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ABSTRACT

In recent years, SIGNSGD has garnered interest as both a practical optimizer as
well as a simple model to understand adaptive optimizers like ADAM. Though
there is a general consensus that SIGNSGD acts to precondition optimization and
reshapes noise, quantitatively understanding these effects in theoretically solv-
able settings remains difficult. We present an analysis of SIGNSGD in a high
dimensional limit, and derive a limiting SDE and ODE to describe the risk. Us-
ing this framework we quantify four effects of SIGNSGD: effective learning rate,
noise compression, diagonal preconditioning, and gradient noise reshaping. Our
analysis is consistent with experimental observations but moves beyond that by
quantifying the dependence of these effects on the data and noise distributions.
We conclude with a conjecture on how these results might be extended to ADAM.

1 INTRODUCTION

The success of deep learning has been driven by the effectiveness of relatively simple stochastic
optimization algorithms. Stochastic gradient descent (SGD) with momentum can be used to train
models like ResNet50 with minimal hyperparameter tuning. The workhorse of modern machine
learning is ADAM, which was designed to give an approximation of preconditioning with a diago-
nal, online approximation of the Fisher information matrix (Kingma, 2014). Additional hypotheses
for the success of ADAM include its ability to maintain balanced updates to parameters across layers
and its potential noise-mitigating effects (Zhang et al., 2020b; 2024). Getting a quantitative, theo-
retical understanding of Adam and its variants is hindered by their complexity. While the multiple
exponential moving averages are easy to implement, they complicate analysis.

The practical desire for simpler, more efficient learning algorithms as well as the theoretical desire
for simpler models to analyze have led to a resurgence in the study of SIGNSGD. SIGNSGD is a
variant of SGD where the stochastic gradient is passed through the sign function o, leading to an
update vector of +1s. On average, SIGNSGD’s updates at every step have positive dot product with
the average SGD step, but it can have dramatically different convergence properties (Bernstein et al.,
2018a; Karimireddy et al., 2019). Multiple studies point towards sign-based methods as an effective
proxy given that the sign component of the gradient has been shown to play an important role in
ADAM (Kunstner et al., 2023; Balles & Hennig, 2018; Bernstein et al., 2018b). SIGNSGD is also
the basis for new practical methods; the LION algorithm (Chen et al., 2023) combines SIGNSGD
with multiple exponential moving averages, and SIGNSGD + momentum was used to train LLMs
with performance comparable to ADAM (Zhao et al., 2024).

Despite the promise of SIGNSGD, a detailed quantitative understanding of its dynamics in realis-
tic settings remain elusive—in particular the nature of the preconditioning and the effect of the o
function on the noise are not well understood. A crucial first step is to understand these effects on
quadratic optimization problems.

Motivated by these questions, we provide the first analysis of the learning dynamics of SIGNSGD
in a high-dimensional stochastic setting (Section 2). We make the following contributions:
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* We derive a limiting stochastic differential equation (SDE) for SIGNSGD and combine it with
a concentration result to derive a deterministic ordinary differential equation (ODE) that de-
scribes the dynamics of the risk in our setting (Section 3).

* We compare the dynamics of SIGNSGD and vanilla SGD, isolating 4 effects: effective learning
rate, noise-compression, diagonal preconditioning, and gradient noise reshaping (Section 4).

* We quantitatively analyze these four effects and their contributions to learning, including exact
results in specific settings (remainder of Section 4).

Our work addresses significant technical challenges in analyzing both the preconditioning and noise
transformation effects of SIGNSGD. Our analysis is consistent with more general experimental ob-
servations about adaptive methods, but provides a more quantitative understanding in our setting. We
conclude with a discussion of the implications of our results for future study of adaptive algorithms,
including a conjecture on the limiting form of ADAM in an equivalent setting.

2 PROBLEM SETUP

Our work considers linear regression using the mean-squared loss £ in the one-pass scenario, where
data is not reused. SIGNSGD, without mini-batching, is first initialized by some 6, € R? and then
follows the update rule:

0111 = O — 1,0 (VoL (O, Xp11,Ykt1)) 5 L0, x,y) = [l {x,0) —yl*/2, (D)
where o denotes the sign function applied element-wise and Vo £(0y, Xk+1, Yk+1) = (O, Xi41) —
Yh+1)Xho 1.

We will assume that the samples {(Xx, yx)} x>0, consisting of data x;, and targets y;, satisfy the
following:

Assumption 1. The data x are mean 0 and Gaussian with positive definite covariance matrix K €
RI*4, The targets y are generated by y = (x,0..) + ¢, where 0, is the ground-truth and e the label
noise.

Definition 1. Define the population risk and the noiseless risk:

P(8) = Ery [((6,0) = 0)?] /2 and R(6) = Bx [(x,0 — 0.)°] /2. )

Although our theory is framed in the setting of Gaussian data, as we will see the results are still a
good description for real-world, a priori non-Gaussian settings (Figure 1). This is an instance of uni-
versality, wherein the details of the data distribution do not affect the precise high-dimensional limit
law. We refer to Tao (2023) section 2.2 for a more in depth discussion on universality. Formalizing
this is left to future work.

In contrast, the distribution of the label noise has a nontrivial impact on the behavior of the process.
We shall require that the noise is well-behaved in a neighborhood around 0.

Assumption 2. There exists ag > 0 such that the law of the noise € has an almost-everywhere C*
density on (—ag, ag).

Assumption 2 ensures our SDE (7) is Lipschitz (c.f. Lemma 8) and applies to many distributions; it
encompasses heavy-tailed distributions such as a-stable laws, and we make no assumptions on any
tail properties of the noise. Due to the non-smoothness of the ¢ function at 0, extraordinary behavior
of the noise near 0 will lead to degraded performance of SIGNSGD as the risk vanishes. At the cost
of a less-informative theorem, it is possible to drop Assumption 2; see Theorem 6 in the Appendix.

As we will see, an important characterizing feature of SIGNSGD is its effect on the covariance of
the signed stochastic gradients. We introduce the following transformations on K:

arcsin | ——a— ) 3)
KiKji) |,

where D = /diag(K). We remark that K is similar in the matrix-sense to D~ 2 KDz, thus K
has all real, positive eigenvalues. K, is proportional to the covariance of o(x). We assume some
properties of the matrices K, K, and K,,.

K=D 'K and KUE[E

CExlo(xi)o(x))]] =

2]
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Assumption 3. Suppose:
i). The spectrum of K is bounded from above and away from 0 independently of d.

ii). The sign-data matrix K, also has operator norm bounded independent of d.
iii). The resolvent of K defined by R(z;K) = (K — 2I)~! satisfies
_ d%
max max |R(2:K);;|| =0 (\/3> , “)
forall z € 832”?” and for some 6y < 1/12. (Equivalently, one may instead assume the
same bounds with K replaced by K).

The upper bound on K in Assumption 3 (i) is standard and can always be achieved by rescaling
the risk. But the lower bound is a nontrivial assumption that is necessary for analyzing how the
o function affects the stochastic gradient. Assumption 3 (ii) is convenient for the proof. A full
understanding of when it holds is highly nontrivial; there exists some theory establishing when
it holds for some random K Fan & Montanari (2019). Assumption 3 (iii) can be interpreted as a
condition that the eigenvectors of K contain no low-dimensional structure: for example, it is satisfied
with high probability if the eigenvectors of K are taken to be uniformly random. Additionally, it
is trivially satisfied for any diagonal K. For a further discussion, including applicability in real
datasets, see (Paquette & Paquette, 2022, Figure 2).

We assume the learning rates have a high-dimensional limiting profile:
Assumption 4. The learning rates follow

n; = n(t/d)/d, (5)
where 1) : RY — RT is a continuous bounded function. We will write n; for n(t).

This scaling is critical: it ensures that as the problem size grows, both the bias and variance terms in
the risk evolution are balanced (see e.g. Equation (23)).

Finally, we assume the initialization remains (stochastically) bounded across d:

Assumption 5. The difference between 0, and initialization 0 satisfies

P (|R(% K)] (8o — 0.)] > t) < Cexp (—ct?d/|R(z K)i||*) , (6)

for all 1 < i < d with absolute, positive constants ¢, C.

For example, this assumption holds for deterministic 8 and 6, with a dimension-independent bound
on |0y — .|| (e.g., 8gp = 0 and ||0, || bounded independently of d), or for random 6, and 8, with a
dimension-free subgaussian bound on ||8y — 6.]|.

3 SIGNHSGD

The analysis of SIGNSGD in high-dimensional settings presents a unique set of technical challenges
and requires careful mathematical treatment. A core difficulty lies in the transformative effect of
the sign operator on the gradient. Unlike traditional SGD, where the gradient direction remains
consistent with the magnitude of the update, SIGNSGD changes the gradient’s direction, via a non-
Lipschitz compression operation. This compression not only changes the optimization landscape,
but also impacts the interaction between the noise and the optimizer.

Nonetheless, we show that under the assumptions above, there is a continuous stochastic pro-
cess Sign-Homogenized SGD (SIGNHSGD) which captures the high-dimensional behaviour of
SIGNSGD.

Definition 2 (SIGNHSGD). We define ©; as the solution of the stochastic differential equation:

de, = ‘p(R(Qt))K(Qt —0.,)dt +n, EdBt, and ©g = 6o, )
™

EANGTICR

where, with pi. the law of €

P(R(©y)) = % | exp (47;(y(;)> dpe(y) = %Ee [eXp (zm_(i)t))] - (8)
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Figure 1: Dynamics of the risk under SIGNSGD and SIGNHSGD on synthetic and real datasets.
SIGNHSGD and its deterministic equivalent ODE are good models for the risk dynamics even for
d = 500 (a, b) or on real datasets (c, d). The convergence of SIGNSGD for Cauchy noise (b) is
remarkable given that SGD fails to converge there. The usefulness of the ODE on CIFAR10 and
IMDB movie reviews is remarkable due to the non-Gaussian nature of the data, and the significant

estimation of key quantities like 6, or €. Details of these experiments may be found in Appendix H.
See also Appendix B.2 for the definition of the VANILLAODE.

Remark 1. In the case where € = 0, we would take that ¢(x) = 2/m. While this € does not satisfy
Assumption 2, we formulate in the Appendix Theorem 6 which covers this case.

It is worth noting that, in practice, ¢ is often easy and inexpensive to compute numerically; we
compute it analytically for some common distributions (Figure 2). In general, it is simple to fit a
Gaussian mixture model to your noise and use that to compute ¢ (Appendix H).

We can now state the first part of our main theorem:
Theorem 1 (Main Theorem, part 1). Given Assumptions 1-5 and choosing any fixed even moment

2p € (0, d), there exists a constant C(K, €) > 0 such that for any § € (1/3,1/2) and all T > 0,

3d° |K —
sup [R(Opa)) — R©)] < ST EL i (R, o) Il T) . ©)
0<t<T Vd

with probability at least 1 — ¢(2p, K)dp(1/3_5) for a constant c(2p, K) independent to d.

In other words, the risk curves of SIGNSGD are well approximated by the risk curves of SIGNHSGD
and this approximation improves as dimension grows. Numerical simulations suggest that in practice
this correspondence is strong even by d = 500 (Figure 1 (a), (b)).
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Figure 2: Examples of ¢ for simple noise distributions. y/Levy has Cauchy type-tails and vanishing
density near 0. We note that (z) is trivially bounded above by % and converges to £ as x — o0;
the rate of convergence at oo is related to the tail decay rate. At 0, p(z)/+/2 converges to the density
of the noise at 0 scaled by 2/.

One may also be interested in studying other statistics such as iterate norms or distance to optimality,
for this we present a more generalized result across all quadratics in Theorem 5, which may be found
in the Appendix.

The risk curves of both SIGNSGD and SIGNHSGD concentrate around the same deterministic path.
We will refer to this deterministic path as Ry, the deterministic equivalent of SIGNSGD. We call
R; SIGNODE. In order to find the deterministic equivalent we introduce a family of scalars {r; }¢_;
which loosely correspond to the magnitudes of the residual ®; — 6, projected onto an eigenbasis
(see Appendix B for details). The sum of these scalars then gives the deterministic equivalent for
the risk:

d
Ry =) ri(t). (10)

i=1

The scalars follow a coupled system of ODEs:
dr; N oW K, Ku; .
=2 Ai(K)r; . foralll <i<d, 11
dt nt\/m ( )T +nt rd ora ¢ ( a)
1

’I“Z(O) = 5(00—9*,Kui> <Wi,00—0*>, forall 1 S’LSd, (llb)

where \;(K), u; and w; are the eigenvalues and left/right eigenvectors of K respectively. We
remark that by a similar argument, we may derive a coupled system of ODEs that describe the risk
of vanilla SGD (Collins-Woodfin & Paquette, 2023). We call the deterministic equivalent of vanilla
SGD as VANILLAODE. See Appendix B for the formulation.

We can now present a deterministic version of Theorem 1:

Theorem 2 (Main Theorem, part 2). Let R; be given by (10) and (11). Then given Assumptions 1-5

and choosing any fixed even moment 2p € (0, d) there exists a constant C(K, €) > 0 such that for
anyé € (1/3,1/2) and all T > 0,

3d° | K|
sup |R(O — R < ————e
0§t£T| (011a)) — Re| < 7

with probability at least 1 — ¢(2p, K)d?(*/3=9) for a constant c(2p, K) independent to d.

xp (C(K, €) [|nll. T) . (12)

This ODE captures the behavior of the risk even at finite d = 500 (Figure 1 (a), (b)). Moreover, it
seems to capture the behavior of high dimensional linear regression on real, non-Gaussian datasets
as well (Figure 1 (c), (d)).
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4 COMPARING SIGNSGD TO VANILLA SGD

To produce an apples-to-apples comparison, we compare the SIGNHSGD to the analogous SDE for
vanilla SGD from Collins-Woodfin & Paquette (2023):

2KP(©76P)

4@55P = —S5D X K (5P — 6.)dt + 75 :

dB; and ©5°" = 0,. (13)

To control for the adaptive-scheduling inherent in SIGNSGD, we run vanilla SGD with a risk de-
SGD

pendent learning rate schedule n;~" given by
sGp _ 2 M 2 Mt

n — — == , (14)
' T\ /2P(@59D) 7 \/E[VeL(0,x,y)|?

which is to say that we scale the steps in SGD inversely proportional to the norm of the gradients.
We note that the P-risk requires the noise € to have finite variance v; indeed if the variance is infinite,
then SIGNSGD is overwhelmingly favored, see (Zhang et al., 2020a, Remark 1). Training SIGNSGD
with learning rate 1; and SGD with learning rate ntSGD, we can use (7) to write, with 1) as in (16)),

4K
d@SED — _;S6D L K(@SCD _ 9,)dt + n, TddBt (15a)
Y
SGD _ —1 K,
d®; = —1;"" x p(R(©:)) x D xK(O; —8.)dt + e\ dB.. (15b)
D.Precond. S——

€- compress.
Reshape

We summarize the precise effects below:

Effective learning rate: The effective learning rate of SIGNSGD can be considered as risk de-
pendent, effectively matching the expected /2—norm of a gradient.

e- compression: The distribution of the label noise (be it from model-misspecification or
otherwise) rescales the bias term. Formally, letting 02 = E[EQ},

wp(z)V2z + 02
P(z) = ———F—=" (16)
22z
Diagonal preconditioner: The matrix D! gives the diagonal preconditioner, recalling D;; =

AV Kr”.

Gradient noise reshaping: Finally, passing the gradient through the o function results in a differ-
ent covariance structure to the gradients, which is accounted for in the
differing diffusion term.

Although all the effects appear in concert in SIGNSGD, we will now attempt to isolate and address
each one separately in the following sections.

4.1 EFFECTIVE LEARNING RATE AND CONVERGENCE

We recall that to match the learning rate of SGD to SIGNSGD, we had to use the identification (14),

R

t T /273<@?(;1>)
In particular, the effective learning rate gets smaller when the optimizer’s position is far from op-
timality and gets larger as it gets closer. In the convex setting this is generally undesirable at both
extremes. When far from optimality, the algorithm slows far beyond what would tend to be favor-

able, while at small risks this behavior can impede convergence. On the other hand, it can easily be
rectified by appropriately rescaling the SIGNSGD learning rate 7; by the square root of the risk.

In a nonconvex setting, identifying 2P (@®7P) with the expected square-norm of the gradients (c.f.
(14)) one possible benefit of this schedule is that it may be helpful in dynamically adjusting to saddle
manifolds in the loss landscape.
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4.1.1 STATIONARY POINT OF SIGNSGD

If the learning rate is any constant 1, = 1, we have a unique stationary point of the ODE system
(11a) which is locally attractive. The n dependence of this stationary point demonstrates the effect
of an aggressive learning rate, which is accentuated in the presence of small noise variance o.

Theorem 3. With fixed learning rate n, = 1 € (0,00) and € ~ N(0,92), the ODEs have a unique
stationary point [s; : 1 < i < d] given by Equation (212). Then, the limiting risk, Rooc = Y 8;, is

given by
Tr(D 2p2 Tr(D)2
R = 2L Tv(D) (7”7 ( )+\/7”7 *(D) +16v2). (17)

T 32d 2d 442

Notice that the limiting risk’s dependence on 71 changes depending on the relationship between 7
and o, for small 7 it will be proportional to 7).

4.2 €-COMPRESSION

The influence of the distribution of the noise € on the optimization, in the case of finite variance, can
be summarized by (c.f. (16) and (8))

—? E[e?]
=E —_— 1 . 18
S Y e w
When ¢ < 1, the descent term of (15b) is decreased, and hence SIGNSGD is slowed with respect
to SGD with learning rate %P, Conversely, when 1) > 1 the descent term is increased, and
SIGNSGD is favored. When E[e?] = oo, 1 can be interpreted as oo, corresponding to overwhelming
SIGNSGD favor, although the quantitative meaning in (15b) breaks down.

In the Gaussian case 1) = 1; we can interpret ¢ as the effect that deviation from Gaussianity has on
the drift term of the SDE. We note that all the influence of the label noise € on SIGNSGD is entirely
through (18) which in turn only depends on 2. Hence SIGNSGD symmetrizes the noise distribution.

In general, a full comparison of SGD and SIGNSGD requires optimizing the learning rates of both
algorithms independently. We will show that in the case of isotropic data, this procedure is tractable
and produces a different threshold 1) = 7 above which SIGNSGD is favored (see Equation (26)).
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Figure 3: Left: ¢ for Student-t. Here v is always greater than 1 and e-compression accelerates
SIGNSGD. For sufficiently small df, 1) > 7/2 over some range of R and SIGNSGD also converges
faster than SGD in the isotropic setting. Right: v for , Rademacher, Unif(—1, 1), y/Levy.
Only Unif(—1, 1) admits ¢ > 1.

Setups favoring SIGNSGD. In the presence of heavy tails, 1»(R) can be large and hence very
SIGNSGD favored. Indeed, among some parametric classes, such as the Student-t family, this is
observed numerically to always be larger than 1 (Figure 3, left) and increase to oo as the kurtosis
increases. More generally, as R tends to 0, letting f.(0) be the density of the noise at 0, one has

Y(R) =Rsoo V21 f(0)E[e?], (19)



Under review as a conference paper at ICLR 2025

which is large for SIGNSGD when ¢ has large kurtosis.

Conversely, for all distributions, we also observe that when the risk is relatively large, SIGNSGD is
always modestly favored over SGD under the n°SP learning rate as we have

€2 [ Ele?] [ E[e?] E[€?]

Setups where SIGNSGD does not improve. For light-tailed noises, the factor ¢/ can only mildly
favor SGD. A density f on R is called log-concave if it can be written as e9 for concave g (see
Saumard & Wellner (2014) for discussion). The exponential, uniform and many other canonical
noise distributions are log-concave. Note these decay no slower than exponentially at infinity. Then
as ¢(R)/V4rR is the density at 0 of a log-concave density, we have from (Saumard & Wellner,
2014, Proposition 5.2),

N | W

. (20)

$(R) < V2m. 1)

Hence, for these distributions, while there may be limited gains from using SIGNSGD, they are
bounded by an absolute constant factor.

Setups where SIGNSGD is catastrophic. In the situation that the noise is bounded away from 0
by some §, it follows that we have the upper bound:

& E[e2]
< AR .
B(R) < e IR x 1+ s

This tends to 0 exponentially in 1/R (e.g. see the Rademacher case of Figure 3). For such noise
distributions, SIGNSGD will effectively experience a floor on the risk, which is completely induced
by distributional properties of the noise (and unrelated to the underlying optimization problem ge-
ometry). In this situation, SGD is heavily favored for small risks, which would be seen late in
training.

(22)

Scheduling SIGNSGD. We have discussed adjusting the SGD learning rate to match the be-
haviour of SIGNSGD. However, when using SIGNSGD there is the reciprocal question of how to
select its learning rate. We briefly discuss this in the case of isotropic data K = I, in which K = K
and K, = 71, which allows us to isolate the effects of the label noise. It is easy to check that the
d-system of ODEs for SIGNSGD in (10) may be reduced to the following single ODE:

ARy _ 2nep(Re) , 07
— =R+ — Ro =TR(6o). 23
1 SR, 5o 0 (60) (23)
If we greedily optimize in 7, we arrive at
dR B
th = —p(Ry)?R;,  where 1} = o(R:)\/2R;:. (24)

So generally for large risks, the optimal stepsize compensates for the effective gradient rescaling in
(14). This compensation is seen for all risks in the Gaussian e setting.

As a point of comparison, we may repeat the same procedure for the SGD risk ODE RS with
learning rate 77, which can be derived from (13):

thS S S (77158)2 g o\ Optimizing in ns dR? 2Rts S
= -2 R 2R =— Ry 25
i ne R+ =5 2R+ ) &t 2Rt (22
Hence (24) can also be expressed as
dR; 4 2R;
— =—| =¢¥*(R ——R;. 26
T (7r2¢( t)>X2Rt+V2 ¢ (26)

Thus the performance benefits of SIGNSGD having selected the optimal learning rate can again be
reduced to a question of the magnitude of ¢, albeit with a crossover at ¢) = /2.

In the non-isotropic setting, locally greedy stepsizes can be very far from optimal, even with two
eigenvalues (Collins-Woodfin et al., 2024). But we expect the conclusion of (26) remains mostly
true in well-conditioned settings.
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4.3 DIAGONAL PRECONDITIONER

Next, and strikingly, we see that SIGNSGD performs a diagonal preconditioning step on the gradi-
ents, with the preconditioner given by D;; = vK;; = /E[x?], where x is a sample. To produce
this bias term in SGD, we would need to run the algorithm

Orsr =0k — D™ (Vo L(0,x,y)). @7
We expect to see the same preconditioner in ADAM; for details, see Appendix E.

As K appears naturally in (7), its spectrum regulates the rate of convergence of the optimization to
stationarity. By utilizing our d-systems of ODEs we can establish the following convergence rate:

Theorem 4. Assume ¢ ~ N(0,0%) and let s; be the stationary points to (11a). Then there is an
absolute constant ¢ > 0 so that if

Tr(K 4
UM < min {c, O} , and Ry < co, (28)

2d T

then we have, setting R, = Zle s; to be the limit risk,

|Ry — Roo| < 2(Ro + Rog)e™ tMhmin )/ (7). (29)
The proof is given in Appendix C. In contrast to vanilla SGD, where the risk converges (in a high-
dimensional setting) with rate %, where 5(K) = d/\LI?K) is the average condition number (Paquette
et al. (2022)). Theorem 4 states that the risk of SIGNSGD converges at a rate %, after select-

ing the largest allowed 7.

Settings in which the preconditioned K is preferable. Theorem 4 shows that the rate of conver-
gence is governed entirely by K. The clearest setting when this is favourable is if K is diagonal, so

that K = VK. In this case, the convergence rate is, up to constants

LR 1 nE) Va0

a )\min(K) B E \/)\min (K) - \/)\min(K) '
Hence on diagonal problems, SIGNSGD attains a speedup commensurate with optimal deterministic
convex optimization algorithms such as Heavy-Ball momentum or Conjugate gradient (Nocedal &
Wright, 2006). As for stochastic algorithms, these are also attained using optimally tuned minibatch
SGD with momentum (Lee et al., 2022).

(30)

A strictly diagonal K is not necessary to attain this speedup. Diagonally dominant matrices, which
are well-known to benefit from Jacobi preconditioning (in which one would rescale by D~?2), should
see similar benefits. This supports the prior work of Balles et al. (2020) who show that SIGNSGD
is effective when the the Hessian of the risk, which in our setting is K, is sufficiently diagonally
concentrated.

A second situation in which one may have substantial speedups are for block-tridiagonal K, where
the blocks are scaled by greatly differing constants; diagonal preconditioning by D partially corrects
for this effect. It has been argued that one of the principal advantages of ADAM is that it correctly
adapts learning rates across different layers of Transformers and MLPs (Zhang et al., 2024), which
can have similar structures in their Jacobians.

Settings in which K does not help. Like preconditioning generally, K does not always have a
smaller condition number than K. See Appendix G for a counter example.

In addition, if the eigenvectors of K are randomized to make a new covariance matrix A, say by

performing a uniformly random orthogonal change of basis, the entries of the diagonal of A will

concentrate to be

Tr(K)
d

and so the preconditioner diag(A)~'/2 does not affect the condition number of A. Hence the
diagonal preconditioner is effective when A has special structure represented in the basis in which
the optimization is performed.

A — = O((logd)d=1/?), (31)

max
7
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4.4 GRADIENT NOISE RESHAPING

Finally, there is gradient noise reshaping, wherein the SGD gradient noise matrix K is replaced by
the matrix K, up to constants. This is a complicated mapping, and there is no short answer about
the impact of this replacement. In Figure 4, we show a simulation of the spectra illustrating that for
CIFARI10, a practical, non-diagonal dataset, passing from K — K, might affect the magnitudes of
the eigenvalues but not their structure.

In the case that K itself is a sample covariance matrix, the matrix K, is strongly related to a Kernel
inner product matrix, for which there is a large literature. This includes properties of bulk spectra
(Karoui, 2010; Cheng & Singer, 2013), norms (Fan & Montanari, 2019) and more.

When K is a diagonal matrix then K, = Z1I and so this can be considered a type of preconditioning

of the gradient noise, albeit with a more aggressive preconditioner than D.

We expect that for power-law type covariances, in which K has powerlaw spectral dependence and
which are often seen in practice (e.g. in Figure 4), in language embeddings, and in image and video
datasets, K, again has powerlaw spectra of the same exponent. Beyond the spectral distribution,
replacing K by K, may also serve to slightly break the alignment of large directions of gradient
variance from large gradient biases (they are perfectly aligned in SGD), which should be beneficial
both to stability of the algorithm and performance.

5 DISCUSSION

Our high-dimensional limit sheds a quantitative
light on the precise ways in which SIGNSGD
can be compared to SGD, via change of effec-
tive learning rate, noise compression, precondi-
tioning, and reshaping of the gradient noise.

=~ Rl =

1 02 4
Theorem 2, the main technical contribution of

this work, required substantial technical efforts.
Although similar in formulation to existing

work like Collins-Woodfin et al. (2024), there 10"
are technical complexities in working with the
nonsmooth o function: both in terms of de-

riving the relevant concentration of measure
estimates (the textbook versions of which re- 10°
quire smoothness) and in terms of the addi- 102 10! 10° 10° 102 108
tional pathology of the resulting SIGNHSGD Log eigenvalues

(especially the ). We believe that a version

of Theorem 2 is true in much greater general-  gjoyre 4: Log eigenvalues of K, K, K,, computed
ity Fhan we have proven it, even fpr the linear for the CIFAR10 dataset.

setting: two desirable mathematical general-

izations are quantifying dimension intrinsically

(instead of through the ambient dimension) and generalizing the theory to settings of non-Gaussian
data.

Our high-dimensional SDE differs from the previously studied Weak-Approximation (WA) SDE
framework (Li et al., 2019; Malladi et al., 2022) in some key ways: first, our approximation im-
proves with dimension, whereas in WA one fixes a dimension and sends stepsize to 0. Secondly,
(Malladi et al., 2022) does not provide an explicit optimization problem, while SIGNHSGD is fully
determined given a learning rate schedule and covariance structure, which allows us to draw conclu-
sions about SIGNHSGD applied to these optimization problems (Theorems 3, 4). Finally, previous
works using WA to study adaptive algorithms like ADAM fail to quantitatively or qualitatively cap-
ture the dynamics of SIGNSGD; see Appendix F for details.

Though our work focuses on the case of MSE loss and linear regression, there is a path towards
extending results to more general settings using recent results in high-dimensional optimization
(Collins-Woodfin et al., 2023). In practical settings, models undergo dramatic changes in local
geometry during training; nonetheless, stability analysis of the linearized problem is still useful for

10
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understanding aspects of the non-linear dynamics of these systems (Cohen et al., 2022; Agarwala &
Pennington, 2024).

Finally, our analysis of SIGNSGD gives hints towards understanding ADAM in a similar setting. A
heuristic analysis shows that ADAM has a homogenized process similar to SIGNHSGD: it appears to
share the preconditioner D while differing from SIGNHSGD by setting ¢ — 1 and again modifying
the shape of the gradient noise K, (Appendix E). Thus for well-behaved noises €, SIGNSGD should
be nearly path-identical to ADAM; we note that LION has been recently observed to do just that
(Zhao et al., 2024). We leave investigation of ADAM for future work.

11
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OVERVIEW OF SUPPLEMENTARY MATERIAL

The supplementary material is primarily dedicated to the proofs of the main theorems, Theorem 1
and 2. Here we give the organization of the appendices.

In Appendix A, we give the proof of these main theorems, including their extensions in Theorem
5 and 6. The key approximations to the update rules of SIGNSGD are given in Appendix A.l,
including the key technical Lemma 1. In Appendix A.2, we show how these tools are used to give
the main proof (but we defer the estimates on the stochastic errors to Appendix A.4), culminating in
Lemma 3, which in fact proves the main theorem statement (that of Theorem 5). In Appendix A.3,
we discuss the extension Theorem 6 — as this is a modification of the proof of Theorem 5, we do not
go into details.

In Appendix B, we give the derivation of the ODEs SIGNODE and VANILLAODE from their ho-
mogenized counterparts, and discuss the proof of Theorem 2, which follows the same strategy as
Theorem 5 (for full details of this type of ODE comparison, see Collins-Woodfin et al. (2023)). Here
also, we discuss the derivation of the VANILLAODE, which is a special case of Collins-Woodfin et al.
(2023).

In Appendix C, we proof the analysis of the SIGNODE and VANILLAODE that gives its limit level
(Theorem 3) and a local convergence rate (Theorem 4).

In Appendix D, we provide additional supporting simulations, corroborating aspects of the main
theorems.

In Appendix E, we give a heuristic derivation of the high-dimensional limit of ADAM.

In Appendix F we show the “Weak Approximation” theory of ADAM produces a different SDE
prediction (see the discussion there as well).

In Appendix G, we give an example of a matrix where diagonal preconditioning hurts.

Finally in Appendix H, we give some additional information on how the experiments were per-
formed.
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A PROOF OF MAIN THEOREM

A.1 APPROXIMATION OF THE CONDITIONAL UPDATES

For simplicity of our proofs, we will assume 7 is constant. The proof remains unchanged if 7 is
defined as in Assumption 4. For convenience for the reader and to avoid confusion, we provide the
typical notion of convergence in high-dimensions.

Definition 3. An event A C R? holds with high-probability, if there exists some § > 0 independent
to d such that P(A) > 1 — Cd~? for some C' independent to d.

Definition 4. An event A C R? holds with overwhelming-probability, if for all § > 0 there exists
Cjs such that P(A) > 1 — Csd~°.

Following the SGD update rule (1), we start by computing the conditional update of the i-th entry
of the iterates. For notational convenience, we define v, = 0, — 0,.. Moreover, when it is clear we
will denote Ry, = R(6y,). Then,

E [y — Vi) = = 2B [0k )o (et ve) — o)1) (32)

N ] i Jsd '
:7QE o(xp1)E |o V,@X}CHJrZukka—e Frr Xpq1 | |F

i
(33)
Given that the data is Gaussian distributed, upon conditioning on Fj, we see that
> vixd .y ~ N(0,2Ry, — 2v}, (K, i) + Kii (v))?). (34)
J#i
Additionally, if ¢; is any constant, we can write
Z ufcxfﬁ_l = Z yfcxiH — ciu,ix};H + Cinin;_;_y (35)
J#i J#i
Lety' = 5. vix) . —cwixi .. One may check that if ¢; = i) Kiive hen o is inde-
g#i VeXk+1 = CiViXpqpr- y i K] ) Y

pendent to x} , and y* ~ N(0,2R; — (K;, I/k>2). Moreover, since y° is independent to € their
difference y; — € has density given by

o 2
hi(x) = ! / exp (&) dLc(y).  (36)
R

\/277 <2Rk (K, Vk>2) 2 <2Rk —(K;, Vk>2)

Using (36), we compute

E|o u,ix@_l +Zuixi+1 —€ fk,xf;H
j#i
=F {a (v' — e+ (1 +c)vix)q) ]—"k,xiﬂ]

=Pr i, (Wi—e>-+e)vixi) —Pr oy, (i — €< —(1+c)vixpy)

%) ) —(1+Ci)VlixZ+1 .
:/ hi,(z) dz —/ hy,(z)dx. 37
—(1+ci)uix};+1 —o0

Define - .
H(s):/ h;;(x)dg;—/ Rt () de, (38)
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where upon differentiating it is easy to see that
H'(s) = 2h}(—s). (39)

Taylor expanding around 0 we obtain,

E|o uix}c+1+z%xf€+176 ’fk, X1 | = H((1+ c)vexp )
J#i
<Kiayk’>xi
k1
K *

d (K, vg) i ? i
+ &hk(o) < K, Xk+1> + Rk+1a
(40)

Kl? . 3
Rl = << i) 2+1>>- @1)

Plugging this back into (33) yields

= H(0) + 2h},(0)

where

i i i <KzaVk> %
E [vji, — Vil Fe] = — E [ (Xjo41) ( ) + 2hy( Ki k1) | Fr
1 K7,7Vk> . 2 i
- o (Xjr1) ( Ry ( 2+1> +R§c+1> ]:k]

i 1o (K Vi) i i
_thk(O)T“E| k‘+1| d [ (Xk-',-l)Rk'-‘rl]

. . 9 _ ,
— ,Zth(O) (Ki,vi) \/; - Z]E[O’(X;H_l)R%H_l]. (42)

If (K;,v;) = O(d—*) for some s > 0, then we should be able to approximate 2\/2% (0) by
\/2177kg0(7€k) where

P(Ry) = % /]R exp (4732) dL(y), 43)

forall 1 < i < d. As such, assuming the error R}, 1 vanishes, we obtain the approximation of
Equation (33):
: : ne(Ri) jz=

E v, —vp|Fk| = —= K, vp). 44

|: k+1 k k:| d m < k> ( )

We will justify (44) in the upcoming lemma. Before we do so, it will be convenient to work under
the setting that the risk is bounded. As such, let L > 0 and define the following stopping time,

7o = min {k; ||vg| > L}, 45)

as well as the stopped process vy = Vxar,. We will show in Lemma 4 that L may be chosen so that
Vi, = V), with overwhelming probability.

Next, we consider the following implication of Cauchy’s integral formula
— 1 —
(K, vig) = —— f 2R(z; K)] vy dz. (46)
27 Jp

By Assumption 3, we may bound ||R(z; K);|| for all z € I by a finite collection of z € T'. Indeed,
if Ty is a 1/v/d-net on T then |Ty| = O(d). It follows that for all z € T, there exists some z € I'g
such that |z — 2] < 1/Vd V/d. Then, by resolvent identities we see that forall 1 <4 < d and a € R?,

R (= K)fal| = [[R(20: K); a+<z—zO>[R<z~K>R<ZO;K>1?a|\
< IR (z0: K)al| + —= HRzK || R (=20 K)al|

< (1+ Mp) max, ||R(Zo7 K); al|. 47)
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In particular,

K)Tal| < (1+M - K)Tal|. 4
max max [[R(z; K);al| < (1+Mp) max max [[R(z0; K); all (48)

Plugging this into (46),

_ 1 _
[(Riovi) | < g ol (0+ M) sy e [R(eo: KT |

— w2 3T
=4(1+ Mg) |K]|| max max |R(2; K){ vl

= Cﬁrzréelpé 1rélzagxd HR(Z,K)lTVkH . (49)

Note that terms such as 1 and HKH are bounded by assumption, thus we make the convention moving
forward any constants independent to d such as Cg may change from line to line. Therefore, to
show that <KZ-, vk> shrinks as d — oo, it suffices to show that max,cr, maxi<;<q HR(Z;K)iTVk ||
shrinks as d — oo.

Lemma 1. Given Assumptions | - 5, there exists a net T'y C T of order O(d), such that for all t > 0
and 1/6 + §p < § < 1/4,

— db
VT
ety 112?;(d05?§§dj IR (= K); vil| < Vd 0

with high probability.

7z #(Re). In addition, define Ay
d

be a diagonal matrix with entries given by hZ , as well as the vector By, = (E[o(x}, LR D
By (42),forafixedz € 'gand 1 <i < d,

Proof. For clarity of notation, let hi, = 2\/% hi (0) and hy, =

E [R(z K)! (vie1 — vi)|Fx] = R(z: K)[E [Vig1 — vi| Fi]
— ng(z;K);F (ApKvy + Epy1)

= —gEkR(z;K)?Kvk

— ZR(Z,K);T (AkKVk — ?LkKVk + Ek+1)

*gﬁk (zR(z; K); vi + v},)
— ZR(Z,K)ZT (AkKVk — }VLkKVk + Ek+1)
= —g%sz(Z;K)iTvk

+2 (—Ekvi +R(z:K)/ (ﬁkﬁvk — A Kvy, — Ek+1)) .

d
=£;(2)
(S
By the Doob decomposition we see that,
R(zK) virr = R(z K vi + E R KT (vir - vio)lFi] + AME, ()
= (1= Thez) R R) v+ AM, (), (52)

where AM] | (z) are the martingale increments of R(z; K)T (Vi1 — vi). Let
k 0~
Lk- = jl:[o (1 - gh]z) s
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then upon iterating (52) we obtain

k

_ _ 1, . )
R(z K)[ Vi = LR(zK) vo+ Li Y > (E(z) + AM!, (). (53)
j=0

It is easy to check that Z?:o +AM},(z) is a martingale so we shall denote it by /\7;+1(z). Let

_ d°
71 = min {k; |IR(z,K)}vg|| > —= forsome 1 <i < dand z € I‘O} . (54)

Vd

It suffices to show (50) holds for the stopped process vy, given that

5
IP’< max max max HR(Z,K);Fan > d)

1<k<|td] z€lg 1<i<d \/g
— Al
.3\ T
=F (&X 12, [RGK) Y aian | 2 \/3) ' 43

For notational clarity, we will write Vi, = viar,. Note that (53) holds all k, so it must also hold
for the stopped process V. Given that the entries of Vi move at increments of Z, we observe the
following bound on the stopped process,
T d  nMpg
R(zK)ivi]| < —=+ —=
< nMyd° -
Vd
Moreover, by Lemma 8 we know that ﬁk < M. This in turn implies Ly is bounded from above and
below. Indeed,

(56)

k
_ ny
It =11 1= e

k
nMe||z||
<Tf1+ <=0
_jl;[o +

N Ltd]
) (1+ 20, HKH)

d
<exp (nC,. %) - (57)
Similarly for the lower bound,

K
77~
Lkl > H 1—- 3’% B
§=0

— N\ Ltd]
. (1 e HKH)

d
K|

2nM.
——

[td]

K|

> exp RV =3
e

1

> exp < QWM;HKH Ltdj>

—exp (<1, k) » (58)
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. M ||K
provided that e 7 I < % Therefore, up to a constant factor

4 k=1
IRGR)T] < i | IRERT) + [ Min )| + X lEie) ] 69
§=0

We will now bound the error £ ; (2). By (49), we already know that

| (Ki, ¥;) | < Cgmax max, [R(z K){ vl (60)

Similarly,
~q .7 T~
[vi| < Cﬁtzrggg 1r£%xd HR(z, K), ij . (61)

We also observe forall 1 < i <d,
By =E[o(x} )R]
~ i 13
(K, v;) X541
K

IN

0

=0 (|(Kiv;) ")

3
=0 <<§g}§ 11;1%)([1 HR(Z,K);F%H) ) . (62)

In particular, for some constant C > 0,

d

> (Eai'+1)2

i=1

1l =

3
< \/&CK (max max HR(Z,K);FVJH) . (63)

z€l 1<i<d

For our last error term we apply the Lipschitz bound obtained by Lemma 8. That is the map
2

s (s) = %ﬁ[ exp (;Z) dpee(y), (64)

is Lipschitz with constant L.. Moreover, 1(2R; — (K, Vj>2) = Tzz and ¥(2R;) = h;. By (60),
forall 1 <i <d,
B: —hy| < Lo (Ko, v5)
2

<L. (CK%;?D( Jax, HR(z,K)?%H) . (65)

It follows that
|, = 4K, | < [yt — 4| R
2
< L, <CKmaX max HR(Z,K);FV]H> ||K\7]H

z€l 1<i<d

3
<0 Vi (né‘%x mas [R(: K)?vju) . (66)

For notational clarity, let us write wj, = max,er, max;<;<q ||R(2; K)Ivi||. Putting all this to-
gether we have up to constant factor,

le@l < 2 (79 + RO (|[hsta — 45| K| + 1E5511))

nC. g
< d’K <wj +2\/;iw§-’). (67)
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Returning to (59), upon taking the max across z € I'g and 1 < ¢ < d and up to a constant C’77 L R >
0, we obtain for all k < |td|

k—1

i n 3)
Wi S Cprex | w0 2eT 1912d 1<k< td) M) par i (w] 2V (68)

Define
P = C” teX < 0 ze%“)§1<?<xd 1<k<af§dj M k(2 >> 69)

as well as the stopping time

T = min {k;wk > 308 exp (C’n’t@ﬁ)} . (70)

As before, we note that wy, can only move at increments of at-most 77% Thus,

nM,

wiar, < 3Brexp(C, , g) + Vi = 3, (71)

for all £ € N. Plugging this into (68),

([td]—1)AT2 | td]

Witdjar <P+ 04 v Z gwj + Z g (2\/Ew§’)
7=0

=0
(Ltd) —1)ATs

< B+ Crue [2VABYY ]+ Y Cpperows: 2

Jj=0

By Gronwall’s inequality,

Witd|Ary < (ﬂt + Cn,ue,ﬁ\/g [2(52)3]) exp (Cmt,ef) . (73)
If we can show that 3; can be made sufficiently small so that
Cn,t,e,ﬁ {\/a(ﬂé)g} < B, (74)

then w¢qjrr, = wisa)- To see this, recall by Assumption 5 we know that for any constant £ > 0,
the former term of 3; has the following tail bound,

fdé 2 /¢2 326
> 2 < — .
P (Hé:ﬁ(lrgax IR(z; K)f vo|| > i) S Cd? exp (—c'€%d™) (75)
To bound the martingale term, we first fix z € I'y and 1 < ¢ < d, then let
T —min{k' |Ml(z)>£d6} (76)
3 ; k = \/g .

Let X} = M;ATS (2). Notice that E [/W;C(z)} =0, so E [X}] = 0. It follows that

P( max |/Wi(z)\>@ =P(|X ||>@ (77)
1<k<itd] = F ~Vd Ltd] ~Vd/)

Notice that

—1

| Mia (2) = Mi(2) RGR! (vis = i) = RER)TE [vis = vl

|-
< Ct,KUMR

78
S =i (78)
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C, gnM . .
Hence, || X — Xi—1]| < % almost surely for all k. However, we may improve this increment

bound by %S for % + dp < s < 4. Indeed, by Corollary 2 for all even moments 2p < d, there exists
a constant C'(2p, ), K) such that

P (IIXkH - X = ‘2) < O(2p,n K)ar(572542%), (9)

It follows by Lemma 11,

d° 242(5—s) .
P <||XLth || > f/g> < 2exp (—%) + LthC(Qp,n,K)dp(§—25+250) (80)
n,t,K

Thus, taking union bounds across z € I'g and 1 < i < d gives,

P (e, [0 2 €0 < ooy (€477

2€lg 1<i<d 1<k<|td]|+1 Vd Cn.t K

+20d? [td] C(2p, n, K)dP(5=25+200)  (g1)

It is easy to see that for d sufficiently large, we may choose p large so that s > % +do+ %, implying

the latter term converges to 0 as d — oco. Therefore, 5; < % with high probability. Returning to
(74), up to a constant factor that is independent to d,

]P’(x/&ﬁf > 5t) =P (ﬁf > 1)

Vd
d26 1 1 d2§
=P(— > 2>)+IP< s 22)
(770> Jg)ve > =
d6
P >2), (82)
(> 7)
provided that 6 < 1/4. Thus, (74) is satisfied and w;4jr7, = w|sa) With high-probability. By

choosing § appropriately in accordance to (70), we conclude w)¢q; < \d/—% with high-probability. [J

A.2 CONVERGENCE OF SIGNSGD TO SIGNHSGD

In this section we will show convergence of the dynamics of SIGNSGD to that of SIGNHSGD.
Recall SIGNHSGD is defined as in (7). Similarly to SIGNSGD we will impose a stopping time onto
SIGNHSGD,

A . _

To = min {t; |©; — 0. > L}. (83)

We will also define the stopped process by Vi = @1, — 6. In light of Lemma 1 we will equate
ne(Ri) =

E — Vi |Fk| = — Kvy. 84

{vkﬂ vk k} dv2Ry v &

We shall use the following:
Definition 5 (Quadratic). A function q : R* — R is quadratic if it may be written in the form

¢(x) =xTAx +bTx + ¢

for some A € R4 b e RY and c € R.

Now if ¢ : R? — R is quadratic, it is easy to see that

2
a(vier) —a(vi) = =3 Va(v)" (@ri1) + 55 (0n) V2avi) (@her).  (E9)
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Thus, taking its conditional expectation we obtain

) atv) R+ (V) Ka). 60

Elg(vi+1) — q(vi)|Fi] = r

By the Doob-decomposition, we have

R I 2 3 ua
MRY) G (v ) TRovg -+ ! (V2q(vi), Ko ) + AMET | 4 ApMEuad

q(Viy1) — q(ve) = N 2 s
(87)
where
AME = —qu(vk)T (oks1 — Elong1|Fr]) (88)
and )
AMied = T (oF VP a(vi)owe — Elof, V2a(vi)owe | i) - (89)

242
Similarly, by Ito’s lemma on V,, we see that

dg(V,) = <_’%vq(vt)TKvt + Z—Z <v2q(vt),K0>> dt+dM7, (90

dM7 = nVg(V)* (\/ 2}; dB ) 1)

Comparing (87) and (90), we see that predictable part of signSGD and the total variation part of
HSGD depend only on Vq(x) Kz and R(x). We capture these statistics in a “closed” manifold
defined by

Qq = {x"x, ¢(x), Vq(x) "R(z; K)x, x"R(z; K) " Vq(x)R(y; K)x; z,y €T}, (92)
To be precise in our notion of closure, given any g € @, the predictable part of (87) and the total
variation part of (90) may be expressed via contour integral around I' by a linear combination of

functions from Q. Let us look at an example. Suppose g(z) = Vq(x)TR(z; K)x. Itis easy to see
that
_ne(Re)
E [Vg(vi)" —vi)|F
[ Q(Vk) (Viet1 Vk)\ k] d\/ﬁ
ne(Re) (1o
= v
dyamy, VeV
G (
dv/2Ry,

where

(v IVZR(z; K)Kvy, + VER(Z;K)TV2(]KV]€)

i V2R (2 K)vi + vi R(z; K)TV2gKvy,) .

(Vi)

93)

However, by Cauchy’s integral theorem we may express p(vy) by

1 _ _ _ _
pv) = =5 VIR RV R R)ve + v RER) VARG Kpvicdy, 09

as well as
VEVQ(]Vk = fﬂ( TR(2; K)VZqR(y; K) vy, dzdy. (95)
Consequently, we see that
Ri)
IE [Vog(vi) ™ (Visr — va)lFi]| < Z% 16 K masc v 96)
16nM.,
< S8 R mae lg (). ©7)

where we applied Lemma 8 in the second inequality. Note the constant factor of 16 ||KH2 depended
on g. We may work around this choice dependent constant to obtain a uniform bound on (97) for all
g with the following lemma:
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Lemma 2. Let Q4 be defined as above then for all n > 0 there exists @q C Qg such that |Qq\ <
C(K)d*™ and for all g € Q, there exists go € Q, satisfying ||g — gollc= < d™"

The proof of Lemma 2 may be found in Collins-Woodfin et al. (2024). If g € @ then there exists
go € @, such that

ne(Ry)

|E [Va(vi)T (Vi1 — Vi) |[Fi]| = ‘dig(Vk)TKvk (98)
< Wjﬁ (IV(g = 90) (Vi) "Kvi| + [Vgo(vi) "Kvi|) (99)
M,
< 222 (o = gl K el + o () e b))
(100)
< - (@7 [[K]| + €y, (K)) max g (vi)l, (101)

where Cy, (K) is the choice dependent constant as in (97). By taking the max across our finite net
@, there exists C(K) > 0 such that for all g € @,

[E [Vo(vi) " (Viess — vi)|F]| < T C(K) max [g(vy)]. (102)

quq

We are now ready to prove our main result. It would be convenient to extend the indexing of vy,
from N to R by defining the sequence t;, = k/d. With some slight abuse of notation, let v;, = vy.
Ift—1 <t <{g, thendefine vy = vy, ..

Lemma 3. Given 0 < 2p < d and a quadratic q such that ||q||c2 < 1, define Q = Q4 U Qr, where
R is the risk. For all T > 0 and 1/3 < & < 1/2, there exists C(K, €) > 0 such that

3d° —
—q(V,)| < — C(K, T), 103
Ogtlng(Vt) q(Vy)| < a exp ( (K, &) 7l o ) (103)

with probability at least 1 — ¢(2p, K)dP(1/3-9),

Proof. Let g € Q, by (87), we see that
[ td] o [td]

R Vi in qua
o) = otvo) ~ 3 5 TRV R v G S (V) Ko ) M 4 M7

/ \/TVQ(VS)TKVSdS-F/ <V2 (vs),Kg) ds

+ Ml paad (104)

Taking the difference with o-HSGD, we see that

t
@(R( )) Ty, o( (Vs)) T
vi) — g(V)| < 7V vs) Kvy — ————==V (V) KV,| ds
l9(ve) — g( t)l_n/o Rivy 9(vs) ROV 9(Vs)
+ sup (MY + M2+ |MI)). (105)
0<s<t
However, Lemma 8 tells us the map
¢(a)
,b) = b, 106
(a,b) T (106)
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is Lipschitz continuous with constant L. > 0. Thus, using the same argument as in (102) we may
bound the integrand by

‘P(R(VS))V v TRKv. — @(R(Vs))v VTRV
IR(vs) 9(vs) s m 9(Vs) s

< Lo/ (Vg(v.) TRy, — Vg(V,)TRV,) + (R(vs) - R(V.))’
< LC(K) max|g(vs) — g(Vs)l. (107)

Plugging into (105) we get
sup [g(ve) — g(Va)] < sup (JM"] + |MIU) 4 |MT))
Q 0<s<t

ge
t
9L CK) [ maxlg(v.) ~ g(V.)lds. (108)
0 9€Q
By Gronwall’s inequality,
sup [g(ve) — g(Ve)| < sup (IM"] + | MI) + M) exp (nLC(K)t) . (109)
9€eqQ 0<s<t
Lemmas 5, 6 and 7 bound the martingales, concluding the proof. O

We have now shown that the stopped processes satisfy the conclusion of Theorem 1. We will con-
clude the proof of Theorem 1 by showing that, with high-probability, the process is not stopped.

Lemma 4. Forall T > 0, there exists C (K, K,) > 0 such that
- _
Oréltang V]| < exp (TC’(K, Ka)) , (110)

with overwhelming probability.

Proof. Forz € R% let ¢)(z) = log(1 + ||z||*). By It’s lemma,

_ o 2
dp(Vy) = 200 (Re) VIRV, - —— 1 VTK,V,| dt
V2R(1+ Vi) dr(1+[|Vel”)
2
+ [2772 Tr(K,) | dt+ —21 v/ Boas,.
dm(1+ [[Ve[]”) L+ Vel dm

It is easy to check by the Cauchy-Schwarz inequality that the deterministic terms of may be uni-
formly bounded by some constant C(K, K) > 0. Denote the martingale term by M7~ 7 5P then
the quadratic variation is given by,

4n? ¢
</\/1<7—HSGD>75 — %/ VSTKO'VS ds (112)
dm(1+ [[Ve]]")? Jo
2
K
N 1Kot (113)
dm

By subgaussian concentration,

P < max (V) > 2TC(K, KU)> <P < max M7~ H5P > 7C(K, Kg)>
0<t<T 0<t<T

-C(K, KU)QTd’iT>
< 2exp ( . (114)
21 || Ko ||
That is _
Jnax Vi <exp (TC(K,K,)) , (115)
with overwhelming probability. O
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Therefore by choosing the upper bound in our stopping 7y and 7 in accordance to Lemma 4, we
obtainv, = 8;,—0, and V, = ©,—0, forall 0 < t < T with overwhelming probability. Combining
this with Lemma 3 proves Theorem [ as well as the following generalization:

Theorem 5. Given Assumptions 1-5 and a quadratic ¢ : R* — R, if g(x) = q(x — 0.,.) then

choosing any fixed even moment 2p € (0, d), there exists a constant C(K, €) > 0 such that for any
€ (1/3,1/2) and all T > 0,

3d° || gl ¢
sup 01a1) — 9(0,)| < ——LC=
U<t1 19(01a)) — 9(©y)] < Va

with probability at least 1 — ¢(2p, K)dP'/3=%) for a constant ¢(2p, K) independent to d.

exp (C(K, ) n]l T) (116)

A.3 MAIN THEOREM WITH BADLY BEHAVED NOISE
In this section we formulate a version of Theorem 5 without Assumption 2. The key is that we must

work on subsets of the state space where the risk remains away from 0. So suppose that we let
0= min {t; |©; — 0. <o},

for a fixed positive ¢ > 0.

We note that the map = — ¢(x) is Lipschitz on [p, c0), even without Assumption 2, since

[ E e (-5 wa

The function ze~® is uniformly bounded on = > 0 by e~!, and hence |¢’(s)| < 1/ on the interval
[0, 00).

Thus, we can now proceed with the same proof as Theorem 5, although we do not remove the
stopping time ¥. The end result is the following:

Theorem 6. Given Assumptions 1, 3, 4, 5 and a quadratic ¢ : RY — R, if g(x) = q(x — 6.)
then choosing any fixed even moment 2p € (0,d) and choosing any o > 0, there exists a constant
C(K,¢,0) > 0suchthat forany § € (1/3,1/2) and all T > 0,

3d°
sup  |g(0)1a)) — 9(O:)] < 3dlgllce

C(K,e, T), 117
0<t<TAY Vd p (C(K,€,0) I T) (117)

with probability at least 1 — ¢(2p, K)dp(1/3_5) for a constant c(2p, K) independent to d.

We remark that if the risk of SIGNHSGD remains bounded away from 0, which will be the case for
constant stepsize and nonzero noise, one could additionally show that ¥ does not occur with high
probability. In that case, one can derive as a corollary of Theorem 6 a statement without ¥.

A.4 BOUNDING MARTINGALE TERMS

Lemma5. Forallg € Qand1/3 <6 <1/2,
) d°
sup  |MEP| < —, (118)
0§k§[de| €l Vd

with high-probability.

Proof. Recall that under 79, vj, < L. Moreover, given that [|g|| . < 1 and HR(Z,K)H < Mg, we
also have that ||g|| - is uniformly bounded for all g € Q. Therefore,

[AM"| < (14 [lvkl)

L gl
Vd

n
< 2 (1+ L), 119
< L lgles (14+1) (19
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almost-surely for all k. Now by Corollary 3, for 1/3 < s < ¢ and even moment 2p < d, there exists

C(2p,K) > 0 such that

1/2
@\ _ COpKE [[Vg(vin)|?] a2
P (|AMk > d) < S

< 0@2p,K) (1 + L)% @?r(5-3).

Choose s = % + %. By Lemma 11 the result follows.

Lemma 6. Forallg € Qand0 < s <1/2,

1
sup |Mzuad| < g
0<k<|Td]

with overwhelming probability.

Proof. From Cauchy-Schwarz, we see that

k =7 gllc>

Then, Azuma’s inequality shows that

IP |Mquad| > 1 < 2 _d—25+1
max e €x ~_an.n2 )
1<k<|Td] k —ds) T P CT774H9H%2

which gives the result.

Lemma 7. Forall g € Q and s < 1,
sup |M7| < -
o<t<r T T ds’

with overwhelming probability.

Proof. From Equation (91), we know that

¢ 2K
o = v,)T 2 4B;.
¢ 77/0 Vq(Vs) ™y 7 4Bt

Using the ||¢||c2 norm we can bound

IVg(Va)ll < llgllg= (1 + VD)
Then, with Assumption 3 and Equation (126) we can bound the quadratic variation as,
2 [t

(M%) = Vg(VI)TK,Vg(VY)ds
dm 0

22 t
[ I 19yl as

2772
drm

IN

IA

2
Ko [l llgllce (1 + M)

27
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Then, using the subgaussian tail bound for continuous martingales we see that the stopped martingale
satisfies,

—t2dn
P sup |[M7|>t) <2ex . (128)
<o<£T' il > p(4772 I, gléz(1+M)2T>

O

Lemma 8. If i is a probability measure on R with the property that there exists ag > 0 such that
j‘; = g(x) on [—ag, ag] for g € C*([—aop, ao)), then the map o : Rt — R defined by

s /exp( ) duy), (129)

Proof. Notice that it suffices to show (129) is bounded and Lipschitz for 0 < s < 1. Let fs(y) =
w\z/g exp (;—Zz), as well as G(y) = p((—o0, y]). Decomposing the integral into

/ fs(y)dpu(y) = / fs(y) du(y) + / fs(v) dp(y), (130)
R [—ao,a0] R\[—a0,a0]

we see that the latter term may be easily bounded by

1 —aj
/R ) < e ( a ) , 131

which decays to 0 as s — 0. The former term we apply the integration by parts formula to get

Yy=ao )
[ swu=rwew|  +[  dpeo(L)omy 0w
—ao,ao0 y=—ag —agp,ag

Further decomposing the latter integral into positive and negative regions we get

“ oy —y? “ oy —y?
[ e (L) tay= [ e (L) G-+ (-aaa] ay. 139

and

is bounded as well as Lipschitz.

/0 e (;f) Gly)dy = /00 e (;:) (G(—ao) + (a0, )] dy  (134)

—ag —a

_ / e (‘j) [G(~a0) + (~ag, —])] dy.

(135)
Thus,
Y -y
§3/2 = 1
/[—ao,ao} 53/2 exp( 9 ) y)dy = /0 ( 9 >M 1) dy (136)
S C (2y> (137)
GO/\f y?
- / Yy eXP< ) dy. (138)
0 2

Putting this all together, we conclude that ¢(s) is uniformly bounded for all s > 0. To see lipschitz,
we apply a similar argument. We first differentiate f5(y) with respect to s to we get

d 1 —y?
&fs(y): 55572 P (25) (y>—s). (139)
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Therefore,
, d / d
- — f.(y)d + —fs(y)d . 140
o (s) /[_%,ao] e (y) du(y) S 35 /s (v) duly) (140)

There exists so > 0 such that if s < sg, then v/3s < ag. It is easy to check that if y > /3s then
% fs(y) is decreasing in y. Likewise, if y < —v/3s then % fs(y) is increasing in y. It follows that

/ L 1w duly) < g exp (_a(2)> (a5 — 5) (141)
5 Js S 5 &X 5. - )
R\[—ao,ao] dS 85/2 28 0
which decays to 0 as s — 0. Finally, we apply integration by parts once more to get
d d y=ao
—fs(y) = — fs(W)G(y) (142)
/[—aoyﬂo] ds ds y=—ao
- ) (-3 d 143
A vl v (v” = 3sy)u((=y, y]) dy. (143)
Since g € C%([—aop, ag]) we may express u((—y,y]) as
y
p(-o) = [ 0)+ g O + 0a*) do = 29(0)y + OGP, (144)
—y
Plugging this into (143) it is easy to check that
3 —aj
% 4(0) 2 s B g(0)ag exp( o )
’/0 e e | 5 ) 7 = 3sylydy) = 57 : (145)
and
/“‘)Le ) (7 - 3s)0(%) d <c/“°ie V) (4 4 38yt
Al Gl VO ) dy| <C | oomew| 5 | y)y® dy
(146)
ao/V's y2
= C/ exp <—2> (y* + 3y)y® dy. (147)
0
Combining this with (141), we conclude that |a/(s)] is uniformly bounded for all s > 0. O

Lemma 9. Let 2 ~ N(0,K) such that K is positive-definite. If a € R?, then for all even moments
2k < d,

E[(a,0())**] < C(28, K)ol 2™/, (148)
where C'(2k, K) > 0 depends only on 2k, Ayin(K) and Ayax (K).

Proof. We start by fixing a § > 0 and defining the smooth approximation of o(x) to be o5(x) =
ps * o(x), where ps : R — R is the standard compactly-supported mollifier convolved entry-wise
to o(x), i.e. (05(x)); = ps * o(x;). It follows that

I {a o ()} lar < || (@, 0(x) = o5(x)) [l + | (@ 05()) [l e (149)

Note that ps has support contained in [—4d, 8], thus the entry-wise difference of o(x) — 05(x) may
be bounded by
0 |X1| > 20
AR N <
o) —astxl < {5 175

Define Nj(x) = Zle 1{|x,|<25} to be the number of coordinates of x within the interval (—24, 25),
we see that

E [<a, o(x) — 05 (x)) 2] < Jlal* 225K [Ny (x)2¥] (150)
= [lal** 22’“ZP((xi)i@/ e [-25, 25]'5"), (151)
seT
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where Z = {1,...,d}?*and s’ is set of distinct elements of s. Let K& = E [(x;)%2,], then

(X:)icsr ~ N(0,K®)). Recall that there exists a permutation matrix P, such K forms the
top |s’| x |s’| sub-matrix of PKP~!. Given that PKP~! and K are similar, they share the same
eigenvalues. Therefore, by the Cauchy interlacing-law,

)\min(K) < /\min(K(S/))~ (152)
In particular this implies

Is”|

det K = TTA(K®) > Anin (K) 1. (153)
Plugging this back into (151) and choosing § = d~", we get
2k 2% o2k (40)¥
E [ (a,0(x) = 05 (x))™| < Jlal2 2 2 K ))W (154)

= [lall%c 2 Z() {l}Qm\mm e (155)
2 o2k 2k ! (45)!
< flallc 2 13}%’5;@( {z}) () Gomm @2 190

T 2k
< lal** 2% C (2k) ded (157)
V2m min{Amin (K), 1}

= |la|?* C(2k, K)a "%, (158)

where {2lk} is Stirling’s number of a second-kind. For clarity of notation moving forward, we note
that C'(2k, K) may change up to factors of constants or powers of k from line to line, while always
being independent to d.

To control the second term of Equation (149), we modify the proof of concentration of Lipschitz
functions of Gaussian random variables. See Lemma 2.1.5 for more details Adler & Taylor (2007).
Let G(x) = (a,05(x)). and z ~ N(0, K) be independent to x. Define the Gaussian interpolation
z“ to be

@)

2% = ax + /1 — a2z,

lay

and note that x = z(®) for all o € [0, 1]. Then by Lemma 2.1.4 in Adler & Taylor (2007),

E[G(x)%] = (2k — 1) /01 E [<K(a ® 0h(x)),a ® ag(z<a>)> : G%’z(x)} da, (159)

where © represents the Hadamard product. Going forward, we will use Holder’s inequality to break
up the expectation and form a recursive equation. As such, consider

E[(K(a ® 0}(x),a ® a5(y*))*"], (160)

for some p. Standard linear algebra gives us

E[(K(a © 05(x),a © o5(®)) "] < (IK]|lal%)7E[(05 (0 05 () )]
< (1Kl lall2, o ol 7,

(161)

with the last line following from Cauchy-Schwartz and equality in law of x and z(®). Given that
o5(x;) = 0 for x; & [—26,20], as well as |of5(x;)| < % for x; € [—26,26] and L, a universal
constant depending on our mollifier,
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4p

Eflos (0l 7] < 22 Biv2).

As we have seen in Equation (158),

= Sip

E[Ns(x)*] < C(p. K)d!' "%

Therefore, up to absolute constants

E[(K(a® o' (x),a ®d'(y*)*] < C(p,K)(|a])

4p
4P
< C(p,K)([Jal%,)?rd 2.

Returning to (159) and choosing 2p = 2k — 1, we see by Holder’s inequality

E[G(x)*"] < (26 = 1) [G* 7| 2y [[[(K(a © 05(x),a © 05(y)) | por-s

L2k—2

< (2k — DE[G(x)* 51 Ok, K) [|a|%, d"*7.

Iterating the same inequalities as above for E[G?*~1], we obtain

2k—1

EGe)*) < [T ((2k—0)C(2k—i.K) ), d*7)

i=1

2k—1i
2k—1

< O(2k, K) [|a]| 2 d0+0%,

Equations (158) and (167)combined give control over Equation (149),

147

I a0 ()} 2 < €2k, K) Jall oo (45 4+ 7).

Optimizing over r yields r = 1/3 leading to

E [(a,0(x)) I**]

as desired.

< O(2k, K)lal|35a""?,

2PL7Pd(1—T)2P

(162)

(163)

(164)

(165)

(166)

(167)

(168)

(169)

(170)
O

Lemma 10. Let x ~ N (0, K) such K is positive-definite. If y € R% a random vector independent

to X, then for all even moments 2k < d,

E [{y.0(00)] < Cl2k KOE [ly)*] " a7,

where C(2k,K) > 0 depends only on 2k, Apin(K) and Apax(K).

(171)

Proof. The proof is almost identical to that of Lemma 9, but instead of taking the sup-norm of a
in (151), we take the I3 norm via the Cauchy Schwarz inequality. Now proceeding proceeding in a

similar fashion we get

E[(y.0(x) - os(x))™| <E

<E [Iy1*] " E [l o) - o560

<E

<E

1y 1 flr(x) — 3 (x) %]

vl 2% (= [N 0]) 2

r 1/2
IyI*] " K)a -k,
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Lastly, by the independence of y and x, upon conditioning on y we see by Gaussian-concentration
on (y,o5(x)) that

E [{y.0500)™] = B |y, 0500)

2k
. (omwn m) (177)

.VH (176)

= C(2k, K)E [ly]*] d*", (178)

where C' > 0 is an absolute constant. Combining (175) and (178) then optimizing in r > 0 yields
the result. O

Corollary 1. Let a € R? and x;,1 ~ N(0,K), then for all even moments 2p < d, there exists
C(2p,K) > 0 such that

C(2p.K) a2 d*/*

P([(a, o(lhy1xp+1) — E [o(lprxpr1)|[Fu]) | 2 1) < 2 (179)
Proof. For notational clarity, let us denote Y = (a,0(fr+1Xx+1)). By Jensen’s inequality and
convexity of x + 2P,
1 1
E [|Y — ]E[Y|fk]l2p] < 2%E [2Y2p + QE[Yfk]ﬂ (180)
< 2%E [Y?]. (181)
However, notice that E [Y?] = E {(a, o (xpq1))?? } . By Markov’s inequality and Lemma 9,
P (Y —E[Y|F]| > t) =P (|Y - E[Y|F;]*" > ) (182)
2%E [ (a, o (x4.41)) |
< yon (183)
2p, K) [|a]|? a*»/
_ CepK) a2 a7 154
t2r
O

Corollary 2. Ifa € R? such that maxa<i<q |a’| = O (\%), then for all even moments 2p < d and
s > 0, there exists C(2p, K) > 0 such that,

P (| (@, 0 (b 1%k 11) — E [0(Cepaxi 1) Fil) | > d°) < C(2p, K)aP(3725425) - (185)
provided that d° > 4|a'|.

Proof. For ease of notation, let 011 = 0({x11Xp41). Given that |a' (o1 — E[opi1]Fr]) | <

2|a!|, it follows by Corollary 1,
dS
2E 2) (156)

< C(2p,K) (InaXQSiSd |ai|)2p dr/3

d

Za <0k+1 —-E [Ukﬂ

=2

P([(a op41 — Elowa[Fil) [ 2 d°) <P (

< e (187)
< C(2p, K)dr(5-25420) (188)
0
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Corollary 3. Ifx;1 ~ N(0,K) andy € R? a random vector independent to x, then for all even
moments 2p < d, there exists C(2p, K) > 0 and independent to d such that

1/2
C(2p, KJE [y|"] " a2

t2p

P (| (y, 0 (ler1xk+1) — Elo(ep1xp+1) [Fi]) | > 1) < (189)

The proof is identical to that of Corollary 1 but using Lemma 10 instead.

Lemma 11. Let My, be a martingale such that |My, — My_1| < C almost-surely and let S, < C.
Then forallt > 0 and N > 0,

t2
P(|My|>1t) <2exp | — +P(3kE <N —-1,|My — Mg_1| > Si).

2(C2+ 55 57)

(190)

Proof. Let 7 = min{k; |My — My_1| > Sk} and Y, = M., then on the event that {k < 7},
|Yr — Yi_1] < Sk. On the other hand, if {7 < k} then |Y; — Y;_1| < C. Breaking the probability
space into the event {7 < N — 1} and its complement gives,

P(|My|>t) <P([Yn|>t)+P(r <N —1). (191)

Azuma’s inequality completes the proof as

t2
P([Yn| >1t) <2exp | - : (192)

2(Cc2+ )5 82)
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B THE RISK UNDER ANISOTROPIC DATA

B.1 RISK CURVE DYNAMICS

IfV, = ©, — 0, where ©; solves the SDE given by (7) then It&’s lemma applied onto

1 —
q(z) = §:cTKR(z;K):Jc, (193)
yields
K TR\
V2R, 2
277 -
— (KR(2;K),K,) + M7. (195)
By resolvent identities, we know that
KR(z; K)K = zKR(z; K) + K. (196)
Moreover, o o o o o
R(zK)TKK = (KKR(z; K))T = 2:KR(z; K) + K)7, (197)
)
‘K R\T
2 (2q(Vi) + Ry) = VT (KR(Z’ K) ZR(Z’ K) K) KV,. (198)
Returning to It6’s we see that
2n¢(R¢) Uk =
V) = —F—7== Y —Tr (K  K)K 7. 1
dQ( t) m (ZQ( t) +Rt) + d I‘( R(Z, ) 0’) +Mt ( 99)

To recover the risk R, we once again turn towards the Cauchy-integral law as well as the Spectral
Theorem. Indeed,

d d

_ — 1
Ku;, @ w; R(z;K) = u; ® wi, 200
Z:: ) (%K) Z:; o =7 (200)

where u; and w; are left and right eigenvectors respectively of K. We may then write
1< 1

Vi)=2) —V{(Ku;®w,;)V,. 201
a(Ve) 2;Ai(K)—z i ( )V (201

Denoting 7;(t) = 3 VI (Ku; ® w;) V, then upon integrating over I';, a closed curve enclosing only
i (K), we see that

= A 0 o
T, -2
_ 209(Re) | e T o io
= R Ai(K)r; + > Tr (K(u;, @ w) K, ) + M7, (203)
where Mo
M7 = L dz. (204)
r, —2mi

By Lemma 7, M;U vanishes as d — oo, thus excluding the martingale part of (203), we obtain a
system of d-ODEs, SIGNODE:

dri — 2np(Re) | == n? ,
= —— N (K)r; + — Tr (K(u; K foralll < < 2
o oL A )rz—&—mZ r(K(uw; @ w;)K,), foralll <i<d, (205)
such that
d
> ri=TRe. (206)

i=1
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B.2 RISK CURVES FOR VANILLA SGD

Following a similar approach, but taking
L r
q(x) = 2% R(z; K)z, (207)

we may derive a system of d-ODEs for SGD. We note this is not novel, and a full derivation in much
greater generality is in (Collins-Woodfin et al., 2023); see also (Collins-Woodfin et al., 2024) for a
shorter discussion. Using the HSGD formulation of vanilla streaming SGD (Collins-Woodfin et al.,
2024), we arrive at the VANILLAODE:

. 2
% = —2nAi(K)vi + @Ai(K)(RfGD +92/2), vi<i<d (208)
d
R7P =3 " \i(K)v. (209)
=1
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C CONVERGENCE AND PHASE-PROPERTIES OF THE ODES
Lemma 12. If e ~ N(0,0?), then R(©) is bounded from above and below for all t > 0.

Proof. Take g(x) = 2x”'Dx then plugging this into (90) we obtain

4 2
dq(Vy) = ————  R(V,)+ % Tr(K,D) dt + M¢. (210)

/2R (V) + 02

By concentration inequalities we know that M vanishes as d — oo, thus we will omit the martin-
gale term. Solving for the stationary point yields the following roots,

® C’%:I:Cm/C?]—HMvQ
:t:

64 ’

where C,, = 45 Tr(K,D) = 7 Tr(D). Phase diagram analysis shows that if R(V;) < R, then
q(Vy) is increasing. Conversely, if R(V;) > R, then ¢(V,) is decreasing. Since D is positive-
definite, g(V;) > 0 provided that V; # 0. The growth and decay conditions of ¢(V) implies that
q(V¢) cannot converge to 0, nor diverge to co. Therefore, ¢(V) is bounded from above and below.
Consequently, || V]| is bounded from above and below and so R(V;) is as well. O

(211)

Theorem 7. If e ~ N(0,0%) and A € (0,00) is a fixed learning rate then there exists a unique
stationary point

(K (w; @ wi)Ko) (nTr(DKU) N \/772 Tr(DK,)2

‘ K d d2

11602, 212
160,(K)d ") (212)

and the limit risk is given by

_n nTr(DK,) \/772 Tr(DK,)? )
Ree = 10 Tr(DK,) ( — + = 1602 ) . 213)

We note that in these formulas, Tr(DK,) = Z Tr(D) = Z Tr(K) on account of K, having a
constant diagonal.

Proof. LetY; = ”7%;“2 and m; = LKwiow)Ke) then our d coupled ODEs are given by

(17“i Al(K)Tl 2 1 T
= — + ; ; = -V, (Ku; ® y;)Vo. 214
]t }775 77 ml7 TZ(O) 2 O( T ® l) 0 ( )

Solving for the stationary point, we see that forall 1 < i < d,

2

Yy
r, = 1Mt 215)

Ai(K)

Thus, at equilibrium
d d 7Y,

Ry = i = %Y, == Tr(DK,). 216
’ ;r 7 t;MK) — Tr(DK,) (216)

However, R, can be expressed in terms of Y by

1 (4nyi\?
R = (( " t) _02). 217)
2 m
Plugging into (216) we see that

1 477Y% 2 2 o 7]2}/;
! (() . ) = T L TH(DK, ). (218)

™
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Solving for Y; yields the following positive root

7 [ nTr(DK,) \/7]2 Tr(DK,)?
Yoo = — 1602 219
Ton ( y + e + 160 (219)
Therefore, by (215) and (217), ‘fjrt'i = 0 if and only if
2
re= 5= 1200 gy << g (220)
Ai(K)
This concludes uniqueness. The limiting risk is then given by
2
Yoo
R = 17 Tr(DK,,). (221)
md

O

Theorem 8. Assume ¢ ~ N(0, 92) and let s; be the stationary points to (11a). Then there is an
absolute constant ¢ > 0 so that if

Tr(DK, 4
n (r(d)> < min{c, v} , and Ry < co,
T T
then we have, setting R = Zle s; to be the limit risk,
|Ri — Roo| < 2(Ro + Rog)e™ tMmin®)/ (7o),

We note again that in these formulas, Tr(DK,) = 5 Tr(D) = 3 Tr(K) on account of K, having
a constant diagonal.

Proof. We recall (220), in terms of which we have

dri _ MK) - A(K)

dt - Y} % Yoo Siy
and where we recall
v V2R + 02
t= T -
4n

Then we rewrite the evolution of r; as
d Ai(K) i
&(m—si)ff Yo (ri —s;) + ( Yo Y,

and we set R, as Y s;. Now we observe that

Y2 Y2 2
L 73 © = 8212 (Rt — Rso) = a(Ry — Roo) (222)
from which it follows
1 1 Y2 Y2 Y2 -_Yy2
t o0 — t [ee] +EI‘I‘t7

Yoo Vi YiVoo(Yi+VYe)  2V3
where Err, is bounded by

1
Errt S 05

where ) is the minimum value of Y; over all time and C' is an absolute constant. Hence we can
further develop

d (1 }/tQ—YQ 2 2

— Y- -Y I
a(ri —8;) = — Vo~ T.BOOO — Errt> XN (K)(r; —si) + (tQYD%OO + Errt) Ai(K)s;.

2 y2\2 2
<Yty2y°o> <055 (R~ Reo)?, (223)
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Define

AR! Y2 -Y2
Q(S) = A (}/Oo — 2Y3 Errt> dt.

Then by variation of parameters, we have
t Y2 _ Y2 o
(Ti . SZ)(t) — (7'1' o Si)(())ef)\ig(t) +/ e*)\i(Q(t)*Q(s)) <S2}/3°° + EI‘I‘S) /\l(K)SldS
0 [e%S)
Now if we sum over all 7, we have

t Y2 2
R; — Ry, = F(t) +/O K(t, s) ( s 73 +Errg> ds,
where
F(t)=> (ri—s:)(0)e ") where K(t,s) =Y e M=)\ (K)s;.
Now suppose that on some interval of time [0, T]

V2 _y? V2 _y? 1
Err, < -4 Yoo gng 9l — Yoo o~ 224
s Toys A 2Y3 2V (224)

Then for s < t < T, we have

1
o(t) — o(s) > F(t—s)

and so we have the convolution Volterra upper bound for ¢t < T'

|R: — Roo| < |F (1) |+—/ (Ze—A (t=9)/(2Ya0) )\ (K) s )R — Roo| ds.

Now we note that we have the upper bound (for ¢t < T)
O] < (Ro+ Roo)e™ P/ Y=,
Now suppose that 0 < T’ < T is such that for s < T”
|Rs — Roo| < Me™Pmin/(4¥oc))t

we have for t < T”,

t
/ <Z efAi(tfs)/(QYoo))\i (K)Sl> Mef(/\min/(zlyoo))s ds
0 i
[T eners (exit/<2yx>—xmmt/(4m> _ 1) Ai(K)si M
: N/ (2Yo0) = Amin/ (4Yo0)

s i (K)s;

)\m]nt/(4yoo) ? ? M

(Z )\z/(zyoo) - )\min/(4Yoo)>

—Amint/(4Ys0) - M
e (ZA/QY — /(4o >>
< e—)\mint/(4Y00 (4Y00Roo)

IN

IN

Hence T' = T, provided

1—4aRs

Now we return to showing 7" does not occur. Recall (224), which up to T are satisfied. Then it
suffices to have (compare (223)),

4aR <1 and M =

71-2

1 Y.
aM < 3 and ZCi”on <1, where a= SEVE
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in which case (224) is satisfied for all time. Note that we may always bound ) below by
Y = (wo)/(4n).

Define Hx = %. We now recall (219) and (217), from which

Yo=m

) <17HK +/PHZ + 1607 /72

d Ro =Yoon’Hk.
167 > an 1 5K

Hence for nHk < 4v/7, we have

v, <Z<ay,
4n n

and hence we have 5
a< - and R, <nmvHxk.
0

Thus we conclude there is an absolute constant ¢ > 0 so that if
. 49
nHk <minqc,— 7, and Ry < cv,
T

then we have
|R; — Roo| < 2(Ro + Rog)e ™ tAmin(K)/(me),
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D ADDITIONAL EXPERIMENTS

We begin by illustrating (Figure 5) the concentration effect: as d increases, the loss curves more
closely match the ODEs. We also note the spread of SIGNHSGD and SIGNSGD are close across

dimension.
109
10
6x107"
S 1 \
° X 4x10°
T 2 Y
SignHSGD 80.0% Cl 3x107 \
9 : signHSGD 80.0% Cl \
B signSGD 80.0% Cl ,| = signsGD 80.0% Ci \
— signODE 2107 ignoDE
-== vanillaODE -—- vanillaODE
0 107 10° 10' 102 10®  10° 0 10" 10° 10" 102 10%® 104
Iterations Iterations
(a) d = 50 (b) d = 100
10 10%
6x10-" 6x107"
S 4x10- S 4x10-"
o o
3x107" signHSGD 80.0% ClI 3x107 signHSGD 80.0% ClI
EEE signSGD 80.0% Cl EEE signSGD 80.0% Cl \
2x10-'{ — signODE 2x10-'{ —— signODE
--- vanillaODE --- vanillaODE
0 107" 10° 10" 102 10° 10* 0 10" 10° 10" 102 10 10* 10°
Iterations Iterations
(c) d = 250 (d)d =750

Figure 5: A demonstration that SIGNSGD, SIGNHSGD, and their deterministic equivalent concen-
trate in high-dimensions over long time scales. In the limit as d — oo our main theorem shows that
all these objects become the same.
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E HEURISTIC FOR ADAM

In this section we derive a heuristic for ADAM Kingma (2014). This is given, in our context, by:

Given:
7 : learning rate
B1, B2 € [0,1) : exponential decay rates for moment estimates
€0 : small constant for numerical stability
Initialize:
0y : initial parameter vector
mg < 0 : 1st moment vector
vo < 0 : 2nd moment vector
k < 0 : timestep
Repeat until convergence:
k+—k+1
gr < VoL(Or_1,Xk,yr) (Get gradients w.r.t. stochastic objective at timestep k)
my < 1 -mg_1+ (1 — 1) -gr (Update biased first moment estimate)
Vi Pa-veg—1+ (1= B2)- g,2C (Update biased second raw moment estimate)
1y, «— my/(1 — B8¥) (Compute bias-corrected first moment estimate)

Vi < vi/(1 — %) (Compute bias-corrected second raw moment estimate)
0y <+ 0,1 — g /(v/ Vi +€) (Update parameters)

In a high-dimensional context, the first moment momentum S, has been observed to be equivalent to
an effective change of learning rate, without inducing other benefits on the dynamics (see Paquette
& Paquette (2021)), and so we ignore it.

The role of the second moment, in contrast, should induce a preconditioner. If we assume that
exponential decay rate of /3 is chosen sufficiently close to 1, we would have

‘A,k‘ %52 ]E(vez’(ek‘—laxkayk))2|‘gzk—l)a

with the square applied entrywise. Using the definition of the stochastic gradient, we have
vi=E ((Xk)2 ((xk, Op1 — 0.) +e1) |9k71) .

This can be computed explicitly by Gaussian conditioning. Note that conditionally on the Gaussian
W = (Xk, Ok_1 — 0.), x;, develops a mean K (01 — 0..), which has norm O(1). Hence provided
it also has small L.°° norm, so too will all the variances of the entries of x;, be nearly unaffected.
Hence we essentially have independence, in that

Vi ~ B ((x0)2) E ((<xk, 01— 0.) + ex)? I%H) = diag(K)(2P).

Hence, we arrive at the approximate update rule for ADAM
Mk

Opr1 =0 — —(————=

i V2P (6y)

The corresponding homogenized ADAM equation is given by

D 'VoL(Ok, X111, Yrt1)- (225)
_ Nt 74 -1/2,/%¢,

de;, = —————K(0; - 0.) + n.D KdB;. 226

¢ P (0, (© )+ e ¢ (226)

F COMPARISON WITH WEAK APPROXIMATION FRAMEWORK

Adaptive method approximations via SDEs have in fact been developed for ADAM in prior works.
In particular, Malladi et al. (2022) adapts the weak approximation approach of Li et al. (2019) to
produce an SDE for ADAM. Their method utilizes a noisy gradient model g, = V f(0) + 0z, where
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V f is the expected gradient and z has mean 0 and covariance 3(6). To more closely match our
set-up, we will take f to be the quadratic-loss and 33(0) = 2P(0)K. We note that the covariance
of the quadratic-loss gradient typically involves higher moments, however in the high-dimensional
setting it can be well-approximated by just 2P(8)K. See Collins-Woodfin & Paquette (2023) for
details. The ADAM weak approximation SDE is described by the following:

Letcy = l;f Land ¢y = 1;5 2, then the ADAM SDE is given by the system
1-— —cot
d@y‘]A _ eXp( C2 ) Qt_lmtdt’ (227)
1 —exp(—cit)
dm; = ¢, (K(O — 0,) — my) dt +neiy/ 2(OYA) dB;, (228)
duy = c; (diag (2 (O}*)) — u,) dt, (229)

where

Q. = ndiag(u,)'/? + eg\/1 — exp (—cat).
Heuristically, c¢; and cy relate to the normalizing factor of my, and v respectively by 1 — 3 ~
1—exp (fcl knz) and 1 — 35 ~ 1 —exp (702197]2). Malladi et al. (2022) show that the expectation
of the SDE and optimizer across suitable test functions g is O(n?), i.e.

peoex . [Elg (00)] ~Elg ()] < Clg)m®. (230)

We can recover SIGNSGD from the ADAM algorithm by setting 51 = 2 = ¢y = 0. Formally
following the recipe from Malladi et al. (2022), this means we should take ¢; = ¢, = 1/7? (note
that this makes the heuristic fit 1 — 8f ~ 1 — exp (—c1kn?) and 1 — 85 ~ 1 — exp (—c2kn?)
incorrect).

The SDE system for @A depends on 7, and so in (230), as we send n — 0, we are sending
c1 = ¢ = 1/n? to infinity. Therefore, to give a single SDE which approximates SIGNSGD, we can
use the ideas of a slow-fast system to give a heuristic approximation for the limit:

mdt ~ K(OM — 0,)dt +n,/2P(@Y4)K dB;, (231)
uy = 2P (O diag(K). (232)

Thus, Q; ~ 1y/2P(®}'*) diag(K). Plugging this into (227) gives (heuristically) the weak approx-
imation SDE of SIGNSGD,

1 _
doWr = —— K (O™ —0,)dt + /diag(K) 1K dB;. (233)

nv/2P(O;)

Recall, SIGNHSGD is given by

©(R(©y)) = Ko
de; = —n,—=K(0, — 6,.)dt + —dB;. 234
t Mt R(©,) (©, ) e\ —7 4Bt (234)

Interestingly, we observe the same preconditioned effect in the form of K as SIGNHSGD. However,
the effects from the noise is notably different. Particularly, in the high-dimensional setting with
non-Gaussian noise, higher moments of the label noise are an important feature of SIGNHSGD as
seen in ¢. See Section 4 on e-compression. In contrast, (233) only requires up to second moments
as seen in P. This remains the case even if X is the true conditional covariance of the gradient.
Moreover, the diffusion matrix between the two SDEs are also quite different. In SIGNHSGD
%KU corresponds precisely to the conditional covariance of the sample sign-gradient. This may
suggest that a more delicate limit approach is required or that SIGNSGD falls outside the scope of
the weak approximation setting. We believe that to extend the ADAM weak approximation SDE to
non-continuous gradient transformations like SIGNSGD, the constants c¢; and c; must be uncoupled
from 7 in order for 8; and 5 to have unrestricted limits.

We develop a different method of error bounds between the statistics of the SDE approximate and
the optimizer (SIGNSGD), i.e. high-dimensional bounds versus weak approximation. For ease
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of comparison between (230) and (9), let us take g to be the risk R. The weak approximation
theorem states that the expected risk between the SDE and optimizer is O(n?). This is more akin
to convergence of distributional properties between the SDE and optimizer. In contrast, in Theorem
1 we show that the exact risk dynamics of SIGNHSGD and SIGNSGD closely track each other in
the high-dimensional limit. This is what allows us to directly study the behavior of the SIGNSGD
by studying SIGNHSGD. Our goal is not only to derive SDEs for signSGD but to also gain insight
into how adaptive methods like signSGD and eventually Adam, behave in the limit of large problem
sizes. The aspect of dimensionality is not addressed in Li et al. (2019) or Malladi et al. (2022) thus
requires a different set of tools.
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G K DOES NOT ALWAYS REDUCE THE CONDITION NUMBER

As a counter example consider the covariance matrix,

0.17 -049 -0.19 -0.36
—-0.49 2.34 0.71 1.79

K= (235)
-0.19 0.71 032  0.53

—-0.36 1.79 0.53 1.44

with up to two decimals the condition number is x(K) = 115.88. However, the condition number
of K is k(K) = 129.78.

H EXPERIMENTAL DETAILS

H.1 SIGNSGD AND HOMOGENIZED SIGNSGD

The code to reproduce these results is available at https://anonymous.4open.science/
r/signSGD-6216.

H.1.1 FIGURE 1

The experiments creating Figure 1 were carried out on an M1 Macbook Air. Homogenized
SIGNHSGD is solved via a standard Euler-Maruyama algorithm. The procedure for solving for
the risk is described in Appendix B.

The synthetic data was generated in dimension d = 500. The covariance matrix was generated by
multiplying a random unitary matrix by a diagonal matrix of log-spaced eigenvalues.

¢ was explicitly computed in the Gaussian data case and was solved via numerical integration in the
case of Cauchy (Student-t family) noise. Note that vanilla SGD does not converge under Cauchy
noise and thus we cannot provide a comparison. For both experiments, n = 0.5. We plot the 80%
confidence interval across 100 runs.

The CIFAR10 (Krizhevsky, 2009) data was used to perform binary classification by regressing to
41 labels being animals or vehicles. The data matrix D is first passed through a random features
model so that

D,; = tanh DA (236)

where A is a random features matrix of independent standard Gaussians. In order to estimate 6,
the regression problem was first solved using Sci-kit learn (Pedregosa et al., 2011) and the resulting
solution was taken to be 6,. The differences {y; — (6., x;)} for all x; € D, was then assumed
to be the noise. A histogram of this noise is available in Figure 6a. The noise was then fitted to a
Gaussian. Finally, n = 0.5 and the SIGNSGD plot represents the 80% confidence interval over 50
runs.

The IMDB dataset (Maas et al., 2011) was first embedded using GLOVE (Pennington et al., 2014)
into dimension 50. Then, a 2-layer random features model was applied as well as some noise added
to regularize the problem. We add sG where G is a matrix of independent standard Gaussians. We
take s = 0.03. This additional regularization was required in the case of text data as the covariance
of the original GLOVE embedded data (ironically?) has extremely high condition number making
numerically solving our ODEs impossible. Ultimately the data used is,

D,y = tanh(A’ tanh D(A + s@G)). (237)

Note that this regularization did not destroy the information contained in the original problem. Sci-
kit learn achieves an accuracy of ~ 75% on the unregularized problem and the finally accuracy on
the regularized problem was ~ 74%.
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Figure 6: Histograms of the estimated noise distributions for the CIFAR10 and IMDB datasets. Also
shown is the estimated PDFs used to compute  for each case.

We perform the same method as in the CIFAR1O0 case to first estimate 6, and then to estimate the
distribution of the noise. We fit a mixture of two Gaussians model (GMM) to this noise. ¢ is trivial
to compute exactly when noise is assumed to come from a GMM. The noise is again available in

Figure 6.
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