/ B+ A+ NH. (25)
=1 h=1

Now combine this result with the first term in (23) and use again 24)), we get
L kiyi-1 H

L H
Reg(K)<Cpdy > Y [D”h (2f; 23, ),/5,3+A] +v20) > [Dmh oz, ),/5,3+A] +NH

=1 k=k;+1 h=1 =1 h=1
L kiq1—1 H

<V20Y 0 Y > {DA;,L 2 2, )\/6,34—/\} +NH

=1 k=k; h=1

L kiq1—1 H 1/2 1/2
<fcg[z > 3D iz {zz G+N] v
I=1 k=k; h=1 k=1h=1
According to Lemma[6.3]and Lemma[6.2] the term
L kig1—1 H L kiq1—1 H
SN Y DA GEZE) <1+ Ma)y > D3 5 (25 2 0)
I=1 k=k, h=1 I=1 k=k, h=1
K H
(1+Ma) ZZD/\H 25 Zhia )
k=1h=1

< H(1+ Ma)dimg(F,\/T)log(T/X)logT.
Now with v = O(1/K H), we have

B = O0(1)Bps1 + Cp [\fA v H <¢(1 ¥ Ma) log(3HN,,(7)/3) + M+/alog(3HMN, (7) /5))]

therefore, with C'(M, ) = v/1 4+ M« + M+/a and the upper bound for number of epochs N in

(22), we have

L kiy1—1 H

DD D beal=)

1=1 k=k;+1 h=1

H 1/2
< O([H(l + Ma) dimg(F, \/K) log?(K/ min{1, \})] "/* [K S+ )\)} + HN>
h=1

=0 (Hﬁﬁg V(1 + Ma) dimpg(F, \/K) log(K/ min{1, \})

+ H?(1 + Ma)dimg(F, \/K)log?(K/min{1, >\})>7
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where B = Cp2| VA + HC(M, ) log (HMN(F,v)N(W,~)/d)| is the choice of Sy, in the
algorithm.
B.4 Proof of Communication Cost

Next up, we calculate the communication complexity of Algorithm [2]and prove the second half of
Theorem For each communication round k;, assume the last time before k; when the agent
m = my, communicated with the server was k;/, then by the communication rule there exists

hy € [H] such that Zohlezl;r):,kl,hl bill,h, (th)/(ﬁl%l,,h, +A) >«

2
b, ha (20,)/C] a
2 . 7Up [ kb 2Ry
2 D GniZlun)z D THm SNz
Ohlezm ky,hy ()hlEZ;’nL Ky kysshy

Next we will make use of the epoch segmentation scheme in Section[B.2] For the i-th epoch consisting
of the time steps [k;,_,, ki,), we have the inequality

i— H
Z Yo > DRz )

1 h= lohezlm ko

l;—1

Z Z Z D/\-Fh(zh’kathZsezl,h)'

I=li+1h=lo,ez,

For m € [M], assume the agent m communicated with the server a total of n,, times within
[k1,_,, k1,)- Then except for the first of these communication rounds, for each ! € [I;_1 + 1,1; — 1]
with my, = m, there exists I’ € [l;_1,1) with my,, = m, thus we have Z pk 2 fo: kil =
Ziwn 2 2y, forall h e [H]. With this we have

H H
ser _ 2 . 7up @
> Y DimGmZmnauZ w) =) > DisGmiZi.n)= 102
h=lonezZy ., n h=Lon€Z s
therefore

M 402

m=1

Notice that Z _1 Mm = l; — [;_1 is the number of communication rounds within [k;, ., k;, ), hence

summing over 4 the total number of communication rounds is upper bounded by N (M + 4C?/«).
Combine this with the result in (22)), we have the total number of communication rounds throughout
the algorithm is

%) (HW dimp(F, \/K) log? (K / min{1, A})) :

C Proof of Auxiliary Lemmas

In this section we prove all the auxiliary lemmas in Section[A.T|and Section[B.1] Note that some of
these lemmas are very similar in nature, for which we will only give the proof for the version for the
MDPs case, and briefly remark on the version for the bandit case.

C.1 Proof of Lemma and Lemma

Here we prove Lemma[B.T]in detail. The proof for Lemmal[A.T]is very similar, and so we will only
give a short remark on how to apply this to the bandit case.

Proof of Lemma|B.1} First, for an episode k£ € [K] and agent m € [M] such that m does not
communicate with the server at episode k (either m is not participating or k is not a communication
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697 round), from the communication criterion we have

b12n k h(a)
@z Z ﬂQ; 7+ A
OREZW 1 1, k'R
2 Z DX 7, (zn; 25

loc
O’LEZTn,,k,h,

Z |f1(zn) = fa(zn)?

sup
nper Al = fallzg

11— folle
m,k,h
sup

>
T ffeer, AL fo

OJLGZIT‘;f7k,h

i

2
ser
Zk’ Jh

where k' is the last communication round for agent m. This means that for any f1, fo € Fp,
. M

(1/a)llfr— f2||221$ L SAF | f1 —ngQZ]s:lr - Observing that Z37", C Z;%, = U, Zw 1.y PIOVES

the first conclusion that

M
1
EHfl —f2||2255k_h <A+ Z I f1 = fal

2

up
Zm’,k,h
m’/=1

ese Second, for any fi, fo € Fy, from the above conclusion we have for any k € [K]\{k;}/, that

M
A= felZer, = A+ 30 = falgm

m=1

1 M
2
2 a2 M1 el

m=1

1 2
= 2 Pllzp vz,
ee9 and when k = k; for some [ € [L], we have alternatively

At llfs = follZe, = A+ > i fol

m/#my

QZ;‘Z’,k,h + Hfl - f2||2Z;’ka’kyhUZl‘ifk

sk, h

M
>A+ Y A - f2||2z:§’k7h

m=1

1
> - — )12
= (M —1)a > I Plze,

m/F#my

v

1 2
Mol Pl 2,
Either way, we can deduce for any k € [K] that

1+ Ma)(A+ 11 = f2

%Z?:h> A+ A - f2||2zg}{h'

700 Finally, from the above we immediately have

fi(zn) = f2(20))?
D3 (2 Z3%) = sup [
M B hem At LA = el e,

[f1(zn) = fa(zn))?
< (1+Ma) ff}géf At lf - f2\|2221{h

=1+ Ma)D/Q\)F(a; Z,il)lh).
701 O
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702 Remark C.1. Notice that this prove does not depend on the multi-level structure of episodic MDPs,
703 but is a direct result of the communication criterion and protocol. This means the proof can be
704 converted to the bandit case of Lemma[A-T| without any essential changes: simply change episode k
705  into time step ¢, disregard all mentions of level h, and consider z = a instead of z = (s, a).

706 C.2 Proof of Lemma[A.2and Lemma [B.2]
707 We begin with the proof of Lemma[A-2] which is an almost direct application of Lemma[D.3]

Proof of Lemma[A.2] We invoke Lemma [D.3| with €y = 0, then with probability at least 1 — 4, for all
te{ti},,

> (Fer1(a)— f*(a))2 < Cirm [A+72T+7TR+R2(1+M04) 1og(3N/5)+RQM2a1og(3NM/5)} < B2,

(a,r)ezyr
78 if we let v = O(1/T) be sufficiently small and take f3; = Cpa [\f)\ +
709 RC(M,«) 10g(3MN(.7—",’y)/5)} with C5; = +/Cgrm = 6. Thus taking 8, = [, accord-

710 ing to the definition of F; 1, this directly implies f* € Fy ;1.
With this, since the bonus function satisfy

beri(a) > [fi(a) — fo(@), Vi, fa€F st > (fila) ~ fala))® < B2,

(a,ryezyr
711 which is based on the first property of the bonus oracle in Definition @ by taking f; = ftﬂ and

72 fo = f* we get for any a € A that by11(a) > |fs(a) — fi41(a)|, which finishes the proof. O

713 Next we prove Lemma|[B.2] which is more challenging and requires an analysis on the least squares
714 value iteration method.

715 ProofofLemma@ Take Fp,41, as a y-cover of Fp4 1, and Wy  as a y-cover of Wi, ;1. Select

716 frrtht1 € Fhyty @ Whit,y so that [Qrirnst — frrtntille < €:= (14 Bry1nt1)y- For
717 op = (Sﬁ,ah,rh,Sh_A'_l), define the corresponding yn, = 7, + Vi1 h+1(Snt1) and gp = 7 +

718 SUPge A fht1,h+1(Sh41,a). Let

fet1,n = argmin Z (fn(sh,an) — z?h)2-

fhe}_h Ohez?f,‘h

719 Then we have

( Z (Fr1,n (50, an) — yh)2>1/2 < ( Z (Fern(snyan) — yh)2>1/2 +&vk

on€Zy, on€Zy,
~ 2\
< ( Z (frt1.n(5h, an) — yn) > +evk
on€Z,
N 1/2
< ( Z (frr1n(sn,an) — yh)2> +2eVk.
onezs,

720 Now notice that Ey;, = 7-h.]?k+1,h(5h7 ap,), and the difference Yn — ’77Lfk+17h(sh, ap,) is bounded
721 in [—H, H], hence we may apply Lemmawith f* = Tnfe+1,ho e = Gno R = H, g = 2¢

722 and § = 0/3HN (Fp+1,7) - N(Wh1,7), taking a union bound over f € Fj41 4 D W1, and
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723 h € [H], we have

R 1/2
< > (fk+1,h(3h7ah)—77LQk+1,h+1(Sh,ah))2>

ser
op, Ezk,h,

n _ 1/2
: < Z (Firn(sn, an) _ﬂlfk+1,h+1(shvah))2> +VE

ser
onEZY,

< V/Cerm VA + (7 + 262K + (v + 26)KH + H2(1 + Ma) log(3HN;,(7) /) + H2M2alog(3HM N, (v)/6) +vVk

< V/Cerm {\A + 73+ 2Be1,n41)VE + \/7(3 + 2Bk 1,n41)KH + HC(M, @)\/10g(3HMNh(7)/5)>} )

where N, (v) = N(Fn, ) N(Fng1,7) - N(Whpi1,7). By taking v = 1/(C., K H) with sufficiently
large absolute constant C, (for example, C,, = 20), the second and third terms within the bracket
above are both less than (1/2)8y11 n+1. and hence we can easily prove via induction on A that the

above is no greater than (35, where

Br = Ci [ﬁ  HO(M, 0)/Iog BEMN()/5)

724 with 05’2 = 2\/CERM =12 and N(’y) = maxhe[H] Nh(v).
725 O]

726 C.3 Proof of Lemma and Lemma

727 In this section we prove Lemma [B.3]in detail. The proof for Lemma[A.3]is very similar, and so we
72 will again only give a short remark on how to apply this to the bandit case.

720 Proof of Lemma|B.3] We fix the level h € [H] throughout the proof. For an index set o C [K], we
730 denote Z(Ko) := {2} : k € Ko}
First, let n = [log(K/\)/log2], and we divide the set of episodes K = [K] into n + 1 disjoint
episode sets as follows. Forany 1 <! < Land k; < k < k41, let

o (1) = fale)’
fr.1, fr2) = argmax ,
( o Ik 2) f1.f2€Fn A+ Hfl - f2||22;111{k71

731 and define Ly, : S x A = Ras Li(2) = (fr(z) — f_kQ(Z))2 Now we define £ := {k € K :
732 Lp(zf) € (271,27} fore € {0,1,--- ,n — 1} and K" := {k € K : Ly(zf) € [0,27"]}. We
733 note that for k € K", Ly (zF) < M/K.

734 Now define the mapping 7 : [K] — [K], such that for any k& € [K], 7(k) is the last episode when
735 agent mj communicated with the server (not including k). We will bound ) -, _ . Di 7 (28 ZZ'},C_I)
736 fore € {0,---,n—1}.

737 For a fixed : < n — 1, we now decompose K* = U;L;ll K, where n* = [|K*|/ dimpg (F, 277 1)].
738 We start off each set K% = &, and fill them up gradually by iterating through k& € K* one by one
730 in increasing order to decide which subset K should £ belong to. Specifically, we define j(k) to
740 be the smallest index j < n‘ such that is 2} is 2~ (“+1)/2_independent of Z (K5), and assign k to
741 the set K% ). If such a j does not exist, we simply let j(k) = n' + 1 assign k to K}, ;. Finally
742 after the assignment process, we define K%, = K} N [k] for any & € [K]. Then we have the
743 elements added into IC;.( )1,k form a sequence where each data corresponding to a new member
744 is 2~ (FD)/ 2—independent of the old members, and so there are no more than dim g (Fj, 2_L_1)

745 members within each of them. Moreover, for all &£ € K that z}’j is 2= (e+1)/ 2—dependent on each of
re Z(KY L), s 20K 00 1)

Now for any k& € K* by the definition of K*, we have (fhl (z,’f) 7f_k72(2:}]§j))2 > 27+~ This combined
with the 27~ "-dependencies imply that foreach j' = 1, -+, j (k) =1, | fra—fr2 %, ) = 277"
i’k
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747

748

749
750

751

752
753

754
755
756
757

758

759

760

761
762

Notice that Z(K%, ) C Zp, _, forany j" € [(k) — 1], and that Z(K, ;) for j' € [j(k) — 1] are
disjoint, therefore
J(k)—1

Gk) =127 < 37 fin = fi,
§’=1

0 S Wea = Fealizy,

It follows that

(Fia (25) = Fra(2h))

A+ [ fra — fk,2||223u
hok—1

< 2

A+ (k) —1)2— 1

_ 2

o (5 (k) — 1) +2¢+1X°

where the first inequality uses the definition of C*. Summing over k£ € K*, we have

k
Di,]—'h,(zh; Zzl,lkq) =

n'+1
Z D/Q\»fh(zfli;zzl}k 1 Z Z D3 Fn\Z h?ZZI,lk—l)
ke Jj=1 kE)CL
"Z 2| K| 2| Kk |
S (G- D+2FN T a2y
2dimg(Fn, 27 1) <= 2dimp(Fp, 270°1) ;) dimp(F, 2771
< 2u+1 ) +Jzz j—1 +2|’C | "CL’

< dimp(Fp, 277 (2logn’ +4 + 1/(2'N)),

where we used the relation |IC§ ] < dimg(Fp,27"1) and the definition of n* in the second inequality.

Additionally, for ¢ = n we also have

Li(zp) A K
2 Dim(eliZin) € 3 =5 < K7 == <1,

kekn kekn
and so ﬁnally we sum over ¢ = 0,--- ,n to get
n—1
ZDA £ (5 20 ) <) dimp(F, 277 (2lognt + 44 1/(2°4)) + 1
k=1 =0

< ndimp(Fp,27") (2log K +4+1/X) +1
< Cdimpg(Fp, N/ K)log(K/min{l, A}),

where the final step makes the assumption that A = O(1/log K), in which case it holds with some
absolute constant C'p. O

Remark C.2. Again, this prove does not depend on the multi-level structure of episodic MDPs. In
fact, it only relies on the Eluder dimensionality of F},. This means the proof can be converted to the
bandit case of Lemmal[A.3]| without any essential changes: simply change episode k into time step ¢,
disregard all mentions of level h, and consider z = a instead of z = (s, a).

D Technical Lemmas

In this section, we provide a technical concentration lemma that serves as the core of our results. For
one, this lemma is based on the following concentration inequality:

Lemma D.1. For a sequence of random variables {Z; }cn adapted to the filtration {S; }1en and
Sfunction f € F, for any X\ > 0, with probability at least 1 — 6, for all t € N, we have

_,Zlogﬂ«: exp[—Af(Z)]|Ss-1] —Zf(ZS) <5
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The proof for this lemma can be found under Lemma 4 of [Russo and Van Roy|[2013]]. Apart from
this, we need yet another basic concentration lemma:

Lemma D.2. Suppose {n;}1_, is a sequence of conditional R-sub-Gaussian random variables
satisfying E[e’”’t ”Ht_l] < exp (R2u2/2), where H;_1 denotes all history before time t, with
probability 1 — 6§, we have

T

S 2 <270 + 30 log(1/5).

t=1

A proof of this lemma can be found under Lemma G.2 of|Ye et al.| [2023]]. With this, we can prove
the following lemma characterizing the accuracy of least squares solution. Even though we need
this lemma for both bandit and RL settings, we will follow the notations presented in multi-agent
contextual bandits. Detailed explanation of how this translates to multi-agent MDPs can be found in
Section

Lemma D.3. Suppose we have a sequence of inputs {(a;, ;) }1_, that follow the rule vy = f*(a;)+1n;
for some ground truth f* € F, with ny being conditionally R-sub-Gaussian:

E[e‘”” |a1:t,r1;t_1] < exp(R*u?/2),Yu € R.

We also have server datasets Z{°" at different time steps, collected following the communication
protocol in our settings. Note that strictly speaking, the conditions under which 1, is sub-Gaussian
should also include the former participants mq.;, but we will omit this dependency for convenience.

o~

Consider f}<'|, the approximate ERM solution to the least squares problem:
Ser AR 2\
(2, @) spin( 3 (0= vk
Then abbreviating N = N (F, ) and taking Cgry = 36, with probability at least 1 — 6,
Z (ﬁfl(a) - f*(a))2 < Cerm [A + (v +€)*T + (v + €) TR + R*(1 + Ma)log(3N/8) + R*M?alog(3N M/5)
(a,yryezyr

Proof of Lemma|D.3] Let F., be a y-cover of the function class F with respect to the infinity norm
I - l|]oo- For f € F and (a¢,r:) for some ¢ € [T, let

O(f,ar, ) = —=(far) —r)* + (f*(ar) — )7,
Since r; = f*(a¢) + n¢, we can write ¢(f, ar, ) as
o(f,arme) = =(Flar) = F*(ar) +me)” + 7
= —=2(f(as) = f*(ar))m — (far) = f*(ar))
Since 7; is R-sub-Gaussian conditional on Z!! | | a,, we have for any positive parameter y that
logE[eXp(uqﬁ(f, at, Tt))’Z?Hhat] < 2M2RQ(f(@t) - f*(at))2 — u(f(as) — f*(@t))2
= (2M2R2 — ) (f(ar) — f*(at))2

Using LemmaD.1} we have with probability at least 1 — 6/3, for all f € F, and ¢ € [T],

par Y (frar) < uAR> —pa) D (fla) = f*(a))® +10g(3N/5),  (26)

(a,r)ez (a,r)ezy

2

where p,; > 0 is a parameter we will determine later.

On the other hand, if we consider any local agent m, when m; = m, we have 7, is R-sub-Gaussian
conditional on Z,7, _, U Z)%¢, | and a, i.e. all the data agent mn has received from the environment
up to this point. Thus we have for any p > 0 that

log E[ exp(—puo(f, a, 7)) Zyy 1 U Zy0, 1, ar] < 2p°R*(f(ay) — f*(ae))® + u(f(ae) — f*(ar))?
= (2P R + ) (f(ar) — f*(ar))?
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Then again using Lemmaand taking summation on Zi;’ft, with probability at least 1 — §/3, the
following holds for any m € [M]:

—poe Y (far) S Quine R+ o) Y (fla) = (@) + log(BNM/5), (27)

(a,r)EZ, (a,r)ezioe

m,t

where pio. > 0 is a parameter we will determine later.
Taking the summation of (27) for all m € [M] and combining (26)), while observing that Z{*" =

Zf”\ Unj\f 1 Zi?ft, we get

M
Yoo sfar)= > b(far)=d. > é(far)
(a,r)ezyr (a,r)ezi m=1(a,r)e2),
2 * 2 1
< @QuaR®=1) Y (f(a) = f*(@)® + — log(3N/5)
(a,r)e zil Hanl

! M log(3NM/9d)

loc

M
+ 2R+ 1) Y D (fla) = fH(@) +

m=l(a,r)€Zy ,

= 2RZ(,Uall + Hloc)”f - f*szgll - (2ﬂlocR2 =+ l)Hf - f*| 2Z;C'

1
+ —log(3N/6) +
Hall
FrornLemma we have )\—|—||f—f*||222ll < (1+Ma)()\+||f—f*| QZt) & Hf_f*”zzgn < MaX+
1+ Moa)|f - 1% «. Plugging this inequality into the above and letting f = 1/8R%*(1+ Ma)
and pioc = 1/8R2M o, we get

(3BNM/5).

Z O(fa,7) < 2R (pran + proc) MaX — (1 = 2Mapoe R? — 2(1 + Ma) pan R?) || f = f* | %
(a,r)eZyEr

1 1
+ i log(3N/§) + p M log(3NM/0)
all loc

1 1
<—5lf- F % + A+ 8R*(1 + Ma)log(3N/3) + 8R*M?alog(3NM/$).
(28)

Now for “fl, there exists fe F~ such that ||f *er 1lleo < 7. Using Lemma | this gives us the
following with probability at least 1 — 6/3:

- % fan= % (@ =) = (@) =]

(a,r)EZE (a,r)eZy"
2
([ X Gn@-0+ved) - X (-
(a,r)eZi” (a,r)eZy"
2
( Z +\/(7+eo)> — Z (f*(a)—r)2
(a,r)€Z (a,r)eZ3"

1/2
= (7 +e)’t +2(7 + €0) (Z%)

< (v + €)%t + 2(y + €0)/2T2R? + 3T R2log(3/9),

where we used the basic inequality \/>_(a +b)2 < /> a% + /> b2 in the first inequality and

used the property of ftﬁrl in the second inequality. Finally, taking a union bound and combining this
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794 with (28), we have with probability at least 1 — 4,
Tser * 2
Yo (Fi(a) - (@)

(a,r)ezy
_ e
<2%t+2 > (fla) = £7(a))
(a,r)eZy"
<2’ —2 Y 6(f.a.r) + A+ 32R*(1 + Ma)log(3N/6) + 32R*M>alog(3N M)
(ar)eZy

< 29%T + 2(y 4 €0)*T + 4(7 + €0)/2T2R2 + 3T R210g(3/0) + A + 32R%*(1 + Ma)log(3N/6§) + 32R>M>alog(3N M

< Crym [)\ + (y+€)?T + (y+ €)TR + R*(1 + Ma)log(3N/8) + R*M*alog(3NM /)|,

795 where the first inequality uses again Hf— ﬁfl lloo < 7, and it can be verified that the last inequality
796 holds when Cgrym > 36. O
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1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We accurately summarize our contribution and main results in the abstract,
and elaborate further on motivation and main techniques in our introduction.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: All assumptions made for our theoretical analysis are present and stated
clearly within the main paragraphs of our paper. Discussions on the applicability of these
assumptions are also included.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

 The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: All assumptions are listed in the main paper, while a very detailed and sound
proof is displayed in the appendices.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: Our theoretical paper does not present any experimental results.
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]
Justification: Our theoretical paper does not present any experimental results.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: Our theoretical paper does not present any experimental results.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: Our theoretical paper does not present any experimental results.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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10.

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: Our theoretical paper does not present any experimental results.
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: We have thoroughly reviewed the NeurIPS Code of Ethics, and believe our
work conforms fully the the Code.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: See Impact Statement before appendices
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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12.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: Our theoretical paper does not present any experimental results, and thus does
not feature such data and models.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: Our paper does not include any such assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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15.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: Our theoretical paper does not introduce any new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: Our theoretical paper does not present any experimental results.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: Our theoretical paper does not present any experimental results.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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