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Abstract

Federated Learning (FL) is a distributed learning paradigm to train a global model across
multiple devices without collecting local data. In FL, a server typically selects a subset
of clients for each training round to optimize resource usage. Central to this process
is the technique of unbiased client sampling, which ensures a representative selection of
clients. Current methods primarily utilize a random sampling procedure which, despite its
effectiveness, achieves suboptimal efficiency owing to the loose upper bound caused by the
sampling variance. In this work, by adopting an independent sampling procedure, we propose
a federated optimization framework focused on adaptive unbiased client sampling, improving
the convergence rate via an online variance reduction strategy. In particular, we present the
first adaptive client sampler, K-Vib, employing an independent sampling procedure. K-Vib
achieves a linear speed-up on the regret bound @(N 373 /K %) within a set communication
budget K. Empirical studies indicate that K-Vib doubles the speed compared to baseline
algorithms, demonstrating significant potential in federated optimization.

1 Introduction

This paper studies the prevalent cross-device federated learning (FL) framework, as outlined in [Kairouz et al.
(2021)), which optimizes € X C R? to minimize a finite-sum objective:
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where N denotes the total number of clients, and A denotes the weights of client objective (A; > 0, Zil A =1
). The local loss function f; : R — R is intricately linked to the local data distribution D;. Tt is defined
as fi(x) = E¢,wp, [Fi(x,&;)], where & represents a stochastic batch drawn from D;. Federated optimization
algorithms, such as FEDAva (McMahan et al 2017)), are designed to minimize objectives like equation [1| by
alternating between local and global updates in a distributed learning framework. To reduce communication
and computational demands in FL (Konecny et al.l [2016; [Wang et al., 2021} |Yang et al.l |2022), various client
sampling strategies have been developed (Chen et al.; 2020; (Cho et al., 2020b; Balakrishnan et al., [2022;
Wang et al., [2023; [Malinovsky et al., [2023; |Cho et al., |2023)). These strategies are crucial as they decrease
the significant variations in data quality and volume across clients (Khan et al.; 2021). Thus, efficient client
sampling is key to enhancing the performance of federated optimization.

Current sampling methodologies in FL are broadly divided into biased (Cho et al., 2020b; [Balakrishnan et al.,
2022;|Chen & Vikalo], 2023|) and unbiased categories (El Hanchi & Stephens| [2020; |Wang et al.,|2023). Unbiased
client sampling holds particular significance as it maintains the consistency of the optimization objective |Wang
et al.| (2023} |2020). Specifically, unlike biased sampling where client weights A are proportional to sampling
probabilities, unbiased methods separate these weights from sampling probabilities. This distinction enables
unbiased sampling to be integrated effectively with strategies that address data heterogeneity (Zeng et al.,
2023c)), promote fairness (Li et al.l 2020cfa)), and enhance robustness (Li et al 2021} [2020al). Additionally,
unbiased sampling aligns with secure aggregation protocols for confidentiality in FL (Du & Atallahl 2001}
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Algorithm 1 FedAvg with Unbiased Client Sampler
Require: Client set S, where |S| = N, client weights A, times T, local steps R
1: Initialize sample distribution p° and model 2°
2: for time ¢ in [T] do
3:  Server runs sampling procedure to create St ~ pt
Server broadcasts ! to sampled clients i € S*
for each client i € S* in parallel do
xt? = xt
for local steps r in [R] do

© % NS Tk
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end for
10: Client uploads local updates g! = a:ﬁ’o - :cf’R

11:  end for

12:  Server builds estimates d' =3, ¢ Aig} /D}
13:  Server updates z'*! = z' — n,d!

14:  Server updates p'*! based on {||g!|/}icst
15: end for

Goryczka & Xiong] 2015; Bonawitz et al., |2017). Hence, unbiased client sampling techniques are indispensable
for optimizing federated systems.

Therefore, a better understanding of the implications of unbiased sampling in FL could help us to design
better algorithms. To this end, we summarize a general form of federated optimization algorithms with
unbiased client sampling in Algorithm [I} Despite differences in methodology, the algorithm covers unbiased
sampling techniques (Wang et al.; |2023; [Malinovsky et al., |2023; |Cho et al. 2023 [Salehi et al., [2017}; [Borsos
et al. |2018; [El Hanchi & Stephens| 2020; [Zhao et all |2021b)) in the literature. In Algorithm [1 unbiased
sampling comprises three primary steps (referring to lines 3, 12, and 14). First, the Sampling Procedure
generates a set of samples S? along with their respective probabilities. Second, the Global Estimation
step creates global estimates for model updates, aiming to approximate the outcomes as if all participants
were involved. Finally, the Adaptive Strategy adjusts the sampling probabilities based on the incoming
information, ensuring dynamic adaptation to changing data conditions.

Typically, unbiased sampling methods in FL are founded on a random sampling procedure, which is
then refined to improve global estimation and adaptive strategies. However, the exploration of alternative
sampling procedures to enhance unbiased sampling has not been thoroughly investigated. Our research shifts
focus to the independent sampling procedure, a less conventional approach yet viable for FL. We aim to
delineate the distinctions between these methodologies as follows.

Random sampling procedure (RSP) means that the server samples clients from a black box
without replacement.

Independent sampling procedure (ISP) means that the server rolls a dice for every client
independently to decide whether to include the client.

Building on the concept of arbitrary sampling (Horvath & Richtarik, [2019; |Chen et al.l 2020]), our study
observes that the independent sampling procedure can enhance the efficiency of estimating full participation
outcomes in FL servers, as detailed in Section [3| However, integrating independent sampling into unbiased
techniques introduces new constraints, as outlined in Remark Addressing this innovatively in Lemma
our paper studies the effectiveness of general FL algorithms with adaptive unbiased client sampling, particularly
emphasizing the utility and implications of the independent sampling procedure from an optimization
standpoint.

Our Contributions: This paper presents a comprehensive analysis of the non-convex convergence in Fed Avg
and its variants. We first establish a novel link between the cumulative variance of global estimates and
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convergence rates by separating global estimation results from heterogeneity-related factors. Thus to reduce
the cumulative variance, we introduce K-VIB, a novel adaptive sampler incorporating the independent
sampling procedure. K-VIB notably achieves an expected regret bound of (7)(N 3T3 /K %), demonstrating
a near-linear speed-up over existing bounds @(N%T%) (Borsos et al., |2018) and (’)(N%T%) (El Hanchi &
Stephens| 2020). Empirically, K-VIB shows accelerated convergence on standard federated tasks compared to
baseline algorithms.

2 Preliminaries

We first introduce previous works on batch sampling (Horvath & Richtarik| [2019)) in stochastic optimization
and optimal client sampling (Chen et al., [2020) in FL. We made a few modifications to fit our problem setup.

Remark 2.1. We define communication budget K as the expected number of sampled clients.
And, its value range is from 1 to N. To be consistent, the sampling probability p always satisfies the constraint
pt >0, vazl p! = K,Vt € [T] in this paper.

Definition 2.1 (Unbiasedness of client sampling S*). For communication round t € [T, the estimator d*
is related to sampling probability p* and the sampling procedure St ~ pt. We define a client sampling as
unbiased if the sampling St and estimates d' satisfy that

N
Eld'] = E[Z Aig; /pi] = Z)\igf~

icSt i=1
Besides, the variance of estimator dt can be derived as:
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where E[|St|] = K. We omit the terms A, g" for notational brevity.

Optimal unbiased client sampling. Optimal unbiased client sampling should achieve the lowest variance,
i.e., equation 2} It is to estimate the global gradient of full-client participation, i.e.,minimize the variance of
estimator df. Given a fixed communication budget K, the optimality of the global estimator depends on the
collaboration of sampling distribution p’ and the corresponding procedure that outputs S?.

In detail, different sampling procedures associated with the sampling distribution p build a different probability
matriz P € RV*N ' with the elements defined as P;; := Prob({i,j} C S). Extended from the arbitrary
sampling (Horvath & Richtérikl 2019), we derive the optimal sampling procedure for the FL server in
Lemma 2.1

Lemma 2.1 (Optimal sampling procedure, [Horvath & Richtarik, [2019)). For any communication round
t € [T] in FL, random sampling yielding the P; = Prob(i,j € S*) = K(K —1)/N(N — 1), and independent
sampling yielding P}; = Prob(i,j € S*) = pip}, they admit

N N

Mgl _ N = K < Afllgill®
V(s =3 (1-ph) o S NI > o
K3 1

=1

(3)

i=1

independent sampling random sampling

The lemma indicates that the independent sampling procedure is the optimal sampling procedure that
minimizes the upper bound of variance. Then, we have the optimal probability by solving the minimization
of the upper bound in respecting probability p in Lemma [2.2

Lemma 2.2 (Optimal sampling probability, (Chen et al., [2020). Generally, we can let a; = X;||gt||,Vi €
[N],t € [T] for simplicty of notation. Assuming0 < a; <ag <---<apny and0< K < N, andl is the largest
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Figure 1: The variance of ISP estimates is lower than RSP. Global estimates on the X-Y plane. (a)
Scatter plot of estimates errors, where “uniform” indicates the RSP with uniform probability. (b) The
notations RSP(g;, g;) and ISP(g;, g;) represent the global estimates constructed through random sampling
and independent sampling, respectively, using sampled vectors g; and g;. Global indicates the full participation
results. We can see ISP(g;, g;) is closer to Global.

l

integer for which 0 < K +1— N < Zba;,lal, we have
(K+!l—-N)=2—, ifi<l,
pi = 2 (ISP) (4)
1, ifi > 1,
to be a solution to the optimization problem min, vazl Z—? In contrast, we provide the optimal sampling
probability for the random sampling procedure
* a;
pi=K—x— (RSP (5)

> j=1aj
Therefore, the optimal client sampling in FL uses ISP with probability given in equation [

3 Case Study on Sampling Procedure

We suggest designing sampling probability for the ISP to enhance the power of unbiased client sampling in
federated optimization. Beyond the tighter upper bound of variance in equation [3] three main properties can
demonstrate the superiority of ISP over RSP. We illustrate the points via Example and Example

Example 3.1. We randomly generate 100 vectors with the size of 1000 dimensions. Then, we run 1000
times the RSP and ISP with its best probability in Lemma[2.3 to estimate full aggregation results. We draw
the error of these estimate results, as shown in Figure . We note the mean of these points related to
equation[d

Example 3.2. We consider a case example N = 3, K = 2 with g, = (@,?),gz = (1,-2v2),93 =

(2v/7,2V/2), inducing weights vector [||g1]1?, |g2|%, lg3l|?] = [1, 3, 6] if we omit X. We have optimal sampling
probability p* = K -[0.1,0.3,0.6] for random sampling procedure and p* = [0.25,0.75,1] for independent
sampling procedure. We depict the possible sampling results in Figure

Random sampling probability is a special case of independent sampling. With a minimum budget
of K =1, the ISP does not assign any client with probability 1, it returns to the random sampling solution
according to equation [ If the budget K > 1, the solution of the independent sampling procedure will change,
while the RSP does not. Hence, it builds better estimates than random sampling with the same sampling
results as shown in the example. This is because the optimal probability of random sampling is minimizing a
loose upper bound of variance equation [3| The results tend to let each of the single estimates a;/p; = > a;.

Independent sampling estimates are asymptotic to full participation results. ISP builds estimates
asymptotically to the full-participation results with an increasing communication budget of K, while random
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sampling does not. As shown in Figure RSP and ISP achieve comparable estimates errors with lower
budget K = 10. Then, the RSP outperforms ISP with a larger budget of K = 30. Refer to Example
random sampling with full participation (K = 3) builds estimates d* = (6.4,5.9) and hence ||d’ -3 g;||*> = 0.6.
Analogously, full participation induces p* = (1,1, 1) for independent sampling and hence ||d¢ — 3" g;||* = 0.

Independent sampling creates expected sampling size. The number of sampling results from
independent sampling is stochastic with expectation K. It means that if we strictly conduct the independent
sampling procedure, the number of sampling results Prob(|S*| = K) # 1, but E[|S?|] = K. Referring to the
example, independent sampling may sample 3 clients with probability p = 0.25 % 0.75 %« 1 = 3/16 and sample
only 1 client with p = (1 — 0.25) % (1 — 0.75) = 3/16. Importantly, the perturbation of sampling results is
acceptable due to the straggler clients (Gu et al., [2021)) in a large-scale cross-device FL system. Besides, we
can easily extend our analyses to the case with straggler as discussed in Appendix

Observing the superiority of ISP, we propose to design a sampling probability and global estimates with
ISP in federated learning. However, computing the optimal sampling via equation [4 requires a norm of full
gradients, which is unfeasible in practice. Therefore, FL needs a better design of its sampling probability for
ISP based on limited information, that is unexplored. Unless otherwise stated, all sampling probability
p and sampling procedures are related to ISP in the remainder of this paper.

4 General Convergence Analyses of FL with Unbiased Client Sampling

In this section, we first provide a general convergence analysis of FedAvg covered by Algorithm [I} specifically
focusing on the variance of the global estimator. Our analysis aims to identify the impacts of sampling
techniques on enhancing federated optimization. To this end, we define important concepts below to clarify
the improvement given by an applied unbiased sampling:

Definition 4.1 (Sampling quality). Given communication budget K and arbitrary unbiased client sampling
probability pt, we measure the quality (lower is better) of one sampling step St ~ p' by its expectation
discrepancy to the optimal sampling:

gt at
QS = Esinpe || 30 2 - 52 20 (©)

t *
€St p; 1€S?t P

where St ~ p* is the ISP, p* is obtained via equation with full {||g}]|}icin), and E[||S*|]] = E[||SL]] = K.

Remark. Note that the second term of equation [6] denotes the best results that can be possibly obtained
subjected to communication budget. It still preserves estimate errors to full results. Therefore, we define the
sampling quality of one sampling by its gap to the optimal estimate results for practical concern.

Definition 4.2 (The optimal factor). Given an iteration sequence of global model {z!,... , 2T}, under the
constraints of communication budget K and local updates statues {gf}ie[N], t € [T, we define the improvement
factor of applying optimal client sampling St ~ p* comparing uniform sampling Ut as:

2:|’
}

A N
E {HZieSi ;ngf — i1 Aig;
t._ i
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. N
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and optimal p* is computed via equation 4| with {g}};c(n-

Remark. The factor ol € [0,1] denotes the optimal efficiency that one sampling technique can achieve
under the current constraints K, {gf}ie[ N> A. Theoretically, a! = 0 denotes the best improvement obtained

by minimizing equation @ However, the optimal client sampling Q(S?) = 0 can not be achieved without
revealing, i.e.,communicating all clients’ full updates to the server.

In practical settings, federated learning typically trains modern neural networks, which are non-convex
problems in optimization. Therefore, our convergence analyses rely on standard assumptions on the local
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empirical function f;,4 € [N] in non-convex federated optimization (Chen et al.| [2020; [Jhunjhunwala et al.)
2022; |Chen & Vikalo, [2023).

Assumption 4.1 (Smoothness). Each objective f;(x) for all i € [N] is L-smooth, inducing that for all
Va,y € RY, it holds |V f;(x) — V fi(y)|| < Lllx — yl|.

Assumption 4.2 (Unbiasedness and bounded local variance). For each i € [N] and © € R%, we assume the
access to an unbiased stochastic gradient VF;(x,&;) of client’s true gradient V f;(x), i.e..Ee,~p, [VFi(x,&)] =
Vfi(x). The function f; have o;-bounded (local) variance i.e.,.E¢,~p, ||V F;(x,&) — sz(w)\ﬂ <ol

Assumption 4.3 (Bounded global variance). We assume the weight-averaged global variance is bounded, i.e.,
Zi]il Ai |V fi(x) — Vf(:n)H2 < 03 for all x € R?.

Assumptions and are standard assumptions in stochastic optimization analyses. Assumption
measures the impacts of data heterogeneity in federated optimization. A larger upper bound of o2 denotes
stronger heterogeneity across clients. Now, we provide the non-convex convergence of Algorithm [T] i

Theorem 4.1 (FedAvg with decomposed unbiased sampling quality). Under Assumptwnsu . gwen
an iteration sequence {x',... x'} generated by Algorithm |1}, taking upper bound IE

1y < min (, /%, %), we have

in BV f(zt)]|? <
min [V f()]” <

SMB +Te | 13, Q") )
—— + - ;
Tp p

where
p:=min{p"V_,, pt = (1—8(1— mR)? — 120R*L*n? (n} + TIW)),

T
1
=5 0B B' =10 (Rif Lo} + 6R*ji Log) iW, 7/ = (o, (N — K) + K) /K,
t=1

e=8((1—mR)*+15R*y/L?) o2 + 2Rn} (1097 L* + 1) o7.

Notably, the brief notation ¢ denotes the benefits of utilizing optimal sampling respecting the communication
budget K. And, pt, 3, and € involve the impacts of local drifts and data heterogeneity in FL.

Convergence rate. The first term in equation[7]indicates the convergence rate of always utilizing the optimal
client sampling in Algorithm [T} The results are subjected to data heterogeneity, local drifts, and the optimal
factor a,. We provide original rates without modifications to local hyperparameters. In practice, the first term
can be further minimized by designing a local learning rate 7;, applying local regularization objectives (Acar
et al., [2021; [Reddi et al.l 2020; Karimireddy et al.l 2020)), or conducting momentum techniques (Zeng et al.,
2023c; |Acar et all 2021). To preserve the generality, we report the original form of convergence rate without
minimizing the rate via setting the local learning rate. Ideally, the convergence rate O(1/v/T) matches the
best speed from recent works (Chen et al., |2020; |Gu et al., 2021; [Jhunjhunwala et al., 2022)).

Sampling impacts. We decouple the sampling quality function Q(S?) from primary convergence rates.
Concretely, the bound of the second term in equation [7] is related to the performance of the client sampler in
FL. Therefore, minimizing the cumulative sampling quality over federated optimization iteration directly
enhances the ability of optimization quality, which is what we focused on.

5 Theories of the K-Vib Sampler

In this section, we introduce the theoretical design of the K-Vib sampler for federated client sampling. The
adaptive sampling objective aligns with the online variance reduction (Salehi et al., 2017} Borsos et al.l 2018;
El Hanchi & Stephens|, |2020) tasks in stochastic optimization. The difference is that we solve the problem in
the scenario of FL using ISP, which induces the constraints on sampling probability given in Remark
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Algorithm 2 K-Vib Sampler

Require: N, K, T, v, and 6.
1: Initialize client feedback storage w(i) = 0 for all i € [N].
2: for time ¢ in [T] do

3 plocyw(i)+y > by Lemma

4 pl (1—0) -pt+0%, forallie [N]

5:  Draw S ~ pt > ISP

6:  Receive feedbacks m; (i), and update w(i) < w(i) + 77 (i)/pt for i € S*
7: end for

5.1 Adaptive Client Sampling as Online Optimization

For enhancing federated optimization, our goal is to minimize the cumulative sampling quality Zf:l Q(S?)
for achieving tighter convergence bound equation [} To this end, we first investigate the equation [6] at round
t by decomposing to obtain:

ty Aig; _ - AN lgz
QS =E [|I[ D =5 =D gl > ZAzgz
€St g i=1 €St p; =1
- o )
<E|| 2% Sy |- ||> 22 ZAZ g
| lliest b i=1 ics: Pi

N N
_ s Ml g~ Xl
- t * ’

i=1 p; -1 P

where the second inequality uses the fact that (a — b)? < a® — b* when b < a.

Then, we model the client sampling objective as an online convex optimization problem (Salehi et al.,
2017} Borsos et al., |2018; [El Hanchi & Stephens|, 2020)). Concretely, we define the feedback from clients as

m(7) := Ni|| gt ] and the cost function #;(p) := Zf\il %1)2 as a online convex optimization tas respecting

sampling probability p. Online convex optimization minimizes the dynamic regret:

= 3Q(8") < g Rearetp(T) = 1 (Z 6 - Zngnexp)) . (3)
t=1

~

What does regret measure? Regret measures the cumulative discrepancy of applied sampling probability
and the dynamic optimal Oracle. In Theorem [£.I} we decomposed the cumulative sampling quality as an error
term. And, the upper bound of cumulative sampling quality is given by the regret. According to equation
the ISP induces a tighter regret. Minimizing the upper bound equation [8| can devise sampling probability for
ISP to provide a tighter bound for applied FL.

To this end, we are to build an efficient sampler that outputs an exemplary sequence of independent sampling
distributions {p’}_; such that limy_,, Regret,(T)/T = 0. Our upper bound depends on the constraints of
the independent sampling procedure on p.

5.2 Analyzing the Best Fixed Probability

In the federated optimization process, the local updates g* change, making it challenging to directly bound the
cumulative discrepancy between the sampling probability and the dynamic optimal probability. Consequently,

IPlease distinguish the online cost function £¢(-) from local empirical loss of client f;(-) and global loss function f(-). While
£4(-) is always convex, f(-) and f;(-) can be non-convex.



Under review as submission to TMLR

we explore the advantages of employing the best-fixed probability instead. We decompose the equation

T T T T
Regret 5 (T) = Z l(p') — m}in Z l(p)+ m;n Z 4 (p) — Z m;n 4(p). ()

Regretg(T") Terp

Remark. The static regret Regretg(T") denotes the cumulative online loss gap between an applied sequence
of probabilities and the best-fized probability in hindsight. The second term indicates the cumulative loss gap
between the best-fixed probability in hindsight and the optimal probabilities. We are to bound the terms
respectively.

Our analyses rely on a mild assumption of the convergence status of the federated optimization process that
sampling methods are applied (Wang et al., 2021). Notably, stochastic optimization (Salehi et al.l [2017; |Duchi
et al, 2011; Boyd et al., |2004)) and federated optimization algorithms (Reddi et al., [2020; Wang et al., |2020;
Li et al., [2019) typically achieve a sub-linear convergence speed. Therefore, we assume feedback function
related to local objective f;(+),Vi € [N] statisfis:

Assumption 5.1 (Convergence of applied federated optimization). Let II; := Ef\il (i) denote the sum
of feedback. Rely on the convergence behavior of an optimization process, we denote the convergence results
T (0) = limy o0 m(3), 1L := S (), Vi € [N]. And, we have 3, Ty > L, V(i) = 31—, (mi(i) —
ﬂ*(i))Q,VT > 1,. Besides, we denote the largest feedback with G, i.e., m(i) < G,Vt € [T],i € [N].

Given the sub-linear convergence rate, we assume that |m(i) — m.(i)] < O(1/v/t), and hence implies V(i) <
O(log(T)). A faster optimization process implies a tighter upper bound for |m¢ (i) — 7. (i)|. Thus, the above
assumptions would translate into regret guarantees concerning the ideal baseline, with an additional cost of
V(i) < O(VT) in expectation.

Importantly, the G denotes the largest feedback during the applied optimization process, instead of assuming
bounded gradients. Then, we bound the second term of equation [9] below:

Theorem 5.1 (Bound of best fixed probability). Under Assumptions sampling a batch of clients with an
expected size of K, and for any i € [N] denote Vr(i) = Zle (me(3) — 7 (z))2 < O(log(T)). For any T > 1,
the averaged hindsight gap admits,

N . N .
s (G0 (o 2

Proof of sketch. This bound can be directly proved to solve the convex optimization problem respectively.
Please see Appendix [D.1] for details. O

Theorem indicates a fast convergence of federated optimization induces a lower bound of Vr (i), yielding a
tighter regret. As the hindsight bound vanishes with an appropriate FL solver, our objective turns to devise
a {p1,...,pr} that bounds the static regret Regret¢(7') in equation @

5.3 Upper Bound of Static Regret

We utilize the classic follow-the-regularized-leader (FTRL) (Shalev-Shwartz et al., [2012; Kalai & Vempala),
2005; [Hazanl, |2012) framework to design a stable sampling probability sequence, which is formed at time ¢:

N o .

t . Tie—1 () +
= = 10
p' = argmin {} j } (10)

i=1 pi

where the regularizer v ensures that the distribution does not change too much and prevents assigning a
vanishing probability to any clients. It also ensures a minimum sampling probability pyi, for some clients.
Therefore, we have the closed-form solution as shown below:
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Lemma 5.1 (Solution to equation . Letting al = 72, (i) +v and 0 < a < a} < --- < al; and
0 < K <N, we have
1, ifi > 1o,

Pi={ Y% e (), (11)

cy

DPmin,s ’LfZ <,

where ¢, = Zie(ll,lg) at, 2y = K — (N —l3) + l1 - pmin and the 1 < 1y < ly < N, which satisfies that
Vi e (b, 1),

Prmin* 21, <i<ly O <al < Doty <icly B
2t ! 2t .

Remark. Compared with vanilla optimal sampling probability in equation |4, our sampling probability
especially guarantees a minimum sampling probability pmi, on the clients with lower feedback. For t =
1,...,T, if applied sampling probability follows Lemma [5.1] we can obtain the following theorem that incurs
Regretg(T)/T < O(1/V/T) proved in Appendix

However, under practical constraints, the server only has access to the feedback information from the past
sampled clients. Hence, equation [11] can not be computed accurately. Inspired by |Borsos et al.l [2018] we
construct an additional estimate of the true feedback for all clients denoted by p and let S* ~ pt. Concretely,
P is mixed by the original estimator p’ with a static distribution. Let 6 € [0, 1], we have

K
Mixing strategy: pl=(1-0)p'+ Hﬁ, (12)
where p' > 0% and hence 77(i) < 77(i) - 4 < G*- 2

0K *

Analogous to regularizer v, the mixing strategy guarantees the least probability that any clients be sampled,
thereby encouraging exploration. We present the expected regret bound of the sampling with mixed probability
and the K-Vib sampler outlined in Algorithm [2] with theoretical guarantee in Theorem

Theorem 5.2 (Static expected regret with partial feedback). Under Assumptions sampling St ~ pt with
E[|SY] = K forallt=1,...,T, and letting v = G2%,9 = (%)1/3 with T - K > N, we obtain the expected
regret

E [Regretg(T)] < O(N3T3 /K3), (13)

where O hides the logarithmic factors.

Proof of sketch. Denoting {m: (i) };cst as partial feedback from sampled points, it incurs
72() = "0 g0 and B[ (016 = w2(0), Vi € [V]

Analogous to equation [§ we define modified cost functions and their unbiased estimates:

) =Y ﬁ;‘f) and E[Z,(p)|3", €] = i(p).

Our hyperparameters -,  are independent. The 7 is set to guarantee the stability of probability sequence in
equation The 6 is set to optimize the final upper bound. Relying on the additional estimates, we have
the full cumulative feedback in expectation. In detail, we provide regret bound Regretg(T') by directly using
Lemma in Appendix Analogously, we can extend the mixed sampling probability p! to derive the
expected regret bound E[Regretg(T")] given in Appendix O

Summary. The K-Vib sampler can work with a federated optimization process providing unbiased full result
~ 1 2 1 2

estimates. Comparing with previous regret bound (’)(N§ T§) (Borsos et al.} |2018) and (’)(N§T§) (E1 Hanchi

& Stephens| 2020), it implements a linear speed up with communication budget K. This advantage relies
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Figure 2: Distributed of federated datasets.

on a tighter formulation of variance obtained via the ISP. For computational complexity, the primary cost
involves sorting the cumulative feedback sequence {w(i)}¥ ; in Algorithm [2 This sorting operation can be
performed efficiently with an adaptive sorting algorithm (Estivill-Castro & Wood, [1992)), resulting in a time
complexity of at most O(N log N).

6 Experiments

This section evaluates the convergence benefits of utilizing FL client samplers. Our experiment setup aligns
with previous works (Li et al., 2020b; |(Chen et al., |2020)).

Datasets. The data distribution across clients is shown in Figure [2l We evaluate the theoretical results
via experiments on Synthetic datasets, where the data are generated from Gaussian distributions (Li et al.,
2020b) and the model is logistic regression f(x) = argmax(W7%x + b). We generate N = 100 clients of
each has a synthetic dataset, where the size of each dataset follows the power law. Besides, we evaluate the
proposed sampler on the Federated EMNIST (FEMNIST) from LEAF (Caldas et all 2018). Following Chen
et al.} 2020, the FEMNIST tasks involve three degrees of unbalanced level (Chen et al.l |2020) as shown in
Appendix, Figure [2| including FEMNIST v1 (2,231 clients in total, 10% clients hold 82% training images),
FEMNIST v2 (1,231 clients in total, 20% client hold 90% training images) and FEMNIST v3 (462 clients in
total, 50% client hold 98% training images). We use the same CNN model in (McMahan et al.| [2017).

Baselines. We demonstrate our improvement by comparison with the uniform sampling and other adaptive
unbiased samplers including Multi-armed Bandit Sampler (Mabs) (Salehi et al. 2017, Variance Reducer
Bandit (Vrb) (Borsos et all 2018) and Avare (El Hanchi & Stephens|, 2020). We run experiments with the
same random seed and vary the seeds across five independent runs. We present the mean performance (solid
lines) with the standard deviation (error bars).

Hyperparameters. We run 7' = 500 round for all tasks and use vanilla SGD optimizers with constant step
size for both clients and the server, with n, = 1. To ensure a fair comparison, we set the hyperparameters of all
samplers to the optimal values prescribed in their respective original papers, and the choice of hyperparameters
is detailed in the Appendix. For the Synthetic dataset task, We set local learning rate n; = 0.02, local epoch
1, and batch size 64. For FEMNIST tasks, we set batch size 20, local epochs 3, n; = 0.01, and K = 111,62,23
as 5% of total clients.

6.1 Main Results

We compare convergence performance with baselines on Synthetic tasks and FEMNIST tasks. We observe
that K-Vib outperforms baselines with a faster convergence speed, and the degree of convergence benefits
depends on the experimental settings. The results are shown in Figure [|and Figure [4] respectively.

In Figure [3] we show the action of all samplers on three metrics. Concretely, the K-Vib implements a lower
curve of regret in comparison with baselines. Hence, it creates a better estimate with lower variance for
global model updating. Connecting with Theorem FedAvg with K-Vib achieves a faster convergence
speed as shown in the loss curves.
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Figure 3: Evaluation of FL samplers on dynamic regret equation [§] gradient variance equation [2| and test
loss.
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Figure 4: Training loss and test accuracy of FedAvg with different unbiased samplers.

In Figure [4 the variance of data quantity decreased from FEMNIST vl to FEMNIST v3. We observe
that the FedAvg with the K-Vib sampler converges about 3x faster than baseline when achieving 75%
accuracy in FEMINIST vl and 2x faster in FEMINIST v2. At early rounds, the global estimates provided
by naive independent sampling are better as demonstrated in Lemma 2.1 it induces faster convergence by
Theorem [I.I] Meanwhile, the K-Vib sampler further enlarges the convergence benefits by solving an online
variance reduction task. Hence, it maintains a fast convergence speed. For baseline methods, we observe that
the Vrb and Mabs do not outperform the uniform sampling in the FEMNIST task due to the large number of
clients and large data quantity variance. In contrast, the Avare sampler fastens the convergence curve after
about 150 rounds of exploration in the FEMNIST v1 and v2 tasks. On the FEMNIST v3 task, the Avare
sampler shows no clear improvement in the convergence curve, while the K-Vib sampler still implements
marginal improvements. Horizontally comparing the results, we observe that the curve discrepancy between
K-Vib and baselines is the largest in FEMNIST v1. And, the discrepancy narrows with the decrease of data
variance across clients. It indicates that the K-Vib sampler works better in the cross-device FL system with a
large number of clients and data variance.

6.2 Ablation Study

Speed up with increasing K. The main advantage of the K-Vib sampler is that the sampling quality
is proportional to the communication budget K. We present Figure [ to prove the linear speed up in
Theorem [5.2] In detail, with the increase of budget K, the performance of the K-Vib sampler with regret
metric is reduced significantly. Due to page limitation, we provide further illustration examples of other
baselines in the same metric in Appendix Figure[7} where we show that the regret bound of baselines methods
are not reduced with increasing communication budget K. The results demonstrate our unique improvements
in theories.
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Figure 5: Regret improvement Figure 6: Sensitivity to regularization ~.

with K.

Sensitivity to regularizer . Figure [f] reveals the effects of regularization v in Algorithm The
regret slightly changes with different . The variance reduction curves remain stable, indicating the K-Vib
sampler is not sensitive to «. This is because the regularizer v only decides the minimum probability in
solution equation [T}

7 Discussion & Conclusion

Extension & Limitation. Our theoretical findings can be extended to general applications that involve
estimating global results with partial information. Additionally, our extension of utilizing independent
sampling can be applied to previous works that employ random sampling. Besides, the global estimate
variance in FL also comes from the data heterogeneity issues. Extreme data heterogeneity across clients
may incur non-decaying local feedback, hence breaking the Assumption Analogous to previously
cluster sampling works (Fraboni et all 2021 [Song et al.l |2023)), this can be addressed with client clustering
techniques (Ghosh et al.| [2020; Ma et al. [2022; Zeng et al.l 2023a).

In conclusion, our study provides a thorough examination of FL frameworks utilizing unbiased client sampling
techniques from an optimization standpoint. Our findings highlight the importance of designing unbiased
sampling probabilities for the independent sampling procedure to enhance the efficiency of FL. Building upon
this insight, we further extend the range of adaptive sampling techniques and achieve substantial improvements.
We are confident that our work will contribute to the advancement of client sampling techniques in FL,
making them more applicable and beneficial in various practical scenarios.
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A Related Work

Our paper contributes to the literature on the importance sampling in stochastic optimization, online convex
optimization, and client sampling in FL.

Importance Sampling. Importance sampling is a non-uniform sampling technique widely used in stochastic
optimization (Katharopoulos & Fleuret, 2018) and coordinate descent (Richtarik & Takac, [2016a). |Zhao &
[Zhang| (2015)); Needell et al.| (2014)) connects the variance of the gradient estimates and the optimal sampling
distribution is proportional to the per-sample gradient norm. The insights of sampling and optimization
quality can be transferred into federated client sampling, as we summarised in the following two topics.

Online Variance Reduction. Our paper addresses the topic of online convex optimization for reducing
variance. Variance reduction techniques are frequently used in conjunction with stochastic optimization
algorithms (Defazio et al. 2014; Johnson & Zhang] 2013) to enhance optimization performance. These
same variance reduction techniques have also been proposed to quicken federated optimization
[2020; [Malinovsky et al.l [2022). On the other hand, online learning (Shalev-Shwartz et al., [2012) typically
employs an exploration-exploitation paradigm to develop decision-making strategies that maximize profits.
Although some studies have considered client sampling as a multi-armed bandit problem, they have only
provided limited theoretical results (Kim et al.| [2020; |Cho et al.l [2020a; [Yang et al), 2021)). In an intriguing
combination, certain studies (Salehi et al. |2017; Borsos et al., 2018} [2019) have formulated data sampling in
stochastic optimization as an online learning problem. These methods were also applied to client sampling
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in FL by treating each client as a data sample in their original problem (Zhao et al.| 2021a; [E]1 Hanchi &
Stephens), [2020)).

Client Sampling in FL. Client sampling methods in FL fall under two categories: biased and unbiased
methods. Unbiased sampling methods ensure objective consistency in FL by yielding the same expected value
of results as global aggregation with the participation of all clients. In contrast, biased sampling methods
converge to arbitrary sub-optimal outcomes based on the specific sampling strategies utilized. Additional
discussion about biased and unbiased sampling methods is provided in Appendix Recent research
has focused on exploring various client sampling strategies for both biased and unbiased methods. For
instance, biased sampling methods involve sampling clients with probabilities proportional to their local
dataset size (McMahan et all [2017)), selecting clients with a large update norm with higher probability (Chen
et al., 2020)), choosing clients with higher losses (Cho et al., 2020b), and building a submodular maximization
to approximate the full gradients (Balakrishnan et al., |2022)). Meanwhile, several studies (Chen et al.| [2020;
Cho et al.l |2020b)) have proposed theoretically optimal sampling methods for FL utilizing the unbiased
sampling framework, which requires all clients to upload local information before conducting sampling action.
Moreover, cluster-based sampling (Fraboni et al. 2021} Xu et al.l [2021; [Shen et al., |2022) relies on additional
clustering operations where the knowledge of utilizing client clustering can be transferred into other client
sampling techniques.

B Useful Lemmas and Corollaries

B.1 Auxiliary Lemmas

Lemma B.1 (Lemma 13, Borsos et al.,[2018)). For any sequence of numbers ci,...,cr € [0,1] the following
holds:

> G <44
o (cd)¥? T
where c1.4 = 23:1 Cr.

Lemma B.2. For an arbitrary set of n vectors {a;}*_,,a; € RY,

n 2 n
Sail <0 il (14)
=1 =1

Lemma B.3. For random variables z1,...,z,, we have
2 2 2
E(llz1+ .+ 2all®] <0 [0 + .+ flzal?] (15)
Lemma B.4. For independent, mean 0 random variables z1,. .., zn, we have
2 2 2
E e+ zall?] = E[l2)® + ..+ 2] (16)

B.2 Arbitrary Sampling

In this section, we summarize the arbitrary sampling techniques and present key lemmas used in this
paper. The arbitrary sampling is mainly used either for generating mini-batches of samples in stochastic
algorithms (Chambolle et all 2018 [Richtarik & Takac, [2016a)) or for coordinate descent optimization (Qu &

Richtarik, [2016). In contrast, we explain the background in the context of federated optimization.

In detail, let S denote a sampling, which is a random set-valued mapping with values in 2V! where
[N]:={1,2,...,N}. An arbitrary sampling S is generated by assigning probabilities to all 2V subsets of [N],
which associates a probability matriz P € RV*YN defined by

Pij = PI‘Ob({Z,]} - S)
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Thus, the probability vector p = (p1,...,pn) € RY is composed of the diagonal entries of P, and p; :=
Prob(i € S). Furthermore, we say that S is proper if p; > 0 for all i. Thus, it incurs that

N
= E[|S|] = Trace(P) = Zpi.
i=1

The definition of sampling can be naively transferred to the context of federated client sampling. We refer to
K as the expected number of sampled clients per round in FL. The following lemma plays a key role in our
problem formulation and analysis.

Lemma B.5 (Generalization of Lemma 1 Horvath & Richtarik| (2019)). Let a1, as,...,ay be vectors in R?

and let a = va:l Aia; be their weighted average. Let S be a proper sampling. Assume that there is v € RN
such that

P — pp' < Diag(p vi,pavs,...,PNUN). (17)

Es~p[ ]<ZA2 lail?, (18)

where the expectation is taken over sampling S. Whenever Equation equation [I7] holds, is must be the case
that

Then, we have

e

i€S

v, > 1—p;.

i = 1 —p; and makes

Moreover, The random sampling admits v; = ]Xf_[f
Equation equation [I8 hold as equality.

Proof. Let I;es =11if ¢ € S and I;cg = 0 otherwise. Similarly, let I; jes =1 if i € S and [; je5 = 0 otherwise.
Note that E[l;cs] = p; and E[[; jes] = P;;. Then, we compute the mean of estimates @ := )", Aia;

€S p;
N N
. Aia; A az )\ZaZ _
E[a] = ]E[Z - } = E[Z ] ’LGS Z 165 Z = a.
ies Pi -1 Pi o Pi P
Let A =[(1,...,¢n] € RN where ¢; = Ap%, and let e be the vector of all ones in RY. We now write the
variance of a in a form that will be convenient to establish a bound:
Ela - Ea][*] = E[|a|*] - IHEHH2
)\al
E[| > =’ - llal’
€S Dpi
Aia; Aja, _
—E|) o ;_jﬂi,jes —la|?
wo o (19)
Aia; A
- A S Al
= Z (pij — pip;) ¢/ €5
]
T ((P — ppT) ) ATA) e
Since by assumption we have P — pp" < Diag(p o v), we can further bound
"(P-pp')oATA)e<e' (Diag(pov)oATA)e=> piw;|Gl°. (20)

i=1
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To obtain equation it remains to combine equation with equation Since P — pp' is positive
semi-definite (Richtarik & Takach 2016b), we can bound P —pp" < NDiag(P — pp') = Diag(p o v), where
v; = N(1—p;).

Overall, arbitrary sampling that associates with a probability matrix P will determine the value of v. As a
result, we summarize independent sampling and random sampling as follows,

e Consider now the independent sampling,

p1(1—p1) 0 T 0
0 p2(1—p2) - 0
P-pp' = : : . : = Diag (p1v1, .., Pavs),
0 0 o pu(l=pn)
where v; = 1 — p;. Therefore, independent sampling always minimizes equation [I8 making it hold as

equality.

e Consider the random sampling,

K K2 K(K-1) K(K-1)
N~ N2 N(N-1) ~° N(N-1
K(K-1) K K§K71§
T N(N-1) N Y N(N-D)

P-pp =

ST

K(K-1) K(K-1)
N(N-1) N{©-1)

N-—K

o1 for

As shown in (Horvath & Richtérik} 2019)), the standard random sampling admits v; =
equation [I8]

O

Conclusion. Given probabilities p that defines all samplings S satisfying p; = Prob(i € S), it turns out
that the independent sampling (i.e., P;; = Prob(i, j € S) = Prob(i € S)Prob(j € S) = p;p;) minimizes the
upper bound in Equation equation Therefore, depending on the sampling distribution and method, we
can rewrite the Equation equation [18| as follows:

N N
Nai Nl N~ K 8 a?
V(S) = Bsnplll Y T2 — ] = 3001 - i) Pt < T - 2l (21)
ies " i=1 v i=1 ¢
Independent Sampling Random Sampling

B.3 Proof of Solution to Independent Sampling with Minimal Probability

In this section, we present lemmas and their proofs for our theoretical analyses. Our methodology of
independent sampling especially guarantees a minimum probability of clients in comparison with Lemma [2.2]
Our proof involves a general constraint, which covers Lemma Then, we provide several Corollaries
for our analysis in the next section.

Lemma B.6. Let0<a; <ay < ---<any and0 < K < N. We consider the following optimization objective
with a restricted probability space A = {p € RN |pyin < pi < 1, Zil p; = K,Vi € [N]} where ppi < K/N,

N 2

minimizepen Qp) = Z i’
pi
i=1

N
subject to Zpi =K,

i=1

Dmin <Pi <1,1=1,2,...,N.
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Proof. We formulate the Lagrangian:

N

N N
'C(payvalavaNaﬂla7ﬂN):ZF+y (sz )"_Zal(pmm_pz)"_ZBz(pz_l) (23)
=1 =1

i=1
The constraints are linear and KKT conditions hold. Hence, we have,

- 1 if /7 < a,.

as

1 _ ll72 . . . .
P\ Tt Vo VP <ai <Y, (24)

Pmin; if a; < \/?j * Pmin-

s 12 = Z] + |{\/§'pmin <a; < \/y}"

Then, we analyze the value of y. Letting [, = ‘{i|ai <
N — Iy = |{il\/y < a;}|, and using Zfil p; = K implies,

N
szzzpz+ Z pz+zpz—l1 Pmin T+ Z N -l =K.
=1

i<ly 1 <i<la i>lo 11 <i<la

Arrange the formula, we get

Dol <icly Bi

= . 25
WER SN+l -l pn @)
Moreover, we can plug the results into the objective to get the optimal result:
2
a; a; a; a;
) b2 p T > I > P
i=1 i<ly L <i<ly i>N—1
S . al
=S (Y a)+ Z a? (26)
min

11 <i<la i>N—ls

2
:ZiSll a; (X1, <ict, i + Z a2

+
Pmin K—-N + (l2 - ll pmln i>N—ls

where the 1 <[} <ly < N, which satisfies that Vi € (I1,12),

Doty <icly i <a, Dty <icly @i
K_N+12_l1'pmin ’ K N+12_l1 pmm

Pmin *

In short, we note that if let ppi, = 0,1; = 0, the Lemma [2.2]is proved as a special case of equation [26] Besides,
we provide further Corollary and as preliminaries for further analysis.

Corollary B.1. With K -any < vazl a; and ppin =0, we have l; = 0,lo = N for equation and induce

(= a0

argmin Q(p*) = e

21



Under review as submission to TMLR

Corollary B.2. With K -ay < Z 1 @; and pmin > 0, we have la = N and Iy is the largest integer that
satisfies 0 < (K — 1y - pmm)zﬁi < Pmin- The optimal value of equatwn 0| becomes
a

i=ly ¢

N
Z . z<l1 a; + Vil Z a;) > Eq. equation[26, def. in line 2

i—1 Pi 1, <i<N
2
i<y, @
= Ztgill + y(K — l1pmin) > Eq. |25, replacing Z a;
Pmin 11<i<N
< llypmin + y(K - llpmin) > Eq. a; < \/Zj * Pmin
N N
_ (Ei:ll a;)’ K< K(Zi:ll a;)?
(K - llpmin)2 - (K - Npmin)2
N
< K(Q i, a;)’ '
o (K - Npmin)2

C Convergence Analyses

C.1 Sampling and Bounded Local Drift

We start our convergence analysis with a clarification of the concepts of optimal independent sampling.
Considering an Oracle always outputs the optimal probabilities p*, we define

2 N
1—pr
(Si =K Z 1gz ZAZ g; =E [Z *132||g'f||2‘| ’
icS* P i-1 Pi
where we have ||g!||* = ||A;g||?>. Then, we plug the optimal probability in equation [4] into the above equation

to obtain

N | pt 1 l 2 !
51:1@{2 g | | (ZI@?II) -3l
i=1 i=1

i=1 g

Using the fact that K||g4|l < SN, ||gt]l, we have

- 2
¢ 1 (¢ ~t S )
6, <E I ZHQL” _Z”giH
i=1 i=1

N 2 .
1 - S gt
[ () ox B
i=1

(=2 0gtl)
<M lE (; ||§f||>

To clarify the improvement of utilizing the sampling procedure, we provide two baseline analyses respecting
independent sampling and random sampling. For an uniform independent sampling S* ~ U(p; = %) , we

have
AR S N-K_[&
> pfgz Zkzgz > —Xla IIQ] = E lengQ}
i=1 i=1

iest ! N

2

5t =FE =FE
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For a uniform random sampling St ~ U(p; = %) we have by Lemma
N-K N -
> Ny zngl <N e ). o)

iest £t
Straightforwardly, we can prove that §/dy < 0, indicating that independent sampling creates better estimates
than random sampling.

oy :=E

Definition C.1 (The optimal factor). Given an iteration sequence of global model {x', ... '}, under the
constraints of communication budget K and local updates statues {gf}ie[N], t € [T], we define the improvement
factor of applying optimal client sampling St ~ p* comparing uniform sampling Ut ~ U as:

- |:Hziest 20l = Xl Mg 1
B (| Sieee Srot - i vt

and optimal p* is computed via equation I ) with {g}}icn
Putting Equations together induces the improvement factor of optimal independent sampling respecting
uniform random sampling;:

[ 2
As N
st E ’Zies* ng = Yim Nig} }

. N 2
E ’Eiest %gf — Yim Aig; }
: (28)

v - v | (S 0a) | B | (S a) ]
NE[SY, g NE[SY, lgle]

Lemma C.1 (Upper bound of local drift, [Reddi et al.| [2020)). Let Assumption hold. For all client
i € [N] with arbitrary local iteration steps r € [R], the local drift can be bounded as follows,

E ||z — 2| < 5Ry} (o} + 6Ro> + 6R ||V («')]°)
Proof. For r € [R], we have
E lgt"] ==t - o) =B [z -t — @Rl

) ‘a} gt (V) £ VE (ah 1))H2

k||t~ VR @) +E | (VA v (20|

r 2 2

=K ‘ e gt —2 < —at pVE (=) > + HmVFi(scg’r_l)H } + niot
- 9 1

=E ‘w” ! a:tH —2< ———(x!" — '), V2R — 1y VF (2" >—|—H VF(zl"™ 1H]+ Po?
I i m( 3 ) m ( i m o

1+

(1 o)
(1)
<1+2R—1> |
(

+6Rnl2L2>JEH b=l _ tH2+n?(a—l2+6Ra§+6RE 97 @)]*])

2 2
prl _th } 4 2RE [Hmvm(wg,m)” ] e

tr—1
z," —x!

1+

| 2mE o (VR £ 97 @) £ 94 @) ] + et

2
tyr—1
z," —x!

IN

+6R]E[Hm<Vf,»(x§”_l) Vi (@ )H]+6RE[H771(VL( DI + ot

IN

1+

2R71
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Unrolling the recursion, we obtain

p
E |zt — ||’ <Z (1+ T AR 2L2> ni (o7 + 6Ro; + 6RE [||Vf ) }
1 \" 29
<(R—-1) <1+R_> —11 ni (o7 + 6Ro’ + 6RE [||Vf (wt)\ﬂ) (29)
<5Rif(of + 6Ra? + 6RE |||V (')]*])
where we use the fact that (1+ )% <5 for R > 1. Then, we have
N N
SONE |gf]*] < WY AE[[lgf]*] < 5WRiR(0F + 6Ra? + 6RE [[|V 1 (2)|*]) (30)

i=1

where we use W = max{A;},c;n) and the fact by Assumptionthat SN UNNVE (@) < ||V ()2 +op.

Notation. For simple notation, we use A = 5Rn? (a7 + 6Ro2 4 6RE [|| f(x")[|?]) to denote the upper bound
of local drift.

O

C.2 Non-convex Analyses

Now we are ready to give our convergence analysis in detail.

Proof. We recall the updating rule during round ¢ as:

R

gt _
=2t -, Z zfg/l =z' — n,d", where g} = =" — :c?R = Z VE(zb" ).
iest i r=1
t
Notation. For clear notation, we denote W = max{A;};cn], 7 = WK +K

* K
Descent lemma. Using the smoothness of f and taking expectations conditioned on x and over the sampling
St, we have

E [f(@')] = (' —nyd') < [(a") —n, (VF('),d') + Co2E [
< 7(@")  n VI + 7y (VS (), V(@) — d) + 2B )]

< f(@) - LIV i@ + LR (Vi) - dIP] + 528 [l

T1 T2

where the last inequality follows since (a,b) < %||al|> + 3[|b]|%, Va,b € R%.

24



Under review as submission to TMLR

Bounding 77. We first investigate the expectation gap between global first-order gradient and utilized global

estimates,

E [Hw(xt> - dt|ﬂ [

Z Aigt - gi)

el sl

- ,
=E [|D X (m mZVF v 1) ]
=1
~ N R 2
=E Zl ZZ(;V.]CZ 771VF( o 1)+77lvfz( o 1) Ulsz( o 1)) ]
) N R 2
<2E Z zZ(;sz mei(w?r_l))H (32)
=1 r=1
al 4 tr 1 tr 1
+9E ZAle(w )
N R
<2IE3[ Ay (;Vfi — Y izl H ] oo
=1 r=1
2N al t'r‘ 1 2 2
sz_: 4 —UlRZ:lVfi i) ]+2771R01
Then, we have
E [||Vf(a:t) - d'|f’]
2N 9 i & tr—1 2p 2
<= A E |||[(1—-mR) ZVf, ) +mR (ZWZ =D Viila; )) ] + 2n; Roy
=1 r=1 r=1 r=1
N I R 2
<SR || - k) Y Vi) ]
=1 r=1
R R
+‘gz 1,\?1E mR (;W(f)—zm(w;”)> ] + 292 Ro?
- - (33)
N N
<4AN(1-nR)* S NE {HVfi(:n 2] = IZAQRZE[HVL —Vfi(zh 1)H ] + 22 Ro?
=1
N
<4AN(1-qR)*Y NE [||sz ) } = lﬁZ)ﬁRZE U ”ﬂﬂ + 22 Ro?.
=1

<AN(1 - R)? ZV]E [V /(="

i=1
<8N(1—-nR)

<8(1—nR)*(E [|Vf(=")]] +

WE VI ()?] +
o)+ 4n?L*A + 207 Ro?,

)I°] + 4 r? ZA?E {th

m?HH ] + 292 Ro?.

02) + AN L*W A + 217 Ro}
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where we plug equation |30| at the last and use the fact that W is proportional to % (omit constant factor

NW). Then, we have

Ty < dng(1 = mR)*(E [|Vf(@")|*] + 07) + 2097 L*A + g1 Rof. (34)
Bounding 75. Now, we focus on the quality of estimates,
2 2
Zgz
E[ldP’] <E || > Ej&m 9!
| llies? 1
[ 2 2 2 35)
Aig} Aig} & (
<E|IX S0 -2 5 | B2 Z*zgl 9!
| lliest Pi ies- Pi icse Pi
Q(sY) (4)

Here, the Q(S?) indicates the discrepancy between applied sampling and optimal sampling. The term (A)
indicates the intrinsic gap for the optimal sampling to approach its targets and the quality of the targets for

optimization. Using definition in equation 27] and equation @ we have

(4)=E 2:1% }j&, gl
i€S* i ]
2
N_-K N
<al e [ il ol

N — K)N N
<ot T TIN5 s [t ] + 3 [t ]
=1 =1

N - K)N al
_>GQ2N_4£K‘*N>§:AﬁEMQNﬂ
i=1
I((N-K)+K\ N <
< (SR gy o lall]
i=1
N N
=T£N_1;A%E[|lgf|l2}
N _
STfN_lWA

t._

t(N-K)+K
where 71 := %

€ [1, %] as we defined before. Then, we have
< Lopq(sty + prtwa
= 577(]@( ) + Ng T

where we let Q(TN_” < 1 the last inequality for simplicity of notation.

(36)

Putting together. Substituting corresponding terms in equation [31| with equation [34] and equation [36|to

finish the descent lemma, we have

E[f(@*)] < f(@) - 2|V i)
+4n,(1 - MR (E IV f(@")]?] +

L
+§ﬁQ@6+LﬁtWA

03) + 2"7g"7l2L2A + ngnlzRUlQ
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Then, substituting A from Lemma we rearrange the terms to obtain

L

E[f(@*)] < f@) + 3mQ(S") — 2 (1= 8(1 = miR)? — 120R* L7 — GOR*Lr!Wyn?) | V(")
+ 1y (41— mR)? + 60R?y{ L? + 30R*n? Lt Wn,) o2 (37)
+ 1y (1ORL n} + Rn}f + 5Rn?Lr, an) of.

Taking a full expectation on both side and rearranging equation [37|and setting 7y < % to adapt L, we obtain

2(E[f(z")] — E[f(="*1)])
Mg

P'EIVf(=")]* <

+ B'ng + e+ Q(SY), (38)

where we have
t __ 2 212
p' = (1-28(1—mR)* - 120R*L*n; (n} + TiW)),
8" =10 (Rn} Loj + 6R*n7 Loy ) TiW,
e =8((1—nR)*+15R*y/L?) 02 + 2Ry} (1007 L* + 1) o}

Then, taking averaging of both sides of equation [38 over from time 1 to T, we have

2(E [f(z') — f(x")])
Tn

T i ’ )
%ZPtE”Vf(””t)”? < +5ng+e+ZQ(TS)
= t=1

g

where B =7 Zf 1 Bt Then, taking upper bound E [f(z') — f(z7>°)] < M, p := min{p'}]_,, setting

Ng = B M to minimize the upper bound, we have

E”vf ”2 8MB+T€2 + %Z?:l Q(St)
\ T p ’

which concludes the proof. O

min B[V f(a')]? <
te

»

’ﬂ\
b)‘bﬁ\

D Detail Proofs of Online Convex Optimization

D.1 Vanising Hindsight Gap: Proof of Lemma [5.]]

Proof. We first arrange the term (B) in Equation equation [J] as follows,

(39)

T T T N 2(i) T N
minZZt(p) —Zminﬁt(p) :minzz £ —Zminz
p p p ; ;
t=1 t=1 j i
Here, we recall our mild Assumption [5.1]
(1) := hm e (1 Zm Vi € [N].
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Then, denoting Vp(i) := Zf:l(m(z’) — m4(i))?, we bound the cumulative variance over time T per client

i€ [N,
T () =Y (ma (i) + (me (i) — m(0)))?

T

<T - 72(i) + 2. (i) Z (i) — (i

<T - 72(i) + 21 (i) /T - Vir (i) + Vip(i )

=T (W*(z) + VTT@)>

Using the Lemma and non-negativity of feedback we have,

771-*

HMH

(40)

mln Z i (i = iV L™ (1))” (41)
i=1 pi K .

We obtain the upper bound of the first term in Equation equation

T T (i)_(ZiNzlwiT(i)f
B K

—\ 2
SIT((%M@& VU) (2

T<H2+2HZ VTT(Z Z\/Vt )

where we use Lemma in the second line, and Equation equation [40]in the third line.

Then, we bound the second term in Equation equation
N | LN 2 | LN
DICE (T zzm@) < LS
j t=1 i=1 t=1 i=1 (43)

Sy

o1 Pi

where the first inequality uses the average assumption, the third inequality uses Jensen’s inequality, and the
last inequality uses Equation equation

Overall, we combine the results in Equation equation [42] and equation [43] and conclude the proof:

m;néét meet (Z F) <2H +Z Vi ) (44)

D.2 Regret of Full Information

Theorem D.1 (Static regret with full information). Under Assumptions sampling a batch of clients
with an expected size of K, and setting v = G2, the FTRL scheme in equation |10 yields the following regret,

T T N
Z Z 2NG 2V6NG Z < 22NG?
t _ : < 2 .
=1 L) . =1 hip) < ( z * K > im1 mr(i) ¥ z (45)
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where we note the cumulative feedback \/72...(i) < O(VT) following Assumption .

Proof. We considering a restricted probability space A = {p € R¥|p; > puin, Zf\il p; = K,Vi € [N]} where
Pmin < K/N. Then, we decompose the regret,

T T T
Regretprpy, (1) = »_ £i(p') — min > t(p)+ min Z (i(p) — min > t(p). (46)
t=1 t=1 t=1

(4) (B)

We separately bound the above terms in this section. The bound of (A) is related to the stability of the online
decision sequence by playing FTRL, which is given in Lemma Term (B) is bounded by the minimal
results of directing calculation.

Bounding (A). Without loss of generality, we introduce the stability of the online decision sequence from
FTRL to variance function ¢ as shown in the following lemma(Kalai & Vempalal 2005 (similar proof can
also be found in (Hazan| 2012; [Shalev-Shwartz et all 2012)).

Lemma D.1. Let K be a convex set and R : K — R be a regularizer. Given a sequence of functions {£s}e[m
defined over K, then setting p' = arg miny,cpw Zi;ll L. (p) + R(p) ensures,

Db = blp) <Y (6(p') — (@) + (R(p) — R(p")),Vp € K.

t=1

We note that R(p) = Zi\; v/p; in our work. Furthermore, R(p) is non-negative and bounded by Nv/pmin
with p € A. Thus, the above lemma incurs,

T T T N’y
> () =D ) <> (L) - L)) +—. (47)

=1 Pmin

Bounded Below

To simply the following proof, we assume that 0 < m1(t) < ma(t) < -+ < wn(t),t € [T] to satisfies Lemma [B.6]
without the loss of generality. The stability relies on the evolution of cumulative feedback 7%, (i) and hence
relies on the index in solution I, l according to Lemma [2.2] Following the Lemma [B.6, we have

1 ifi > 18,
72 G
pl— Zt@, if i € (11,15), o
Pmin> lfl S l:t“

where z; = K—N+15—1! -ppmin < K and ¢; = D) VAL @)+~ < SN, /72,(i) + 7 is the normalization

factor . Then, we investigate the first term in the above inequality,

S ) — b)) < 303 7206 - ( ! 3H>

t=1 t=1 i=1 p’ b;

Remark. According to the above inequality, we note that the stability of online convex optimization is
highly related to the changing probability. We can have a trivial upper bound Zthl(Et (pt) — 4 (p'™h)) <
Zt 1 ZZ L 72(4) - (1/Pmin — 1), which indicates that the stability is restricted by pmin. Solving the sampling
probability requires sorting cumulative feedbacks 7%,,(), the combinations of client-index and p! are dynamic.
Hence, directly bounding the above equation generally can be difficult. To obtain a tighter bound for FTRL,
we investigate the possible
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Lemma D.2. Assuming that pt < pf“, for alli € [N],t € [T — 1], the upper bound of (1,5 — ptlﬂ> is given

by:

1 1 1 Ct Ct41
0< (= < — - . (49)
<p2 Pf“) min (2, z¢41) <\/7T%t_1(i) fy V) + 7)

Proof. For all t € [T], we have cumulative feedbacks 7y.:—1(¢), 4 € [IN] on the server. The server is able to
compute results equation As we are interested in the upper bound, we assume p! < pf’l and discuss the

cases below:

vV 7"%;1 (1)+v )

e Case 1: letting (pl,pfﬂ) = (Prin, Zt+1 o , we have
1 1 1 Ct+1
p; pr Pmin Zt+1 71, (1) +
< Ct+1
B ,/77“ NOER Zt+1v771t
Ct Ct+1

— mln(z,:, Zt+1) \/ﬂ-%:t—l(i) + v \/Wl;t(i> + 7y

\V Wf:t—l(i)+'y

Ct

where the second inequality uses equation [24|indicating pmin > 2t

‘:(iHW ) Zt41 Vi ()t ), equation [49| naturally holds.

c Ct41

7T2
o Case 2: letting (p!, "‘H) (zf\/ it

2 4
o Case 3: letting (p!, t+1) (t@,l)

and prove the conclusion analogous to case 1.

V()4 by equation

, we can know that 1 < 2,44 o

e Case 4: analogous to the case 1 and 3, letting (pl,pfﬂ) = (Pmin, 1), equation 49| naturally holds.

Summarizing all cases to conclude the proof. O

Using Lemma [D.2] we are ready to bound the stability of the online decision sequence:

T T
S als) ) = Y

t=1 t=11¢

M=

7T2 ( Ct+1 )
+ (
1 2o\ i1 (1) + zt“Vﬂ-lt
2
w7 (1) - e

1
T min z) (writ_l(z')ﬂ V() +’y>

O O S G
< min(z, ze41) /7 (1) + Tie—1(8) +

S me(6) 7 VIt —1<
1i=1 min(2e, Ze41) /73, (6) + 7 - (721 (6) +7)

M= 1
Mz

>ep < cpq

-
Il

11

M=
Mz

~~
Il
-

i

IN
[\D‘Qr
(]~
o8

~
Il

where the third line uses definition ¢; < & = Y0 | /72, (i) + 7.
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Letting v = G2, we have that 7%.,(i) < 72, (i) + v and \/73,,(i) < /77.,(i) + . We define z = min{z}7_,
and conclude the bound,

T ~

T
> (L)~ ) < T

t=1 t=1 1

7Tt Z)

7 (12,()F

Mz

Z Z— >Lemma [B 1]

1o ((ma(1)/G)?)

Mz

CT
22

-
Il

22N
z

72 (i) + G? >Definition of ¢p

1 ( 72 (i) + G)

Finally, we can get the final bound of (A) by plugging Equation equation |50 into Equation equation 47 and
summarizing as follows,
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Bounding (B). Using Corollaries and [B.2] we bound the term (B) as follows,

manft manEt
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(51)

In the last line, we use the fact that ﬁ 1 < 6z for x € [0,1/2]. Hence, we scale the coefficient
K i _ i |: 1 1:| 6Npmin
(K — Npmin)? K  KL(1 - Nppin/K)? - K%~

where we let pmin < K/(2N).

Summary. Setting v = G2, and combining the bound in Equation equation 47| and Equation equation
we have,

T T
Regretppry, (1) = Z L(p') — mgn Z t:(p)

N
< ' ( (i) + G) + pmin : (Z \ (i )

(52)

The pmin is only relevant for the theoretical analysis. Hence, the choice of it is arbitrary, and we can set it to

Pmin = Min {K/(2N), GK/(V/6 Zfil \/ﬂ%:T(i))} which turns the upper bound to the minimal value. Hence,
we yield the final bound of FTRL in the end,

T T N
2NG 2V6NG 22N G?
AN . < 2 .
;:1 l(p") mz}n ;:1 li(p) < ( B + K > ;:1: \ 7T1:T(7’) + EE (53)
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O
D.3 Expected Regret of Partial Feedback: Proof of Theorem [5.2]
Proof. Using the property of unbiasedness, we have
T T
minE[Y _6:(5") =D 6 (p)]
t=1 t=1
T T
= minIE[Z Nt(ﬁt) - Z Nt(p)}
L= t=1 (54)
T T T T
=E[ Y4~ Y (e +minE| YA - Y ()] .
t=1 t=1 t=1 t=1

(A) (B)

Bounding (A). We recall that p! > % for all ¢ € [T],i € [N] due to the mixing. Therefore, p! > K/N
implies p! > K/N. Thus, we have

p. pl

L 1 _,Pi-N_, o _ 0
T ottt =Y St ot =
D;p; p;p; b;

tT:1 N t:11 1
:E{;;ﬁf(i)(ﬁ - 175)}
N T N
<0 E[ 3D 7))
t=11=1
; HG;N2T7

where we use E[77(i)] = 77 (i) < G2.

Bounding (B). We note that p’ is the decision sequence playing FTRL with the mixed cost functions. Thus,

we combine the mixing bound of feedback (i.e., #2(i) < %Q—KN) and Theorem Replacing G? with Cj—KN, we
get

t=1 t=1

T 3 3 N
- - 2NzG  26N:G 22G2N?
ty _ . < ~9 .
> 4i(p") min > li(p) < (NW + = s >1E LE_l \/leT(Z)] t

Summary. Using Jensen’s inequality, we have E[ "N | /72,.(0)] < SN, VERZ, ()] = 2N, /720(0).

Finally, we can get the upper bound of the regret in partial-bandit feedback,

T T 2 N 2
Ve min g[S () - Yo tip) < Gt + (e M lz \/fr%T(z’)] + 28
t=1 t=1 i=1
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where the last line uses the bound Ziil Vi) < NGVT. Now, we can optimize the upper bound of regret
in terms of 6. Notably, 0 is independent on T" and we set 0 = (75 K)% to get the minimized bound. Additionally,
we are pursuing an expected regret, which is Regret g )(T) in the original definition in Equation equation @
Using the unbiasedness of the mixed estimation and modified costs, we can obtain the final bound:

T
NZ2. E[Regret g Z l(p mgn Z 4(p)]

T T
= ]E[Zét(ﬁt) - miant(p |+ E[ mlnz& minz&(p)]
t=1 L) t=1 L)
T

O(N3TS /K5 )+]Em1nZ€t mpinzgt(l))]

t=1

IN

< O(NSTH/K?),
where the last inequality uses Lemma and the conclusion in Theorem 8 (Borsos et al.l [2018]). It proves
the second term induces an additional log term to the final bound.

Remark. Baseline works have additional averaging coefficient ﬁ in their final bound. This is because
they consider the weights A = 1/N in stochastic optimization, while we include the A for clients’ weights in
federated optimization. To align with them, we omit the coefficient of N2 and report the final bound for
E[Regretg)(T)], as N 2 can be absorbed by excluding the A from client feedback function (). O

E Further Discussions

E.1 A Sketch of Proof with Client Stragglers

We note the possibility that some clients are unavailable to participants due to local failure or being busy in
each round. To extend our analysis to the case, we assume there is a known distribution of client availability
A such that a subset A" ~ A of clients are available at the ¢-th communication round. Let q; = Prob(i € A?)
denote the probability that client i is available at round ¢. Based on the setting, we update the definition of

estimation d*:
Aig!
¢ i
di= >

i€StC At 2P

where St C A? indicates that we can only sample from available set. Then, we apply the estimation to
variance and obtain the following target:

2

T T N .
Regret(T) = 3° 3 1) DI e (0

t=1 i=1 1p’L sz

Analogous to our analysis in Appendix [D] we could obtain a similar bound of the above regret that considers
the availability.

E.2 Differences between biased client sampling methods

This section discusses the main differences between unbiased client sampling and biased client sampling
methods. The proposed K-Vib sampler is an unbiased sampler for the first-order gradient of objective[]] Recent
biased client sampling methods include Power-of-Choice (POC) (Cho et al., [2020b)) and DivFL (Balakrishnan
et al., 2022). Concretely, POC requires all clients to upload local empirical loss as prior knowledge and selects
clients with the largest empirical loss. DivFL builds a submodular based on the latest gradient from clients
and selects clients to approximate all client information. Therefore, these client sampling strategies build a
biased gradient estimation that may deviate from a fixed global goal.

33



Under review as submission to TMLR

FL with biased client sampling methods, such as POC and DivFL, can be considered dynamic re-weighting
algorithms adjusting p;. Analogous to the equation [I] the basic objective of FL with biased client sampling
methods can be defined as follows (Li et al., 2020bj Balakrishnan et al., [2022; |Cho et al.| 2020b)):

N N
min flx) = Z;pifi(-’ﬁ) = Z;pi]EfiN”Di [Fi(z, &), (56)
where p is the probability simplex, and p; is the probability of client ¢ being sampled. The gradient estimation
is defined as g* = % > icgt 9i accordingly. The targets of biased FL client sampling are determined by the
sampling probability p as a replacement of A in the original FedAvg objective [I] Typically, the value of p is
usually dynamic and implicit.

E.3 Theoretical Comparison with OSMD

The K-Vib sampler proposed in this paper is orthogonal with the recent work OSMD sampler |[Zhao et al.
(2021b)E| in theoretical contribution. We justify our points below:

a) According to Equations (6) and (7) in OSMD, it proposes an online mirror descent procedure that optimizes
the additional estimates to replace the mixing strategy in Vrb [Borsos et al.| (2018). The approach can be also
utilized as an alternative method in equation [I2]

b) The improvement of the K-Vib sampler is obtained from the modification of the sampling procedure. In
contrast, the OSMD still follows the conventional random sampling procedure, as we discussed in Lemma [2.1
Hence, our theoretical findings of applying the independent sampling procedure in adaptive client sampling
can be transferred to OSMD as well.

In short, the theoretical improvement of our work is different from the OSMD sampler. And, our insights
about utilizing the independent sampling procedure can be used to improve the OSMD sampler. Meanwhile,
the OSMD also suggests future work for the K-Vib sampler in optimizing the additional estimates procedure
instead of mixing.

F Experiments Details

The experiment implementations are supported by FedLab framework (Zeng et al., [2023b). We provide the
missing experimental details below:

Hyper-parameters Setting. For all samplers, there is an implicit value G (Lipschitz gradient) related to
the hyper-parameters. We set G = 0.01 for the Synthetic dataset task and G = 0.1 for FEMNIST tasks. We
set 7 = 0.4 for Mabs (Salehi et al.l 2017)) as suggested by the original paper. Vrb |Borsos et al.| (2018)) also
utilize mixing strategy § = (N/T)3 and regularization v = G2 * N/. For the case that N > T in FEMNIST
tasks, we set § = 0.3 following the official source coddﬂ For Avare [El Hanchi & Stephens| (2020)), we set

Pmin = ﬁ, C= %7; and § = 1 for constant-stepsize as suggested in Appendix D of original paper. For

the K_%b sampler, we set 6 = (%)1/3 and v = G2%. We also fix v and 6 = 0.3 for our sensitivity study in
Figure

Baselines with budget K. Our theoretical results in Theorem and empirical results in Figure [5| reveal
a key improvement of our work, that is, the linear speed up in online convex optimization. In contrast, we
provide additional experiments with the different budget K in Figure[7] Baseline methods do not preserve
the improvement property respecting large budget K in adaptive client sampling for variance reduction.
Moreover, with the increasing communication budget K, the optimal sampling value is decreasing. As a
result, the regret of baselines increases in Figure [7] indicating the discrepancy to the optimal is enlarged.

2we refer to the latest version https://arxiv.org/pdf/2112.14332.pdf
3https://github.com/zalanborsos/online-variance-reduction
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Figure 7: Regret of baseline algorithms with different K
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Figure 8: Gradient variance with different K
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