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Abstract

Quantization is essential for reducing the computational cost and memory usage of deep neural
networks, enabling efficient inference on low-precision hardware. Despite the growing adoption
of uniform and floating-point quantization schemes, selecting optimal quantization parameters
remains a key challenge, particularly for diverse data distributions encountered during training and
inference. This work presents a novel statistical error analysis framework for uniform and floating-
point quantization, providing theoretical insight into error behavior across quantization configurations.
Building on this analysis, we propose iterative quantizers designed for arbitrary data distributions and
analytic quantizers tailored for Gaussian-like weight distributions. These methods enable efficient,
low-error quantization suitable for both activations and weights. We incorporate our quantizers into
quantization-aware training and evaluate them across integer and floating-point formats. Experiments
demonstrate improved accuracy and stability, highlighting the effectiveness of our approach for
training low-precision neural networks. [H

1 Introduction

Quantization is a key optimization for deploying large deep learning models efficiently (1). By reducing parameter
precision, quantization decreases model size and improves memory bandwidth utilization through reduced data
movement (2; [3). When activations are also quantized, forward-pass computations can leverage specialized low-
precision hardware units such as INT8, FP8, and FP4 matrix multipliers, which are widely used in linear and convolution
layers (4 15). These optimizations collectively enable low-latency, high-throughput inference (4).

Quantization schemes are typically categorized as non-uniform, uniform, or floating-point. Non-uniform quantization
offers maximum flexibility by allowing arbitrary placement of quantization levels, but its hardware incompatibility limits
its use primarily to weight-only quantization (6). Uniform quantization constrains levels to be equally spaced, enabling
efficient implementation with integer formats such as INT8/4/2 or UINTS8/4/2 (7; 18)). Floating-point quantization,
such as FP8 or FP4, follows the standard floating-point representation, where levels are dense near zero and expand
exponentially, making it well-suited for parameters clustered around zero (9; [10).

In this work, we introduce a statistical framework for analyzing and minimizing quantization error in uniform and
floating-point schemes. Unlike classical quantizer design methods that optimize parameters offline for fixed distributions,
our framework adapts quantizer parameters during training to account for dynamically evolving weight and activation
distributions. Our approach enables principled selection of quantization parameters for both weights and activations
based on the underlying data distribution. We propose iterative quantizers tailored to arbitrary data distributions
commonly observed in activations, and analytic quantizers optimized for approximately Gaussian-distributed weights, a
common assumption during training (11). We focus on quantization-aware training (QAT) to evaluate these quantizers
across integer and floating-point formats. Importantly, our analysis extends to floating-point formats such as FP4, which
are gaining native hardware support in modern accelerators such as NVIDIA Blackwell. To the best of our knowledge,
this work provides one of the first error-driven analyses of floating-point quantization in the context of QAT, deriving
closed-form analytic updates that improve both theoretical understanding and practical hardware relevance.

Our contributions are summarized as follows:

Code is submitted with the paper. Upon acceptance, it will be publicly available.
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* We introduce a statistical framework for analyzing quantization error in both uniform and floating-point
quantization schemes, enabling principled selection of quantizer parameters based on the underlying data
distribution.

» We develop iterative quantizers for arbitrary activation distributions and analytic quantizers for approximately
Gaussian weight distributions, allowing efficient optimization of quantization parameters during training.

* We extend the statistical error analysis to floating-point formats and derive closed-form updates that enable
practical integration with quantization-aware training.

* Through experiments across integer and floating-point formats, we demonstrate improved quantization behavior
and practical relevance for modern low-precision hardware.

2 Background

The quantization operator is a many-to-one function, formulated in its general form as follows:
Q(I|l,t) = lk, ifty <x< Tht1, (1)

where 2 € R denotes a scalar input to be quantized, ¢ € R¥ is a list containing N sorted thresholds defining the
predetermined quantization intervals, and I € R™~1 contains corresponding quantization levels for each interval. Given
x, the operator compares its value to /N — 1 intervals defined by IV thresholds £ and assigns it to the corresponding level
lk.

2.1 Non-uniform quantization

The non-uniform quantization scheme does not constrain the choice of levels and thresholds, making it highly flexible.
There are 2N — 1 parameters, including thresholds and levels. In practice, thresholds are often chosen as the midpoints
between consecutive levels, such as t = (I +{r—1)/2fork=1: N —2,and tg = —00, ty_1 = 00, to cover the full
input range. This choice minimizes the mean-squared quantization error given a fixed set of levels.

2.2 Uniform quantization

In this scheme, [ is constrained to have evenly spaced N — 1 quantization levels, which can be determined using a scale
parameter s and a shift parameter z. The levels and thresholds are then defined as: I, = sk + z fork =0: N — 2 and
ty = s(k—1/2)+ zfor k = 1: N — 2. This scheme underlies integer quantization methods such as INTS, INT4, and
INT2, which are widely deployed in hardware-efficient inference engines (4; 3).

When z is set to —(NN/2 — 1)s, the levels are symmetric around zero: I, = [—(N/2 —1)s,...,(N/2 — 1)s], and the
thresholds become t = [—o0, —(N — 3)s/2, ..., (N — 3)s/2, o0]. This symmetric setting reduces parameter count at
the expense of increased quantization error. Appendix [A]provides implementation details of uniform quantization.

2.3 Float quantization

A float number comprises a sign bit, E exponent bits, and M mantissa bits. Its value is computed as (—1)* x 2(¢=t) x
(fo+ Zi\gzl fm2~™), where b is a bias term for the exponent. F bits define the exponent value e, and { f,,, } ;n=1.1
define the fraction. This representation introduces non-uniform spacing, where smaller values are represented with
higher resolution, making float formats such as FP8 and FP4 particularly suited for data clustered around zero (10; [11).

The floating-point standard includes subnormal and normal regions (12). When fy = 0, subnormal representation is
active to handle very small magnitudes. When fy = 1, the normal grid is active. The positive half of the grid points are
denoted as:
p2t~M—b, if p e [0,2M —1]
9p = » 2
2l =0 (1 4 (pmod 2)27 M), ifp € [2M,2MHE _ 1]
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forp=0:2M+E _ ¢ — 1 where c accounts for special values like NaNs or INFs. This grid doubles its spacing every
M points. Including the negative half, the total number of grid points becomes 2M+£+1 — 2¢ — 1. With scale s and
shift z parameters, the quantization levels I are defined as

Z— SQ_paom+E_oq, ifke[0,2MTEF 2
I :{ J—k4+2M+E _c—1 [ ] 3)

24 SQy_oM+E oy, ifk€[2MFE 1 2M+EFL 9. 9]

where s and z are parameters to be determined. See Appendix [B]for the practical implementation.

3 Error-Driven Quantizer Parameter Optimization

The previous section introduced uniform and floating-point quantizers, each parameterized by a scale and shift to define
quantization levels and thresholds. We now formulate the quantization error analytically for both schemes and propose
iterative and analytic quantizers to optimize these parameters. For completeness, we include optimization details for
non-uniform quantizers in Appendix [G]

3.1 Uniform Quantizers: Error Model and Optimization

In the uniform quantization scheme, levels are defined as I, = sk + z for k = 0 : N — 2, and thresholds are
ty = s(k — 7) +zfork=1: N —2, withtg = —oc and ty_1; = co. The mean- squared quantization error function
is given by:
tk+1
E[e?] = E[(z — Q(z|l,t)) Z / (z — Ip)*p(z)dz, )

where the errors corresponding to each quantization level are integrated over NV — 1 intervals given the data distribution
p(z). We decompose this function as the sum of two terms, clipping E. and stepping E; error functions. Clipping error
function is defined as the error due to the saturated regions:

—s/2+4z 0o
E. :/ (x — 2)*p(x)dx + / (x — s(N —2) — 2)*p(z)dx, 5)
—o0 s(N—=5/2)+z
whereas the stepping error function E is defined as the power of stepping error e = x — Q(z|l, t), which is a random

variable uniformly distributed on the interval [— 3, 5] according to the stochastic uniform error model (13;[14). Thus
ples) = LI(—s/2 < e, < s/2) with the mean value being zero due to symmetry. The mean squared value of e, which
corresponds to the stepping error function Eg, is given by % The total quantization error is E[e?] = E. + Ej. Since
reducing s shrinks F; but increases E., this tradeoff defines an optimization problem over s and z.

3.1.1 Iterative Uniform Quantizer

When there is no prior information about the distribution of the data, we minimize Eq. [ via alternating optimization
over s and z. Taking the derivatives of the error and setting them to zero yields:

N 2 tk+1
k (z — 2)p(x)dx
s = f (@) ; (6)

SR o ()

Zk 0 :k“ (x — sk)p(z)dz
tht1 :
Z t:+ p(z)dx
Then, the thresholds are updated as t, = s(k —1/2) + zfork = 1: N — 2 where t) = —oo and {1 = oo. First, the
data points are quantized given the previous values of s and z, and then, s and z are updated given the quantized data.

This process resembles a modified 1D k-means algorithm, constrained so that cluster centers (quantization levels) are
evenly spaced.

N
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3.1.2 Normal-Optimal Uniform Analytic Quantizer

Assuming the data is normally distributed (a reasonable prior for weights due to Ly norm regularization (115 [15))),
we derive an analytic uniform quantizer for parameter quantization. The input space is unbounded when the data
distribution is normal. Hence, a clipping point is determined, which results in a clipping error. Denoting the clipping
point by C, the clipping error function for zero-mean normally distributed data is computed analytically as follows:

2

Ee=2(0% + C*)Q($) — 20 &= exp (~ 52), ®)

where Q(z) = \/% = exp‘g du is the Q function (see Appendix@for the derivation). Given a C' value, the step

size is computed as s = ]\?—91 due to uniformity. Given that the stepping error is uniformly distributed, the stepping

error function is given by

02
E,= ——. 9
SV 1) ©)
The goal is to maximize the signal-to-noise ratio:
2 et -1
SNR = 7E (:-E = |:2(]. + %)Q(%) - %\/§672”2 + 30.2(?\[271)2 (]0)
(& S

Given N and o, finding C that maximizes SNR does not have a closed form, so we perform a numerical search.
Different from the iterative method, this search is done offline without requiring any data. In practice, we set 02 = 1
and find the optimal clipping C,: that maximizes SNR with numerical search given the total number of levels V.
Then, during the quantization process, the mean and variance of the the data are computed, and the scale and shift
parameters are determined accordingly as s = 2C,p¢0(5)/(N — 1) and z = —s(N/2 — 1) + m () where o,y and m,)
are empirical standard deviation and mean of the data points, respectively.

3.2 Floating point quantizers: Error Model and Optimization

Floating-point quantization introduces exponentially spaced levels that better match the distributions centered around
zero (9;[10; [11). The quantization error function for floating-point schemes is analogous to the uniform case (Eq. ),
but uses the level definitions from Eq. [2 and sets the number of levels as N = 2M+E+1 _9¢ 1,

As in uniform quantization, the total mean-squared quantization error is decomposed into a clipping error E,. and
a stepping error E. The clipping error E. is defined identically as in Eq.[5] The key challenge lies in computing
E,, as the floating-point grid consists of non-uniform intervals, with spacing that doubles every 2 points. We
define R such grid regions (subintervals) and denote each region by R,. The number of such regions is R =
2 Lkg}&TJ + 21 (kyaz mod 2M > 0) — 3 where k0, = 2M+F — ¢ — 1 is the index of the last representable grid point
in the positive half-space.

Each region R, corresponds to an interval:
[—s2lB/2)=r43=b o golB/2I=r+2-b 4 1 < |R/2)
Ry = [—s2270 — 2,220 4 2], r=|R/2| +1 (11)
[s2r—LR/21=b o o gor—LR/2]41-b 4 o) r>|R/2]+1

The quantization step size within region r is denoted as v, = 2|71 —LE/2]|+1-M-b_

Following the stochastic uniform error model, we model the stepping error in each region as conditionally uniform.
Thus, the overall error distribution becomes a mixture of uniform distributions:
2R-1 v v
- 7}1(_l< <l)- €R,), 12
ples) ;W y Se<5 ) pEeR) (12)
where p(x € R,.) denotes the probability mass of region  under p(z). (Appendix [H| gives an illustration of the stepping
error). The expected stepping error is then:

B,= Y oplaeR,). (13)



Under review as submission to TMLR

3.2.1 lterative Floating-Point Quantizer

To optimize the parameters s and z, we employ an alternating optimization approach again. The scale update is
s = Ng(x)/Ds(x) where:

N/2-2 N-2

th+1 tet1
Ny(x) = Z 97k+(N73)/2/ (v — 2)p(x)dx + Z gsz(Nfs)/z/ (x — 2)p(x)dz, (14)
k=0 b k=N/2—1 t
N/2-2 tht1 N—-2 tht1
Dy(z) = Z 93k+(1v73)/2/ p(z)dz + Z 9137(1\773)/2/ p(z)dz. (15)
k=0 b k=N/2—1 th
The shift z is updated as z = gi 8 with:
N/2-2 4 N-2 tht1
N.(z) = Z / (T — 89—y (n—3)/2)p(z)dx + / (7 — 8gk—(N—3)/2)p(x)d, (16)
k=0 k=N/2—1" 1tk
N—-2 tht1
D,(z)= Z / p(z)dz. (17
k=0 7tk

where the denominator D, (z) sums up to the total number of points I. Then, we update the thresholds as t;, =
S$(lg +lkx1)/2+ zfork =1: N — 2 where tg = —oo and ty_; = co. In summary, in the first step, the data points
are quantized given the previous values of s and 2, and in the second step, s and z are updated given the quantized
data. This procedure resembles a constrained 1D k-means clustering, but where cluster centers must lie on a scaled
floating-point grid.

3.2.2 Normal-Optimal Analytic Float Quantizer

Assuming z ~ N (0, 0%), we can evaluate p(z € R,.) analytically:
p(x € Ry) = F(Ry) = F(R,), (18)

where F'(x) is the Gaussian CDF and R., R" denote region bounds. From Egs. and the total signal-to-noise ratio

becomes:
2R—1

svR=[2(1+ %) Q(9)- &2 5 + ¥ L (r®l - FRY)] 19
r=1

As in the uniform case, we fix 02 = 1 and numerically find C,,,; offline that maximizes SNR. We then compute scale
as s = Copt0(y)/garr+e 1, and derive levels using Eq. 2]and Eq.

3.3 Quantized Training Recipe

In quantization-aware training (QAT), quantization operations are inserted into the forward pass to simulate inference-
time behavior, while gradients are propagated using the straight-through estimator (STE) (16) (Appendix [C). However,
fully optimizing quantization parameters at each training step is computationally prohibitive, particularly for iterative
methods that require multiple passes to converge.

To address this, we adopt a single-step update scheme where the parameters at time step ¢, denoted s and z?, are updated
using the values from the previous step (s'~!, 2!~!) via a single iteration. This incremental update approximates
convergence while maintaining training efficiency. The procedure is outlined in Algorithm [T|for iterative quantizers.
In contrast, analytic methods do not require convergence, as the updates are in closed form. Algorithm []illustrates a
single quantization step employed at time step ¢. See Appendix [J|for the initialization of the iterative quantizer, and
Appendix ?? for the relative update speeds of the quantizers.
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Algorithm 1 Iterative Quantization Step Algorithm 2 Analytic Quantization Step
Qi (z | s, z) assigns level indices; Q(x | s, z) returns dequantized Parameters computed via analytic method. Qj and Q as defined in
values. See Egs. (26)—(30). Eqgs. (26)—(30).

1: Input: = € R, previous scale st~ 1, shift zt—1 1: Input: = € R', optimal clipping point Copt

2: Quantize: Qp(z | st~1, 2t~ 1) : Compute mean: pi; = 7 5T

3: Update scale: : Compute variance: 02 = % Zj(l'j — pa)?

: Set shift: z = pg

: Setscale: s = 2Cop - 04 /(N — 1)
: Quantize: Qg (x | s, 2)

: Dequantize: Q(z | s, z)

: Output: Q(z | s,2)

Zj(wj — 271 Qx| st 2
> Qulxy | 5171, 2871)2

St:

00NN WA W N

4: Update shift:

1 _ _ _
zt:}ZIj,St 1-Qk(xj\st 1,zt 1)
J

W

: Dequantize: Q(z | st, %)
6: Output: Q(zx | st, 2?), s, 2

4 Experiments

4.1 Signal-to-Noise Ratio (SNR) Analysis

We first present an error analysis of different data formats based on the error models derived in Section 3] for zero-mean,
unit-variance Gaussian distributed data. This enables direct computation of the signal-to-noise ratio (SNR) using the
analytic formulas in Eq. [I0]and Eq. [I9] Figure[I]illustrates the resulting SNR curves as a function of the clipping point
for 4-bit floating-point and 4/3/2-bit uniform quantizers. Results indicate that the 4-bit uniform quantizer theoretically
can outperform the E2M1 FP4 floating-point quantizer when Gaussian distribution data is quantized. However, a
floating-point quantizer offers more robustness in case clipping points are suboptimal. On the other hand, Figure|l|shows
that E2M 1 FP4 format achieves higher peak SNR than E3MO0, but E3MO shows resilience to suboptimal clipping due to
its larger dynamic range. This analysis suggests that E2M1 FP4 and INT4/3/2 are proper choices when weight-only
quantization-aware training is performed under L2 regularization, which intrinsically forces normally distributed data.

102 4
101 4
o
=2
"
Loo | — 4-bit float (E3M0) ">~ _
4-bit float (E2M1) RNy
——= 4-bit uniform Rty
—== 3-bit uniform \\‘~~
-=-- 2-bituniform | TT=

2 4 6 8 10
Clipping point

Figure 1: Signal-to-noise ratio versus clipping point for 4-bit float and 4/3/2-bit uniform quantizers, assuming zero-mean
unit variance Gaussian input.
4.2 Quantization-Aware Training (QAT)

We experiment with end-to-end quantization-aware training, focusing on ResNet, MobileLLM, and Llama models.
ResNet is used in our ablation study to analyze the effects of quantizer choice during training. We then evaluate
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Figure 2: Loss functions with 4-bit uniform (left) and float (right) quantization across 40 epochs.

MobileLLM and Llama models to demonstrate that the proposed quantizers can achieve competitive or state-of-the-art
accuracy. All experiments are conducted in 4-bit precision, representing the lowest precision currently supported by
standardized floating-point formats.

4.2.1 Ablation Study with ResNet

For the ablation study, we use the ResNet-18 model trained on CIFAR-10 in a QAT framework where both activations
and weights are quantized. The training recipe uses stochastic gradient descent with momentum 0.9 and a weight decay
coefficient of 5 x 1074,

The baseline training scheme uses FP32 precision. We compare the performance of min—-max (FP4/INT4-minmax),
analytic (FP4/INT4-analytic), and iterative quantization schemes (FP4/INT4-iterative). In the min—-max training scheme,
min—-max quantizers are applied to both activations and weights in all quantizable layers, including linear and 2D
convolution layers in ResNet. The iterative scheme uses iterative quantizers for both activations and weights. Because
activation distributions are typically arbitrary, the FP4/INT4-analytic scheme uses iterative quantizers for activations
and analytic quantizers for weights. The granularity is consistently tensor-wise across all experiments.

Figure [2]a shows training curves (log scale) over 40 epochs for uniform quantizers. Similarly, Figure Plb shows
training curves for floating-point quantizers. The loss curves consistently indicate inferior performance for the min—max
quantizer (see Appendix [F for further discussion). We observe that analytic and iterative quantization schemes perform
similarly throughout training.

The final trained models achieve the following test losses: [0.0063, 0.0057, 0.0058] for min—max, analytic, and iterative
INT4 quantization, respectively, and [0.0065, 0.0059, 0.0055] for the corresponding floating-point quantizers. The
full-precision model achieves a test loss of 0.0050. These results indicate that analytic and iterative quantizers can
achieve similar performance, particularly in the INT4 setting. The performance of the analytic quantizer degrades
slightly in FP4, which aligns with the SNR analysis presented in the previous section.

4.2.2 LLM performance

We compare StatQAT with state-of-the-art QAT frameworks, LLM-QAT (10) and ParetoQ (17), on MobileLLM
(125M/600M) and Llama 3.2 (1B/3B/8B) models. Evaluation was conducted on zero-shot common-sense reasoning
tasks and WikiText-2.

Each model was fine-tuned using AdamW with a learning rate of 2e—5, L2 regularization of 0.01, sequence length of
1024, and a batch size of 2 per GPU across 8 V100 GPUs using the WikiText-2 training split. Epoch durations range
from under 30 seconds for the 125M model to approximately 38 minutes for the 8B model. To match baseline settings,
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we apply symmetric weight-only quantization. For FP4, we use the E2M1 format based on the prior SNR analysis.
Baseline metrics were collected using FP16 weights with FP32 accumulations due to hardware limitations.

Table|l| summarizes the performance of the proposed StatQAT quantizers compared with FP16 fine-tuning and existing
QAT baselines. The iterative quantizer consistently matches or improves upon the performance of LLM-QAT and
ParetoQ across model sizes and quantization configurations. The analytic quantizer achieves comparable performance
to the iterative variant on smaller models but scales less effectively to larger models.

We observe that baseline algorithms degrade significantly under tensor-wise granularity, whereas StatQAT quantizers
maintain performance more effectively. In the tensor-wise setting, a single clipping value must cover a wider dynamic
range including outliers, making optimal clipping more critical. This phenomenon is well known and is consistent
across all methods evaluated. StatQAT shows notable gains in this regime, indicating its ability to estimate effective
clipping points.

In channel-wise granularity, the iterative StatQAT quantizer performs competitively with or better than LLM-QAT and
ParetoQ across most configurations. Because each channel has its own clipping value, the dynamic range is narrower,
and the optimization problem becomes easier, reducing the performance gap between methods. Nevertheless, for larger
models, the StatQAT iterative quantizer consistently reduces the gap between FP16 and QAT baselines. While the
improvements are modest, they were reproducible across multiple datasets, suggesting statistical significance.

5 Related Work

Quantization reduces memory, compute, and bandwidth requirements in deep neural networks by lowering numerical
precision. Early PTQ methods relied on heuristic techniques such as min—max scaling or k-means clustering (18} 3),
which often failed at low bit-widths. To overcome these limitations, quantization-aware training (QAT) was introduced,
simulating quantization effects during training to improve robustness (4). Frameworks such as DoReFa-Net (7)),
PACT (8), and LSQ (19) proposed gradient-based updates for clipping and scaling, enabling strong accuracy retention
in the 4-bit regime. More recent QAT methods—including LLM-QAT (10) and ParetoQ (1'7/)—extend these ideas to
large language models (LLMs).

From a theoretical standpoint, reducing mean-squared quantization error has motivated principled designs such as
differentiable quantization objectives (20) and learned quantizer families (215 22). However, these approaches typically
rely on iterative optimization within each training step (23), which incurs additional computational overhead and
becomes challenging for QAT on large models.

In parallel, LLM-scale models have driven the development of PTQ strategies tailored to transformer architectures.
GPTQ (24) achieves high-fidelity INT4 quantization through Hessian-based error modeling, while AWQ (25) improves
robustness via per-channel clipping and scale decoupling. SmoothQuant (26) redistributes activation magnitude into
weights, achieving reliable INT8 quantization. These approaches highlight the importance of error compensation and
outlier handling, but they operate primarily in the integer quantization domain.

More recently, FP8 and FP4 formats have emerged as promising alternatives for both training and inference (27 28)).
Kuzmin et al. (9)) treat clipping as a trainable parameter, similar to LSQ, while Liu et al. (10)) optimize FP4 clipping
using online search in a PTQ setting. However, these methods rely on iterative search procedures, which can be
impractical for QAT where quantization parameters must be updated at every training step.

Although methods such as LSQ and PACT also update clipping or scale during QAT, they do so via stochastic gradient-
based optimization and do not exploit any closed-form structure of the quantization error. Classical quantizer analyses
are primarily designed for unconstrained non-uniform quantizers and do not directly apply to the hardware-restricted
uniform and FP4 formats increasingly supported by modern accelerators. Consequently, prior work provides limited
analytic guidance for the highly constrained layouts of FP4 formats such as E2M1 and E3MO.

Statistics-aware methods have been explored for integer quantization; for example, SAWB (29) selects clipping points
under Gaussian assumptions. However, such approaches rely on the uniform and symmetric structure of integer
quantizers. In contrast, FP4 quantizers exhibit non-uniform, magnitude-dependent spacing, asymmetric representable
sets, and tight coupling between scale, clipping, and exponent allocation, fundamentally altering the quantization error
structure. These constraints make existing INT-focused analytical approaches difficult to apply directly.
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Model Type ‘ Granularity ‘ Method ARC-e ARC-c BoolQ PIQA SIQA HellaSwag OBQA WinoGrande Avg. | Wiki2

FP16 Bascline 460 203 578 647 382 327 18.0 25 413 | 103

LLM-QAT 383 195 436 568 359 300 3.0 503 359 | 156

Tensor ParetoQ 385 189 562 589 354 301 15.0 50.4 379 | 154

: StatQAT-iterative | 446 201 543 613 378 317 18.0 53.1 40.1 | 114

P StatQATanalytic | 437 190 551 616 374 318 162 52,0 396 | 116

TLM-QAT 47 210 559 637 3715 73 184 508 405 | 110

Channel ParetoQ 441 209 551 634 373 323 18.8 50.7 403 | 110

) StatQAT-iterative | 449 201 572 632 374 32.1 19.0 511 406 | 109

MobileLLM StatQAT-analytic | 454 218 605 618 376 3.1 17.0 519 410 | 112
125M LLM-QAT 298 194 494 535 337 273 3.6 504 346 | 324

Tensor ParetoQ 303 197 484 556 343 275 10.8 50.7 347 | 313

: StatQAT-iterative | 439 205 537 618 367 316 17.0 531 398 | 118

NT4 StatQATanalytic | 427 206 551 619 372 319 162 522 397 | 118

LLM-QAT 447 2001 564 627 382 322 174 522 05 [ 113

Channel ParetoQ 444 195 581 628 379 320 16.4 523 404 | 114

StatQAT-iterative | 433 198 515 629 376 322 16.8 53.0 396 | 1L1

StatQAT-analytic | 45.5 212 556 627 367 320 19.0 512 405 | 113

FP16 Bascline 60.6 267 636 700 410 430 218 60.7 84| 74

LLM-QAT %4 217 495 619 372 355 16.0 529 0.0 [ 101

Tensor ParetoQ 463 228 489 624 375 36.0 15.6 52.8 403 | 110

: StatQAT-iterative | 589 271 621 695 385 412 218 59.1 4713 | 80

P StatQATanalytic | 571 27.6 622 694 387  40.0 214 56.4 466 | 8.5

LLM-QAT 89 257 629 700 403 0 02 579 a5 7

Channel ParetoQ 589 257 631 695 399 419 212 58.0 73| 17

) StatQAT-iterative | 593 265 623 687 393 422 220 605 416 | 17

MobileLLM StatQAT-analytic | 59.5 270 626 694 383 40.9 20.8 58.5 471 | 81

600M LLM-QAT 294 202 455 536 340 276 3.6 504 343 | 328

Tensor ParetoQ 295 192 399 533 336 276 132 502 33| 322

: StatQAT-iterative | 57.5 266 622 683  31.5 402 218 58.0 465 | 83

NT4 StatQATanalytic | 565 250  60.6 686 382 397 20.4 57.1 458 | 87

LLM-QAT 84 256 628 693 395 s 214 587 2 79

Channel ParetoQ 587 254 635 696 389 417 214 58.6 72| 19

StatQAT-iterative | 59.6 264 631 692 394 418 218 589 75| 18

StatQAT-analytic | 574 261 626 685 383 405 238 57.8 468 | 82

FP16 Bascline 638 309 619 730 398 44l 252 580 496 | 105
LLM-QAT 272 202 378 513 342 257 22 504 324 | 4870

Tensor ParetoQ 260 205 378 509 344 259 11.0 492 320 | 5303

: StatQAT-iterative | 58.6 283 642 705 396 424 234 579 481 | 112

P StatQATanalytic | 58.6 294 621 700 419 417 238 56.0 478 | 115

LLM-QAT 598 285 394 708 398 418 236 572 76 [ 114

Channel ParetoQ 612 292 598 709 393 419 216 559 475 | 114

StatQAT-iterative | 607 296 517 720  40.1 05 218 58.4 471 | 109

Llama 3.2 StatQAT-analytic | 614 297 614 708  40.4 418 262 55.6 484 | 112
1B LLM-QAT 259 210 378 523 345 259 2.6 50.0 325 [ 17279
Tensor ParetoQ 266 202 378 521 345 259 12.0 4738 32.1 | 17526

: StatQAT-iterative | 58.6 281 617 703  40.1 414 220 545 471 | 116

NT4 StatQAT-analytic | 549 264 591 704 395 403 216 546 459 | 120

LLM-QAT 6090 297 634 709 390 405 220 549 77 121

Channel ParetoQ 615 281 616 703 388 398 220 56.0 473 | 122

StatQAT-iterative | 609 291 592 719 388 418 232 56.0 476 | 111

StatQAT-analytic | 59.0 299 587 705 395 411 226 572 473 | 114

FP16 Bascline 737 0 B0 755 415 499 300 66.9 567 | 88
LLM-QAT 21 217 378 523 340 259 96 9.1 3.1 | 23319
Tensor ParetoQ 257 218 378 514 350 258 12.4 515 327 | 1907.7

: StatQAT-iterative | 69.7 387 699 730 418 471 26.4 61.6 535 | 96

P StatQAT-analytic | 437 228 622 606 363 324 15.0 528 407 | 17.8

LLM-QAT 739 411 729 746 404 489 298 6.8 561 93

Channel ParetoQ 735 418 736 751 401 489 292 665 561 | 94

StatQATterative | 717 399 720 744 414 489 28.8 65.7 554 | 9.0

Llama 3.2 StatQAT-analytic | 43.1 244 624 617 375 338 154 52.8 414 | 173
3B LLM-QAT 259 212 378 513 350 261 238 385 323 | 20848
Tensor ParetoQ 24 205 378 522 343 26.0 132 489 324 | 15627

: StatQAT-iterative | 63.8 347 641 713 393 44.0 220 59.8 499 | 100

NT4 StatQAT-analytic | 449 228 622 616 364  33.0 17.0 54.0 415 | 172

LLM-QAT 702 383 709 737 40 471 274 646 1] 96

Channel ParetoQ 712 390 714 733 410 470 28.4 65.0 545 | 95

StatQAT-iterative | 703 389 723 744 403 484 292 64.4 548 | 92

StatQATanalytic | 521 253 628 636 375 363 172 537 436 | 135

FP16 Bascline 788 415 90 782 426 552 322 727 608 | 76
LLM-QAT 26 207 378 SLI 344 259 2.0 399 323 | 25624
Tensor ParetoQ 269 202 378 504 344 258 12.4 48.1 320 | 24732

: StatQAT-iterative | 742 423 779 754 437 545 292 68.4 582 | 8.1

P StatQAT-analytic | 318 200 594 544 356 269 134 49.6 364 | 752

LLM-QAT 770 454 758 713 422 527 038 727 595 82

Channel ParetoQ 775 462 197 717 424 524 324 728 60.1 | 8.1

StatQAT-iterative | 76.1 451 788 770 433 54.1 318 713 597 | 79

Llama 3 StatQAT-analytic | 48.1 247 687 614 380 401 19.0 524 40| 122
8B LLM-QAT 2%2 196 378 5L1 346 260 116 91 320 | 2388.0
Tensor ParetoQ 25 204 378 510 352 260 112 493 322 | 2444.8

s StatQAT-iterative | 68.8 358 754 719 422 498 25.4 65.6 544 | 92

NT4 StatQAT-analytic | 25.8 204 378 508 349 259 10.4 50.1 320 | 7323

LLM-QAT 759 454 753 710 426 524 292 692 584 85

Channel ParetoQ 752 440 760 769 426 525 302 712 586 | 8.5

StatQAT iterative | 76.6 455 797 713 43.1 53.6 334 72.1 602 | 80

StatQATanalytic | 322 220 533 552 358  28.0 14.0 53.4 367 | 818

Table 1: Accuracy comparison of proposed StatQAT quantizers with baselines on benchmark datasets
included the implementation of the baselines for a fair cor&parison. +0.1 variance is accounted for when bolding the

best performance for statistical significance.

. Our test setup
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Our work differs from prior methods by providing a unified analytic error formulation for both uniform and floating-
point quantizers, together with closed-form updates suitable for QAT. The proposed analytic and iterative quantizers
avoid expensive iterative search, incur negligible overhead, and achieve accuracy competitive with or exceeding
state-of-the-art iterative methods, including LSQ and ParetoQ, in our LLM evaluations. To the best of our knowledge,
this work represents one of the first statistics-aware quantization frameworks providing closed-form updates for FP4
formats within QAT, offering both theoretical insight and practical relevance for large-scale training.

6 Conclusion

We presented a statistical framework for analyzing and minimizing quantization error in uniform and floating-point
quantization schemes. Building on this framework, we proposed iterative and analytic quantizers effective for both
activations and weights. Our methods enable accurate, low-overhead quantization-aware training by providing efficient
estimation of quantization parameters during training. Our error analysis and experiments on ResNet and LLMs
demonstrate that the proposed quantizers achieve competitive or state-of-the-art performance across several low-
precision settings. Notably, the analytic quantizers achieve performance comparable to the iterative variants at a fraction
of the computational cost, making them particularly practical for training.

These results highlight the potential of statistical error modeling as a principled approach to quantizer design. While our
study focuses on 4-bit quantization due to current hardware support for formats such as FP4, extending this framework
to ultra-low precision and more complex data distributions remains an important direction for future research.
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A Practical Implementation of Uniform Quantization

In real-world applications, instead of storing high-precision [;, values corresponding to each data point, only the indexes
are stored in integer format for reduced data size. Updating Eq[I]to return indexes instead of levels as

Qr(z|l,t) =k, ifty <z <tgpyq, (20)

we obtain the unsigned integer representation of point x. For signed integer representation, the function returns
k—N/2+1.

We can alternatively compute the index for uniform unsigned integer quantization as follows:
o r—z
Qr(z|s, z) = clip( LTW LT, M) (21

where H is the integer rounding, and clip(x, n, m) is the clipping operator where n, m defines the boundaries such that
n =0,m = N — 2. In this case, the level is computed as:

Q(x]s,2) = sk+ 2z (22)

where k = Qg (z|s, 2) is the quantization index of .

For signed integer quantization, the index is computed as follows

Qr(x|s, z) = clip( L%Ln,m) - g +1 (23)

and the levels as Q(z|s, z) = s(k + N/2 — 1) + z.
B Practical Implementation of Float Quantization

Given a higher precision floating point number z, we can quantize it to a lower precision floating point number by first
computing the step size v given the scaled and shifted input value:

gllogs 555 =M ¢ |logsy \CE — Z| +b] > 1
s

o Ql=M=b otherwise
Then, we quantize x with this step size
Qr(x|s, z) = v *clip( L%] LM, M) (24)
When we scale-shift back, we obtain dequantized data:
Q(x|s, z) = sQi(z|s,z) + 2 (25)
where m = —n = 22°~=2(2 — 2=M)_ Note the input dependency of the step size due to the non-uniform normal grid.

Qr(z|s, z) is the grid point in lower precision, which we store for reduced data size or low precision computation.

C Quantized Training

The training objective is to minimize the negative log-likelihood and a regularization term:

N
L£(0) = —logp(0) — Y _ logp(yn|z,, ), (26)

n=1

12
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where 8 € RM is the set of model parameters. The prior is often factorized across layers: logp(6) = > lL:1 log p(6;).
Per-layer quantization can then be enforced via an additonal regularization term:

£,(80) = juf 160~ 6oll, = 160 ~ Q@D @n

which penalizes the p-norm difference between the original parameters and their quantized counterparts. Since Q(-) is
non-differentiable (30), the straight-through estimator (STE) (16) is commonly used to approximate gradients of the
regularization term. Particularly, the gradients are computed at the quantized parameters with the loss function in Eq.
[26] Subsequently, the parameter updates are performed in unconstrained space.

Additionally, activations can be quantized in quantization-aware training for low precision deployment (19;[8)). A linear
layer using quantized weights € and activations & computes 87z ~ Q(0|lg)Q(x|l,).

D Derivation of stepping error

E,=EleZ] = [ ep(es)d _Lr 20, = 5 28
s =Elei] = [ esples)des = — | eodes = 15 (28)

E Derivation of Clipping Error Function

The clipping error is defined as

N, = 2/ (x — C)?p(z)dx (29)
c
where )

T e 27 30
pz) =~ \ﬁ (30)

is the centered normal data distribution with o2 variance. We can decompose the error function as follows:
N, = 2/ 22p(x)de + 2C2/ p(zr)dx — 4C / ap(z)dz 31)

c c Jc

The integral in the first term is computed by integration by parts:

o0 1 .’1:2
2 2 —
zop(x)dr = —— rie” 2.2 dx
/c p(@) o\/2ﬂ'/c

o? [z o _ k% |T=
= 76Tf( ﬁ) _77.776 202 e (32)
_ oo C Co -
= 0*(5 - gerf (S5 + e
_ 24 C, Co _<
—*QC) + e

z)dr = e 2a2 dz
/C p(x) - %

e @”” o0 o)
S0 —erf(y/ 5 50)

-9

13



Under review as submission to TMLR

The integral in the third term is computed by integration by parts:

(oo}
xp(x)dx xe 202 dx
/C () . Tﬂ
Co ”2 =00
= — e 207 34
V2 z=C G
Co _c2
= e 202
V2T
Plugging Eq. [32] Eq. [33] and Eq. [34]into Eq. [31]results in
C 2
N, =200+ C?)Q(<) - 20-Z ¢ 52 (35)

o Vor
F Relation to Min-max Quantizer and Casting

F.1 Uniform Quantization

Assume the data is uniformly distributed, p(z) = Unif (x| — a, «). The clipping error is then computed analytically as
follows:

E.= Z/Oo(x — C)*p(z)dx = 1 /Oo(x — O)%dx

ch . *Jo (36)
=3 +C? — Ca+ =

while F is the same as in Eq. It can be observed that E. decreases cubically with C' until a, while F; increases
quadratically. Therefore, in the case of uniformly distributed data, the minimum error is achieved when C'is set to a,
resulting in zero clipping error. This indicates that the min-max quantizer is the optimal uniform quantizer in terms of
mean squared quantizer error only when the data is uniformly distributed, which is not the case in deep learning model
parameters or activations. Therefore, while this quantizer is commonly used in quantization tools, it has also been the
primary source of quantization error due to high stepping error, especially in low-bit settings.

F.2 Float Quantization

Directly casting the input data corresponds to using quantization levels without scaling and shifting. This method
introduces large quantization errors if the data values are much smaller than the largest grid point (stepping error) or
if the data values are larger than the largest grid (clipping error). These errors become more significant when we use
lower bit quantization, such as in FP4 data types.

To avoid clipping errors, we can shift and scale the levels so that they match the data range using min-max quantization
with s = 21 =5 and z = B + slimaz Where [qz is the largest grid point floating data type can represent, « = max(X)
and g = mm(lX Then we can transform the data as (x — z)/s and do the typical float casting. This method zeros
out the clipping error but introduces a large stepping error when there are outliers in the dataset. Unlike uniform
quantization, the min-max float quantizer is not optimal for uniform distributed data. Indeed, there is no such tractable
data distribution that this quantizer is optimal for due to base2 grid spacing.

G Optimization of non-uniform quantizers

Mean-squared quantization error is formulated as follows:

Ele?] = E[(z — Q(z|L,t)) /M (z — lp)?p(z)dz 37)

tr

where the errors corresponding to each quantization level are integrated over N — 1 intervals given the data distribution
p(x). The objective is to determine the quantization levels I and thresholds ¢ to minimize the error function.

14
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G.1 Iterative Method

In non-uniform quantization, there are no constraints on the parameters. This allows for iterative optimization of the
objective. We present an alternating optimization algorithm for this purpose. By taking the derivative of the quantization
error in Eq. [37| with respect to [, and setting it to zero, we can derive the following update for the levels:

I, = E[thfk <z < tk+1] (38)

for k = 0 : N — 2. This expectation is computed using the empirical mean of the data points in the interval. Taking the
derivative with respect to t; yields the following update for the thresholds:

1
tr = i(lk + lk—l) 39)

fork =1: N — 2. Then, tg) = —o0, and ¢ty = oo are set to cover the unbounded data space. In summary, in the
first step of the algorithm, input data is compared to the thresholds determined at the previous iteration and quantized
accordingly, and in the second step, the levels and thresholds are updated given the recently quantized data. This
algorithm converges to optimal mean-squared quantization error regardless of the data distribution when initialized
properly. One can recognize that the iterative solution is a 1-dimensional k-means clustering solution, which has been
used in (2) for deep learning model quantization.

G.2 Normal-optimal Analytic Quantizer

The deep learning models have approximately normally distributed weights (11)). Based on this assumption, we propose
an analytic quantizer, which is fast and as accurate as the iterative method as long as the distribution assumption holds.
The update equation [38]in the iterative method relies on computing the expectation of the data given an interval. Given
the data is zero-mean normally distributed with unit variance, this expectation can be computed analytically without
any samples via the first moment of the two-sided truncated normal distribution:

p(tr +1) — p(tx)
Fltrgr) — Ftr)

Elzlty <z < tpy] = — (40)

Iterating through Eq. 0] and Eq. [39] converges to the optimal non-uniform quantizer for data with a centered unit
variance normal distribution, in terms of mean squared quantization error. Unlike the iterative method, this optimization
is performed offline without any data, and the computed optimal levels l,,; and thresholds %,,; are used afterward
for all layers during the quantization process as follows: the mean and variance of each quantizable weight tensor
are computed, and the quantizer levels are updated accordingly as I = o()lopt + M (), where o,y and my, are the
empirical standard deviation and mean, respectively. This makes the online quantization process much faster, as only
basic statistics are computed at that stage.

G.3 Relation to Quantile Quantization

Another non-iterative method for non-uniform quantization is quantile quantization, which computes the quantiles of N
equally spaced probabilities and uses them as quantization levels (11). To find the quantile function, we first compute
empirical CDF, then use its inverse to determine threshold levels as follows:

tr = F, '(k/(N = 1)) (41)

fork=1: N —2,tg = —ooand ty_; = oo. Then we estimate levels as [, = E[z|t; < © < tj41]fork=0: N —2.
In practice, we sort the input data points and assign the data points with indexes k(I — 1)/(N — 1) as thresholds, where
1 is the total number of data points. One can notice that if we use only levels to quantize by finding the closest levels
using squared distance, we don’t exactly equalize the histogram. Ideally, one should use thresholds to determine the
index and then assign the level accordingly by Eq. [T|for improved equalization. Empirically, using levels with squared
distance works better in terms of mean squared quantization error. Equalizing the bins does not necessarily result in
lower quantization error. Indeed, this is true only for uniform distributed data, which is not the case for deep learning
model weights.
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G.4 Comparison of quantization levels

Non-uniform quantizers have no constraints on choosing quantization levels. Here we show how non-uniform quantizers
compare to each other, given a simulated input tensor of shape [256x256] from a zero-mean unit variance normal
distribution. As seen in Figure [3] iterative and analytic quantizers converge to the same points for the normally
distributed data. The quantizer errors are M SE = [0.21,0.21,0.25], and M AE = [0.41,0.41,0.41] for iterative,
analytic, and quantile quantization, respectively. Quantile quantizer has a higher MSE than others, although all
quantizers give a comparable MAE.

® [terative
Analytic
® Quantile

Figure 3: Inferred quantization levels of 3-bit non-uniform quantizers for a normally distributed input data.

H Stepping Error Distribution

We define total quantization error as the sum of clipping and stepping errors. Clipping error is obtained with quadratic
error integrated over the data distribution. However, the stepping error depends on the quantization scheme. Figure ]
illustrates the differences in the stepping error distribution of uniform and float quantization schemes given a set of
normally distributed input data with zero mean and unit variance. Regardless of the data distribution, quantizer type,
and total bits, we obtain uniform distributed stepping error in a uniform quantization scheme. The error is bounded in
[—s/2, s/2] with probability 1/s as shown in Figure4}a-c. From this observation, we compute the stepping error power
as in Eq. [28] On the other hand, the error distribution is a mixture of uniforms in floating point quantization schemes
due to the exponential spacing of every 2™ point. Thus, the error space widens at each consecutive region as shown in
Figure ]b-d. Hence, the stepping error power is computed by Eq. [I3|since now the data distribution affects the mixture
coefficient, which changes the stepping error power.

I SNR per Layer

Figure[|reports the per-layer SNR of the ordered linear layers in Llama-3-1B under both the Analytic and MinMax
quantization schemes. Across all layers, the Analytic method consistently achieves higher SNR, demonstrating its
ability to more effectively reduce quantization error. Because this reduction compounds across forward passes, the
Analytic approach yields more stable training dynamics and higher end-to-end accuracy relative to MinMax.

J Initialization of StatQAT-iterative

Quantizer initialization is critical to avoid early-stage gradient instabilities. For weights, if the initialization follows a
normal distribution, as is typical under common initialization schemes and regularization, the analytic quantizer derived

16
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Figure 4: Quantization error distribution for float and uniform quantization grids
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Figure 5: SNR per layer of the Llama-3-1B model under MinMax and Analytic quantization methods.

under Gaussian assumptions is a natural choice. For weights initialized from uniform distributions, the min-max method

provides a better match to the initial data distribution.

Activation quantizers are initialized during the first forward pass. Since activation distributions can be highly non-
Gaussian and vary across tasks and layers, the ideal approach is to fit an iterative quantizer on the first minibatch.

17
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However, this can be computationally expensive. Empirically, we find that analytic quantizers still provide competitive
initialization performance and allow stable training from the outset.
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