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ABSTRACT

We study the ability of one layer Graph Attention Networks (GAT) to achieve perfect node classifi-
cation for a simple synthetic data model called the contextual stochastic block model (CSBM). We
determine a positive CSBM parameter regime such that GAT achieves perfect classification and a
negative CSBM parameter regime such that GAT fails to achieve perfect classification. For the pos-
itive result we use a generalized attention mechanism of the original (Velickovic et al., 2018). For
the negative result we consider a fixed attention mechanism which is determined using the labels of
the nodes. We pose two questions. Is the condition of GAT for achieving perfect classification better
than that of a simple community detection method, i.e., thresholding the second principal eigenvec-
tor of the adjacency matrix (Abbe, 2018)? The answer to this question is negative, and it depends
on the parameter regime of the CSBM distribution. This happens because the graph information is
coupled with the feature information using the operation of matrix multiplication. However, such
matrix multiplication operation can be detrimental for perfect node classification. The second ques-
tion is, is the condition of GAT for achieving perfect classification better than that of simple graph
convolution (GCN) (Kipf & Welling, 2017)? We show that GAT is better than GCN if the attention
mechanism of GAT is a Lipschitz function, while it is not better if it is not a Lipschitz function.

1 INTRODUCTION

Graph learning has received a lot of attention recently due to breakthrough learning models (Gori et al., 2005; Scarselli
et al., 2009; Bruna et al., 2014; Duvenaud et al., 2015; Henaff et al., 2015; Atwood & Towsley, 2016; Defferrard et al.,
2016; Hamilton et al., 2017; Kipf & Welling, 2017) that are able to exploit multi-modal data that consist of nodes and
their edges as well as the features of the nodes. One of the most important problems in graph learning is the problem
of node classification, where the goal is to classify the nodes of a graph given the node features and the topological
graph information. One of the most popular models for node classification and graph learning in general is the Graph
Attention Network (GAT). Graph attention (Velickovic et al., 2018) is usually defined as averaging the features of a
node with the features of its neighbors by appropriately weighting the edges of a graph before spatially convolving
the node features. Graph attention achieves this by using information from the given features for each node or given
features for pairs of nodes.

In this work we explore the regimes where GAT can achieve perfect node classification for the contextual stochastic
block model (CSBM) (Binkiewicz et al., 2017; Deshpande et al., 2018). The CSBM is a coupling of the stochastic
block model (SBM) with a Gaussian mixture model, where the features of the nodes within a class are drawn from
the same component of the mixture model. For a more precise definition, see Section 3. We focus on the case of
two classes where the answer to the above question is sufficiently precise to understand the performance of graph
attention and build useful intuition about it. Moreover, perfect classification is one of the three questions that has been
traditionally asked for the SBM alone (Abbe, 2018). We see our work as an extension of previous work on perfect
classification for SBM (Abbe, 2018) to CSBM using GAT. For more discussion see Section 2. One of the motivations
for doing so is to understand the strengths and weaknesses of GAT on a controlled synthetic data model so that the
graph learning community can build insights based on our findings.

We split our contributions in two parts. The first part compares one layer GAT to a simple community detection
method, i.e., thresholding the second principal eigenvector of the adjacency matrix. The second part compares one
layer GAT to one layer GCN.
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1. Regime where GAT’s condition for perfect classification is not better than that of the simple community
detection method. In Theorem 1 we consider a fixed attention mechanism where the attention coefficients
are determined using the labels of the nodes. Using ground-truth information to determine the attention
coefficients is unrealistic, but it allows us to understand the CSBM parameter regime where GAT fails to
achieve perfect classification in an ideal scenario. We show that if the distance between the means of the
Gaussians is smaller than Θ(σ

√
log n/∆(p, q)), where σ is the standard deviation, n is the number of nodes

and ∆(p, q) is the maximum expected intra- or inter-degree, then with high probability GAT fails to achieve
perfect node classification for any parameter regime of the SBM. On the contrary, if the adjacency matrix has
a large enough spectral gap, then the simple community detection method achieves perfect node classification.

2. Regime where GAT’s condition for perfect classification is better than that of the simple community detection
method. In Theorem 2 we consider a generalized attention mechanism of the original (Velickovic et al.,
2018). We show two results. In the first result, if the distance of the means of the Gaussians is bigger than
ω(σ
√

log n), then GAT achieves perfect node classification for any parameter setting of the SBM, while the
simple community detection method requires a large enough spectral gap, otherwise it fails. While in the
second result if the distance between the means is between Θ(σ

√
log n/∆(p, q)) and ω(σ

√
log n) and the

adjacency matrix has a spectral gap then GAT and the community detection achieve perfect classification.
3. Lipschitz GAT has up to a constant the same condition for perfect classification as GCN. In Proposition 3 we

show that if the attention function for GAT is a Lipschitz function then GCN and GAT have up to a constant
the same separability threshold for the distance between the means to achieve perfect node classification.

4. Non-Lipschitz GAT has a better condition for perfect classification than GCN. In Section 6.2 we show that
if the attention function of GAT is a non-Lipschitz function, then GAT has a better separability threshold for
perfect node classification than GCN.

2 PREVIOUS WORK

Recently the concept of attention for neural networks (Bahdanau et al., 2015; Vaswani et al., 2017) was transferred to
graph neural networks (Li et al., 2016; Bresson & Laurent, 2018; Velickovic et al., 2018; Lee et al., 2019; Puny et al.,
2020). A few papers have attempted to understand the mechanism in (Velickovic et al., 2018). One work relevant
to ours is (Brody et al., 2022). In this paper the authors show that a node may fail to assign large edge weight to its
most important neighbors due to a global ranking of nodes that is generated by the attention mechanism in (Velickovic
et al., 2018). Another related work is (Knyazev et al., 2019), which presents an empirical study of the ability of graph
attention to generalize on larger, complex, and noisy graphs. In addition, in (Hou et al., 2019) the authors propose a
different metric to generate the attention coefficients and show empirically that it has an advantage over the original
GAT architecture.

Our work on GAT and the CSBM originates on previous work on understanding the performance of community
detection methods for the SBM (Abbe, 2018). In previous work, researchers divided the parameter regimes of the
SBM in three regimes. The first is the exact recovery regime, where the the community of all nodes is predicted
correctly with high probability. In this paper we are also interested in predicting the class of all nodes correctly, i.e.,
perfect classification. However we do this for the graph learning model GAT and for the CSBM. We are not only
interested in fitting the training data, our results hold for perfect classification for test data too.

The works by (Binkiewicz et al., 2017; Deshpande et al., 2018) are focused on the fundamental limits of learning for
the CSBM. In this paper we are not interested in information theoretic limits, but we are interested in the parameter
regime where GAT can achieve perfect classification. Of particular relevance is the work by (Baranwal et al., 2021),
which studies the performance of graph convolution (Kipf & Welling, 2017) on CSBM as a semi-supervised learning
problem. In this paper we extend this analysis to GAT.

The most relevant work is that of (Fountoulakis et al., 2022). In (Fountoulakis et al., 2022) it was shown that when
the distance between the means of the Gaussians is ω(σ

√
log n) GAT is able to achieve perfect node separability

(with high probability). In addition, it was shown that when the distance between the means is small, any attention
architecture fails to distinguish inter from intra edges, which may hurdle the node classification performance.

Note that in (Fountoulakis et al., 2022) there is no condition provided for failing perfect classification. Thus it is not
possible to compare GAT with community detection methods and GCN. In our paper we provide the regime where
GAT fails to achieve perfect node classification when we provide ground-truth information to the attention mechanism
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of GAT to distinguish edges. Finally, our results hold regardless if the intra-edge probability is bigger than the inter-
edge probability for the SBM.

Finally, there are a few related theoretical works on understanding the performance and the universality of graph neural
networks (Chen et al., 2019; Chien et al., 2021; Zhu et al., 2020; Xu et al., 2019; Garg et al., 2020; Loukas, 2020a;b;
Jegelka, 2022). We provide theoretical results that characterize the precise performance of GAT compared to graph
convolution and no convolution for CSBM with the goal of answering the particular questions that we imposed above.

3 PRELIMINARIES

Let d, n ∈ N be such that, and ε1, . . . , εn ∼ Ber(1/2), and define two classes as Ck = {j ∈ [n] | εj = k} for
k ∈ {0, 1}. For each index i ∈ [n], we draw feature vector Xi ∈ Rd as Xi ∼ N((2εi − 1)µ, I · σ2), where µ ∈ Rd,
σ ∈ R and I ∈ {0, 1}d×d is the identity matrix. For a given pair p, q ∈ [0, 1] we consider the stochastic adjacency
matrix A ∈ {0, 1}n×n defined as follows. For i, j ∈ [n] in the same class, we set aij ∼ Ber(p), and if i, j are
in different classes, we set aij ∼ Ber(q)1. We let D ∈ Rn×n be a diagonal matrix containing the degrees of the
vertices. We denote by (X,A) ∼ CSBM(n, p, q,µ, σ2) a sample obtained according to the above random process.
We consider node classification, and say that an estimator φ : Rn×d × Rn×d × Rn×n × [n] → R perfectly classifies
the nodes if φ(X,A, i) < 0 iff i ∈ C0. We will use the following assumption on the parameters of the CSBM.

Assumption 1. |p− q| > 0, p, q = Ω(log2 n/n) and σ is constant.

The |p − q| > 0 part of the assumption implies that there are either more intra- or -inter-edges on expectation. The
p, q = Ω(log2 n/n) part of the assumption implies degree concentration. See the definition of the event E below. The
latter part of the assumption is without loss of generality since all that really matters is the ratio of the distance between
the means ‖µ‖ with σ. Let Ni denote the set of neighbors of node i ∈ [n] and define the following event.
Definition 1. Event E is the intersection of the following events over the randomness of A and {εi}i.

1. E1 is the event that |C0| = n
2 ±O(

√
n log n) and |C1| = n

2 ±O(
√
n log n).

2. E2 is the event that for each i ∈ [n], Dii = n(p+q)
2

(
1± 10√

logn

)
.

3. E3 is the event that for each i ∈ [n], |C0 ∩ Ni| = Dii · (1−εi)p+εiq
p+q

(
1± 10√

logn

)
and |C1 ∩ Ni| = Dii ·

(1−εi)q+εip
p+q

(
1± 10√

logn

)
.

Using standard Chernoff bound and a union bound one can obtain the following.
Lemma 1. Event E holds with probability at least 1− on(1).

4 GAT VS COMMUNITY DETECTION FOR PERFECT CLASSIFICATION

Given two node representations Xi,Xj for nodes i, j ∈ [n] and edge feature eij , let Ψ(Xi,Xj , eij)
def
=

α(wTXi,w
TXj , eij), where function α and parameters w are learnable. We refer to Ψ as the attention architec-

ture with attention coefficients

γij
def
=

exp(Ψ(Xi,Xj , eij))∑
k∈Ni

exp(Ψ(Xi,Xk, eik))
∀i, j ∈ E and γij = 0 otherwise.

Let Γ = {γij}ij ∈ Rn×n, the attention layer is defined as
x̂ = (Γ�A)Xw,

where � denotes the elementwise multiplication. Note that we consider only one layer since we work with a simple
two block CSBM for binary classification. The graph convolution model (Kipf & Welling, 2017) (GCN) is obtained
by setting Γ

def
= D−1 2. Observe that the graph information is coupled with the feature information using the opera-

tion of matrix multiplication. The intuition is that combining node features with topological information will favour
1Matrix A can contain self-loops as in A + I. In any case our analysis and conclusions are the same.
2Other versions of GCN are captured by setting Γ differently. For example γij

def
= (didj)

−1/2, where di, dj are the degrees of
nodes i, j, respectively. Our conclusions are the same in that case too due to degree concentration.
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classification tasks. However, in this paper we show that such matrix multiplication operation can be detrimental for
perfect node classification.

4.1 WARM-UP: HARD INSTANCE FOR GCN

Consider a one layer network where the matrix A contains all the required information for classification. In particular,
consider the case where A is constructed using SBM with p = Ω(log2 n/n) and q = 0. In such case, the community
structure is obtained easily by running a connected component algorithm.
Proposition 1. Assume that A ∼ SBM(p, q), for p = Ω(log2 n/n) and q = 0. Then a connected component
algorithm perfectly classifies the nodes with probability at least 1− on(1).

The proof for this is trivial. Given the particular p and q then each class will be a connected component with high prob-
ability (Erdős & Rényi, 1960) while there will be no edges between the connected components. Using an algorithm
for finding the connected components will output the correct class for each node with high probability.

Now think of the feature matrix X having no useful information. In particular, think of the features drawn from a
Gaussian distribution N(µ, σ2I). That is, ∀i ∈ [n] Xi ∼ N(µ, σ2I). In such case, with high probability GCN can’t
perfectly distinguish the classes.
Proposition 2. Fix any ‖w‖ = 1. Assume that Xi ∼ N(µ, σ2I) ∀i and that A ∼ SBM(p, q) with p = Ω(log2 n/n)
and q = 0. Then, with probability at least 1−on(1) over A, for any i, j ∈ C0×C1 we have that (D−1AXw)i follows
the same distribution as (D−1AXw)j . This implies that GCN fails to achieve perfect classification with probability
at least 1− on(1).

The proof of Proposition 2 is an application of the proof of Proposition 3 since the assumption about Ψ in Proposition 3
implies up to a constant uniform edge weights, similar to GCN. Furthermore, note that ‖w‖ = 1 is assumed without
loss of generality since all we care about is the sign of the prediction and not its magnitude. Propositions 1 and 2 show
that the operation of matrix multiplication is detrimental for perfect node classification for GCN as the multiplication
operation harms the information captured in the matrix A. This means that a simple connected component method
applied on the graph succeeds at predicting the classes of all nodes with high probability, but GCN fails to achieve
perfect classification with high probability.

4.2 REGIME WHERE GAT IS NOT BETTER THAN COMMUNITY DETECTION

In the following we present a negative result for perfect classification for one layer GAT. We consider the case where
the graph contains enough information for perfect classification. In particular, we will consider the following result.
Lemma 2 (Exact recovery in (Abbe, 2018)). Suppose that p, q = Ω(log2 n/n) and |√p−√q| >

√
2 log n/n. Then,

there exists a classifier τ̂ taking as input the graph A and perfectly classifies the nodes with probability at least
1− on(1).

Note that Lemma 2 only uses the graph. Therefore, the result is independent of the distance between the means of the
Gaussians, while in Theorem 1, we prove that GAT has a limitation in the distance between the means for achieving
perfect classification. We show that even with an oracle access to ground-truth information for the edges that allows the
attention function to achieve perfect edge separability, perfect node classification won’t happen with high probability.
We start with the definition of perfect edge separability.
Definition 2. Given a graph G = ([n], E) and a partition of the nodes [n] = C0 ∪ C1, we say that a function
Ψ : E → R perfectly separates the edges if
sign (Ψ(i, j)) = sign(p− q) ∀(i, j) ∈ (C2

0 ∪C2
1 )∩E and sign (Ψ(i, j)) = − sign(p− q) ∀(i, j) ∈ (C2

0 ∪C2
1 )c ∩E,

The above definition says that if p > q then the Ψ function should be positive if i, j are in the same class and negative
if i, j are in different class. As we show in the proof of Theorem 1, this means that if p > q then intra-edges have
much higher attention coefficient γij than inter-edges. The opposite is true when q > p.
Theorem 1. Suppose p, q < 1 − c, where c is any arbitrary small constant. Fix any ‖w‖ = 1, let ∆(p, q) =
nmax(p, q) and assume that Ψ(i, j) is a function that perfectly classifies the edges of any A with |Ψ(i, j)| =

ω(1). If ‖µ‖ ≤ Kσ
√

logn
∆(p,q) for some K = O(1), then with probability at least 1 − on(1) over (X,A) ∼

CSBM(n, p, q,µ, σ2), x̂ =
∑
j∈Ni

γijw
TXj fails to perfectly classify the nodes.
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Proof. Consider a fixed w ∈ Rd with ‖w̃‖ = 1. By the assumptions on Ψ we have that for any graph G = ([n], E)
represented by A

Ψ(i, j) =

{
sign(p− q)ω(1) if i, j ∈ (C2

0 ∪ C2
1 ) ∩ E

− sign(p− q)ω(1) otherwise

By conditioning on event E , we have that with high probability each i ∈ [n] has np(1±on(1))/2 intra-class neighbors
and nq(1± on(1))/2 inter class neighbors. We focus on the case where ∆(p, q) = np, that is (p > q), as the converse
is identical. Therefore, by definition of the attention coefficients

γij =

{
2
np (1± on(1)) if i, j ∈ (C2

0 ∪ C2
1 ) ∩ E

o
(

1
n(p+q)

)
otherwise

.

Note that since Ψ is fixed, it is independent of X. We consider the event Ẽ for perfect classification for some fixed
interceptor b ∈ R below −wTµ(1± o(1)) + σ

∑
j∈[n]

γijaijw
Tgj + b

 < 0 ∀i ∈ C0wTµ(1± o(1)) + σ
∑
j∈[n]

γijaijw
Tgj + b

 > 0 ∀i ∈ C1.

Observe that the above two conditions imply that at least one of them holds with b = 0. That is, if b > 0 the first
condition holds with b = 0 and if b < 0 the second condition holds with b = 0.

Then, we bound

Pr

max
i∈C0

∑
j∈[n]

γijaijw
Tgj < |wTµ|(1± o(1))

 ≤ Pr

max
i∈C0

∑
j∈[n]

γijaijw
Tgj < ‖µ‖(1± o(1))

 (1)

Pr

max
i∈C0

∑
j∈[n]

γijaijw
Tgj < K

√
log n

np
(1± o(1))

 (2)

Now we will use Sudakov minoration inequality (Vershynin, 2018) to obtain a lower bound on the expected supremum,
and then apply Borell’s inequality to upper bound the above probability.

In order to apply Sudakov’s result we will need to define a canonical metric over the index set C0. Let Jij denote the
set of uncommon neighbors of i and j, and note that

ρ
def
=
∑
k∈[n]

γikaikw
Tgk −

∑
k∈[n]

γjkajkw
Tgk =

2(1± o(1)

np

∑
k∈Jij

wTgk

For any i, j ∈ C0:

d◦(i, j) =
√

E [ρ2] =
2
√
|Jij |
np

(1± o(1)).

Note that for any i 6= j ∈ C0 and a node k ∈ [n] the probability that k being a neighbor of exactly one of the nodes is
2p(1− p) if k ∈ C0 and 2q(1− q) if k ∈ C1. Therefore, by applying a Chernoff bound, we have that for any δ > 0

Pr[|Jij −E[|Jij |]| > δE[|Jij |]] ≤ 2 exp(−δ2 E[|Jij |]/3).

By the fact that p, q = Ω(log2 n/n) we have that E[|Jij |] = n(p(1−p)+q(1−q)) = Ω(log2 n). Therefore, choosing
δ =

√
C logn

E[|Jij |] for any large constant C > 0, we get that the above holds with probability at least 1 − 1/poly(n). In
addition, by the fact that |Jij | = Ω(np) we have that d◦(i, j) = Ω(1/

√
np). Under the concentration of Jijs we let
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ε0 = mini,j∈C0 d◦(i, j). Then, for an ε0-covering of the set, we need to have every point in the set (namely the cover
N(C0, d◦, ε0) = |C0|. This implies that the expectation of the maxima is bounded below by

E

max
i∈C0

∑
j∈[n]

γijaijw
Tgj

 ≥ c′′ε0√log n ≥ c′′
√

log n

np
,

for some c′′ > 0. In addition, note that since Ψ is fixed,
∑
j γijaijw

Tgj is Gaussian with variance O(1/np).

Now we can use Borell’s inequality (Adler et al. (2007) chapter 2) to get that for any t > 0

Pr

max
i∈C0

∑
j∈[n]

γijaijw
Tgj < E

max
i∈C0

∑
j∈[n]

γijaijw
Tgj

− t
 ≤ 2 exp(−t2np).

By the lower bound on the expectation we have that the above implies that

Pr

max
i∈C0

∑
j∈[n]

γijaijw
Tgj < c′′

√
log n

np
− t

 ≤ 2 exp(−t2np).

Pick t = c′′
√

logn
np −

K
√

logn√
np = Ω(

√
log n/np), and combine with the event for the class and degree concentration

to get

Pr

max
i∈C0

∑
j∈[n]

γijaijw
Tgj ≤ K

√
log n

np
· (1± on(1))

 =
1

poly(n)
= on(1),

and the proof is complete.

Remark 1. Note that the setting described in Theorem 1 for the Ψ function can be easily realized when |√p−√q| >√
2 log n/n. Under this setting we can use Lemma 2 to obtain classifier τ̂ and scale its values accordingly. In

particular, by Lemma 2 we know that there exist a classifier τ̂ which perfectly classifies the nodes. Therefore, we can
set Ψ(i, j) as sign(p − q)ω(1) when τ̂(i) = τ̂(j), and − sign(p − q)ω(1) otherwise. In addition, note that the case
where p, q are close to 1 is degenerate–the graph drawn will be very close to the complete graph– which means that
the graph holds no useful information.

5 REGIME WHERE GAT IS BETTER THAN COMMUNITY DETECTION

Let us now discuss a positive result for one layer GAT in Theorem 2. In particular, part 1 of Theorem 2 shows that
regardless of what p and q are, if the distance between the means is κσ

√
log n, where κ = ω (1), then GAT is able to

perfect classify any input from CSBM with high probability. This is better than simple community detection which
depends on the values of p and q, see Lemma 2. Unfortunately, as noted in Remark 2, a simple linear classifier without
the graph data is enough to achieve perfect classification in this regime of the distance of the means.
Remark 2. If ‖µ‖ ≥ κσ

√
log n, a simple linear classifier on X obtains perfect classification (Anderson, 2003).

In part 2 of Theorem 2 we show that GAT is able to achieve perfect classification for a limited range of the distance
between the means and the same condition on p and q as in Lemma 2.
Theorem 2. Suppose that p, q = Ω(log2 n/n), fix κ = ω (1), K = O(1) and define ∆(p, q) = nmax(p, q).
Then, there exists a choice of attention architecture Ψ such that with probability at least 1 − on(1) over the data
(X,A) ∼ CSBM(n, p, q,µ, σ2), the estimator

x̂i
def
=
∑
j∈Ni

γijw
TXj where w = sign(p− q)µ/‖µ‖,

satisfies the following

1. If ‖µ‖ ≥ κσ
√

log n, the estimator classifies correctly all the nodes.
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2. If Kσ
√

logn
∆(p,q) < ‖µ‖ < κσ

√
log n and |√p − √q| >

√
2 log n/n, then the estimator classifies correctly

all the nodes.

Proof. Define

w
def
= sign(p− q) µ

‖µ‖
, S

def
=

 1 1
−1 −1
1 −1
−1 1

 , r
def
= R ·

 1
1
−1
−1


where R > 0 is an arbitrary scaling parameter, and consider the following definition of function α:

α(wTXi,w
TXj) = sign(p− q)t(‖µ‖, σ, n) · rT · LeakyRelu

(
S ·
[
wTXi

wTXj

])
,

where t(‖µ‖, σ, n) = 1 if ‖µ‖ ≥ κσ
√

log n and 0 otherwise.

We construct the edge features based on τ̂ from Lemma 2, eij = (τ̂(i), τ̂(j)) for every i, j ∈ E. Define

α′(eij)
def
= (1− t(p, q, n)) ·

{
sign(p− q)R′ if τ̂(i) = τ̂(j)

− sign(p− q)R′ otherwise
, (3)

where R′ > 0 is some scaling constant. Finaly, we let

Ψ(Xi,Xj , eij) = α(wTXi,w
TXj) + α′(eij).

Suppose that ‖µ‖ ≥ κσ
√

log n, so that

Ψ(Xi,Xj , eij) = sign(p− q)rT · LeakyRelu

(
S ·
[
wTXi

wTXj

])
.

However, this is exactly the setting dealt with in (Fountoulakis et al., 2022) (see Corollary 3). Therefore, when
‖µ‖ ≥ κσ

√
log n the estimator achieves perfect node classification with probability at least 1−on(1). This concludes

the first item of the theorem.

Now suppose that Kσ
√

logn
∆(p,q) < ‖µ‖ < κσ

√
log n, and |√p−√q| >

√
2 log n/n.

In this case, with probability at least 1− on(1)

Ψ(Xi,Xj , eij) = α′(eij) =

{
sign(p− q)R′ if i, j ∈ (C2

1 ∪ C2
0 ) ∩ E

− sign(p− q)R′ otherwise
, (4)

since t(‖µ‖, σ, n) = 0 and the condition |√p − √q| >
√

2 log n/n guarantees (by Lemma 2) that with probability
at least 1 − on(1) τ̂ achieves perfect classification. We let R′ = ω(1) for the rest of the proof and note that Ψ is
independent of X.

We focus on the case where sign(p − q) > 0, the proof for the opposite case is identical. By Lemma 1, conditioned
on event E which holds with probability at least 1− o(1), the values of γij satisfy

γij =

{
1

np
2 + nq

2 exp(−2R′) if i, j ∈ (C2
0 ∪ C2

1 ) ∩ E
1

np
2 exp(2R′)+ nq

2
otherwise

. (5)

By the fact that p > q and p, q = Ω(log2 n/n), we get that γij = 2
np (1 ± on(1)) for i, j ∈ E in the same class and

1/poly(n) otherwise. Note that this holds regardless of the size of ‖µ‖.
Conditioned on E and the fact that Ψ is independent of X, the random variables x̂i are Gaussians with standard
deviation σ̃ = O(σ/

√
np). In addition, when i ∈ C1

7



E

∑
j∈Ni

γijw
TXj

∣∣∣∣E
 = E

 ∑
j∈C0∩Ni

γijw
TXj +

∑
j∈C1∩Ni

γijw
TXj

∣∣∣∣E


= |C1 ∩Ni|
(

2

np
(1± on(1)) E[wTXj | E, j ∈ Ni ∩ C1]

)
+ |C0 ∩Ni|

(
1

poly(n)
E[wTXj | E, j ∈ Ni ∩ C0]

)
= (1± on(1)) E[wTXj | E, j ∈ Ni ∩ C1]− q(1± on(1))

poly(n)
‖µ‖ = (1± on(1))

E[wTXj · 1E | j ∈ Ni ∩ C1]

Pr[E]
± on(1)

= ‖µ‖2(1± on(1)).

Using the same reasoning, we get for i ∈ C0, E[x̂i|E] = −‖µ‖2(1± on(1))

Next, we bound the probability of misclassification for i ∈ C0

Pr

[
max
j∈C0

x̂j ≥ 0

]
≤ Pr

[
max
j∈C0

x̂j > t+ E[x̂i]

]
,

for t < |E[x̂i]| = ‖µ‖2(1± on(1))

Lemma 3 (Rigollet & Hütter (2015)). Let x1, . . . , xn be sub-Gaussian random variables with the same mean and
sub-Gaussian parameter σ̃2. Then,

E

[
max
i∈[n]

(xi −E[xi])

]
≤ σ̃

√
2 log n.

Moreover, for any t > 0

Pr

[
max
i∈[n]

(xi −E[xi]) > t

]
≤ 2n exp

(
− t2

2σ̃2

)
.

ByKσ
√

logn
np < ‖µ‖, we can pick t = Θ

(
σ√
np

√
log |C0|

)
and applying Lemma 3 implies that the above probability

is 1/poly(n).

Similarly for i ∈ C1 we have that the misclassification probability is

Pr

[
min
j∈C1

x̂j ≤ 0

]
= Pr

[
−max
j∈C1

(−x̂j) ≤ 0

]
= Pr

[
max
j∈C1

(−x̂j) ≥ 0

]
≤ Pr

[
max
j∈C1

−x̂j > t−E[x̂i]

]
,

for t < E[x̂i]. Picking t = Θ
(

σ√
np

√
log |C1|

)
and applying Lemma 3 and a union bound over the misclassification

probabilities of both classes conclude the proof.

6 GAT VS GCN

In this section we compare one layer GAT to GCN when the attention function Ψ is non-Lipschitz and Lipschitz.

6.1 LIPSCHITZ GAT IS NOT BETTER THAN GCN

In this section we will show that considering bounded attention architectures (Lipschitz function Ψ) have no additional
advantage over GCN in terms of improving the threshold where GAT fails to perfectly classify the nodes. Similarly to
Theorem 1 we will assume that we have an oracle access to a perfect bounded attention architecture.
Proposition 3. Suppose p, q < 1− c, where c is any arbitrary small constant. Fix any ‖w‖ = 1 and assume Ψ(i, j)
is a function that perfectly separates the edges of any graph A with |Ψ(i, j)| = O(1) for all i, j ∈ E. If ‖µ‖ ≤
Kσ
√

logn
n(p+q) ·

p+q
|p−q| and K = O(1), then with probability at least 1 − on(1) over (X,A) ∼ CSBM(n, p, q,µ, σ2),

x̂ =
∑
j∈Ni

γijw
TXj fails to perfectly classify the nodes.
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Proof. The proof follows the same techniques as Theorem 1. Fix w ∈ Rd with ‖w‖ = 1. By the assumptions on Ψ
we have that for any graph G = ([n], E) represented by A

Ψ(i, j) =

{
sign(p− q)O(1) if i, j ∈ (C2

0 ∪ C2
1 ) ∩ E

− sign(p− q)O(1) otherwise.
.

We focus in the case where p > q since the other case is identical. By conditioning on event E , we have that with
high probability each i ∈ [n] has np(1 ± on(1))/2 intra-class neighbors and nq(1 ± on(1))/2 inter class neighbors.
Therefore, by definition of the attention coefficients, for every i, j ∈ E

γij = Θ

(
1

n(p+ q)

)
= Θ

(
1

|Ni|

)
.

We consider the conditions for perfect classification for some fixed interceptor b ∈ R

Θ

−p− q
p+ q

wTµ(1± on(1)) + max
i∈C0

σ

|Ni|
∑
j∈[n]

aijw
Tgj

+ b < 0

Θ

p− q
p+ q

wTµ(1± on(1)) + min
i∈C1

σ

|Ni|
∑
j∈[n]

aijw
Tgj

+ b > 0.

The rest of the proof proceeds as Theorem 1.

From Proposition 3 we have that for bounded functions Ψ if ‖µ‖ < Kσ
√

log n/n(p+ q) · (p+ q/|p− q|) for some
K = O(1), then with high probability GAT fails to perfectly classify the nodes. However, this condition is up to a
constant the condition for GCN to fail to perfectly classify the nodes.
Remark 3. For any ‖w‖ = 1 the condition ‖µ‖ ≤ Kσ

√
log n/n(p+ q) · (p+ q/|p− q|) and K = O(1) is the

condition for GCN to fail to perfectly classify the nodes. The proof is an application of the proof of Proposition 3 since
the assumption about Ψ in Proposition 3 implies up to a constant uniform edge weights, similar to GCN.

Note that the condition for one layer GAT and GCN for perfect classification is ‖µ‖ ≥ ω(σ
√

log n/n(p+ q) ·
(p+ q/|p− q|)). The proof for both GAT and GCN is identical since their edge coefficients are the same up to a
constant, and it has appeared in (Baranwal et al., 2021). The statement can also be proved easily by following similar
arguments as in the proof of Theorem 2. Therefore, the conditions for achieving and failing perfect classification of
GAT are up to a constant the same as that of GCN.

6.2 NON-LIPSCHITZ GAT IS BETTER THAN GCN

From part 2 of Theorem 2 we have that the threshold on the distance between the means that makes the data perfectly
separable for GAT is up to a constant σ

√
log n/∆(p, q) when |√p − √q| >

√
2 log n/n. While the threshold for

GCN to fail perfect classification is up to a constant σ
√

log n/n(p+ q) · (p+ q/|p− q|). If p > q, then the threshold
for perfect classification of GAT is lower than that of GCN when 3p > q. Since we assumed that p > q then GAT
achieves perfect classification when GCN fails. The same conclusion is reached if we assume that q > p. On the other
hand if |√p − √q| ≤

√
2 log n/n, then GAT can be reduced to GCN by setting the Ψ function to zero. In this case,

GAT is equivalent to GCN. Overall, there exist a parameter regime where GAT perfectly classifies the data, while for
the rest of the parameters GAT can be equivalent to GCN.

7 CONCLUSION AND LIMITATIONS OF OUR WORK

Our work shows the benefits and limitations of GAT versus a simple community detection method and GCN on the
CSBM. There are two limitations to our analysis that we leave for future work. First, the negative result in Theorem 1
holds for a fixedw. Although, we do show in our proofs for the positive result that there exist fixed parameters that can
perform well, it would be useful to obtain a negative result wherew is not fixed and it is a function of the training data.
Second, the negative result in Theorem 1 holds for a fixed attention function Ψ. We do set the Ψ function according
to ground-truth labels of the nodes to demonstrate an ideal scenario of picking Ψ, but it would be useful to obtain a
similar result for a Ψ that depends on the data as we did for the positive results in Theorem 2.
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