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ABSTRACT

Diffusion models have achieved remarkable success across diverse domains, but
they remain vulnerable to memorization—reproducing training data rather than
generating novel outputs. This not only limits their creative potential but also
raises concerns about privacy and safety. While empirical studies have explored
mitigation strategies, theoretical understanding of memorization remains limited.
We address this gap through developing a dual-separation result via two comple-
mentary perspectives: statistical estimation and network approximation. From the
estimation side, we show that the ground-truth score function does not minimize
the empirical denoising loss, creating a separation that drives memorization. From
the approximation side, we prove that implementing the empirical score function
requires network size to scale with sample size, spelling a separation compared
to the more compact network representation of the ground-truth score function.
Guided by these insights, we develop a pruning-based method that reduces mem-
orization while maintaining generation quality in diffusion transformers.

1 INTRODUCTION

Diffusion models have emerged as one of the most powerful families of generative models, achieving
state-of-the-art performance across a wide range of tasks (Song & Ermon, 2019; Ho et al., 2020;
Song et al., 2020a;b; Kong et al., 2020; Mittal et al., 2021; Jeong et al., 2021; Huang et al., 2022;
Avrahami et al., 2022; Ulhaq & Akhtar, 2022). Applications span image synthesis (Nichol et al.,
2021; Yang et al., 2024), molecular design (Weiss et al., 2023; Guo et al., 2024), and time-series
modeling (Tashiro et al., 2021; Alcaraz & Strodthoff, 2022), where diffusion models consistently
generate samples of high fidelity. Their remarkable empirical success has established them as a
leading paradigm in modern generative modeling.

Despite these advances, diffusion models have raised critical concerns. A central one is memo-
rization, where trained models reproduce training data instead of generating genuinely novel sam-
ples (Gu et al., 2023; Stein et al., 2023; Webster, 2023; Kadkhodaie et al., 2023; Rahman et al.,
2025; Chen et al., 2024). Such behavior undermines the creative potential of generative modeling
and threatens the promise of generalization (Somepalli et al., 2023; Carlini et al., 2023). Memoriza-
tion also leads to serious risks for data privacy and intellectual property, as training datasets may
include copyrighted works or sensitive information (Ghalebikesabi et al., 2023; Cui et al., 2023;
Vyas et al., 2023).

A growing body of research has attempted to characterize and mitigate memorization in diffusion
models. Empirical studies have explored its correlation with data duplication, training procedure,
and model architecture and capacity (Somepalli et al., 2023; Gu et al., 2023; Stein et al., 2023), and
proposed defenses such as dataset de-duplication, modified training objectives, or improved sam-
pling strategies (Wen et al., 2024; Ross et al., 2024; Wang et al., 2024). These methods provide
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valuable heuristics yet leave principles underneath their success underexplored. In parallel, theoret-
ical investigations have begun to analyze memorization from a statistical perspective. For instance,
asymptotic analyses, where both sample size and data dimension grow proportionally, have provided
insights into the interplay between data availability, model complexity, and generalization (Raya &
Ambrogioni, 2023; Biroli et al., 2024; George et al., 2025). However, these analyses do not fully
explain memorization in practical, finite-sample regimes, leaving open a fundamental question:

Can we disentangle memorization from generalization in practical regimes and mitigate it?

In this work, we take a step toward addressing this question. We develop a non-asymptotic analysis
that theoretically explains the emergence of memorization through the dual lenses of statistical esti-
mation and neural function approximation. Our analysis reveals that memorization is fundamentally
tied to the statistical properties of the training objective—the denoising score matching loss, and the
approximation capacity of score neural networks. More specifically, from the statistical estimation
side, we show that the ground-truth score function does not minimize the empirical denoising score
matching loss, leading to an inherent gap that drives memorization. From the approximation side,
we establish results demonstrating that the empirical score function demands network size scaling
with the sample size, whereas the ground-truth score admits a compact representation. Guided by
these insights, we explore empirical consequences and mitigation strategies. Our experiments not
only validate the theories but also introduce a pruning-based method that reduces memorization
while maintaining generation quality for diffusion transformers.

Our contributions are summarized as follows.

o Statistical separation theory: We show that the denoising score matching loss admits an inherent
gap between the ground-truth score function and the empirical score function (Proposition 4.1).
Furthermore, for mixture models, we provide a lower bound on the gap in Theorem , which
provides a formal characterization of how memorization arises from a statistical perspective.

o Neural architectural separation theory: We establish bounds on neural networks approximating
both ground-truth and empirical score functions in Theorem 5.1. Our results reveal that the ground-
truth score function admits a compact neural representation, whereas approximating the empirical
score function requires the network size to grow with the sample size.

Guided by our theory, we conduct experiments in Section 6 that (a) validate our insights regarding
memorization and generalization in diffusion models, and (b) propose mitigation strategies that
reduce memorization while preserving generation quality.

Notations: For a vector x, we use ||z||2 to denote its Euclidean norm, ||z||; to denote its ¢1-norm,
and |||/ to denote its £o-norm. For a matrix A, ||Al|2 and ||A||r denote its spectral norm and
Frobenius norm, respectively, and || A|| = max; ; |[4;;]. We use O(-) to suppress multiplicative

constants in upper bounds, while (5() further suppresses logarithmic factors. Similarly, £2(-) sup-
presses multiplicative constants in lower bounds, and ©(-) suppresses constants in both upper and
lower bounds.

2 RELATED WORK

Memorization and generalization in diffusion models have drawn increasing attention in recent
years. In this section we provide an overview of progress on both empirical and theoretical sides.

From an empirical perspective, memorization is a significant issue observed across various settings,
raising practical concerns about privacy, copyright, and model generalization (Ghalebikesabi et al.,
2023; Cui et al., 2023; Vyas et al., 2023). This phenomenon is widely identified in different do-
mains, and researchers have revealed several contributing factors, such as training dataset size and
score network size, and have proposed corresponding general mitigation methods like data augmen-
tation and data de-duplication (Somepalli et al., 2023; Gu et al., 2023; Stein et al., 2023; Webster,
2023; Kadkhodaie et al., 2023; Rahman et al., 2025; Chen et al., 2024). More targeted mitigation
methods have also been developed recently, including tracing memorized samples to network ar-
chitectural activations for pruning-based remedies (Chavhan et al., 2024; Hintersdorf et al., 2024),
excluding trigger tokens (Wen et al., 2024), and penalizing manifold memorization (Ross et al.,
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2024). Interested readers may refer to a recent survey (Wang et al., 2024) for a more comprehensive
exposure of contributing factors and mitigation methods for memorization.

From a theoretical perspective, memorization in diffusion models has been analyzed from a sta-
tistical physics perspective, with a focus on phase transition phenomena (Biroli et al., 2024; Li
et al., 2023; Ambrogioni, 2023; Ventura et al., 2024; Raya & Ambrogioni, 2023; Sakamoto et al.,
2024; Pavasovic et al., 2025). For example, Biroli et al. (2024) relate the sample generation pro-
cess to memorization and generalization of diffusion models by identifying critical transitions in
generation trajectories. George et al. (2025) use asymptotic analysis of random-feature denoisers,
which are functionally equivalent to score networks, to characterize learning curves and reveal the
inherent trade-offs between generalization and memorization. Bonnaire et al. (2025) provide an
asymptotic analysis of the training dynamics of random-feature denoisers, identifying a generaliza-
tion—memorization phase transition and examining how network architectural regularization miti-
gates memorization, with their theoretical findings supported by extensive numerical experiments.
Baptista et al. (2025) also investigate the dynamics of empirical score matching through a dynamical-
systems lens, identifying a training-time generalization—memorization transition and demonstrating
how various forms of regularization help prevent memorization. Other lines of work emphasize the
role of implicit bias in underparameterized denoisers (Kamb & Ganguli, 2024; Niedoba et al., 2024;
Vastola, 2025) and how dataset statistics shape a model’s generalization behavior (Lukoianov et al.,
2025).

During the preparation of this manuscript, we are aware of a closely related work (Buchanan et al.,
2025), where memorization and generalization properties in well-separated Gaussian mixture distri-
butions are studied. By considering a specific type of denoiser parameterized by Gaussian mixture,
they demonstrate a sharp transition from generalization to memorization as the capacity of the net-
work increases. Different from their study, our analysis holds for generic sub-Gaussian distributions
and establishes a statistical separation theory. In addition, we analyze the representation power of
general score neural networks and show another separation for approximating empirical and ground-
truth score functions. Based on our theoretical insights, we further develop mitigation methods to
improve generalization.

3  DIFFUSION MODEL AND DATA DISTRIBUTION REGULARITY

In this section, we briefly review the continuous-time formulation of diffusion models and introduce
the structural assumptions on the data distribution that will be used throughout our analysis.

Score-based diffusion model A score-based diffusion model aims to learn and sample from an
unknown data distribution Pg,¢, by estimating the score function (Song & Ermon, 2019; Ho et al.,
2020; Song et al., 2020a;b). It consists of coupled forward and backward processes. We adopt a
continuous-time description, where the forward process is

1
dX; = —§Xtdt +dB; for Xy ~ Pjata and B; is a standard Brownian motion.

The forward process gradually corrupts the data distribution by Gaussian noise injection. Here
Pjata represents the ground-truth data distribution. We denote P; as the marginal distribution of X}
at time ¢ and p; the corresponding density function. In practice, the forward process terminates at a
sufficiently large time 7.

The backward process reverses the noise corruption in the forward process—often referred to as
denoising for new sample generation. Mathematically, the backward process is

~ 1~ ~ ~ ~
dXt = §Xt + VIngTt(Xt):| dt + dBt for X() ~ PT,

where Et is another Brownian motion and V log p; is the score function. To simulate the backward
process, one needs to estimate the score function using samples from the data distribution.

e Score estimation. We collect i.i.d samples D = {z1,xa, ..., 5, } from the data distribution Pyata,
we estimate the score function by minimizing the following denoising score matching loss:

R 2
L(s) = ff%Z?:l Ly(wg,s)dt with £(24,5) = Ex,|x,=a, [H—X’_g‘*’ — s(Xt,t)HJ , (3.1

It
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where a; = e~*/? and 07 = 1 —e~*. Note that ¢, is an early-stopping time to prevent score blow-up
and secure numerical stability (Song et al., 2020b; Ho et al., 2020). The estimator s is parameterized
by a large-scale neural network such as a UNet (Ronneberger et al., 2015) or a transformer (Peebles
& Xie, 2023).

e Empirical and ground-truth score function. Although the primary focus of optimizing (3.1) is to
estimate the ground-truth score function V logp,, the use of finite collected samples introduces
a bias towards the so-called “empirical score function”. More specifically, we denote ﬁdata =
% >, 1., as the empirical data distribution. Let ﬁt be the marginal distribution of the forward

process if the initial state X follows Pyqata. In fact, % o N(owas, o2I) is a Gaussian mixture

with mean and variance dependent on time ¢. Consequently, P; induces the empirical score function
defined as

Vlogpi(x:) = _0%2 2?21 wi(z) (T — ),
where w; (x;) is a weight function; see detailed derivations in Appendix

An important property of the empirical score function is that it is the global minimizer of (3.1).
Moreover, using the empirical score function, diffusion models only reproduce training data points
instead of generating novel samples—known as memorization. Our theory in the sequel focuses on
distinguishing the statistical behavior and representation requirement of empirical and ground-truth
score functions, providing insights on the emergence of memorization.

Data distribution regularity To study different properties of empirical and ground-truth score
functions, we consider sub-Gaussian data distributions with Holder smoothness. These are com-
monly adopted regularity conditions in statistical literature and recent advances in the theory of
diffusion models (Wasserman, 2006; Fu et al., 2024). We introduce Holder regularity first.

Definition 3.1 (Holder norm). Let 8 = s+ > 0 be a smoothness parameter, with s = || an
integer and y € [0, 1). For a function f : R? — R, its Holder norm is defined as

0° -9
I fllsmay = max sup |0° f(x)] + max sup 10°f (x) f(y)l

sillslli<s 2 sillslli=s gy lz —yll3

)

where s is a multi-index. We say f is -Holder if || f |55 ra) < oc.
The Holder ball of radius B > 0 is defined as
HIRY, B) = {f : R = R| || fllys(ray < B} .

We now specify a class of Holder density functions that exhibit sub-Gaussian tail behavior.

Definition 3.2 (Sub-Gaussian Holder density). Let C > 0 and ¢y > 0 be two positive constants.
For any Holder index 3 > 0, let f € H#(R?, B) for a constant radius B > 0 with inf,, f(z) > c;.
A density function p is sub-Gaussian Holder if

p(@) = exp(=Cllz]|3/2) - f(=).

Since f is uniformly upper bounded, it holds that p(z) < Bexp(—C||z||3/2), which encapsu-
lates sub-Gaussian densities widely studied in classical statistical literature (Wasserman, 2006). The
lower bound on f ensures the regularity of the ground-truth score function, as it is well-known that
the regularity of the score function can be arbitrarily bad near low-density regions (Vahdat et al.,
2021; Song & Ermon, 2020). Definition is adopted in Fu et al. (2024) for establishing min-
imax optimal rate of conditional diffusion models. Yet our analysis tackles a more fine-grained
understanding of the generalization capability of diffusion models.

4  STATISTICAL SEPARATION: GROUND-TRUTH SCORE DOES NOT
MINIMIZE DENOISING SCORE MATCHING

In this section, we systematically show that the ground-truth score function does not minimize the
denoising score matching loss (3.1). In particular, there exists a gap in the loss evaluated at the
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empirical score function and at the ground-truth score function. The gap, perhaps surprisingly, may
not vanish with polynomially many training samples. To begin with, we define
n

1 .
Loss-Gapy = — Z; (0e (2, V1ogpe) — €y (x5, Viogpy)) ,
as the gap between the score matching loss at time ¢.

4.1 Loss—Gapy IS FISHER DIVERGENCE

We relate Loss—Gap, to the well-known Fisher divergence (Johnson & Barron, 2004; Holmes &
Walker, 2017; Yang et al., 2019; Yamano, 2021). Fisher divergence has a fundamental connection to
classical central limit theorems (Johnson & Barron, 2004) and has been widely adopted in machine
learning and Bayesian inference (Hyvirinen & Dayan, 2005; Hyvérinen, 2007; Yang et al., 2019),
change detection (Moushegian et al., 2025), and hypothesis testing (Wu et al., 2022). We state the
formal result in the following proposition.

Proposition 4.1. For any time ¢ < T, it holds that
Loss—Gap; = Fisher(ﬁt, P),
where the divergence Fisher(P;, P;) = Eyx 5 [IV1ogpt(X) — Viogp:(X) 13].

The proof is provided in Appendix A.l. Loss—-Gapy is analogous to the generalization bound of the
empirical score function V log p;, but fundamentally different. A generalization bound evaluates the
deviation of V log p; from V log p; under the ground-truth data distribution P;. Here, Loss—Gap,
is evaluated under the empirical distribution Igt. Interestingly, Fisher divergence is not symmetric
and Fisher(FP;, ﬁt) coincides with the generalization bound of V log p;. Existing literature presents
fruitful studies on the generalization properties of diffusion models (Oko et al., 2023; Chen et al.,
2023; Wibisono et al., 2024). Yet, the established analyses cannot be directly applied to our setting.
Indeed, bounding Loss—Gap, can be much more involved due to its intricate dependence on the
empirical score function and the loss evaluation over the same empirical data points. In the following
section, we show a lower bound on Loss—-Gap; under mixture models.

4.2 QUANTIFYING THE LOSS GAP IN MIXTURE OF DISTRIBUTIONS

We instantiate Pg., to a mixture of K components with an equal prior, namely
Paata = % 2521 Pk, (Mixture Model)

where each component P(¥) admits a density p(*), and we denote by X (¥) ~ P(*) 3 random variable
drawn from the k-th component with mean E[X ()] = (¥ and covariance Cov[X (¥)] = ¥. Mix-
ture Distributions align well with real-world datasets, which often exhibit multi-modality. For exam-
ple, image datasets may contain distinct categories, such as cats and dogs in CIFAR-10 (Krizhevsky
et al., 2009), that correspond to different components. For each component in the mixture model,
we impose the following assumption.

Assumption 4.2 . We represent X (%) as X %) = ;,(¥) - 521/2¢ and assume £ is a unit variance, entry-
wise independent sub-Gaussian vector with ||£]|,, = O(1), where || - || 4, denotes the sub-Gaussian
norm (see Definition 3.4.1 in Vershynin (2018)). We also assume that | X2 = O(1),||X]r =

O(v/d), and $'/2¢ admits the sub-Gaussian Holder density defined in Definition 3.2. Additionally,
we assume ||u*) ||, = O(Vd).

Assumption ensures samples generated from the mixture are well separated with high proba-
bility when log(n) = O(d). We define the minimum component separation distance as A, =
min; z |19 — ¥ ||o. Equipped with these, we are ready to state a lower bound on Loss—-Gapy.

Theorem 4.3 (Lower bound on Loss—Gap;). Suppose Pqa.t, takes the form ( ) with
each component satisfying Assumption 4.2. Further assume the separation distance A,;, = @(\/E)
For ¢y and t; verifying log(oy,) = Q(—d) and log(o:,) = O(—logd) and sample size logn =
O(d), it holds that

Ep [Loss-Gap;| = Q(dat_2 + tr(E)) forall ¢ € [to, 1],
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where Ep denotes expectation with respect to the dataset D. The proof of Theorem 4.3 is provided
in Appendix A.2. We present several discussions.

Small ¢ and large variance amplify the gap
Theorem says that for polynomially many
training samples, Loss—-Gap,; is not negli-
gible in the small-¢t regime. We visualize

50 “.\'\'\.\_

B . : . o 40
Lpss Gapy 1n a Gaﬁuzssmn mleure setting 1n s 3 t=025
Figure |. The do,” term arises from the &, 4+ t=05
Gaussian noise injected during data corrup- 3 =075

larger variance on increasing the loss gap can be
understgod through the Fisher divergence be- o 5 D
tween P; and P;. For the same number of sam- Sample Size (n)

ples, larger within-component variance makes
the samples sparser in space, leading to a larger
Fisher divergence between the Gaussian mix-
ture P, formed by the samples and the true dis-
tribution P;. Although the divergence vanishes as n — oo, the convergence rate n
the curse of dimensionality as shown in Weed & Bach (2019).

tion, while the tr(X) term originates from = 2° +t=10
the within-component variance. The effect of 10 m

Figure 1: Smaller ¢ leads to larger Loss—-Gap;,.
When sample size n is not sufficiently large, the
gap is non-negligible.

—1/d i5 subject to

Gap leads to memorization Using Theorem and revisiting (3.1), we can derive

T

Ep[L(Viogp:) — L(Viegp)] = / Ep[Loss—Gap|dt 2 log(1/ty) - d + (t1 — to) tr(X).
to

This highlights an important mechanism of memorization: the training loss gap between the ground-

truth score and the empirical score is non-negligible. Therefore, strong optimizers, e.g., Adam and

AdamW, tend to drive a sufficiently expressive score network to learn the empirical score rather than

the ground-truth score during training. This effect is more pronounced in higher dimensions.

Extension to bounded support Our analysis also applies to mixtures of well-separated compo-
nents with bounded support. The key step in establishing Theorem is to prove a reduced-form
approximation to the empirical and ground-truth score functions, respectively. More specifically,
for a given noisy state X ~ ]3,5 generated by injecting Gaussian noise into the empirical data points
x;, we argue that Vlog p;(X) ~ —o; 2(X — ay;). Similarly, the ground-truth score function is

dominated by Vlogp:(X) =~ Vlog pgk)(X ), where z; is sampled from the k-th component and

pﬁk) is the density of the marginal distribution via applying diffusion process to the P(*). These ap-
proximations are valid thanks to the separation among the components. Bounded support naturally
ensures this separation and hence the result follows.

5 ARCHITECTURAL SEPARATION: GROUND-TRUTH SCORE ALLOWS
COMPACT REPRESENTATION

Section 4 establishes that Loss—Gap, does not vanish in the small-¢ regime, implying that train-
ing a sufficiently expressive neural network with a strong optimizer can bias the training towards
the empirical score function. Yet, it remains unknown whether a network is expressive enough.
In this section, we investigate the representation requirements for the ground-truth and empirical
score functions using ReLU networks and identify another gap in the complexity of the network
architecture.

For simplicity, we focus on feedforward ReLU networks, while extending to other network ar-
chitectures does not impose substantial challenges. We define a ReLU network architecture as
F(W,L,N), where W, L and N are the width, depth, and non-zero parameters of the network.
More specifically, we have

.F(VV, L,N) = {f : f(;r) =Ap -ReLU(AL_1 -ReLU(. . .ReLU(Alm + bl) . ..)—|—bL_1) +byr,



Published as a conference paper at ICLR 2026

where A4; € R4=1% with d; < W forl =0,...,Land 31, | Aillo + [|bilo < N}

Here dj represents the data dimension and d;, represents the output dimension. The following
theorem establishes approximation guarantees of the ground-truth and empirical score functions.

Theorem 5.1. Suppose that the density function of Py,t, satisfies the sub-Gaussian Holder density
condition in Definition 3.2 with Holder index 8. For any sufficiently small € > 0, choose the early-
stopping time tg satisfying logto = O(log¢) and the terminal time 7" = O(loge~!). Then there
exist network architectures 71 (W7, L1, N1) and Fo(Ws, Lo, No) giving rise to

81€f1(W1,L1,N1) and SQEfQ(WQ,LQ,NQ),

such that for any ¢ € [to, T, it holds that

Ep {]Extwﬁt {||51(Xt,t) —Vlog@(xt)HiH < aigl and (5.1)
Ep [Extwﬁt {||52(Xt,t) - Vlogpt(Xt)Hzﬂ < aig (5.2)
The configurations of F; and F> are
Wi =0(nlog’e™),  Li=0(log’¢!), Ny =0O(nlog*e?) and (5.3)
Wy =0 (e*% 1og7e—1) . Ly=0(log*e™l), No=0 (e*% log? e—l) L (54

The proof is provided in Appendix B. The key idea of the proof is to rewrite the score function as
Vlog pi(z) = Vpi(z)/p:(x) and then construct ReLU networks for approximating the numerator
and denominator separately. Note that (5.1) is equivalent to the denoising score matching loss (3.1).
Thus, minimizing (3.1) over a sufficiently large network identified in (5.3) using a strong optimizer
will bias training toward the empirical score function. Probing the network size upper bounds and
the corresponding approximation error, we make the following interpretations.

Network size depends on sample size The configuration of the network architecture
F1(Wy, L1, N1) depends on the sample size n and the desired approximation error €, whereas the

configuration of the ground-truth network s, depends on ¢ 75, More specifically, as n increases,
the required width W and the total number of parameters N for 7 will increase. This distinction
highlights the potentially greater complexity involved in approximating the empirical score function,
as it corresponds to a Gaussian mixture distribution with n components.

Sample Duplication and Memorization Empirical observations, such as those in Somepalli et al.
(2023), show that training sample duplication plays a significant role in memorization. From our
insights in Theorem 5.1, sample duplication reduces the complexity required for the network to
represent the empirical score function, thereby making memorization more likely. As stated in (5.3)
and (5.4), when the dataset contains n i.i.d. samples, approximating the empirical score requires both
the network width and the number of non-zero parameters to scale with n, while the corresponding
quantities for approximating the true score do not depend on the sample size. However, if m samples
are duplicates of the remaining n — m i.i.d. samples, then from a theoretical viewpoint, the dataset
effectively has size n — m < n. This implies that duplication makes the empirical score easier to
represent and requires a less expressive network. Consequently, duplication makes memorization
more likely to appear.

Different sensitivity to time ¢ We also observe that the approximation errors in (5.1) and (5.2)

exhibit a distinction in the dependence on variance 0. The empirical score function reproduces

the empirical training data distribution Pg,,, Which does not have a smooth density function. Con-
sequently, the empirical score function becomes highly irregular when ¢ approaches 0, making it
substantially more difficult to represent. On the contrary, the ground-truth score function possesses
better regularity as the data distribution satisfies the sub-Gaussian Holder condition. We dive deeper
into this regularity contrast in the sequel.
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Lipschitz continuity of score functions We investigate the Lipschitz continuity of score functions
by computing the Hessian matrix of log density. As shown in Lemma in Appendix C, we have

2
V2 log py(r) = — 1+ %0 Cov[Xo|X, = 2.
O Oy

The same result applies to the empirical density p; by replacing Cov[Xy|X; = z;] with the em-
pirical counterpart induced by training samples. For a small time ¢, we show that the Lipschitz
coefficient—the supremum operator norm of the Hessian of the empirical score is bounded by
Q(o;* - mingy; ||lz; — x]|3), which depends on the separation of the training samples and vari-
ance o2. In contrast, the Lipschitz continuity of the ground-truth score of a sub-Gaussian Holder
distribution in Definition behaves much better. As a concrete example, for a Gaussian distribu-
tion Pyata = N (1, X), denote Ay (2) as the smallest eigenvalue of 3, we have

1

———— =0O(1) f t.
S W b5 (1) for any

IV log e, =

Weight decay effectively control the Lipschitz continuity Weight decay controls the Lipschitz
continuity of neural networks by penalizing the Frobenius norms of the weight matrices (Krogh &
Hertz, 1991; Loshchilov & Hutter, 2017; Zhang et al., 2018). It has been implemented widely for
training large-scale complex neural networks. Motivated by the separation in Lipschitz coefficient,
we demonstrate the effectiveness of weight decay for mitigating memorization in Section 6, as the
score network can hardly represent the empirical score function with well-controlled smoothness.

6 NUMERICAL RESULTS

We conduct experiments on both a simulated Gaussian mixture dataset and CIFAR-10 (Krizhevsky
etal., 2009) to validate our theoretical insights and evaluate the effectiveness of our proposed theory-
driven memorization mitigation strategies.

6.1 EXPERIMENTS ON GAUSSIAN MIXTURE DATASET

We explore how network size, training sample size and data dimension affect generalization and
memorization. Additionally, we demonstrate that weight decay and network pruning are effective
remedies for memorization, which validates our theoretical insights. For the purpose of evaluating
memorization in numerical experiments, following Buchanan et al. (2025); Yoon et al. (2023), we
identify memorization as follows.

Given a training dataset {z;}?_, and a trained ] .- o
diffusion model M, we say that a sample Tyew - "iﬁ‘g. o : fer
i i i B Iy = i wr
genergted 1by M is megnorlzed if H.fncw o - e . Fore
1))z < §llTnew —2(2) |3, Where z(y,) is the k- - @# Wyt £ P s
th nearest neighbor in Euclidean norm to Zyey -+ %, *%2% |2 o w, ¥
: n : -8 - raining Data
in (xi)?zl. Further, we call the proportion of S 6 5| ° Temneoae |
memorized samples within a batch of new sam- s — Deta (Memortzed)
ples drawn from M the memorization ratio. . *ﬁ‘ & - 2 Y
2 e n "ﬁ“ 5. R
: _ 1 K k Medium] & - .’gﬂ"r.
We specify Paata = 3¢ >pmy N(p®, 1), 2 [ i R
where ;) k € [K] are well-separated. As ﬁ % - RN
a teaser, we set d = 2, K = 4 to visualize - "7 —Job—w— |
how network size affects memorization, which
is shown in Figure 2. Figure 2: Learning 2D Gaussian mixture with

varying network sizes. Increasing the network
size leads to a clear progression: from failing
to capture the underlying distribution, to partial
generalization, and eventually to memorization.
Memorized samples generated by the largest net-
work are highlighted in red.

In the following experiments, we set K = 8,
and draw p(*) independently from N(0,41,).
We first examine the relationship between
memorization ratio, training sample size n, and
data dimension d. The results are shown in Fig-
ure 3a. We initially fix the data dimension at
d = 32 while varying the training sample size
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and network size. The results indicate that larger networks exhibit stronger memorization capacity,
while more training samples reduce memorization ratio. We then fix the network size (12M parame-
ters) to analyze the effects of training sample size and data dimension. The results show that higher
dimension leads to lower memorization as data is harder to replicate.

We then leverage our theoretical insights to explore potential remedies for memorization. Motivated
by the theoretical insights in Theorem 5.1, we conduct further experiments to investigate the effects
of network width and weight decay. The results are presented in Figure 3b. With sufficient sample
size (n=10K), memorization is less likely and increasing network width promotes generalization
(measured by mean log-likelihood, where higher is better), while strong weight decay is harmful.
However, with reduced sample size (n=3.2K), wide networks and light weight decay both lead
to a high memorization ratio and severely impair generalization, while proper network width and
weight decay prevent memorization and improve generalization. These findings validate that choos-
ing appropriate network widths and applying weight decay during training are effective strategies to
mitigate memorization.
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with varying sample sizes and data dimensions. varying weight decay rates and sample sizes.

Figure 3: Comparison of experimental results on Gaussian mixture data. In (b), solid lines show
memorization ratio, dashed lines show mean log-likelihood.

6.2 EXPERIMENTS ON CIFAR-10

Motivated by our theoretical insights and results on the effect of network width from synthetic
experiments above, we propose a pruning method as a plug-and-play approach for trained diffusion
models to reduce memorization.

Pruning to mitigate memorization Pruning has been widely adopted for trained diffusion mod-
els, either to reduce network size for faster inference while maintaining performance (Fang et al.,
2025), or to remove specific memorized samples by identifying the responsible neurons (Hintersdorf
et al., 2024). We propose a one-shot pruning method for trained Diffusion Transformers (DiTs) (Pee-
bles & Xie, 2023). In particular, motivated by Theorems 4.3 and 5.1, we identify and prune attention
heads that contribute least in the small-f regime, followed by fine-tuning. This forces the remaining
heads to represent the data with reduced capacity, which in turn encourages the model to learn the
ground-truth score rather than overfit to the empirical score. The full procedure is summarized in
Algorithm |. We adapt importance score computation from Liang et al. (2021), with details provided
in Appendix

Performance of our pruning method We evaluate our pruning method on the CIFAR-
10 (Krizhevsky et al., 2009) dataset. First, we randomly select a subset of 5,000 samples and train
a DiT on this dataset. We then apply our pruning method with diffusion time step sampling distri-
bution 7 = Beta(0.8,2) and set the pruning ratio 7 = 20%. For comparison, we also evaluate the
original model and a random pruning baseline with the same pruning ratio. Besides memorization
ratio and FID, we also use the precision and recall metrics of Kynkdénniemi et al. (2019). Defini-
tions are provided in Appendix D.2, where recall measures diversity and generation coverage. The
results in Table | show both our method and random pruning reduce memorization, but our method
achieves higher recall and maintains a competitive FID, indicating improved diversity without sac-
rificing much fidelity. See Figure 4 for a comparison between the images generated by the original
model and our pruned model.
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Algorithm 1 One-Shot Pruning for Diffusion Transformers

1: Input:

2:  Dataset D, trained DiT model M with heads H = {h1,...,hu}.

3:  Time sampling distribution 7, which shall put more density on small ¢.

4:  Pruning percentage 7 € [0, 1], fine-tuning steps M.

5: Compute importance scores {1(")}},c3; <~ IMPORTANCESCORE(M, D, T).
6: Identify the set Hprne of |77 - H | heads with the lowest importance scores.
7: Prune all heads h € Hpryne from the model M.

8: form=1,...,M do

9: Fine-tune the pruned model M on a batch from D.

10: Output: The pruned model M.

Although pruning slightly reduces precision, this is expected, as a high memorization ratio can
artificially inflate precision by replicating training samples. For completeness, we also vary the
pruning ratio and report additional results in Appendix

Model \ Precision (1) Recall (1) Memorization Ratio (%) ({) FID ({)
Original 0.39_ 001 0.08+0.01 73.8241.12 15.4740.98
Our Pruning 0-33i0.02 0~12i0.01 68.58i0,77 15007i0.33
Random Pruning 0-30i0.02 O-Ogio,ol 66.87i0_94 17~14iO.25

Table 1: Comparison of the original model, our pruning method, and random pruning. Each value
is mean-gtq over 5 runs. Best results are in bold.

7 CONCLUSIONS AND LIMITATIONS

In this work, we present a theoretical framework to explain memorization in diffusion models, ex-
amining it from the perspectives of both statistical separation and architectural separation. From
the statistical separation side, we show that the ground-truth score function does not minimize the
denoising score matching loss, and we quantify this discrepancy for generic sub-Gaussian mixture
models. From the architectural separation side, we establish theoretical bounds on the approxima-
tion capabilities of neural networks for both the true and empirical score functions, demonstrating
the separation of network size. Finally, we validate these theoretical insights through a series of
experiments and propose a novel pruning method to mitigate memorization based on our findings.

While our work provides valuable insights, it has a few limitations. First, although we quantify the
discrepancy for sub-Gaussian mixture models—a very common case—our theoretical framework
does not yet extend to heavy-tailed distributions. Second, while our pruning methods are effective
in our experiments, we lack the computational resources to fully validate their performance on larger
datasets and models. We hope that future work can address these challenges.

10
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A PROOF OF PROPOSITION AND THEOREM

A.1 PROOF OF PROPOSITION

Proof. The proof relies on a rewrite of the score functions. For the ground-truth score function and
any empirical sample x;, we have

Vlog pr (1) 2 1 ( ) o J (@i — wo) exp(—55z o — awao||3)dPaaca (o)
ogpi(xy) = —— (v — o) — —
T U0l [exp(— gk | — auwo|[3)dPaata(zo0)
ii 1 Q
w ——(z — ;) — %(%‘ — pioje(w¢)), (A1)
g Oi

where in equality (¢), we insert c;x;, and in equality (i¢), we denote
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' J exp(= 5%z 2 — aro]3)dPaata(wo)

Recalling the definition of ¢;(x;, -) in (3.1) and plugging in (A.1), we obtain
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Combining them, we have
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To compare the terms in A.2, it suffices to fix an arbitrary time ¢ € [to, T]. Starting with the ground-

truth denoising loss, we have
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We claim that (&) = 0. In fact, we have

a? ~ T/~
(W) = ZgEonﬁdataEXt|Xo {(Xo — Tioe(Xe)) (o (Xe) — MO\t(Xt))}

, 2
(1) J =N T,
= 20—§ExtEXU|Xt [(Xo — :uO|t(Xt)) (Mo\t(Xt) _ Mo\t(Xt))}

= Q%Ext {(ﬁo‘t(Xt) - ﬁo|t(Xt))T(ﬁO|t(Xt) — /J'O|t(Xt))}

:07

where equality (¢) follows from the tower property of conditional expectation. As a result, compar-
ing (A.2) and (A.3) gives rise to
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To further simply the expression, we apply Tweedie’s Formula(Robbins, 1992) and have
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2
@l

n N 1 n
25w o -0 - 15

Then we can conclude
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Loss-Gap; = - Z]Ext\zi [||Vlogpt(Xt) - Vlogpt(Xt)Hg}
i=1
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and we complete the proof. O

A.2 PROOF OF THEOREM
The proof of Theorem 4.3 proceeds in three steps:

 Step 1. After simplifying Loss-Gap; to the form in (A.4), and assuming Py, follows the
mixture model ( ), we can express fig|(x¢) and pio|¢ () as weighted sums:
Ho|+ weights the contribution of individual samples, while 1o, weights the contribution of
mixture components.

 Step 2. In the small-¢ regime, on a high-probability event for both the diffusion noise and
the samples (where their norms lie in a regular range), we identify the dominant weights
in figp¢(2¢) and pigj¢(w¢). If @y is the diffusion-corrupted version of a training sample x;,
then i (z¢) is dominated by the contribution of x;, whereas fio|¢ () is dominated by the
contribution of the component that generated x;. We also provide explicit lower bounds on
these dominant weights.

» Step 3. Separating the dominant and residual terms in the weighted sums yields a lower
bound on Loss-Gap;.

We now proceed with the proof step by step.

A.2.1 Step 1. SIMPLIFICATION OF (A.4)

For each k € [K], let pgk) denote the marginal density of the forward diffusion process at time ¢.
Equipped with this notation, we can have a simpler discrete version of (A.4).
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For fig|¢(w¢) we have:
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= K
S o (@)
K (k)
1
- # / 79 l(zm?)%exp<—22|xt—atxo||§>p<’“><xo>/p§’“)<mt> dao
k=1 Zj—1 pi () 7t
- Z wl® (@) (), (RO
()
Wy ey, Sz g lei—all})p™ (@0)dao
where we denote w;" ’ (z:) = S o (o )7M0|f () = Texp(— 2%2 |zratzo\lz)p<w(zo)dzo , for
k € [K].

After simplification, Loss—-Gap; can be rewritten as

~ k k
>_a (%) Zw( (Ko (X0)
=1

2 n
o; 1
Loss-Gap; = — — E Ex, |z,
e i

2
For the sake of simplicity, we further denote
2
k k
A; 2 Ex, s, Zwt (Xi)z, — Z wj )(Xt)ué‘Z(Xt)
k=1 2
A.2.2 Step 2. BOUNDING THE DOMINANT WEIGHTS WITHIN CERTAIN EVENT
We first denote ¢ = X1/2¢, following the notations in Assumption 4.2. We can then write the
decomposition of X (*) as
X® =1 fe e~pe, Ee] =0, Cov(X®) = Cov(e) = .
And thus, under Assumption 4.2, there exist some constants C7, Co, C5 > 0 such that
e =312, B[] = 0, Covl¢] = I, [|élly, < C1, |Z]|r < CaVd, |[E]2 < Cs. (A7)

We define a mapping ¢ : [n] — [K], where ¢(¢) maps i to the index of the component from which it is
generated. Equipped with this, we can write z;—u(¢(Y)) = ¢;. We now define a high probability event
&; for sample norm and their well-separation properties. Invoking Corollary , we can specify
a high probability event £, within which the samples are well separated, and their norms are in a
regular range. The statement in the corollary suggests that, for § € (0, 1), with high probability at
least 1 — 8, we have

2y1(6/2n) 4

d
- d — = /L 10g(n2/8), and
jain Jle 6l > =7 o\ g loaln?/0), an
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6/2 , . w(0/2
WO § < int a3 < sup g - pe03 < O
C i€[n] i€[n) C

Thus, the following event holds with probability at least 1 — 4:

51 é {1‘17...,1'” Héi_ejH%
= %Cmn)d - % d 10g(n2/5) Vi,je [n]}
2 )
N {xla--~7xn Md S inf Hl‘z—,u(c(t))ng
c i€[n]
< sup ||lz; — u(c(i))Hg < yu((S/Qn)d}
i€[n] C

Similarly, we can also define another similar high probability event for Z, the Gaussian noise intro-
duced by diffusion. Invoking Lemma A.1, for 6z € (0, 1), with high probability at least 1 — ¢ the
following event holds

= {\/d 2y/dlog(2/67) < || Z]|2 < \/d+2\/dlog(2/6z) +2log(2/5z)}.

eXp(—d/9)

First, for the sake of simplicity, we can take 6 =
that "f < 91(5/271)

and analyze ¢ in a certain range such

. With such constraints, we can easﬂy derive the following relationship:

VW o [R5 o ik 2 /Togaiz) + 2lon2/oz). (&)

Additionally, we can make first-step simplifications of the weights.

According to (A.5),
1

A( )(Xt) .
L+ 37525 exp(— 5,7 (X0 — w13 — |1 X — o 3))

According to (

~—

—1
eld (X; — g
wf ) = |14 Y fh ' %03
ety QX — appet))
; -1
> |1+ Z — exp ( ||Xt - Oétﬂ(@”% _ ||Xt _ atu(c(z))H%)
B k#c(i) cr 2(a? + Co?)
The second inequality invokes Lemma , which provides us an upper bound on the ratio of g;

evaluated at different points.

Consequently, from the first-step simplifications, the analysis of the dominant weights reduces to
the comparisons of different distances. Within £ N &, we can easily conduct such analysis.
Distance analysis Conditioned on £ N &, we discuss the following three kinds of distances for

investigating the weight behaviors.

e Case I: The distance term regarding X; = o,x; + 0,2 and u(c(i)). We evaluate the distance

| X: — at,u(k)Hg. According to the forward process, conditioning on x;, we write X; as X; =
agx; + 017, where Z ~ N(0, I;) independent of X;. Thus, we derive

1X: = appt Do < [1X; — qrilla + aylw; — 5
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C b
where the second inequality leverages the fact that, within & the norm of the samples are controlled.
Consequently, we deduce

2
X0 — el < o/ + 2/d1og(2/67) + 2loa(2/67) + | L2 g

where the first inequality leverages the fact that, within £ the norm of the diffusion noise is con-
trolled, and the last inequality leverages (A.8).

<ol Zl|2 + o

On the other hand, by the triangle inequality, we have

1X: — cogpa |y > max {o4]| Z||2 — cellws — pP)2, cul|zs — p P2 — 04| 2|2}

For the first term in the maximum above, we have

w(0/2n
0| Z|2 — ovel|zs — || > Ut\/d —2/dlog(2/6z) — aﬂ/%d. (A.10)

Similarly, we have

a|| Xy — Olt/i(c(i))||2 — || Z]|2

. W@ ~ o+ 2/dlog(2]57) + 210(2/67)

yi(6/2n) d
C )
where the last inequality leverages (A.8). Taking maximum over ( ) and ( ) leads to

11X, — ap©D)]y > max {at\/d 2/d1og(2/37) — au \/y“ o/2) \/yl(dé%)d}

a
> — A.ll
=9 (A.1D)

y1(6/2n)
Td.

e Case 2: The distance terms regarding X; = oyz; + 047 and p®) | k c(i). We only need a

o
> — A.12
=79 (A.12)

lower bound on the distance || X; — a0 ||
1X = @™l = [|Xe = a4+ aput™D) — a, ™|l
> ay[|n D =yl — [1X; = applD

Z atAmin - O‘t\/g (\/yu (6/271) + ;\/yl (6/2n)) ) (A13)

C c

where the last inequality leverages the definition of A,,;;, and the upper bound in (A.9).

e Case 3: The distance terms regarding x; and x;. We have

10 — avaj |13 — 1 X0 — il
= aw(w; — a5) + o Z|5 — o Z|I3
> 2 adlles — ;1 — 207213,
If ¢(7) = ¢(j), then by the definition of &;, we have
lz; — 25113 = llei — €113

2y(6/2n) 4 |d )
> 4 G g lesn?/0),
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and if ¢(7) # c(j), we have

s — 4|3 > Al — 2 sup [lei][3
€en
2yu(6/2n)
> A2 T IT g
min C
If we set
2y,(0/2n) 2y1(6/2n) 4 /d
A% > d d— —/—log(n%/é
2 2 L g SO &\ = log(n?/0).
we can then have a union lower bound
2y;(6/2n) 4 /d
2 — ;3 > Td - C %bg(nz/d)-
Thus,

1Xe — a3 — 1 Xe — w3

2 2
> agyl((s/ ”)d_ d 1og(n2/5) —207||Z|3

C e

> af@d % ilog(nQ/(S) —202(d +2+/dlog(2/57) + 21og(2/67))
y(6/2n) 22 |d 1 5y(6/2n)

> iy 2

_ozt C —d- % 1og(n /8) — 5 o? C —d

a? d 9
> Y6l yi(6/2n)d — 4 glog(n /0) |, (A.14)

where the second inequality leverages the norm range control within &, and the third inequality
leverages (A.8).

Lower bounds of dominant weights Thus, within & N &, we have

2" (x,) = :
L+ 30 exp(— 55z (X0 — onarjll3 — [1Xe — uil]3))
> 1 . (A.15)
14 (n—1)exp (20 d <y1(5/2n)d 4,/4 log(n2/5)>>
Leveraging Lemma and the bounds in (A.9), ( ), and also setting

s > (o ) 1)

we have

—1
. _ (k)
(e(i)) B qe (Xt — apu'™)
w, (X)) = | 1+ k; Xy — agpe@) ]

Xy — a2 1, — agu@2)\]
ey B Xp< U, el 1% =l 1)
L ke Qi o}
- i
>+ 2 (k-1 ¢
2 + cf( )exp< 22+ Co?)

. [(atAmm S CZUEDI N FIUEDNE
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_ afd(\/y“((z%) + ;\/yl(‘séZ”))?D] 7 , (A.16)

where the last inequality leverages the bounds in (A.9) and ( ).

To further simplify the expressions, we shall notice that if we take K = poly(d), and log(n) =
O(log(8) + d), we have the conditions on A, become A, = O(v/d), and

y1(6/2n)d — 4 %log(nQ/é) = Q(d),

(atAmin — ag/&(W_k 1\/@»2
a0 g fuldfn) e

[

[\v]

Thus, the bound in ( ) can be simplified as

-1

2
(x> |1 __ Caid A7
Wy ( t) ~ + exp 2(&%+OO’%) ’ ( A7)
and the bound in ( ) can be simplified a
(i 1
@ (Xe) 2 — (A.18)
1+ nexp (20(;?)
A.2.3 Step 3. LOWER BOUND OF THE LOSS GAP
In the sequel, to simplify the derivation, we denote 6; = %202
t t

We now further simplify the loss gap Loss-Gap, by extracting the weights of dominating sample
and component. Within & we can write

A = Ex o017 (Xo)as = w0l (X0) ui ™ (X0)

(el Xom - X WP u)x0) [211E)]

1#1 k#c(7)

1
> 5 Exile|

1 2
,wg )(Xt)ﬂfi . wgc(z))(X )M(c‘iz)) t)Hz 1{52}}

A

S el xoa - 3w (X0 alx0)2 1{52}},

I#1 k#c(4)

- EXH%{{

B
where the last inequality leverages the fact that ||z — y||3 > ||z(13 — ||y/13.

Plugging in the expression of pq|; in Lemma gives rise to
Ex, |z, [A1{&}]
=EBxa [(1{52}H( (Xe) - wgc(i))(Xt)et)xz
wf D)1 = 0D — i (X0, 22—l () B])]

> Ex, |z [(1{52}” (1" (X0) = wi™ ™ (X0)00) s
wgc(i))(Xt)(l _ gt)u(C(i)) _ fwgc(i))(Xt)at : %ZH;)} - 2||E||§

2 EX, |z, [(1{52}H( 17 (X)) — w (X0)0y)
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W (X,)(1 = 0, — ) (x,), - %an)} —20(0? /a2)
= B [ (1€ (@ (X0) = ) (X)) s — P (X0) (1 = 6)l O 3)]
+ B [0l (00 - 2213 16)]
~ B, (P08 22) (0 (X0) = i (X))

Qi

0 (X,)(1 = ) 1{52}}

—20(0} /7). (A19)
The first term in ( ) can be simplified as
i j N2
Ex, |z |:(1{€2} H (A( ) -0 ’wtc( ))(Xt)) T — wgc(l))(Xt)u _ at)/l( (i 2>:|

~ B, | (16 (@M) 0l a1 = w001 = 0 a1 — ) )

> %Ext\xi Kl{&} ol @ (X1 = 80) (@i - “(c(i)))Hm

— Ex,ja, [H@f“(}m —w,EC(i))(Xt)) . 1
2 500= 0% o= ) [}~ B | (300 = i ) [ sl
2
2 gm0 - | (FEREEEL) | (e 2220a),

where the second last inequality leverages the fact that in our ¢ range (the condition of Lemma A.6,

oy S 1/Vd), wi @) (X;) > 1, the last inequality leverages the lower bound of the weight in ( ),
and the fact that within &1, sup; ¢, [|2l|* < sup;e i 13 + [le]3 < R2,. + yul8/2n) g

The second term in ( ) can be simplified as

(e ( x,)9 2 o2 1 2
‘wt K g 1ge) | 20 a‘t2 <1+ ( Ced)) *
i exp (=57

]E’Xt|$i at
2

where the inequality leverages the fact that || Z||2 > +/d/3 within &;, and the lower bound of the
weight in ( ).

The third term in ( ) can be simplified as

. T . .
Ex,|z; [(w§6(1))<xt)9t . %Z) ((,@El)(}(t) — wt(c(z))(Xt)et)xi

wi (X (1= )l 1{52}]
— - 2 B, [ (00 27 (@7 () — 0,0 (X)) 18]
— 0t . %i EXt\JJi {wgc(l))(Xt)(l _ at) ZTM(C(l)) 1{52}:| )

We now decompose this expression by adding and subtracting the term 6, - Z—: Ex,|z; [Z T ((1 -

04)(x; — ,u(c(i)))) 1{52}} . This step is designed to isolate a component that is provably zero due to
symmetry, leaving us with a residual term that we can then bound.

(4 o T ~(17 c(i
Ex, e, [(wﬁ“ Dx00 - 22) (@ (X0) - i (X0
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_ ’wg(‘(y))(Xt)(l _ 915)#(0(1)))1{52}]

=0, 2 Ex,ja, [ ((1 —0y)(x; — u(c(i))))l{f/‘z}}
+0;- 2t Ethz { z' ((et — (i — ’u(C(i)))
w (X)) (@ (X)) — 6wl (X)),
wt(C(i))(Xt) (1—0)u C(i)))l{é’g}}.

The first term in the equality above is exactly zero. This is because the expectation is over Z and the
vector (1 — 6;)(z; — u(°@))) is a constant. The event & is symmetric (it depends only on || Z]|2),
and the Gaussian density of Z is also symmetric.

Therefore, the original cross-term is equal to the second term. We now bound the magnitude of this
remaining term.

. T . .
Ex,je, | (0P (X00:2:2) (@} (X)) = wf™ (X0)0)2:

- wgc(i))(Xt)(l _ et)#(c(i)))l{EQ}} |

_ Oio¢
ag

Ex,je. |27 (@17 (0w (00) — 0l (X020, + 6, = D,

— (1= 0 (X)?)(1 - )u )1{62}}|

e|Ts

Co.d
exp(— i ) 2 Yy (6/2n)
5 (1 - et) ( 2@'9 d ) (Rmax + g C d)
1t e~ )
where the second inequality leverages Cauchy-Schwarz, and the last inequality leverages the fact
that within &1, sup; e, [|2:]|* < R, + % d by Corollary

1Z13] Exc g, [(1 = wi (X0))21{E3] (1 = 80) (Jlwill + 1 3)

max

Collecting all the terms we have

2 1 2
By, [AL{EN 202 T [ ——— ] .4
X [ { 2}} OZ% 1+ exp (7C0td)

2

2
sl - () | (e 20

2 [ \1+exp (-S54

_ %(1 —9,) <e>{p(_cgtd)> (R2 Wﬂn)d) . (A.20)

T oxp (-25) ) oo™ 770

(k)

Additionally, by the estimation of x,, derived in Lemma , within £ N &;, we have

o)t
—a?d 2
nexp (2();?)
B<2(n—1) v | sl i3
1—|—nexp<2co_ ) JEn]
2
Cod
exp (—<5) (k)
+2(K 1) | ———2-— | -Ey, w|: sup fig, (X¢)1{&E}
(1+exp (—Cgtd)> i L Ot
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- Co,d
1+ nexp (72333 1+ exp (— <5 - c

nex (_a?d) ’ Cb,d 2
< P | 3c0? LK (exp(—Q) . (Rg n yu(5/2n)d)
~ ) ) ’
(A.21)

We can now summarize all the conditions we have imposed as

Aumins Bunax = © (V) log(n) = O(log(6) +d), K = poly(d).

We focus on ¢ € [to,t1] where o is chosen to satisfy log(oy,) = —d, t1 is chosen to satisfy
log(ot,) < —logd. With such conditions and time range, and by further noticing that when we
take log(n) = O(log(d) + d), we have y,,(6/2n),y:(6/2n) = O(1) (recalling their definitions in
Corollary ), we shall have

nexp (;35?) i ( exp (—<4%4) )2 A
K| ————2— | =0(0}),
) )

n

Tt
—a2d 1+ exp (_%

1+ nexp <2C03

which makes B and the third and fourth terms in ( ) negligible. Thus we finally have within &1,
we have

a1
Loss—Gap; = U—?ﬁ;Ai
a2l (1
> 1Y (GEn MLE) - B 515
t =1
a2 o2 1 <& .
>t (g2 2t gy 1—0,)2||w; — ple))|2
~ 0? t Oé% + n Lzzl( t) H.Z' H ||2
d 1 ,
i o, (e(i)) )2
Z O_tz + n ; Hxl M ”27
where we shall recall that 6, = ﬁ%
Finally, by taking § = exp(—d/2c) we have
21 n
Qy
Ep[Loss-Gap;] > Ep |1{&1} - — — A;
op n =

d 1 - c c(z
2B (161} 55| + 5 S [(1- 1460 - s = O ]
t i=1

d 1 & .

2 = +tr(Cov(e)) =6~ |~ Z;ED [z — ple@ 3]
d

> — +tr(2

~ a_t2 + r( )7

where the second last inequality leverages Cauchy-Schwarz, and we complete the proof.

A.3 SUPPORTING LEMMAS

We first present the classical lemma of x? concentration bound, to control the range of diffusion
noise Z.

Lemma A.1 (Laurent-Massart bound for 2 concentration (Laurent & Massart, 2000)). Suppose a
random variable X ~ x?2 with degrees of freedom d. Then for any ¢ > 0, it holds that

P[X — d > 2Vdt + 2t] < exp(—t),
Pld — X < 2Vdt] < exp(—t).
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We can next derive the following lemma to control the range of e.

Lemma A.2 (Norm Concentration of ¢). Under Assumption (e satisfies the conditions in ),
the following bounds hold:

1. Upper Tail: Forany n > 1/C — 1,

P (Il > (14 n)d) < iexp (— CO ) — 1 log(C(1 +77))]> .

N

2. Lower Tail: Foranyn € (1 —1/C, 1),
B d
Pl < (=) < 2 exp (=500 - ) =1~ log(C(1 = )] )

Additionally, let

oAl

yu(0) = (1 +7(8) + V7(0)(2+7(9)

Then, for any ¢ € (0, 1),

P04 < |l < ©2a) = 1-6

A corollary induced by Lemma is that

Corollary A.3 (Sample Separation and Norm Control). Under Assumption 4.2 (e satisfies the con-

ditions in A.7), let €1, . .. , €, be i.i.d. copies of €. Fix 6 € (0, 1) and define
2 inB
7(6/2n) = Elog(—cfcS ),

w(5/2n) = (1+7(5/2n)) — \/7(6/2n)(2 + 7(5/2n)),
Yu(8/2n) = (1 +7(8/2n)) + /7(6/2n) (2 + 7(6/2n)).

Then, with probability at least 1 — §, the following holds for all pairs i £ j:

lei— el > 2202 4o [ Lroguzy),
Co

where ¢g > 0 is some constant depending on C, C1, Cs, Cs. Additionally, within the same event,
we have

yi1(6/2n)
C

yu(0/2n)

d < leill; < =5

d, fori =1,2,--- ,n.

We defer the proofs of Lemma and Corollary to Appendix

We denote ¢; as the density of aie + o Z. We then provide some useful results that help us to derive
useful properties of ¢;.

Lemma A.4 (Lemma B.1 and B.8, (Fu et al., 2024)). Let
~ Ot ~ Qi
Ot =———"—"—""77/3° M= "5~ 5
(oF + 003)1/2 ai + Co?
under sub-Gaussian Holder density assumption, we have
1 Cll=3 >
@) = ——————exp ( h(z,t),
(oF + C’Uf)d/Q 2(af + Co?)

where

h(z,t) = I2= 8l3 0. and ey < h(at) < B
(2,t) = f(z)mexp a5z )dzmandep < (z,t) < B.
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Equipped with this, it is also straightforward to obtain the following:

Lemma A.5 (One-sided upper ratio bound for the channel). For any z1,z2 € R?, we have

g(x) _ B C(l1l3 = =2 ]13)
< — - .
b ( 2(a2 + Co?)

at(x2) ~ ¢y

We finally present the following lemma to provide an estimation of pélrt) (z4).

Lemma A.6 (Estimation of ;L(()]rt) ). For any ¢ satisfying O+ = Q(Vd), and z; = ©(\/d), we have

(k

.uo|t)(xt) = M(k) +

= o) + O (o),
t t

g

where E, the error term, satisfies | E|2 = O (ﬂ)

The proof is deferred to Appendix

A.4 PROOF OF SUPPORTING LEMMAS
A.4.1 PROOF OF LEMMA AND COROLLARY
Proof of Lemma A.2. 'We define the function h(z) = z—1—log(x), which is positive for z # 1. The

proof proceeds by first bounding the moment-generating function (MGF) of ||¢||2 and then applying
a Chernoff bound.

The normalization constant Z is defined as Z = [, exp(—C'|«||3/2) f(x)dx. Leveraging ¢y <
f < B, we can bound Z as

2w /2
2> [ e exp(-Clal/2)ir = s () 7
Rd C

o d/2
Z < / B -exp(—Cl||z||3/2)dz = B (> .
R C
Let M(\) = E[eAHEHg} be the MGF of ||e|3. For A > 0:
M(\) = / Mz p, (z)da
Rd
1 >
=5 [ N exp(=Cllal/2)f (w)do
Rd

1 1
5 [ e (2<c - 2A>||x||§) f()de.

For the integral to converge, we require C' — 2\ > 0, i.e., A < (/2. Using the upper bound
f(z) < B and the lower bound on Z:

B 1
M) < 5 [ e (~5(€ - 20)el} ) do
__ B ( o )‘“2
= L d/2 _
o ()T \C -

B c \Y? B 1 d/2
2(em) ~2lwe)

Part 1: Proof of the Upper Tail Bound. We seek to bound P(|[¢||3 > (1 + 1)d). The Chernoff
bound for an upper tail is P(X > a) < infysg e ME[eM].
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First, we bound the MGF M () = E[eI€3] for A > 0. As shown above, this yields:

B 22\ 2
M(A)g(l—) , for0< A< (/2.
Cf C
Applying the Chernoff bound with a = (1 + n)d:
B d
P(|le]|? > (1 d) < — inf —-A(1 d— -log(l—-2)/C) |.
(el > () < 22 intexp (<A1 + = § log(1 - 21/C))
Minimizing the term in the exponent with respect to A yields the optimal value \* = % — ﬁ

This choice is valid (i.e., A\* > 0)ifn > 1/C — 1.

Substituting A\* back into the exponent gives:

SO0 4+ 0) — 1~ log(C(1 + )] =~ §H(C(1 + 7).

This completes the proof of the upper tail bound.

Part 2: Proof of the Lower Tail Bound. We seek to bound P(||¢[|2 < (1 — n)d). The Chernoff
bound for a lower tail is P(X < a) < infy~q e*E[e”*X].

First, we bound the MGF for a negative argument, M (—\) = E[e*/\\le\li] for A > 0:
B 22\ ~?
M-\ <—|(1+—= .
= cs ( T )
Applying the Chernoff bound with a = (1 — 7)d:

B

P(llefl3 < (1 —n)d) < — inf exp (A(l —n)d — ¢ log (1 +
cy A>0 2

1

22
C .
Minimizing the term in the exponent yields the optimal value \* = % (ﬁ — C’). This choice is
valid (i.e., A\* > 0)ifn > 1—-1/C.
Substituting this A* back into the exponent gives:
d

L1001 —n) 1~ log(C(1 )] =~ SH(C(1 ).

This completes the proof of the lower tail bound.

Part 3: High Probability Argument. We finally derive a high probability argument for ||¢|3. Set

7(d) = %log(ﬁ), h(z) =x—1—logz, z>0.

From the one-sided bounds,

(el > (1+)d) < 2 exp( - 4A(C(1+1)),

P(ellf < (1 - n)d) < ffeXp(_ 4h(c-m)).

Imposing each tail to be at most §/2 is ensured if
h(z) > 7(6) with = =C(1+mn) (upper tail), x = C(1 —n) (lower tail).

Using h(x) > % for all x > 0, it suffices to require

% > 7(6) = (z—1)? > 27(0)z <= 2> -2(1+7(5))z+1 > 0.

The quadratic has roots

yu(0) = (1+7(9)) + V7(6)2+7(5)), w(d) = 1+7(0) — V7(0)(2+7(9)),
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with 0 < 1;(6) < 1 < y,(8) (since 7(8) > 0). Hence 22 — 2(1 + 7(8))x + 1 > 0 is equivalent to
7 € (=00, ()] U (), 0).

Applying this to each tail:

Upper tail: with x = C(1 + 1), it suffices that C'(1 4+ 1) > y,,(9), i.e.

exp .__ Yu (5)

n =N = C—l.

Lower tail: with x = C(1 — n), it suffices that C(1 — ) < y;(9), i.e.

9)
> e 90)
n = n” o

Using a union bound with ¢ /2 on each side yields the two-sided statement

C C
equivalently, o ) o
1 =n2")d < [elz < (1+n7")d,
with
J) Yu(0) 2 2B
10 TP = L 0) = —l (7)
n- ot o , 7(0) = Slog 0
This finishes the proof. O
Proof of Corollary A.5. The proof separately bounds the norms from below and the inner products
from above.
From the statement in Lemma A.2, foreachi € {1,...,n},
yi(6/2n) 5 _ Yu(0/2n) 5
Pl =—Lt—2d< |l < =—Lt—d) < —.
(MO a <l < 282 a) < o
Let A be the event that % d<|lell3 < % dforalli =1,...,n. By a union bound over
all n samples, the probability of failure is at most n - % = g. Therefore, P(A) > 1 — §/2.
Here we introduce another lemma:
Lemma A.7. Suppose e satisfies the conditions in A.7. Let ¢;, ¢; be independent copies of €. Then
for some universal constant ¢y > 0 which depends on C, Cy, C5, Cs, we have
2
P(le] ;| > t) < 2exp {C‘)d} :
The proof is deferred to Appendix
Let t,, := % log(n2/d). Setting t = t,, makes the tail probability for a single pair (4, j) at most

. Let B be the event that €] ¢; < t, forall i # j. By a union bound over all (}) pairs, the

probability of failure is at most (%) - % < g. Thus, P(B) > 1 —§/2.

We now consider the event .4 N 3, which holds with probability P(ANB) > 1 —P(A¢) —P(B°) >
1 — 4. On this event, for all ¢ £ j:

lei = 113 = llesll3 + llesll3 — 2 e

yi(6/2n) . yi(d/2n)

> d d—2t,

=T o ‘T ¢
2y;(6/2n) d

> ————=d —24/—1 2/4).

> =7 Ve og(n?/6)

Since this holds with probability at least 1 — &, the claim follows. [
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A.4.2 PROOF OF LEMMA
Proof of Lemma A.6. By separating the mean and the random part of the original data x(, we have

wy,_ Jroexp(—gollae - aewo||3)p™ (o) dzo
:U’o\t(

Jexp(= 55z [lwe — awzol|3)p™ (wo)dzo
J(e+ 1™ exp(— gz |z — au(e + nM)3)pe(e)de
Jexp(—gzllze — arle+ p®)|3)pe()de

Plugging in the expression of p., we have

exp( - ||xt—at<e+u(’“)>||2) ©

exp (= ozl — aule+ W) = Sl + 10g £(0))
—exp (=03 (o1 = a1~ 2au(ar — o) e+ a2lel) ~ 5l +10g 7(0))
1
~en () ( £ ) el + S5t o) e gl a1+ o 1))
t
—exp (- Ll + tIIﬁelli—Wlwt—atu"“)llgﬂogf(e))
t
Vi ~ 12
= explC(t.0) e (L e = 7l ) 70
where
2 of
Ve = ?E+C’
~o M EPNC)
He - O_tz,ytz(xt '),
2

|zs — atﬂ(k)H%-

Tt~ 2 1
C(t = —||l5 — =—=
(t20) = Il ~ 5571
By substituting the simplified kernel back into the expression for ué’ft) (z¢), the constant term
exp(C(t, x;)) cancels from the numerator and denominator, yielding:

J(e+ u®)exp (= lle - ficl3) f(e)de
J exp (= Flle = ficl) f(e)de
Jeexp (= Flle - fiell3) f(e)de
Jexp (=% le = fiell3) fede
This expression is the expectation of € with respect to a new posterior distribution, whose unnor-

malized density is given by g(e|xy, k) o exp (f%ﬁ?He - ﬁ€||§> f(€).We provide a more rigorous

justification for the approximation, starting from the exact expression for the posterior mean:
i @) = 1® + Eenglel = 1 + Fic + Eengle — i)
Our goal is to analyze the term E. 4 [¢ — [i.]. Writing it as a ratio of integrals:
J(e =i exp (=% lle = ficl3) f(e)de
Jexp (= lle—el3) flde

k
o) (ze) =

= b 4

EeNQ[e — Jie] =
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2
Let ¢ -2(€) = exp ( — 2 |le — e H%) denote the unnormalized Gaussian density. We apply mul-
€y It
tivariate integration by parts to the numerator, which yields the exact identity:

[ 2@ = %5 [0 2V

Substituting this into our expression, and letting Z be a random variable with density proportional
to the Gaussian part, i.e., Y ~ N (fi, (72) 1), we obtain the exact relation:

_ 1 Ey[VF(Y)]
Eevgle — bl = 5 =+,
€= = 2 )
and we further have
BVd
Ecole — 1elll2 < .
[Eewale =il < 252"

By the condition o /oy = Q(+/d), we finally have

(k)

Hol¢ (7¢) = p® 4

t k
m(% — apl™) +0 (01 /),

Gaussian Posterior Mean

and we complete the proof.

A.4.3 PROOF OF LEMMA

Proof. First, we rewrite the inner product as a bilinear form in terms of the independent vectors
& and &, which are entrywise independent sub-Gaussian random vectors with zero mean and unit
variance as stated in Assumption

e €5 = (BY28)T(212¢) = ¢ x¢;.

The expression &, 3¢ ; 1s a bilinear form with a deterministic matrix ¥ and independent sub-gaussian
vectors &;,&;. We can now directly apply the Hanson-Wright inequality (see Vershynin (2018)
Theorem 6.2.2), which states that for any fixed matrix A:

t2 t
P& Ag; 2t)§2e><p{—0 min( ’ )}
(1€ A&l 0 CHIAIZ C3l|Allop

for some constant Cy > 0. By setting A = 3 in the inequality and invoking our condition ||£||y, <
C1, |Z||F < CaoVd, |||z < Cs3, we immediately arrive at the final bound:

T Cot2
Pl e 2 1) < 2exp =20
where ¢y > 0 is a constant depending on C, Cy, C1, Cs. O

B REPRESENTING EMPIRICAL AND GROUND-TRUTH SCORE FUNCTION
USING DEEP NEURAL NETWORKS

We follow the idea of network approximation in Fu et al. (2024) to build our proof.
We express the empirical score function as

. Vi (x)
Vo T) = — ,
gpt( ) pt(x)

similarly for the ground-truth score function, and we approximate the numerator Vp;(z) and de-
nominator p;(x) separately. To ensure uniform approximation, we restrict the domain of = to a
bounded set. In addition, we impose a lower threshold €0y on p;(x) to prevent instability caused
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by extremely small density values. Finally, within the overlapping regions of these two truncated
domains, we employ ReLLU networks for approximation.

We organize this section as follows. Appendix presents the main lemmas and propositions that
form the foundation for the proof of Theorem 5.1, and uses these results to give a complete proof of
Theorem 5.1. Appendix provides the proof of Proposition B.4, which establishes the network
approximation of both the numerator Vp,(x) and the denominator p;(z). Appendix collects
the proofs of the auxiliary lemmas used throughout this section. Finally, Appendix details the
network architecture and analyzes the error propagation of the score approximation network.

B.1 PROOF OF THEOREM

We begin by stating the main lemmas and propositions needed for the proof.

We first establish that the ,,-norm of the empirical score function can be bounded in terms of the
{so-norm of z. We denote Bp = maxi<;<n ||%i|co-

Lemma B.1. The empirical score function satisfies
_ ol + Bo.

IV 1og 7u(z) oe < 522
The proof is provided in Appendix . This lemma shows that the /,-norm of the score function

is controlled by both the input magnitude and the magnitude of the dataset.

Next, we establish some results on complement of the bounded domain of z.

Lemma B.2. Suppose B > max(2Bp, 2v/d). For a fixed time ¢ € [0, T], it holds that

N N 1 B2
/ IV log 71(2) 25 (x)der < - B exp <) ,
Iz ]loo>B op 8

1 B2
/ Pr(x)de S — B % exp (—) :
l[lloo > B oy 8

The proof is given in Appendix . Lemma follows from the light-tailed nature of the empir-
ical distribution, which ensures exponential decay outside the bounded domain.

In a similar fashion, we show that analogous bounds hold when the empirical density p; is truncated
by a threshold.

Lemma B.3. For any B > 2Bp and €}y, > 0, we have

[ IR < ) o) do S B o, B.1)
lz]|co <B
~ ~ ~ 6OVV
/ ]l{\pt(x)| < elOW}HVIngt(:E)||§pt(a:) dx < 1—4Bd+2. (B.2)
|z]loc<B Oy

The proof is provided in Appendix

By combining Lemmas and B.3, we complete the truncation step. We introduce our network
approximation result in Proposition

Proposition B.4. Suppose that the density function of Pg,¢, satisfies the sub-Gaussian Holder
density condition in Definition . For any sufficiently small ¢ > 0. Define the early-
stopping time t satisfying logty = O(loge) and the terminal time 7 = O(loge~!). We con-
strain € [—24/2loge~1,2,/2loge1]%. Then there exist ReLU neural network architectures
F1(Wy, Ly, Ny), such that 35 € F; (W1, Ly, Ny) satisfying for all ¢ € [to, T

~ ~ ~ €
p()|[Vlogpi(z) = 5(, t)]lee S —-
t

The configuration of F7 is
L=0(og?e™l), W=0(nlog*c!), N=0O(nlog*e?).
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The proof is provided in Appendix

Now we start to prove the approximation bound for empirical distribution. We claim $(x,t) is a

Lg(ﬁt) approximator of the score fucntion. In order to prove it, we choose B = 24/2loge~1, and
€low = 4e. We decompose the score approxiamtion error into three parts

/R 3@ t) = Viogpi(a)|; Pe(a) da

- / I8, t) — Vlog (@) |3 71 () da
|z|lco>B

(D1)

+/| H 1{[P:(2)| < €1ow } |5z, t) — Viog i ()3 i () dz
Z|| oo <B

(D2)

+/|| _ {1 = o HSlat) = Viog (o)l ile) do
Tl oo

(D3)

We bound three parts separately.

2¢/2loge~1+Bp
vy TP
T

Bounding D; By Proposition B.4, we know ||5(z,t)||ec <

/ [5G, ) = V log pr(a)|, B () da
lz|lec>B
S/“ - (2||§(Z‘,t)||§ + 2||Vlogﬁt(x)||g) Pi(z) da
]| 00>
1
<= —1\d/2
SF (loge™ )% =e. (B.3)

We invoke Lemma in the second inequality.

Bounding D> Similar to what we did in bounding D1, we have

/| 1{[P:(2)] < o }[3(, £) — V log s (2) |3 () do
Z|| oo <B

< /|| (201802, )13 + 201V log 5 (@)I2) 1{[Fu(@)] < crow }P1(2)
z|| oo <B

< €low (1

~

oge 1)4/2HL, (B.4)

t
We invoke Lemma in the second inequality.

Bounding D3 By Proposition B.4, we have

[, IR 2 3G t) = Vg )l ) e

Z|| oo <B

< / L{[5u(2)] > etow Y3z, 1) — V log Pu (2)|]% r(z) de
[|z]|co <B

d
5/ ]l{|pt )| > elow}/\ 462 dx
Izl <B (z)

O¢
62 / delow
= 1 |pt | > €low f <7~ 71 dx
€low J||z| o <B { } t(z)of
2
<—(loge 12, (B.5)
6lowo't
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Combining (B.3), (B.4) and (B.5) together gives us

/Rd 82, 8) = 7 log i ()|, Pu() d

1
S— (log eil)d/ze + %(log efl)d/%l + %(log 671)(1/2
O O Oy
€
<€ —1\d/2+1
No (loge™™) ) (B.6)

here we plug in €1y, = 4e.

Set ¢ = C.e(loge1)¥2+1, where C. represents the constant hidden in < in (B.6). Also, when e
goes to zero, € will go to zero. Then we immediately derive

/
N . 2 . €
/ Hs(x,t) — Vlogpt(a:)Hth(x) dr < —,
Rd O
it implies
~ . 2 €
Ep |:]Ez~ﬁt [Hs(x,t) — Vlogpt(:zz)HQH < s
t
The network configuration of the entire network architecture satisfies

W = 6(n10g3(e’)_1), L= @(logQ(e’)_l), N = (5(71 log(e))™1).

For the approximation of ground-truth score function, we apply the Theorem 3.4 in Fu et al. (2024)
with d, = 0.

Theorem B.S. (Theorem 3.4 in Fu et al. (2024)) Suppose Pgata has a sub-Gaussian Holder density
with Holder index (3. For sufficiently large N; and constants C,,C, > 0, by taking the early-
stopping time tg = N, C and the terminal time T’ = C,, log Ny, there exists

s € F(W,L,N)

such that for any ¢ € [to, T, it holds that

2 1 _28
/st(x,t) - Vlogpt(x)Hth(x) dx = O<U2 -N; T - (log N1)6+1> . B.7)
R t
The hyperparameters in the ReLU neural network class F satisfy
W=0(Nilog'Ny), L=0(log"'Ny), N=0(Nlog’Ny). (B.8)

_28
We set €gue = CL - N, @ - (log N1)#*1, where C! denote the constant hidden by O, when N is
sufficiently large, €y Will be sufficiently small. Then we immediately have

/Rd ||5(3§‘7t) - V1ogpt('r)||§pt(x) dz S etr;e :

0%

Namely

B [Ex,p, [Is(X0st) = Vlogm(X0) ]| < 5

The network configuration is

Wo =0 ((ewne) Fl0g"6ike ), L2 =O(log' he), Mo = O ((€rue) % log” e )

We complete our proof.
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B.2 PROOF OF PROPOSITION

We denote the first coordinate of a vector z € R? as [z];. Without loss of generality, we focus on
the j-th coordinate of the empirical score function. The explicit form of it is

D5
n
1 (px; — x 1
Z 1 (i —z) exp (—2||x - atxi@)
1 |l=n oy 20} )
[Vlog pi(2)]; = o " ) ’
> 1 e (< gogle - aumil})
i=1
Dy

We approximate the denominator D4 and numerator D5 with ReLU networks, and subsequently
combine these approximations to construct a score estimator.

Lemma B.6. (ReLU approximation of D) For any sufficiently small ez, > 0, there exists a ReLU
network architecture F(W, L, N), such that 3LV (x,t) € F satisfying

n

1 1 ReLU
> 5 &XP (‘20?||3? - atﬂ”%) =17 (@, t)

i=1

<e€g, (B.9)

d
for any x € {—2\/2 logeJTll,Q\/ZlogeJIllJ ,and t € [to,T], where logty = O(logey, ), and

T = O(log 6;11), and the network configuration is

L=0(log’c;!), W=0(nlog*c;!), N=0(nloge;).

The proof is provided in Appendix . We also have the following result to approximate Ds.

Lemma B.7. (ReLU approximation of Ds) For any sufficiently small ey, > 0, and j € [d], there
exists a ReLU network architecture F; (W, L, N), such that 3 fReLU (g ¢, 5) € F; satisfying

n

1 oz, — 2|5 1 .
> *MGXI’ <—2JQ||$ - aﬂi”%) — £ (w1, 5)
t

< B.10
- o < €4y ( )

i=1

d
for any x € {—2\/2 loge;21,2\/2loge;21J ,and t € [to,T], where logty = O(logey,), and

T = O(log 6;21), and the network configuration is

L= O(log2 ef_zl), W =0(n 10g3 6]721), N =0(n log4 61721)'

The proof is provided in Appendix . Now we are ready to finish the proof.
Proof. Let €, = 4e, and set €5, = €5, = e. Then when pi(z) > e€w, We have
fRLY(z,t) > 1pi(x). Using Lemmas and , we denote the clipped version of f; by

f1,ctip = max( ReLU "¢ ), and for j € [d], define the score approximator as

FReLU (2 4 3) 24/2loge L + BD>
2

Utfl,clip(xvt) ’ (9

fa(z,t,j) = min (

By the definition of f3(x,t,j), we know |f3(x,t,7)] < 27”210%:2%, this actually matches

the upper bound of ||V logp: ()|l When ||z]c < B. Next, we bound the difference between
[V 10gﬁt(£)]] and fg(l', t7.7)

_ f%‘eLU(w,m)‘

[Vlog ()], — fala.t.4)] < 'W R A e ey
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[VDi(x)];  f3Y(a,t,4)

fraip(x,t)  orficip(e,t)
. 1 1

S [th(x)]] ﬁt(x) a fl,clip(xvt)‘

VA — o, )

(%47 fl,clip (ZL’, t)

< ’[Vﬁt(x)]j _ [Vpi(2)];
o ﬁt(x) fl,clip(xat)

B+Bp

, we derive [V (2)]; < =55

From ||V log D¢ (2) || e < 27”210%7?1% D, for pp > €1ow, we have

I[VIOgﬁt(x)]j - f3($7t7j)|
<2\/2loge*1+BDﬁ 1 04 [VDe(2)]; — o0 f3"Y (w, 8, §)|
a o? ! Pe(x)  fielip 0t f1,clip
o 1 (2y/2loge=t + Bp) [pe(x) — f1,ctip] n [[VDe(x)]; — f3°Y (2, t, §)|
Nfl,clip 0'152 o
<2\/2j0g6716'
~ th?
Then we can obtain a mapping f5(z, t) to approximate V log p;(x)

24/21 -1
IV log B () — (2, t)]loe < Yot <.

~ 2
POy

Here f3(z, t) is defined as
f3(2,t) = [fs(x,t, 1), fs(2,1,2), .. fa(x,t, d)] .
We now construct a ReLU network fi*"U (. ) to approximate f3(z, ¢), namely
[|£5 (2, 1) — f?f{eLU(ac,t)HOo <e.

Given ReLU realizations f; and f5, we build upon them by implementing the following basic oper-
ations via ReLU networks: the inverse function, the product function, a ReLU-based approximation
of o, and entrywise min / max operators. Details on determining the network size and analyzing
error propagation are deferred to the Appendix B.4. Once we construct f3°"V (. ¢), we have
~ ~ €
pi()[|V1og pe(x) — 5 (2,1) o0 S —5-
t

where fRLU (2 t) € Fy,, the network configuration of F, satisfies
L=0(og?c!), W=0(log’c!), N=0(nlog"e™).
We complete our proof. O

B.3 PROOF OF LEMMAS

B.3.1 PROOF OF LEMMA

Proof.

n 1 2
P logie)] < L i 17 el exp (o el
oo 2

o e (e — anail)
_ 1 S (Ul + lawzill) exp (527 e — cvil3) )
"o Sy exp (=5 llz — acwil3)
< ”xHoo ;‘ BD.
O
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B.3.2 PROOF OF LEMMA

Proof. We first prove the inequality for the score function.

/ IV log 51 () |35 () dx
[|z|lco>B

P Iz — avi
= e 1V log 71 () 3 exp (-t?) ar.
= nof(2m)?? /I:cl(x,>B ? 202

We only need to bound this term

1 / SN2 |l — avil|3

IV log pi(x)]|5 exp < dx.
of (2m)42 Jju) > B ? 207

By applying Lemma B. 1, we have

1 . Iz — ouaq3
— Vi 2 ——|d
od(2m)d/? /leloo>B |V log p ()5 exp < 207 x
d / 2 |z — o3
< (el + Bp)?exp (- o
ot (2m) 2 Jja) > B 207
d / 2 ( IIJJ—OétJUiII%)
< z|l2 + Bp)“exp | — dx
o4 (2)d/2 Hrl\2>3(” 2+ Bp)~exp 207
d / 2 HQHQ
=z (lot&i + vvill2 + Bp)” exp ( dé;
O—?(QTF)d/Q |loe&it+arzill2>B
d / 11&113
S (lowella + 250 exp (1512 dg
ot (2m)2 Jie,ll>(B—Bp) /o
d / /( r+2Bp)2e ( Tz) =1 drd (B.11)
= o xp [ —— w. .
ot (2m)4? Jis(B-Bp)jor Ju ! Py ePA Ty
The third inequality follows from the change of variable {; = £=%tZi  The last equality follows
from changing variables to spherical coordinates. Next, we consider give a upper bound for ( ),
we derive it by firstly substituting » with m = r2, then ( ) becomes
d / /(U r+42Bp)? exp ( T2> 4 Vdrdw (B.12)
Ao Nd/z t D - .
ot (2m)2 ) s (B—Bp) /oy Ju 2
d d=2
my\ m-z
S S— 40, Bpy/m +AB (-5) ™ dmdw. B.13
0?(27T)d/2/m>3 Bp)?/o? /wathr 7eBpim+ABp) exp (=5 ) =5 —dmd. (B.13)

We bound this integral using Theorem 1.1 and Proposition 2.6 in (Pinelis, 2020).
Lemma B.8. Let G, () be defined as

27T, ifa =—1,
bo)* —x* _, .
Gul) = %e—%’ ifae (—1,00)\ {0},
a
e "log *T ol ifa=0.

where
. {F(a+1)1/(a1)a ifa € (—=1,00) \ {1},
a ‘=

el =, ifa=1,
and +y is the Euler constant.

Then, for —1 < g < 1, it holds that

/ t*teTtdt < Gu(w).
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Moreover, for any real a > 1, we have

[es} xa—le—m
/ e tdt < Tt forallreal z > a — 1.
. _a-1

x

By applying Lemma B.8, we obtain the following estimates. When a = 0, one has
o0
/ e tdt < Go(z) < a7 %7, x>0,
xT
since log (£2) < 1. Fora € (—1,1] \ {0}, it holds that

o0
/ t* e tdt < Ga(2) S % le .

xT

Furthermore, fora > 1 and x > a — 1, we have

o] a—1_—x
X e
/ tafleftdt < l—ﬁ 5 zaflefa:.
x T

Combining ( ) ( ), ( ) and ( ) together, we can conclude,
max(2Bp, 2V/d),

1 _ IM%%%>
_— Vio z)||% ex (
gzi(gﬂ)d/z /|x|x>B [ g Di()]|3 exp 203

d / / 9 9 my\ m
<— (ofm + 40 Bpv/m + 4B%) exp (——)
ot (2m) Y2 Jos(B—Bp)2/o? Ju b 2

d—2
m 2

2

d—2
/ /(0§m+4otBD\/ﬁ+4B,23) exp (—m) ™7 mdw
m>B2/4 Jw 2 2

Then we can conclude

[ 19 toss @) B
lzlloe>B

Similarly we have

/ 5y (2)dx
|z]lco>B

n

1 1 / ||l‘—04tl‘i||%)
< S exp (— dz
= nol™ Jjel>n 207

B.3.3 PROOF OF LEMMA

Proof. For the first inequality, we have

/ 1{\@(@\ < Elow}ﬁt(:c) dx
lzllec <B

38

(B.14)

(B.15)

(B.16)

when B >

2

dmdw

/ /(Ufm + 40;Bpy/m + 4B%) exp (—T) ——dmdw
m>(B—Bp)2/o? Jw 2
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</ €low dx
lzlle<B

SBdelow'
For the second inequality, by Lemma B. 1, we have
[ 5] < o} IV loghi() [3pu(2) de
llzllec <B
1 2
Sj 6low(”x”oo'f'-BD) dx
Tt Jzl|<B
< flow pdt2.
~ O—;l
O
B.3.4 PROOF OF LEMMA
Proof. For any € > 0, let U,, be the set satisfies
UI:{Z»EM (r — auz) <,Wogel}.
Ot 2
It immediately gives us
G| 1 1 1
Z n P (‘wuﬂ? - CWUz‘H%) - Z 7, P (—MW - atmi”%)
i=1 €U,
: | 13
= —exp | —=—= ||z — ayz;
Lo p P 20?2 il
1¢U,
<Y e
- n
i¢U,
<e. (B.17)

Then, we approximate exp (—#Hx - at;vi”%) for i € U,. We already have 1z ||z — apa;l|3 <
t t

log e~ 1. By Taylor expansions, we have

1

k _
1 9 1 1 9 log? €
e —— |z — i — — | —==|lr — i < —
Xp < 203 B O‘tmz”2> k§<p %l ( 2Jt2 |« atszQ) > !
where we use the fact [e™® — >, Hak| < ";—I,) when z > 0. Let p = [3uloge '], where u

satisfies 3ulog u = 1, and invoking the equality p! > (£)P, it yields

ex —i||:cfax-||2 *Zl ,i”x,aw.HZ ’ <£<u73ubge‘lf6
P\ 202 vl K\ 202 whillz ) = = -

p!
k<p
(B.18)
By ( ) and ( ), we have
n k
1 1 1 1 1
> e (~gale—aml) - ¥ 13 4 (~goale - aumilt)
i=1 ¢ ielU,  k<p t
n
1 1 ) 1 1 )
< — N | P . _ il i | P )
S ; n exp ( 20752 |z Oétxzz) zeZUl n exXp < 20}2 |z atl'z||2)|
k
1 1 1 1 1
| row (—gmrlle - aaild) - ¥ 2 X 1 (~gmplle - aweild)
ieU, ¢ iU,  k<p t
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<2e. (B.19)

k
We set B = 2y/2loge~! for convenience. We denote 3, = (—#Hx - atxi\@) as fpi(z,t),
and hy, ;(x,t) = fpi(x,t) Lfev,y, for any i € U,, we can approximate the Taylor expansion using
ReLU network.

Lemma B.9 (Concatenation, Remark 13 of (Nakada & Imaizumi, 2020)). For a series of ReLU
networks f; : RT — Rz f, : R¥2 — R ... fi : R — R+t with f; € F(W, Li, N;)
(i=1,2,...,k), there exists a neural network f € F(W, L, N) satisfying
f(x) = frofr_10---0 fi(z), vz e R%,
with
k k k

L:ZLZ», Wg2ZWi, NSQZM.

i=1 i=1 i=1

Lemma B.10 (Identity function, Lemma F.2 of (Fu et al., 2024)). Given d € N and L > 2, there
exists iﬁ € F(2d, L,2dL) that realizes an L-layer d-dimensional identity map

i) =2, zeR%L

Lemma B.11 (Parallelization and Summation, Lemma F.3 of (Oko et al., 2023)). For any neural
networks f1, fa, ..., fr with fi : R% — R% and f; € F(W;, Li, N;) (i = 1,2, ..., k), there exists
aneural network f € F(W, L, N) satisfying

f(a:) _ [fl(x1>Tf2(x2)T o fk(a?k)T]T cRétdateotde Rd’1+d’2+n.+d;€’

forallz = (z{x] --- 2] )T € Ra+dzt+du (here z; can be shared), with

k k
= ; < ; < - a
L= max Li, W< QZ;W“ N < 22(]\@ + Ld})
Moreover, for z1 = 73 = -+ =2, = v € Rlanddj = dj = -+ = d}, = d', there exists
feum(x) € F(W, L, N) that expresses fsum (z) = Zle fi(z), with
k k
= ‘ < ; < ; / : ]
L= max Li+1, W_4Z;Wl, N_4Z;(NZ+LCZ1)+2W (E3)
1= 1=

Lemma B.12 (Entry-wise Minimum and Maximum, Lemma F.4 of Fu et al. (2024)). For any two
neural networks fi, fo with f; : RY — RY, fi € F(W;,L;, N;) (: = 1,2) and Ly > Lo, there
exists a neural network f € F(W, L, N) satisfying
f(x) = min(fi(z), f2(x)) (or max(fi(z), fo(x))) forall z € RY,
with
L=Li+1, W<2(Wy+Wsy), N<2(Ny+ Ny)+2(Ly — La)d'.

Lemma B.13 (Approximating the product, Lemma F.6 of (Oko et al., 2023)). Letd > 2, C' > 1.
For any €product > 0, there exists frui (21, 22, ..., zq) € F(W, L, N) with

L=0(logd(loge;} e +dlogC)), W =48d, N =0(dloge;} ... +dlogC),

pr pr
such that 4
fmult(‘r/p x/27 cee 737:1) - H Zq S €product + dcd_lel' (B20)
i=1
forall x € [-C, )% and ' € R? with ||z — 2| o0 < €1. Moreover, | fyut ()| < C? for all z € R,
and fruie (2], 25, ..., ) = 0if at least one of &} = 0.

We note that if d = 2 and x1 = x2 = =, it approximates the square of x. We denote the network

by fsquare(2) and the corresponding €product bY €square- Moreover, for any x € R?% and n € N?, we

denote the approximation of ™ = Hle x;" by fpoly,n(z) and the corresponding error by €poly -
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Lemma B.14 (Lemma F.7 of (Oko et al., 2023)). For any 0 < €,y < 1, there exists f_1 €
F(W, L, N) with

L= (’)(log2 ei;‘ll)7 W = (9(10g3 ei;},), N = (’)(log4 e;ml})
such that
I 1 |£C/ B x| —1 !
fo1(2") — =| <€y + — , forall x € [€iny, €,,,) and =’ € R. (B.21)
T 6inv

Lemma B.15 (Lemma F.8 of (Fu et al., 2024)). For¢,, € (0, 1), there exists f, € F(W, L, N) with
L=0(og?c;t), W=0(oge;'), N=0O(log®e;?),

such that
|[fa(t) — at| < €aq, forall ¢ > 0. (B.22)

We can readily extend the approximation of «; to a? = et by doubling the coefficients in the first
linear layer.

Lemma B.16 (Lemma F.10 of (Fu et al., 2024)). For ¢, € (0, 1), there exists f, € F(W, L, N)
with
L=0(og’e;Y), W=0(og’c;t), N=0(og*e;?)

such that
|fo(t) — o¢| < e, forall t > e,. (B.23)
Lemma B.17. For any ¢, € (0, 1), there exists f,» € F(W, L, N) such that
|fUz(t)—a%‘ < €y, forall t > ey,

with network parameters satisfying
L=0(og*c;}), W=0(®og*c}), N=0O(og"e,}).

Proof. We define the network by composition

for(t) = [-1(fo(2)),
where f_; approximates the reciprocal function (Lemma ) and f, approximates o; =

v1— et (Lemma ).
By Lemma , the approximation error of f_; satisfies

[ for(8) = ] < i+ =

mv

Now we set

. €y 1 €invE€s/
€iny = min | =, \/ﬁ = 0O(€,), €r = dnyfel,
With this choice, the total error is bounded by ¢, for all £ > ¢,/. Finally, according to Lemma s
we can verify the network parameters F (W, L, N) satisfy

L=0(og’c;}), W=0(®og’c}), N=0O(og"e,}).
O

Lemma B.18 (ReLU approximation of the interval indicator). Fix B > 0 and a margin parameter
7(6) € (0,1]. Let o(u) = max{0, u} and define the “unit-ramp”

rr(8)(u) = o (72‘5)> - (TZ;) - 1) € [0,1].

fBr@)(x) =r-(0)(z+ B) —r:(6)(x — B), zeR
Then fp (5 : R — [0, 1] is realized by a two—layer ReLU network with width 4, and it satisfies
0, x| > B + 7(9),
[ (@) =141, x| < B,
linearinz, x € [-B—7(0),—B]U[B,B+ 7(J)].
Moreover, fp (5 € F(W, L, N) with
L=2 W=4 N-=1.

Consider
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Proof. Since r,(6)(u) requires two ReLUs, the entire construction uses four ReLU units in parallel
in a single hidden layer, followed by a linear output combination. This corresponds to a two-layer
ReLU network (one hidden nonlinear layer plus the output layer) with width W = 4. Because all
nonlinearities appear in one hidden layer, we have N = 1. Thus the stated bounds hold. O

With these lemmas established, we are ready to approximate the Taylor series using a ReLU network.

By Lemmas s , s , and , we define the network as
> (=1/2)
hp,i(xa t) = fmult (fsum,k<p <k!fpoly,k(gi(m7 t))) 7findicator(x7 t)) )
where
d
meult fors for, fallely) = fa@)lwily, fa(l2]y) — fa@®)lwd;) (k> 1)
Jj=
fpoly,O ]- findicator(xa t) = f\/QIOgi)T(‘S) (gz (557 t))
‘We further define

j/;ﬂ'(x’t) = fsum,k<p <(1/2)fP01y7 (gl(x t)))

We first compute the approximation error between fpyi(m, t) and fp ;(x,t), which is

€poly,k
poly,k
€p,i < § ok k| = €€poly, k>

where

3
€poly,k = €product,k,1 + Ck:,lek,la €kl = d(eproduct,k,Q + 40}{;,26]6,2)

vaB+8p)\ Y 1
Ok,l =k (HD)> Ok 9 = max ( \/(;(B + BD)) , €2 = maX(BDEQ,GU/).
Uto

O'to

We set ¥ = =2 and take

€* €* €* €*

95 €product,k,2 = m, € = m7 €5/ = m

Then, by the definition of €product,1, We can verify €, ; < e.xp. We decompose the total error into
three parts

€product,k,1 =

|h177i (l‘, t) - h‘lxi (l‘, t)|
< hp’i(:)% t) - fp,i(«T7 t) X findicator(-ra t)l

Dg 1
[ Fpi(@,) X findicator (€,) = fpi(2,8) X findicator (2, 1)]
Deg, 2
| fp,i(2, ) X findicator (7, 1) — fpi(x,t) X Lgiev,y |-
Dg,3

The first part arises from multiplying two networks. The second part comes from the approxima-
tion error of the Taylor expansion f, ;(x,t). The third part is due to the approximation error of
the indicator function 1 ;3. We now bound these three contributions separately. For Dg 1, by
Lemma , it implies

hp,i(xv t) - fp,z’ (Iv t) X findicator (1‘, t)’ < €product,3- (B.24)

For D6)2
fp,i(x7t) X findicator($7t) - fp,i(xat) X fir)dicator(x7t)‘ < |fp,i($at) - fp,i(xa t)| = €p,i < €exp-
(B.25)
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For Dg 3, when || ==+
then

€ [07 \/2 log 671] U [\/2 IOg 671 + 7(5)7 OO], findicator(xat) - ]l{ier},

‘fp,i(m7t) X findicator(xat) - fp,i(xvt) X ]l{iEUx} | = 0.
When || £=215 | € (v/2loge1, \/2loge1 + 7(6))
‘fp,i(l‘?t) X findicator(x’t) - fp7i($7t) X Il{iEUI} |
S‘fp,i(xvt)‘
< (loge™! + 27(8)\/log e~ + 7(5)?)?
S )l

_ -1 7(5)2 7(5) .
=exp <3u log e <1og (1 + (og e Jlogj logu

—exp [ 3uloge ! | 2log [ 1+ (5 —logu
1oge 1

<exp (3u (27’(5)\/log el —logulog e*1>) . (B.26)

Set 7(8) = M\/ﬁ’ then from (B.26), we can conclude
|fp,i($7t) X findicator(x7t) - fp,i(xvt) X ]l{ier} | < ee. (B.27)

Combining ( ), ( ), and ( ) together gives us
‘/ﬁp,i(l’y t) - hp,i(xa t)| S €product,3 + €exp + eec. (BZS)
We chooSe €exp = €product,3 = €, and define fRtU as
fFeLU = fmult(l/na fsum,lgign(ﬁp,i(xa t)))

Consequently, from ( ) and ( ), we have

n

1 1 .
> e (~ gl - anl}) - U 00) <

=1

(e + 4)6 + €product,f; -

We choose €product,f, = €, by Lemmas s s , s , we have

n

1 1
> % e (=gl — aunil}) - A (at) <

=1

(e +H)e.

The network size parameters of f°FU(z,¢) satisfy

L= (’)(log2 e, W=0(mlog*c!), N=0(nlog*e ™).

5 immediately give us (B.9), and proof is complete. O

B.3.5 PROOF OF LEMMA

Proof. This lemma serves as the counterpart of Lemma . The proof follows a similar struc-
ture, and is same for every entry j € [d], with the only difference lying in the construction of U,.
Therefore, I will focus on elaborating this part. Let U, be the set satisfies

U;:{Z’E[n} <2 1oge—1}.
2

[arx; — x]; 1 5 larx; — x]; 1 5
Z TGXP —QII:E — iy | — Z TGXP —@Ham — |3

i=1 ey,

(x — apx;)

gt

It immediately gives us
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1 [oqz; — )5 1 9
> E#GXP _chnx — o[

igU?
2 1.2
< Z E\/loge le
iU,
<e.

The last inequality holds because ¢ is sufficiently small, ensuring that 2¢+/log e~1 < 1 (in fact, this
condition is satisfied whenever € < %).

Then, we construct the network approximation in a similar manner. First, for each 1 < 7 < n, we

[z—aix;]

approximate the exponential function exp(—# |z — atxi”%) and the term 1 separately
t

using ReLLU networks. Next, we combine these components using Lemma . We then sum the
resulting functions and multiply by % applying Lemmas and as needed. Finally, we
obtain the network configuration, completing the proof. O

B.4 CONSTRUCTION OF f3(z,t)

We denote the entry-wise maximum function in Lemma as fmax, and entry-wise minimum
function in Lemma as fmin. By Lemmas s R s , , and
We define

5 MY (x,1,9)

. _ . 2¢/2loge1 + B
:fmin (fmult(fn’v QR LU(Ivtv.])vf—l(fmax( F LU(Ivt)velow)); g D) )

f2
‘We have
ReLU . szeLU 2 2
f3 (l’, t7j) - 5 S max (Emultﬁ + 3Cf’1€o"7 €product, f3 + 3Cf,2(6inv + 6o”)) .
Utfl,clip
where
1 1 1 24/2loge 1+ B
Ct1 = max <2\/21oge—1+BD,2> , Cjo=max , —, g 5 D
O, €low Otg Ot
‘We choose
€ € €
€mult,3 = €product,fz — 57 €o! = W%la €inv = €0/ = €/ = W%Q
Then we can conclude
ReLU szeLU
Uz, t,j) — ———| <e
3 ( ’ ) Utfl,clip
Using Lemma , We can construct
f:f‘eLU(a:,t) = :f‘ew(x,t, 1), :f‘eLU(x,t,Q),..., ?lf‘eLU(x,t,d)],
such that

Hf?CLU(x,t) — fg(x,t)Hoo <e.
The hyperparameters (L, W, N) of the entire network satisfy
L=0(og?cl), W=0(log’c!), N=0(nlog*e™).
C STATEMENT AND PROOF OF LEMMA

In the following lemma, we investigate the Lipschitz continuity of score functions by computing the
Hessian matrix of log density.
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Lemma C.1. The Hessian of log p;(x;) admits the following explicit form:

I 2
V2 log pi(zs) = oz + = o L Cov[Xo|X; = a], (C.D
t
where the covariance is taken with respect to the posterior distribution of X given X;. Define the
Lipschitz constant of the empirical score function V log p;(x) as

C, —sup||V log Dy (4 ||2

Assume that n > 2, and the minimum pairwise distance between data points satisfies

. ” I > 20, ) <n — 2)
min T;—x; —/lo ,
itiagem T T2 =T P8 Ty

Under this assumption, the Lipschitz constant C; satisfies the bounds

2 2
1 o 1 o

2 2
160’t i£j,i ,JE[ e = zllz < Ce < 40't i#j,i ,JE[n] s = 52 (€2
When ¢ is small, we can conclude Cy = Q(o; - min, 4 sz —z;2).
The proof is provided in Appendix C. Lemma provides a characterization of the Lipschitz con-

stant of the score function. In particular, via (C.1), the posterior covariance Cov[Xy | X; = x4
controls the smoothness of the score function.

For the empirical score V log p;(x;), the covariance term is replaced by an empirical covariance
computed from the sample. This empirical covariance varies significantly across z; and depends
on the sample configuration, especially the pairwise distances between data points. As shown in
Lemma C.1, under a separation condition on the data, the Lipschitz constant of the empirical score
satisfies (C.2). This bound shows that C; can grow sharply when there are widely s farated clusters
(min; jepn llzs — 242 large), especially at small noise levels o, where the o, " term strongly
amplifies these effects.

Proof. We first write the explicit form of the Hessian of log p;(x):

v? log p¢ ()
_ 2
1 or J (@ — o) (@ — o) eXP<—%> Pdata(Z0) dzo
= — —5 — >
o Jexp (=551 ) paata(zo) g

;E;e(xt)(e(a:t))—'—
(f P (—%) Pdata(0) dxo) :

where we define

|z — Oét$0||§

e(zr) = / (20 — ) exp (-20?) Petata(10) do.

Notice that density function of the posterior distribution of X given X, is

[l —azoll;

exp (—W) Pdata(Z0)

p(wolze) = llze—aszoll3

Jexp (—T) Pdata(T0) dzo
Using this posterior, the Hessian simplifies to

I 1
V2 log pi(xs) = > + = Cov [Xt - Xo| Xt = xt]7
i t
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where the covariance is taken with respect to p(zo|z:). Since X is constant given x;, this further

reduces to
(C.3)

1 a?
V2 log pi(xs) = —— + —Z Cov[Xo| X = z4],
0% Oy

which is the form in (C.1).
To derive the upper bound for the Lipschitz constant of the empirical score function, we first obtain
).

the expression for V2 log p; () in a similar manner, using equation (
- I o?
V2 log pi(xs) = —— + —fl Cov[X;| X = z4],
0% Oy
where X;| X; denotes the posterior distribution of X; given X;.

For any u € R? satisfying ||ull> = 1,

T2 1005 1 of T

lu' V*log pi(x4)u| < — + — Var(u Xi| Xy = ).
O Oy
To bound the variance term on the right-hand side, we introduce the following lemma.
Lemma C.2 (Variance bound on a bounded interval). Let X be a real random variable supported
on [a,b] (ie.,a < X < balmost surely), and set L = b — a. Then
L2
Var(X) S Z

Proof. Fix m = E[X]. Since X € [a,b] a.s. and m € [a, b], we have the pointwise bound
(X —m)? < max{(a —m)? (b—m)*}.
The function m — max{(a — m)?, (b — m)?} on [a, b] is minimized at m = 2£* and its minimum

)2. Hence, for the actual m = E[X] € [a, ],
b—a\’
(o)
Taking expectations yields
Var(x) = E[(x ~ Elx])?) < L=
O

value is (b_T“

IN

(X — E[X])?

, we conclude that
2

By Lemma
1 o?(max;u'z; — min;u' ;)
Ty72 o t 1 % U i
lu' V= log pi(z¢)u| < o2 107
1 afmaxey ||Te — 23

< —
= 2 4
o; 4oy

By definition of C, we have Cy = sup),,=1 |u' V% log pt(z+)ul|, and then we immediately derive

VAN
S

the upper bound for C;.
1 afmaxgy ||Te — 23

C; < =
t*af—’— 4o

To establish the lower bound, we begin by expressing V2 log p;(z;) in a more explicit form.

2 ~
V= log pi(2+)
1 n . AT llze—csaill3
I . o7 Yo (e — apxs) (ze — o) ' exp <_T3
- o? T exp (=l
i=1 &XP 207
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1 n H‘Tt*atfl?iﬂg n ANT Hzt*aﬂng
A (St — o) exp (el )) (S e — )T ep (Ll
Zn _ llzs—aszill3 2 '
i=1XP 207

— 12 _ 2
D e exp (Ll )
_ - 7t _ 9t
Denote u(x;) = e , wi(xy) = oz We can
S exp( — t—XtTillg S exp( — t—otxill5
i=1 ¢XP 2(;? i=1 €XP 720?

rewrite V2 log p; () as

V2 log pi() = — 5 + (Zm — agw) (i — agw:) Twi(a,) - u(xou(xtf)

o o
t t o \i=1

= —Jitg + 0%1 (Z(fﬂt — i — () (T — i — M(xt))Twi(fUt)> .

For any u € R? satisfying ||u||o = 1 we have

- 1 1 (¢ 2
u' V2 log py(x)u = > + o (Z wi(ze) (¢ — uw; — () ") ) .
t t o \i=1

We choose (i, j) such that ||2; — ;|| = min;+;; jem || —2;[|2. At the midpoint z; = (z;+x;)/2,
we have
(21) = () 1
W;\Tt) = Wi(Tt) = > .
of (lze—zn 13— (zi—25) /213
2+Zh7&i7h7§j exp <_ f( t h 220? J 2))
We introduce two lemmas to bound the difference ||z, — zp||3 — ||(z; — ;)/2||3 in terms of the

minimum pairwise distance min, pe[n],as [|Za — b |2-

Lemma C.3. Leta,b,t € R% set the midpoint m = “}* and r = ||a — b|>. Then

1
lt=mllz = S(It = al3+ It = b]3) - r*.

Proof. Observe thatt —m = 3 ((t — a) + (t — b)), hence
At =m|3 = It —a) + ¢t =03 = It — all3 + [t = b3 +2(t —a, t —b).

Also, ) ) ) )
[(t—a) = (t=0)[5=I[la—0l3=t—alz+][t—0l;—2(t—a,t-0b),

SO
2(t—a, t = b) = ||t —all3 + [It = blI3 — |la — b3

Substitute into the first display:
4t —mll3 = 2(lIt = all3 + [t = bl3) — [la — bII3.
Divide by 4 and note r? = i”a — b))% to obtain
[t =mll3 =3 (It —al3 + [[t —b]3) —r*. O

Lemma C4. Let R
Amin = min ||z, — 2|2
a#b

Then we have

~

Afnin . .
e = @nll3 = ll(2s — @) /205 > =5, h#ih# ]

where z; = HTIC (i, 7) satisfies ||z; — x| = Avins
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Proof. By Lemma
A2

e — all3 — s — )23 = 5 (Jlow — il + llon — ]3) — S
Z Amin _ ;1111
—_ A121rlin
2
O
By Lemma C.4, we obtain ||z, — zp |3 — [|(z; — x;)/2[13 > 3 ming pejn],azb [|Ta — s]/3. Since
ming peinazb [|[Za — Toll2 > 2‘“ log (252), then we have w;(z;) = w;(z;) > 1. Letu =
T;—T4
sz:—xj]\lz'
u' V2 log Dr(xt)u
2
-+ (sz ) (20 — avwy — () w) )
0% Oy i=1
1 1 T \2 T \2
>— =+ ((anlws = 2)/2+ p@) " w) + ((aulei — 2;)/2 = ple) | w)
oi 4oy
1 1 T 12 T \?2
= 2t 1o (o)™ + (el — /2" w)
1 a? 9
T i — ;13
1 o? 9
= — min i — Tjllo-
o7 1607 s = iz
Therefore we can conclude
1 a?
V2 log P, = — —t —
og pi(t) = ( o7 1607 i Nl xglz)
which immediately implies
9 log el > (2 + 1oty min i~
spere)liz = 1604 i#j,i.€n] ' )
and it implies the lower bound for C}
Gz by s — 13
i min Xy — Iy .
b= O’ 160’t i#£3,1,5€[n] ! 2
Moreover, when ¢ is small, we can conclude C; = Q(o; * - min, 2 [|lz; — x;|3). O

D EXPERIMENTAL DETAILS

D.1 COMPUTING THE IMPORTANCE SCORE

To formalize the computation of importance scores, we follow the masking-based framework
of (Liang et al., 2021). In each Transformer layer of the diffusion model, we associate a binary
mask variable &, € {0, 1} with every attention head h. Setting £, = 1 keeps the head active, while
&, = 0 prunes it away. Let £(x,t; M) denote the training loss of the model M on input x at diffu-
sion step t. The sensitivity of £ with respect to &, quantifies how important head h is to the model’s
predictions. We thus define the importance score of h as the expected gradient magnitude of £ with

respect to &, averaged over data and timesteps, and layerwise /5 normalized:

- e 1o [| 225500 |

= € [0, 1].
Eemeny (Bomp, 7 [| 255201
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Algorithm 2 IMPORTANCESCORE(M, D, T)

1: Input:

2:  Model M with mask variables {¢;, } for all heads h € H.
3 Dataset D, Time Sampling Distribution 7.

4: Initialize: Accumulated scores S(") «— 0 for all h € H.

5: for each batch of data z ~ D do

6: Sample timestep ¢ ~ 7.

7 Compute loss L(x, t; M).

8

Backpropagate to obtain all gradients { ggﬁ }} ”
1€

9: Accumulate scores: S « () 4 ‘%} forall h € H.

10: for each layer [ in the model do

11: Compute layer-wise norm: N; <— 4 /Zh,el(s(h’))2_

12: for each head h in layer [ do
13: Normalize score: (") « S /N;.
14: Output: Importance scores {1}, c.

D.2 COMPUTING PRECISION AND RECALL

We follow the definitions in Kynkidinniemi et al. (2019) to compute precision and recall. Let the
real and generated feature sets (obtained from InceptionV3 feature embeddings) be

i) 1N, . Y
®, = {¢§ )}il\;p (Dg = {¢§J)}j=‘q1'
For a feature vector ¢ and a set ®, define the indicator function

£6.9) = {1, if 3¢’ € ® such that ||¢p — ¢'[|2 < ||¢' — NNg(¢', @)=,

0, otherwise,

where NNy (¢, @) denotes the k-th nearest neighbor of ¢’ within ®. Precision and recall are then
defined as

Precision(®,, ®,) q) > f(¢g: @), Recall(®,, ) q) > f(gn@
| |¢€¢ ‘ ‘¢e<1>

Intuitively, each feature set induces a manifold via local k-nearest-neighbor neighborhoods. Preci-
sion measures the fraction of generated samples that lie within the manifold of real data, while recall
measures the fraction of real samples that lie within the manifold of generated data.

D.3 MODEL CONFIGURATION AND TRAINING

For numerical simulations on Gaussian mixture data, we build standard MLPs and vary their width,
depth and diffusion time embedding dimension to achieve different parameter settings. Detailed
configurations are presented in Table 3.

For the experiments on CIFAR-10, we adapt the implementation of DiT (Peebles & Xie, 2023)
from https://github.com/ArchiMickey/Just—a-DiT. Our training set is a randomly
chosen subset of CIFAR-10 containing 5,000 images. The model has hidden dimension 384, 12
layers, and 6 heads per layer. We use a learning rate of 2 x 10~* with a cosine scheduler and train
for 100,000 steps without weight decay to obtain the original model. After pruning, the model is
further trained for 5,000 steps to obtain the results. When sampling, we use a deterministic sampler
with 50 steps, classifier free guidance scale 2.0, and randomly generated labels for each sample.
Both memorization ratio and FID are evaluated using SOK generated samples.

Additional results including the case with pruning ratio 7 = 40% are summarized in Table 2.

49


https://github.com/ArchiMickey/Just-a-DiT

Published as a conference paper at ICLR 2026

Model \ Precision (1) Recall (1) Memorization Ratio (%) ({) FID (})
Original 0.39;&0,01 0.0810‘01 73.82;&1,12 15~47i0,28
Our Pruning (20%) 0.3310.02 0.1240.01 68.5840.77 15.07+0.33
Random Pruning (20%) 0.30+0.02 0.09-+0.01 66.87+0.94 17.1449.25
Our Pmning (40%) 0'25i0.02 0.08i0,00 58.63i1,1g 16~53i0.36
Random Pruning (40%) 0.2419.02 0.06+0.01 55.7240.99 20.164+0.41

Table 2: Additional results including pruning ratio s = 40%. We report precision, recall, memoriza-
tion ratio, and FID. Each value is shown as mean,.q over 5 random seeds.

Original Model: Generated Images Original Model: Nearest CIFAR-10 Images

Figure 4: Left: Generated images from the same random noise, with the original model (top) and
our pruned model (bottom). Right: Nearest neighbors of the generated images in the CIFAR-10
training set. At a comparable level of quality, the pruned model shows greater diversity, while the
original model tends to replicate training samples.

Parameter Count \ Network Configuration

| Width  # Depth  Time Embedding Dim

24,128 32 3 32
118,144 64 4 64
417,344 128 6 64
2,180,224 256 8 128
5,009,920 384 10 128
12,888,320 512 12 256
44,396,288 1024 14 256

Table 3: Network configurations corresponding to parameter counts.
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THE USE OF LARGE LANGUAGE MODELS (LLMS)

We used LLMs as assistants for writing and coding tasks such as formatting results into tables,
refining phrasing, polishing standard sections, and assisting with code logging and debugging, but
not for generating research ideas, designing experiments, or analyzing raw results; all substantive
contributions were carried out by the authors, who take full responsibility for the final content.

51



