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ABSTRACT

The dynamical properties of tokens in internal representations, or token dynam-
ics, of a deep learning model has recently attracted considerable attention in
deep learning theory. While transformer dynamics have been extensively stud-
ied, the analysis of token dynamics in selective state space (Mamba) models re-
mains largely unexplored. Existing studies on Mamba models impose restrictive
assumptions, such as relying solely on state space layers and limiting token em-
beddings to one dimension. However, practical implementations of Mamba incor-
porate layer normalization and operate in high dimensions, implying that token
dynamics evolve on a high-dimensional unit sphere. In this work, we address this
gap by formulating deep Mamba models as flow maps on high-dimensional unit
spheres and providing a comprehensive theoretical analysis of their token dynam-
ics. We characterize all possible token limit points and establish explicit expo-
nential convergence rates toward these points. Our analysis reveals that the first
token’s limit point exerts an attracting effect on other tokens, leading to cluster-
ing phenomena. Furthermore, we extend our theoretical analysis of the attracting
effect to a broader class of autoregressive sequence models, including state space
models, causal Transformers, and classical time-series models. Leveraging this
insight, we propose two applications: (i) randomly reordering tokens during train-
ing to diversify clustering on a small subset of limit points, thereby improving
model performance, and (ii) explaining the attention sink effect in Mamba models
through the attraction of the first token. Experimental results confirm our theoret-
ical findings and demonstrate the practical benefits of these refinements, offering
new perspectives on enhancing the effectiveness of Mamba models.

1 INTRODUCTION

Modern sequence modeling has been dominated by transformers, while state space models (SSMs)
have emerged as an important alternative. Transformers have set the standard for representation
learning, yet their quadratic complexity with respect to sequence length poses challenges for effi-
ciency and scalability (Vaswani et al., 2017). In parallel, SSMs have reemerged as powerful alterna-
tives that combine principles of recurrence and convolution with ideas from classical control theory
(Kalman, 1960). Recent innovations in parameterization and implementation have made SSMs sub-
stantially more efficient (Gu et al., 2022b; 2021; 2022a; Gupta et al., 2022; Li et al., 2023; Kosma
et al., 2023; Orvieto et al., 2023; Smith et al., 2023), enabling them to capture long-range dependen-
cies effectively (Gu et al., 2020) and to excel in benchmark tasks such as the Long Range Arena (Tay
et al., 2021). Beyond efficiency, these models have demonstrated strong empirical performance in
domains as varied as audio, speech, and vision (Goel et al., 2022; Nguyen et al., 2022a; Saon et al.,
2023).

Within this line of development, the Mamba architecture has emerged as a selective SSM with
striking empirical results. Its distinctive component, the selective state-space (S6) layer, introduces
input-dependent parameters that grant the model content awareness (Gu & Dao, 2024). This design
has proven effective across a wide spectrum of applications, including language modeling (Pi6éro
et al., 2024; Lenz et al., 2025), vision and video analysis (Liu & Li, 2024; Zhu et al., 2024; Yang
et al., 2024; Li et al., 2024a), medical imaging (Ma & Wang, 2024; Wang et al., 2024b), tabular data
(Ahamed & Cheng, 2024), reinforcement learning (Ota, 2024), 3D perception (Liang et al., 2025),
graph learning (Wang et al., 2024a), and even N-dimensional sequence modeling (Li et al., 2024b).
The breadth of these successes has been linked to Mamba’s ability to generate highly adaptive and
expressive representations across modalities (Rezaei Jafari et al., 2025; Patro & Agneeswaran, 2024;
Xu et al., 2024; Zhu et al., 2024).
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The study of token dynamics—the evolution of token representations within a model-has proven to
be a powerful framework for understanding transformers, offering insights into equilibrium struc-
tures, stability properties, and clustering phenomena. In contrast, the token dynamics of selective
SSMs have received little attention, despite the strong empirical performance of architectures such
as Mamba. Existing analyses rely on restrictive assumptions, such as one-dimensional embeddings
or the exclusion of normalization layers, which substantially oversimplify the behavior of practical
implementations Vo et al. (2025). Real-world Mamba models operate in high-dimensional embed-
ding spaces and incorporate layer normalization, leading to internal dynamics that are considerably
richer than current theories capture.

1.1 OUR CONTRIBUTIONS

In this paper, we investigate the dynamical properties of tokens in deep pretrained Mamba mod-
els under more realistic and practically relevant assumptions on model parameters. Prior theo-
retical studies often rely on restrictive conditions such as the absence of layer normalization and
one-dimensional token embeddings (see (Vo et al., 2025)). We consider the continuous-time limit
of pretrained Mamba models without these restrictive assumptions and systematically analyze the
asymptotic behavior of token trajectories over time. Our main contributions are summarized as
follows:

* We derive a dynamical system governing the continuous-time limit of pretrained deep
Mamba models. In contrast to previous studies, our analysis incorporates layer normal-
ization and investigates token dynamics on high-dimensional spheres.

* We characterize the set of limit points of token trajectories in Mamba models and establish
explicit exponential convergence rates. Our theoretical analysis further demonstrates that
the first token exerts an attracting influence on the remaining tokens, a phenomenon that
we empirically validate.

* We extend our theoretical analysis of the attracting effect of the first token on the remaining
tokens to a broader class of autoregressive sequence models, including state space models,
causal Transformers, and classical time-series models. We then strengthen a result estab-
lished in (Karagodin et al., 2024) about the asymptotic convergence of tokens in causal
attention dynamic.

* We demonstrate the practical implications of our theoretical results through two applica-
tions: (i) offering a principled explanation of the attention sink effect in Mamba models
via the attracting role of the first token, and (ii) randomizing token order during training to
diversify clustering.

To validate our theoretical findings and their applications, we conduct extensive experiments by
visualizing attention concentration in Falcon-Mamba-7B across different depths and by testing the
impact of random token reordering in MambaVision-T on ImageNet-1K classification benchmarks.
These experimental results confirm the predictive accuracy of our analysis and underscore its prac-
tical benefits in real-world scenarios.

2 MAMBA DYNAMIC AS A FLOW MAP ON SPHERE AND OBSERVATIONS

2.1 BACKGROUND — S6 LAYER

The building block of a selective state-space (Mamba) model is a Mamba block (see (Dao & Gu,
2024)). At the heart of the Mamba block is the S6 layer, which plays a key role on the success of
deep Mamba models.

S6 layer. Formally, an S6 layer is defined as a function that maps a sequence of tokens x =

(x1,...,21) € RP*L to another sequence of tokens y = (y1,...,yr) € RP*E (with the same
number of channels D). In this context, each vector 2; € R” (or y; € R”) represents a token/word,
while the whole sequence x = (21,...,z1) (ory = (y1,...,yr)) is called a prompt/sentence.
Foreachd = 1,..., D, the d-th channel output §jg = (Y41, .. ., yar) € R is determined recurrently
from the corresponding d-th channel input &4 = (x41,...,241) € R via a sequence of hidden
states hqi, . .., hqar € RY as follows:

{hdl = Aa - haj-1+ Ba - xa, hao =0, 0

Yar = Ci - hai,
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forl =1,..., L. Here, the matrices Ag;, Bg;, and C; are input-dependent and time-varying, deter-
mined by
Ag = e @) By = Ay(z)Sp -z, Cr=(Sc-z)", (2)
where Ay : RP — R is the step size function at the d-th channel and is defined by
Aq(u) = softplus(Sa,q - u) =In (1 + esAvd'“) , u€RP. 3)
The hidden positive coefficients a4 € R, and the step size vectors Sa 4 € RP ford =1,..., D,
as well as the input and output matrices Sp, S € RV* P are learnable from input data.
By eliminating the hidden states h; in system (1) and recall that y; = (y1;, ..., ypr), we obtain the
following form (see also (Ali et al., 2024)):
1
y= Ai(x)z;, “)
j=1
where A;; = diag(A1,j,...,Ap;) and Spe = SLSp as well as
xl—rSchl . Ad(xl), ifl = j,
Adij(x) = l . )
’ a Spexj - Ag(x;) - exp | —aq Z Ag(zg) |, ifl>7].
k=j+1

In our context, the matrix Sgpc = Sg Sp € RPXP which we will refer to as the input-output
matrix, plays an essential role in characterizing the dynamical properties of tokens.

2.2 MAMBA DYNAMIC AS FLOW MAP ON SPHERE

All practical implementations of Mamba models incorporate layer normalization (Ba et al., 2016),
most commonly realized as root mean square (RMS) normalization (Zhang & Sennrich, 2019).
In this approach, the sequence of tokens at each layer is normalized by dividing each token by
its Euclidean norm. This operation enhances stability by preventing divergence, thereby reducing
rounding errors and avoiding numerical overflow. Consequently, the resulting dynamics can be
viewed as evolving on the unit sphere S ~! throughout.

Follow the framework of (Karagodin et al., 2024), a Mamba model including S6 layer and layer
normalization with skip connection can then be viewed as a flow map on (S”~1)% of the dynamical
system

l
%zl(t) =P, ZAlj(x(t),t)xj(t) , 1=1,...,L, (6)
X(O) = (‘T1<0)ﬂ o axL(O)) € (SD?I)Lv (7)

where

s for each x € SP~1, the map P,.: RP — T,SP~1 is the projection onto the tangent space
at x of the sphere SP~! and it is defined by P, (y) = y — (y, ) = for each y € RP;

* the coefficient A;; is an D x D diagonal matrix A;; = diag(A1,;,...,Ap, ;) with
zi(t) " Spo(t)a(t) - Aa(ai(t), t), ifl =j,
Aaj(x(t),t) =

l
xl(t)TSBc(t)xj ~Ag(xj(t),t) - exp | —aq(t) Z Ag(z(t),t) |, ifl > j;
k=j+1
3

* the step size function at the d-th channel A; : RP x [0,4+00) — R is defined by
Ag(u,t) = softplus(Sa a(t)u), for each (u,t) € RP x [0, +00).
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Remark 2.1 (Parameters are time-dependent in simulations and experiments). Dynamical sys-
tem (6) is parametrized by the input-output matrix Spc(t) = Sc(t)TSp(t) € RPXP| the
step-size matrix Sa(t) = [Sai(t),...,Sap(t)] € RPXP, and the state coefficient vector
(a1(t),...,ap(t)) € RY,. All of these parameters are time-dependent, as they may vary across
different layers. Accordingly, we will perform simulations and experiments in the subsequent sec-
tions using time-dependent parameters in Sections 2.3 and 4. However, for the sake of rigorous
analysis, we will derive theoretical results under the assumption of time-independent parameters in
Section 3.

Remark 2.2 (Theoretical justification and practical relevance of the continuous-time limit). The
dynamical system (6) captures the continuous-time limit of deep Mamba models. Since modern
deep networks often comprise a very large number of layers, they can be effectively approximated
by continuous-time dynamical systems. A notable example is the interpretation of ResNets as dis-
cretizations of ordinary differential equations (ODEs), an approximation that becomes increasingly
accurate as network depth grows. The continuous-time perspective is a well-established and widely
adopted approach in both the machine learning and mathematics communities.

Our main problem is studying the dynamical properties of the solutions of system (6). In particular,
we want to understand how the set lim;_, . o {x1(t), ..., 21 (¢)} looks like and when it reduces to a
set of a single point.

2.3  OBSERVATIONS FROM SIMULATIONS WITH RANDOM PARAMETERS

Before providing a rigorous theoretical analysis of the token dynamics of Mamba via dynamical
system (6), we run several simulation with random choices of model parameters to have some ob-
servations of the results. In particular, we numerically integrate the system to observe: (i) trajectories
of first tokens across many random initializations with time-independent parameters Spc and Sa;
(ii) trajectories of all tokens in a single sequence with time-independent parameters Spc and Sa;
and (iii) trajectories of all tokens in a single sequence with time-dependent parameters S and Sa.
Figure 1 demonstrates the expected results of the trajectories of the tokens under these settings.

Observation 2.3. From Figure 1, two consistent patterns can be observed:

(¢) The first token has privileged dynamics: its trajectory determines a discrete set of possible
limit points, primarily the coordinate unit vectors ey, which serve as attractors. Here, e
is the coordinate unit vector with 1 at the d-th coordinate and O elsewhere.

(¢¢) Subsequent tokens are strongly influenced by the first token, often converging toward the
same attractor, thereby creating clusters of tokens in the final layers.

The above observation directly supports the claim that the first token acts as a global attractor and
explains phenomena like the attention sink effect in Mamba/causal models (see Section 4.1 for
further details). The next section provides a theoretical explanation for the above observation.

3 THEORETICAL JUSTIFICATIONS

In this subsection, we provide a theoretical justification for Observation 2.3. In particular, we charac-
terize the possible limit points of the first token in a pretrained deep Mamba model in Subsection 3.1,
prove that all other tokens will exponentially converge to certain attractors corresponding to the limit
points of the first token in Subsection 3.2, and extend our convergence results beyond Mamba, to
general autoregressive sequence models in Subsection 3.3.

The study of the convergence of all tokens based on the dynamical system (6) without any additional
assumption on the model parameters is challenging. To make the proofs feasible while still main-
taining the generality of our theoretical findings to verify Observation 2.3, in this whole section, we
will assume that all parameters Spc, Sa.q and aq are time-independent.

3.1 POSSIBLE LIMIT POINTS OF THE FIRST TOKEN

Let us consider the differential equation governing the trajectory of the first token, which is the first
equation in the dynamical system (6), given by

%fl(t) =Py () (A (x(t))21(1), ©)
.1'1(0> S SD_17
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(a) First-token trajectories (100 (b) A single sequence of 32 to- (c) A single sequence of 16 tokens
random initializations; time- kens (time-independent Spc, Sa). (time-dependent Spc, Sa). To-
independent Spc, Sa). Most Tokens converge toward a point at kens converge to points at some co-
trajectories converge to the coordi- one coordinate unit vector +e4 for ordinate unit vectors +e4 for some
nate unit vector +e4 for some d. some d. d=1,...,D.

Figure 1: Simulated trajectories of dynamical system (6) with random parameters. In these settings,

the first token converges to discrete attractors (mostly coordinate unit vectors +e,) and draws sub-
sequent tokens toward the same points, producing clusters and illustrating the attention sink effect.

where
Ay = diag(Ay 11, Ag11, - ,Ap 1), and  Ag11(x(t)) = 21(t) " Spewi(t) - Ag(z1(t)).

A limit point must be an equilibrium point. We will determine the set of equilibrium points of
differential equation (9) in the following proposition.

Proposition 3.1 (All possible equilibrium points of the first token). A vector y € SP~! is an

equilibrium of equation (9) if and only if it belongs to one of the following types:

Type 1. y € Uucqi2,.. py Ha,a where for each subset A C {1,..., D}, we denote by
Haa:={{SA; —SAmina, j€EA}tU{ex, k € A}>L-

Type 2. y € Hs,. = {u € RP |u' Spcu = 0}, which is the null space of the quadratic
surface defined by Spc.

If Spc is definite, then Hs,,. = 0 and Type 2 equilibria do not exist. If, furthermore, the columns
of S are linearly independent, then the Type 1 equilibria collapse to exactly two antipodal points
y = x££, where & is the unique unit vector in the union UAC{1,2,...,D} Ha A

Even for the first token, the study of stability near equilibrium points in order to identify the limit
points of equation (9) is challenging and technically involved. We leave the proof of the above
proposition, as well as the study of the stability of these equilibrium points, to Appendix B.1.1.

In Observation 2.3 (z), we observe that the first token likely converge to a limit point of the form
+eq forsome d =1, ..., D. The following theorem provide a justification for this observation.
Theorem 3.2 (A justification for Observation 2.3 (i) — Convergence to +e, of the first token). Let
y(t) = (yi(t),...,yp(t)) € C([0,+00), SP~1) be a solution of differential equation (9). Assume
that the symmetric part of Spc is positive definite, and Sy, = sign(ym (0)) - em, for each m such
that Y, (0) # 0. Then

lim y(t) = sign(ya(0)) - ea,

t—o00
where d is the index such that |y4(0)| = maxi<;<p |y:(0)].
In the two-dimensional case, we can actually determine all possible limit points of the first token in
the following theorem.

Theorem 3.3 (All possible limit points of the first token in two-dimension). Assume that D = 2
and let y(t) = (y1(t),y2(t)) € C>([0, +00),S*) be a solution of differential equation (9). Assume
further that

(i) SBC = diag(/\l, )\2) with \; 7é Ao OF A1 = Ao 7’5 0; and
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(1) Saz2 7# Sa.

In this case, the circle S intersects the line (Sa2 — S’AJ}J‘ at two antipodal points, say £&. Then
limy_ 4 oo y(t) exists and it belongs to the set

Q= {(0,%1),(+1,0)} U {££} U {em  cos(2ip,) = 2L A2 } '

A1 — A2

Remark 3.4 (Possible limit points of the first token). Theorem 3.2 indicates that the first token
converges to one of the coordinate unit vectors *+e,,,, consistent with Observation 2.3. In contrast,
Theorem 3.3 reveals additional possible limit points, which are difficult to detect through simulations
with random choices of model parameters.

3.2 ALL OTHER TOKENS ARE ATTRACTED BY THE FIRST TOKEN

Different from the first token, the problem of characterizing the possible limits points of the other
token is far more challenge. In this subsection, to make the proofs feasible while still maintaining the
generality of our findings, beside of the time-independent parameters assumption, we will assume
further that:

Sa1(t)=...=Sapt)="acR” and a(t)=...=ap(t) =:a R, (10)
for any time ¢ € [0, +00). Under this assumption, we can rewrite dynamical system (6) as:
d -1
= ;Azj(x&)) Pryli(1), =1L, (11)
j=

x(0) = (21(0),...,2.(0)) € (S~ 1%,
where the coefficients A;;(x(t)) are defined as
Ay (x(1)) = @(8) Spcay (1) - Al () Shos Ao, (12)
with A(z;(t)) = In(1 + e> @ (1),

In this case, for the first token z1(t), we see that

d
i 01(t) = Au(x(?),1) - Py, (21(2)) = 0.
This implies that z1 () = 21(0) is a constant function on [0, +00). We will present all possible limit

points of z;(¢t) for i = 2, ..., L in Theorem 3.5 and Proposition 3.6 below.

Theorem 3.5 (A justification for Observation 2.3 (i7) — First token exponentially attracts other to-
kens). Let x(t) = (z1(t),...,zL(t)) € C°([0,400), (SP~1)L) be a solution of dynamical sys-
tem (11). Assume that Spc is symmetric. Assume further that (x1(0), Spcx1(0)) > 0, and for

i>2,

(2:(0), Spex1(0)) ¢ {0, £1},  (i(0), 21(0)) & {£1}.
Then, there exists a zero-measurable subset Q@ C SP~1 such that: if the initial points x,(0) & 2 for
all l, then all tokens converge exponentially to +x1(0), i.e

L
D lwi(t) = siw1 (0)] S e,
=1

Sor some constant Cy > 0 and s; € {+1,—1} for each .

It is natural to ask under what conditions the convergence of all tokens in Theorem 3.5 above is guar-
anteed for arbitrary initial states. The following proposition establishes that a sufficient condition is
the initial positivity of all token interactions.

Proposition 3.6 (Exponential alignment under positive angle conditions). Suppose the assumptions
of Theorem 3.5 hold. In addition, assume that the initial configuration satisfies the positive angle
condition:

<xl(0)7Sch](O)> > 07 VZ,] € [17L]
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Then all tokens x;(t) converge exponentially to the aligned state x1(0), that is,
L

Y llzi(t) =@ (0] S e,

i=1
Sfor some constant Cy > 0. Moreover, the positivity of interactions is preserved for all time:

(xi(t), Spexj(t)) >0, Vit>0.

Remark 3.7 (First token exponentially attracts other tokens). Theorem 3.5 together with Proposi-
tion 3.6 implies that all tokens converge exponentially to the limit points of the first token, thereby
confirming Observation 2.3 (ii). This, in turn, indicates that tokens in a deep Mamba model tend to
form a small number of clusters in the final layers.

3.3 BEYOND MAMBA: AUTOREGRESSIVE SEQUENCE MODELS

Our analysis of the attracting effect of the first token on the remaining tokens extends to a broader
class of autoregressive sequence models, including state space models, causal Transformers, and
classical time-series models. In particular, consider the dynamical system

-1
d
—a(t) = ; ai(x(t)) - Py (2;(1)), 1=1,...,L, (13)
x(0) = (21(0),-- -, 2.(0)) € (8771,
where the coefficients a;; = a;; (z1(t), ..., z;(t)) are positive and continuously differentiable func-
tions.

Remark 3.8 (Equation (13) as the continuous-time limit of autoregressive sequence models). The
dynamical system (13) can be interpreted as the continuous-time limit of various deep autoregressive
sequence models. In particular, it reduces to the continuous-time limit of a deep Mamba models, as
described in equation (11), when the coefficients are chosen as a;; = A;; defined in equation (12).
On the other hand, the same system specializes to the continuous-time limit of causal attention when
the coefficients are chosen as
e(Qxi(t), Kz;(t))
ap; =
Tyl e@u(n), Kai@)

where ), K, and V denote the query, key, and value matrices, respectively (see Karagodin et al.
(2024)).

For this general setting we prove that:

Theorem 3.9 (Convergence in autoregressive sequence models). Ler x(t) = (x1(t),...,z1(t)) €
C>([0,+00), (SP=1)L) be a solution of dynamical system (13). Assume that {z;(0),z1(0)) ¢
{—1,1} foralll > 2. Then, there exists a zero-measurable subset X C SP~1 such that: if the initial
points z;(0) & Q for all l, then all tokens converge exponentially to +x1(0), i.e

L
D lwi(t) — 21 (0)] S e,
=1

for some constant Cy > 0.

Remark 3.10 (Strengthening of a result in (Karagodin et al., 2024)). By Theorem 3.9, we not
only recover the asymptotic convergence established in (Karagodin et al., 2024, Theorem 4.1), but
also prove a stronger quantitative result: the convergence takes place at an exponential rate. This
refinement sharpens the classical theory and yields a more complete characterization of the single
clustering case in a general setting of autoregressive sequence models.

4  APPLICATIONS — FIRST TOKEN MATTERS

Observation 2.3, together with the theoretical justification provided in the previous section, suggests
that the first token should be regarded with particular importance, as it serves as an attractor for
subsequent tokens. Building on this insight, we provide in Subsection 4.1 a principled explanation
of the attention sink effect in Mamba models through the attracting role of the first token. More-
over, in Subsection 4.2, we propose a practical strategy for Mamba models: randomly reordering
tokens during training to diversify clustering around a small set of limit points, thereby enhancing
model performance. We provide the details of experiment setup and evaluation benchmark of both
experiments in Appendix C.
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Figure 2: Attention concentration on the first token across different depths of the Falcon-Mamba-7B
model (Zuo et al., 2024). Each subfigure shows the hidden attention matrix for a specific layer: (a)
Layer 1, (b) Layer 15, (c) Layer 46, and (d) Layer 60. In early layers, tokens distribute attention
more uniformly, but as depth increases, nearly all tokens concentrate disproportionately on the first
token. This illustrates the emergence of an attention sink in state-space models, analogous to the
phenomenon previously observed in transformer models.
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Figure 3: Attention sink score (Gu et al., 2025) analysis in the Falcon-Mamba-7B model. Subfigure
(a) shows the sink score of the first token and its moving average across layers; the score steadily
increases with depth and dominates in the final layers. Subfigure (b) shows the average sink scores
across token positions; the first token consistently receives the largest share.

4.1 PREDICT ATTENTION SINK

We analyze the hidden attention matrix in equation (4) for the Falcon-Mamba-7B model (Zuo et al.,
2024) to quantify how tokens attend to one another. The results in Figure 2 reveal that the con-
centration of attention on the first token consistently increases with depth, and in the final layers it
dominates nearly all other tokens. This empirical trend validates our theoretical justification for to-
ken dynamics and, importantly, represents the first observation of the attention sink phenomenon in
state-space models. While attention sink was originally identified in transformer-based architectures
(Xiao et al., 2024), we have showed that an analogous effect emerges in Mamba models as predicted
from Observation 2.3.

To quantify the attention sink in state-space models, we employ the metrics Sink, and Sink (formally
defined in Appendix C.1), adapted from (Gu et al., 2025) with modifications to account for the
structural differences in our hidden attention representation. Specifically, while the original metric is
computed from attention logits with shape (batch, head, seglen, seqlen), our Mamba hidden attention
has shape (batch, channel, seqlen, seqlen). Each channel plays an analogous role to an attention
head, but given the large number of channels (4096), we uniformly sample 200 channels per layer
for evaluation. We fix the threshold to ¢ = 0.3 to decide whether the first token exhibits sink in a
given channel. The results, shown in Figure 3, reveal that the sink score of the first token increases
consistently with depth and that, when averaged across token positions, the first token dominates all
others, thereby extending the attention sink phenomenon to state-space models.

4.2 RANDOMLY REORDERING TOKENS TO DIVERSIFY CLUSTERING EFFECT

In vision models, each input sequence can be expressed as © = (x1,...,27) € RP*E where
each token z; € R corresponds to a patch extracted from the image. Unlike natural language,
the ordering of {z;}% ; does not carry semantic meaning. Nevertheless, our theoretical analysis in
Section 3 shows that the evolution of the Mamba dynamical system (6) is dominated by the trajectory
of the first token z; (¢). Its limit point acts as an attractor for {z;(¢)}~_,, which implies that, even
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Figure 4: Comparison of training accuracy between baseline MambaVision-T and our proposed
random token reordering strategy on ImageNet-1K. (a) shows top-1 accuracy and (b) shows top-
5 accuracy across 300 epochs. In both cases, the reordering strategy consistently outperforms the
baseline, confirming that diversifying the first token embedding improves generalization and vali-
dates our theoretical framework.

in the absence of an inherent sequential order, the choice of the first token exerts a disproportionate
influence on the overall token dynamics.

Motivated by this observation, we propose a random reordering strategy, in which a random permu-
tation is applied to the input sequence before each forward pass through the Mamba block. As a
result, the identity of the first token varies across passes, ensuring that the attractor role is not con-
sistently assigned to a fixed embedding. This diversification prevents collapse toward a narrow set
of limit points and instead encourages the dynamics to explore a richer subset of the representation
space.

We evaluate this approach on the ImageNet-1K dataset (Deng et al., 2009) using MambaVision-T
(Hatamizadeh & Kautz, 2024) as the baseline. Top-1 and Top-5 classification accuracy are reported
in Table 1 and Figure 4. The results demonstrate that the reordering scheme improves performance
and again provide empirical validation of our theoretical claim.

Table 1: Top-1 accuracy (%) and Top-5 accuracy (%) of MambaVision-T with and without random
token reordering on ImageNet-1K classification. Random reordering diversifies the embedding of
the first token, validating our theoretical framework and leading to consistent improvements. For all
metrics, a higher value is better.

Model Top-1 (%) 1 Top-5 (%) 1
MambaVision-T (baseline) 81.90 95.86
MambaVision-T + Random Reordering 82.09 95.92

5 CONCLUSION AND LIMITATION

In this work, we developed a theoretical framework for token dynamics in deep Mamba models
under realistic assumptions. Modeling Mamba as flow maps on high-dimensional spheres, we char-
acterized limit points of token trajectories, proved exponential convergence, and revealed the first
token’s role as a global attractor. We further extended our analysis to broader autoregressive models
and demonstrated practical implications, including an explanation of the attention sink effect and a
refinement via random token reordering. These results advance the understanding of token dynamics
and suggest new directions for improving Mamba models.

Our analysis focuses on the continuous-time limit and asymptotic behavior, and future work is
needed to fully bridge these insights with the discrete, large-scale implementations of Mamba mod-
els in practice.
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Appendix of “Token Dynamics on Spheres in Mamba Models”
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A RELATED WORKS

ResNets and Neural ODEs Our work connects to the literature that interprets deep neural net-
works (DNN5s) through the lens of dynamical systems. Standard DNNss can be seen as discrete-time
dynamical processes, where data propagate sequentially through layers (LeCun et al., 2015). Resid-
ual networks (ResNets) (Chen et al., 2018; Haber & Ruthotto, 2017; Kpotufe & Boularias, 2012)
exemplify this view, and their continuous counterparts, neural ordinary differential equations (neural
ODEs) (Lin & Jegelka, 2018; Zhang et al., 2020; Li et al., 2022; Nguyen et al., 2022b; Ruiz-Balet &
Zuazua, 2023; Cheng et al., 2023), formalize the passage to continuous time. In this formulation, the
residual block update z = x + y(x, ) becomes a flow governed by a differential equation, mapping
an initial input x(0) to an output 2:(T"). A broad line of work has studied the approximation, interpo-
lation, and controllability properties of these architectures (Lin & Jegelka, 2018; Zhang et al., 2020;
Li et al., 2022; Tabuada & Gharesifard, 2022; Ruiz-Balet & Zuazua, 2023; Cheng et al., 2023).

Oversmoothing and Rank Collapse Transformers face two critical degeneracies: oversmoothing
and rank collapse. Oversmoothing causes token representations to become indistinguishable, lead-
ing to a loss of expressive power. Wu et al. Wu et al. (2024), Dovonon et al. Dovonon et al. (2024),
and Chen et al. Chen et al. (2022) proved that self-attention alone cannot prevent this collapse.
Remedies include ContraNorm, a normalization method inspired by contrastive learning (Guo et al.,
2023), and the use of residual connections with normalization, which have been shown to mitigate
oversmoothing (Scholkemper et al., 2024).

Rank collapse, on the other hand, occurs when the hidden representations degenerate into a low-
dimensional subspace. Prior studies (Dong et al., 2021; Feng et al., 2022; Noci et al., 2022; Joudaki
etal., 2023; Zhai et al., 2023; Noci et al., 2024; Bao et al., 2024) identified this as a major bottleneck
and proposed stabilization strategies to maintain diversity and improve performance.

Theoretical Analyses of Mamba Recent studies have begun to explore Mamba from a theoretical
standpoint. Ali et al. Ali et al. (2024) interpreted the S6 layer as a linear-time, softmax-free variant
of attention, proving that Mamba is more expressive than transformers. In contrast, Muca Cirone
et al. Muca Cirone et al. (2025) applied Rough Path Theory to show that diagonal selective state
space models (SSMs) are less expressive than non-diagonal ones. Merrill et al. Merrill et al. (2024)
used circuit complexity theory to argue that both SSMs and transformers belong to the class TC°,
implying computational equivalence. Jelassi et al. Jelassi et al. (2024) provided both theoretical and
empirical evidence that transformers surpass state space models in copying tasks. Together, these
results form a theoretical basis for understanding the expressive and generalization limits of Mamba.
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Token Dynamics and Clustering Effects Another perspective interprets sequence models, such
as Transformers and Mamba, as interacting particle systems. Lu et al. Lu et al. (2019) formulated
self-attention as a numerical solver for a convection—diffusion equation, while Dutta et al. Dutta et al.
(2021) proposed TransEvolve, a particle-inspired scheme that reduces complexity. These approaches
connect Transformer dynamics to broader nonlinear systems, including flocking (Ha et al., 2019),
synchronization (Kuramoto, 1975; Acebron et al., 2005), and consensus models (Krause et al., 2000;
Motsch & Tadmor, 2014).

From this dynamical viewpoint, the long-term behavior of tokens has been studied via clustering.
Geshkovski et al. Geshkovski et al. (2024b) proved convergence to limit objects influenced by initial
conditions, while follow-up work (Geshkovski et al., 2023; 2024a) showed metastable multi-cluster
states that persist for long times before collapsing into a single cluster. Alcalde et al. Alcalde et al.
(2024) further confirmed asymptotic convergence to clustered equilibria in hardmax Transformers.
In contrast, the token dynamics of Mamba models remain largely unexplored. Existing analyses im-
pose restrictive assumptions - such as one-dimensional embeddings or the absence of normalization
layers - that oversimplify practical implementations Vo et al. (2025).

In this paper, we take one step further by studying the token dynamics for Mamba without these
restrictive assumptions.

B THEORETICAL RESULTS

Recall that a pre-trained Mamba model can be viewed as a flow map on (SP~1)Z defined by the
following dynamical system:

d

l
axl(t)szl(t) > Ax®)z;) |, t>01=1,...,L, (14)
j=1

x(0) = (21(0),...,2.(0)) € (STHE, (15)
where

» for each z € SP~!, the map P,: RP — T,SP~1 is the projection onto the tangent space
at x of the sphere SP~! and it is defined by

P.(y)=y— (y,z)z, yeR?;

* the coefficient matrices A;; is an D x D diagonal matrix A;; = diag(A1;,...,Ap ;)
with
zi(t) " Spemi(t) - Ag(zi(t)), ifl =j,
Aa,;(x(t) = : . .
! 21(t) " Spowj - Aa(z;(t) -exp | —aa(t) Y Aa(ax(t) |, ifl>j;
k=j+1

(16)

» the step size function at the d-th channel Ay : RP — R is defined by
Ag(u) = softplus(Sa,q(t) - u) = In (1 + 524 u € RP. 17)

The dynamical system (6) is parameterized by the input-output matrix
Spc = SLSp € RP*P,

the step-size matrix
DxD
SA = [SA,].)"'7SA7D] cR X s

and the state coefficient vector
D
a=(ay,...,ap) € RS.

Our main problem is studying the dynamical properties of the solutions of system (6). In particular,
we want to understand how the set lim;_, { oo {21(t), ..., 21 (¢)} looks like and when it reduces to a
set of a single point.
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Notation. Throughout this section, the notation O(1) denotes a universal positive constant. We
write A < B to mean that there exists a constant Cp > 0, independent of time, such that |A| <
ColB.

B.1 POSSIBLE LIMIT POINTS OF THE FIRST TOKEN

In this subsection, we will characterize all possible limit points for the first token. In order to do
that, let us consider the differential equation governing the trajectory of the first equation, which is
the first equation in the dynamical system (14), given by

d
ﬁu’(}l = 1:)301 (An(l')l‘l) (18)

where
Ay (z) = diag(A1,11, 42,11, -+, Ad11)

and Ag11 = (z1, Spox1)Ag(x1). We will determine the set of equilibrium points of this differen-
tial equation in Subsection B.1.1. However not every equilibrium point is a limit point. The set of
possible actual limit points of the first token is then presented in Subsection B.1.2. Moreover, since

(Spox1, 1) = (Sw1,21),

where
S =1(Spc+ Sge)

denotes the symmetric part of Spc, it follows that only the symmetric component contributes to the
quadratic form. Throughout this section, we may therefore assume without loss of generality that
Spc is symmetric.

B.1.1 EQUILIBRIUM POINTS ACCORDING TO THE FIRST TOKEN

Theorem B.1 (Equilibria of the first token). A vector y € SP~ is an equilibrium of equation (18)
if and only if it belongs to one of the following types:

Type 1. (Alignment equilibria) The vector y may have some zero coordinates, but restricted to its
nonzero entries we obtain

yF = (g, ym,) €S,
which lies in the common kernel of the column differences
Sak; — Sak j=1,...,¢,
for the active indices {ki, ... ko}.
Type 2. (Quadratic constraint equilibria) The vector y satisfies

y' Spcy=0.

If Spc is definite, then Type 2 equilibria do not exist. Furthermore, if the columns of Sa are linearly
independent, then the Type 1 equilibria collapse to exactly two antipodal points

yFO = ¢,

where £ is the unique unit vector in the one-dimensional intersection of the kernels above.

Proof. By definition,
Aq1(z) = (x1, Spox1) diag(Al(xl), Ag(z1), ...,y AD(xl)).
Substituting 1 = y = (y1,...,yp) € SP~L, the dynamics take the form
y' =Py (Au(y)y) = (Spcy, y) Py (A1(y)y1, ... Ap(y)yp),

where P, denotes the orthogonal projection onto TySD -1

17
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For each component this yields

yi = (Spoy, v) {Ai(y) — A() bui, (19)
with
D
Aly) =D Ar)yi,  Aily) =In(1+e527). (20)
k=1

Equation (19) shows that equilibria arise in two distinct cases:
(i) either (Spcy,y) = 0, corresponding to Type 2 equilibria,
(ii) orelse A;(y) = A(y) for every index ¢ with y; # 0.
Since |y| = 1, there exists at least one index iy with y;, # 0. For any ¢ with y; # 0, condition (ii)

implies
Ai(y) = Aig(y),
which is equivalent to

(SAJ; — SA,io) Y = 0. (21)
Let {k1,...,k¢} denote the indices of the nonzero entries of y, and write
v = (Wkys - Uk

for the restriction of y to these coordinates. Then (21) becomes
(SA,k’j _SA,kl) y(#o) :07 ] = 1a"'7£7
which precisely characterizes Type 1 equilibria.

Finally, if Spc is definite, then (Spcy,y) > 0 for all y # 0, so no Type 2 equilibria can exist.
Moreover, if the columns {Sa ¢, }le are linearly independent, the intersection

4
m <SAJ€;' - SA,M>L
j=1

is one-dimensional in RY. Its intersection with the unit sphere S~ therefore consists of exactly two
antipodal points ¢, which are the only possible equilibria. O

B.1.2 LIMIT POINTS OF THE FIRST TOKEN

The analysis of stability near equilibrium points, in order to characterize the limit sets of equa-
tion (18), is in general quite delicate. Thanks to Theorem B.1, under the assumption that Spc is
definite and the columns of Sa are linearly independent, the nonzero-part of equilibria are the two
antipodal points

y(yéO) = (ykl P ayk‘e) = j:f,

where ¢ is the unique intersection of S*~! with the one-dimensional subspace
¢
() ker((Sak, — Sam) ).
j=1

To avoid unnecessary technical complications, we shall henceforth restrict attention to this case. In
particular, we consider the high-dimensional setting in which

SA,m = tep,

with e,,, denoting the m-th coordinate vector (see Theorem B.5). Apart from the special case D = 2,
where the structure can be worked out explicitly (see Theorem B.7), this reduction allows us to
describe all possible limit points of the first token.

We start with the following auxiliary lemma.

18
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Lemma B.2 (Sign Preservation). Let y(t) = (y1(t),...,yp(t)) € C*>([0,4+00),RP) be a solution
of equation (18). If y;(0) < 0 then y;(t) < 0for all t > 0. Similarly, if y;(0) > 0 then y;(t) > 0 for
allt > 0.

Proof. Suppose y;(0) < 0 but y;(t) > 0 for some ¢ > 0. Then there exists a minimal 7" > 0 such
that

yi(T) =0, yi(t) <0 forallt e [0,T).
By continuity of y;, we have

lim v;(t) = 0.
S vl

For t € (0,T) the evolution equation reads

d

%yi(t) = (Scy - y) (Ai(y) — Ay)) yi(t).

Dividing by y;(¢) yields

%(ln lyi(t)]) = (Ssey - y) (Aily) — Ay)).

Let {t,}52, C (0,T) be an increasing sequence with ¢, — 7'. Then

In [y, (tn)] — In [y:(0)] = / " (Spey - y) (Aily) — Aly)) ds.

The right-hand side is bounded, hence the left-hand side is also bounded. But since |y;(t,,)| — O,
we have In |y;(¢,,)| — —o0, a contradiction. Thus y;(¢) < 0 for all ¢ > 0.
The case y;(0) > 0 is analogous. O

Lemma B.3. Let y(t) = (y1(t),...,yp(t)) € C=([0,+00),RP) be a solution of equation (18).
Assume that Sa , = +em andy' Spcy > 0 for all y # 0. Here, the sign % in te,, is the sign of
Ym (0). Then the following statements hold:

(7) If0 < y;(0) < :(0), then 0 < y;(t) < y;(t) forallt > 0.
(it) Ify;(0) < y;(0) <O, then y;(t) < y;(t) <0 forallt > 0.

Proof. First, we claim that for all ¢ > 0,
Ai(y(t)) = In(1 + el ™), (22)

Indeed, if y;(0) < 0, then by Lemma B.2 we have y;(¢) < 0 for all ¢ > 0. Since Sa; = —e; by
definition, it follows that

Ai(y(t)) =In(1+ efei'y(t)) =In(1+ e‘yi(t)‘).
This establishes (22); the case y;(0) > 0 is analogous.

() First, let us consider the case when 0 < y;(0) < ;(0). According to equation (19)
and (20), for y; > 0, we have:

L ) = Spey -y (M) — Aw)).

dt
Hence
D %) = Spey-y(Aiy) - A ()
— n —_— = . 7, - Y .
dt ” BCY Y Y Gy
At :
Let ¢;;(t) = z Et)) We have ¢;;(0) > 1. We will show that ¢;;(t) > 1 for all ¢ > 0.
J

Assume this is not true, then there is a smallest 7' > 0 such that ¢;;(T") = 1 and ¢;;(t) > 1
forall ¢t € [0, 7). By definition of ¢;;, we have

yi(t) > yj(t) Vit € [O,T)

19
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We have
Ai(y) = In(1 + "),

which is a function in y;. The function y; — A;(y) is increasing, hence on [0,7") we have
Aily) = 4A4(y) > 0.

Hence on [0, T'), we obtain

d

o In(ci;(t)) = (Sy - y)(Ai(y) — Aj(y)) >0,

so ¢;;(t) is increasing on [0, T") with ¢;;(0) > 1. Hence we cannot have ¢;;(T") = 1. The
proof of this case is complete.

Next, let us consider the case when y;(0) < y;(0) < 0. In this case, we have
Aj(y) =In(1+e7¥), and Aj;(y) =In(1+e %).
We have J
5 e (8) = (Sy - y)(Aaly) = Aj(y)),
i(1 .
where ¢;;(t) = J Et; > 0. We see that —y;(0) > —y;(0) > 0, hence ¢;;(0) > 1. We will
Yj

show that ¢;;(¢) > 1 for all ¢ > 0. Assume this is not true, then there is a smallest T’ > 0
such that ¢;;(T") = 1 and ¢;;(t) > 1 forall ¢ € [0,T). By definition of ¢;;, we have
—yi(t) > —y;(t) >0 Vit e [0,T).
Hence
Al(y) > AJ(y) Vit € [O,T‘)7
which implies that
d
% hl(Cij (t)) > 0.
Therefore c;;(¢) is strictly increasing on [0, T) with ¢;;(0) > 1, making ¢;;(T") = 1 impos-
sible. Thus, ¢;;(t) > 1 forallt > 0.

The proof is complete. O

Lemma B.4. Let y(t) = (y1(t),...,yp(t)) € C=([0,+00),RP) be a solution of equation (18).
Assume that the symmetric part

S = 1(Spc + She)

of Spc is positive definite, and that Sa ,, = te,,, where the sign + agrees with the sign of Yy, (0).
Then the following hold:

(7) If0 < y;(0) < y;(0), then either

i (0

lim y;() =0 or lm % 1.
t—00 t—00 y; (t)

(#) Ify;(0) < y,;(0) < 0, then either
lim y;(t) =0 or lim vi(t) =1
t—00 t—o0 g, ()

Proof. We prove case (4); case (i¢) follows by the same argument.

Define

~yil(t)
=00

By Lemma B.3, we have ¢(t) > 1 for all ¢t > 0. Differentiating and using (22), we obtain

%(ln c(t)) = (Sy,y) (In(1 + e¥") — In(1 + e%)).
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Let f(t) = In(1 + €'). By the mean value theorem, there exists u € (y;,y;) such that
Fi) = fly) = F'(w) (g — y5) =

Since § < % <1landy; —y; > 0, it follows that

eu

Ten Wi~ 0)

i Inc(t) < (Sy,y) (yi —y;)-

L(Sy,y) (yi —y;) < yr

Let \,,, and Ay be the smallest and largest eigenvalues of S, respectively. Since y € S”~!, we have
Am < (Sy,y) < Ame
Hence,
3Am (Y —y;) < —Ine(t) < Aar(yi —y5)-
Equivalently,
3Am Y5 () (A1) = ct)) < (t) < Aary;(t) (*(t) — ().

Since ¢(0) > 1, the comparison principle gives
L<ec(t)<z(t), t>0, (23)
where z solves
2 (t) = Ay (t) (22 — 2), 2(0) = ¢(0).
The explicit solution is

(0()0) exp()\M fo y;(s ds)
C(O(Oz Xp(/\M fo yi(s ds) — 1'

Therefore, the inequality (23) is equivalent to
0 ! t
<(0) 1 exp()\M/ yj(s)ds) < () t>0.
0

If fo y;j(s) ds = oo, then the left-hand side diverges to +o0, and hence

c(t)

Heoct) =1

which implies

im c(t) -1
t— 00 c(t)
Thus,
(T
lim ¢(t) = lim vilt) =1.
t—00 t—o00 Yj (t)
If instead fo y;(s) ds < oo, then necessarily
Jim y;(t) = 0.
This completes the proof. O

Theorem B.5 (Convergence of the first tokens in high dimension). Assume that the symmetric part
of Spc is positive definite. Let y(t) = (y1(t),...,yp(t)) € C>([0,00),RP) be a solution of
equation (18). Assume that Sa , = te.,, where the sign is chosen according to sgn(y,, (0)) # 0,
forallm =1,...,D. Then
Jim (o) = e
where d is the index of the largest initial coordinate in absolute value, i.e.
9a(0) = masx i (O),

and the sign is sgn(yq(0)).
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Proof. Without loss of generality, we may assume that d = D, i.e.

lyp(0)] = max Jy:(0)].

By reordering the coordinates if necessary, we may further assume that

yp(0) = min{ y;(0) : 4;(0) <0} or yp(0) = max{y;(0):y;(0) >0}. (24)

By Lemma B.2, the ordering of {y;(t)}2, (from smallest to largest) is preserved for all t > 0.
Moreover, by Lemma B.4, any limit point £ of y(¢) must be of the form

E=(-¢...,—¢,0,...,0,p,...,p)
for some constants ¢, p > 0.
For such a vector £, we compute
A1(€) =In(1 + €9, Ap(§) =In(1 +€P).

Hence ¢ = p, so

This condition yields

D
In(1+¢€”) = Zln(l +eP) €2 =1In(1 + €P) Z & =|{i: & = +p}| In(1 + P).
i=1 §i7#0

Thus the set {4 : £; = +p} must contain exactly one index.
Consequently, there are only two possible equilibria:
5:(717’"';0,0) or 61(0,,0,}7)
These two cases correspond precisely to the alternatives in (24). This completes the proof.

O

Remark B.6. The conclusion of Theorem B.5 highlights a striking selection mechanism: under
the assumption that the columns of S are linearly independent, the long-time dynamics do not
converge to a large collection of equilibria lying in a lower-dimensional sphere in Theorem B.1.
Instead, the trajectory is forced to pick out one of the most “extreme” coordinate directions, namely
the basis vector +e4 corresponding to the largest initial coordinate in magnitude.

In the two-dimensional case, we can actually determine all possible limit points of the first token in
the following theorem.

Theorem B.7 (Convergence of the first token in two dimensions). Ler D = 2 and let y(t) =
(y1(t),y2(t)) € C>([0, +00),R?) be a solution of (18). Assume that

o Spo = diag(A1, \2) with either \y # X2 or A\ = Mg #0;
o Sap2 # Sa1

In this setting, the unit circle S! intersects the line (Sa2— SAJ)J‘ at two antipodal points €. Then
the limit lim;_, ;o y(t) exists and belongs to the set

Q= {(0,£1),(+1,0)} U {+£} U {(cos(sa*), sin(ip,)) @ cos(2p,) = 4142 } :

Proof. Since D = 2, we may parametrize

y(t) = (cos p(t), sinp(t)),  (t) € [0,27].
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Define y* = (—y2,y1). Then

¢yt =y (t) = Any — (Auy - y)y.
Taking the inner product with y=, and using |y| = 1 and y - y*~ = 0, yields
¢t = Ay -yt = Oyl + Aaud)ye (Aaly) — Ar(y)).
Substituting y = (cos ¢, sin ), we obtain
@' (t) = [(A1 4+ A2) + (A1 — A2) cos(2¢)] sin(2¢) [A(R2, 0 — B) — h(R1, ¢ — @],
where
h(R,u) = +In(1 4 efeos), Sa,2 = Ra(cos 3,sin B), Sa1 = Ri(cosa,sina).
Thus ¢ satisfies the autonomous ODE
¢ =F(yp),
where the set of zeros of F in [0, 27] is precisely 2. Since €2 is finite, we may partition (0, 27) into
disjoint intervals with endpoints in €2 such that F’ has a definite sign on each interval. By the phase

portrait of , every trajectory converges to one of the equilibria of F', i.e. to a point in ). This proves
the claim. O

B.2 ALL OTHER TOKENS ARE ATTRACTED BY THE FIRST TOKEN

Different from the first token, the study of the convergence of all tokens based on the dynamical
system (14) is much more challenging. To make the proofs feasible while maintaining the generality
of our theoretical findings, in this whole subsection, we will consider the dynamical system (14)
under the following assumptions:

Assumption: Sa1 =...=8SAp =1a € RPanda;=...=ap =:a € R.

In this case we can rewrite dynamical system (14) as:
d
—T; = ZAiijDi (.I]) (25)

where A;; is defined as

Ay = (@i Spoapay, g = Aa)e Shormn 200 and  Afa) = In(1+ € 5),
Throughout this section, we will assume that z(t) = (x1(¢),22(t),...,2L(t)) €
C*>([0, +00); RP)E is a solution of the dynamical system (25).

For the first token x1 (t), we see that
d
7= APy, (21) =0
This implies that 1 () = 1 is a constant for all ¢ > 0. In the following, we will present all possible
limit points of 2;(¢) withl = 2,..., L.
Define the consensus set
Qo = {(z1, +x1,...,£21)(0) € (SPHE}.

This set has exactly 2~ distinct elements, corresponding to the situation where every token is
either aligned or anti-aligned with x;.

Our main theorem of this section is stated as follows:

Theorem B.8. Consider L trajectories x1(t), ...,z (t) evolving on the unit sphere S°~1 under
the dynamics (25). Assume that Spc is a symmetric continuous map (possibly nonlinear) on SP~1,
and that the initial reference token x1 = x1(0) satisfies

<l‘1, SBcl‘1> > 0.
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Suppose further that for each i > 2,
(:(0), Spox1) ¢ {0, 1,1}, (24(0),21) ¢ {—1,1}.

Then there exists a compact set K C (SP=1)E\ Qq, depending only on x1 and Spcw1, such that
Sfor any initialization (x1, . ..,x1,)(0), precisely one of the following holds:

(i) Consensus. The trajectory x(t) = (x1,...,21)(t) converges to some wy € Qy as t — .
Moreover, there exists Coy > 0 such that

lz(t) —woll S e, t>0.

(i) Non-consensus. The trajectory admits a limit point in IC as t — oco. For any w € K, the set of
initial conditions whose trajectories admit w as a limit point has measure zero in (SP~1)%.

Outline of the proof. The structure of this section is as follows. We first establish an affirmative
result: under a favorable positive-angle condition on the initial token configuration, the system con-
verges to a state where all tokens align with x;. This is proved in Proposition B.9, with the base case
L = 2 treated separately in Proposition B.15. We then proceed by induction: assuming exponential
convergence of the first £k — 1 tokens to +x1, we show that the k-th token either converges expo-
nentially to 41 or to a point in the orthogonal complement (Spcz1)~*. Finally, Proposition B.13
demonstrates that the latter scenario occurs only for a set of initial conditions of measure zero. The
main difficulty arises from the fact that the interaction terms (z;, Spcx;) are not sign-definite—a
feature that distinguishes the model from classical consensus or synchronization dynamics. This
necessitates a careful combination of nonlinear analysis and linear stability techniques to exclude
nongeneric limiting behaviors.

Proposition B.9. Assume that (x1(0), Spcx1(0)) > 0 and that:
* (x;(0),Spcz;(0)) > 0foralli,j € [1,L], and
o (2;(0),21(0)) ¢ {=1,1} forall i € [2, L].

Then,

L
D fai(t) — 21(0)] S em O
=1

Moreover, we have
(x;(t), Spcxj(t))y >0 forallt > 0.

The proof of Proposition B.9 will be postponed to the end of this section, as it requires several
preparatory steps. To analyze the token dynamics, we first encode the pairwise interactions between
tokens through the scalar quantities

Xij(t) = (wi(t),2; (1)), Uy(t) = (i(t), Spew; (1)), &7 € [L, L]
Here X;; measures the relative alignment between tokens ¢ and j on the sphere S4=1, while U; 7 cap-
tures their interaction through the transformation Sp¢. These variables will serve as the fundamental
building blocks in our nonlinear analysis and will play a central role in the proof of Theorem B.8.

Our first step is to establish their evolution equations.
Lemma B.10. Assume that Sgc is symmetric. For i > 1, we have
i—1
Xi(t) = ZaijUij (X1 — Xij X,

Jj=1

i—1 (26)
Ui (t) = ZaijUzj [Uj1 — Xi;Un] -
=1

Ifi > 5 > 1, then

1—1 Jj—1

Xi;t) = Z airUir [Xij; — Xin Xi5] + Z aikUjn [ Xki — XjuXji)
k=1 k=1
i—1 j—1

U{j(t) = Z airUsk [Ukj — XikUij] + Zaijjk [U}m — Xijji] .
k=1 k=1
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Proof. Recalling (25), we have
d i—1
%l‘i = Z aijUij [l‘j — le.%‘l] .
j=1
Dotting both sides of the above equation with z1, we have
i—1
Xi(t) =) ayUiy [Xj1 — Xy Xa].
j=1

Next for 7 > j > 1, we compute

d d d
Xij = gplait),z;(0) = iz + ;- i
i1 j—1
= ZaikUik(m cxy — X - xj) + Zaijjk(xk ;= Xjp®j - ;)
k=1 k=1
i1 j—1
= ZaikUik(ij — X Xij) + Zaijjk(in — X Xji).
k=1 k=1
We also have
d d i1
U= g% Spcx1 = ;aijUij [Uj1 — Xi;Un],
and similarly
d d
%Uij = %Jil . Schj + %Jﬁj - Spowx;
i—1 j—1
= ZaikUik Uk; — XinUij] + Zaijjk Uki — X3Uj3) -
k=1 k=1
The proof is complete. O

Proposition B.11. Assume that Spc is symmetric and that x1 = x1(0) satisfies
(24(0), Spcx1) ¢ {—1,0,1}, Sforalli € [2,L].

Then there exists a minimal integer k € [3, L| such that exactly one of the following holds:

(i) For everyi < k, we have x;(t) — +x1(0) as t — oo, with exponential convergence rate
k
Z‘xi(t) - (:I:xl(O))’ < e 0wt
i=1

(ii) Foreveryi <k — 1, we have z;(t) — £x1(0) as t — oo, while
Jim (2(1), Spcaa(0)) =0,
with exponential decay

|(zk(t), Spex1(0))| < e” O,

Moreover, after possibly replacing each x; by its reflection T; = —x;, we may assume without loss
of generality that

lim Z;(t) = z1(0), foralli <k—1.

t—o00

Proof. For simplicity of notation, we may assume k = L and proceed by induction on L. Our main
tool is Proposition B.9.
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We first consider the case L = 2. If (x2(0), Spcx1) > 0, then the result follows directly from
Proposition B.9. If instead (x2(0), Spcx1) < 0, we define

iz(t) = 71‘2(15)
Since P_,(z) = P, () forall z,y € S*1, we obtain

d . d

=

z2 = —a91(z2, Spe®1)Ps, (1) = a21(Z2, Spox1)Pz, (21).
Hence, by Proposition B.9 with (Z2(0), Spcz1) > 0, we deduce

|To(t) — x1] S e W,

From this point onward, starting from the third token, we replace (x1,x2) by (x1,Z2). We call this
a positive angle rearrangement. By abuse of notation, Z; may denote either z; or —z;, depending
on whether z; — 27 or ; — —x1. This completes the case L = 2.

Now assume we have the rearrangement (1, Za,- -+ , Z,—1) such that
L—1
D O |E(t) — aa] S e O,
i=2

We claim that: if (x(t), Spcw1) / 0ast — oo, then x(t) — +xq as t — co. Indeed, since
(xr(t), Sper1) # 0ast — oo, there exists €y > 0 such that either the set

{t>02 <$L(t),SBcl‘1> 260},
or
{t>0: (xp(t),Spcx1) < —€p}
contains an increasing sequence of times {t,, }52 ;. We will show that there exists n such that

(xrL(tn), Spcx1), -+, (xL(tn), SpcTr-1(tn))

all have the same sign (positive or negative). If this is the case, we can perform the reflection 7y,
apply Proposition B.9, and conclude £, — x1 as t — oo.

Since Z, — 1 forall k < L — 1 as t — oo, there exists T' > 0 such that for any k € [2, L — 1],
(zL(t), Spcz1) — (xL(t), Spc@k(t))| < 0.1eg forall ¢>T.
This implies
(xp(t),Spor1) — 0.1eg < (zr(t), Spoxk(t)) < (x(t),Sper1) + 0.1 VE>T.

* If there is an increasing sequence of times {¢,,} such that (xr(t,), Spcx1) > €, then we
can find t,, > T such that

(xr(tn), Spork(tn)) > 0.9¢0.

Hence Proposition B.9 applied to (21, Za,- - ,2) at time ¢ = t,, yields () — =1 as
t — oo.

* If there is an increasing sequence of times {¢,} such that (x 1 (¢,), Spcx1) < —e€p, then
we can find ¢,, > T such that

(xr(tn), Spewk(tn)) < —0.9¢.

Hence Proposition B.9 applied to (21, Za,- - ,Z1) at time ¢ = t,, yields Z,(¢t) — 1 as
t — oo.
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The claim is proved.
Now if (x1,(t), Spcx1) — 0, we show that
(L (1), Spew)| S e OW",
Recalling that U1 (t) = (z1(t), Spox1), the above is equivalent to
U (t) =0 as t— oo.

Using the evolution equation of Uy,; in B.10 and the fact that all previous tokens converge to +x1(0),
there exists a time 7" > 0 and positive constants ¢, o, C, > 0 such that

d
dt
Hence for any time 77 > T, we obtain

U?, > cpU?, — Cye™ 0 forall t>T. (27)

Co om], Co
cr+o cr+o

UL (1) = e U(T1)? —
Since UZ,(t) € [0,1] for all ¢ > 0, by letting ¢ — oo it follows that
Co
U(T)? < —F—e 7M.
cr +o
The proof is complete. O
Remark B.12. Proposition B.11 shows that, starting from the third token onward, each trajectory

either converges to a point in {+x;} or else its component in the Spcx(0) direction vanishes
asymptotically.

In the next proposition, we establish that if all preceding tokens converge to {+x }, then the proba-

bility that a subsequent token converges to any point outside {+x1 } is zero.

Proposition B.13. Let L > 3 and assume that (Spcx1(0),21(0)) > 0. Fix any ¢ € SP~1 such
that

<€7 Sch1(0)> =0.
Then the set of initial configurations (x2(0), ...,z (0)) € (SP~1)E=1 for which the corresponding
trajectory satisfies

(xa(t),...,xp_1(t),zL(t)) — (*x1,...,+21,§) ast— oo

has measure zero in (SD_l)L_l.

Proof. Without loss of generality, we may assume that x;, — x; for all k € [2, L — 1]. Our goal is

to show that the set of initial conditions leading to z;, — & has measure zero. Recall the notation
Xij:l'i‘fﬂj, Uij :l'i‘SBij.

For convenience, we define the limiting configuration associated with £ by

T = 24(§) = (21,...,21,8) € (SD_l)L.

We perturb the configuration (x;)%_; around z, by setting

71 =0, xz; =z + 0T for2<i<L-—1,
ZL‘L:€+6%L7
(Il,...,LEL)=$*+5(0,f2,...,fL).

For i, 7 < L, we introduce the notation
Uij = 2i - Spcy,
and we set

’}/ZSBcl‘l-l‘l > 0.

27



Under review as a conference paper at ICLR 2026

We obtain the following first-order expansions:
Xpi =& a1 +68[Xp +€- 7] +0(62), l<i<L-1
Ui =0[6-3i+Un]+0(0?%), 1<i<L-1,
Xy =1+426X;+0(0?), 1<i,j<L-1,
Uy =8z 21+ 8Spcxr - (Ti+T;) + O(8?), 1<d4,j<L-1

Substituting the above expansions into the equations of Lemma B.10 and collecting the O(J) terms,
we obtain:

(i) Linearized equation for Uy :

L-1
v 10U = api () U1 + Z arj(z)[Ur + & ;).
=2

(i) For2 < j < L — 1, we have

Jj—1
Y196 T+ U] = apa(z)Ups + (aLj(x*) - Z ajk(ﬂf*)) (€% +Upi]
k=1

Jj—1

"r‘zajk(iﬁ*)[g‘fkﬁ-ﬁid + Z aLk(x*)[f-ik—kﬁLl].
k=2 2<k<L—1
k#j
We now introduce the vector X € RE~! defined by
Ura
. €+ U .
X(t): . :[X17X27"'7XL71} .
§-Tp1+ ﬁm

Formally, the vector X collects the perturbation coordinates that encode the angles formed by
(T2,23,...,27) relative to the limiting configuration z, € (SP~!)L. From the previous com-
putations we obtain

L—-1
Y oXy =an X1+ Y ar; X,
Jj=2
j—1 j—1 L—2
7—1 6th :aL1X1+Z(ajk+aLk)Xk+ (CLL]' — ajk)Xj—F Z areXk, 2<j<L—-1.
k=2 k=1 k=j+1

Hence the vector X satisfies the linear system

—

v, X (1) = J(x,) X (1),

where J(z,) € RETDX(L=1) i5 the Jacobian matrix with rows R; = (J(x,));.. defined as follows
(all coefficients a;; are evaluated at x, = z,(£)):
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Ry =lar1 ar2 ars -+ arr—1),

Ry=lar1 arz—a2 arz - apr-1],

Ry =lap1 a3z +ary aps—(asi+as) --- aprp-1],
Rio=lar ap os+4ars apos+ars - apop-3+apn s anp_o— 25;13 ar—2.k
Ri-v=lap ap12+4ars - ap1p-o2+ann_o anp_1— Zé;f ar—1) -

We now show that the matrix J(z,) always possesses at least one positive eigenvalue. To this end,
subtract the first row R; from each of the rows Rs, Rs, ..., Ry _1. This row operation leaves the
eigenvalues unchanged and yields an equivalent matrix with the following row structure:

Ry =lap1 az> aps -+ apr-1],

Ry=1[0 —axn 0 --- 0],

Ry = [0 ass —(ag1+aze) --- 0],
Ris=1[0 apsn ar—as - ar—ap-s — Y ar—x 0,
ﬁL_l = [O ar—1,2 -+ QrL—1,L—2 —25;12 aL—l,k] :

Denote the above matrix by .J;. Observe that Ji has first row
[ar1 0 O --- 0],

which shows that ar1(x,) > 0 is an eigenvalue of J;. Consequently, J(x,) admits the positive
eigenvalue Ay = ar1(z«) > 0. We now prove that, for almost every initial configuration

To = ((EQ(O), . ,LUL(O)) S (SD_l)L_l,
the trajectory converges with limits in {1 }. For ¢ > 0, set
Z(t) = (xa(t), z3(t), ...,z (t) € (SPHEL,
Define the flow map ® : (SP~1)L—1 — (SP—1)L=1 by

ZTo = (T2,...,21)(0) — Z(t) = (x2,...,2L)(t).

If Z(t) = ®*(Zy) does not converge to (1, . .., 21) (up to a reflection of tokens), then by Proposition
B.11 there exist an increasing sequence of rational times {t, }>°; C Q% and some ¢ € (Spox;)*
(after a subsequence selection) such that

Z(t,) = O (Fy) — x.(£) asn — oo.
Hence there exists N € N such that forall n > N,
D' (o) € Wine (w4 (€)), (28)

where W€ (z,(£)) denotes the local center-stable manifold at x, ().

loc

Since the linearization at z, (£) € (S%~1)L~! admits at least one positive eigenvalue,
A0 = an(@.(€)) > 0,

in the direction of z, (), the local stable—center manifold W}, (x.(£)) has dimension at most (d —
1)(L — 1) — 1. Consequently, it has measure zero in (S?—1)F—1,

29
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From (28) it follows that

foe |J o7 (M (.(9),
teQt

and the right-hand side is a countable union of measure-zero sets. Therefore it also has measure
zero. This proves the claim.

O

Before proving Proposition B.9, we establish a useful lemma.

Lemma B.14. Let g : [tg, 00) — R be a differentiable function such that ¢’ is continuous. Assume
g(to) > 6 and
g (T) >0 whenever g(T) =6,

then g(t) > ¢ forall t > .
Proof. Assume this is not true, since g(tg) > 9, there exists a smallest time T° > ¢, such that
g(T) = 6. Since ¢’ is continuous, there exists ey > 0 such that

g'(t) >0 forall te (T —e€y, T+ eq).

This implies g(t) < g(T') = d forallt € (T — €y, T'). By continuity of g and the fact that g(¢) > 9,
there exists T} € (to,T') such that g(T7) = J, violating the minimality of 7. The proof is complete,
and hence we have

g(t) >0 forall ¢ > .

The following establishes Proposition B.9 in the special case L = 2.
Proposition B.15 (Proposition B.9 for L = 2). Assume that (x1(0), Spcx1(0)) > 0. Then

tlim xo(t) = 1(0) whenever (x5(0),Spcxz1(0)) > 0.
Moreover, the following hold:

* Exponential convergence:

[22(t) = 21(0)] < [22(0) = 21(0)] =V,

 Positivity preservation:

(x2(t), Spcx1(0)) > 0, forallt > 0.

Proof. Since
|22 (t) — 21| = 2[1 — (21, 22(1))],
it suffices to prove that
lim (zo(t),21) = 1.

t—o0

From the dynamical system (25), we have

d
72 = (z2,Spowt) as (x1 — (w1 - w2)w2),

where as7 > 0 for all ¢ > 0. Define
f@) = (x2(t),z1),  g(t) = (x2(t), Spcx1).
A direct computation yields
f=ang(l—f?),
g =axng (z1-Spcri — fg).
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Step 1: Positivity of g(t). We claim that
g(t) > min{ Spex; - x1, g(0)}, forall ¢>0. (29)

Att = 0, we have g(0) = (22(0),Spcx1) > 0. Fix any ¢ € (0, min{Spcz1 - #1,9(0)}). If
g(T) = ¢ at some time T, then

J(T) = aglé(xl - Spox1 — 5f(T)) > aglé(SBle - Xy — 5) > 0.

By Lemma B.14, this implies ¢g(t) > § for all ¢t > 0, proving (29).

Step 2: Convergence of f(t). From (30),
f'=ang(l - f?),

with ag1,¢ > 0. Hence f/(¢) > 0 whenever f(t) € (—1,1), so f is strictly increasing. Therefore,
there exists 6 = sup, f(t) € [~1, 1], with necessarily 6 > —1.

Step 3: Exponential convergence. For large t, we estimate

d

%(1—f)=—f/z—a219(1—f)(1+f) S —(1+0)(1 - f(t)).

Integrating, we obtain
L= f(t) < (1= f(0)e W,
Thus f(t) — 1 exponentially fast as t — oco.

Combining Steps 1-3, we conclude that lim;_, o, 22(t) = x1(0), which completes the proof. O
We are ready to provide the proof of Proposition B.9.

Proof of Proposition B.9. We proceed by induction on L. The case L = 2 has already been es-
tablished in Proposition B.15. Assume now that L > 3 and that the proposition holds for L — 1,
ie.,

L—-1
D fai(t) — 1] S e W,
=1

and moreover (z;(t), Spcx;(t)) > 0foralli,j = 1,...,L — 1. We will show that z,(t) — x1
with exponential decay rate. The proof of Proposition B.9 is divided into several claims below.

Claim 1. For any i, j, we have U;;(t) = (z;(t), Spcz;(t)) > 0 forall t > 0.

Proof of Claim 1. Indeed, by the induction hypothesis in Proposition B.9, it suffices to consider Uy ;
with 1 < j < L. We define the set

S = [0,00)F c RE.
By the assumption of Proposition B.9, we have
(Ur1(0),Ur2(0),...,ULL(0)) € S.
We now show that the trajectory
(Ur1(t),Upa(t),...,UrL(t))

remains inside S for all ¢ > 0. Suppose, for contradiction, that the trajectory leaves S. Since it is
bounded within a box, it must cross the boundary of S at some finite time. There are two possible
scenarios:
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* There exists a smallest exit time 7" > 0 and a unique index 4, € [1, L] such that
Ur:, (T) =0, Up;, (t) >0 forallt e (0,T),

> UL(T) >0

ki,
That is, the trajectory exits S through the it" component Uy;_, rather than exiting all com-
ponents simultaneously at time 7.

while

* There exists a smallest exit time 7" > 0 such that Ur;(T") = 0 for all ¢, with Ur;(¢) > 0 for
all t € (0,T). In this case, the trajectory exits S all at once at time 7.

We now consider the first case, when the trajectory exits S only at the component i,. By
Lemma B.10, for 7, > 1 we have

Ui, (T)= > aneUk(T)+ > apUsk(T) [ULr(T) = Xju(T)Uwi, (T)]
k<L-1 k<i,—1
> Z arkUrk(T)
k<L-1
> 0,

since at least one of the U (T) remains strictly positive.

For 7, = 1, we obtain

U (T Z ar;UL;(T) [Uji(T) — Xp;(T)Ur1(T))
j<L—-1
= > agUy(T)Uj(T)
>0

Thus, in both cases we conclude that Uy, (1) > 0.

By continuity of Uy, , there exists ¢ > 0 such that
Up; (t) >0 forallt e (T — ey, T + €o).
Hence Up;, (t) is strictly increasing on (T' — €g, T + €g), which implies
Upi,(t) <UL, (T)=0 Vte (T —¢,T).

Since Up;, (0) > 0, there must exist some 77 € (0,7 — €g) such that Ur;, (T1) = 0. Moreover,
Uri(t) > 0forallt € [0,T1] C [0,T]. This contradicts the minimality of T". Therefore, the first
case cannot occur.

Now we consider the second case, when the trajectory
(Up1(t),Upa(t),...,ULL(t))
exits S simultaneously at some time 7. In this situation, Lemma B.10 implies that
Up(Ty=0  forallk € [1,L].

Thus the trajectory passes through the equilibrium point 0 € R¥ at time ¢ = 7. Choose ¢, > 0
sufficiently small, and consider the flow ODE for (Ur1(t), Ur2(t), ..., UL (f)) on the interval I =
(T — €0, T + €o). On this interval we observe two distinct flows satisfying the same system with
the same initial data at ¢ = T the trivial solution (Ury(¢),...,Urr(t)) = 0 and the trajectory
(Uri(t),...,Urr(t)) with Ur;(t) > O forall t € (T — €y, T"). This contradicts the uniqueness of
solutions to the differential equations on /.

Hence the trajectory cannot exit the boundary of S simultaneously at all components. This completes
the proof for the second case and concludes the proof of Claim 1.

O
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Claim 2. There exist a time T > 0 and a constant cp > 0 such that U;;(t) > cr forallt > T and
all1 <4, < L.
Proof of Claim 2. Fort,7 < L — 1, we observe that

tliglo Uij (t) = t1i>123<xi(t)’ SBcl‘j (t)) = <$1, SBCm1> > 0.
Therefore, the claim holds for such ¢ and j. It remains to consider the case of Up,;(¢) for1 < j < L.
Now, for any i, 7 < L — 1, there exists a time 7' > 0 such that

Uij(t) > 0.9 (SBcl‘l ~1‘1), vt >T.

We aim to show that for2 < 57 < L,

Uy, (t) > min {0.8 (Spewt - @1), Uri(T), ..., ULj(T)}, vt > T.

This will be established by induction on j.

For the base case 7 = 1, using Lemma B.10, we have

Upi(t)= > apcUrk [Unt — X1xUr1].
k<L-1

Choose any § > 0 satisfying
§ < min {0.8 (Spcxy - x1), Ui (T)}.

‘We claim that

Uri(t) >4, vt>T. (30)
Indeed, by Lemma B.14, it suffices to check that whenever U1 (T}) = J, we have
Upi(T) = > areUri(T) [Usa (Th) — X i (T3 ]

k<L-1

> z aLkULk( )[OQ(Schl 1‘1) 5] > 0.

This establishes (30) for j = 1. Now, assume that forall £ < j — 1,
tlil% ULk(t) 2 min {08 <S30I1, x1>, ULl(T), ey ULk(T)} .

We will show that
tlél{; ULJ(t) > min {08 <SBC$(}1,.T1>, UL1<T), ey ULJ(T)} .

To this end, fix any ¢ satisfying

0 <6 <min{0.8(Spcx1,z1), Uri(T),...,Ur;(T)}.
We will prove that Ur,;(t) > d forallt > T.
Recall from Lemma B.10 that

U = Z arkUrk [Uk; — XoxUrj) + Z a;xUjk Uk — X1Ur;] .
k<L-1 k<j—1

Suppose ULj(T*) = ¢ for some T, > T'. Then, we have

Up(T) > > ankUnk(Ty) [Uki(T) = 8+ Y ajnUsk(Ty) [Upk(Ty) — 6]

kE<L—1 E<j—1
> Z a;rUji [ULk(T*) — 5] > 0.
E<j—1
The claim then follows by an application of Lemma B.14. O
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Claim 3. There exist a time T > 0 and a constant ¢ > 0 such that

1+ Xp1(t) > e forallt>T. (31)

Proof of Claim 3. From Lemma B.10, we have

Xp1(t) = apUri(1 = X3,)

L—1
+ Z ar;jUr; [ Xj1 — X5 Xr4].
=2

Fix € € (0,1) sufficiently small. Since X1 (¢) — 1ast — oo forall j < L — 1, there exists T" > 0
such that

X1(t)>1—¢ forallt >T.

If X11(t) — 1ast — oo, then the claim holds trivially. Suppose, to the contrary, that X1 (¢t) /4 1
as t — oo. Then there exists an increasing sequence {t,,}>2; C [T, c0) such that

XLl(tn) S 1—e.

We now show that not all ¢,, can satisfy X (¢,) = —1. Assume for contradiction that
Xrpa(tn) = (xp(tn),x1) = —1 foralln > 1.
This implies x,(¢,,) = —x1 for all n > 1. Consequently,
Uri(tn) = (xr(tn), Spcz1) = — (21, Spex1) <0,
which contradicts the fact that U (t) > 0 for all ¢ > 0.
Therefore, there exists a time ¢, > T" such that

Xri(te) <1—e, and 14 Xpi(t.) > 0.

We now prove that
Xrpi1(t) >min{Xri(ts), 1 —¢} forallt >t,,
which will imply inequality (31).

To this end, fix any § € (—1, min {Xp1(¢x), 1 —e}). We will show that X;(¢) > ¢ forall ¢t > ¢,
by applying Lemma B.14.

Indeed, suppose X1 (t) = d for some ¢ > t,. Then, using the earlier lower bounds and the fact that
U;;(t) > 0, we obtain

L—1
X/Ll(t) > aLlULl(l — (52) + Z CLL]‘ULJ' [(1 — 6) - (5} > 0.
j=2
This verifies the condition of Lemma B.14, completing the proof of Claim 3. O

Claim 4. There exist a time T' > 0 and a constant cp > 0 such that for allt > T,

1—Xpi(t) Seert,
Proof of Claim 4. By the preceding claims and the induction hypothesis, there exist 7' > 0 and
cr > O such that forall¢ > T,

> (1) > - X; < emert,
L+ X () 2 er, Uy(t) Zer, ) max (1-Xn(t) Se
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For t > T, we compute

d
1= Xn)] = — X1, (t) = —ap Ui (1 - X7,) — Z ar;Ur; [Xj1 — X1 X1a]
-1
= —anUn(1—X?%)) - ZaLjULj j1—1)— ZaLjULj(leLjXLl)
=2

-1
=—apUpi(1 —Xp1)(1+ X11) + Z ar;Ur;(1—X;1) Z ar;jUr;(1 — X1;X11).
j=2

Note that the third term is non-positive, since | X1,; X 11| < 1, so we may drop it to obtain an upper
bound:

-1
d
T l—Xp1(t)] <—apUp1(1+Xp1)(1—Xp1) + Z ar;Ur;(1—X;1)
=2
< —c1(1 = Xpa(t)) + Coe™ ",

for some positive constants ¢;,Cy > 0, where we have used the lower bounds Upi(t) > crp,
1+ X1(t) > er, and the exponential decay 1 — X1 (t) < e “7t.

Applying the Gronwall inequality to this differential inequality yields
1— Xp(t) S emminteverdt,

which completes the proof of Claim 4. O
Proposition B.9 now follows from Claims 1-4. O
We end this subsection by the proof of Theorem B.8.

Proof of Theorem B.8. By Proposition B.15 and Proposition B.11, the second token converges to
+1(0). Moreover, by Proposition B.11, there exists a minimal integer k& € [3, L] such that, after
possibly replacing each x; by its reflection ; = —xz; for i < k — 1, one of the following two cases
holds:

(a) Z Z(t) — 21(0)| + [{zx(t), Spca1(0))| < O,

(b) Z |1Z:(t) — 21 (0)| + |Tk(t) — 21(0)] < e O,

It therefore suffices to consider the case k < L and case (a). In this scenario, we have
| <xk (t>7 SBC.Tl (O)> | S G*O(I)t.

This implies that x(t) converges (along a subsequence) to some unit vector £ € (Spcoz1(0))*.
By Proposition B.13, the set of initial configurations for which such a limit £ occurs is of measure
zero in the phase space (SP~1)*~1. In particular, 7, — ¢ ¢ {#x1(0)}, and the subsequent tokens

ZTk+1,-- -, 2 evolve under the influence of x; converging to . It follows that the entire configura-
tion (z1,...,x ) converges to a point outside €29, and such initial conditions form a set of measure
zero in (SP~1)L. This completes the proof. O
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B.3 BEYOND MAMBA: AUTOREGRESSIVE SEQUENCE MODELS

Theorem B.16. Let {x;}L | C SP~1 solve the system
1‘; ZE:PI1 (aijxj), 1 SZSL,
j=1

where the coefficients a;; € Ry are positive continuous functions depending on & =
(1,29, -+ ,o1) € (SP~HL. Assume that (x;(0),21(0)) ¢ {&1} for all i > 2. Then, for al-
most all initial data, there exists a constant Cy > 0 such that for all t > 0,

L
D lzit) — @1 (0)] S e
i=1

Remark B.17. This result can be viewed as the analogue of Theorem B.8 in the setting of positive
couplings. The positivity of the coefficients a;; enforces a natural alignment mechanism among the
tokens and greatly simplifies the analysis. In particular, we obtain a uniform exponential decay rate
toward the consensus configuration. Once the system is close to consensus, the nonlinear interac-
tions reduce to their linearization, so the long-time dynamics are effectively linear. Furthermore, any
alternative limit points capable of attracting trajectories must also do so at an exponential rate, but
such cases can occur only on a negligible set of initial conditions. This mirrors the behavior already
observed in the Mamba token model, though here it arises in a more transparent form.

Proof. We proceed by induction on L.
For the first token, we have

r) =Py, (a1121) = a11 Py, (21) =0,
so z1(t) = x1(0) for all ¢ > 0.

For the second token,
.’L‘IQ = a21Pa;2 (371)

We show that z5(t) — 21(0) as ¢ — oo. Define f(t) = (z2(t),z1(0)). Then
f/(t) = 815{1}2 L1 = a1 [5(11 — (331 '1‘2)1'2] L1 = ag1 [1 — f(t)Z] .

Since f(0) € (—1,1), we have f(t) € (—1,1) forall ¢ > 0, and hence f’(¢) > 0. Thus f is strictly
increasing and converges to some 6 € (—1, 1]. For large ¢,
d
=) ==f(t) = —an(l = )1+ ) S -1 +0)1 - f).
By Gronwall’s inequality, 1 — f(t) < e~ (1+9 which proves the case L = 2.
Now assume by induction that for some ¢ > 3,

i—1

> lan(t) — 21 (0)] S e OW,

k=1

We show that |.Z‘1(t) - 1‘1(0)| 5 670(1)t. Let fz(t) = <Iz(t),l‘1(0)> and g”(t) = <l‘z(t),$](t)>

Then
Fl) =0 - = Y g [y — (@i aj)ai] - @
j<io1
= Z aij [f5(t) — 945 (t) fi(t)]
=an(1—f7)+ Z aij [fi(t) — gij (t) fi(D)] .

We consider two cases:
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* Case 1: There exists a strictly increasing sequence of times in {t > 0 : f;(t) + 1 > 0}.

» Case2: f;(t) > —last — oo.

Case 1: By the induction hypothesis, f;(t) — 1 for j < i — 1. Hence, there exists 7" > 0 such that
fi(t) >09forallt > T and j <i— 1. Lett, > T be such that f;(¢,) + 1 > 0. We show that

fit) > min {08, fi(t)} Ve > t,. (32)
To prove this, let —1 < § < min {0.8, f;(¢,)}. Using Lemma B.14, we verify that if f;(t) = 4, then
) >an(1-0")+ > a;(0.9-26)>0,
2<j<i—1
which implies (32). Now, for large ¢,

%(1 —f)=—fl=—an(l=f2) = > ai;lfj - i fi]
2<j<i—1
<—an(l—f)A+fi)+ D ai(1—f)
Jj<i—1

S+ fit))(A = fi) + 700",
Gronwall’s inequality then gives 1 — f;(t) < e Ot
Case 2: Suppose f;(t) = —1. Then z;(¢t) — —x1(0), and for j < i — 1 we have g;;(¢f) — —1
exponentially. From the equation
fl) =an(l=f) L+ )+ D aylfi) — g0 fi0)],
2<j<i—1
we derive, for large ¢,

D04 1) 2 1 4+ )~ G,

for some ¢y, C,,0 > 0. Consequently, integrating this inequality and using the boundedness of
1+ fi(t) yields

1+ fi(t) < e O,
50 |2 (t) + 21 (0)] < e~ M2,
Finally, we show that the set of initial data for which z; — x1(0) for: < L — 1 and z;, — —x1(0)
has measure zero. Define perturbations:

T =11 + 075, 2<:1<L-1,
T = —11 + 0%,
fi(t) = (Ti(t), 21).

From the equation for f], we obtain the linearized dynamics:

L-1
Onfr =2 ari(x.)| fr,
j=1
where z, = (21, ...,21, —21). The coefficient

L—-1
>\+ =2 ZCLL]‘(JZ*) >0
j=1

is a positive eigenvalue, hence the equilibrium is linearly unstable. By decomposing
{5L:J?L(t)xl + 71, Tt L,
T =fi(x +3F,  FFLla, j<L-1,

we observe that the full Jacobian at x, also possesses the positive eigenvalue A, producing lin-
ear instability in the x; direction. As in the proof of Proposition B.13, the corresponding initial
conditions form a set of measure zero. This completes the proof.

O
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C EXPERIMENT - ADDITIONAL DETAILS

C.1 PREDICT ATTENTION SINK

Experimental Setup. We adopt the threshold-based metric of Xiao et al. (2024), adapted to the
hidden attention structure of SSMs. For a given layer £ € {1,...,L} and channel c, let A%¢ €
RTXT denote the hidden attention matrix, where 7' is the sequence length. The importance of token
kin (¢, c) is defined as

T

1
l,c § : l,c
’ = — A,’ . 33
Oék s 1 £ ik ( )

We say that channel (£, ¢) exhibits an attention sink at the first token if
al® > e, (34)
where ¢ is a fixed threshold (we set € = 0.3 in our experiments).

The layer-wise sink rate is given by

Sink, = Hi 3 l(af”: > g) , (35)

s ceCy

where Cy is a subset of channels sampled from layer ¢, and H; = |C;|. Finally, the model-level sink
score 18

L
. 1 .
Sink = 7 ;_1 Sinky. (36)

Evaluation. To empirically estimate these quantities, we evaluate the Falcon-Mamba-7B model
(Zuo et al., 2024) on the dataset of Xiao et al. (2024), which consists of 170 samples of length
T = 16. Since each layer contains 4096 channels, we uniformly sample H; = 200 channels per
layer to estimate Sink¢ and the overall Sink. We then report Sink/ as a function of layer depth and
the aggregate Sink across tokens in Figure 3. For visualization, we additionally average the softmax-
normalized attention matrices softmax(A%¢) across the samples to obtain per-layer attention maps,
as shown in Figure 2.

C.2 RANDOMLY REORDERING TOKENS TO DIVERSIFY CLUSTERING EFFECT

Dataset. We evaluate our random reordering strategy on the ImageNet-1K dataset (Deng et al.,
2009), which consists of 1.28M training images and 50K validation images across 1,000 categories.

Hyperparameters. For training, we adopt the same configuration as in our baseline
MambaVision-T model (Hatamizadeh & Kautz, 2024). We use AdamW as the optimizer with peak
learning rate 8 x 10~%, momentum parameters 3; = 0.9, 8y = 0.999, and weight decay 0.05.
Training is conducted with a batch size of 512 and linear warmup followed by cosine decay for
the learning rate schedule. Dropout is set to 0.0. The full hyperparameter configuration is listed in
Table 2 for reproducibility.

Table 2: Hyperparameters configuration for Image Classification with random token reordering on
ImageNet-1K.

Optimizer AdamW

Peak Learning Rate 0.0008
Momentum B =10.9, B2 =0.999
Weight Decay 0.05

Batch Size 512
Learning Rate Warmup Linear
Learning Rate Scheduler Cosine decay
Dropout 0.0
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Training details. We train the tiny version (31.8M parameters) of MambaVision with and without
random token reordering. The reordering is performed by sampling a random permutation of tokens
before each forward pass, ensuring that the identity of the first token varies. This prevents collapse
toward a fixed attractor and diversifies the clustering dynamics as predicted by our theoretical frame-
work. We follow the same training procedure as in (Yang et al., 2021; Hatamizadeh & Kautz, 2024;
Hatamizadeh et al., 2023) and ensure that the two settings (baseline and reordered) differ only in the
reordering operation. Top-1 and Top-5 classification accuracy are reported in Table 1 and Figure 4.
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