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Abstract

We provide a general framework to improve trade-offs between the number of full batch and sam-
ple queries used to solve structured optimization problems. Our results apply to a broad class of
randomized optimization algorithms that iteratively solve sub-problems to high accuracy. We show
that such algorithms can be modified to reuse the randomness used to query the input across sub-
problems. Consequently, we improve the trade-off between the number of gradient (full batch)
and individual function (sample) queries for finite sum minimization, the number of matrix-vector
multiplies (full batch) and random row (sample) queries for top-eigenvector computation, and the
number of matrix-vector multiplies with the transition matrix (full batch) and generative model
(sample) queries for optimizing Markov Decision Processes. To facilitate our analysis we introduce
the notion of pseudo-independent algorithms, a generalization of pseudo-deterministic algorithms
(Gat and Goldwasser, 2011), that quantifies how independent the output of a randomized algorithm
is from a randomness source.

Keywords: Variance reduction, sample reuse, finite-sum minimization, matrix-vector games, Markov
decision processes, top-eigenvector computation.

1. Introduction

Variance reduction is a technique for designing efficient algorithms for solving structured optimiza-
tion problems. This technique consists of reducing the variance of stochastic or randomized access
to a component of the input (what we call sample queries) by performing occasional, more expen-
sive queries, which involve the entire input (what we call full batch queries). Variance reduction
(Johnson and Zhang, 2013) has led to improved query complexities for many problems: finite-sum
minimization (Frostig et al., 2015; Johnson and Zhang, 2013; Lin et al., 2015), top eigenvector com-
putation (Garber et al., 2016), Markov decision processes (MDPs) (Sidford et al., 2023, 2018a; Jin
et al., 2024), and matrix games (Carmon et al., 2019).

Variance reduction schemes often apply an iterative method—which we refer to as an outer-
solver—to reduce an original problem to solving a sequence of sub-problems. The outer-solver
runs noyter iterations and, in each iteration, a sub-problem is carefully constructed and solved using
what we call a sub-solver. This sub-solver is a randomized algorithm that uses 1y, full batch and
Nsample fresh sample queries to the input to solve a sub-problem. This solves the orignal problem
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with a total of nouterMbatch full batch and nouternsample Sample queries. Often, it is possible to tune
the outer loop to trade off how many sub-problems are solved (nouter), With how challenging each
sub-problem is to solve (npatch and Ngample)-

The central question in this work is: can we improve this trade-off between the number of full
batch and sample queries in prominent variance reduction settings? We ask whether randomness
in sample queries can be reused across all noyuter iterations of the outer-solver to reduce the total
number of sample queries from nguterNsample 10 Just Ngample, Without sacrificing correctness guar-
antees. We answer affirmatively by designing a sample reuse framework that reuses randomness
in variance-reduction settings where (1) the outer-solver is robust to £.-bounded random noise in
sub-problem solutions, and (2) the sub-solver uses randomness obliviously, i.e., sampling a random
variable that is independent of the sub-problem. We show that for many structured optimization
problems, both properties hold, and consequently the same sample queries can be reused across all
Nouter iterations of the outer-solver.

Applying our sample reuse framework enables us to decrease the total number of sample queries
by a factor of nyuter for finite-sum minimization, top eigenvector computation, and composite {2-
£5 matrix games. We also propose a new outer-solver framework for solving discounted Markov
Decision Processes (DMDPs) that reduces solving a DMDP to solving a sequence of DMDPs of
lower discount factor. This result—which may be of independent interest—allows us to obtain
improved sample query complexities for discounted MDPs and average-reward MDPs as well as
faster running times in certain cases. Finally, we show how to apply our framework to obtain
sample query complexity improvements for ¢5-f; matrix games, where prior variance-reduction
schemes use a mix of oblivious and non-oblivious sampling.

Organization. This introduction discusses a motivating, illustrative example of finite-sum mini-
mization (Section 1.1), our main results for other structured optimization problems (Section 1.2),
and preliminaries (Section 1.3). Section 2, describes our sample-reuse framework and a new notion
of pseudoindependent algorithms, which generalizes the concept of pseudodeterminism introduced
in prior work Gat and Goldwasser (2011) and enables our analysis of this sample-reuse framework.
Details on how our framework can be applied to many other structured optimization problems can
be found in Sections 3 through 7. Section 8 concludes with a summary and some directions for
future work. Omitted proofs are in the Appendix.

1.1. Motivating example: convex finite-sum minimization (FSM)

As an illustrative, motivating example, consider the prototypical finite-sum minimization (FSM
problem) (introduced in detail in Section 3). In the FSM problem, we are given convex, L-smooth
functions fi, ..., f, : R? — R. In the standard query model, we have an oracle that, when queried
atx € R? and i € [n], outputs V f;(x). The goal of FSM is to minimize F' : R? — R defined
as F(x) =1 2 _ic[n) fi(®) provided that F' is yi-strongly convex. (The individual f; need not be
strongly convex.)

Near-optimal query complexities can be obtained for FSM by applying an outer-solver such
as accelerated proximal point/Catalyst (APP) (Frostig et al., 2015; Lin et al., 2015) with stochas-
tic variance-reduced gradient descent (SVRG) as the sub-solver (Johnson and Zhang, 2013). APP
solves the ESM problem by solving nouter = O(+/a/ 1) regularized problems of the form ming pa f () + Sl —axy |12
where for each iteration ¢ € [nouter], @+ depends on the solution to the (¢ — 1)-th sub-problem
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(Frostig et al., 2015)." Each sub-problem is solved using O(n + L/a) queries, e.g., using SVRG
as the sub-solver (Johnson and Zhang, 2013). Taking o = max{L/n, u} yields a query complexity
of O(n + \/nL/), which is known to be the optimal, up to logarithmic factors (Woodworth and
Srebro, 2016; Agarwal and Bottou, 2015).

The batch-sample model. In light of this prior work, to obtain further improvements, we must
go beyond this standard query model. Consequently, in this paper we consider a more fine-grained
batch-sample query model, which better captures computational trade-offs that could be present in
some settings.

To motivate this model, a closer inspection of the aforementioned algorithm (APP with SVRG)
reveals that solving each sub-problem requires O(1) computations of the gradient of ' and O(L/«)
computations of the gradient of a component f;, where ¢ is chosen uniformly at random. Us-
ing the fact that the a gradient of F' can be computed by querying each of the n V f; once (n
queries in the standard query model), yields the aforementioned near-optimal query complexity of
O(n 4 /nL/u) in the standard query model.

However, treating all queries to the gradient of f; as computationally equivalent can obscure
the structure of the problem. For example, in some practical computational models, computing the
gradient of F' could be much cheaper than computing V f; for n arbitrary f;—for example, due to
caching behavior or memory layout (Fischetti et al., 2018).% Likewise, querying the gradient of the
same f; multiple times could be cheaper than making the same number of queries to different f;. In
such settings, it could be helpful to optimally trade-off between the number of queries to a gradient
of F' (batch-queries) and the number of queries to a gradient of a random f; (sample-queries),
depending on their relative costs.

Moreover, in some classic problems of FSM—namely, empirical risk minimization— just O(1)
queries to the gradient of f; suffices to exactly recover f; and know V f; at all points without any
further queries to f;. This occurs, for example in linear regression when fi(z) = 1(a;  — b(i))?
for feature vectors a; € R? and (explicitly known) labels b € R™ and for generalized linear models
when f;(z) = ¢i(a; T — b(i)) for known ¢; (see Section 3.1). Hence, repeatedly querying the
gradient of the same f;, say I' times, can be much cheaper than querying 7' arbitrary f;. For
instance, this can be the case in distributed memory layouts Woodworth et al. (2020); Sallinen et al.
(2016).

To capture these nuances, we consider a more fine-grained analysis of the complexity of FSM
where we allow smoothly trading off between two types of queries, depending on their relative
costs:

¢ Full batch query: for input & computes VF'(x), and

» Sample query: for input i € [n] allows V f;(x) to be computed for any future input «.

1T

For example, recall from above that in the special case of linear regression, each f;(z) = 5(a; v —

b(i))? where a; € R%is row i of a data matrix A € R™*? and b is a label. In this case, a batch oracle

1. As in prior work, throughout, we may use O() to hide poly-logarithmic factors in problem parameters.

2. Fischetti et al. (2018) demonstrated empirically that the technique of minbatch persistency, which reuses the same
minibatch for consecutive SGD iterations, better exploits modern GPUs by reducing the overhead related to data
loading and moreover, may lead to faster convergence in practice. Previously, Sallinen et al. (2016) also studied
empirical variants of SGD designed to reduce communication in distributed memory stsems and improve cache
utilization while preserving statistical efficiency. These empirical findings motivate our theoretical analysis of a more
fine-grained batch-sample query model which might better capture such practical considerations.
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query is implementable just with the appropriate matrix-vector multiply, AT Az, and a sample query
is implementable by outputting the appropriate row, a; (see Section 3).

This batch-query model captures (1) the fact that full batch queries can be cheaper than n-sample
queries due to caching layout as well as (2) the fact that re-querying previously cached components
is often cheaper than querying fresh components of F' due to caching and communication costs
between machines. Depending on the computational environment, one can now seek to optimally
trade-off these two types of oracle queries, depending on their relative costs. From this perspective,
state-of-the-art FSM algorithms consist of nguter = O(\/a /1) outer loop iterations of the APP
outer-solver. The sub-solver in each iteration (SVRG) is implementable with np,cp = O(l) full
batch queries and ngample = O(L /a)-sample queries. Tuning « allows us to smoothly trade off
between these two types of oracle queries.

As mentioned, prior work established that O(n + /nL/p)-sample queries is near-optimal for
FSM if one only uses sample queries (Woodworth and Srebro, 2016). This lower bound, when n =
1, also implies O~(\ /L /) full batch queries is optimal when using only full batch queries. Thus, it
is perhaps natural to expect that solving FSM with O(+/c/p) full batch queries and O(L/ VHQ)-
sample queries is the optimal query complexity trade-off—after all, it recovers the optimal rate for
using only full batch queries when o« = L, n = 1 and the optimal sample complexity for using only
sample queries if & = max(L/n, u).) Still, we ask: can this trade-off be improved?

Our FSM results. We show that this trade-off can be improved! By developing and applying
techniques for reusing randomness (Section 2), we provide a method that uses only O~(\ /o p)-full
batch queries and O(L/ a)-sample queries for any o > i to solve FSM. That is, we decrease the
number of sample queries by O(nouter) = O(y//p). This yields corresponding improvements for
regression and generalized linear models (see Section 3.1) and shows these problems can be solved
with less information than was known previously. Although this doesn’t directly yield a worst-case
asymptotic-runtime improvement that we are aware of, it sheds new light on the information needed
to solve FSM and could yield faster algorithms depending on caching and memory layout.

To obtain this improved trade-off, we observe that in the previously discussed variance-reduction
approach, the sub-solver solves each sub-problem to high accuracy by querying the sample oracle
for a uniformly random component . Importantly, this distribution for choosing the i does not
depend on the particular sub-problem, i.e., the samples are oblivious of the point at which the
gradients are queried. We refer to such queries as oblivious sample queries. As mentioned ear-
lier, we show that by solving the regularized sub-problems to high accuracy and adding a small
amount of uniform noise to the output, it is possible to reuse the same i in each sub-problem. To
facilitate this proof, we introduce a notion of pseudo-independence (Section 2), a generalization
of pseudo-determinism (Gat and Goldwasser, 2011), and provide general theorems about pseudo-
independence in Appendix B.

1.2. Our results for structured optimization

Here we explain our results for prominent variance reduction settings (including FSM). These re-
sults follow a similar approach as in Section 1.1, but differ in oracles and sub-problem structure.
For each problem we consider using an outer-solver framework (e.g., APP) to iteratively reduce the
original optimization problem to a sequence of sub-problems, which are solved to high-accuracy
using a sub-solver (e.g., SVRG). (This is depicted by Outer-Solver and Standard Sub-Solver in
Figure 1.)
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[ Outer-Solver : Solves original problem in nyy,er iterations ]

(1) When the noise is sufficiently small, the Standard Sub-
solver can freely be replaced with the Noisy Sub-Solver

Ve
/ Standard Sub-Solver \

1. Makes npaeen full batch queries

y
2. Uses a fresh random seed £ to
draw ngample fresh sample queries

O
/ Noisy Sub-Solver \

1. Makes ny 4, full batch queries

(2. Uses a fresh random seed §to
draw Ngample fresh sample queries

Note that Inputs to the Sample Reusing Sub-Solver
are now statistically dependent on the fixed random

seed ¢, requiring more careful analysis.

Sample Reusing Sub-Solver

=/

[1. Makes nyq¢cp full batch queries

2. Reuses a fixed random seed ¢ to
reuse the same Ngampje Sample

kfrom a sample oracle kfrom a sample oracle queries for each sub-problem

3. Uses the samples to solve a sub-
problem to high accuracy

N\

4. Returns the high-accuracy

Qution
\

—

3. Uses the samples to solve a sub- 3. Uses the samples to solve a sub-
problem to high accuracy problem to high accuracy
4. Returns the high accuracy 4. Returns the high accuracy
/ Qution + bounded noise / Qution + bounded noise /
(2) When the noise is appropriately large, the Noisy Sub-Solver is close in TV
distance to (and therefore can be replaced with) the Sample Reusing Sub-Solver »

When the noise is set appropriately, (1) and (2) hold, and consequently, the
Standard Sub-Solver can be replaced with the Sample Reusing Sub-Solver!

Figure 1: Sample reuse framework. The diagram summarizes our approach for replacing Standard
Sub-Solvers with a Sample Reusing Sub-Solver, which reuses the same sample queries across all
Nouter 1terations of the Outer-Solver. In (2), TV abbreviates total variation distance. For a more
detailed explanation of how the random seed is reused from the inner loop to the outer loop, please
see Algorithm 1 and Table 3.

Two observations drive these results. First, in these problems, an outer-solver framework is
guaranteed to (probably, approximately) solve the original problem, even if at each iteration, the
solution to the ¢-th sub-problem is perturbed by some bounded random noise. (This is depicted by
the Noisy Sub-Solver in Figure 1.) Second, when this random noise has a sufficiently large range,
the random perturbations protect the randomness of the sample queries well enough so that even
if we reuse the same sample queries across all iterations of the outer-solver (this is depicted by
Sample Reusing Sub-Solver in Figure 1), the distribution over outputs does not change by much—
as measured by total variation (TV) distance. To prove this fact, we describe and analyze a new
notion of pseudo-independence of randomized algorithms in Section 2.

Combining these observations, we show that in many problems, when the noise is carefully
scaled, the Outer-Solver can use the Sample-Reusing Sub-solver as the sub-problem solver (instead
of the Standard Sub-Solver). This reduces the total number of sample queries by a multiplicative
Nouter factor. This is perhaps surprising—it is well-known that randomized algorithms are not
always amenable to reusing randomness across sequential invocations, see e.g., (Cherapanamjeri
and Nelson, 2020; Cohen et al., 2024). However, our analysis shows randomness can be reused in
many applications of variance reduction.

This sample reuse framework is formalized in Section 2. Although this formalism is somewhat
abstract and technical—as it is intended to capture a wide range of variance-reduction settings—it
enables us to obtain improved query complexity trade-offs for solving a broad range of prominent
optimization and machine-learning problems. These improvements are summarized in Table 1.
Note that in certain specialized problems, e.g., TopEV and special cases of FSM such as linear
regression, there might be other approaches to obtain our improved trade-offs using preconditioning
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(Cohen et al., 2020b, 2015). However, a strength of our sample reuse framework is its versatility—
our approach applies even in problems where there is no clear preconditioning analog, e.g., MDPs
or matrix games. In the next paragraphs, we describe the implications of our results for several
problems beyond FSM as summarized in Table 2.

Markov Decision Processes. In Section 4 we consider the problem of computing an e-optimal
policy for a Markov Decision Process (MDP). We denote an MDP by M = (S, A, P) where S
denotes a finite state space, A denotes the total set of all state-action pairs, and P denotes the
state-action-state transition matrix. We use A to denote the total number of state-action pairs
(see Section 4 for more formal treatment.) We consider two well-studied variants of the problem:
~-discounted MDPs (DMDPs) and average-reward MDPs (AMDPs). In both settings, a sample
query corresponds to drawing a random state from p(s, a) where p(s, a) is the transition probability
distribution corresponding to (s, a)-th row of P. Meanwhile, a full batch query corresponds to a
matrix-vector product with the transition matrix P.

Prior to our work, the state-of-the-art full batch versus sample query trade-off for DMDPs was
obtained by Jin et al. (2024), who provided an algorithm to compute an e-optimal policy for a ~-
dscounted DMDP in O(1)-full batch queries an O( Ao (1—7)~2)-sample queries for any v € (0,1).
On the other hand, classic value iteration obtains an e-optimal policy for a y-discounted DMDP in
O((1 —~)~1)-full batch queries and no sample queries. However, note that (in contrast to the other
structured optimization problems in Table 2) prior work did not provide a smooth trade-off between
the number of full batch versus sample queries.

To enable a smooth trade-off between the number of full batch and sample queries, we develop
a new outer-solver framework which reduces solving a «y-discounted DMDP to solving a sequence
of 4/-discounted DMDPs for ' < + (Theorem 35); we believe this result may be of independent
interest. Combining our new outer-solver framework for DMDPs with our sample reuse framework,
we obtain a funable trade-off between the number of full batch and sample queries needed to solve
a v-DMDP. We show that for any o € [1 — 7, 1), there is an algorithm that solves the problem
using O(a(1 — ~)~')-full batch queries and O(Asopa~2)-sample queries. Interesting, our new
outer-solver framework for DMDPs also yields a new algorithm for solving v-DMDPs to high-
accuracy and improves the runtime of prior work (Jin et al., 2024) under appropriate conditions
on the sparsity of the underlying transition matrix (Theorem 38.) Finally, to extend our results for
DMDPs to AMDPs, we leverage a reduction of (Jin and Sidford, 2021).
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Problem Description

Finite-sum  F(z) = 1 >_icfn) fi(%) is a p-strongly convex function where each f; is L-smooth and
minimization convex. The goal is to reduce the error (with respect to the minimizer of F') of an initial
(FSM) point by a factor of ¢ > 1 wp. 1 — J. (Section 3 and, in greater generality, Section 6.)

The goal is to compute an e-optimal policy for a y-discounted infinite-horizon MDP wp.
1 — 9. We use Aot to denote the total number of state-action pairs in the MDP and
assume that rewards and A;.; are bounded. (Section 4)

Discounted
MDP (DMDP)

The goal is to compute an e-optimal policy for an average-reward infinite-horizon MDP
wp. 1 — d. We use Aot to denote the total number of state-action pairs in the MDP and
assume that rewards and A;; are bounded. (Section 4)

Average-reward
MDP (AMDP)

Composite
f5-£5 matrix
games ({2-£5)

The goal is to compute an e-saddle point for an fo-f5 matrix game in matrix A € R4
wp. 1 =0 [|Allp = (32, > A?yj)l/2 is the Frobenius norm. (Section 5)

Top The goal is to compute an e-approximate top eigenvector of AT A € R™*¢ with high
Eigenvector probability in d. Here gap(A) and sr(A) are the relative eigen-gap and stable rank of A
(TopEV) respectively. (Section 7)

Table 1: Summary of structured optimization problems (and abbreviations) studied in this work.
Throughout this paper, wp. abbreviates “with probability.”

Problem Prior Work (O) Our Trade-off (O) Range
FB oS Paper FB oS
FSM  \/a/u L/\/an Frostigetal. (2015)  /a/u L/a >
DMDP 1 Aot (1 —7)72  Jinetal. (2024) al—9)"1 Aga™2 1>a>1-7v
AMDP 1 Agott? €72 Jin and  Sidford atpmixe ' Ara? 1> a > gt
(2021)
ly-Ly ae ! | A% ()™t Carmonetal. (2019)  ae ! ||A||%a2 a>0

1
TopEV [ santay st(A)(a’gap(A))™2 Garberetal. 2016) /oy si(A) a™? a > O(gap(A))

Table 2: Main results. FB and OS denote the required full batch and oblivious (non-adaptive)
sample queries, respectively, with o tuning their trade-off. We compare our trade-offs with prior
work. Importantly, the “Our trade-off” column always improves over the trade-off under “Prior
Work” under the same assumptions and problem definitions made in the prior work.

Matrix games. In Section 5.2 we study the problem of computing an e-Nash equilibrium for a
composite fo-fo matrix game, which is the problem of finding an e-approximate saddle point of
the following minimax problem: mingcpr maxycpm y' Az + ¢(z) — ¥(y) where B” is the k-
dimensional Euclidean ball, and ¢, are (explicitly known) convex functions. In this setting, a
sample query corresponds to sampling A;; while a full batch query corresponds to querying the
pair of matrix-vector products (y " A, Ax). Previously, Carmon et al. (2019) showed how to solve
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the problem using O(ae~")-full batch queries and O(|| A||%(ce)~1)-sample queries, for any o > 0.
Using our sample reuse framework, we improve this trade-off and show how to solve the problem
using O(ae!)-full batch queries and O(|| A||%.a~2)-sample queries, for any a > 0.

To highlight one interesting application of this, note that for composite {3-¢2 matrix games, both
full batch queries and sample queries can be implemented by a (two-sided) matrix-vector oracle
which outputs (Ax, ATy) for a (z,y) € R? x R”. With a = ||AH2 /3 ¢1/3 we obtain an algo-
rithm that solves £2-fo matrix games in only O(HAH2 [3e=2/ 3)-matrix-vector oracle queries. This
improves the matrix-vector complexity of the problem over the O(|| A|| » ¢ ~!)-matrix-vector oracle
queries required in prior work (Carmon et al., 2019; Nemirovski, 2004) and is near-optimal, due to
(Liu et al., 2023). Special cases of composite /2-f, matrix games reduce to {o-regression, in which
case this trade-off of O(||AH2 [3 2/ 3)-matrix-vector oracle queries may also follow from precon-
ditioning (Cohen et al., 2020b; Liu et al., 2023). However, our work is first to achieve near-optimal
matrix-vector oracle query complexity for general composite o-f5 matrix games. Subsequent to
our work, Karmarkar et al. (2025) recently showed how to match this matrix-vector oracle query
complexity deterministically.

In Section 5.2 we also show how to apply our methods to another class of minimax prob-
lems, called composite £o-¢1 matrix games. A composite £o-f1 matrix game corresponds to find-
ing an e-approximate saddle point of mingep» maxycam y Az + ¢(x) — (y) where AF is the
k-dimensional probability simplex and ¢, are explicitly known convex functions. This setting
captures, for example, the problem of computing a hard-margin support vector machine. Notably,
in this setting, variance-reduced methods (Carmon et al., 2019) combine oblivious sample queries
along with non-oblivious sample queries to solve the sub-problems induced by the outer-solver
(conceptual proximal point (Nemirovski, 2004; Carmon et al., 2019)). Our sample reuse framework
still applies and allows us to reuse the oblivious (non-adaptive) sample queries across all ngyter in-
vocations of the sub-solver. We also discuss how this improves query complexity trade-offs for two
computational geometry problems: the minimum enclosing and maximum inscribed ball problems.

Top eigenvector computation. In Section 7 we consider the problem of computing an e-approximate
top-eigenevctor for a matrix A € R"*™. We use gap(A) and sr(A) to denote the relative eigen-gap
and stable rank of A, respectively. In this setting, a sample query corresponds to querying an entry
A;;, while a full batch query corresponds to a matrix-vector product with A. Prior work of Gar-
ber et al. (2016) showed how to build upon the approximate proximal point methods described for
FSM Frostig et al. (2015); Lin et al. (2015) and the shift-and-invert power method Saad (2011) to
compute an e-approximate top-eigenvector using O(+/c/gap(A))-full batch queries along with
O(sr(A)(a’gap(A))~/2)-sample queries for any o > ©O(gap(A)). Using our sample-reuse
framework, we improve this trade-off to O(+/a/gap(A))-full batch queries and O(sr(A)a~?)-
sample queries.

1.3. Preliminaries

General notation. Bold lowercase letters are vectors in R? where (i) is the 4-th index of w.
Bold capital letters are matrices. The ¢, norm of w is ||u||,. For random variable A over the
probability space (€2, F), p4 is its probability measure. For event E, p A|E 1s the measure of A
conditioned on E, ﬂE is the complement of E, and 1[F] is the indicator of E. For random
variables A, B, AZ DB denotes that A and B are equal in distribution. For measures p and g,
drv (p,q) := maxpger |[p(E) — p(E)| is the total variation (TV) distance between p and ¢q. The
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support of distribution D or measure g is denoted supp(D) or supp(q). Ber and Unif respectively
denote Bernoulli and uniform distributions. Unif?(a, b) denotes a d-dimensional vector in which
the i-th entry is an independently and identically distributed Unif(a, b) random variable.

Randomized algorithm notation. We consider algorithms that use up to two independent sources
of randomness. We use A¢ , to denote a randomized algorithm that takes an input u € R¢ and in-
dependent random seeds § ~ D¢ and x ~ D}’ where D¢ is independent of, or oblivious with respect
to, w and DY might be dependent on, or be adaptive with respect to u. We also use the notation
D, = {D;}uERd to denote the family of distributions parameterized by w € R%. On input u € R?,
Ag  outputs A¢ , (u) for randomly drawn { ~ D¢ and x ~ DY . At times, we analyze the output of
Ag , conditioned on the value of one or both random seeds. Specifically, A¢—; \ () and A¢ —.(u)
are used to denote the randomized algorithms obtained by fixing the value of { = s € supp(Dy)
or x = c € supp(DY), respectively. Analogously, A¢—sy=c is a deterministic algorithm corre-
sponding to conditioning on £ = s € supp(D¢) and x = ¢ € supp(D;). We occasionally specify
a decomposition of the seed x into two sub-seeds x = (v, ¢) where sub-seeds v, ¢ are drawn inde-
pendently from v ~ DZ and ¢ ~ D,. We assume algorithms that output vectors in R? have runtime
Q(d). We use high-accuracy to refer to families of algorithms (parameterized by error and fail-
ure probability parameters) with at most polylogarithmic dependence on their accuracy and failure
probability.

2. Sample reuse framework

Here we provide, contextualize, and analyze our sample-reuse framework. First, in Section 2.1
we introduce the framework, the main theorem regarding it (Theorem 6) and formally define psue-
doindependence (Definition 5) which we use to prove the theorem. For additional context, we then
compare pseudo-independence to related definitions in prior work in Section 2.2. We then conclude
this section in Section 2.3 by analyzing the sample-reuse framework and proving Theorem 6.

2.1. Sample-reuse framework

Here, we introduce our sample-reuse framework. To describe the framework we provide a general
Meta-Algorithm for solving an optimization problem. This Meta-Algorithm encompasses three dif-
ferent templates for variance reduction methods. Our framework relates these different templates
and applying this relationship to different algorithms yields our improved query-complexity trade-
offs.

More formally, the Meta-Algorithm 1 iteratively reduces solving a problem instance X to solv-
ing a sequence of sub-problems. First, the algorithm initializes uo € R?; an oblivious distribution
Dy for sampling a random seed &; and a family of non-oblivious distributions Dy = {D{}, cga. It
iteratively runs one of three possible sub-routines (corresponding to the three different templates),
which we describe below, and outputs a convex combination of the iterates. Table 3 summarizes the
notation.

The standard sub-routine. The first template is Outer(X; Standard), i.e., Meta-Algorithm 1
with sub-routine StandardLoop (in the prose, we omit the 7 since it has no effect when Type =
Standard.) This template formalizes the “Standard Sub-Solver” panel in Figure 1 and describes
the standard variance reduction template that applies to many algorithms for structured optimization
problems—including those cited under “Prior Work” in Table 2. In Outer(X; Standard), the for
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loop (Line 1) iteratively reduces the original optimization problem to solving ngyter Sub-problems,
where the ¢-th sub-problem is determined by the (¢t — 1)-th iterate, w;—_.

The sub-problem solver, or sub-solver, denoted AZ?;’, is a randomized algorithm that solves the
sub-problem at each iteration by (1) making some deterministic full batch queries to the full batch
oracle; (2) using the random seed & to make randomized oblivious sample queries to a sample oracle;
and (3) using the random seed x to perform some additional randomization. Depending on the
application (Table 1), (3) might involve adding some noise to the sub-problem or making additional
adaptive sample queries to a sample oracle. A?,l; then outputs an intermediate iterate u;_1/5 €
RP. At the end of each iteration, the routine then applies a “post-process” ¢ which performs some
deterministic post-processing of the pair (w;, w;_ /2) (e.g., implementing acceleration/momentum.)

As a illustrative, concrete, example, consider the motivating example of FSM (Section 1.1).
Meta-Algorithm 1 captures the previously described combination of APP and SVRG to solve FSM
(Frostig et al., 2015; Lin et al., 2015). That is, APP reduces the original problem to solving a
sequence of regularized sub-problems, while AZ?;(’ represents the sub-solver SVRG (Johnson and
Zhang, 2013), which is used to solve the regularized sub-problems. In this case, ( implements
acceleration as in (Frostig et al., 2015), and w is set such that the algorithm will simply return the
last iterate, wp,, .- (See also Section 3.)

The noisy sub-routine. To motivate the second template, recall our motivating observation that

for many classes of structured optimization problems (Table 1), there is an instantiation of Outer(X; Standard)
that provably solves the problem instance X provided that: at each iteration ¢ € [noyter], the sub-

solver AS“;; solves the sub-problem induced by u;_1 to high-accuracy in the £, norm. We formalize

this observation with the following two definitions.

Definition 1 (Function approximation) We say that a randomized algorithm Ag  is an (n,9)-
approximation of f : R¢ — RP if Ag . takes an input u € R along with two random seeds & ~ D¢
and x ~ DY and outputs A¢ \ (u) € RP such that Pe.p yopu ([[Aex(u) — f(u)]oo <) =21 -4

Definition 2 (/,.-robust) We say Outer(X;Standard) is (1, 3)-robust with respect to f"" if
there exists a deterministic function f" : R — RP such that Outer(X;Standard) is guaran-
teed to output a B-accurate solution for X whenever, for all t € [noyter), 5P (1) |loo < 1.

To interpret these definitions, suppose that Outer(X; Standard) is (n, 8)-robust, 7 < 1/2,
and the sub-solver .AZ?}; is an (n/2, §)-approximation of f5"?. Then even if, at every iteration
t € [Nouter]> Ui—1 /2 were to be randomly perturbed by some 7-bounded random noise, the output
would still be a B-accurate solution to X wp. 1 — ngyterd.

Correspondingly our second sub-routine NoisyLoop, in Meta-Algorithm 1 (and the corre-
sponding template Outer(X;Noisy)) is identical to StandardLoop (correspondingly, the al-
gorithmic template Outer(X; Standard)) except that at each iteration, u;_, /2 1s perturbed by a
small amount of Unif?(—7, 7) random noise. This formalizes the “Noisy Sub-Solver” in Figure 1.
Following the previous intuition, the following lemma shows that when 7 is sufficiently small, we
can freely interchange Outer(X;Standard) with Outer(X;Noisy, ), without losing cor-
rectness guarantees.

Lemma 3 Suppose Outer(X;Standard) is (1, 3)-robust with respect to f**®, 7 € (0,1/2),
and ./42?)? is an (1/2, 0)-approximation of f"°. Then Outer(X; Standard)and Outer(X;Noisy,T),
wp. 1 — nouterd, output a B-accurate solution to X.

10
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Table 3: Parameter table for Meta Algorithm (Algorithm 1).

Symbol Description

D¢ This is an oblivious distribution governing the random variable &.

This is a family of distributions parameterized by & € RY. It governs the adaptive random
variable x. We use DY to denote the distribution in D, corresponding to an x € R,

A?,l; is a sub-problem solver (sub-solver) that takes in u € R? and seeds ¢ and y and

Asub outputs AZ“;(u) € RP. A?E? may make full batch queries and sample queries to X. Batch

&x queries depend only on u. The seed ¢ is used to make oblivious sample queries. Meanwhile,
the seed y may optionally be used to make additional adaptive sample queries.

¢ : R? x RP — R?is a deterministic post-processing function; we call it an outer-process

¢ since it captures the role of the outer-solver discussed in Section 1 (Figure 1).
w The algorithm outputs a convex combination of the u,; given by coefficient vector w.
T Noise parameter 7 > 0 controls the amount of noise to be added.

Proof The proof is immediate from Definition 2 and union bound over all ngyte, iterations. |

Algorithm 1: Variance-Reduction Meta-Algorithm Outer(X; Type, T)

Parameter: Loop specification: Type € {Standard,Noisy,Reuse} // Types defined below
Initialize uy € R?

/I'If S = Standard, 7 may be omitted, in which case Line 1 is skipped and 7 is omitted in Line 1
/I The next line builds a noisy version of AE‘_”\’, which is denoted A/;_”\’/
Ut—1 ,_ yUt—1 D /sub . Asub
Let D ;7" :=Dy"" x Uniff (=7, 7) and A2 \1_(coy(ue—1) = AZL, _ (ur—1) + €
Draw s, ..., Snouter ™ DE /I Draw seeds from the oblivious distribution

for each t € [noyter] do call (Type)Loop,
return: 3, ., w(t) - g

// Different loops that can be called on Line 1

StandardLoop,: Draw ¢; ~ D;(”’l, w1 — Azibsm:q (ue—1), wp < C(ug—1, ut_%)

sub

NoisyLoop,: Draw (ct,et) ~ D;:f‘l, w1 A/ﬁzst,'x/:((:/.e,,)(ut—l)’
U C(utq,ut,%)

ReuseLoop,: Draw (¢, e;) ~ Do sub

/
X/ 5 ut,% — “4 5:“”17X/:(Ctaet)(ut71)’

wp  ((ue-1, ut_%)

The sample-reuse sub-routine. At this point, it is perhaps natural to wonder: why is it helpful to
work with the NoisyLoop, subroutine as opposed to the standard, StandardLoop sub-routine
in Meta-Algorithm 1? After all, for any 7, both StandardLoop and NoisyLoop, require the
same number of batch and sample queries, so there is no obvious computational advantage to using
NoisyLoop,.

11
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As discussed in our second observation in Section 1.2, the key idea is the following: the random
noise at each iteration ensures that the iterates u; in NoisyLoop, are almost independent of the
randomness in the sample queries induced by { ~ Dy in the following sense: even if we were to
reuse the same realization of & in all iterations ¢ € [noyter] of NoisyLoop,, the returned output
would be close—in total variation (TV) distance—to the output of Outer(X;NoisyLoop,T).
This brings us to our third and final sub-routine.

The third and final sub-routine ReuseLoop, in Meta-Algorithm 1 (and its corresponding al-
gorithmic template Outer(X;Reuse)) is identical to the Noi syLoop, sub-routine (correspond-
ingly, the algorithmic template Outer(X;Noisy)) except that ReuseLoop, reuses a single
realization s; ~ Dg in all iterations ¢ € [Nouter]. This formalizes the “Sample Reusing Sub-
Solver” in Figure 1. Reusing this realization across all iterations corresponds to reusing oblivi-
ous sample queries to X. Consequently, for any 7 > 0, Outer(X;Reuse, 7) has lower sample
query complexity (by an nqyter multiplicative factor) than the original Outer(X;Noisy,T) or
Outer(X;Standard).

Pseudo-independence. To obtain improved query-complexity tradeoffs, our goal is to derive con-
ditions when Outer(X;Reuse, 7) can be used in place of Outer(X;Noisy, 7)—without sacri-
ficing correctness. We achieve this goal by introducing a new notion of pseudo-independence, which
we use to bound the total variation (TV) distance between the outputs of Outer(X;Noisy,7)and
Outer(X;Reuse, 7). Indeed, if this TV distance is small then as long as Outer(X;Noisy,7)
is correct, with high probability, so is Outer(X;Reuse, 7). To define pseudo-independence we
first define a smoothing of a randomized algorithm as follows.

Definition 4 ((¢, §)-smoothing) Let A, be a randomized algorithm which takes an input w € R?
and two random seeds § ~ Dg¢, x ~ DY. We say that algorithm A, is an (e, §)-smoothing of A¢ ,
with respect to & if it takes as an input w € R along with one random seed x ~ DY and for all

u € RY, Py, [drv(pag_,  (u)s PAyw) <€ =106

We say a randomized algorithm is (e, 0)-pseudo-independent if we can guarantee existence of an
(€, 0)-smoothing. Importantly, this smoothing need not be implementable or even explicitly known.

Definition 5 ((¢, 0)-pseudo-independence) Let A , be as in Definition 4. Ag , is (€, 0)-pseudo-
independent of & if it admits an (€, §)-smoothing with respect to &.

Intuitively, A¢  is (¢, §)-pseudo-independent of ¢ if, wp. 1 — & over the draw of s ~ Dg¢, Ag  is
almost independent of the first source of randomness—in the sense that wp. 1 — € over the draw of
X»> A¢=s.y (u) is equal in distribution to a random variable that is independent of £ (see also Fact 7
for further discussion.)

We use this notion of pseudo-independence to bound the TV distance between Outer(X;Noisy,T)
and Outer(X;Standard). First, in Appendix A we show that when the noise parameter 7 is set
appropriately the sub-solver algonthm A’ "> in Meta- -Algorithm 1 is (¢, §)-pseudo-independent of
&. Intuitively, this means that A’ £ 18 almost independent of £ and consequently, it should be
possible to reuse the same realization of the seed £ in each invocation of .,4’ sub

To formalize this, we observe that NoisyLoop, repeatedly composes Q w1th A’zu;/ where & ~
Dy is drawn fresh in each iteration ¢ € [Mouter]. Meanwhile, ReuseLoop, repeatedly composes
¢ with A/ Zu;?, where the same realization s; ~ X is reused in each iteration t € [nguter]. In

12
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Appendix B we provide a general theorems about pseueodindependence, which allow us to leverage
the fact that A’?l;, is (e, 9)-pseudoindepent of £ to bound the TV distance between these repeated
compositions as a function of ngyter, 6, €. Thus, when 7, €, § are set appropriately, the TV distance
between the outputs of Outer(X;Noisy) and Outer(X;Reuse) is small. This TV distance
bound allows us to prove the following theorem, which in turn yields all the results in Table 2.

Theorem 6 Suppose Outer(X;Standard) is (1, B)-robust with respect to f**® and & € (0, 1).
Let ' := min(n/2,nd). Suppose AZ‘;‘? is an (1, 8)-approximation of f"°. Then we have that wp.
1 —5n2 0, Outer(X;Reuse,n'/(28)) outputs a B-accurate solution to X.

In the problems described in Table 2, the standard variance-reduced algorithms are instantiations
of Outer(X;Standard) and (n, 3)-robust, for n scaling polynomially in /5 and the problem pa-
rameters. This ensures that the blowups in error and failure probability in Theorem 6 are at most
polylogarithmic in all problem parameters. Moreover, for all of our applications, the sub-solvers
(e.g., SVRG) are high-accuracy algorithms, meaning that they have query- and time-complexity
polylogarithmic in the accuracy and failure probability parameters. Thus, the polynomial blow-ups
in accuracy and failure probability in Theorem 6 imply at most polylogarithmic growth in complex-

ity.

2.2. Comparisons of pseudoindependence to prior work

In this section, we discuss pseudo-independence, which generalizes the well-studied notion of
pseudo-determinism (Definition 8) (Goldwasser et al., 2017; Goldwasser and Grossman, 2017;
Braverman et al., 2023; Grossman et al., 2023; Dixon et al., 2022) and is also related to repro-
ducibility (Impagliazzo et al., 2022). First, we state the following Fact 7, which will be helpful in
our analysis.

Fact 7 (Lemma 4.1.13 of (Roch, 2024), restated) Let ¢ > 0 and A and B be random variables.
Then dry (pa,pp) < € if and only if there exist random variables C, D, F and an independent

event E such thatP{E} =1—¢ A 2 o1e + D1-&; and B 2 o1e + F1-€&.

This fact implies the following intuitive interpretation of pseudo-independence. A . is (€, d)-
pseudo-independent of & if wp. 1 — § over the draw of s ~ D¢, Ag ,, is almost independent of the
first source of randomness—in the sense that wp. 1 — € over the draw of x, A¢—  (u) is equal in
distribution to a random variable that is independent of .

Now, we briefly compare pseudo-independence to pseudo-determinism and reproducibility. The
term pseudo-deterministic algorithm—introduced by Gat and Goldwasser (2011)—describes an al-
gorithm that outputs a deterministic value with high probability. This is formalized with the follow-
ing definition.

Definition 8 (J-pseudo-deterministic algorithm) Ler A; be a randomized algorithm which takes

an input w € R? and a random seed & ~ De. Ag is d-pseudo-deterministic if there exists a function
h over RY such that Psp, {Ag=s(u) = h(u)} > 1-6.

Intuitively, in a §-pseudo-deterministic algorithm A, the role of A is similar to that of a smooth-
ing (Definition 4) in the definition of pseudo-independence (Definition 5); however, h must be de-
terministic whereas as a smoothing can be a randomized algorithm. To formalize this intuition we

13
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need to introduce some additional notation because pseudo-determinism is defined in terms of a sin-
gle source of randomness, whereas pseudo-independence (Definition 5) is defined in terms of two
sources of randomness. Thus, to compare pseudo-determinism to pseudo-independence, we define
a simple way to /ift a single-seed randomized algorithm A¢ to two sources of randomness.

Definition 9 Let .Ag be a randomized algorithm which takes an input uw € R¢ and a random seed
§ ~ Dg. Let Apx( w) be the randomized algorithm which takes input u € R? and seeds & ~ D¢
and x ~ D5, where supp(Dy) = {0}, and maps u — A¢(u).

That is, .Ap £ is identical to A¢; however, it accepts an additional 0-bit “dummy” random seed
X The next lemma explains how pseudo-independence captures pseudo-determinism as a special
case.

Lemma 10 A; is d-pseudo-deterministic if and only if A?i is (0, 0)-pseudoindependent of €.

Proof First, suppose that A¢ is §-pseudo-deterministic. Then, there exists a function A such that

1-9 > Pstg {-Aﬁ:s(u) = h(u)} = Pstg {dTV (pAgis X(u)’ph(u)> = 0} .

Hence, if A} is the algorithm that deterministically maps w + h(u) then A} is a (0, §)-smoothing
of .Agi with respect to £. Thus, A?i is (0, 6)- pseudo-independent with respect to .

Conversely, suppose that Agi is (0, §)-pseudo-independent with respect to ¢ and let A} be a
(0, 0)-smoothing of Ag‘i with respect to . Then,

1-6> EDSNDg {dTV <p~’4§ds X(u)apA;((u)> = 0} = ]P)SN'D,S {-Ag:s(u) = A;:O(u)} .

Letting h to be the function mapping u > A’Xzo(u), we see that A is 0-pseudo-deterministic. W
On the other hand, reproducibility is a related notion introduced in Impagliazzo et al. (2022).

Definition 11 ((9, D)-reproducibile algorithm) Ler A¢ be a randomized algorithm which takes
an input w € R? and a random seed &€ ~ D¢. Let D be a distribution over R A¢ is a (6,D)-
reproducible algorithm if there is a function h over supp(Dg) such that Py~p s~p, {Ae=s(u) = h(s)} >
1—4.

Reproducibility asks that with high probability over the draw of an input sample u ~ D and of
the random seed s ~ D¢, the algorithm outputs a deterministic function of the realized seed: A(s).
On the other hand, pseudo-determinism asks that for every input u, with high probability over the
random draw s ~ D¢, the randomized algorithm outputs a deterministic function of the input ().
Finally, pseudoindependence asks that for every input u, a randomized algorithm should be almost
independent of one of its random seeds in the sense that with high probability over the draw of
s ~ &, its output is close in total-variation distance to a randomized algorithm which is completely
oblivious of s.

14
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2.3. Analysis of the sample-reuse framework

In this section, we given an outline of our proof of Theorem 6. Our discussion here expands on the
intuitive explanation in Section 2.1. To reduce notational clutter, throughout this section, we omit
the superscript sub from A’?l;/ and refer to it just as A /.

Inducing pseudoindependence in the noisy solver. Recall that in Section 2.1, we said that the
first step in our proof of Theorem 6 would be to show that A/E,x’ in Meta-Algorithm 1 is pseudo-
independent of £ when the noise parameter 7 is set appropriately. Concretely, we prove the following
theorem in Appendix A.

Theorem 12 Let €,6 € (0,1), n > 0, ¥ = min(n/2,ne/p) and let A¢  be a randomized al-

gorithm that is an (n/2,0)-approximation of a function f : R? — RP. Let ‘AIS,X’ be the ran-

domized algorithm defined as follows. ‘A{é,x’ takes input u € R, random seed & ~ De, and x/

where X' = (x,v) ~ D;(‘/ is the concatenation of an independently drawn seed x ~ DY and
n n'p

seed v ~ D, := UnifP(—7,7) for 7 := max (7, 27) For any realization s, c,e of &, x,v and

any u € RY, we define Ai_, Y=(ce) (u) = A¢zsx=c(u) + €. Then, A, , is an (e, 6)-pseudo-
independent of & and an (n, §)-approximation of f with the same runtime and query complexities

as Ag . up to an additive O(p) in runtime.

Proof Let A¢, be the randomized algorithm which takes input x € R, random seed £ ~ Dy,
and x where y = (}/,v) ~ DY is the concatenation of an independently drawn seed X~ D;’,
and seed v ~ D, := Unif?(—t,t), where we use Unif? to denote the distribution of a p-dimensional
independent uniform random vector, and ¢ is some parameter to be specified later in this proof.

For any realization s, ¢, e of &, X/, v, let A’ () = A¢=s y=c + €. That is, on a given

§=87X/:(C:€)
input , A} ,(z) has the same distribution of a random variable which is equal to A¢ , (z) plus

some independent Unif (—¢, ¢) random noise in each coordinate.
First, we construct a smoothing for .A’5 o Let A, be the randomized algorithm which takes

input € R% and a random seed y ~ DY. For any realization (c, e) of x' = (x,v), let Ay (x) =
f(x) + v. Now, using that A , is an (7', §)-approximation of f, we can conclude that

Pepex~pe ([ Agy (@) = f(@)lloo <7') =156, (1)

and hence
Penpe o, (e (@) = F(@) oo < (' +1) 2136, @)

Thus, A; |/ is an (1)’ + ¢, §)-approximation of f. In particular, setting ¢ = 7 = max (%l, %) and

recalliing ' = min (g, %), we have
3
0+t <y max (2,p> <7
€

and hence A’g \/ is an (7, §)-approximation of f. To bound the total variation distance, note that

by (24), we have that with probability 1 — 6, dry (p Agegr ()3 P Ax(w)) is simply the total variation
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distance between ¢, ¢’ where ¢ is the distribution of a Unif?[—t, ¢] random variable and ¢’ is the
distribution of a random variable whose i-th entry is distributed as Unif[—q;, ;] for some |a;| < 7.
Now, for t > 1’ /2, we have

max (0, 2t — |ay|) n"\" _n'p
dry =1- | | <l—(1—-=] <=
r (q, ) . }( 2t - 2t ) — 2t

, we have that

N———

where the final step used Bernoulli’s inequality. Thus, setting ¢ = 7 = max (%l, %’
with probability 1 — 4,

Psp, {dTV (pA/_ ,(a:)?pAX(w)) < 6} > 10

For the second guarantee, note that .A’ €/ , has the same runtime and query complexities as Ag ,,
up to an additive O(p) increase in the runtime due to the cost of adding the p-dimensional uniform
random noise induced by v. |

We discuss implications to numerical stability further in Appendix A.

Theorem 12 show how to convert standard high-accuracy structured optimization algorithms
into pseudo-independent high-accuracy structured optimization algorithms (Section 2) by adding
noise to the output. Next, we will prove these pseudo-independent versions are amenable to reusing
samples across multiple iterations of an outer-solver (Figure 1.) We briefly remark that this tech-
nique of adding noise to an algorithm’s output also appears in differential privacy (Asi and Duchi,
2020; Ghazi et al., 2022) and in the design and analysis of algorithms that are robust to adaptive
adversaries (Chen et al., 2022; Lee and Sidford, 2015; Beimel et al., 2022; van den Brand et al.,
2022).

Analyzing repeated compositions of pseudoindependent functions Once we know that A/&x’
in Meta-Algorithm 1 is pseudo-independent of & for appropriately chosen 7, we move on to proving
Theorem 6.

Recall that, as outlined in Section 2, our goal will be to show that if A¢ - in Meta-Algorithm 1
is (¢, 6)-pseudo-independent of £, then the distribution over outputs of Outer(X;Noisy,7) and
Outer(X;Reuse, ) are close in TV. To prove this, first observe that NoisyLoop, repeatedly
composes ¢ with A’ e’ Definition 13 introduces notation for these compositions.

In what follows Eq. (3) represents an algorithm that repeatedly applies 1" iterations, where
in each iteration &, x are fresh random variables drawn from their respective distributions (as in
NoisyLoop,). Eq. (4) is the analogous algorithm where in the i-th iteration a fresh x’ is drawn
from D;(‘,, but £ = s is reused across iterations (as in ReuseLoop,.) Eq. (5) is the analogous
expression to (3) with the randomized algorithm fle, which takes only one source of randomness,

X

Definition 13 (Composition of randomized algorithms) Let A’ﬁ X be a randomized algorithm
which takes an input w € R% and random seeds & ~ De, X' ~ Dy, and outputs a point in RP.
Let flxz be a randomized algorithm that takes an input u € R% and one random seed ' ~ Dfé, and

outputs a point in RP. Let ¢ : R x RP — R% be a deterministic function. For T > 1, let:
(13}4/ (u; 'Df, DX') = C(u, ‘A/E X' (u)),

(3)
® ! (u; D¢, Dy) = C(‘I>A/(u Dg,Dy), Ag o (@ (u; Dg, Dy )))

16



REUSING SAMPLES IN VARIANCE REDUCTION

@}41(’1},;3, DX') - C(uaA/{:s,X’(u))v
T+1 _ T . / (4)
®T (u;5,Dy) = C((I)A,(u,s,DX/), Ay (D8 (us s, DX/))>
HY(u;Dy) = ((Ay(u)),
)

In Appendix B, we show the following general theorem about pseudoindependence and repeated
composition.

Lemma 14 Let .A'é \ be randomized algorithm which takes an input u € R® and two random seeds
§ ~ D, X~ D;(‘, and is (€, 6 )-pseudo-independent of . Then,
dry (pcpil (u;s,DX,)quﬂ, (u;Di’Dx’)) <2T(0+¢€).

Finally, to prove Theorem 6, we can combine the previous results.

Theorem 6 Suppose Outer(X;Standard) is (1, §)-robust with respect to f**® and & € (0, 1).
Let ' := min(n/2,n0). Suppose .AZ";'? is an (', §)-approximation of f"°. Then we have that wp.
1 — 5n2..0, Outer(X;Reuse,n’/(20)) outputs a B-accurate solution to X.

outer

Proof For notational convenience, set e = § and 7 = 7//(2¢). Notice that

Outer(X;Noisy,T) 2 Z w(t) - @' (uo; De, Dyr), (6)
te[nouter]

Outer(X;Reuse,T) 2 Z w(t) - Dy (wo; s1,Dyr), @)
te[nouter]

where s1 ~ De. Since 7 < 1/2 and 1’ < /2, by Lemma 3, (6) is a S-accurate solution to X wp.
1 — Nouterd-
Also, by Theorem 12, A’ 2‘; is (€, 0)-pseudo-independent of . Thus, by Lemma 14, the TV
distance between the ¢-th summand of (6) and the ¢-th summand of (7) is bounded by 2¢(6 + €).
As (6) is B-accurate wp. 1 — noyterd, We can apply Fact 7 and take union bound over all ¢ €
[Nouter] to conclude that wp. 1 — 2n2 .. (6 + €) — Nouterd > 1 — 5n2 ;.. 6, (7) is also B-accurate. B

3. Application: Finite-sum minimization

In this section, we apply our sample reuse framework to obtain improved full batch versus sample
query trade-offs for finite sum minimization (FSM). As a special case, we discuss implications for
generalized linear models.

We focus on this setting for FSM due to its simplicity as it is perhaps the most illustrative and
foundational setting. We consider a more general variant of FSM in Appendix 6, where we obtain
rates dependent on the (potentially non-uniform) smoothness L; of each f;.

FSM arises in many machine learning settings, such as empirical risk minimization, where each
f; might be a loss function for a sampled data point 7 € [n] and the goal is to minimize the average
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loss across all the data. In this context, a query « to a gradient oracle for F' corresponds to making
a pass over the full batch of data i € [n] to compute the gradient at . Meanwhile, querying a
component oracle with ¢ only requires accessing information pertaining to the ¢-th data point.

Below, we formally define the problem and the batch-sample oracle model and provide a brief
sketch of how we obtain our result in Table 2 for FSM (Section 3).

Definition 15 (FSM problem) In the FSM problem we are given ¢ > 1 and g € R? and
must output & € R? such that F(2) — mingepa F(x) < 1/c - (F(xo) — mingega F(2)) where
F(x) := % Zie[n] fi(zx), F is p strongly-convex, and each f; : R* — R is L-smooth and convex.
Definition 16 (Gradient oracle - FSM batch oracle) When queried with x € R% a gradient ora-
cle for differentiable F : R* — R returns VF(x) € R%.

Definition 17 (Component oracle - FSM sample oracle) When queried with i € [n], a compo-
nent oracle for F'(x) = % Zie[n] fi(zx) for differentiable f; : RY — R returns a gradient oracle for

fi-

The standard outer-solver and sub-solver. As discussed in Section 1.1, state-of-the-art query
complexities for FSM can be achieved by with accelerated proximal point/Catalyst (APP) as an
outer-solver (Frostig et al., 2015; Lin et al., 2015), #5-regularized FSM for the sub-problems, and
stochastic variance-reduced gradient descent (SVRG) as a sub-solver (Johnson and Zhang, 2013).
Formally, each iteration of APP approximately solves a A-regularized sub-problem, as follows.

Definition 18 (FSM sub-problem) Let F' be as in Definition 15 and \ > . For any u = (x,v) €
R% x R, let p = (4 2)\) /pwand Yy := 1/(1 + p~ /) 4+ p=1/2 /(1 + p~1/?)v. We define
: D S
0 (u) = argmin F(&) + 5 & — yul -
FERd 2
Moreover, we say that ' = (x',v') is a solution to the (u, \, ¢)-sub-problem if
F(a') - min F@) + 2 12 — yul2 < = ( Flya) — min F(&) + 2 ||& - yul?2
#ERd 2 Yullz =7 Yu) = ere 2 Yullz ) -

APP uses the following post-process (recall Meta-Algorithm 1). This is essentially intended to
implement acceleration (sometimes called momentum) on the iterates.

Definition 19 (FSM post-process) Let F be as in Definition 15 and \ > 0. For any u = (x,v) €
RY x R? and v’ = (x',v") € RT x RY, let p = (u+ 2)\)/pand v = 2/ + 1/ ), and define

C(u7u,) = (1 - p_l/Q)U + :0_1/2 (ym,v - L)‘(yac,v - iB/)) .

Now, APP is known to solve the original problem, given approximate solutions to these sub-
problems, in the following sense.

Theorem 20 (APP, Theorem 1.1 of Frostig et al. (2015), restated - FSM outer-solver) Let F' be
a p-strongly-convex function and X > . There is a ¢ = poly(\, u, ¢, d) such that the following
holds. Suppose that in each iteration t € [nouter] of Algorithm 2, x; 4 /2 is a solution to the
(wi—1, A, d)-sub-problem; then w.,,.. is a solution to the FSM problem.
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Algorithm 2: APP-SVRG) 5(xo, F, c) Pseudocode

Input: Initial point 2q € RY, gradient oracle and component oracle for F, error factor ¢
Parameters: Failure probability 6, and A > pu.

Initialize vy < 0 € R?

Initialize ug « (o, vo) € R? x RY

Set sufficiently large nouter = O(\/ A )

Set sufficiently large ¢/ = poly (A, p, ¢, d)

for each t € [nouter) do

/ We draw realizations of the random seed £ according to the following distribution.

Draw s; := {i1, ..., i1} ~ D¢ where each i; ~ Unif[n] for sufficiently large T = O(L/\)
/' We include 'y, a zero-bit random bit for technical consistency with Section 2

Draw ¢; ~ D, := Unif[0]

SVRG|\,c,8 /nouter
Ui_1/2 = (%—1/27’015—1/2) — Agzstyxzct O (ugo).

/I The post-process implements momentum, as described in Definition 19

up = (T4, vy) C(Ut>ut—1/2)

end
return: T, ...

In particular, SVRG is a commonly used sub-solver to solve the sub-problems required in APP
(Theorem 20) efficiently. We restate this result below.

Theorem 21 (SVRG, Theorem 2.2 of Frostig et al. (2015), restated - FSM sub-problem solver)

Let F be as in Definition 15 and \ > u. There is a randomized algorithm ASX{RGM’C’é such that

the following holds.

* The algorithm takes in the random seeds £, x distributed as follows. The first random seed £ ~
{i1,...,i7} where each i; ~ Unif[n] for some T = O(L/)). The second random seed x ~
Unif[0] is a 0-bit random seed.

o Ifx' = ASXRGM’C’&(U), then wp. 1—§ over the draw of the random seeds & and x, x' is a solution
to the (u, A, ¢)-sub-problem.

. A?XRG‘A’C’J makes O(l) batch queries and makes sample queries only on the indices contained
within &.

By combining Theorem 20 (APP) with Theorem 21 (SVRG) and taking a union bound over
all noyter iterations in Algorithm 2, we obtain an algorithm for solving FSM problems. This algo-
rithm obtains a trade-off of O(y/\/y) full batch (gradient oracle) queries and O(L/+/ ) sample
(component oracle) queries for any A > p, as reported in the “Prior Work” column of Table 2.

However, using our sample reuse framework from Section 2, we can improve this trade-off!

The sample reusing sub-solver Observe that Algorithm 2 exactly fits into the Meta-Algorithm 1
framework from Section 2. In particular, Algorithm 2 implements Outer (X, Standard) where
X = (o, F,c) is an FSM problem instance as per Definition 15. To show that we can replace
the standard sub-solver with the sample-reusing sub-solver (i.e., Outer (X, Reuse)), we need to
invoke Theorem 6. To do so, we need to show (1) that APP satisfies robustness with respect to fS“b
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in the sense of Definition 2 and (2) that SVRG can compute an approximation in the ¢, norm, as
per Definition 1. We prove this below

Lemma 22 (FSM outer-solver robustness) Let F' be as in Definition 15 and X > 0. There is a
¢ = poly(\, i, ¢, d) such that the following holds. Suppose that in each iteration t € [noyter| of the
algorithm,

’ 2

Hut—1/2 - fsub<yut—1)

o ZERI 2

1 . T 2
<= <F(yut1> — un F(w) + 5 Hw - yUt1H2> )
Then un,, ., is a solution to the FSM problem.

Proof We prove the lemma by invoking Theorem 20. That is, it suffices to show that for any c, A,
there exists a ¢’ = poly(\, i, ¢, d) such that whenever u’ satisfies

/ sub 2 1 . ~ )\ ~ 2
= ()| <5 (Fly) - min F@) + 5 13 - yall3) ®)
o C FER 2
we have that
/ . A 2 1 . - A 2
F(u') — min F(2) + 5 |2 —yuly < = | F(Yu) — min F(2) + S |2 —yullz ). 9
2 C zERd 2

To prove this we will use the smoothness of the function F) ,,, which is defined as follows:

. A
Fral@) = F@) + 5 13 - yul}.

First, we have that (8) implies

|

Thus, by L-smoothness, whenever ¢’ > cd(L + ), (9) holds. The result follows by Theorem 20. H

u/_fsub(y )H2 < d‘
“lg = c 2

2 2d A
o = )] < 2 (Pl - min @)+ 5 16 - val?).

Lemma 23 (FSM sub-problem solver high-precision) Let F' be as in Definition 15. There is a

randomized algorithm Ag\;RG_HPP"C’é such that the following holds.

* The algorithm takes in the random seeds §, x distributed as follows. The first random seed § ~
{i1,..., i1} where each i; ~ Unif[n] and T = O(L/\). The second random seed x ~ Unif[0] is
a 0-bit random seed.

SVRG—HP|\,c,8
“4£7x

. A?ZRG?HPM’C’& makes O(1) batch queries and makes sample queries only on indices in €.

o Ifx! = (u), then wp. 1 — § over the draw of the random seeds & and

su 2 1 . ~ )\ ~
o = )| < 2 (o) - nin @)+ 5 16— al?).
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Proof We prove the lemma by invoking Theorem 21. It is enough to show that there is a ¢/ =
poly (A, u, ¢, d) such that whenever &’ satisfies

. . A 1 . . A
F(2') — min F(&) + 5 ||& — yul3 < 5 - ( F(yu) — min F(2) + 5 | — yull; |,
2 c ZcRd 2

we also have that

/ sub 2 1 . ~ A 2
l& = rrwa|| < - (Flw) = min F@) + 511 - all3)
00 c ZER4 2

We will use the strong convexity of the function F) ,,, which is defined as follows:
- - A
Fra(@) = F(@)+ 5 |7 — 2|},
Now, by p-strong convexity,
2 2 _ ~ Ao
|2 = o) < [+ - |, < 2 (F(.yu) ~ min F(#) + 7 |& - yuuz) :
00 2 zcRd 2

thus it suffices to set ¢ = cpu/2. [ |

Algorithm 3: APP-SVRG-Reuse) (20, F, ¢) Pseudocode

Input: Initial point 2y € R, gradient oracle and component oracle for F', error factor ¢
Parameters: Failure probability §, and A > p.
Initialize ug < (o, 0) € R? x RY
Set sufficiently large nouter = O(1/A/1t)
// We draw a realization of the random seed £ according to the following distribution.
Draw s1 := {i1,...,i7} ~ D¢ where each i; ~ Unif[n] for sufficiently large 7" = O(L/\)
for each t € [noyter] do
/I Draw ¢; from the noisy distribution D,/ as in Meta-Algorithm 1.
/
Draw ¢; ~ D,/ »
G-HPIApoly(Asn,0),0/ (5m5uter) g5 in Meta-Algorithm 1.

SVRG—HP|\,poly(\,u,c),8/(5n2 op)
/ outer
Up1j2 = (Tp-1/2: Vi-172) < AeZg e, o (wg—).

/I The post-process implements momentum, as described in Definition 19
up = (@, vr) < C(ur, us1/2)

// Tmplement the noisy analog of ASVE

end
return: x, ...

By combining Lemma 23 with Lemma 22 and applying Theorem 6, we immediately obtain our
improved trade-off.

Theorem 24 (FSM improvement) There is an algorithm (Algorithm 3) that for F' as in Defini-
tion 15, X > p, and 6 € (0,1), makes O(\/\/p)-batch queries and O(L/\)-sample queries and
solves the FSM problem wp. 1 — 6.

_ / 2
Proof We apply Theorem 6 using AEZRG HPIE A0/ GMouer) o5 the sub-solver to solve the (w1, A, )

sub-problem in each iteration, where ¢ is as required by Lemma 22. The lower failure probability

§/(5n2 ;) is used in order to counter the blowup in failure probability in Theorem 6. [
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3.1. Applications to regression with generalized linear models (GLM)

Regression with generalized linear models is a special case of FSM where we have n data vectors
{a;}*_, € R? with n corresponding, explicitly known, labels {b;}?"_, € R, and f; = ¢;(a, x) for
some explicit function ¢;(z) (e.g., for least-squares regression, ¢;(z) = 1/2(z—b;)? and for logistic
regression, ¢;(z) = log(1 + exp(—zb;)).

Because the gradient mapping g : z — V¢;(2) is known explicitly, component-oracles for f; are
easily implementable: we can simply query ¢ ~ p, lookup a;, and return the function ng)i(a?m) =
a; - g(aiTa:) explicitly for any future point .

So, in these settings, our improved sample query complexity corresponds to an improved trade-
off between the number of full passes over {a;}"; and the number of random samples @~ Unif[n]

required to train a GLM. The implications of this result are two-fold:

* First, this improvement means that our results prove that problems such as fitting a generalized
linear model can be solved with less information than was known previously.

* Second, our results show that one can reuse the same samples a;..ynif[,) across all iterations of
the outer solver. In distributed memory settings or in settings where caching significantly affects
computational costs, this ability to reuse the same cached samples might be beneficial in reducing
memory retrieval or communication costs.

3.2. Extension to non-uniform smoothness

Our method can also be extended to non-uniformly smooth f;, where we relax the assumption that
each f; is L-smooth in Definition 15 to assume that each f; is L;-smooth. In this setting, can develop
improved trade-offs that depend on the distribution of the L;’s rather than the worst-case smoothness
max; L; by instantiating APP with the primal-dual FSM sub-problem solver of Jin et al. (2022). We
defer a discussion of this setting to Section 6.

A note on pseudocode in the remainder of this paper. We include the pseudocode Algorithm 2
and Algorithm 3 in this section in order to provide a clear example of a concrete instantiation of
Meta-Algorithm 1 for FSM.

However, for the sake of brevity, in later appendix sections, we will not rewrite the instantiation
of Meta-Algorithm 1 for each application. Instead, we will simply define the initializations; setting
for nouter; post-processing functions; sub-solvers, distributions, and target functions f$"P—as this
fully characterizes the instantiations of Meta-Algorithm 1 for each application. Additionally, we
include thorough references to related work which contains application-specific pseudocodes for
the outer-solvers and sub-solevrs related to each application.

An exception is in the case of discounted MDPs (Section 4.2), where we will include pseu-
docode. This is because our outer-solver for DMDPs is a new contribution of our work, so we feel
it is helpful to include the full pseudocode for completeness.

4. Application: Infinite-horizon Markov Decision Processes (MDPs)

In this section, we discuss how our framework can be applied to infinite-horizon Markov Decision
Processes (MDPs). We primarily focus on the discounted case (DMDPs) in Section 4.2 and then in
Section 4.3 extend our results to the average-reward case (AMDPs) using a standard reduction due
to Jin and Sidford (2021). We begin with preliminaries in Section 4.1.
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4.1. Preliminaries

We denote an MDP by M = (S, A, P) where S denotes a finite state space, .4 denotes the total set
of all state-action pairs. Concretely, we use A to denote the set of available actions in state s € S
and define A = {(s,a) : s € S,a € Ag} as well as Aio; := |A|. The state-action-state transition
matrix is given by P € RA*S. We use p(s,a) € A to denote the (s, a)-th row of P. A policy
7 is a mapping from states to actions, i.e., 7 : s — 7(s) € A;. We use II to denote the set of all
possible policies.

Throughout this section, for vectors a, b, we use a > b to mean entrywise inequality (and use
<, >, < analogously.) For A;.-dimensional vectors, say 7 € R\, we use the notation (s, a) to
denote the (s, a)-th entry of ». We assume rewards are known a-priori, as in prior works in this
setting (see, e.g., Jin et al. (2024) and references therein.)

For any policy 7, we use r™ € Rio to denote the |S|-dimensional vector with s-th entry given

by 7™ (s, 7(s)). Likewise, we use P™ € RS* to denote the sub-matrix of P where the s-th row of
P7is p(s,7(s)).

An agent interacts with the MDP in timestep as follows. At each timestep ¢ > 0, an agent begins
in state s;, chooses an available action a; € As,, and collects a (finite) reward (s, a;). The agent
then (stochastically) transitions to the next state s;;1 where s;+1 ~ p(s,a). The agent’s goal is
to compute a policy for selecting actions in each state that maximizes the agent’s infinite-horizon
expected utility over the set of all policies, denoted II.

This objective is often formalized in two settings: the discounted setting (DMDP) and the
average-reward setting (AMDP), which we will discuss in Section 4.2 and Section 4.3 respectively.
However, we will first define the full batch and sample oracle access for M.

Definition 25 (Matrix-vector oracle - DMIDP/AMDP batch oracle) When queried with x € RS,
a matrix-vector oracle for P returns Px.

Definition 26 (Simulator oracle - DMDP/AMDP sample oracle) When queried with (s,a) € A,
a simulator oracle returns a sample s' ~ p(s, a).

The oracle described in Definition 26 is often called a generative model in the reinforcement
learning theory literature (see, for example, Kearns and Singh (1998)).

4.2. Discounted MDP

We begin by describing MDPs in the discounted setting.

Discounted MDP (DMDP). In a DMDP, the objective is to compute an e-optimal policy for
maximizing the infinite-horizon ~-discounted reward for some known constant v € (0, 1).

Definition 27 (Discounted MDP (DMDP)) Let M = (S, A, P) be an MDP, v € (0,1), and r €
[0, 1]4. We denote the associated ~y-discounted-MDP by M., . = (M;~, ).

In a DMDP, the value of a policy 7 is defined as follows.
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Definition 28 (DMDP policy value) Let M., ;. be a DMDP and 7 be a policy. The value of policy

S
T, denoted vl ., 1S defined as

v,

'7;,7'(8) =K Zﬁytr(sta W(St))‘so =S

>0
We can alternatively define the value of a policy in terms of the Bellman operator.

Definition 29 (Bellman operator) Let M., . be a DMDP. Given a policy , and vector v € RS
we define the Bellman operator associated with 7 as T)",.[v] € RS as

Tiwlvl(s) = (s, 7m(s)) +p(s,7(s)) " (s, 7(s)).

The value of policy  is the unique vector such that v, = T, [v;rﬂ,]. We also define the Bellman

operator T, ;. to be the operator that maps v — T, »[v] € RS where
T, ol0](5) = max (s, ) +1p(s, )"
G,G.As

v.

Fact 30 (Bellman optimality conditions) The value of the optimal policy 7%, ,. for M., . satisfies

*
vyi"(s) = maxE | 3 v (s, m(se))|s0 =5 ,
t>0

T koo T T
~, e . N v, * — T
and vy ;" is the unique vector such that vy 3" = T, r[vy3"]. We use the shorthand v} ,. = vy}

and refer to it as the optimal value vector for M., ...
Equipped with these definitions of values in DMDPs, we define the DMDP problem as follows.

Definition 31 (DMDP problem) Let M., , be a vy-discounted MDP and ¢ € (0, (1 — ~v)~1] be
given. We must compute a value v and a policy 7 such that

* s *
p—v<e€l, and v,—el<v], <uv,.

0<wv 5

*
’y?
Such a policy  and value v is called an e-optimal policy and e-optimal value for M., .

The standard outer-solver and sub-solver. Now, we will show how to reduce the DMDP prob-
lem for a discount factor v > 0 to solving a sequence of sub-problems. In this case, the sub-
problem will essentially require solving a DMDP with a smaller discount factor . Note that in the
sub-problems, we relax the requirement from = € [0, 1] to simply r € Réo.

Definition 32 (DMDP sub-problem) Let M = (S, A, P) be an MDP and r € ]Rglo be a reward
vector. In the (M, 7,~', v, €)-sub-problem, we are given y' > 0, v € RS and ¢ € (0,1/(1 —+')].

We define r' := r — (7' — v)Pv, and must compute a value v such that ||v%, ., — v|lec < €/2.

To enable computing approximately optimal policies in addition to approximately optimal val-
ues, we also introduce the following policy-sub-problem as follows.
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Definition 33 (DMDP policy-sub-problem) Ler M = (S, A, P) be an MDP and r € Rgo be
a reward vector. In the (M, .~ v, €)-policy-sub-problem, we are given v' > 0, v € RS, ¢ €

(0,1/(1 =~")]

r':=r — (v —v)Pw,
and we must compute a value v and a policy 7 such that 0 < ’U;/ o —V<e€landv < 'vfyr, ~- That
is, we must find an e-optimal value and policy for M. ..

In comparison to the DMDP sub-problem (Definition 32), in the DMDP policy-sub-problem,
we must not only output an e-optimal value for M.,/ - but must also output a policy 7 that attains
at least that value. For the DMDP problem, the outer process is defined (simply) as follows.

Definition 34 (DMDP post-process) Fix ¢ € (0,1/(1 —~')]. For any v,v' € RS, we define
Ce(v,v)) =0 —€l.

The outer process is intented to adjust (shift down the entries of) v’ to ensure that it is an
underestimate of the optimal value.

We prove the following outer-solver for DMDPs, which we call the Proximal Reward Method
(PRM), since it is in spirit similar to proximal point methods in convex optimization.

Theorem 35 (PRM - DMDP outer-solver) Let M., . bea DMDP, ' < ~, ande € (0,1/(1—7)].
Lete' = ¢/4-(1—~)/(1—7~'). Suppose that in each iteration t € [nouter] of Algorithm 4, v,_y /5 is
a solution to the (M, r,~,vi_1, € )-sub-problem. Suppose that vy, .. +1, Tngyie+1 IS @ solution to
the (M, 7,y v .., € )-policy sub-problem. Then, vy, .. +1, Tnoye+1 SOves the DMDP problem.

We prove Theorem 35 in Section 4.4, and for now, focus on its application. To do so, we need
to discuss high-precision algorithms for solving the DMDP sub-problem and policy-sub-problem.

Subproblem solvers. There are many high-accuracy algorithms for solving the DMDP subprob-
lem as well as the DMDP-policy-sub-problem. These methods can broadly be divided into interior-
point methods (e.g., (Sidford et al., 2018b; Lee and Sidford, 2014; van den Brand et al., 2021; Cohen
et al., 2020a; Jiang et al., 2021)), classical value iteration (VI) (Littman et al., 1995; Tseng, 1990),
variance-reduced variants variants of (VI), as well as policy-based methods such as policy iteration
or policy gradient and variants (see e.g., Grondman et al. (2012); Bertsekas (2011) for a survey.)
These variants (Sidford et al., 2018b; Jin et al., 2024) implement an approximate version of VI by
trading-off between full batch queries (matrix-vector products in P) and sample queries (simulator
oracle queries) to obtain faster runtimes. Since we are interested in trade-offs between full batch and
sample queries, we consider the Truncated Variance-Reduced Value Iteration (TVRVI) outer-solver
from Jin et al. (2024) since it achieves the best trade-off between full batch and sample queries in
this setting.

Theorem 36 (TVRVI, Theorem 1.2 of Jin et al. (2024), restated - DMDP sub-problem solver)
Let M = (S, A, P) be an MDP, r € Rgo and 0 < v < v < 1. There are randomized algorithms

A?;RGW’E(:D) and A?ZRG*POHWW’G(:B) such that the following hold true.
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* The algorithms take in the random seeds §, x distributed as follows. The first random seed § ~
{i1, ..., i1} where each i; € S* and each i;(s,a) ~ p(s,a) and T = O((1 —~')"2). The second
random seed x ~ Unif[0] is a 0-bit random seed.

o Ifv = Ag;/RVIW’E’(S(v), then wp. 1 — & over the draw of the random seeds & and x, v' is a
solution to the (M, r,~', v, €)-sub-problem.

o If v, = AEXRVI_POHWW’G’&(U), then wp. 1 — § over the draw of the random seeds & and ¥,
v’ are a solution to the (M, r,~', v, €)-policy sub-problem.

* The algorithms make only O(l) batch queries and make only the sample queries that are encoded

iné&.

By instantiating the DMDP outer-solver PRM (Theorem 35) with TVRVI (Theorem 36) as the
sub-solver, for 7/ < -y, we obtain a full batch versus sample query trade-off of O((1 —~')/(1 — 7))
full batch and O((1 — ~/)~1(1 — ~)~') sample queries per state-action pair. The pseudo-code is
shown in Algorithm 4.

Algorithm 4: PRM-TVRVI. 5(M,r,¢€,v) Pseudocode

Input: Matrix-vector oracle for P, simulator oracle for P, reward vector 7 € [0, 1]3, error
tolerance € € (0,1/(1 — )], discount factor v € (0, 1)

Parameters: Failure probability §, and 0 < 4" < v < 1.

Initialize vy < 0 € R®

Set sufficiently large nouter = O((1 — ') /(1 — 7))

Sete = c/4-(1-)/(1-7)

for each t € [noyter] do

// We draw realizations of the random seed £ according to the following distribution.

Draw s; := {i1, ..., i1} ~ D¢ where each i; € S* and each i;(s, a) ~ p(s, a) for
sufficiently large T = O((1 — v/)~2)

// We include a x, a zero-bit random bit for technical consistency with Section 2

Draw ¢; ~ D, := Unif[0]

TVRVI|Y € ,6 /nouter
’Ut—l/Q < A§:st,X:Ct ('Ut_l)-

/I The post-process is as described in Definition 34
Vi — Ce’(vt—la vt—l/z)

end

// For the final iteration, we again draw a realization of the random seed £ according to the following distribution.

Draw s := {1, ...,ir} ~ D¢ where each i; € S* and each i;(s, a) ~ p(s, a) for sufficiently
large T = O((1 — +/)~2)

/I Again, we include a y, a zero-bit random bit for technical consistency with Section 2

Draw ¢; ~ D, := Unif[0]

TVRVI-Policy|y’,e’,6 /nouter
Vnouter+15 Tnouter+1 A AS:S,X:C (vnouter)'

return: 'Unouter+la Trnouter“l’]-
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The sample reusing sub-solver Next, we observe that Algorithm 4 exactly fits into the Meta-
Algorithm 1 framework from Section 2. In particular, we observe that Algorithm 2 implements
Outer(X,Standard) where X = (M,r,v) is an DMDP problem instance as per Defini-
tion 31. To show that we can replace the standard sub-solver with the sample-reusing sub-solver
(i.e., Outer(X,Reuse)), we need to invoke Theorem 6.

However, we can also observe that the DMDP outer-solver PRM in Theorem 36 is by definition
robust with respect to the target function f5'P (defined below), in the sense of Definition 2. Further,
the sub-solver TVRVI already guarantees £, accuracy guarantees in the sense of Definition 1 for
the target function

fSUb(’U) =T ’Uf:’,(y’—'y)P’u‘

Consequently, we can directly apply our sample reuse framework to reuse samples across all
Nouter iterations of the for loop in Algorithm 4 to obtain the following improved trade-off. In
particular, by invoking Theorem 6, we obtain the following result.

Theorem 37 (DMDP trade-off improvement) Let M., . be a DMDP and 'yi < . There is an
algorithm (Algorithm 5) which makes O((1 — ~')/(1 — ~y)-batch queries and O( Azt (1 — ~')72)-
sample queries and solves the DMDP problem wp. 1 — 6.

Faster algorithm for certain DMDPs Theorem 35 also yields another interesting implication re-
garding the runtime for solving a DMDP. In particular, Truncated Variance-Reduced Value Iteration
Jin et al. (2024) is known to solve the (M, 7/, 7/, €, §)-sub-problem in O (nnz(P)+ Aot (1—7")~2)-
time (Theorem 1.1 of Jin et al. (2024)) for r» € [0, 1]5 3 Consequently, Theorem 36 solves the
DMDP problem in

A (1—’7/)' nnz N2 — A nnz(P)(1—+') Atot
O((l—v)( (B)+ Al =) )) O< (1-7) (1—7)(1—7’)>

time for v < ~. So, by selecting 1 —+" = max ( Aot /nnz(P), 1 — 7) to minimize runtime, we

obtain the following immediate corollary of Theorem 35.

Theorem 38 (Faster runtime for solving certain MDPs) Suppose nnz(P) < Agor(1 — 7)72
Then, there is an algorithm that solves the DMDP problem (Definition 31) in O(nnz(P)++/nnz(P) Ao (1—
7)) -time.

Proof If nnz(P) < Ayt (1 — )2, then taking

1 — 9" = max(\/ Atot/nnz(P), (1 — 7)) = / Atot /nnz(P),

in which case the runtime becomes

0 (nnz(P) + v/1mnz(P) Aot (1 — 7)_1) .
|

Theorem 38 improves on Jin et al. (2024) in the regime where nnz(P) = o((1 — ) 2 At) and
improves upon vanilla value iteration (which runs in O(nnz(P)(1 — v)~!) in the regime where
nnz(P) > Aot

3. We use nnz(P) to denote the number of nonzero entries in P.
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Algorithm 5: PRM-TVRVI-Reuse. (M, 7, ¢€,v) Pseudocode

Input: Matrix-vector oracle for P, simulator oracle for P, reward vector r € [0, 1]8 , error
tolerance € € (0,1/(1 — )], discount factor v € (0, 1)

Parameters: Failure probability §, and 0 < 4" < v < 1.

Initialize vy < 0 € R®

Set sufficiently large noyter = O(( 1-+/(1-=7))

Sete = e/4-(1—7)/(1 - )

/ We draw realizations of the random seed £ according to the following distribution.

Draw s1 := {i1,...,i7} ~ D¢ where each i; € S* and each i;(s, a) ~ p(s, a) for sufficiently
large T = O((1 — +)~2)

for each t € [noyter — 1] do

/I Draw c¢; from the noisy distribution D,/ as in Meta-Algorithm 1.

Draw ¢; ~ D,

(=2
(5n

7 T~ €' 5/ . .
// Tmplement the noisy analog of ATVEY 70/ (Bnouter) g in Meta-Algorithm 1.

TVRVI"Ylaelvd/(Snguter)
E=s¢,X'=c} (vr-1).

/I The post-process is as described in Definition 34

vy < G (Vi-1,V4-1)2)

/
Vi_1/2 < A

end

/I For the final iteration, we again draw a realization of the random seed & according to the following distribution.

Draw s := {i1, ...,ir} ~ D¢ where each i; € S# and each i;(s, a) ~ p(s, a) for sufficiently
large T = O((1 — +')7?)

/I Again, we include a x, a zero-bit random bit for technical consistency with Section 2

Draw ¢; ~ D, := Unif[0]

TVRVI-Policy|y’,€,6/(5n2 1er)
vnouter"!‘l’ 7Tnouter‘i‘l <~ 'AEZS,X:C outer (,Unouter)'

return: 'Unouter+1a Wﬂouter‘i’l

4.3. Infinite-horizon Average-reward MDPs

In this section, we consider the average-reward setting, in which there is no discount factor -y.

Definition 39 (Average-reward MDP (AMDP)) Let M = (S, A, P) be an MDP and r € [0, 1],
We denote the associated AMDP by M, = (M;r).

In the average-reward case, we define the value of a policy as follows.

Definition 40 (AMDP policy value) Let M,. be an AMDP and 7 be a policy. The value of policy
m, denoted v}, is defined as

vy (s) = lim %E Zr(st,ﬂ(st)ﬂso =s

T—00
t>0

As in the DMDP case, the goal is to find an approximately optimal policy.

Definition 41 (AMDP problem) Let M,. be an AMDP and € € (0, 1) be given. We must compute,
wp. 1 — 0, a policy w such that ||v) — v}||s < €. Such a policy is called e-optimal for M.
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In order to extend our improved trade-offs for DMDPs to AMDPs, we leverage a result of Jin
and Sidford (2021), which showed that the AMDP problem can be reduced to solving a DMDP with
a sufficiently high discount factor. In the following, A denotes the probability simplex.

Definition 42 (Mixing time) Let M, be an AMDP. M, is said to be mixing if there exists a sta-
tionary distribution v € AS such that

tmix '= maxargmin » max p(s,n(s)) g — v < co.
mell  >1 s geEAS

The quantity tix is called the mixing time of M.

Lemma 43 (Lemma 3 of Jin and Sidford (2021)) Let M, be an AMDP. Suppose the mixing time
of the M. is tmix < 0o. Then, for any ¢ > 0and vy € (0,1 — ¢/(9tmix)), an €/(3(1 — ~y))-optimal
policy for the DMDP M., ;. is also an e-optimal policy for the AMDP M,..

By combining Lemma 43 with Theorem 37, we immediately obtain the following full batch and
sample query trade-off for AMDPs.

Theorem 44 (AMDP trade-off improvement) Let M, be an AMDP. Suppose the mixing time of
My is tmix < 0. Then, for v < 1 — €/(9%mix), there is an algorithm that solves the AMDP
problem using O((1 — v )tmix/€) full batch queries and only O( Ao (1 — v')~2) sample queries.

4.4. Proximal Reward Method for DMDPs: Proof of Theorem 35
In this section we present the proof of Theorem 35. First, we prove a stability result regarding the

optimal value of a DMDP under a reward perturbation.

Lemma 45 Let r,7' € RA such that v < v, and let v > 0. Then, for any v € RS, we have that
forall s € S,

1
o0<v:,—v',<-—— | max r(s,a) —7'(s,a) ] - 1.
<oty vl < 2 (mxrs0) - (00

Proof By the Bellman optimality conditions (Definition 29), for each s € S we have

vyr(8) = max (I —yP™)"'r7) (s),

V) () = max (L —yP7) "1™ (s).

Since (I —~P™)~! is a positive matrix, we have that for each s € S,

1
0 <v},(s) —v],.(s) < max (I —yP™)"Hr™ — ') (s) < T (;E?ézlr(s’ a) —1'(s,a).

Next, we show how to iteratively solve a sequence of 7/-discounted MDPs to solve a y-discounted
MBDP. First, we prove the following lemma, which bounds the convergence rate of the scheme which
solves M., ;. by iteratively solving problems in M.,/ ,» for a sequence of rewards r e,
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Lemma 46 Let M be an MDP and r € Ré‘o be a reward vector. Let 0 < v < v <1, n,¢ > 0,
and T > 1. Let 19 = r and v©) = 0. For each t > 1, define

) = — (v —4) PV, (10)
Suppose that for each t > 1, o) satisfies
0< U,:/J,(t) —nl < ’U(t) < 'U,:/ﬂq(t)‘

Then, for any T > 1,

* (’Y fy/) * (0) (1 fy/) (T) *
< 7 1< < .
0<vj, <<(1 ) I?Eax (v%T v ) (s) + (i ) nl-1<wv Vi

Consequently, if n < 2((11:;2)6 and T = <((11*_1/))) then 0 < v}, —€l < v < vl .

Proof First, we will induct on ¢ to show that for ¢t > 0,

. (v ="Y . (v =)\ ) — %
< — — -—_— -1 < < .
0<v), ((1 ) max (’U%T v ) (s) + E 1= nl-1<0" <ol

7=1
1D

*

Inductive proof of (11). In the base case, when ¢ = 0 the claim reduces to 0 < 00 < v,

which is trivially satisfied because v(*) = 0 and r € Réo. For the inductive step, we have

VR =1 N (1)
0< v;’r — <(7 i )> max <vfm, — 'v(o)> + Z <M> n]1< oD < v;’r.

(1-1") s€S ‘T \1=7)
Next, observe that
v, — v® = v — v;’,r(” + v;/,r“) —o®, (12)
By the assumption on o),
0 <ol -0 <nlL (13)

By the Bellman optimality conditions, for each s € S,

vy (s) = maxr(s, a) +p(s, a)'vy, = maxr(s,a) - (Y = p(s,a) vy, ++'p(s,a) vl ,.

Consequently, v, = v’ . By substituting into (12) and applying the definition of

’Y’vr_(ﬂ/,_v)Pv:;,r
r®, Lemma 45 implies that

<A e, (P ) (s.0) - 1+

(
0<vi, —v<
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(7 — '7/) (t—1) *
< A= max(v""(s) — vy 4(s)) - 1+ 111,

where in the last step we used that || P|| . = 1 and P is a positive matrix. Consequently,

* (’7 — ’Y/) ! * (0) §t : (’7 — 7,) - (t) *
< — —_— — —_— 1< < .
0< U’YJ‘ <(1 _ ’Y/) r?é‘g{(v%’f‘ v )(3) + ~ (1 _ ’7/) n 1<w — U’Yvr

This completes the inductive argument.
Now, we bound the geometric series as follows

> (623) =S (- 6) s

J=1 Jj=1

Finally, note that when 7' = (((11:1/))) and n < .

* T *
v, — €S v < v

Finally, we can leverage Lemma 46 to complete the proof of Theorem 35.

Theorem 35 (PRM - DMDP outer-solver) Let M., bea DMDP, ' <, ande € (0,1/(1—7~)].
Let¢' = ¢/4-(1—7)/(1—7'). Suppose that in each iteration t € [nouter] of Algorithm 4, v;_y /9 is
a solution to the (M, r,~',vi_1, €")-sub-problem. Suppose that vy,_,..+1, Tn.e+1 s a solution to
the (M, 7,7, U piers € )-policy sub-problem. Then, vy, .. +1; Tnoue+1 S0Ives the DMDP problem.

Proof Note that the outer process in Algorithm 4 (and Algorithm 5) ensures the following. Suppose
each v;_y/, is a solution to the (M, 7,7, v4—1,¢/4 - (1 —7)/(1 — 7'))-sub-problem. Then due to
the post-process, each v; meets the conditions on v(*) ins Lemma 46 for n = ¢/2- (1 —~) /(1 — ).

Consequently, by Lemma 46, we have that for sufficiently large nouter = O((1 —~')/(1 — 7)),

and by the definition of the policy-sub-problem, we can further conclude

€ s
* nouter +1 *
0< U’y/fl‘nouter‘i’l 2 1 <_ vnolltel'+1 <— Uzy’,’l"nouter“'l <— ’U'Y?T’ (14)

where

rhoner = 1 — (7 = ) Ponger-
Now, note that for all s € S,
03 (8) = 1(8, Tnguier+1(5)) + VP(S: Tngueer+1(5)) oy
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T

= T(S7 Trnouter‘i‘l(s)) - (7/ - 7)p<87 W”outer‘i‘l(s))—rv";:’;&)uter + Py/p(‘g? Trnouter‘i‘l(s)) UZYT"'

Above, in the first line we used the Bellman formulation for values of policies (Definition 29).
Thus, vyt = g routert! Since (I — o/ P™outer+1)~1 and P™outert! are

Tnouter+1°

V= =7) Poy,y
positive matrices and (v — ') /(1 —4’) < 1 we have that

nouter +1
, .

,Uw’ﬂouter+1 . _ ,Uﬂ'nouterJrl — (I _ ,Y/PWnouter+1 )_1((7 _ f}//)PW"outer (,U:;;’;?uter — Unouter))

nouter+1 ’y’,’r‘nouterJrl
7

v r=( =) Pvy
S (I — 'Y/Pﬂ—"outer+1 )_1 ((ry — f}/)Pﬂ—"outcr ('v*

’\/71‘

_ v(nouter) ))

S (S]:ill?é{A(v:’,T(87 CL) - vnouter (87 a))
<(v=9)/(01=~)e/2

<<

-2

where the second to last step used that ||I — ' P™ || < 1/(1 —~') for any policy 7. Consequently,

combining with (14), we conclude that v,*w —e< vz,rf‘,?“t“ < 'v,*w, which completes the proof. W

5. Application: Matrix games and minimax problems

In this section, we consider minimax problems, including ¢5-¢; and ¢5-f5 matrix-games and finite-
sum minimax problems. In Section 5.1 we discuss general preliminaries. In Section 5.2, we discuss
£o-£1 matrix games in Section 5.2.1 and ¢5-¢5 matrix games in Section 5.2.2. Section 5.3 discusses
applications of our /»-¢1 matrix games improvements for two computational geometry problems:
maximum inscribed ball and minimum enclosing ball.

5.1. Preliminaries

We first outline preliminaries of the minimax problems we consider. The notation in this subsection
is consistent with that of Carmon et al. (2019).

Problem setup. A setup is the triplet (£ = X x ), |||, 7) where we use Z := X x ), where (1)
X is a compact and convex subset of R™ and ) is a compact and convex subset of R™; (2) ||-|| is a
norm on Z, and (3) r is a 1-strongly convex function with respect to Z and ||-||. We can r a distance
generating function and denote the associated Bregman divergence as

Va(2) = () —r(2) — (Vi(2), 2 — 2) > % |2 — 2|

We also denote © := max, r(z’) — min,s r(z) and assume it is finite. We use ||-||, to denote the
dual norm of ||-||. For z € Z, we often write z¥ € X, 2¥ € Y to denote the first n and last m
coordinates of z, respectively. We use d = m + n throughout this section.

We assume that Z is sufficiently simple such that given any 2’ € R?, one can compute the
projection of z’ onto Z with respect to ||-||, denoted projz(2’), in O(d)-time. (This is true, for
example, for the Euclidean unit ball, or the probability simplex, which are the relevant cases for
-5 matrix-games and ¢2-¢; matrix games.) Finally, we assume that c||-||s < ||| < C|-||so 0OVer
Z, for some ¢, C' = poly(d). (This is true, for example, for the /1 and ¢o norms, which are the
relevant cases for /2-¢9 matrix-games and ¢2-¢; matrix games.)
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Minimax problems. We consider minimax (saddle-point) problems of the form

min max f(z,y),

for some setup (2 = (X, V), |||, 7). We use g(z) := (Vuf(2),—V,f(z)) € R? to denote the
gradient mapping of f. We use L to denote the Lipschitz constant of g, D := max, »cz ||z — 2|,
and G := max,cz||g(z)||. We assume that D, L, G are finite and hide polylogarithmic dependen-
cies in these parameters inside of O(-) notation.

Next, we define the minimax problem we consider in this Section.

Definition 47 (Minimax problem) [In the minimax problem, we are given f : Z = (X x)) — R,
€>0,and 6 € (0,1). We must compute x,y such that

max f(x,y’) — min f(z',y) <e
y'ey r'eX
We will later discuss matrix-games and finite-sum minimax problems as special cases of Defi-
nition 47 and discuss the relevant batch and sample query models therein. However, in this section
we discuss the outer-solver and sub-problem structure for general minimax problems following the
conceptual proximal point framework of Carmon et al. (2019); Nemirovski (2004).

Conceptual proximal point. Carmon et al. (2019); Nemirovski (2004) showed how to solve min-
imax problems of the form of Definition 47 by iteratively solving a series of a-regularized sub-
problems. This method is inspired by Nemirovski’s “conceptual prox point method” (Nemirovski,
2004). Correspondingly, we define the minimax sub-problem as follows.

Definition 48 (Minimax sub-problem) Let f be as in Definition 47. Let zg € Z,a > 0,e¢ > 0.
Let 2 be the solution to the problem ming ¢ x maxycy f(z) + oV (x',y'). Inthe (zo, o, €)-sub-
problem we define f"°(z) := z,, to be the unique point in Z such that

(9(za) + aVVi(24),2q — u), forallu e Z.

We must output a z' € R? such that Hz’ - fSUb(z)HOO <e

Carmon et al. (2019); Nemirovski (2004) showed how to solve the minimax problem (Defi-
nition 47) by solving a sequence of sub-problems of the form of Definition 48 using Conceptual
Proximal Point (CPP) as the outer-solver. Here, the outer process is a projection step (to ensure
feasibility) followed by an extragradient step.

Definition 49 (Minimax post-process) Let f be as in Definition 48, and o > 0 For any z,z’ €
R? x R, we define 2" := projz(2')

((2,2) := arigengin ((9(z"), 2) + aV%(2)) .

We now specify the outer-solver framework using CPP as follows. We slightly restate a variant
of Proposition 4 of Carmon et al. (2019).
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Theorem 50 (CPP, Proposition 4 of Carmon et al. (2019), adapted - Minimax outer-solver) Let
[ be as in Definition 47 and o > 0. Consider Meta-Algorithm I with the following instantiation of
parameters. For fixed a > (),

* Initialize wy with argmin . » r(z).
* Define ( as in Definition 49.
* Set w(t) := 1/nouter for each t € [Nouter)-

Then, there is an € = poly(G, L, D, ©,¢,d) such that the following holds. Suppose that in each
iteration t € [Nouter] of Algorithm I, wy_y 9 is a solution to the (u;—1, v, €')-sub-problem; then
U, 1S a Solution to the minimax problem.

Proof To prove this, we appeal to Proposition 4 of Carmon et al. (2019). By Carmon et al. (2019)’s
Proposition 4, it is sufficient to show that u;_; /5 satisfies

(9(projz(us_1/2)), projz(us—1/2) — u) — aVy, ,(u) <e forallu € 2. (15)

Consequently, to prove the theorem, it suffices to show that whenever u;_ /5 is a solution to the
(w¢—1, a, € )-sub-problem, (15) holds. To this end, let z,, be the unique point in Z such that

(9(za) + aV V4, (24), 20 —u) <0, forallue Z.
By the three-point-equality for Bregman divergences, we have that
(9(2a), 20 —u) —aVy, (u) < —alV, (u) —aVy, (z4), forallue Z.
Now, since ||u¢_1/2 — 2allo < €and 2z, € Z, we have that
||P1"0jz(ut—1/2)aza|| < ||Ut—1/2»—za”
Consequently, by equivalence of norms,
CHPTOJZ(th/z)azaHoo < ||projz(ut,1/2),za|] < ||Ut—1/27 —zal < CHut—l/27 —Za|0o-
Thus,
19102 (t-1/2). Zaloo < [[D10 2 (ttp—172), Zall < l[thr—1/2, ~Zall < C/e [[tg1 /2, ~2a oo

Thus, for any © € Z we can write

<9(pr0jz(ut—1/2)), pfojz(ut—1/2) —u)
= (9(2a), Projz(us_1/2) — u) + (g(projz(ui—1/2)) — 9(2a), Projz(us_1 /2 — u)
= (9(projz(ui—1/2)), 2a — w) + (9(2a), Projz(u;s_1/2) — 2a)
— (g(projz(ui—1/2)) — 9(2a), Projz(ui—1/2) — w)
< (9(2a), 2o —u) + |l9(za)ll; C/c € +[l9(2a) — g(Projz(u;—1/2))[lsD
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where in the last line we used Holder’s inequality. Now, using the Lipschiztness of g and equivalence
of norms,

l9(za) — g(projz (ws—1/2))lls < LllZa — we—1/2]| < LC||2a — ws—1/2[loc < LCE'.

And again, using Consequently, taking €' to be a sufficiently small polynomial in L, D, ¢, d is enough
to ensure that (15) holds, i.e., that

(9(projz (u;_1)5)), Projz(w_1/) — u) — aVa,, () < GClecote + DLCE < e.
|

In our applications, we often leverage the following fact about Bregman divergences. (Recall
that c is defined in Section 5.1).

Fact 51 Letr: Z — R be a 1-strongly convex function with respect to Z and ||-||. Then,
1 9 _ 2 2
/ / /
R T P ey

The specific sub-problem solvers will vary between f5-f5 matrix-games, fo-¢1 matrix-games,
and finite-sum minimax problems. However, observe that Theorem 50 already establishes that
CPP is robust to bounded /., error in the sub-problem solutions, in the sense of Definition 2.
Consequently, it is amenable to using our sample-reuse framework developed in Section 2. We
discuss this in the following sections.

5.2. Matrix games

We consider a matrix A € R™*™ and use a;, a’ to denote the i-th row and j-th column of A,
respectively. We use A; ; to denote the (7, j)-th entry of A. We use [|A[l,_, = max;cy [|laill,
and || A||  to denote the Frobenius norm.

To discuss the application of our pseudo-independence results for improved oracle complexity
trade-offs on matrix games, we first restrict to minimax problems on functions f corresponding to
composite matrix games.

Definition 52 (MG problem) In the (composite) matrix-game problem, we are given a setup (Z =
X XYV, ||l ,7); a matrix A € R™*™; convex, differentiable functions ¢ : X — R, ¢ : Y — R;
€ > 0; and 6 € (0,1). We must solve the minimax problem (as in Definition 47) for the function

flxy) =y Az + ¢(z) — ¥(y).

Next, we define the relevant full batch and sample query oracles for the matrix games problems
we consider. As in Carmon et al. (2019) we assume that ¢ and v are explicit and that A can be
accessed via oracle queries. Concretely, we define one batch oracle and two types of sample oracles
for accessing A.

Definition 53 (Matrix-vector oracle - MG batch oracle) When queried with (x,y) € Z, a matrix-
vector oracle for A returns (Az, ATy).
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Definition 54 (Row/column oracle - MG sample oracle, Type I) When queried with (i,) fori €
[m], the oracle returns a;, the i-th row of A. When queried with (, j) for j € [m|, the oracle returns
a’, the j-th column of A.

Definition 55 (Entry oracle - MG sample oracle Type II) When queried with (i, j) € [m] x [n],
the entry oracle returns A; ;.
5.2.1. COMPOSITE ¥{5-f1 MATRIX GAMES

In this section, we discuss the composite £o-¢1 matrix games setting. Throughout this section, we
use the setup (£ = (X,)), |||, ) where

* X =B" :={x € R": ||x||, < 1} is the Euclidean ball of radius 1 centered at the origin; and
Y = A™ is the m-dimensional simplex.

. . 2 2
[l - 2 — Ris given by || z]| = \/HZXHQ + yYll3-

« r:Z > Risgivenby r(z) = 5 [|2%][ + Xicpm 27(0) log(27 ().

In this case, the relevant constants defined in Section 5.1 are trivially given by

L < ||Allgyor G < max; ;| A;
e D=1
ec=1,C=4d?

The function r is known to be 1-strongly convex with respect to Z, ||-|| (see, e.g., Section 4.2 of
Carmon et al. (2019)). To begin, we define the distributions which we will sample from in order to
make sample queries.

Definition 56 Let A € R™*". For each i € [m), define the distribution Denry (i) as follows:

2.
1’7.7
5
laillz

PbNDentry(i) {b = ]} =

The following theorem states the guarantees of the variance-reduced mirror descent (Algorithm
4 of Carmon et al. (2019), VRMD1) solves a minimax-subproblem in the />-¢; matrix-games setting
using O(l) full batch queries, a number of non-oblivious, i.e., adaptive sample queries of Type I
(see Definition 54), and a number of oblivious sample queries of Type II (see Definition 55).

Theorem 57 (VRMD]1, Theorem 2 of Carmon et al. (2019), adapted - /5-/; MG sub-solver) Let
f be as defined in Definition 52 and z € Z. There is a randomized algorithm AQ/EMDPHP‘O"E’J
such that the following holds.

o The algorithm takes in the random seeds £, x distributed as follows, for some sufficiently large
T = O(||Ally_..., /a?). The first random seed & ~ {{(i14, j11)-- (imt, Jme) ey } C [m] X [1]
where for each q € [m],t € [T], iq, = q and jq, ~ Dentry(q). The second random seed x is
sampled adaptively based on z and is used to make some additional adaptive sample queries of
Type I (row/column oracle queries).
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o If2 = AgiMDl_HPIa’G’é(u), then wp. 1 —§ over the draw of the random seeds & and x, 2’ solves
the (z, o, €)-minimax-subproblem.

. Ag’iMDI_HPW’S’& makes only O(l) batch queries, makes sample queries of Type Il only the in-
dices encoded in the seed &, and makes sample queries of Type I only on the indices encoded in
the seed .

Proof The proof follows directly from Theorem 2 of Carmon et al. (2019) and Fact 51. |

By instantiating CPP (Theorem 50) with VRMD1 (Theorem 57 as the sub-problem solver in

the ¢5-¢; setup, we see that we can obtain the following query complexity trade-of of O(a/ €)

full batch queries; along with O(||A||g o @ te1) non-oblivious sample queries of Type I; and

O(m ||AH§ .o, @ 2) oblivious sample queries of Type II. This, corresponds to instantiating Meta-
Algorithm 1 with § = Standard and:

* up = argmin,z r(2)
® Nouter — O(a/e)
* ( as defined in Definition 49

. AggMDl_HP as the sub-solver

* D¢ and D, as in Theorem 57
* f595(2) as defined in Definition 48

Moreover, observe that Theorem 50 ensures that CPP is £, robust with respect to 5P (in the
sense of Definition 2), and VRMD1-HP solves sub-problems to high-precision in the £, norm (in
the sense of Definition 1). Thus, using our sample-reuse framework, Theorem 6 implies that we
can reuse the oblivious sample queries of Type II across all ngyte, iterations of CPP. We obtain the
following improved trade-off.

Theorem 58 (/5-/1 MG trade-off improvement) For o > 0, there is an algorithm that wp. 1 — §

solves the MG problem in the {a-{y setup using O(c/€) full batch queries; O(|| A5, o te™1)

sample gueries o e 1L, an ) m o sample uerieso e 1l.
ple queries of Type I; and O(m || A|5_, . a~2) sample q f Type 11

5.2.2. COMPOSITE {5-f5 MATRIX GAMES

In this section, we discuss the composite £2-¢2 matrix games setting. Throughout this section, we
use the setup (£ = (X, )), |||, r) where

e X =B":={xcR": [z|, <1}and Y = B™ := {y € R™ : |ly||, < 1} are the Euclidean

balls of radius 1 centered at the origin.
* -l 2 = Ris given by [|z[| = || =]
e r:Z — Risgivenby r(2z) = 1 ]z|5.

In this case, the relevant constants defined in Section 5.1 are trivially given by
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« L,G <Al
e D=1
ec=1,C=d

The function r is known to be 1-strongly convex with respect to Z, ||-|| (see, e.g., Section 4.3 of
Carmon et al. (2019)). To begin, we define the distributions which we will sample from in order to
make sample queries.

Definition 59 Let A € R™*"™. For each i € [m), define the distributions Dyow, and Do) as follows:

L el .
Pyp,., {a =1} = , and P,.p  {a=j}= )
A% l A%

The following theorem states the guarantees of the variance-reduced mirror descent. VRMD-
2 solves a subproblem usin O(1) full batch queries and oblivious sample queries of Type I (see
Definition 54).

Theorem 60 (VRMD?2, Lemma 5 of Carmon et al. (2019), adapted - />-/; MG sub-solver) Let
f be as defined in Definition 52 and z € Z. There is a randomized algorithm AVRMm HPleve.d
such that the following holds.

* The algorithm takes in the random seeds § = (&1, &2) distributed as follows, for some sufficiently
large T = O(||A||% /a?). &1 ~ {i1,....,ir} C [m] and & ~ {j1, ..., jr} C [n], where for each
t € [T], it ~ Drow and ji ~ Deol. The second random seed x ~ Unif[0] is a zero-bit random

seed.
. Ifz'AVRMD%HP'a’E’& (u), then wp. 1 — § over the draw of the random seeds & and x, z' solves

the (z, o, €)-minimax-subproblem.
.AVRMD2 HPlewed  kes only O( ) batch queries, and makes row/column queries (sample queries
of Type 1) only the indices encoded in the seed . The algorithm makes no entry oracle queries
(sample queries of Type 1I).

Proof The proof follows directly from Lemma 5 of Carmon et al. (2019) and Fact 51. |

By instantiating CPP (Theorem 50) with VRMD?2 (Theorem 60) as the sub-problem solver in
the f5-(5 setting, we see that we can obtain the following query complexity trade-off of O(a/e)
full batch queries along with O(m || A[|% a~¢ ') oblivious sample queries of Type II. This, corre-
sponds to instantiating Meta-Algorithm 1 with S = Standard and:

* ug = argmin,c z r(2)
® Nouter — O(a/e)
* ( as defined in Definition 49

AVRMm HP 45 the sub-solver
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* D¢ and D, as in Theorem 60
o f59(2) := 2z, as defined in Definition 48

Moreover, observe that Theorem 50 ensures that CPP is £, robust with respect to 5P (in the
sense of Definition 2), and VRMD2-HP solves sub-problems to high-precision in the £, norm (in
the sense of Definition 1). Thus, using our sample-reuse framework, Theorem 6 implies that we
can reuse the oblivious sample queries of Type I across all ngyte, iterations of CPP. We obtain the
following improved trade-off.

Theorem 61 (/5-/5 MG trade-off improvemerjt) For a > 0, there is an alggrithm thatwp. 1 — ¢
solves the MG problem in the l2-U5 setup using O(a/€) full batch queries and O(|| A% a~2) sample
queries of Type I1.

Optimal Frobenius-norm-dependent query complexities for />-/o matrix games. In the case
of £5-f5 games, note that the row/column oracle queries (sample queries of Type I) are strictly less
powerful than the batch queries (matrix-vector oracle queries) in the sense that one can always use

a matrix-vector oracle to implement a row/column oracle. Consequently, setting o = ||A||2F/3 /3

in Theorem 61, we obtain an overall matrix-vector oracle query complexity of O( HAH;Q/ S 3).

Note that lower bounds of Liu et al. (2023) indicate that €)( ||AH;2/ P 3)-matrix-vector ora-
cle queries is information-theoretically necessary. To our knowledge, Theorem 61 is the first to get
this information-theoretically near-optimal rate for general /2-f> matrix-games.

5.3. Applications of /5-/; matrix games

In this section, we discuss the implications of our results for two problems in computational geom-
etry. Allen-Zhu et al. (2014); Carmon et al. (2019) showed how to reduce the minimum enclosing
ball problem to /5-¢1 matrix games. Much of the notation and presentation in this section is inspired
by Allen-Zhu et al. (2014) and Carmon et al. (2019).

Maximum inscribed ball. In the maximum inscribed ball problem, we are given a polyhedron
specified by a matrix A € R™*" and vector b € R™ so that P = {x € R" : Az + b > 0}. We
make the following assumptions, as in Carmon et al. (2019); Allen-Zhu et al. (2014):

* We assume that the polytope P is bounded and hence m > n.
* We assume that ||a;||, = 1 forall i € [m] so that || As_,|| = 1.

* The origin is inside the polytope. This is without loss of generality, as we may always shift the
polytope to satisfy this requirement.

In the maximum inscribed ball problem, we must (approximately) compute «* € P such that

, b,
T* € argmax min M (16)

wep i€ [lailly
We define
(@i, ) + b;

r* := maxmin ———— and
zEP i€n) Haz||2
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R:=min{r >0: P C{z e R": |z, <r}}.

We use p := R/r* to denote the aspect ratio of the problem. Allen-Zhu et al. (2014) showed that
solving (16) is equivalent to solving the following minimax problem:

max min y' Az +y'b.
zER" yc A™

and formulated the maximum inscribed ball approximation problem as follows.

Definition 62 (Maximum inscribed ball (Max-IB)) In the maximum inscribed ball problem, we
must compute & € R" such that wp. 1 — 4,
min y' Az +y'b> (1 —¢) max min y' Az +y'b.
YyeEA™ rER™ ye A™
Carmon et al. (2019) further showed that the Max-IB problem can be solved using a two stage
approach. In the first stage, we solve £»-¢; matrix games of the following form for a sequence of

ws:

max min y Az +y b+ ;yw log(y (i) — & Il a7

to obtain a constant-multiplicative approximation 7 to 7* (Lemma 10 of Carmon et al. (2019)). In
the second stage, we solve an ¢2-¢1 matrix games of the following form to O(e7)-accuracy (Theorem
3 of Carmon et al. (2019)):
max min y' Az +y'b (18)
reB” yeA™
where A = 2R - A. As our MG Problem definition in the £o-£1 setup (Definition 52) captures

both (17) and (18), our methods can be used to obtain improved full batch versus sample query
complexity trade-offs for solving the Max-IB problem.

Minimum enclosing ball.  In the minimum enclosing ball problem, we are given a data matrix A €
R™*™ such that @; = 0, and max;c,, ||a;|| = 1 so that ||A[|,_, . = 1. We must (approximately)
find R* such that there exists a point & with ||z — a;||, < R* forall i € [m]. That s,

1
R* = min max y Az +y'b+ 3 |3 - (19)
Definition 63 (Minimum enclosing ball (Min-EB)) In the minimum enclosing ball problem, we
must solve the minimax problem (Definition 47) for f(x,y) =y Az +y b+ 1 HZIZH% )

Carmon et al. (2019) showed that the Min-EB problem can be solved to accuracy €/8 by solving
the following ¢2-¢1 matrix game to accuracy €/16 (Lemma 11 of Carmon et al. (2019)):

: T T
A b— ——
2tingean ¥ A TY 0 B log(m)

Syl logw@) + 5 lelf. @O

1€[m]

As our MG Problem definition in the ¢5-¢; setup (Definition 52) captures both (20) our methods
can be used to obtain improved full batch versus sample query complexity trade-offs for solving the
Min-EB problem.
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6. Application: Finite-sum minimization with non-uniform smoothness

In this section, we discuss applications of pseudo-independence for improved full batch versus
sample query trade-offs for finite sum minimization (FSM) where the component functions are of
non-uniform smoothness. This is a generalization of Section 3.

Definition 64 (Generalized FSM (GFSM) problem) In the GFSM problem, we are given ¢ > 1
and xy € R and must output & € R such that F (%) — ming F(z) < 1/c- (F(x¢) — min, F(x))
where F : R? — R with F : R? — R witj F(x) := %Zie[n] fi(z), F is p strongly-convex, and
each f; : R — R is of known smoothnes L.

State-of-the-art query complexities for non-uniform smoothness finite-sum minimization can be
achieved by using a primal-dual extra-gradient method (Jin et al., 2022). By using this primal-dual
extra-gradient method as our sub-problem solver for solving regularized problems and using APP as
the outer-solver (Frostig et al., 2015) as in the uniform-smoothness case (Section 3), we can obtain
trade-offs between batch and sample queries that depend on the distribution of the smoothness
parameters L; (rather than bounds that depend only on the worst-case smoothness L as in Section 3).

The gradient (batch) oracle and component (sample) oracle are the same as for FSM (Defini-
tions 16 and 17. The FSM sub-problems and f*"P are defined exactly as in the uniform smoothness
case (Definition 18.) The only change relative to Section 3 is the choice of sub-solver. For the
GFSM problem, we use the primal-dual finite-sum minimization algorithm of Jin et al. (2022).

Theorem 65 (PDFSM, Theorem 2 of Jin et al. (2022), restated - GFSM sub-problem solver) Let

PDFSM|/\ c, 5( )

F be as in Definition 64. There is a randomized algorithm .A such that the following

holds.

* The algorithm takes in the random seeds £, x distributed as follows. The first random seed & ~
{i1, ..., ir} where each Pliy = j] = \/L;j /(3 pepm) V'Ly,) for some

T=0()

i€[n]

The second random seed x ~ Unif[0] is a 0-bit random seed.

e Ifx = .A?I;FSMM’C";(U), then wp. 1 — & over the draw of the random seeds & and x, x' is a

solution to the (u, \, ¢)-sub-problem.

APDFSMM 0 makes only O(l) batch queries and makes sample queries only on the indices con-

tamed in x1.

As in the nonuniform case, by combining Theorem 65 with Theorem 20, we obtain a stan-

dard trade-off of O(1/\/) batch (gradient oracle) queries and O (\ SN 1D ey \/ 7%) sample

(component oracle) queries for any A > L.

However, as in Section 3, using our sample-reuse framework, we observe that we can reuse ran-
domness across all ngyter = 1/ A/ sub-problem solves. More concretely, using identical convexity
argument as in the proof of Lemma 23, we obtain the following analog of Theorem 65.
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Lemma 66 (GFSM sub-problem solver high-precision) Let F' be as in Definition 64. There is a

randomized algorithm AEDFSM HP|/\’C’6(:D) such that the following holds.

* The algorithm takes in the random seeds &, x distributed as follows. The first random seed & ~
{i1, ..., ir} where each Pliy = j] = \/L;j /(3 pepm) V'Ly,) for some

T=0(>

1€[n]

The second random seed x ~ Unif[0] is a 0-bit random seed.

o Ifx! = ?Y(RG_HP')"C’(;(U), then wp. 1 — § over the draw of the random seeds & and ¥,

. AgiFSM_HPM’C’é makes only 0(1) batch queries and makes sample queries only on the indices

b
contained in &.

2 1 A
= <5 () i P+ 31wl

By combining Lemma 66 with Lemma 22 and applying Theorem 6, we obtain a trade-off of

O(y/\/ 1) batch (gradient oracle) queries and O (\/)\ e Zie[n] 5—;) sample (component ora-

cle) queries for any A > u. The pseudo-code is analogous to Algorithm 3 except that the inner-loop
sub-problem solver is replaced with PDFSM-HP in place of SVRG-HP.

Theorem 67 (Non-uniform smoothness FSM trade-off improvement) For ~)\ > u, there is an
algorithm that solves FSM with non-uniform smoothness (Definition 64) using O(+\/\/ ) full batch

queries and only O(Zze \/Li/(n)\)) sample queries.

7. Application: Top eigenvector computation

Here, we discuss the setting of top eigenvector (TopEV) computation. This is an interesting special-
ized setting in which our improvement for finite-sum optimization (Definition 15) can be applied
even if the components f; of the finite sum might not be convex.

Throughout this section, we use A € R"™*4 to denote a matrix, and we use ai,..,a, € R? to

denote its rows. We use || Al := />, ;A 2 - and || A||, to denote the spectral norm of A. We use

st(A) =3, &= HAHF/ |\A||2, where A\ > A2 > - -+ \g are the eigenvalues of 3. Note that we

A1—=A2 )\2

always have st(A) < rank(A). We define the relative eigen-gap gap(A) := 21

Definition 68 (TopEV problem) In the TopEV problem, we are given a matrix A € R™? and
¢ > 0 and must compute a unit vector € R? such that x " Sax > (1 — €)\; where X := AT A €
R4 and )\, is the largest eigenvalue of 3.

In typical settings (Garber et al., 2016), the goal is to solve this problem with probability inverse
polynomial in d (i.e., with high probability in d.) We define the batch and sample queries for solving
the problem as follows.
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Definition 69 (Matrix-vector oracle - TopEV batch oracle) When queried with x € RY the matrix-
vector oracle returns Ax.

Definition 70 (Row oracle - TopEV sample oracle) When queried, with i € [n], a row oracle for
A returns a; € R%.

Reducing top eigenvector computation to solving linear systems in N'T — AT A  Garber et al.
(2016) showed how to reduce top eigenvector computation to performing an approximate version
of the classical inverse power method in the shifted matrix A\T — AT A, where \ is an appropri-
ately chosen parameter. This is called the approximate shift-and-invert power method and can be
implemented given access to an oracle that approximately solves linear systems in A\ — A" A.

Furthermore, Garber et al. (2016) also showed that selecting (1 + gap(A)/150)A\; < A <
(1 + gap(A)/100)); is sufficient to ensure that O(1) iterations of approximate shift-and-invert
power method is sufficient to solve the top eigenvector problem. Section 6 of Garber et al. (2016)
shows that given an algorithm for approximately solving linear systems in \'I — AT A for ' >
A1 + gap(A)/120, there is a method for computing a valid shift parameter A (such that (1 +
gap(A)/150)\; < X < (14 gap(A)/100)A;) with runtime and query complexity overhead that is
only lower order relative to the approximate shift-and-invert power method steps.

Consequently, in the remainder of this section, we simply focus on the problem of solving linear
systems of the form

(NI — AT A)x = b,

where ' > \; + ©(gap(A)) and b is known, since this is the fundamental subroutine used in the
algorithms of Garber et al. (2016). Concretely, we summarize their reductions as follows.

Theorem 71 (Theorems 5, 8, 15, and 30 of Garber et al. (2016)) Given an algorithm Solve(xgA, N, b)
that computes x such that wp. 1 — poly(1/d, gap(A)),

Ha: (NI - ATA)*lez < poly(1/d, gap(A)) on (NI - ATA)*lb’ z ,

for any X > A\ + gap(A) /120, there is an algorithm that solves the TopEV problem with only O(1)
calls to Solve.

Thus, in the remainder of this section, we consider the problem of solving linear systems of the
form

NI —-ATA)x =b, 1)
for some b € R™ and \ > A1 + gap(A)/120. This can equivalently be viewed as the following

minimization problem:

1 1 1

3531 imT()\’I —ATA)z—b'z= min - Z 3 z (wl —na;a; )z —b'x, (22)
1€[n]

whenever >, w;/n = X. This is reminiscent of the FSM problem (Definition 15) with f;(x) =

% -z (w;I —na;a; " )x —b' z. However, we have the caveat that the matrices (w;I — a;a; ') need
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not be positive semi-definite; and consequently, the f;’s are not necessarily convex even though F
is \' — \; = ©(gap(A))-strongly convex (and || A||-smooth).

Interestingly, the outer-solver procedure APP (Theorem 20) still applies in this setting; how-
ever, the guarantees of SVRG (Theorem 21) unfortunately do not apply directly when the f; are
potentially non-convex. Nonetheless, Garber et al. (2016) leveraged problem structure to show that
SVRG can be applied for (22). Consequently, we define the TopEV sub-problem similarly as in
Definition 21 for F(z) := f;(x), where

2
Vlail?

F(x) := fi(x) where f;(x) := % cx <wiI — na(i)a(i)T) z—bziw =n W (23)
F

Note that from this perspective, the batch oracle call for TopEV (Definition 16) exactly corresponds

to a gradient oracle call for I, and a sample oracle for call for F’ exactly corresponds to a component
oracle call for F' (Definition 17.)

Definition 72 (TopEV sub-problem) Let F' be as in (23) and p > N — \1. In the (u, p, ¢)-sub-
problem for TopEV, we must solve the (u, p, ¢)-FSM-sub-problem (Definition 18.)

Note the similarity between the TopEV sub-problem and the FSM sub-problem from Defini-
tion 18. The only difference is that the f; need not be convex. Nonetheless, Garber et al. (2016)
provide the following guarantee, which is analogous to Theorem 21 from the FSM setting in Sec-
tion 3.

Theorem 73 (SVRG, Theorem 2.2 of Frostig et al. (2015), restated - TopEV sub-problem solver)
Let F be as defined in (23) and p > (N —\1). There is a randomized algorithm A?Y(RG_TOPEWAM
such that the following holds.

* The algorithm takes in the random seeds £, x distributed as follows. The first random seed § ~
{i1,...,ir} where each P(i; = k) = |lay||3 / ||A||% for some T = O(L/\). The second random
seed x ~ Unif[0] is a 0-bit random seed.

e Ifx' = ASVRG—TopEVp,c.0 (w), then wp. 1 — § over the draw of the random seeds & and x, ' is

a solution fo the (u, p, ¢)-sub-problem.

. A?ZRG_TOPEWP 0 nakes only 0(1) batch queries and makes sample queries only on the indices

encoded in &

By Theorem 20, we can instantiate APP using SVRG (Theorem 73) with the to solve problems
of the form (21) as required by Theorem 71. The pseudocode is the same as Algorithm 2, replacing
SVRG-HP with SVRG-TopEV. Setting § to be inversely polynomial in d, this solves the TopEV
problem with high probability in d and obtains a trade-off of O(v/p/(N — A1) full batch (matrix-
vector oracle) queries and

0 p°+ 12\ HAH%“ ) P
(p—/\l—i-)\)Q N — )\

sample (row oracle) queries for any p > X — A1.
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Now, since F' in this case remains smooth and strongly convex (even though the f;’s may not be
convex), using the exact same arguments as in Section 3 (Lemmas 22 and Lemma 23) we can use
our sample reuse framework from Section 2 (Theorem 6) to obtain the following improved trade-off.
(Again, th pseudocode is the same as Algorithm 3, replacing SVRG-HP with SVRG-TopEV.)

Theorem 74 (TopEV trade-off improvement) For \ > p, there is an algorithm that solves FSM
~ ~ 2 2
with high probability in d using only O(+\/p/(N — A\1)) full batch queries and only O (%)

sample queries.

Finally, we remark that to obtain the trade-offs reported in Table 2, we simply make the change
of variables p = a\1. With this change of variables,

2 1120 A2 < (o222 120 || A2 -
\/ /p _ o P + 127 || HQF:O a”Af + A;H % :O<Sr(z24)>'
N =M\ gap(A) (p—A+A) a? ) a

8. Conclusion

We introduced a sample reuse framework to reuse randomness across multiple subproblem solutions
in variance-reduced optimization methods without sacrificing theoretical correctness guarantees.
Our results enabled improved query complexity trade-offs for a broad range of optimization prob-
lems. One limitation of our current sample reuse framework and analysis of pseudo-independence
is that it only allows us to reuse samples across high-accuracy subroutines. Although this already
enables improvements for several problems, as seen in Table 2, in future work it may be interesting
to study whether tighter analysis allows sample reuse even for sub-routines which do not solve to
high-accuracy. This could have applications, for instance, to non-convex optimization problems.
As mentioned in Section 1.1, another limitation is that our results don’t directly yield a worst-case
asymptotic-runtime improvement that we are aware of; however it sheds new light on the infor-
mation needed to solve FSM and could yield faster algorithms depending on caching and memory
layout. Building on this approach to obtain efficiency gains, e.g., in distributed computing settings,
is an interesting direction for future research.
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Appendix A. Inducing pseudoindependence numerically stably

The pseudo-independent algorithm constructed in the proof of Theorem 12 is simple; however, it
may not be directly implementable in finite precision, as it requires infinite precision to directly
implement the addition of uniform random noise. The proof of Theorem 75 below provides an
alternative construction that can be implemented in finite precision.

Theorem 75 (Finite precision analog of Theorem 12) Lete,§ € (0,1),7 > 0, := min (g, %)
and let A¢ ., be a randomized algorithm that is an (1, §)-approximation of a function f R? — RP,
There is a numerically stable algorithm A ' Such that .Ag , is an (€, 6)-pseudo-independent of &
and an (n,d)-approximation of f with the same runtime and query complexities as A, up to an

additive O(p) in runtime.

Proof Consider S C RP to be a 3-covering of R? in the ¢, norm. Define round : RP — & to be the
operator that maps & € RP to some ' € R? such that 0 < x(i) — «/(¢) < 3 for all ¢ € [d], Define
smooth,, ; to be the operator which uses a random seed v ~ D, to map « € S to a uniformly
random &’ € {y € S : —t < (x(i) — «'(¢)) < t}. Here, ¢ is a parameter that will be specified later
in the proof.

Let A’ ! be the randomized algorithm which takes input & € R?, random seed ¢ ~ Dy, and x
where x = (}/,v) ~ ~ DY is the concatenation of an independently drawn seed X~ D; and seed
v ~ D,,. For any reahzatlons e,nof &\, v, let Aé sx'=(c. )( x) = smooth, —e ;(round(A¢—s y=c())).

First, we’ll construct a smoothing for 'Aé,x“ Let .A be the randomized algorithm which takes
input € R? and a random seed '/ ~ D;/. For any realization ¢, n of x/, v, we define the mapping
Ayi—(c,e)(®) = smooth,—e ¢ (round(f(x))). Now, using that A, is an (7', §)-approximation of
f, we can conclude that

Pepe x~pe ([ Aex (@) = f(@)l|oo < 1) > 136, (24)

and hence
Pepe e, (A (®) = f(@)oo < ( +1)) 2 10 (25)

Thus, A; |/ is an (1)’ + ¢, §)-approximation of f. In particular, setting ¢ = 7 = max (%l, %) and

recalliing ' = min (g, %) we have
3
0+t < 1 max (2,p> <
€
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and hence A’5 \ 1s an (n, 0)-approximation of f. To bound the total variation distance, note that by

(24), we have that with probability 1 — ¢, dry (p Agen(2)1 DA, (m)> is the total variation distance

between ¢, ¢’ where ¢ is the distribution of a smooth,, ;(0) and ¢’ is the distribution of smooth,, ;(cx)
where « is £+, bounded by 7’. Using that t > /2, we have that

e (U2l ey

AL iy 2781 %+ 5

n —26\" _ (0 +2p
( 2t+5) =\ )P
! (n’+2ﬁ)p)

where the final step used Bernoulli’s inequality and that 5 > 0. Thus, settingt = 7 = max (%, 5

we have that with probability 1 — 4,

Ps~p, {dTV <pA'£:SVX,(x),pAX(m)> < 6} >1-0.

For the second guarantee, note that A’ ¢, has the same runtime and query complexities as Ag
up to an additive O(p) increase in the runtime due to the cost of performing the p-dimensional
random perturbation induced by v. |

Appendix B. Pseudoindependence and repeated compositions

In this section, our goal is to prove the following theorem (see Definition 13 for related notation.)

Lemma 76 Let A, ¢ be randomized algorithm which takes an input w € R and two random seeds
§~Deg, X' ~ D and is (€, §)-pseudo-independent of §. Then,

drv (p% (w5, ) P, (wpen,)) < 2T +6).

Before proving Lemma 14, we state the following fact about transformations of random vari-
ables.

Fact 77 Let A and B be random variables in Q and let ¢ be a deterministic function  : Q — Q.
Then, drv (pccay, Pe(p)) < drv (pa,pB).

Proof For any deterministic function f, let f~1(-) denote the preimage of f. Thatis, forany T C Q,
let f~YT) := {w € Q: f(w') € T}. Then, by the definition of the total variation distance, we
have

drv (pe(ay pep)) = ;gg\P{C(A) € S} —P{((B) € S}|
— SEB\P{A e M9} -P{Be (N9}

S;UZIP{A €T} —-P{BeT}|=drv (pa,pB)-
C
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Now, to prove Lemma 14, we first bound the TV distance between pg,r (u;De,D./) and pyt(y:p )
A/ , S X A ) X
(recall Definition 13.)

Lemma 78 Let A'g \ be a randomized algorithm which takes an input w € R% and two random
seeds § ~ D¢, x' ~ DY, Suppose A/g s (€, 8)-pseudo-independent and that A, is an (e, §)-
smoothing of A’ with respect to &. Let s ~ D¢. Then,

dry (%T (w;Dg,D,,) PHT (u;DX/)> <T(6+e).

Proof Induct on 7. If T' = 1, the statement essentially follows from the definition of pseudo-
independence, Fact 7, and a union bound, as we elaborate in the next few sentences. Concretely, we
have that with probability 1 — ¢ over the draw of s ~ D,

drv (pAé:S’X,(u)vaX,(uO <e
Since ( is a deterministic function, using Fact 77, we have
dTV (pC(%Ag:s,x(u))’pC(U»Agzs,x(u))> S dTV <pA§:5vX(u)7p'A€:5;X(u)> S €
Consequently, by Fact 7 and union bound,
drv <p<1>}4,(u;D§,DX/)7pH}i(u;DX/)) < (d+e).

This completes the base case.
For the inductive step, suppose the theorem holds up to 7' — 1. That is, suppose that

dry (pch (u;De,D/) PHT (u;DX/)> <(T=1)(6+e).

Then, by Fact 7, there exists an event £ and random variables C, D, F' such that conditioned on
E,, CI)i,_ (u;De¢,Dy) = ok HT "(u;Dy/) and P{E;} > 1 — (T — 1)(§ + ¢). Consequently, for
any event F/, we have

Pa, upe0,)(E) ~ PHT i, ) (E)‘ < ‘pcbg, (wsDe.D )| (B) = PHT (D )|y (E)‘ +P{-B}

= ‘Pcpi,(u;vg,ox,)ml (E) — PHﬁ(u;DX,nEl(E)‘ +(T'=1)(0+¢)

To bound the first term, we observe that by the definition of ® and H, we have

‘Pqﬂ, (uwDe,03)| B (E) = Pr(wip, )|y (E)‘

- pc(q:T,l(uDg, DAL (@77 (wiDe,D )))|E1(E)_pc(Hj,—l(u;DX»,Ag,X,(Hﬁ—l(u;DX»))El(E)‘
< sup |p / p (e du(e)|
ccRd C( A '(C)) ¢le N
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where in the last line, we used the fact that conditional on Ey, 71 (z; D¢, D,/) 2co2pgr (2;Dy).
By Fact 77 and the definition of pseudo-independence (using an identical argument to the base case)
we have

sup < (d+e).

ccRd

Pe(eny @) ~Peledue)
Thus, by substitution, we conclude that for any event E,
‘Pé’f\,(u;Dg,Danl(E) - PHg(u;DXNEl(E)‘ < (d+e),
and consequently,
‘pi’i, (u;Dg,D, 1) (E) - pH_Z\:('U‘;Dx’) (E) ‘ < T(5 + E)'
|

The following lemma obtains the analogous bound as Lemma 78 when the same random seed &
is reused across iterations.

Lemma 79 Let A’é  be a randomized algorithm which takes an input x € R? and two random
seeds & ~ Dg, X' ~ Dy™. Let A\s be a (e, §)-smoothing of A’ with respect to €. Let s ~ Dg. Then,

dry (p¢£/(u;S,DX/)7pH£(u;DX/)> <T@ +e).

Proof By Fact 7 and Fact 77, with probability 1 —7'§ over the draw of s, there exist random variables
C" and events Ey fort = {1,...,T} sothat P{F;} > 1 — ¢, and conditioned on Ey, ..., E,

D D <
Cu, Ay (u) = C1 = ((u, Ay (u)),
and
<I>f4/(u; S, Dx’) 2 C(Ct717 A&zs,x’ (Ctil)) 2 Ct’
D 17 1\ D
Hfi(“’a Dx’) = C(Ct 17Ax’(ct 1)) =C".
for every t € [T7]. So, let E" := A7) Ey, and note that P {E'} > 1 — €T'. Consequently,
dry (pbe(m;s,DX/)7pHT(a:;DX/)) <T§+(1-P {E/}) <T(+e).
|
Lemma 80 Let Aé \ be randomized algorithm which takes an input uw € R% and two random seeds

E~De, X' ~ D;, and is (€, 0)-pseudo-independent of &. Then,

drv (pcbi, (uis,D,)7 PaT, (u;DE,DX/)) <2T(6 +e).

Proof The result follows directly by applying triangle inequality, Lemma 79, and Lemma 78. W
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