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ABSTRACT

We introduce super reinforcement learning in the batch setting, which takes the ob-
served action as input for enhanced policy learning. In the presence of unmeasured
confounders, the recommendations from human experts recorded in the observed
data allow us to recover certain unobserved information. Including this information
in the policy search, the proposed super reinforcement learning will yield a super-
policy that is guaranteed to outperform both the standard optimal policy and the
behavior one (e.g., the expert’s recommendation). Furthermore, to address the issue
of unmeasured confounding in finding super-policies, a number of non-parametric
identification results are established. Finally, we develop two super-policy learning
algorithms and derive their corresponding finite-sample regret guarantees.

1 INTRODUCTION

Offline reinforcement learning (RL) aims to find a sequence of optimal policies by leveraging the
batch data (Sutton & Barto}, 2018 [Levine et al.,|2020). In many high-stake domains such as medical
studies (Kosorok & Laber, 2019), it is very costly or dangerous to interact with the environment for
online data collection, and learning must rely entirely on pre-collected observational or experimental
data. Recently, there is a surging interest in studying offline RL theories and methods. Most existing
solutions rely on the unconfoundedness assumption that excludes the existence of latent variables that
confound the action-reward/-next-observation associations. However, in practice we often encounter
unmeasured confounding, under which most existing RL algorithms will lead to sub-optimal polices.

In this paper, we study offline policy learning in confounded contextual bandits and sequential
decision making. Existing works on policy learning focused on searching an optimal policy that
purely depends on the past history, ignoring the recommended action given by the human expert
in the observed data. In many applications, there is a common belief that human decision-makers
have access to important information that is not recorded in the observed data when taking an action
(Kleinberg et al., [2018)). For example, in the urgent care, clinicians leverage visual observations or
communications with patients to recommend treatments, where such unstructured information is
hard to quantify and often not recorded (McDonald, [1996)). Another motivating example is given by
the deep brain stimulation (DBS [Lozano et al., 2019). Due to recent advances in DBS technology,
it becomes feasible to instantly collect electroencephalogram data, based on which we are able to
provide adaptive stimulation to specific regions in the brain so as to treat patients with neurological
disorders including Parkinson’s disease, essential tremor, etc. In these applications, the patient is
allowed to determine the behavior policy (e.g., when to turn on/off the stimulation, for how long,
etc) based on information only known to herself (e.g., how she feels), therefore generating batch
data with unmeasured confounders. We notice that despite challenges in policy learning with latent
confounders, human recommendations may capture certain unobserved information as discussed in
aforementioned applications. Including this information as input of the policy can enhance policy
learning, which is indeed “a blessing from experts". Therefore, in this paper, we ask

Is it possible to consistently learn an optimal policy that takes both the data history and human
recommendation at the current time as input for better decision making?

We will answer the above question affirmatively. Specifically, we first introduce a novel framework
called super RL, which compared with the standard RL additionally takes the human’s recommenda-
tion as input for policy learning. In confounded environments, super RL can embrace the blessing
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from experts. In other words, it leverages the human expertise in discovering unobserved information
for enhanced policy learning. The resulting policy, which we call super-policy, is guaranteed to
outperform the standard optimal one learned from without using the human expertise and the behavior
policy that may depend on the hidden state. To implement the proposed super-policy for decision
making in the future, we require the human expert to recommend an action at each time, which is
commonly seen in practice. The super-policy then takes this action and other observations as input
and override the recommendation produced by the expert. Second, to address the challenge of partial
observability or unmeasured confounding, we establish several non-parametric identification results in
finding these super-policies in various confounded environments, leveraging the recent development
in causal inference (Tchetgen Tchetgen et al.l 2020). Notably, our identification results prove that the
super-policy is learnable from the observed data despite the presence of unmeasured confounding.
Finally, we develop two super RL algorithms and derive the corresponding finite-sample regret
guarantees that are polynomial in terms of all relevant parameters in finding a desirable super-policy.

2 RELATED WORK

There is an increasing interest in studying off-policy evaluation (OPE) and learning in sequential
decision making problem with unmeasured confounding. Specifically, Zhang & Bareinboim| (2016)
introduced the causal RL framework and the confounded Markov decision process (MDP) with
memoryless unmeasured confounding, under which the Markov property holds in the observed data.
Along this direction, many OPE and learning methods are proposed using instrumental or mediator
variables (Chen & Zhang| [2021}; |Liao et al.,|2021} [Li et al.l 2021; Wang et al.| 2021} |Shi et al., 2022}
Fu et al., 2022} |Yu et al., |2022). In addition, partial identification bounds for the off-policy’s value
have been established based on sensitivity analysis (Namkoong et al., [ 2020; [Kallus & Zhou, [2020;
Bruns-Smith}, 2021). Another streamline of research focuses on general confounded POMDP models
to allow for both unmeasured confounding and partial observability. Several point identification
results were established (Tennenholtz et al., [2020; [Bennett & Kallus, 2021} Nair & Jiang} 2021} |Shi
et al.| 2021} [Ying et al.l 2021} Miao et al.| 2022). However, none of the aforementioned works study
policy learning with the help of human expertise, i.e., taking recommended action in the observed
data for decision making. Different from these works, we tackle the policy learning problem from
a unique perspective and propose a novel super RL framework by leveraging human expertise in
discovering certain unobserved information to further improve decision making. We also rigorously
establish the super-optimality of the proposed super-policy over the standard optimal policy and
the behavior policy. Our paper is also related to a line of works on policy learning and evaluation
with partial observability using spectral decomposition and predictive state representation related
methods (see e.g.,|Littman & Sutton, 2001} |Song et al.,|2010; Boots et al., 2011; [Hsu et al., [2012;
Singh et al.l 2012; |Anandkumar et al.| [2014; Jin et al., 20205 |Cai et al.| 2022; |Lu et al.| [2022; |[Uehara
et al.,[2022ajb). Nonetheless, these methods require the no-unmeasured-confounders assumption.

Finally, our proposal is motivated by the work of |[Stensrud & Sarvet| (2022) that introduced the
concept of superoptimal treatment regime in contextual bandits. They used an instrumental variable
approach for discovering such regime. However, their method can only be applied in a restrictive
single-stage decision making setting with binary actions. In contrast, our super-RL framework is
generally applicable to both confounded contextual bandits and sequential decision making allowing
arbitrarily many actions. It is also worth mentioning that the proposed super RL differs from the
recently proposed safe RL via human intervention (Saunders et al.l 2017), where human intervention
is performed to override bad actions recommended by the intelligent agent. We aim to leverage the
human expertise in the previously collected data for intelligent agents to make better decisions.

3 SUPER RL: A CONTEXTUAL BANDIT EXAMPLE

In this section, we introduce the super-policy in confounded contextual bandits (e.g., single-stage
decision making with unmeasured confounders). Consider a random tuple (S, U, A, {R(a)}ac4),
where S and U denote the observed and unobserved features respectively, A denotes the action whose
space is given by a finite set A, and { R(a) },c4 denotes a set of the potential/counterfactual rewards
under A = a, representing the reward that the agent would receive had action a been taken. The
observed reward, denoted by R, can then be writtenas R = ) _ , R(a)l(A = a).
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Table 1: Policy values under different choices of € in the toy example. In general, V(7)) = 0.6 — 1.2¢,
V(r*) =04, V(v*) = |0.7 — €| + |e — 0.3|. Bold values are the largest under different settings.

Policy Value V(m,) V(n*) V()

e=20.5 0.0 04 0.4
e=0 0.6 04 1.0
=1 -0.6 0.4 1.0

Denote the spaces of S and U by S and U respectively. Let 7 : S — P(.A) denote a policy depending
only on the observed information S, where P (.A) refers to the class of all probability distributions
over A. In particular, 7(a | s) refers to the probability of choosing an action a given that S = s. In
the batch setting, we are given i.i.d. copies of (S, A, R), where the action A is generated by some
behavior policy 7° : S x U — P(A) that depends on both observed and unobserved features. Since
U is unobserved, nearly all existing solutions focused on finding an optimal policy 7* given by

7 (a*|s)=1 if a" =argmax,c4E[R(a)|S =35 VseS, (1)

assuming the uniqueness of the maximization in equation|[I|for every s € S. In addition, notice that
U may confound the causal relationship of the action-reward in the observational data. Ignoring this
latent confounder will produce a biased estimator of 7*.

As discussed earlier, in this paper, we aim to find an optimal policy that leverages the input of
human expertise, since actions generated by the behavior policy depend on the latent information. In
particular, we search a super-policy v* in a larger policy class Q@ = {v : S x A — P(A)} such that

vi(a*|s,a’)=1 if a* =argmax,.4E[R(a)|S=s5A=d] V(s,d)eSxA (2

The two optimal optimal policies are equivalent when unconfoundedness assumption holds. When this
condition is violated, E [R(a) | S = s, A = a'] # E[R(a) | S = s] in general. More importantly, it
follows from Proposition 1 of |Stensrud & Sarvet| (2022) that the value under v* is no worse and often
larger than that under 7w*. This yields the super-optimality of v* over 7*. It is also worth mentioning
that in the presence of latent confounders, there is no guarantee that the standard optimal policy
7* outperforms the behavior policy 7° because 7 depends on the unobserved information. To the
contrary, since ¥ € €2, the proposed super-policy is always better than 7°. Specifically, let V(v) be
the value under the intervention of a generic policy v, i.e., V(v) = > . 4 E[R(a)v(a | S, A)]. We
have the following lemma that demonstrates the super-optimality of v* over both 7* and 7°.

Lemma 3.1 (Super-Optimality). V(v*) > max{V(n?), V(7*)}.

Intuitively speaking, the super-optimality of v* comes from the use of unobserved information U
contained in 7. We consider the following toy example to elaborate.

Toy Example: Assume S and U independently follow a Bernoulli distribution with success probabil-
ity 0.5. Suppose the action is binary and the behavior policy satisfies P(A = 1|S,U = 1) = P(A =
0/S,U=0)=1—¢cforsome0 <e<1. Let R=8(A—0.5)(S—0.2)(U—0.3). In this example,
the parameter € measures the degree of unmeasured confounding. When € = 0.5, the behavior policy
does not depend on U and the no-unmeasured-confounders assumption is automatically satisfied.
Otherwise, this condition is violated. In particular, when € = 0 or 1, we can fully recover the latent
confounder based on the recommended action. Table |l|summarizes the policy values of 7, 7* and
v* under different €, in which the super-optimality holds.

Despite its appealing property, it is generally impossible to learn the Super—pohcy v* without any
further assumptions, since the counterfactual effect E [R(a) | S = s, A = a/] is not identifiable from
the observed data due to unmeasured confounding. Toward that end we adopt the proximal causal
inference framework developed by [T'chetgen Tchetgen et al.| (2020). Specifically, we assume the
existence of certain action and reward proxies Z € Z and W € W in additional to (S, A, R). These
proxies are required to satisfy the following assumptions (Miao et al., 2018b)):

Assumption 1. (a) RILZ | (S,U, A); (b) WL(Z,A) | (S,U), WHU | S; (c) R(a) LA | (S,U)
for a € A; (d) There exists a bridge function ¢ : W x A x § — R such that

El¢(W,a,S)|U,S,A=a]=E[R|U,S,A=aq]. 3)
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Assumptions [I{a)-(b) are standard in proximal causal inference, requiring these proxies to meet
certain conditional independence conditions. Assumptions Ekc), called latent unconfoundedness, is
mild as we allow U to be unobserved. The last assumption can be satisfied when some completeness
and regularity conditions hold. See Miao et al.|(2018al)) and also Lemma@]below for more details.
Then the following lemma allows us to consistently learn the super-policy v* from the observed data.
Lemma 3.2. Under Assumption[l} we have E [R(a) | S = 5,4 = d'] = E[g(W,q,5) | S=s,A=
a'], which further leads to that V(v) = E [>° . 4 (W, a,S)v(a | S, A)] forany v € Q.

In practice, one may want to include as many confounders in the policy as possible to achieve the
largest super-optimality. Hence under this proximal causal inference framework, with some abuse

of notation, we further extend the policy class to Q = {v : § x Z x A — P(.A)} and consider the
corresponding super-policy v* as

vi(a*|s,z,a) =1 if a* =argmax, 4 E [R(a) | S =s, 7 = Z,A= a’} , )

where Z is a subset of Z that continues to exist when we implement the super-policy. In applications
where the action proxy is no longer available in future decision making, equation []is reduced to
equation We also remark that different from Z, W is obtained after intervention. As such, it does
not make sense to include W in the super-policy. The following corollary allows us to identify v*.

Corollary 3.1. Under Assumption |1} the policy value under a given v € € is given by V(v) =
E {ZGGA qW,a,S)v(a| S, A, Z)] In addition, the optimal policy v* is given by

vi(a*|s,z,d)=1 if o =argmax,c 4E |¢(W,a,5)|S=s,Z=2A=d|. (5

It can be seen from Corollary [3.1]that to identify the super-policy, it remains to estimate the bridge
function ¢ defined in Assumption[I{d). One can impose the following completeness condition.

Assumption 2. For any squared-integrable function g and for any (s,a) € S x A, E[g(U) | Z,S =
s, A = a] = 0 almost surely if and only if g(U) = 0 almost surely.

Lemma 3.3. Under Assumptions [[}{2]and some regularity conditions (see Assumption [7]in Appendix
solving the following linear integral equation

E[¢W,a,S) | Z,S,A=al=E[R| Z,5,A=a], (6)

for every a € A with respect to ¢ gives a valid bridge function that satisfies Assumption [T[d).

Built upon Corollary [3.1]and Lemma|[3.3] Algorithm [I|summarizes the procedure to find v* from a
population perspective. Practical procedure that learns v* given samples can be found in Appendix B}

Algorithm 1: Identification of v* in confounded contextual bandits.

Input: i.i.d. copies of (S, Z, A, R,W).
Compute g by solving E [¢(W,a,S) | Z,S,A=a] =E[R| Z,S, A = a] forevery a € A.

Compute a* = argmax,c 4 E {q(V[ﬂa, S)|S=s57Z=2A=d|Y(s,5d)eSxZ x A

Output: v* with v*(a* | s,2,a’) = 1 for any (s, z,a’).

4 SUPER RL IN SEQUENTIAL DECISION MAKING

4.1 MODEL SETUP AND SUPER-POLICIES IN SEQUENTIAL DECISION MAKING

In this section, we formally introduce the super-policy in confounded sequential decision making,
demonstrate its super-optimality, and present several non-parametric identification results. Consider
an episodic and confounded POMDP denoted by M = (S, U, A, T, P, r) where S and U denote the
spaces of observed and unobserved features respectively, A denotes the action space, T denotes the
total length of horizon, P = {P;}1_; where each P, denotes transition kernel from S x U x A to
S x U at time t, and r = {r,}1_, denotes the set of reward functions over S x U x A. The data
following M can be summarized as {S;, Uy, Ay, Rt}thl where .S; and Uy correspond to the observed
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and latent features at time ¢, A; and R; denote the action and the reward at time ¢. For simplicity, we
assume the action space is discrete and all rewards are uniformly bounded, i.e., | R¢| < Rpax-

Given an offline dataset, our objective is to learn an (in-class) optimal policy to maximize the expected
cumulative rewards. All existing works consider policies defined as a sequence of functions mapping
from the past history (excluding the current action) to a probability mass function over the action
space A. Specifically, given a generic policy m = {m;}/_,, one can define its value function as

V7 (s,u) = E7 [0, Re

Sy =s,U; = u} , forevery (s,u) € S x U, @)

where E™ denotes the expectation with respect to the distribution whose action at each time ¢ follows
7. Existing works aim to leverage the batch data to estimate an optimal policy that maximizes

V(m) = E[Vi" (51, Uh)], ®

where we use £ to denote the expectation with respect to the initial data distribution. Under
unmeasured confounding, the observed action A; in the batch data is generated by some behavior
policy 70 : S x U — P(A) for1 <t < T. Letw® = {x}}I_,.

To handle unmeasured confounding, we similarly assume the existence of certain reward proxies
{W;}L_, and action proxies {Z;}]_; that can help identify policy values. In sequential decision
making, as shown in [Tennenholtz et al.| (2020), past and future observations can be served as the
two proxies in confounded partially observable Markov decision processes (POMDPs). As such,
our method can be applied to most confounded decision-making problems where human agents will
recommend actions in the future. Concrete examples of these proxies are given in later sections and
Appendix [A] Previous works such as|Lu et al. (2022) focus on finding 7* € Il = {7 = {m}]_; |
w1 S x Zy — P(A)} such that 7 = argmax, iy V(). In particular, when Z;s are certain current
features that can serve as the action proxies (see Section4.2)), IT corresponds to the class of stationary
policies. When Z;s are given by the entire data history (see Section[4.3), IT corresponds to the class
of general history-dependent policies. When Z;s are given by the most recent k-step observations
(see Section4.4), II corresponds to the class of k-memory policies.

Motivated by the discussions in Section [3} we propose to learn a super policy v* € = {v =
{nyE, | v : S x 2, x A — P(A)} which leverages human expertise for enhanced policy making
that maximizes V(v). Here A in  reflects the action space at the current time point ¢. Actions
recommended by the expert before time ¢ can be included in Z;. See Section[4.3]for more details.
When considering €2, the policy value V(v) indeed depends on 7° as well because to implement the
proposed super-policy we require the human agent to produce an action according to 7° and then
intervene using v. However, to ease notation, we omit 7w when referring to V(v). Similar as before,
since the super-policy additionally uses the expert’s recommendation that depends on the unobserved
information, we expect the super-policy v* to be superior to both 7* and 7®, which is shown below.

Theorem 4.1 (Super-Optimality). V(v*) > max{V(7*), V(7%)}.

4.2 IDENTIFICATION OF STATIONARY SUPER-POLICIES VIA Q-BRIDGE FUNCTIONS

Under unmeasured confounding, we apply the proximal causal inference framework to sequential
decision making and make following assumptions to identify the policy value V(v) for each v € Q.

Assumption 3. (a) (Markovianity) The process {St, U, A, Rt}le satisfies the Markov prop-
erty, i.e., for any ¢, (R¢, St+1, Urr+1) depends on the past history only through (S, Uy, A).

(b) (Reward proxy) Wy IL(Ay, Up—1, Si—1) | (U, Sp), W H Uy | Sy, for1 <t <T.
(¢) (Action proxy) Z; Il (R, Wy, Seq1, U1, Wigr) | (Us, Se, Ag) for 1 <t < T

Assumption [3]is satisfied by a wide range of confounded sequential decision making models. See
Appendix [A]for detailed discussions. Specifically, Assumption (a) is mild. It essentially requires the
data to be Markovian if we were to observe {U; }7_,. Assumptions (b) and (c) extends Assumption 1
to sequential decision making. In this section, we require the existence of current features that can
serve as action proxy and focus on learning an optimal stationary policy. Alternatively, one can set
the action proxy to past observations, as in Sections[4.3|—[4.5]and study history-dependent policies.
Without loss of generality, we also assume these action proxies continue to be available when making
decisions in the future. Otherwise, we can restrict the super-policy to be a function of (.S, A;) only.
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To identify V() and ultimately v* under unmeasured confounding, we rely on the existence of a class
of Q-bridge functions {q?}L_; defined over W x S x A such that for every (s, u,a) € S x U x A,

E” [Z$=t Ry

Theorem 4.2 (Identification). If there exist {q/ }-_; that satisfy equation@ then the value of policy
v can be identified by V(v) = E[}_, . 4 ¢{ (W1, S1,a)vi(a | Si, Z1, A1)

Ut,St,At:| =E [ZaEA qé’(Wt,St,a)l/t(a | St,Zt,At) | Ut,St,At} . (9)

The following theorem proves the identifiability of these Q-bridge functions under certain complete-
ness and regularity conditions. Together with Theorem[4.2] it forms the basis to learn the super-policy
from the observed data. Let ‘/;V(Wt, St, Zt, At) = qé/(th St, a)l/t(a | St, Zt, At)

Theorem 4.3. Under Assumption [3|and certain completeness and regularity (Assumptions 8] [0 and
in Appendix E}, there always exist Q-bridge functions {q¥ }7_, satisfying equation |9} In particular,
set g7, 1 = 0, g/ can be obtained by solving the following linear integral equations fort =T, ...,1,

E{q/ (Wy, Se, Ay) — Re — V5, (Wig1, Sty Zig1s Avgr) | Zi, S, A} = 0. (10)

4.3 IDENTIFICATION OF GENERAL HISTORY-DEPENDENT SUPER-POLICIES

In this section, we set Z; = {O1.¢, A1.¢4—1)}, S = 0 and W, to certain future features that can
serve as a reward proxy that satisfies Assumption [3(b) (e.g., conditionally independent of the current
action). The corresponding space of Z; is given by Z; = Hi’:l O x Hi;ﬂ A. Alternatively, one
may set Z; = {O1.4—1), A1.4—1)} and W to the current observation as in Tennenholtz et al.| (2020);
Shi et al| (2021)) to meet Assumption[3] The resulting model is reduced to a typical POMDP with
unmeasured confounding and we present the identification results in Section #.5] We focus on the
case where A;.(;_1) in Z; are generated by the behavior policy instead of the super-policy. The policy
class we focus on is given by QMY = {1y = (13T | | v, : []L_, (O x A) — P(A)}, which
includes all actions recommended by the expert for decision making but those generated by v € ().
We leave the inclusion of these actions in the policy class as future work. To ease notation, we omit
“history" in QMY when there is no confusion. Let Oy denote some pre-collected observation before
the decision process initiates. We impose the following additional assumption:

Assumption 4. (a) Z; 11 11Oy | Uy, Zy, Ay, for 1 < ¢ < T —1; (b) W, LLOy | Uy, Zy, Ay, for
1 <t<T;(c)O; € O is generated from U; by some unknown map H; : «f — O.

Assumption [f[(a)-(b) can be easily satisfied by initializing the decision process at t = 2. Assumption
Hlc) is often imposed in POMDPs. Then we have the following identification results.

Theorem 4.4. Assume assumptions [3| [ and certain completeness and regularity conditions in
Appendixhold. Define ¢, = 0, and {q} }{_; over W x [T, _, (O x A) as the solutions to the
following [inear integral equations:

E {qg(Wt,Zt’At) — R =Y a1 (Wist, Zeyr,a)vi(a | Ziga, Ara) | Zt7007At} =0, (1D
acA

fort =T,T —1,...,1. Then we could identify the policy value for v € Qs a5
V(v) =E[¢f (W1, Z1, A1) (12)

Theorem [4.4] allows us to identify general history-dependent policies.

4.4 IDENTIFICATION OF K-STEP HISTORY-DEPENDENT SUPER-POLICIES

In Section[4.3] we discuss how to identify the value of a history-dependent policy by taking Z; as
past observations up to time ¢. As a result, the dimension of Z; increases linearly with ¢, resulting
in the curse of dimensionality and history (Pineau et al., 2006). In this section, we consider a more
practical class of policies that only use the most recent k-step observations. Policies of this type are
widely used in practice (see e.g.,/[Mnih et al., 2015} [Berner et al., 2019).

To begin with, let W; be the future proxy reward that satisfies Assumption[3(b). For any ¢t > k + 1,
let Z; € Z; denote the observed history from time ¢t — k up to time ¢, i.e., (O(t,;@);t, A(t,k);(t,l)).
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We further define Zt :~Zt NZiy € 2:’,5 as a subset of Z;. Next, we define the )-bridge functions
{at Yy 1 over W x Z; x A such that for every (u,a) € U x Aand t > k+1,

]Eut;T[Zz;zt Rt’

U, At) = E[Spea @@ Wi, Ze,a)vy(a | Zi, Ar) | Uy, Ayl (13)

Under certain regularity conditions (Assumptions[T3]and[T4]specified in Appendix [F}), we are able to
identify the Q-bridge functions {q} }tT: %41 through the following linear integral equations.

Theorem 4.5. Under Assumptions [3] @c), Assumptions [3]and [T4]in Appendix [F there exist Q-
bridge functions {¢ }7_, 1 satisfying equation In particular, set g7, ; = 0, g/ can be obtained

by solving the following linear integral equations fort =7, --- , k + 1:
E{Qf(Wt»Ztht) - Ry — Z q;/+1(Wt+1az~t+1,a)Vt+1(a | Zt+17At+1) | Zt7At} =0. (14
acA

Asfor1 <t <k, take Z; = {O1.4, A1.(4—1)}, if additionally Assumptionsin Appendixﬁand
Assumption @a)—(b) on Og hold for 1 < t < k, then there exist {g" }F_; over W x (Hz,zl)(O x A)

as the solution to the following linear integral equation fort =1, ..., k.
]E{q?(Wta ZtaAt) - Ry — Z qtu+1(Wt+17 Zt+17 G)Vt+1(a ‘ Zt+1, At+1) ‘ Zy, O, At} =0, (15)
acA

where Oy denotes some pre-collected observation defined in Section Finally, the policy value
can be identified as V(v) = E[g} (W1, Z1, A1)].

We remark that the requirement for O in Theorem[4.5]is much weaker than that in Theorem4.4] In
particular, here we only need Assumptions 4| (a)-(b), andto hold fqr the first k steps. When
t > k + 1, we require the variability of Z; to cover the variability of (U, Z;), which to some extent
requires the observation at k-th lag has sufficient variability relative to the variability of unobserved
state at the current time (U;). As the lag k increases, this assumption becomes more restrictive.

4.5 ALTERNATIVE IDENTIFICATION OF SUPER-POLICIES

In Section .2] we discuss how to identify the policy value via Q-bridge functions assuming the
existence of certain future observations (W;) that can serve as reward proxy and are conditionally
independent of the current action. As commented earlier, this condition can be relaxed by setting
Wi = Oy, Zi = {O1:(t—1), A1:(¢—1) } and Sy = (). The resulting data generating process is reduced
to the POMDP model studied in Tennenholtz et al. (2020). However, based on identification results
in Sections [4.3}{4.4] this rules out the dependence of the super-policy on the most recent observation,
which could be restrictive. In the following, we provide a remedy for addressing this limitation.

For simplicity, we focus on identifying a given history-dependent super-policy v = {v;}1_;’s value,
where vy : Hi,zl (O x A) — P(A) depends on all the past observations and recommended actions.
We consider a tabular setting where all random variables can only take finitely many values and
use boldface letters r € R, u € R%, o € R% to represent the vectors consisting of all possible
rewards, latent states and observations. Meanwhile, our results can be extended to general settings as
well using value-bridge functions (Shi et al.l 2021). Let Oy denote some pre-collected observation.
The following assumption summarizes the conditions for the model:

Assumption 5. (a) The process {Uy, A}, satisfies the Markov property; (b) Forall 1 <t < T,
the observation O; is generated from U; by some unknown map H; : i/ — O; (c) Forall1 <¢ < T,
Ot 11L(Rt, 04, Us11) | (U, Ay).

We define the following matrices:
P(t’r)i = Pr Rt:’l"i,ot:O At:a,ot,1:O' s P(T)GRdTXd"'
[ o,a 5] J o0,a ’
[Pst)]i,j =Pr(Oy = 0; | Ay = a,0:-1 = 0j), Pa(t) € R,
[P(t’o) }zy = Pf(OtH =0;,0; = o, At+1 =d | Ay =a,0,1 = Oj), P(t) S Rexdo
[P0 =Pr(Ui =u; | Ay = a,0,-1 = 0;), P e Rbxdo,

’ ’
o,a’,a o,a’,a
U
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Theorem 4.6. Under Assumption |5} as long as PCEt) and Pa(t,i are invertible for any ¢t = 1, ...

and a € A, the value function V(v) for any v € (Q is identifiable. In particular,

t

T
V(v) :Z{ Z (H vi(ag | o, ay,...,01,a7))rT

i ! —
01,a1,a,...,0¢,a¢,a;, k=1

(PEDPOTH(T] P[PPI Pr(0r = 0, Ay = ax)}.

o¢,at L% ay Ok, A | 15k
k=t—1

5 SUPER-POLICY LEARNING WITH REGRET GUARANTEE

Based on the established identification results, we introduce our super-policy learning algorithms
and establish the corresponding finite-sample regret bounds. We only focus on settings described in
Sections [3]and[d.2] Other settings can be similarly studied, which we will leave as the future work.

5.1 CONFOUNDED CONTEXTUAL BANDITS: REGRET GUARANTEES

We develop a practical algorithm in Appendix B} based on the minimax estimation (Dikkala et al.,
2020). Let 7* denote the output of Algorithm [3|in Appendix [B|which relies on the estimation of the

bridge function ¢ given by equation (6| Define the L2 norm of a generic function f as || f||2 = /E[f?].
Let g(S,Z,A; f) = E[f(W,S) | 5, Z, A] for any f defined over W x S. For a given projection

estimator I, let §(S, Z, A ; f) = E[f(W, S) | S, Z, A] denote the corresponding estimator. Define

Yowen™(A=a|U=u,S=sw(A"=d|Z=28=sA=a)
x= S .
Pma U,S’ZER,GQ (A =ad | U =u,S = s)
Lemma 5.1. Suppose ¢ belongs to certain function class @ C W x S x A. Define the projection error
as &n == SUP,eg acallgls s 5 q(5- @) =gl 5 q(-,-,a)]ll, , and the bridge function estimation
error as (,, := ||¢ — ||, . Then we obtain the following regret decomposition

V(V*) - V(l)*) < 2(§n +pmaxgn)'

Suppose ¢ and the projection estimator are computed by the procedure described in Appendix
When Q (the function space for ¢) and G (the function space for the projected function) are VC-
subgraph classes, we have the following theorem for the regret guarantee. Results when G and Q are
reproducing kernel Hilbert spaces (RKHSs) are provided in Appendix

Theorem 5.1. If the star-shaped spaces G and Q are VC-subgraph classes with VC dimensions V(G),
and V(G) respectively. Under assumptions in Theorems|[.2]and [L.4] with probability at least 1 — &,

V(") = V(") S 17 pmax/log(1/6) + max {V(G), V(Q)},

where for any two positive sequences {ay, }n, {bn tn, an S by, means that there exists some constant
C > 0 such that a,, < Cb,, for any n.

5.2 CONFOUNDED SEQUENTIAL DECISION MAKING: REGRET GUARANTEES

Now we present our super-policy learning algorithm for the sequential setting introduced in
Section 4.2] Given the identification results in Theorems [{4.2] and [.6] to obtain the super-
policy v*, one solution is to directly search over the space of super-policies that maximizes
the estimated value, i.e., 7 = argmax,cq V(v). However, when T is large and models im-
posed for estimating bridge functions are complex (e.g., deep neural networks), direct opti-
mizing V(v) requires extensive computational power. Motivated by Theorem we pro-
pose a fitted-Q-iteration type algorithm (Algorithm [2)) for practical implementation and estab-
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lish the regret bound in finding the super policy v* under memoryless unmeasured confounding.
Algorithm 2: Super RL for the confounded POMDP

Input: Data D = {D;}]_; with Dy = {(Si s, Zit, Aist, Rist, Wi, Sit1s Ziert, Wie1) ey
Let ¢r+1 = 0 and 7 be an arbitrary policy.
Repeatfort =1T,...,1:
Obtain an estimator ¢, for ¢; via a min-max estimation method in Appendix [[.1|using D,
Compute E[qt(Wt, Stya) | Sy = s, 7y = z, Ay = '] for a € A using the method in
Appendix [[.2|and obtain the estimated super policy 7; as for every (d/, z, s),

UF(a*]s,z,a)=1 {argmaxaeA Elg (Wi, Sp,a) | Sy = 5,2 = 2, Ay = a’]} .
Output: 7* = {97} ,.

Assumption 6 (Memoryless Unmeasured Confounding). For 2 < ¢ < T, U; is independent of past
data history (including latent factors in the past) up to time ¢t — 1 given S;.

We introduce some notations. Define p} and p;® as the marginal distributions of all random variables
at time ¢ under the policy v and behavior policy m;, respectively. Define constants p; max =
sup, , o P (8,2,a)/p;"(s,2,a), and p¢,,.. = SUDg . 4 ,ecq Wy (8,2, a), where wy (s, z,a) denotes
certain density ratio whose explicit form is given in equation 29 of Appendix [H]

Let Q® denote the class for modelling ;. Define g[Sy, Z;, A; ; q(-,-,a)] := E[q(Wy, Sy, a) |
St? Ztht} and gt[St, Zt7At 5 Q(a ) a)] = E[q(Wta St7a) | Sta Zt7At] for q € Q(t) and a € A.
Consider two projection errors &; ,, = SUP,co® aea el 5 a( - a)] = gel5 -5 a(5 - a)lll,
and (; ,, which denotes the projected error related to the computation in line 4 of Algorithm|2| The
exact definition of (; ,, is given in equationof Appendixm The finite-sample regret bound of *
by Algorithm 2]relies on the following regret decomposition.

Lemma 5.2. Suppose ¢; € Q) for 1 <t < T and ©* is computed via Algorithm Then under
Assumptions [3] [6] ] [0]and [I0] we obtain the following regret decomposition,

T T
V(V*) - V(ﬁ*) S; (Z 2pt,max§t,n> + TZ(pgmax)z(Ct,n)Q'

t=1 t=1

In Appendix E], we provide a detailed analysis of & ,, and (; ,, regarding to the critical radii of local
Rademacher complexities of different spaces, when ¢; is estimated by the conditional moment method
and the projection E[q(Wy, St, a) | St, Zt, A4] is estimated by the empirical risk minimization. Here
we provide a regret bound which is characterized by the VC dimensions. Let G(*) be the space of
testing functions in the min-max estimating procedure described in Appendix and H*) be the
space of inner products between any policy v € Q and ¢ € Q) with H(T+D) = {0}. See the exact
definitions of G() and #*) in Appendix [L.1]

Theorem 5.2. If the star-shaped spaces G, H(+1) and Q) are VC-subgraph classes with VC
dimensions V(G®), V(H**D) and V(G®) respectively for 1 < ¢ < T. Under assumptions
specified in Theorems [[.T]and [[.3] with probability at least 1 — 4,

T
V() = V) § 3t + )T — 4175

n
t=1

When G, Q®) and H(*) are RKHSs, we establish the corresponding results in Appendix

6 CONCLUSION

In this paper, we introduce super reinforcement learning, which takes the observed action as input
for enhanced policy learning. We establish the identification results for the super-policy in various
confounded environments. Practical algorithms are proposed to perform the super-policy learning
and corresponding finite-sample regret guarantees are provided.

log(T'/8) + max{V(G®), V(H#+1)) V(Q®)}
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A POMDP STRUCTURES AND PROXY VARIABLES

A.1 POMDP STRUCTURES

In Figure we illustrate the general POMDP structure regarding to the variables {Uy, St, Ay, Rt}thl.
Figure[2]provides an example of the POMDP structure under the memoryless assumption (Assumption
[6). As Figure[2]shows, all the information from the past time steps is transited to the next step only
through the current observed state S;. Figure 3| provides an illustration for the causal relationship
of all the variables involved in the confounded POMDP. At any time step ¢, the reward proxy W; is
only related to the action A, through S; and Uy; the action proxy Z; is only related to the reward R;
through S; and U;. In Section we provide more illustrations about the relationship of proxy
variables with other variables.

12
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Figure 1: The data generation process under a typical POMDP.

Figure 2: The data generation process under the memoryless POMDP.

@0@@

Ut+1

» Aryr
St+1

Figure 3: An illustration of the causal relationship of variables involved in the confounded POMDP.

/ »

A.2 PROXY VARIABLES

In this section, we discuss several options for proxy variables W, and Z; satisfying the basic
assumption (Assumption 3).
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In Figure [ we list some plausible causal relationship among W3, Uy, A;. We require the effect
between U; and W; exists, but the effect between W, and R; is optional. For concrete examples of
W, readers can refer to the discussion of type c¢ variables in|Ichetgen Tchetgen et al.[(2020).

Figure 4: Causal relationship between W, and other variables. Dashed arrows indicate the causal
effect is optional.

Once we determine W;, we can select Z; accordingly. Figure[5|shows several different relationships
of the action proxy Z; with other variables. In the left plot of Figure[5 Z; is one of the cause of
Ay and Z; UL (Uy, S) | A;. In this case, Z; can be considered as an instrumental variable for A;. In
the middle plot of Figure (U, St) is a direct cause for Z;, the effect between Z; and A, can be in
both directions and can be optional. As for the right plot in Figure[5] Z; is a direct effect of U, and
S;. And the effect between Z; and A; can be in both directions and can be optional. For concrete
examples of choices of Z; in the observational study, readers can refer to the discussion of type b
variables in Tchetgen Tchetgen et al.| (2020). In Section@] and@ we also discuss the cases when
Z; includes previous history.

Figure 5: Different causal relationship between Z; and other variables. Dashed arrows indicate the
causal effect is optional.

B LEARNING ALGORITHM FOR CONTEXTUAL BANDITS

In this section, we present the practical algorithm (Algorithm [3) for finding the super-policy in
our contextual bandit example. The key step is to estimate the bridge function ¢ by the linear
integral equation stated in Lemma[3.3] When S x Z x A x W are all finite and discrete, it can be
straightforwardly estimated. In the following, we discuss the estimation when the general space is
considered.

14
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Algorithm 3: Learning Algorithm for the contextual bandits under unmeasured confounding

Input: Data D = (S;, Z;, A, Ri, W) 4.

Obtain the estimation of the bridge function ¢ by solving the estimation equation equation |§|
using data D

Implement any supervised learning method for estimating E [¢(W, S, a) | S, Z, A].

Compute a* = argmax,. 4 E[G(W, S,a) | S=s,Z =2 A=a] V(s z,d)eSxZx A

Output: o* with 0(a* | s,2,a’) =1and 0(a | s, z,a’) = 0 for a # a*.

We consider the conditional moment estimation procedure in|Dikkala et al.[(2020), and propose to
estimate ()-bridge function by

R . = U
i = argminsup .9) A (a1} + 310130 ) + Mellal (16)

qeEQ g€g

where ¥(q, g) = LS {a(Wi, Si, Ai) — Ri} 9(Zs, S, A;), Q is the function space that we as-
sume ¢* lies in, G 1s the function space where the test functions g come from, A, u, A, U > 0 are

some tuning parameters.

As for the projection E[§(W, S,a) | S = s,Z = z,A = d'], the conditional moment framework
can be also adopted to perform the estimation, here we propose to estimate it via the empirical risk
minimization.

n

. . 1 ;
g('a'a' 5 Q('7'7a)) = argengnngZ[g(S%ZiaAi) _q(a7a>]2+:u||g||é7 (17)
9 i=1

where ¢ is defined in equation[T6] 1 > 0 is a tuning parameter.

C SIMULATIONS

C.1 SIMULATION STUDY FOR CONTEXTUAL BANDITS

In this section, we conduct two simulation studies to evaluate the performance of the proposed
super-policy. The first one is a contextual bandit example with tabular state values. We aim to
demonstrate the super-policy performs better when the behavior policy reveals more information
about the unmeasured confounders. The second one is a contextual bandit example with a continuous
state space. It is used to demonstrate the performance of our algorithm using the bridge function.

A contextual bandit with tabular state values

Similar to the toy example described in Section[3] we take S and U as independent binary variables
such that Pr(S = 1) = 0.5 and Pr(U = 1) = 0.5. The binary action A is generated by the following
conditional probabilities

Pr(A=1|U=0) =g, Pr(A=1|U=1)=1—¢,
with different choices of € € [0, 1]. The larger the |e — 0.5] is, the more information of U is revealed

in the observed action A. Both the reward proxy W and the action proxy Z are binary and are
generated according to the following conditional probabilities

Pr(W =1|U =0) =04, Pr(W=1|U =1) = 0.6;
Pr(Z=1|U=0) =04, Pr(Z=1|U=1)=0.6.
Moreover, W and Z are conditionally independent given U. The observed reward is computed by
R= (U —-0.5)(A—0.5) + e where ¢ ~ N(0,0.5).
Three types of policy classes are considered.
1. SONLY: § — P(A). The policy only depends on the observed state S.

2. SZONLY: § x Z — P(A). The policy depends on on the observed state S and the action
proxy Z.

3. SUPER: § x Z x A — P(A). The super-policy class where the policy depends on the
observed state S, the action proxy Z;, and observed action A.
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Table 2: Simulation results for the tabular setting described in under different choices of e.
We replicate the simulation for 50 times. Mean regret values for estimated optimal policies under
different policy classes are provided (and a smaller regret value indicates a better performance).
Values in the parentheses are the standard deviations of the regret values.

SONLY SZONLY SUPER

e=05 025@3.1e-04) 021 (1.7e-02) 0.21 (1.4e-02)
e=0.7 025@3.1e-04) 022 (1.8e-02) 0.18 (3.5¢-02)
e=0.9 025(2.5e04) 0.24(1.2¢-02) 0.17 (8.6e-02)

Table 3: Simulation results for the continuous setting described inunder different choices of e.
The simulation is performed over 50 simulated datasets. Mean regret values for estimated optimal
policies using different policy classes are provided. Smaller regret values indicate better performance.
Values in the parentheses are the standard deviations of the regret values.

SONLY SZONLY SUPER

=05 040 (9.6e-04) 0.14(6.1e-03) 0.12 (2.5¢-03)
e=0.7 040(9.2e-04) 0.12(5.9¢-03) 0.11 (3.5¢-03)
=09 040(1e-03)  0.11(1.3e-02) 0.065 (1e-02)

We implement Algorithm ] to estimate the corresponding optimal policies for different policy classes.
Note that for SONLY and SZONLY, we perform the projection step (line 4) by conditioning on S
and (S, Z) respectively. Since this is a tabular setting, we use the empirical averages to approximate
all the conditional expectations. In this simulation study, we consider the sample size n = 5000.
As Table[2] shows, the super-policy produces smaller regret as e deviates from 0.5 more, while the
estimated optimal policies such as SONLY and SZONLY do not change and have larger regrets.

A contextual bandit with a continuous state

In this setting, we take S and U as independent Gaussian random variables such that S ~ N(0, 1)
and U ~ N(0, 1). The binary action A is generated by the following conditional probabilities

Pr(A=1|U>0) =, Pr(A=1|U<0)=1—¢,

with different choices of € € [0, 1]. The larger the |e — 0.5] is, the more information of U is revealed
in the observed action A. We generate W and Z according to the following conditional probabilities
W | (S,U) ~N(S+3U,1);
Z|(S,U,A) ~N@BS+U+0.5A4,1).
Moreover, W and Z are conditionally independent given (S, U). The observed reward is computed
by R = (U — 0.5)(A — 0.5) + € where ¢ ~ N(0,0.5). For this continuous setting, we compute
the QQ-bridge function via the min-max conditional moment estimation described in Appendix [[| by
taking G, Q as reproducing kernel Hilbert Spaces (RKHSs) equipped with Gaussian kernels. The
bandwidths of Gaussian kernels are selected by the median heuristic. Tuning parameters of the
penalties are selected by cross-validation. Computation details can be found in Section E of
(2020). As for the projection step, we adopt kernel ridge regression (KRR) to perform the

estimation, and the tuning parameter of the penalty is selected by cross-validation. In this simulation
study, we take the sample size n = 1000.

Table 3] shows the simulation results over 50 replications. The observation is consistent with that in
the tabular setting. And the super-policy outperforms the other two commonly used optimal policies
when € deviates from 0.5.

C.2 A SIMULATION STUDY FOR SEQUENTIAL DECISION MAKING

In this section, we perform a simulation study to evaluate the performance of the super-policy
in the sequential decision making. Specifically, we mainly follow the data generation process
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Table 4: Simulation results for the sequential decision making problem described in The
simulation is performed over 50 simulated datasets. Mean regret values for estimated optimal policies
under different policy classes are provided. The smaller regret values indicate better performances.
Values in the parentheses are the standard deviations of the regret values.

SONLY SZONLY SUPER

54 (1.9e-01) 53 (4.7e-01) 2.2(4.9e-01)

described in Section F.1 of Miao et al.| (2022)), and only change the reward function to R, =
expit{U;(A; — 0.5)} + es, where e; ~ Uniform[—0.1,0.1] and expit(z) = 1/(1 4 exp(—x)).
We take the sample size as n = 1000 and the length of episode 7' = 20. Note that this setting
satisfies the memoryless assumption (i.e., Assumption [6). We implement Algorithm [2]to estimate
the optimal policies from three policy classes considered in Section[C.I|by adjusting the projection
step accordingly. We again use the RKHS modeling to perform the min-max conditional moment
estimation for obtaining a sequence of ()-bridge functions and implement KRR to estimate the
projections at every iteration. See implementation details in the discussion of the continuous setting
in Section [C.1] To obtain the regret value, we estimate the optimal policy which depends on both
Sy and Uy, and use it to approximate the oracle optimal value. Tabled]summarises the simulation
results over 50 simulated datasets. As we can see, the super policy performs significantly better than
the other two commonly used optimal policies.

D REAL DATA APPLICATIONS

D.1 APPLICATION TO RHC DATA

In this section, we evaluate the performance of our method on the dataset from the Study to Understand
Prognoses and Preferences for Outcomes and Risks of Treatments (SUPPORT [Connors et al., [1996).
SUPPORT examined the effectiveness and safety of direct measurement of cardiac function by Right
Heart Catheterization (RHC) for certain critically ill patients in intensive care units (ICU). This
dataset has been studied by many existing works (e.g.[Q1 et al} 2021}, [Tchetgen Tchetgen et al.} 2020).
Our goal is to find an optimal policy on the usage of RHC that maximizes 30-day survival rates
30-day survival rates of critically ill patients from the day admitted or transferred to ICU.

This dataset corresponds to the setting of contextual bandits. There are 5735 patients, of whom
2184 were measured by RHC in the first 24 hours (A = 1) and the remaining were considered in
the control group (A = 0). If a patient survived or censored at day 30, we let the response Y = 1,
otherwise, we take the response as Y = —1. Following the data pre-processing steps in
(2021), we consider 71 covariates including demographics, diagnosis, estimated survival probability,
comorbidity, vital signs, and physiological status among others in this study. See the full list of
covariates in https://hbiostat.org/data/repo/rhc.htmll In particular, we take the
action proxy Z = (pafil, paco21) and the reward proxy W = (phl, hemal). For more details and
justifications of the choices of proxy variables, we refer readers to Section 6.1 of [Ichetgen Tchetgen|

et al| (2020).

We compare the super-policy with the following two policies considered in : di(L, Z)
and d; (L), where d; (L, Z) corresponds to the policy in the policy class SZONLY and d; (L) cor-
responds to the policy in the policy class SONLY. To make it more comparable, we use the same
estimating procedure for the bridge functions considered in these three methods. In addition, the
RKHS modeling for the min-max conditional moment estimation is taken to obtain the ()-bridge
function. See details of the RKHS modeling in the continuous setting in Section[C.1} Since[Qi et al.
adopt the linear modeling for the decision functions d; (L, Z) and d; (L), we also use the
linear regression to obtain the projection (line 4) in Algorithm 3]

To evaluate the value by different policies, we randomly separate 40% of the data and use it as
the evaluation set £. More specifically, after obtaining the estimated optimal policies using 60%
of the data, we perform the policy evaluation of these three estimated optimal policies using the
remaining 40% of the data. Take ¢ as the estimated bridge function using £. The evaluation is

17


https://hbiostat.org/data/repo/rhc.html

Under review as a conference paper at ICLR 2023

Table 5: Evaluation results of the optimal policies learned from three different policy classes using
the RHC data. The averages of evaluation values over 20 random splits are presented. Larger values
indicate better performances. Values in the parentheses are standard deviations.

SONLY SZONLY SUPER

0.55 (5.80e-02)  0.55(5.78e-02)  0.69 (1.10e-02)

Table 6: Evaluation results of the optimal policies learned from three different policy classes using
the MIMIC-III data. The averages of evaluation values over 20 random splits are presented. Larger
values indicate better performances. Values in the parentheses are standard deviations.

SONLY SZONLY SUPER

2.83(5.30e-02) -2.81 (5.03¢-02) -1.75 (1.14e-02)

conducted as follows. V(v) = E{ZaeA(j(VV, S,a)v(a | S,Z,A)}, for v € SUPER; V(7)) =
E{EaeA GgW,S,a)m(a | S,Z)}, for m € SZONLY; V(7) = E{ZaeA(j(VV, S,a)v(a | S)}, for
7 € SONLY. The expectation & refers to the average with respect to the evaluation set £.

Table[5]shows the evaluation results over 20 random splits. As we can see, the super-policy produces
higher policy values compared with the other two methods.

D.2 APPLICATION TO MIMIC3 DATA

In this section, we use the Multi-parameter Intelligent Monitoring in Intensive Care (MIMIC-III)
dataset (https://physionet.org/content/mimiciii/1.4/)to demonstrate the perfor-
mance of estimated optimal policies from three policy classes (SONLY, SZONLY and SUPER). This
dataset records the longitudinal information (including information of demographics, vitals, labs and
scores, see details in Section 4.3 of [Nanayakkara et al.| (2022))) of patients who satisfied the sepsis
criteria, and the goal is to learn an optimal personalized treatment strategy for sepsis. Despite the
richness of data collected at the ICU, the mapping between true patient states and clinical observations
is usually ambiguous (Nanayakkara et al [2022)), and therefore makes this dataset fit into the setting
of a confounded POMDP.

We obtain a clean dataset following the same data pre-processing steps described in
. Based on it, we take (vasopressor administration, fluid administration) as the action variable,
(-1)*SOFA as the reward function. We take (Weight, Temperature) as the reward proxy W since they
are not directly related to the action. All the remaining variables except for aforementioned ones are
treated as observed state variables. The action proxy is taken as (Weight, Temperature) observed
from the last time step. And it is natural to assume that (Weight, Temperature) observed from the last
time step is not directly related to the response at the current time step. To simplify the complexity of
the action space, we discretize vasopressor and fluid administrations into 2 bins, instead of 5 as in the
previous work (Raghu et al} 2017). This results in a 4-dimensional action space. The numbers of
episode length for every patient differ in the dataset. We decide to fix the horizon 7' = 2, and exclude
those patients with records less than 2 time steps.

Following the estimation steps described in Section[C.2] we estimate the optimal policies under policy
classes SONLY, SZONLY and SUPER respectively. We also adopt the idea of “random splitting"
described in Section[D.]to evaluate different policies. Basically, we randomly divide the data into
two parts with equal sample sizes. We use one part as the training data to learn optimal policies. The
other part is used for evaluating the corresponding policies. We implement the off-policy evaluation
method proposed by in the confounded POMDP to calculate the policy values.
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Table [5] summarizes the evaluation results over 20 random splits. As we can see, the super-policy
produces higher policy values compared to the other two methods.

E TECHNICAL PROOFS IN SECTION[3]

Proof of Lemma[3.1]

{G;R a|S} {%R aS|SZA}

l{ZR a|SZA)|SZA}

acA

= V).

The first inequality is due to the optimality of ~*. Similarly, for the behavior policy 7*, we can show
that

Vr HZR |sz,4}

acA
[{ZR a|SZA)|SZA} = V().
acA
O
Proof of Lemma[3.2]
E[R(a) | S=s,A=d|=E[E{R(a) |U,S=s,A=d}|S=sA=d]
=E[E{R(a) | U,S=s}|S=sA=d] (18)
=EE{R|US=s,A=a}|S=s,A=4d]
=E[E{¢qW,a,8) |U,S=s,A=a}|S=sA=d] (19)
=E[E{¢qW,a,8) |U,S=5,A=d"}|S=sA=d (20)
=E[g(W,a,8) [ S=s,A=dT],

where equation[I8]is because of Assumption|[Ifc), equation[I9]is from equation [3|in Assumption|]
and equation [20|is due to Assumption [I}b). O

To close this section, we prove Lemma [3.3] The following regularity condition is imposed. For a
probability measure function g, let L2{y(x)} denote the space of all squared integrable functions of
x w1th respect to measure (), which is a Hilbert space endowed with the inner product (g1, g2) =
Joi(z )du(x). For all s, a, t, define the following operator

Ks,a : L2 {:U/W|S,A(w | Saa)} — L2 {IU/Z|S,A(2 ‘ Sva)}
h—E{h(W)|Z=2S=s,A=a},
and its adjoint operator
K:,:L*{pzsa(z|sa)} = L*{pwsalw]|s a)}
g—=E{g(Z) | W =w,S=5,A=a}.

Assumption 7 (Regularity conditions for contextual bandits). Forany Z = 2,5 = s, W = w, A = a,

@) [fowwz fwizsalw | z,5a)fzwsalz | w,sa)dwdz < oo, where fi,z,,s, 4, and
Jz.w.,s.,A, are conditional density functions.

(b)
| E(R | Z =25 =5, 4= frsa(: | 5.0z < .
zZ
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(c) There exists a singular decomposition (A5 g1, @s.a:05 Us,a: l,) _, of K 4 such that,

wauEgmzzaszaAzﬂwMWW<m.

Proof of Lemma[3.3] From equation[6] we have
0=E[R—q(W,A,S) | Z,S, A
=E{E[R—q(W,A,S)|U,Z, S, A||Z,S,A} 21
=E{E[R—q(W,A,S)|US A]|Z,S, A},
where equation [21]is due to Assumption[I[b). Then by Assumption[2] we have
E[R—q(W,A,S)|U,S, Al =0,

which is exactly equation E} In addition, by Proposition 1 in [Miao et al.| (2018a)), the solution to
equation [6]exists under Assumption[7} Then Lemma[3.3]is proved. O

F TECHNICAL PROOFS IN SECTION [4]

Pmof of Theorem{.1] First of all, note that there is one-to-one corresponding policy of 7, and 7*
in  respectively. Spe(nﬁcally, for {2}, we can let vit(a | S, a’) = 1(a = a’) almost surely
to recover m,. For 7*, we can always choose ™ such that v™ (a | S;, 4;) = 7*(a | S;). This
completes our proof that v* achieves the super-optimality.

Next, to show Theorem [4.3] we need to make some additional conditions.
Assumption 8. (Zt+1,At+1)LZt | (Ut, St,At) for 1 <t< T-1.
Assumption 9 (Completeness). For any (s,a) € S x A, t=1,...,T,

(a) For any square-integrable function g, E{g(U;) | Z;, St = s, Ay = a} = 0 a.s. if and only if
g=_0a.s;

(b) For any square-integrable function g, E{g(Z;) | W4, St = s, A; = a} = 0 a.s. if and only
if g=0as.

For a probability measure function g, let L2{yu(x)} denote the space of all squared integrable
functions of z With respect to measure (x), which is a Hilbert space endowed with the inner product

(91, 92) f g1(x )du(z).
Assumption 10 (Regularlty conditions). For all s, a, t, define the following operator

Kya : L {pwy 5,0, (w [ 5,0)} = L {pug,s,4,(2 | 5,0)}
hH]E{h(Wt) | Zt = Z,St = S,At = ll}.
Take K ,., as the adjoint operator of K 4 .
Forany 7, = 2,5; = s, W; = w, Ay =aand 1 <t < T, following conditions hold:

@ [fywuz fwizesoa (W] 25.0) fzw..5,4,(2 | w,s,a)dwdz < oo, where fw,z, s, 4,
and fz, 1w, s,,a, are conditional density functions.

(b) Forany g € G+,

/ [E {Rt +g(Wt+1,St+1,Zt+1,At+1) | Zt =z, St = S,At = a}]2 th,\St,At(z | 87(1)(312 < oQ.
zZ

(c) There exists a singular decomposition (As a:1:0; @s,a:t:05 wsja;t;,,)zozl of K 4, such that for
all g € GUHD),

Z)‘satu (E{Rs + g(Wis1, Ses1, Zeg1, A1) | Ze = 2,80 = 5, A = a} Vs an)|* < 0.
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(d) Forall1 <t < T,v] € G where G satisfies the regularity conditions (b) and (c)
above.

Now we are ready to prove Theorem[4.3]

Proof of Theoremd-3] Part I.  We suppose there exists ¢f satisfying equation[I0] 1 < ¢ < T.
Define ‘/;V(Wt, St, Zt, At) = ZaEA qé’(Wt, St, a)ﬁ(a | St, Zt, At) and ijle = 0. Then
E {Rt + V851 (Wiga, Seats Zegr, Avrr) | Ze, Sty At}
=E [E{R; + V}\1 (Wis1, Ste41, Zig1, A1) | Us, Ze, St A} | Zy, Si, Ad
:]E [E {Rt =+ ‘/til(Wt‘I‘h St+1, Zt+1, At+1) | Ut7 St, At} | Zt, St7 At] by Assumption@and@,
and
E{Qf(WuSt,At) | Z, Stht}
=E [E {Qf(Wt’StaAt) | Ut;Ztast;At} | Zt,St,At]
=E [E {q; (W4, St, Ar) | Uy, St, As} | Zt, St, As] by Assumption 3]
Therefore, by Assumption@ (a), we have
E {Rt + V51 (Wita, Sea1, Zig1, Avrr) | Utvstht} =E{qf (Wi, St, Ar) | U, Se, A} as.
and for any a € A,

E {Rt + Vi1 (Wi, Sev1s Zigr, Avgr) | Up, S, Ay = a}
=K {QZ(thstaAt) | Ui, St Ay = a} = E{Q?(Wtastya) | Ui, 51, Ay = a}
=E {q; (W, St,a) | Ug, St} . (22)

Next, we prove that

E" { Ry + V(s (Wig1, Ses1, Zigr, Avyr) | Us, Se, Ze, Ay} = ]E{Z a; (Wi, Sy, a)ve(a | St, Zt, A) | UtashZhAt} as.
acA
(23)
Take Wiy1(a), Sty1(a), Ziy1(a), Upyi(a) as the counterfactual variables had the action a is taken
at the current time ¢ as a. For any a €,

E” {R; + Vi (Wesa, Seqrs Zigr, Aega) | U, Se, Ze, Ay = a}
= Z E [Ri(a') + Vi (Wiga(a'), Seya(a), Zega(a), my(Siga(a’), Ura(a'))) | Ut, Sty Ze, Ay = al
a’€A
Vt(a/ ‘ St, Zt,At = CL)
=Y E[Ri(d) + V¥ (Wisr(a'), Sepa(a), Zega(a'), mo(Seyr(a’), Uera(a))) | Ue, Si, Ap = a
a’€A
vi(a' | St, Zy, Ay = a) by Assumption[j]
= E[Ri(a) + V¥ (Wis1(d), Se1(a), Zega (d), my(Sea (@), Upga (a)) | Us, Si] vi(a’ | S, Ze, Ay = a)
a’e€A
= Z E [Rt —+ ‘/;11(Wt+1, St11, Zit1, Ary1) | Ut, Sty Ay = al] l/t(al | St, Zt, Ay = a)

a’e A

= Z E[qf (Wi, Si,a’) | Uy, St vi(d’ | Sy, Zy, Ay = a) by equation 22)]
a’'€A

= Z E[Qf(Wt,St,a/) | UtvstaZhAt = CL} Vt(a‘/ ‘ StaZtaAt = CL),
a’'€eA

where the fourth, fifth and last equations are based on the unconfoundedness assumption once U, is
given and W, is independent of (A;, Z;) given Uy, S;. Therefore, equationis verified.

21



Under review as a conference paper at ICLR 2023

Part II.  We will use this Bellman-like equation equation [23]to verify equation[9]and thus establish
the identification results. First, at time 7', by equationand | %4 1 =0,

E” (Rr | Uz, S7, Z7, A1) = [Z qr(Wr, Sr,a)vr(a | St, Z7r, Ar) | Ur, S, Z1, At
acA

By induction, suppose that at time ¢ + 1, E” [Z§=t+1 Ry | St+1,Ut+1,Zt+1,At+1} =
E{VX1(Wis1, Ses1, Zig1, Aeg1) | Ses1, U1, Zig1, Aggr b Then at time ¢,

T
EY (Z Ry

t'=t

Ut7 St7 Zt; At)

=E" < R; + E¥ ( Ry

Ut+1,St+17Zt+1aAt+laUtvstaZtht> ‘UtaSthaAt}
=1

Ut+1,St+1,Zt+1,At+1> ’Ut,St,Zt,At} by Assumption 3]
t=t+1

=B { Ry +E (VL (Wirt, St1, Zoon, Aver) | Unn, St Zoon, Ao ) | Ut Sty 22 Av

{
{Rt +E ( > Ry
{
=

B { R+ (Vi (Wt Seins Zovns Aced) | Unin, Sens Zesn, v, Ui S0, 2, Ad) | Ui, S, 20, Ad |
by Assumption [3]
=k {Rt +EY (‘/}il(WtH, St41, Zeg1, Argr) ‘ Uit1, St41, Zig1, Asy1, U, St ZhAt) ‘ Ui, Sy, Z4, At}
=E¥ {Rt + Vi (Wigr, St Zigr, Avr) | U, Siy Zy, At} by the law of total expectation

:E{Z qéj(Wt’Stﬂa)Vt(a | St’ZtaAt) | Utvst7Zt7At} by unation@
acA

Part ITI. Now we prove the existence of the solution to equation

Fort =1T,...,1, by Assumption (a), K o, is a compact operator for each (s,a) € S x A
(Carrasco et al.| 2007, Example 2.3), so there exists a singular value system stated in Assumption
(c). Then by Assumption E] (b), we have Ker(K? ,.,) = 0, since for any g € Ker(KJ ),

s,a;t

we have, by the definition of Ker, K7 ,.,9 = E[g(Z;) | Wy, S; = s, Ay = a] = 0, which implies
that g = 0 a.s. Therefore Ker(K? ;) = 0 and Ker(K} ,,)* = L*(uz,s,4,(z | s,a)). By
Assumptionm(b), E {Rt + g(Wt+1, St+17 Zt+1, At+1) ‘ Zt *y St =S, At = Cl} S Ker(K:7a7;t)
for given (s,a) € St x Aand any g € G+ Now condition (a) in Theorem 15.16 of Kress| (1989)
has been verified. The condition (b) is satisfied given Assumption[I0](c). Recursively applying the
above argument from ¢t = 7" to t = 1 yields the existence of the solution to equation [I0} O

Next, we show our generalized identification results stated in Section@ Before that, we make the
following assumptions.

Assumption 11 (Completeness conditions for history-dependent policies). For any a € A, t =
1,...,T,

(a) For any square-integrable function g, E{g(Us, Z;) | Z:, Og, At = a} = 0 a.s. if and only if
g=_0a.s;

(b) For any square-integrable function g, E{g(Z:, O,) | Wi, Z;, A+ = a} = 0 a.s. if and only
if g=0a.s.
Assumption 12 (Regularity Conditions for history-dependent policies). For all z, a, t, define the
following operator
Kot o L2 {pwi1z,,4,(w | 2,0) } = L* {110, 7,,4, (2 | 0,0) }
h—E{h(Wy) | Zt = 2,00 = 0, Ay = a} .
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Take K7 ., as the adjoint operator of K, , ;.
Forany Z, = 2,00 = 0o,W; = w, A, = aand 1 <t < T, following conditions hold:

@ [fw o fwiz.,00.4, (W] 2,0,0) fogw, 2, 4,(0 | 0, 2,a)dwdo < co, where fw,|z, 0,,4,
and fo,|w,,z,,4, are conditional density functions.

(b) Forany g € GU+D),

/ [E{R: + 9(Wiy1, Zi1, Avr) | Ze = 2,00 = 0, Ay = a}]2 foo\Zt,At (0] z,a)dz < o0,
z

(c) There exists a singular decomposition ()\Z@;t;y, Oz.aitivs ¢Z7a;t;y)jil of K 4, such that for
all g € GUHD),

> A n EAR + 9(Wisr, Zigr, Arir) | Ze = 2,00 = 0, Ay = a} Wz astn) | < 00.
v=1

(d) Foralll <t <T,o] € G where G®) satisfies the regularity conditions (b) and (c)
above.

Now we are ready to prove Theorem [4.4}

Proof of Theorem The structure of the proof and related arguments are similar to the proof of
Theorem[4.3] Mainly, we will show the solution of equation [TT]satisfies the following equation

T
> Ry | Ui, Ay

t'=t

E¥ =E Zq;j(Wthaa)Vt(a | Ztht) | Ut;At )

acA

where EV refers to expectation taken with respect to {v; }7_,. Therefore we only list several key steps
in the corresponding three parts of the proof. Take V;"(W;, Z;, Ar) = > c 4 af (W, Zs,a)v(a |
Z ty At)

PartI. By Assumption[3]andd] we have
E{R; + V(1 (Wis1, Zigr, A1) | U, Zi, 0o, Ay}
= E{ Ry + Vs (Wesr, Zipr, Aur) | Us, Zo, Ar)
and
E{q/ (Wi, Zs, At) | Uy, Zs, O, Ar} = B{qy Wy, Zy, As) | Uy, Ze, At}
Then by Assumption [IT](a), we have
E{ Ry + Vi (Wesr, Zig1, Acer) | Us, Zo, A = B{q) (W, Zu, Ar) | Uy, Zi, A} as.

and therefore

E” {Ry + V¥ s (Wis1, Zig1, A1) | Uy, Zy, A} = E { Z af Wi, Zy,a)vi(a | Zy, Ar) | U, Zy, Ay

acA
24

where EV refers to expectation taken with respect to {v;}Z_,.
Part 1II. Following the same induction idea, we can show that if
B [Sfois B | Usis Zevn, At = E{VE W, Zev, Acsn) | Ui, Zen, Avi )y

then by utilizing equation[23] at time ¢, we can obtain

T
E (Z Ry

t'=t

Ui, Ztht> = E{Z CI;:J(Wta Zt»a)l/t(a | ZmAt) | Ut7ZtaAt} s
acA

where EY refers to expectation taken with respect to {v; }7_,. Part IIL.  The existence of the solution
to equation [T can be verified by utilizing Assumption|[TT(b) and Assumption [I2] O

23
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Lastly, in order to show our generalized identification results stated in Section [d.4] we adapt the
completeness and regularity assumptions as follows.

Assumption 13 (Completeness conditions for k-step history-dependent policies). For any a € A,
t=k+1,...,T,

(a) For any square-integrable function g, E{¢(U;, Z;) | Z;, Ay = a} = 0 a.s. if and only if
9=0;

(b) For any square-integrable function g, E{g(Z;) | Wy, Z;, Ay = a} = 0 a.s. if and only if
g =0a.s.

Assumption 14 (Regularity Conditions for k-step history-dependent policies). Define the following
conditional expectation operator:

Koat: T {25, (0.2) | 5,00} = L2 {pz 5,0, | 5,0)}
hHE{h(Wt,Zt) | Zt :Z,St :S;At :a}7

and take K7, as its adjoint operator. For any 7, = Z2, 7 = 2,58 = s, Wy = w,Ay = a and
k+1<t<T,

(a) fff(Wt,Zth,,,s,,,At((m2) | Z’s’a)thlwt,Zt,St,At(Z | w,Zz,s,a)dwdzdz < oo, where
f 2\ We 20,50, A, and f(Wh 20120, 4, AT€ conditional density functions.

(b) Forany g € GUt+1),

/ [E{R: + g(Wis1, Ste1s Ziv1, Aryr) | Ze = 2,8: = s, Ay = a}]” [2.18.,4, (% | 8,a)dz < c0.
z

(c) There exists a singular decomposition (As a;t:0, @s,a:t:0, w&a;t;y)il of K 4, such that for
all g € GUHD),

Z Moot [E{R + gWis1, Sev1, Zigr, A1) | Ze = 2,8 = s, Ay = a}, Vs.an)|° < 00
v=1

(d) Forallk +1<t<T,vf € GY where G*) satisfies the regularity conditions (b) and (c)
above.

Now we are ready to prove Theorem [4.5]

Proof of Theorem[.3] The results for 1 < ¢ < k can be obtained by directly applying the proof
of Theorem f.4] Here we only show the proof for the case when ¢ > k. The proof structure and
argument are quite similar to the proof of Theorem 3] Therefore, we list several important steps in
three parts of the proof. Take vy (Wy, Zs, A¢) = D ca @@ (Wi, Zy, a)v(a | Zy, Ay).

PartI. By Assumption[3]
E{Ry + V¥ (Wis1, Zes1, Acr) | Us, Zo, Ay} = {Rt VI (Wisr Zog, Avyr) | Us, 2, At}
and
E{a/ (Wi, 2, 40) | U, 20, A} =B { @ (Wi, 20, A2) | U Z2, A
Then by Assumption[I3](a), we have
E {Rt VL (Wit Zosr, Avyr) | U, Zs, At} - {q,’;(Wt, Zu, A | Us, Z4, At} as.
and therefore

EY { Ry + Vi (Wi, Zea, Avr) | Us, Zi, Ary = E{Z @ (Wi, Zy,a)vi(a | Ze, Ay) | Ut,Zt,At} as.,

acA
(25)
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where E¥ refers to expectation taken with respect to {v; }7_,.

Part 1II. Following the same induction idea, we can show that if
E” {Zg:t-l,-l Ry | Ut+17Zt+laAt+1} = E{VX1(Wit1, Zis1, A1) | Uigr, Zesr, Ava )
then by utilizing equation[23] at time ¢,
T
E” (Z Ry | Us, Zt,At> = E { > gt (Wi, Ze,a)(a | Zi, Ay) | Uy, Zs, At} :
=t acA

where [E” refers to expectation taken with respect to {v;}7_,. Part IIL.  The existence of the solution
to equation [I4]can be verified by utilizing Assumption[I3|b) and Assumption[T4] O

G TECHNICAL PROOFS IN SECTION
Proof of Theorem.6] We notice that O;_1_l (R, Oy, Uyt1)|(Uy, A;). Consequently, the condi-
tional distributions of (R, O;) and (U1, Oy) given (A, Uy) shall satisfy

PI‘(Rt = T‘,Ot = O‘At = a, Ut = ’U,) PI‘(Ut = 'U,‘At = a,Ot_l = O)
=Pr(R; =7r,0; = 0|4y = a,0;_1 = 0),

P
Pr(Uiy1 = u,0: = 0|A¢ = a,U; = u) Pr(U; = u|A; = a,0;—1 = 0)
= Pr(Ui41 = u,0; = 0|A; = a,04_1 = 0),

P
PI‘((Ut+1 = 'U,,At_;,_l = a’, Ot = O|At = a, Ut = ’U,) PI'(Ut = ’LL|A =a, Ot—l = O)
=Pr(Uy1 = u,Ary1 = d',0; = 0|A; = a,0,1 = 0),

P(W/U

o,a’,a

Pr((O; = o|U; = u) Pr(U; = u|As = a,04-1 = 0) = Pr(Oy = 0|4y = a,0,_1 = 0).

pPY
Accordingly, Pr(R; = 7,0y = 0lA; = a,U; = u), Pr(Uip1 = u, 0y = 0|4y = a,Up = u),
Pr((U, = w, A1 = d/,0, = 0|4y = a,U; = u) and Pr((O; = o|U; = u) correspond to the
matrices consisting of all conditional probabilities. When P and Pr(U; = u|4: = a,0:-1 = 0)
are invertible, it allows us to represent Pr(R; = 7,0y = o|A; = a,U; = u) and Pr(U;r; =
u, 0y = 0|4y = a, Uy = u) and Pr((Usyp1 = u, Ayp1 = a’, 0y = 0|A; = a, Uy = u) by
Pr(R, = r,0; = 0|A; = a,U; = u) = P [POT1Pr((O; = o|U; = u)
Pr(Uiy1 = u,0; = 0|Ay = a,U; = u) = P[P Pr((0; = o|Uy = u)
Pr((Ut+1 =u, At+1 = a/,Ot = 0|At = a, Ut = u) = P(tﬁu) [Pét)]_lPr((Ot = 0|

’
o,a’,a

S
I
£

respectively. We first represent EV R using the observed data. Notice that

E'R; = Z E {Z Ri(a)v1(alO1, Ar)|A1 =d', Uy = u} Pr(A; =d,U; = u)

a’,u

= Z Zvl(a | 0,a")r"Pr(Ry = 7,0, = 0|A; = a,U; = u)| Pr(A; = d,U; = u)

L a,0

PI‘(Al = a’, U1 = 'U,)

=3 IS wla] o,y T PAIPYTP((0) = ofU = u)

L a,0

= Z vi(a|o,a)r" PO [PD PO, = 0, A; = d)

o,a,a’
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Next, consider E¥ Ry. According to the Markov property, R4 and Oy are conditionally independent
of (A1,Uy, 01) given (A1, U7). As such, we have that

E'Ry = Z vi(ailor, al)

’
01,a7,01

Z { lz va(aslog, 01, ay,a))r "Pr(Ry = 7,04 = 03] Ay = a3, Uy = u)]

s2,a%,02 az

PI‘(UQ = ’U,,AQ = 0,/2,01 = 01|A1 = ay, U1 = 'LL)}PI‘(Ul = U,Al = Clll)

> wi(aalor,ah) > { [Z va(azlos, a}, 01,ah)r " P20 (PP Pr((02 = o|Us = u)‘| P(fj;gg’al}

az

’ !
01,a7,a1 aq,02

[PV Pr((O1 = o|Uy = u) Pr(Uy = u, Ay = d})

- Z v1(ai]o1,ay) Z Vg(a2|02,a’l,01,a’Q)rTPo(i’g;[Péf)]_lP(Lo)

’
01,05,a1
/ /
01,a7,01 a5,02,02

[P~ Pr(0y = 0,4, = a}).

t, ..
where Po(t’22+l’at = Pr(Oy41 = 0,A; = a; 1,0 = 04|Ay = a;,04—1 = 0). Follow the similar
argument, one can derive the identification formula for¢ = 3,...,T.

O

H PROOF IN SECTION[3]

Proof of Lemma[5.1]
V(") = (@)

= {E qu(W,S,a)v*(aS7Z,A)|S,Z,A ~-E Zq(W,S,a)ﬁ*(alS,Z,A)IS,Z7A}
acA acA
SE{E qu(W,S,a)y*(aS,Z,A)|S,Z,A & ZQ(VV,S,a)V*(MS,Z,A)|S,Z,A}

acA acA
+E {E > G(W,S,a)i"(a| S,2,A)| S, Z,A| —E lz qW,S8,a)0"(a| S, 2,A)| 8,2, A }
acA acA
(26)
<2, +E {Z q(W,S,a)v*(a| S, Z,A) = > 4W,S,a)v*(al S, Z, A)} (27)
acA acA
+E { > G(W, S, a)i"(a| S, 2,A) = > q(W, S,a)i"(a| S, Z, A)}
acA acA
_ / A / ZaeAﬂb(al UvS)V*(AI | ZvSaa)
—26, + B { ((W,5,4) - 407,5,.4) s } e8)
/ ~ / ZaeAwb(a ‘ U, S)ﬁ*(AI | Z, S7a’)
+ & {7, 5.4 = 40w, 5,20 L b <260 + punca)

where equation[26]is due to the optimality of ¢ and equation[27]is due to the definition of &,. O

Proof of Theorem[5.1] The bound in Theorem[5.1|can be derived by combining the results of Theorem
Theorem [[.4] and Lemma O
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In the following, we derive the regret bound stated in Section [5.2] Before that, we present the
following regret decomposition lemma. Define function class Q® over W x & such that Q) :=
{q(-,-,a) :q € QW ac A}

Lemma H.1. Suppose f; € Q) C W x S x A and take the policy vy = {v;:}1_, as the one
that is greedy with respect to E[ft(Wt, St,a) | St, Zt, A¢]. Take g(St, Zt, Av; §) = E[G(Wy, St) |
St, Zi, A¢] and §i(St, Zy, A; q) = E[Q(Wt, St) | St, Zi, Ay for ¢ € QM. Define the projection
error

gt,n = sup Hgt('v'a';(j)_gt(’v'v';Cj)HQv

Geom
and
Q’jn = ||E {ft(Wta StaAt) — | Ry + Z ft+1(Wt+17St+1>At+1)Vf,t+1(a \ Sit1, Zt+17At+1)
acA
Define
o e sup B St =82 =24 = a)
t,max - oza pfb(St — S,Zt — Z,At _ a)v
and
pﬁlax,t = sup wtu(st =S, Zy = ZvAt = a)a
s,z,a
where
W (Sh, Ziy Ay) = YaealSucy m(a | U = u, Se)py* (u | Se)du)v(Ay | Sy, Zt,a) p¥(Sy, Zy)
E [, m(Ay [ Uy =, So)pf (u | S, Zy)du i (S, Z2)
(29)

Then under Assumption [3] [8] [P]and [I0] together with Assumption[6] we can obtain the following
regret bound

T T
V(") = V(vs) < (Z 2pt,max£t,n> 4| T D0 o) + () e 21(CL )2,
t=1 t=1

Proof of Lemma[H.1| We start from the decomposition

V(") = V(vy)

<VY*)—-E lz fi(W1, S1,a)vy(a | S, Z1, Ar)
ac€A

+E > (Wi, S1,a)vi(a| S1, 21, A)
Lae A

+E E{Z Ji(Wh, S1,a)0pa(a | St, Z1, Av) | 51721,141}
L acA

ac€A

—-E

acA

+E Z fiWi, 81, a)vsa(al| Si, 21, Ar)
Lae A

— V()

§2§17n+V(V*)—E Zfl(Wl,Sl,a)Vf(a\Sl,Zl,Al) +E

acA

acA
(30)

27

| St7 Zt7At}

-E lﬁ{z LWy, Sy, a)vi(a | Si,Z1, Ar) | S1, 21, Ay

> AW, St a)vpa(a| Si, 2y, Ay)

Z fl(WhSlaa)Vf,l(a | SlvzlaAl)

2

}

—V(vy)
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First, we can show that for any policy v € (2,

E{Z fi(W1, S1,a)vi(a | Sl,Zl,Al)} — V()

acA

:E{Z fl(Wl,Sl,(I)Vl(a | Sl,Zl,Al)} —EV

acA

T
> R
t=1

—E |R; + Z ft+1(Wt+17 St+17a)l/t+1(a ‘ St+17 Zt+1>At+1)

acA

T
=E"> " { [Z F:(We, Se,a)vila | Sty Zi, Ay)

t=1 acA

}

3D

At time ¢, because of the optimality of v ;, we have

IE {Z ft(Wt,Sua)’/:(a \ StuzhAt) | St7Zt7At} < E{Z ft(WmSt»a)Vf,t(a | St7Zt7At) | St7ZtaAt} .
acA acA
Then

E{Z fe(We, S, a)vi(a | Se, Zt, Ar) | St, Zt,At} - E{Z ft(We, St,a)vye(a | Se, Ze, Ar) | St,ZtaAt}

acA acA

<E{Z ft(thstya)V:(a | StaZhAt) | St7ZtaAt} —E{Z ft(Wtastaa)V:(a | Stvztht) | SthaAt}
acA acA

+E{Z Fe(Wi, Se,a)vpa(a| Si, Zi, Ay) | st,zt,At} -E {Z fe(Wi, Se,a)vpi(a| Si, Zi, Ar) | St,zt,At} ,

acA acA
(32)
and
E{Z ft(WhStaa)V:(a | St7ZtaAt) - Z ft(Wtastva)Vf,t(a I St; Zt7At)}
acA acA
2
<E'/? lE > F(Wi, S, a)vi(al Sy Ze, Ar) = Y (W, Se,a)vpa(a | Si, Ze, Ar) | Se, Ze, Ae < 26
acA acA
(33)
The last inequality is due to the decomposition equation @ and the definition of &; ,,.
Note that
E” {Z fe(We, S, a)vi(a | S, Zt, At) | StaZt;At} —-E” {Z ft(We, St,a)vye(a | Se, Zt, Ar) | St,ZtaAt}
acA acA
=E” {EV* lz ft(Wtast7a) (ut*(a | StaztaAt) - Vf,t(a ‘ StuZhAt)) | Ui, St, Zy, Ag | St7Zt7At}
acA
:]EV* {]E Z ft(Wt,St,Q) (I/:(a | St,Zt,At) — l/fvt(a ‘ St;Ztht)) | Ut7St,Zt,At | St7Zt,At}
acA
v (U | Siy Zi, A .
{Z;i)((l—]tt|sti Ztt’ Att))E ;ft(wﬁstaa) (Vt (a | SthaAt) - Vﬁt(a | St7ZtaAt)) ‘ UtaSthaAt | StaZtyAt} .

Due to Assumption@ we have p?” (U, | S;) = pf*(U; | S;) and

¢ (Zs As | Us, So)py” (U | )
fueupty* (Zt7At | Ut = U7St)p¥*(Ut =u | St)du
P’ (Zy, At | Uy, Se)pi* (Ut | )

_ — (U, | Si, Z0, Ay).
Jocr Pt (Ze, Ay | Up = u, Se)pi (U = u | Sp)du pi*(Ue| St Ze, 1)

pt”*(Ut ‘ StaZhAt) =

28
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Therefore,

EV* lEV* {Z ft(Wt,St,a)l/f(a | Stvztht) | SthtaAt} - EV* {Z ft(Wt»Stva)Vf,t(a | SthtaAt) \ St;Ztht}

acA acA

—E¥ lE{Z fe(We, S, a)vi(a | S, Zi, At) | St,Zt,At} E{Z [:(We, St a)vsi(a | S, Ze, Ar) | StaZt7At}

acA acA

Py (S, Zy, Ay) .
=E |- E Wi, Se,a)(vi(a| Sy, Zy, Ay) —veela | Sy, Zy, A Sy, Z;, A
lptb(staztaAt) ;ft( 1S a)(vi(a| Se, Zy, Ar) — vrg(a | Si, Zi, Ar)) | Sty Ze, Ay

§2pmax,t§t,n' (34)

The last inequality is due to equation @l and the definition of Pryax, ¢
Now let’s go back to equation [30] we have

E [Z fiWh, Si,a)vea(a | Sv, 21, Ar) | — V(vse)

acA

—E" |R; + Z ft+1(Wt+17 St+1; a)Vf,t+1(a \ St+1; Zt+1>At+1)

acA

T
:Euf { [Z ft(WtaSt,a)Vt(a’ | St’ Zt’At)

t=1 acA

2

because of equation 31} and

E lz fl(Wh Sl, a)uf(a | Sl, ZhAl) - V(V*)
acA
T
=E¥ Z { [Z ft(Wt7 Sta CL)I/:(CL | St7 Zt, At) — E¥ Rt + Z ft+1(Wt+1, St+1,a)ut"‘+1(a | St+1, Zt+1,At+1) }
t=1 acA acA

Z ftWe, Sty a)vi(a | Sty Ze, Ar) | — E”

acA

R+ frr1r(Wign, Sern, a)vpaqa(a | Sevr, Zega, Argr)
acA

T
>3 w
t=1
- 2Pt+1,max§t+1,n

because of equation[34] Then
V() = V(vy)

T
<26, +EY Z { [Z ftWe, S, a)vye(a| Se, Zi, Ar)

t=1 acA

~E R+ ) frer (Wt Seen, @)peni (@ | Seen, Zegr, Ave) | St Ze, Ay }
ac A
T
~E ) { lZ Fi(We, S, a)vi (a | Se, Zi, Ar)
t=1 \ LacA

+EV

. T
Ry + Z fie1(Wiga, Sevr, a)vyagi(a | Sivrs Zisa, Aevr) | Sty Zis Ay } + Z 2Pt max€tn
acA t=2

We know that for v, € {v*, vy},

EY |R: + Z ft+1(Wt+17St+1»a)Vf,t+1(a | St+1vzt+1aAt+1) | Ui, S, Zy, Ay
acA J
=E” ZE {Rt + Z froaWiga, Sevr, vy i (@’ | Seqns Zeyr, Ava) | Uty S, Zi, Ar = a} vi(a | St, Zi, At)
acA a’eA
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Take

ZaGA(fueu ﬂ-b(a | Ut =u, St)p?b (u | Stv Zt)du)l/(At | Sta Zta (l) pZ(St, Zt)

wy (S, Zs, Ap) = i '
(50 2 A) T 7oA [ Uy = w097 (u | e, Zo)d v (50, 2)

Then at any ¢,

Evf { lz fi(Wy, Se,a)vre(a | Se, Zy, Ar)

acA

—EY R+ Y frsr(Wign, Sern, a)vpaga(a | Sipa, Zegrs Avir) | Siy Ze, A

acA

:Euf {Z Uf7t(a, | St» Zt7 At)

acA

}

E lft(Wt, St7At) - <Rt + Z ft+1(Wt+17St+1aa/)Vf,t+1(a/ | St+17Zt+17At+1)> | Ui, 81,2, Ay = a

a’eA

fe(Wy, S, Ay) — (Rt + Z Jt+1(Wis1, Se1, @' g (a | St+1yzt+1’At+1)>] } .

a’cA

}

:]Euf {Z nyt(a | St,Zt,At)

acA

E [ff,(Wt,SnAt) — (Rt + Z fee1(Wiga, Seq1,a )vg i (a’ | St+1,Zt+1,At+1)> | St, Zi, Ay =a
a’'€eA

:E {w"f (St7 Zta At)

The second equality is due to that p* (U; | S;, Z;, Ay = a) = p,* (Us | Sy, Zs, Ay = a).
T
> e f
t=1

<<T
t

o\ 1/2
- (Rt + Z ft+1(Wt+17St+17a/)7/f,t+1(a/ | St+17Zt+17At+1)>‘| | St7ZtaAt}> )

a’€A
<7
t

Similarly, we have

T
e {
t=1

Z ft(Wy, Sty a)vpe(a | St, Zy, Ar)
acA

Ry + Z fer1(Wita, Se1s @)vg i (a | Sevr, Zevr, Aer)
acA

i

[M]=

(EA{w" (S¢, Zt, Ar) [fr (W, S, Ay)

Il
_

(pl/mfax,t)Q(th,n)2

B

Il
—

> fe(Wh, Sy, a)vpia| Sty Ze, Ar) R+ Y firr(Wisn, Sepn, a)vpaga(a | Sipr, Zega, Arsr)

i

acA acA
T
<J T (D) (1)
t=1
Therefore, overall we have
T T
V() = V() < (Z 2pt,max£t,n> + \l T (P man)? + (P )21 (CL0)2.
t=1 t=1
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Proof of Lemma[5.2] Proof of Lemma[5.2]is a direct adaption of Lemma[H.1} O

Proof of Theorem[5.2] The result is concluded by directly combining Theorems and Lemma
L1 O

I MIN-MAX CONDITIONAL MOMENT ESTIMATION AND PROJECTION
ESTIMATION

I.1 MIN-MAX CONDITIONAL MOMENT ESTIMATION

We take the min-max estimation procedure to solve the estimation equation equation[I0] More specif-
ically, we follow the construction in|Dikkala et al.[|(2020) and propose the following estimators for
(Q-bridge functions. For the following discussion, without loss of generality, we assume max |R;| < 1
fort =1,...,T, and function spaces Q*), G(*) H®) below are classes of bounded functions whose
image is a subset of [—1,1]. Take §r41 = 0. Fort =T,...,1,

R . ~ U
G = (T~ t+1)argmin sup wn(q,vt+1,g>—x(||g||é<t>+ 2 )+Au||qzm, (35)

qeQ®) geg®)

where || - ||2,,, is the empirical norm, A, U, ¢ and y are positive tuning parameters, and

n

N 1
V(g Vit1,9) = -~ > {Q<Wi,t75i7t7f4i,t> -

i=1

R+ Vier(Wienn, Siti1r Zita1, Aierr)
T—t+1

} g(Zi,t7 Si,ta Aiﬂf)a

‘/t+1(Wi,t+1vsi,t+1a Zi,t+1, i t+1 Z Qt+1 W; t+1, i t+1,a)l7f+1(a | Si,t+1a Zi,t+1;Ai,t+1)-
acA
(36)

In the following, we utilize a uniform error bound to study &; ,,. Define the operator T; = 7_;7171,
where [ﬁh](SthLAt) = E[h(Rt,Wt+17St+1, Zt+17At+1) | St, Zt7At] for h € 52{7?, X W X
Sx Zx A} and [ﬁq](St,Zt,At) = E[q(Wt,St,At) | St7Zt7At] for h € £2{W X S X A} And
take [(v, ¢)] (W4, St, Ze, A) = 3 0ea A(We, St,a)v(a | St, Zt, Ay). For a function space F, we
define aF = {af : f € F}and Fp = {f € F : || f|% < B}.

Assumption 15. The following conditions hold fort = 1,...,T.

(a) Forany v € Vand g € Q®, (v,q) € H"). For any h € H(t+1), 7§(h + R;) € QW,

Ri+(v _q
t\T- t+1 o = =

Cy HqHQ(t) for some constant C,, > 0.

2

(b) Forany g € (T — t)Q(Hl) and any v € V, we have ’

Qu+1)’

(c) Forany g € Q) and v € V, we have ||(v, ¢)[3,,) <

(d) There exists L > 0 such that ||g* — T;q:|2 < 01,n, Where g* € arg min 9eG ) llg —
L2ael?) )

Tiqt||2 for all g; € Q).

Take Q t) and QétU) as balls in @), H® and G(*) respectively for some fixed constants

B,D,U > O such that functions in Q(Bt), ’Hg) and g§§} are uniformly bounded by 1. Consider the
following two spaces:

Qb = {(wt; Sty Zty Aty Wi41, St415 Zt415 Clt+1) — T[QZ(wu St Clt) - h(wt+17 St+1, Zt+17at+1)]g(zt7 St Clt) :

heH™ geglt) re [0,1]}
2
=0 = {(wt, 3t7zt7at) = r[q - QZ(whshat)]gL B(Zust,at) :

g€ QW g—q e QW henl™™ rel, 1]},

31
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where g;; € Q(t) is the solution to {E[Q(Wt, St, At) - h(Wt+1, St+17 Zt+1, At+1) ‘ Zt7 St7 At] =0
and g™ B = argmin_ s g = Ti(¢ — q;) |2 for a given L > 0.
L2B

We use the Rademacher complexity to characterize the complexity of a function class. For a generic
real-valued function space F C R, the local Rademacher complexity with radius § > 0 is defined

as
)7

where {X;}!" ; are i.i.d. copies of X and {¢;}}_; are i.i.d. Rademacher random variables.

n

! zfif(Xi)

n -
1=1

Ru(F,r) = sup
FEF I flla<r

Suppose F is star-shape and || f|lcc < 1 for f € F. The critical radius of the local Rademacher
complexity R,,(F,r), denoted by 7*, is the smallest value satisfying > > R, (F, 7).

Theorem L.1. Suppose G*), t = 1,...,T are symmetric and start-convex set of test functions
and ||77(Rr)|lor < Mg. Under Assumption , take A = Ay ,, + co+/log(e1T/5)/n for some

universal constants cg,c; > 0, where A, ,, is the maximum of critical radius of ggj}, Q® and

(). Assume that g, ,, in Assumption d) < A.Then (R + Vi) /(T —t+1) € H(DH_I) with
D = Cy(T — t+ 1)Mo.

If we further assume tuning parameters satisfy U\ =< (A)? and u > O(L? + U/B), then the
following equality holds uniformly for all ¢ = 1, ..., 7T with probability 1 — J:

1Ge/(T =t + D50 < (T —t+2) M,
where ¢, is the solution of equation 35} and
Con S Mg(T —t +1)%(Ay, + /log(e1T/8)/n),

where

Gt = (37

]E {(jt(WuSt,At) - <Rt + Z ‘A/;-i-l(Wt-‘rlaSt—!—l,Zt+17At+1)> | St,Zt,At}
acA

2

with Vt+1 defined in equation

Proof of Theorem[[ 1] Proof of Theorem[[.1is a direct adaption of Theorem 6.2 and Lemma D.2 in
Miao et al.|(2022). O

Remark 1. Under the setting of contextual bandits, the () function estimation can be considered as a
special case of equation 35|by setting ¢ = 7'. Then the result of bounding ¢,, can be adopted from
Theorem [.T]accordingly. And we have the following theorem.

Theorem 1.2. Suppose there exists ¢* € G that satisfy the E[¢* — R | S, Z, A] = 0. The functions
in G and Q are uniformly bounded by 1. |R| < 1. Take A = A,, + ¢g+/log(c1/0)/n with some
positive universal constants ¢y and c;, and An the maximum of critical radius of G3y; and

E= {(wvsvzaa) = r[qf q*](w,s,a)gL2B(z,5,a) q— q* € QB7r € [07 1]};

where gL°B = arg mingeg , [lg —E(g —¢" | S,Z, A)ll. In addition, we suppose that for any

g Q| g¥Ih=1"15 —E(g—q* | S, Z, A)|l2 < nn < A. By taking the tuning parameters A ~ A2/U
and 1 > L? + A%/(B)), with probability at least 1 — &, we have

cn 5 An + log(cl/(S)/n

1.2 PROJECTION ESTIMATION

In this section, we discuss how to perform the projection step IAE[q}(Wt, Seya) | St =8,7Zy =z, Ay =
a'l in Algorithm Take Q") as a space defined over W x S such that Q) := {¢(-,-,a) : ¢ €
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QM. a € A}. Take g; (s, 2,a;q) := E[G(We, S) | i = 8,24 = 2, Ay = a] for § € Q). We
estimate g* by

n

. - 1 .
9¢(+; 3 q) = argmin - Z [9(Si,ts Zie, Aie) — d(Wie, Si.0)]” + pllgl|Zens
geQ® iy

and E[qt(thstaa) | St =S5, Zt = ZaAt = a/] = (T —t+ 1)gt(7 ) ';th('v ,CL)/(T —t+ 1))
(38)

Take Qg) and gl(j} as balls in Q and Q(t) respectively for some fixed constants B and M such that

functions in Qg) and Q](\Z) are uniformly bounded by 1.

Consider the following space:
YO = {(we, se, 20, a0) = [9(50, 20,a0) — G(we, 50))* = 97 (50, 20, a05.§) — Gwe, 5¢)]
9.9" €04, q € Qg)}
Theorem L.3. Suppose for any ¢ € Q) and a € A, |q(-, ~,a)||2Q(t) < C~'U||q||2Q<t); for any G € Q),
g (1) € GW and [|g* (o DIZ < Collalls,- Take ki = e + cov/log(eiT/8)/n for
some universal positive constants cy and ¢, where nﬁ,? is the critical radius of function space YO If

we further assume the tuning parameter p in equation satisfying 1 > (k¢.,,)?, then with probability
at least 1 — 4, we have

forany ¢t =1, T, & S (T =t +1) (koL G /(T =+ DIy + ulaf /(T = 4+ 1) )
S(T —t+ 1)/ Mgk p.

Remark 2. Under the setting of contextual bandits, the estimation for the projection (equation |17
can be considered as a special case of equatlon@by setting ¢ = T'. Then the corresponding result

for bounding &,, can be obtained by taking t = T, Q = {q(-,,a) : ¢ € G,a € A} in Theorem.
And we obtain

Theorem 1.4. Suppose for any ¢ € Q and a € A, ||q(-,-,a)||2Q~ < Cyllqll%; for any § € O,

g*(,5q) € Gand [lg"( -5 @G < Cyllally. Take kn = &y + coy/log(c1/d)/n for some
universal positive constants ¢y and ¢, where k,, is the critical radius of function space

YT = {(w,s,z,a) — [g(s, z,a) — c'j(w,s)]2 —19%(s,2,a;q) — c’j(w,s)]2 29,9 € Gy, G € Qé}

If we further assume the tuning parameter p in equation satisfying 11 > (k.,, )2, then with probability

at least 1 — 4, we have
6 5 (o1 10T + Ul ) 5

Proof of Theorem|[.3] First, we note that for any g € G(*),

E[g(St, Zi, Ar) — G(We, S0))* — E g7 (St Zo, A @) — (Wi, Sp)]
:E[{Q(St,Zt,At> (St7Zt7Ata )}{g(st;Zt7At)+g (St;Zt7At7 )_QQ(Wt?St)}]
=E [{g(St, Z¢, At) — 9" (St, Ze, Ae; Q) Y {9(St, Zi, Ar) — 97 (St Zi, Av; ) + 297 (St, Zy, Av; §) — 2G(We, Se)}]
=E [{g(St. Zu, A1) = 9" (S1, Z0 A @)Y (39)

The last equality is due to the fact that Eg(Sy, Z:, A¢)[9*(St, Zt, Ae; §) — (W, St)] = 0 for any
g € G From the basic inequality, we have

~ 2 « o
Z (Sits Zise, Aig; @) — AW, Sin)]” + pllg ||é<t>*#”g||é<t>-

i=1
(40)

:\H

Z Slt7th7A’Lt) (Wi,taszt 2 <
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Next, we will establish the different between
E [Q(St, Zy, At) - @(Wm St)]Q -E [9*(5157 Ly, Ay Cj) - Q(Wu St)]2

and

n

1 i 1 .
{nZ{g(si,t,Zi,t,Ai,t)—q(WZ—,t,Si,g]Z} {nz (St Zi Ai3 @) — q(Wi,t,Si,»]Q},

=1 i=1
to study the bound for E {{g(St, Zy, Ay) — g% (St, Zs, Ag; q~)}2] .

To begin with, for any ¢, ¢* € G and § € O,
Var {[Q(StaZnAt) — G(Wi, SO))* = 19" (St, Zi, Av; §) — @(Wt,st)}g}

2
E {[Q(St, Zi, Ay) — G(Wi, S0 = 197 (Si, Ze, Az @) — G(W, St)}z}
<16E{g(Si, Zi, Ar) — 9" (Se. Ze, A )}
=168 { [9(S1, Ze, A1) = (W, S = [9" (St 2, A @) = dWa, SO}
where the second inequality is due to the uniform boundness of g and ¢, and the last equality is from

equation[39

Then we apply Corollary of Theorem 3.3 in Bartlett et al.[ (2005) to the function class Y*). For
any function f € Y, ||f||c <1, and Var(f) < 16Ef. Take the functional 7' in Theorem 3.3 of
Bartlett et al.| (2005) as 7'(f) = Ef? and define 7* as the fixed point of a sub-root function 1 such
that for any r > r*,

$(r) > 16ER, (YD, T(f) < r).

Then with probability at least 1- §, the following inequality holds for any f € Y(*)

1 — log(1/6
Ef $2— E FWie, Sty Zigs Aig) +17° + log(1/9) )
n n

i=1

If we take k; ,, = cv/7* for some universal constant ¢, and the sub-root function % as the identity
function. Then &, is the critical radius of R,,(X®).

Therefore, for any g € Q](\Z), q e Qg), we have

E [{9(S0, 21, A0) = 97 (S0, 20, As )Y (4D
1« 1 — } log(1/6
S,EZ[ (Sthzthzt)_q(Wzt;Szt ﬁ; Sltvzlth’Lta )_q(Wztaszt)] ?n"‘r%

Il
=

7

(42)
Therefore, for any g € G, § € QW if ngém < M and ||g||2Q(t) < B, then equationis still
valid. Otherwise, take z = Hq||g(t)/min{\/§, VM/Cy} + |lgllger /v M, we can verify that

2
lg/zllgey <M
~ 2 ~
/250 < B
* ~ 2 ~ 2
19" (s 54/ 2)lge < Cylld/2II5wm < M.
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Then

E [{g(St, 21 A)/2 = 9" (St 2o, As) /2]

n

1

A
3|~
iM-

i=1

=

{Q(St, Zt7At) - 9*(St, Zt,At;(j)}z}

> 197 (Sits Zins Ai i @) — G(Wi, Sia))?

=1

2 112
t t 1 1
—|—max{1, lgllg n lalge } {’ii n og( /5)] -

S|

9(Sit: Zig, Ai) — G(Wig, Sz‘,t)]z -

A
S|
iM-

M min{B, M/C,} n
hold with probability at least 1 — 4.
Then combine with the basic inequality equation[d0] with probability at least 1 — §, we have

HgHém ||q‘|2Q(t) [ log(l/é)} 9
: + ~ e 28O g2
M min{B, M/C,} n Hlgllge

~112

, log(1/8

< max{ 1, W, {mi + Og(/)} + p1llg* (| Z e -
min{B, M/Cy} n

lG(Se, Zy, Ar) — g*(SthyAt;CD”% < max {1

The last inequality is from the condition of tuning parameter p.

1.3 BOUND THE CRITICAL RADIUS

In this section, we characterize the bound of critical radius mentioned above.

Lemma I.1. Suppose G®, 1+ and Q) are VC-subgraph classed with VC dimensions V(g(t)),
V(H®) and V(G®) respectively, then we have

max {V(GM), V(H+1)), V(Q®)}

n

§ \/max [V(G®),V(Q®)}

Rt,n ~
n

(43)

A S(T—t+ 1)1/2\/

(44)

Proof. Note that for any h € H), we have [|h||2, 1) S Co(T —t+1)Mqg by Theorem And
equation 3]is derived directly from Section D.3.1 inMiao et al.| (2022). As for equation[44] note that

YO = {(wy, 50, 2, a) = [g(se, 2, ar) — g% (51, 20, a; D9 (50, 20, ae) + g7 (8¢, 21, a5.§) — 2q(we, 1)) -
9.9 €6).qe Qg)}
By the similar argument in bounding log N,, (¢, Q(t)) in Section D.4.2 in Miao et al.|(2022)), we have
log N, (t, Y < log N, (t, Q](\?) + log N, (¢, Qg))

< log N, (¢, g](j)) + log N, (¢, Qg)),

where N, (e, G) denotes the smallest empirical e-covering of G. And the bound in equation {44|is
obtained by bounding the local Rademacher complexity by entropy integral (See Section D.3.1 in
Miao et al.| (2022)). O

Similar results apply to A,, and £,, and we get

35
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Lemma I.2. Suppose G and Q are VC-subgraph classed with VC dimensions V(G) and V(G)

respectively, then we have
A +Fn < \/max {V(g)7V(Q)}' (45)

Lemma L.3. Suppose G, QY and H(**1) are RKHSs endowed with reproducing kernel Kg,
Ko and K¢ with decreasing sorted eigenvalues {\;(Kg)}52,, {\;j(Ko)}32, and {);(K3)}52,,
respectively.

Then A, ,, is upper bounded by ¢ satisfies

\/z i min {\;(Kg));(Kg),d8?} < 52

ij=1

\/(_ﬁ Z min {[A;(Kg) + Xi(Ky)] Aj(Ko), 62} < 67

3,7=1

Then & ,, is upper bounded by ¢ satisfies

\/(_T me{ (Kg) + A\i(Ko)] \j(Ko), 0%} < 0%

3,j=1

Proof. The proof follows the similar argument in the proof of Lemma D.7 inMiao et al.|(2022)). (See
Section D.4.3 in|Miao et al.| (2022).) O

With different decay rates of eigenvalues, by directly applying Lemmall.3] we obtain the following
corollary.

Corollary I.1. With the same conditions in Lemma [[.3] if A;(Kg) o j=2*¢, \;(Kg) o j~2%9,
Aj(Ky) o< j72%%, where ag, agy, vg > 1/2, then we have

~ 1
At,n 5 (T —t+ 1)n2+max{l/ag,l/ag,l/aﬂ} 10g n,

1
’%t,n S n2+max{l/ug,1/ag} 1Og n.

Similar results apply to A, and K,,.

Corollary 1.2. Suppose G, Q are RKHSs endowed with reproducing kernel K¢, Ko and K¢ with
decreasing sorted eigenvalues {\;(/K¢)}52,, {\j(Kg)}32, respectively.
Then if \;(Kg) o< j72¥2, \;(Kg) o j 729, we have

~ 1
An + E:TL 5 n2+max{1/ag.1/ag} logn
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