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Abstract

In safety-critical classification tasks, conformal prediction allows to perform rigorous un-
certainty quantification by providing confidence sets including the true class with a user-
specified probability. This generally assumes the availability of a held-out calibration set
with access to ground truth labels. Unfortunately, in many domains, such labels are difficult
to obtain and usually approximated by aggregating expert opinions. In fact, this holds true
for almost all datasets, including well-known ones such as CIFAR and ImageNet. Applying
conformal prediction using such labels underestimates uncertainty. Indeed, when expert
opinions are not resolvable, there is inherent ambiguity present in the labels. That is, we do
not have “crisp”, definitive ground truth labels and this uncertainty should be taken into
account during calibration. In this paper, we develop a conformal prediction framework for
such ambiguous ground truth settings which relies on an approximation of the underlying
posterior distribution of labels given inputs. We demonstrate our methodology on synthetic
and real datasets, including a case study of skin condition classification in dermatology.

1 Introduction

In safety-critical applications it is insufficient to demonstrate good empirical predictive performance on a
held-out test set. Many such application domains, such as medical diagnostics, require reasonable uncertainty
estimates for decision making and benefit from statistical performance guarantees. Conformal prediction is
a statistical framework allowing to quantify rigorously uncertainty by providing non-asymptotic guarantees
without making any distributional and model assumptions. First introduced by |Vovk et al. (2005), it has
become very popular in machine learning as it is widely applicable and makes minimal assumptions, see e.g.
(Romano et al., |2019; [Sadinle et al.| |2019; [Romano et al., [2020; |Angelopoulos et al.l |2021} |Stutz et al., 2021}
Fisch et al. [2022)).

Here, we consider a classification task with K classes and a classifier 7 : X — AX outputting the class
probabilities where AX is the K-simplex and [K] := {1, ..., K}. Based only on a held-out set of n calibration
examples (X;,Y;) ~ P, conformal prediction allows us to return for a test point (X,Y") (Y being unobserved)
a confidence set C'(X) C [K] dependent on the calibration data such that

P(Y € O(X))>1—aq, (1)

whatever being P and 7 as long as the joint distribution of ((X1,Y1),...,(Xn,Ys), (X,Y)) is exchangeable.
Here « € [0,1] is a user-specified parameter and the probability in Equation is not only over (X,Y)
but also over the calibration set. The size of such confidence sets |C'(X)|, also called inefficiency, is a good
indicator of the uncertainty for X.

In order to apply conformal prediction, we need access to the label Y; for each X; in the calibration set.
However, in most practical applications, such a label is obtained by aggregating several expert opinions. In
medical applications, for example, it is generally not possible to identify the patient’s actual condition as this
would require invasive and expensive tests. Instead, labels are derived from expert annotations, e.g., doctor
ratings (Liu et al., [2020). Although disagreements are common, researchers generally aggregate the annota-
tions deterministically and declare, e.g., a top-1 aggregated or majority voted label to be the “true” ground
truth. Formally, we consider Y; ~ Pyote(:|X = x;) where Pyote(Y = y|X = z) is a one-hot distribution. This



Under review as submission to TMLR

is reasonable for some tasks, including popular benchmarks such as CIFAR10 (Krizhevskyl |2009; |Peterson
et al., 2019) and ImageNet (Russakovsky et all |2015), because most examples are fairly unambiguous so
that P(Y = y|X = =) is typically one-hot and a simple aggregation strategy can unambiguously determine
the true class. However, in other tasks, there will be many examples where expert opinions are “irresolvable”
(Schaekermann et al. [2016]) and Pyote(Y = y|X = z) will differ very significantly from the true conditional
distribution P(Y = y| X = z).

When using conformal prediction methods for such data, one does not obtain guarantees of the form in
Equation w.r.t. the underlying true distribution P = PX @ PYIX but w.r.t. Pyote = PX @ ]P’}:Olt)e(, ie a
distribution dependent on the aggregation/voting strategy. As discussed further in Sectionand illustrated
in Figure |1} such a strategy can severely underestimate the true uncertainty. This is somewhat problematic
as, conformal prediction being meant for uncertainty estimation in the first place, we would expect it to thrive
in settings with ambiguous ground truth. Instead of summarizing the expert annotations by a single one-hot
distribution, we use here a statistical model to obtain the plausibilities \, approximating P(Y = y|X = z).
These plausibilities are then used to propose novel conformal prediction procedures.

First, we propose a procedure that does not yield confidence sets (i.e., sets of labels) but so-called plau-
sibility regions, i.e., confidence intervals of plausibilities with associated coverage guarantees. We propose
various strategies which allow to reduce these regions to sets of labels. Second, we consider a sampling-based
approach, coined Monte Carlo conformal prediction, which allows us to use standard conformal prediction
techniques to calibrate against sampled “pseudo ground truth” labels. We show how this approach can guar-
antee coverage despite not having access to exchangeable calibration examples. We discuss the relationship
between both approaches and highlight advantages and limitations on a toy dataset with full information, i.e.,
known posterior distribution P(Y = y|X = z), and a real dataset for skin condition classification. Finally,
we see how similar ideas can be extended to do conformal prediction in conjunction with data augmentation
as well as multi-label classification.

Outline: The rest of this paper is structured as follows: In Section [2| we illustrate the problem on a toy
dataset and introduce required background on conformal prediction. Then, Section [3| introduces our two
original conformal approaches: confidence regions for plausibilities (Section and Monte Carlo conformal
prediction (Section . Section highlights the applicability of our approaches to related problem and
discusses related work. In Sectionwe present an application to skin condition classification following (Liu
et al.l |2020)), multi-label classification and data augmentation before concluding in Section

2 Motivation and Background

2.1 Motivational Example

In this section, we first consider a toy dataset to illustrate the impact a voting strategy can have on confidence
sets produced by conformal prediction. The conditional density of X given Y = y is assumed to be given by

p(zly) = N(; py, diag(ay)), (2)
with p, € R? and diag(c}) € R¥? being mean and variance. Further, one has P(Y = y) = w, with

fo:l w, = 1. To generate examples (X,Y) ~ P, we first sample ¥ from P(Y = y) = w, and then X from
p(zx]y) so we have ground truth labels for each example. Furthermore, by Bayes’ rule we have access to the
true posterior P(Y = y|X = z). If the Gaussians are well-separated, P(Y = y|X = z) will be crisp, i.e.,
close to one-hot with low entropy. However, encouraging significant overlap between these Gaussians, e.g.,
by moving the means (jx)re[k) close together, will result in highly ambiguous P(Y" = y|X = z). We sample
examples Z; = (X;,Y;) as outlined above and indicate classes by color in Figure[1| (left). The true posteriors
P(Y; = y|X = X;) are also displayed, cf. Figure [l| (middle). As can be seen, these distributions can be very
ambiguous in between all three classes. Let us assume a large set of annotators that allow us by majority
vote to recover Y; = arg max,cx] P(Y = y|X = X;), i.e,, the top-1 label, as shown on Figure 1| (right).
Clearly, the top-1 labels ignore the underlying ambiguity.

We perform standard split conformal prediction using the top-1 labels (see Section for details), randomly
splitting the examples in two halves for calibration and testing. In the bottom, we plot the realized coverage,
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Figure 1: Hlustration of an ambiguous problem with K = 3 classes, in two dimensions, using our toy dataset.
Left: Examples colored by their true but usually unknown ground truth label. Note the high ambiguity
between the classes. Middle: We color all examples according to their true posteriors P(Y = y|X = x) where
faded colors represent higher ambiguity in P(Y = y|X = z). Right: Examples colored by their top-1 label
Y = argmax, () P(Y = y|X = x). This leads to separable classes but clearly ignores the ambiguity of the
problem. Bottom: Realized coverage over random calibration/test splits, i.e. the proportion of true or top-1
labels included in the constructed confidence sets C'(z), when calibrating against the top-1 labels following
Section Clearly, calibrating against top-1 labels produces confidence sets that undercover w.r.t. true
labels.

i.e., the fraction of test examples for which (a) the true label (blue) or (b) the top-1 label (green) is included
in the predicted confidence set. In this case, conformal prediction guarantees the latter, (b), to be 95%
(on average across calibration/test splits). Strikingly, however, coverage against the (usually unknown) true
labels is significantly worse. Of course, this gap depends on the ambiguity of the problem (see Appendix
for an illustration).

2.2 Conformal prediction

In the following, we briefly review standard (split) conformal prediction (Vovk et al., [2005; |[Papadopoulos|
2002). To this end, we assume a classifier 7, (z) ~ P(Y = y|X = x) approximating the posterior class
probabilities is available. This model will be typically based on learned parameters using a training set. Then,
given a set of calibration examples (X, Y;);e[,) from P, we want to construct a confidence set C(X) C [K] for
the test point (X,Y") such that the coverage guarantee from Equation holds. As mentioned earlier, this
requires the calibration examples and the test example to be exchangeable but does not make any further
assumption on the data distribution or on the underlying model 7.

A popular conformal predictor proceeds as follows: given a real-valued conformity score F(X, k) based on
the model predictions 7(z) € RX, we define

CX)={ke[K]: E(X,k) > 7} 3)

where 7 is the [a(n + 1)] smallest element of { £(X;,Y:)}ic[n), equivalently 7 is obtained by computing the
|a(n + 1)]/n quantile of the distribution of the conformity scores of the calibration examples

T=0Q <{E(Xi,Yi)}i€[n]§ M) : (4)

Here, Q(+;q) denotes the g-quantile. By construction of the quantile, see e.g. (Romano et al.| 2019 [Vovk
let all 2005} [Angelopoulos & Bates| [2021)), this ensures that the lower bound on coverage in Equation (1)) is
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Figure 2: Illustration of conformal calibration on the toy dataset from Section for two examples X,
indexed 0 and 1. Here, the conformity scores E(X, k), k € [K], are taken to be the predicted probabilities
7 (z) of the MLP whose decision boundary is shown. To construct the confidence sets C(X), these scores
are thresholded using the threshold 7, cf. Equations and . Alternatively, we can use the p-value
associated formulation and threshold (py),c(x] at confidence level . Calibrating against true labels, both
approaches obtain coverage 1 — o (w.r.t. the true labels). Figure [l in contrast, shows that this is not the
case when calibrating against the top-1 labels.

satisfied. Additionally, if the conformity scores are almost surely distinct, then we have the following upper
bound P(Y € C(X)) <1—a+ n%“ The conformity score is a design choice. A standard choice, which we
will use throughout the paper, is E(z,k) = m(x) (Sadinle et al., 2019) but many alternative scores have

been proposed in the literature (Romano et al., [2020; |Angelopoulos et al., 2021)).

An alternative view on conformal prediction can be obtained through a p-value formulation; see e.g. (Sadinlé
2019). The conformity scores of the calibration examples and test example (X,Y") are exchangeable
so if the distribution of F(X,Y) is continuous then

i€l B(XnY) < EX Y)Y +1 _ Y, IE(X,Y) < B(X,Y) +1
v n+1 o n+1

(5)

is uniformly distributed over {1/(n + 1),2/(n + 1)...,1} and thus py is a p-value in the sense it satisfies
P(py < a) < a, equivalently P(py > o) > 1— . If the distribution is not continuous, then it can be checked
that P(py < a) < a still holds (see e.g. (Bates et all [2023)). It follows directly that C(X) := {y € [K] :
py > o} satisfies P(Y € C(X)) > 1 — a and the confidence set obtained this way is identical to the one
obtained using Equations and . This mechanism is illustrated in Figure[2| In contrast to calibrating
the threshold 7, this requires computing (px)re[x) for each test example X and is thus computationally more
expensive. The p-value formulation will be useful in our context as p-values can easily be combined to obtain
a new p-value; see e.g. (Vovk & Wang} [2020). For completeness, the equivalence between both formulations
is detailed in Section [B.I] of Appendix [B]

3 Formulation and methods

This paper is about using plausibilities, i.e., approximations of the true posterior P(Y = y|X = x) obtained
from expert annotations, to perform conformal prediction. The central goal is to obtain a coverage guarantee
against the unknown labels by only using the plausibilities. We first present models used to obtain the
plausibilities, the corresponding approximation of the class conditional probabilities Page (Y = y|X = z) and
resulting coverage. This motivates the introduction of a novel “expected” conformity score. Then, we will
focus on a scalable Monte Carlo, i.e., sampling-based conformal prediction approach.

3.1 From expert annotations to plausibilities and “expected” coverage

We assume that we have calibration data X;, B; ~ P where B; corresponds to a set of expert annotations,
the space of annotations being dependent on the application. For example, on CIFAR10-H (Peterson et al.
, each annotator provides a single label. In contrast, in our dermatology application, using data from
, B; represents a set of partial rankings whose cardinality depends on i. We then infer the
plausibilities A; using a statistical model from (X, Biﬂ

1We could in principle develop a conformal prediction method returning confidence sets for B, i.e., confidence sets of rankings,
satisfying a coverage guarantee. However, modeling P(B = b|X = z) can be rather difficult given the format of B.
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Figure 3: For the toy dataset from Figure [I] when calibrating against the true but unknown labels, we
illustrate the definition of expected coverage w.r.t. the true posteriors in comparison to standard coverage
w.r.t. the true ground truth labels. In practice, the true posterior is usually approximated by the plausibilities
A, while here we use A\y, = p(Y = k|X). Left: In expectation across random calibration/test splits, both
types of coverage coincide and achieve the target of 1 — a = 95%. Right: However, on a per-example basis,
expected coverage assigns values > ) Pagg (Y = k| X)I[k € C(X)] € [0,1] while true coverage is binary.
The area under these curves does usually not coincide exactly, but is close to 1 — « in this case and matches
across calibration/test splits as shown on the left.

Assume the distribution of (X;, B;) admits a distribution p(z, b). Then, the plausibilities A are inferred from
the annotations b and we will assume access to sample (X, \;) of density

p(z, ) = /p(a:, A, b)db = /p()\|b7 x)p(z, b)db. (6)

Then, our aggregation model for label Y can be written as

Pags(Y = y|X =) = / Py Np(Ale)dr = / / Myp(A[b, )p(blar)dAdb. (7)

We give examples of how p(\|b, xfl can be modeled in Appendix The coverage guarantee we will provide

for confidence sets for Y will thus be of the form P (Y € C(X)) > 1 — o where Poee = PX @ P;/g‘é( and

Page(Y € C(X)) = Expx [Eyar,,, (0 € C(X)]]]. (8)

We will refer abusively to Equation as “expected” coverage to emphasize that we average over the

distribution Puge(Y = y|X = z). Again, it is important to realize that the coverage in Equation (1)) -
Y|X

what all conformal methods guarantee — is in most practical scenarios with respect to Pyoe = PX @ Py 7

where IP’},/Oltf is a one-hot distribution determined using a voting strategy given X, B. Thus, these methods
ignore any ambiguity in PY!X as highlighted in Figure [I| Calibrating with P,¢e holds the promise to take
this ambiguity into account. We will assume from now on that the user has access to a set of exchangeable

calibration data (X, A;)ic[n) of examples and corresponding plausibilities from p(z, A).

3.2 Expected conformity scores and plausibility regions

Given the “expected” coverage from Equation , it appears natural to extend the basic conformity score
of E(x, k) = mx(x) analogously. Specifically, we consider the “expected” conformity score

K
6(13,)\) = Z/\kE(‘TJC) :E]P’(kM)[E(mak)L (11)
k=1

as P(Y = k|\) = M. For the examples in Figure [2 the expected conformity score can be calculated using
the dot product of predicted probabilities m(z) and the plausibilities A (where A\, = P(Y = y|X) on the

2We consider simplified models where p(A|b, z) = p(\|b).
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Algorithm 1 Conformal prediction for plausibilities with 1 — a coverage guarantee on plausibility
regions and a coverage guarantee on the confidence sets C' depending on the reduction ¥ employed, see text.

Input: Calibration examples (X;, A;);e[n]; test example X; confidence level «; plausibility region to
confidence set reduction ¥; conformity score F
Output: Confidence plausibility region ¢(X) and confidence set C'(X)

1. Compute the “expected” conformity scores for calibration examples:

K
e(Xi, \i) =D B (X5, k). (9)
k=1
2. Calibrate the threshold:
7= Q{e(Xi, Ai}icpn); la(n +1)|/n). (10)

3. Define s grid points M € A% j € [s] on the K-simplex and compute e(X, M), j € [s].
4. Compute ¢(X) = {j € [s] : e(X, M) > 7} and return C(X) = ¥(c(X)).

toy example; e(x,A) ~ 0.33,0.87 for examples 0, 1). In Figure |4l we display the distributions of scores e
and F, which are clearly different, on our toy dataset. Here, we know both the true posteriors and true
labels that we can use to compute e and FE, respectively. Using this expected conformity score, we can easily
calibrate a threshold 7 = Q(e(X;, \;)i_; [a(n+1)|/n). However, at test time, for example X with unknown
plausibilities A, conformal prediction returns a plausibility region

c(X)={\:e(X,\) >71}C AKX, (12)
Thus, the coverage guarantee can be stated as follows:
PAec(X)) >1—a, (13)

where the probability is w.r.t. Equation @ and thus dependent on the statistical model relating expert
opinions to plausibilities. The resulting algorithm is described in Algorithm

This essentially resembles the confidence intervals for conformal regression and inherits the problem of
actually enumerating all possible A to compute ¢(X) (Chen et all [2018). In conformal regression, this is
often approximated using a multi-dimensional grid. This can be shown to provide finite-sample guarantees
depending on the grid size (Chen et all [2018). Figure [5| shows the obtained plausibility regions c(x) on
the toy dataset for four selected examples, illustrated using samples from the plausibility regions in the
3-simplex. As can be seen, these plausibility regions capture the underlying ambiguity rather well. We
emphasize the generality of this approach: any conformity score E for classification works and the grid
points can be replaced with any other sampling strategy.

Conformity score histograms
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Figure 5: For four examples from our toy dataset, we show the plausibility regions with coverage 1 —a = 95%
obtained from the expected conformity scores in Figure [d] For ambiguous cases, the plausibility regions
capture the underlying ambiguity. For less ambiguous cases, the plausibility regions are more concentrated
in one corner of the 3-simplex. As outlined in Section[3.3] we can reduce the plausibility regions to confidence
sets by including the top-1 labels argmax, A\, for each A € c(x). However, this often results in larger
confidence sets, even in cases where the plausibility region is concentrated in one corner.
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Figure 6: On a “three moons” dataset without ambiguous ground truth, we show that the conformity scores
E and e are equal if Poge (Y = y|X = z) = P(Y = y|X = z) and this distribution is crisp for all examples z.
However, this does not mean that plausibility regions, depending on the confidence level o are concentrated
in the corners of the 3-simplex. This is because the plausibility regions mainly depend on the classifier output
m(x) through the conformity scores which, in this case, has difficulties separating the three moons linearly
(violet). We show examples of plausibility regions for two points at three confidence levels « to illustrate
this fact.

The question remains how these plausibility regions can be reduced to useful confidence sets, ideally with
some type of coverage guarantees. To see why these reductions are generally non-trivial, we consider a
simple case with crisp, one-hot posteriors; i.e. P(Y = y|X = z) is a one-hot distribution for all x. Then,
as shown in Figure [6] the expected conformity scores e and standard conformity scores E coincide for
Ay = Poge (Y = y|X = 2) = P(Y = y|X = z). As such, the calibrated thresholds 7 (or equivalently any
p-values) are also equal for both conformity scores e and E. This means that we can predict confidence
sets C as usual. However, importantly, the plausibility regions ¢ do not just contain one-hot plausibilities.
Instead, ¢ contains richer uncertainty estimates than C.

3.3 Reducing plausibility regions to confidence sets

While designing reductions from c¢(z) to C(z) is non-trivial, it also offers the opportunity to obtain
application-tailored guarantees on C(z) besides coverage. For example, if we are particularly interested
in the top-1 labels of the plausibilities A. In this case, we define

O(z) = U(c(z)) = {y € K] : <3)\ € c(z) : y = arg max /\k> } . (14)

kE[K]
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Algorithm 2 Monte Carlo conformal prediction with 1 — a coverage guarantee for m = 1 and 1 — 2«
for m > 2.

Input: Calibration examples (X;, A;);c[n); test example X; confidence level a; number of samples m
Output: Confidence set C'(X) for test example

1. Sample m labels (Yij)je[m] per calibration example (X;);c[,) where P(Y/ = k) = Aig.

2. Calibrate the threshold 7 using

(16)

mn

T=0 <{E(Xi’ Y ietjetm): lam(n +1)] —m + 1> .

3. Return C(X) ={k € [K] : E(X,k) > 7}.

In words, we include every class y € [K] in the confidence set C(z) for which a corresponding plausibility
vector A € ¢(x) exists such that y is the arg max label, i.e., y = arg maxe[x] Ax. As this only considers the
top-1 labels of the plausibilities, we do likely not obtain an expected coverage guarantee as in Equation .
However, we can use the coverage guarantee on plausibility regions from Equation to derive a guarantee
on the reduced top-1 labels of the following form:

P <(arggre1?Kx] Ak) € C(X)) >PAecX)>1—a. (15)

Note that, if the plausibilities are crisp, we have Pagq (Y € C'(X)) = P((arg maxpe(x) Ax) € C(X)) because
Y = argmaxy¢c[x) Ax in all cases. Examples for this simple reduction are given in Figure [5} Note that even
for unambiguous examples where the plausibility region is concentrated in one corner of the 3-simplex, the
obtained reduction ¥(c(z)) may contain multiple classes. In terms of coverage, Figure |7| shows that the
plausibility regions obtain the target coverage of 95% fairly closely. The reduced confidence sets C'(X) =
U(c(x)), in contrast, over-estimate coverage (of the true label).

This is only a single example of how to construct such reductions in order to obtain specific coverage
guarantees. As we have total freedom of how we define ¥, Appendix [C]includes several additional examples.
For example, we can extend Equation to a top-k reduction, providing coverage guarantees on top-k
label sets, or even consider ordered top-k lists, providing guarantees on rankings of labels. Such approaches
might be particularly interesting in applications with ambiguous ground truth if very specific guarantees are
needed.

3.4 Monte Carlo conformal prediction

To avoid working with plausibility regions as in Algorithm [1} we propose Monte Carlo conformal prediction,
a sampling-based approach to conformal prediction under ambiguous ground truth. Given the calibration
examples (X, Ai)ic[n], we sample m labels Y for each X; according to plausibilities A;, i.e. P(Y = k) = Ay

and duplicate the corresponding inputs. That is, we obtain m-n new calibration examples (X, Yij )icln],je[m]
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Figure 8: Left: Coverage w.r.t. the true labels as well as “expected” coverage for Monte Carlo conformal
prediction with a fixed calibration/test split but different randomly sampled labels Y/, cf. Algorithm
The approach obtains empirically expected coverage 1 — « across calibration/test splits but overestimates
coverage slightly for this particular split. However, coverage is marginal across not only test and calibration
examples but also the sampled labels during calibration. Middle and right: Fixing the sampled labels for
different m, instead, and plotting variation in coverage across random calibration/test split shows that larger
standard conformal prediction against the true unknown labels as well as Monte Carlo conformal prediction
with m > 1 sampled labels obtain empirically expected coverage 1 — a on average. However Monte Carlo
conformal prediction reduces the variation in expected coverage observed across calibration/test splits as m
increases. We consider 5% to 50% calibration examples.

and then apply a conformal calibration outlined in Algorithm This approach has the major advantage
that we directly obtain confidence sets C(z) C [K] rather than plausibility regions c(x) C AX.

For m = 1, it is clear that this approach boils down to standard conformal prediction and guarantees
Page(Y € C(X)) > 1 — . This “expected” coverage guarantee is not only marginal across test example
(X,Y) and calibration examples (X;);e[n], but also marginal across the sampled labels (Yf )icin],je[m)- For
m > 2, calibration examples include m repetitions of X; so they are not exchangeable with the test example
X which invalidates the standard argument used by conformal prediction to obtain a coverage guarantee. We
ignore this point for the time being and illustrate the procedure in Figure [§] (left) where we show (expected)
coverage w.r.t. the true (unknown) labels and the plausibilities for a fized calibration/test split but across
random label samples. That is, the variation in realized coverage comes purely from sampling different Y/,
while the mode of the distribution is influenced by the fixed calibration/test split (over-estimate coverage
slightly in this particular case). Across calibration/test splits, we observe that Monte Carlo conformal
prediction obtains expected coverage 1 — o (middle), but we found this often comes at the expense of larger
confidence sets compared to calibration against top-1 labels. This is the “cost” of taking ambiguous ground
truth into account. We also observe that the variability of the coverage across different calibration/test splits
and sampled labels Y/ (right) decreases as m increases.

The following section focuses on establishing rigorous coverage guarantees for Monte Carlo conformal predic-
tion when m > 2, showing that we can establish Puge (Y € C'(X)) > 1 — 2a without modifications. However,
as pointed out above, we empirically observe a 1 — a coverage reduction for m > 2. In fact, we were unable
to produce a statistically significant coverage gap in all our experiments, even when trying to construct the
calibration examples in a particularly non-exchangeable way. This is akin to the observation in (Barber|
that jackknife+, cross-conformal or out-of-bag conformal prediction consistently obtain empiri-
cal coverage 1 — o while they only guarantee 1 — 2ae. However, if rigorous coverage guarantees better than
1 — 2« are necessary, we show that this can be achieved by utilizing an additional split of the calibration
examples.

3.4.1 Monte Carlo conformal prediction as averaging p-values

In order to establish a more conservative coverage guarantee of Pogs (Y € C(X)) > 1 — 2a, let us introduce
for j € [m]

o = Zi:lﬂ[E(Xi,?j)j E(X,Y)]+1 -
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Figure 9: The m label samples result in (Pi)je[m] for the test example X, (p{,) je[m] being p-values. We can
average py, over j and threshold the resulting average py, at level « to obtain the confidence set. Alternatively

we can combine the p-values p{, using the ECDF approach described in Section , see Algorithm (3| for a
detailed computational description.

The random variables p{/ are p-values, i.e. P(p{, < a) < a, since the scores { F(X;, Yij)}ie[n] and {E(X,Y)}
are exchangeable for fixed j € [m]. We can now average these quantities over j € [m] to obtain

mo N (DL B YY) < B(XY)] + 1
ﬁY:%Zp§’: ( m(n+1) ) (18)
j=1

As py is an average of (dependent) p-values, it follows from standard results (Riischendorf, [1982; [Meng;,
1994) that P(2py < 2a) < 2q, equivalently P(py > a) > 1 — 2a.. Hence we have P(Y € C(X)) > 1 — 2«
for C(X) = {y € [K] : py > a}. Nevertheless, as discussed previously, we obtain empirical coverage close to
1 —a, cf. Figure|§] see also the discussion in (Barber et all|2021, Section 4). This approach is illustrated in
Figure @ Note that in the context of aggregating m different models, (Linusson et al. [2017) also considered
similar types of averaging. While it is generally not possible to improve the 1 —2a guarantee without making
additional assumptions on the p-values, Section [3.4.2] shows that we can improve this guarantee at the cost
of an additional data split.

Practically, we do not have to compute and actually average pJ for j € [m] and y € [K] to determine
C(X)={y € [K]: py > a}. As in Section 2.2] we can reformulate this confidence set as C(X) = {k € [K] :

E(X,k) > 7} as in Equation (3]) where 7 is the [am(n+1) | —m+1 smallest element of { E(X;, Yij)}ie[n])je[m],
lam(n+1)|—m+1

g quantile of the distribution of these scores, i.e.

equivalently 7 is obtained by computing the
C(X)={ke[K]: E(X,k) >} for

(19)

mn

T=0@ ({E(thij)}ie[n],je[m]; lam(n+1)] —m + 1) -

This is established in Section of Appendix [B]

3.4.2 Beyond 1 — 2« coverage guarantees

The 1 — 2a coverage guarantee from Monte Carlo conformal prediction arises from the fact that we use a
standard result about average of p-values (Riischendort] 1982 |Meng), [1994)). When the p-values are indepen-
dent, a few techniques have been proposed to get back to a 1 — a coverage; see e.g. (Cinar & Viechtbauer,
2022) for a comprehensive review. However, in our case, the p-values (p3,);cm] We want to combine are
strongly dependent as they use the same calibration examples X; and then rely on different pseudo-labels Yij
from the same distribution (given by );). In this setting, many standard methods yield overly conservative
results.

We follow here a method that directly estimates the cumulative distribution function (CDF) of the combined,
e.g., averaged p-values (Balasubramanian et al.l |2015; [Toccaceli & Gammerman, 2019; Toccacelil [2019). For
m

example, let py = 1/m Y 7", py- be the averaged p-values. As shown in Figure (left), these averaged

10
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Figure 10: For illustration, we sample 10k p-values for m = 10 independent tests and duplicate them to
obtain m = 20 dependent tests. Left: Histograms for averaged and ECDF-corrected p-values. The ECDF
correction is able to ensure that p-values are distributed approximately uniformly. Right: Target confidence
level « plotted against the empirical confidence level when calibrating with averaged p-values (blue) and
the ECDF-corrected ones (green). As the p-values are one-dimensional, the Dvoretzky—Kiefer—Wolfowitz
theorem provides tight finite-sample guarantees on the ECDF correction, using § = 0.0001 = 0.01%.
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p-values will not be uniformly distributed. However, py = F(py) is a p—valuerfl with F' being the CDF of
py and thus the confidence set C'(X) = {y € [K] : p, > a} will obtain coverage 1 — a. The true CDF is
unknown but we can obtain an empirical estimate F by considering a split X1,...,X; and X;41,..., X, of
the original calibration examples. The procedure is described in Algorithm [3]

As F is not the true CDF F but an empirical CDF (ECDF) estimate, we only obtain an approximate
coverage guarantee at level 1 — . However, if the original calibration examples X;,1,..., X, are not only
exchangeable, but also i.i.d., then the Dvoretzky—Kiefer—Wolfowitz theorem (see e.g. (Wasserman) [2006]))
provides rigorous finite sample guarantees for the ECDF, i.e.

P( sup |F(f) = F(f)] > €) < 2exp(—2(n — )é?). (20)
felo,1]

Basic manipulation results in a confidence band for F

P(vf € 0,1], F(f) < F(f) < Fy(f) = 1—6 with Fﬂfﬁi—i{ﬂfﬁ,/ﬁmﬁ,%}. (21)

This confidence band is illustrated shown in Figure (right). We can now define the confidence set
C(X)={y € [K]: py > a} for py = Fy(py) and show that it satisfies Page (Y € C(X)) > (1 — )(1 —9).

Indeed, writing F, > F to abbreviate F(f) > F(f) Vf, we have P(F(py) > a) > P(F, (py) > a|Fy >
FYP(F, > F) >P(F(py) > a|F, > F)P(F. > F). Now we have from Equation that P(Fy > F) > 1-6
and P(F(py) > a|Fy > F) = P(F(py) > «) as the probability in Equation is over (X, Yi)ie{i+1,....n}
while py is only a function of (Xi,Yij)ie[l]’je[m] and (X,Y). Using the fact that P(F(py) > a) > 1 — «, we
obtain the desired coverage guarantee.

3We have P(F(py) < f) = P(F(F~1(U) < f) for U a uniform random variable on [0, 1] for F~1(f) = inf{p € R: F(p) > f}.
However F(F~1(U)) > U so P(F(F~Y(U) < f) <P(U < f) = f. Hence, we have P(py < a) < a.

11
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Algorithm 3 ECDF Monte Carlo conformal prediction with (1 — a)(1 — d) coverage guarantee.

Input: Calibration examples (X;, A;)ic[n); test example X; confidence levels «, §; data split 1 <1 <n —1;
number of samples m
Output: Confidence set C(X) for test example X

1. Sample m labels (Yij)je[m] per calibration example (X;);ep where IP’(Yij =k) = A\ig.
2. Sample one label Y; per calibration example (X;);c(i41,....ny Where P(Y; = k) = Ay

3. Compute (p");efi41,... n} Where

L (S IE(G, V) < B(XL Y] + 1)
r= m(l+1) ' (22)

4. Build the ECDF F(f) = -1 3" I[" < f] and its upper bound F, (f) using .

5. For test example X, compute for k € [K]

S (S HE(X, V) < B(X, k) +1)

P = (Y L = Fi(pr)- (23)

6. Return C(X) = {k € [K] : pi> > a}.

Figure [T1] compares the empirical coverage obtained using standard conformal prediction with true labels to
both approaches of Monte Carlo conformal prediction (cf. Algorithms [2[and [3]) to verify that this approach
indeed obtains coverage 1 — o = (1 — «)(1 — 6) on average. As discussed, without ECDF correction from
above, this is only empirical as we can only guarantee 1 — 2. We also did not observe a significant difference
in confidence set size when using or not using the ECDF correction.

3.5 Discussion

We presented two approaches to perform conformal prediction under ambiguous ground truth: estimating
plausibility regions and reducing them to confidence sets and Monte Carlo conformal prediction. While the
former allows to construct very specific guarantees, it also requires introducing a grid on the plausibility
space to determine the corresponding confidence regions. Monte Carlo conformal prediction, instead, offers
a 1 — 2a coverage guarantee out-of-the-box (and 1 — « for m = 1) which can be improved to 1 — « with
an additional calibration split. Monte Carlo conformal prediction is, however, dependent on the sampled
calibration labels and the coverage guarantee has to be understood marginally across calibration examples
and their sampled labels. We now show that these developments are relevant beyond the setting of ambiguous
ground truth and discuss related work.

3.5.1 Applications to related problems

Multi-label classification: Let ); C [K] be the unknown, ground truth multi-label set for each calibration
example X;. For simplicity, we express the multi-label setting using plausibilities A; that divide probability
mass equally across the L; = |);| > 1 labels. We can then apply Monte Carlo conformal prediction to
this setup. When m > 1, we obtain calibration examples where the proportion of (v )jcim] equal to a
given class is approximately 1/L;. This is related to an empirical existing method to perform multi-label
conformal prediction (Tsoumakas & Katakis|, [2007; Wang et all [2014; 2015 where for each calibration
example (X;,);) we perform conformal prediction using the calibration examples (X;,Y;'), ..., (X;, Y;¥).

12
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Monte Carlo conformal prediction provides coverage guarantees on P, (Y € C(X)) for

Page (Y = y|X =2) =Y AY), p(Vlz) (24)
y

with p(Y|x) being the conditional probability of the set J given X = z and A(Y), = I(y € V)/|V|.

An alternative approach to multi-label conformal prediction is operating on the power-sets (Papadopoulos
[2014} |Cauchois et al. 2021). This is similar, in spirit, to our plausibility region based approach. Instead

of calibrating using conformity scores E(X;,Y7), a conformity score e(X;,);) defined on the set of labels
in the set )); is used. Defining the plausibilities A as above, we could use the expected score e(X;,);) =
> yey, E(Xi,y). This results in the prediction set ¢(X) including sets of labels instead of individual labels
(or plausibilities). Then, we can apply reductions ¥ that map a set of sets of labels to a confidence set of
labels. Again, U can be used to obtain very specific guarantees, similar to (Fisch et al., 2022)).

Data augmentation and robustness: Consider a scenario where we have exchangeable calibration data
(Xi,Y:)iem) for Y; € [K]. We want to augment the set of calibration data by using data augmentation, i.e. for
each X} := X; we sample additional X?,..., X™ ~ p(:|X;). For example, these could correspond to versions
of X; which are (adversarially or randomly) perturbed or corrupted, rotated, flipped, etc. As we usually
train with data augmentation and frequently want to improve robustness against distribution shifts or specific
types of perturbations, considering these augmentations for calibration is desirable. However, performing
conformal prediction using the m - n calibration data (X7, Yi)ien],je[m) breaks exchangeability. To address
this, a procedure very similar to Monte Carlo conformal prediction allows us to use these augmented inputs
for calibration. It proceeds by averaging the following m p-values

Y LB Y) < B(X,Y)] +1

R e (25)
which yields, following arguments similar to the derivation of , a confidence set of the form
; lam(n+1)] —m+1
7= Q ({B(X]. Y icohsetms ) (26)

and provides coverage of at least 1 —2a. Moreover, in this setting, adapting the plausibility region approach
actually also provides confidence sets: we can use the expected conformity score e(X;, k) = Ef\il E(X]. k)
both for calibration and at test time (assuming we can sample from process p(z’|z) is known). However, in
both cases, the obtained expected coverage guarantee also implies that coverage is now also marginal across
the augmentations (X7 ),cq2,. .m) for i € [n].

3.5.2 Related work

Conformal prediction (Vovk et al., 2005)) has recently found numerous applications in machine learning, see
e.g. (Romano et al.| [2019; [Sadinle et al 2019; Romano et al.l 2020} |[Angelopoulos et al |2021} [Stutz et al.l
2021} [Fisch et al., 2022). In this paper, we particularly focus on split conformal prediction (Papadopoulos
et al} 2002). However, there are also transductive and cross-validation/bagging-inspired variants being
studied (Vovk et al., 2005; [Vovkl, 2015} Steinberger & Leeb| |2016; Barber et al., |2021} [Linusson et al., 2020)).
Our work is related to these approaches in that many of them guarantee coverage 1 — 2a while empirically
obtaining coverage close to 1 — a. For example, cross-conformal prediction was recently shown
to satisfy a 1 — 2« guarantee in (Vovk et al.| [2018; [Kim et al., 2020). Moreover, this guarantee is also based
on combining p-values without making any assumption about their dependence structure.

As outlined before, our work is also related to conformal prediction for multi-label classification which faces
similar challenges as conformal prediction for ambiguous ground truth (Wang et al., 2014} |2015}; Lambrou &/
[Papadopoulos, 2016; [Papadopoulos, 2014} |Cauchois et al.l [2021). Finally, our work has similarities to work
on adversarially robust conformal prediction (Gendler et al.l [2022)), especially in terms of our ideal coverage
guarantee.

13
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Figure 12: Realized standard Ifargmaxy Aix € C(X;)] (green) and “expected” coverage }_, ¢ (x) Aiklly €
C(X;)] (blue) for standard conformal calibration using top-1 labels from plausibilities, i.e., argmaxg .
Additionally, we plot the maximum plausibility per example (dashed black) as proxy of ambiguity. We sort
examples on the x-axis according to each plot individually. Clearly, many cases are very ambiguous and
expected coverage is underestimated (62% vs. the target of 73%).
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Figure 13: p-value histograms for standard (left) and Monte Carlo (right) conformal prediction. In both
cases, we show the p-values for the top-1 labels (arg max of plausibilities, top) and labels samples from the
plausibilities (bottom). Calibrating against top-1 labels guarantees a uniform distribution of the p-values
shown on top, Monte Carlo calibration guarantees the same for the bottom histograms. As a result, the
distribution of p-values w.r.t. sampled labels is skewed for standard conformal prediction while p-values w.r.t.
to top-1 labels are skewed for Monte Carlo conformal prediction.

There is also a long history of work on combining dependent or independent p-values (Fisher] [1925 Riischen-|
|dorf] 1982} Meng} 1994} Heard & Rubin-Delanchy, [2017). Key work has been done in (Vovk et al., [2018)),
showing results without dependence assumption and thereby establishing guarantees for, e.g., cross-conformal
prediction. Similar to us, (Balasubramanian et al., |2015; Linusson et al., [2017; Toccaceli & Gammerman),
[2019; [Toccaceli, |2019) use the ECDF to combine p-values but they do not provide rigorous coverage guar-
antees for this procedure.

4 Applications

4.1 Main case study: skin condition classification

In the main case study of this paper, we follow and (Stutz et all [2023) and consider
a very ambiguous as well as safety-critical application in dermatology: skin condition classification from
multiple images. We use the dataset of consisting of 1949 test examples and 419 classes
with up to 6 color images resized to 448 x 448 pixels. The classes, i.e., conditions, were annotated by various
dermatologists and aggregated deterministically (i.e., the p,ges model) to obtain the plausibilities A. We
followed (Roy et al.l 2022; [Stutz et al.| 2023) to train a classifier that achieves 72.6% top-3 accuracy against
the top-1 label from the plausibilitiesﬁ We chose a coverage level of 1 — a = 73% for our experiments (with
results for & = 0.1 in the appendix) to stay comparable to the base model.

4To be precise, in 72.6% of the cases, the top-1 label from the plausibilities is included in the top-3 prediction set derived
from the predicted softmax output 7(x) without any conformal calibration.
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Figure 14: Comparison between standard (left), Monte Carlo (middle) and ECDF Monte Carlo (right)
conformal prediction in terms of (standard top-1) coverage (blue) and expected coverage (green) across 100
random calibration/test splits. Clearly, standard conformal prediction exhibits a significant gap between
expected coverage and target coverage of 73% (black). Monte Carlo conformal prediction overcomes this gap
at the expense of higher inefficiency (bottom). Using ECDF-corrected p-values increases observed variation
slightly due to the additional data split.

In Figure [[2] we highlight how ambiguous the plausibilities for skin condition classification are: in dot-
ted black, we plot the largest plausibility against (sorted) examples. As baseline, we performed standard
conformal prediction using the classifier’s softmax output as conformity scores and calibrating against the
top-1 plausibility labels argmaxy A;; per calibration example (X;, A;). In blue, we plot the achieved stan-
dard coverage by evaluating I[arg maxy A;r € C(X;)] per example. Unsurprising, this is a step function and
roughly 27% of the examples on the x-axis are covered. In green, we plot expected coverage by evaluating
Zye[K] Xiklly € C(X;)] per example. For many examples, expected coverage lies somewhere in between
[0, 1] showing that the obtained confidence sets only cover part of the plausibility mass. More importantly,
expected coverage is, with 62% on average, significantly under-estimated by calibrating against top-1 labels.
This is the core problem we intend to address in this paper.

The different between standard and Monte Carlo conformal prediction can also be observed in the obtained
p-values. Figure [13| shows the p-values of standard (left) and Monte Carlo (right) conformal prediction
corresponding to the top-1 labels (top) or 10 labels randomly samples from the plausibilities (per example,
bottom). Standard calibration against top-1 labels results in the corresponding p-values being uniformly
distributed. However, the distribution of p-values corresponding to sampled labels is slightly skewed towards
0. With Monte Carlo calibration, we observe the opposite: the p-values corresponding to top-1 labels are
not entirely uniformly distributed while those corresponding to sampled labels are. This is to be expected
as for many cases we cannot identify a single, unique true label and the top-1 label ignores this ambiguity.

While the above results consider a fixed calibration/test split, Figure shows our overall results across
100 random splits. Left, we show how standard conformal prediction does not achieve the target 73% for
the “expected” coverage Pu.e(Y € C(X)) (green). However, coverage of 73% is achieved w.r.t. the top-
1 labels; additionally the average inefficiency (confidence set size, bottom) is, with 2.66 smaller than the
baseline model which always predicts 3 conditions to achieve the same performance. In the middle and on
the right, Monte Carlo conformal prediction achieves (in expectation) expected coverage of 73% and thereby
also increases coverage w.r.t. the top-1 label (blue). Of course, this comes at the cost of larger confidence
sets: The inefficiency increases to 4.57. However, these larger confidence sets are required in order to cover
the conditions annotated by dermatologists as shown in Figure [I5] Our ECDF Monte Carlo conformal
prediction generally performs similarly; the slight difference in average inefficiency stems from randomness
in the additional calibration split. This also explains the slightly larger variation in coverage.

Finally, we also ran experiments using reduced plausibility regions using the reduction ¥ to top-1 labels
from Equation . As it is extremely expensive to sample a fine enough regular grid on the simplex
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Figure 15: Comparison of standard and Monte Carlo conformal prediction on two concrete examples. Both
are ambiguous cases as shown by the high-entropy plausibilities. Monte Carlo conformal prediction clearly
covers more plausibility mass, potentially improving patient outcome. Appendix [G]includes more qualitative
results.
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of 419 conditions, we perform experiments on 3 risk categories instead. These are obtained using a fixed
mapping of conditions to low, medium and high risk. Plausibilities for this setting are obtained by summing
the plausibility for each risk level and the same approach is applied on the classifier’s softmax output to
obtain conformity scores. Our model achieves 77.7% top-1 accuracy against the top-1 risk labels from the
plausibilities; we set o = 0.22. Figure shows that the predicted plausibility regions c(z) yield, on average,
the target coverage, but expected coverage of the reduced confidence sets ¥(c(x)) is significantly higher,
similar to our observations in Figure [7]

4.2 Case study: multi-label classification

In Figure [I7) we consider a simple MNIST-based multi-label classification problem with up to two, differently
colored digits per image. We trained 10 multi-layer perceptrons with 100 hidden units for each digit to
determine if the digit is present in the image. This simple classifier achieves 58.8% expected coverage when
thresholding the 10 individual sigmoids at 0.5. As discussed in Section a common strategy
[2015} 2014} Tsoumakas & Katakis, [2007)) of performing multi-label conformal prediction consists in repeating
each example according to its number of labels (here, at most 2). We can achieve something similar with
expected coverage guarantee by uniformly sampling labels to perform Monte Carlo conformal prediction. As
expected, this works well in practice, achieving the 90% coverage target in Figure|17| (top left). Furthermore,
our discussion in Section [3.4] establishes the corresponding guarantee of 1 — 2a without ECDF correction.
However, it is important to understand what expected coverage means for multi-label classification: we allow
the conformal predictor to decide how many of the labels it intends to cover per example in order to achieve
the marginal coverage guarantee. This is highlighted in Figure (bottom) showing the corresponding p-
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Figure 17: The multi-label conformal prediction strategy of [Wang et al.| (2015} [2014)); [Tsoumakas & Katakis|
is a slight variant of our Monte Carlo approach. As shown on this example of up to two overlaid,
differently colored digits, Monte Carlo conformal prediction achieves target coverage of 90% (top left).
However, it is free to decide how many labels to cover per examples (top middle) and, due to the poor
performance of the base model (58.8% expected coverage), inefficiency is rather high. On the bottom, we
show two examples of our dataset with the corresponding ground truth label set ) (blue) and the obtained
Monte Carlo p-values (green).
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Figure 18: Standard (left) and Monte Carlo (middle and right) conformal prediction results on augmented
images from ImageNet for m = 1 (middle) and m = 10 (left). We show coverage on clean (blue) and aug-
mented images (green, average across 25 AutoAugment augmentations per image). Monte Carlo conformal
prediction is able to overcome the coverage gap between augmented and clean images on average (green vs.
blue) at the expense on higher inefficiency (on both clean and augmented images). Using more augmenta-
tions during calibration generally reduces the observed variation across random calibration/test splits.

values for two examples. In the first example, only one out of two examples is covered by the confidence

set.

4.3 Case study: data augmentation and robustness

We also apply Monte Carlo conformal prediction in a data augmentation and robustness setting. Specifically,
we took a pre-trained MobileNet V2 (Howard et al., 2017) achieving 71.3% (top-1) accuracy on the first 5k
test examples of ImageNet (Russakovsky et al 2015) and additionally evaluated it on augmented images
using AutoAugment (Cubuk et al.l2018]). We generated 25 random augmentations per test example and the
model achieves 60.2% accuracy on average, significantly lower than on clean images. Similarly, Figure
shows a significant gap in coverage when calibrating only on clean images. While coverage on clean examples
is around the target of 90%, depending on the random calibration/test split, coverage of perturbed images is
only slightly above 80%. With Monte Carlo conformal prediction we can address this problem by calibrating
on multiple augmentations per image, without loosing the coverage guarantee but at the cost of higher
inefficiency. Moreover, using more augmented images during calibration significantly reduces the observed
variation in coverage. We interpret these results in two ways: First, there is no reason anymore to train
state-of-the-art models with data augmentation but discard augmented images during calibration. Second,

17



Under review as submission to TMLR

our Monte Carlo approach is effective in improving robustness of conformal predictors against augmentations
or other corruptions.

5 Conclusion

In this paper, we presented a conformal prediction framework for obtaining valid confidence sets in settings
with ambiguous ground truth. To take this ambiguity into account, we rely on an approximation of the under-
lying posterior distribution of labels given inputs, referred to as plausibilities. To overcome the requirement
of “crisp”, definitive labels for conformal calibration, we discussed two possible approaches based on reducing
plausibility regions or Monte Carlo conformal prediction. The former essentially performs conformal regres-
sion in plausibility space and its coverage guarantee depends on how we extract confidence sets of labels from
the obtained plausibility regions. The latter performs conformal prediction with labels sampled from the
plausibilities. If done naively, this violates the assumption of exchangeable calibration and test examples.
However, we show that Monte Carlo conformal prediction still guarantees coverage 1 — 2a out-of-the-box
which can be improved to 1 — a using an additional calibration split. We demonstrates the applicability of
these approaches in the safety-critical and particularly ambiguous setting of skin condition classification. We
also highlighted how our methodology allows conformal calibration with augmented examples and provides,
for the first time, a coverage guarantee for multi-label conformal prediction.

Data availability

The de-identified dermatology data used in this paper is not publicly available due to restrictions in the
data-sharing agreements.
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Figure 19: Left: Coverage against true labels (left y-axis), cf. Figure [1, when performing conformal cali-
bration with true or top-1 labels for different levels of ambiguity as measured using the standard deviation
of the mean class distributions (x-axis). We also plot inefficiency (right y-axis). We see how the gap in
true coverage between both approaches reduces the smaller the ambiguity (i.e., higher standard variation
on x-axis). To compensate for the ambiguity, calibrating with true labels will generally also result in higher
inefficiency. Right: Examples from the toy dataset for different levels of ambiguity.

A True and top-1 coverage gap by ambiguity

Figure [19] highlights how the gap between calibrating with true or top-1 labels in terms of true coverage
depends on the ambiguity of the problem. Specifically, the means uj of our toy example in Equation
are generated by sampling them from a Gaussian with lower or larger standard deviation. Clearly, overlap
between the class distributions increases the closer the means py are together and we expect a larger gap.
At the same time, if ambiguity is high, calibrating against the true labels will result in high inefficiency
(size of C(x)). Pushing the class distributions outwards then reduces the gap alongside inefficiency. If the
classes are perfectly separable, true and top-1 coverage coincide. This corresponds to a case where the true
posteriors P(Y = y|X = z) are crisp.

B Calibration threshold and p-values

B.1 Single p-value

We include for completeness a proof of the results presented in Section [2.2] These are standard results. The
p-value formulation detailed here will be then extended to establish the validity of some of the procedures
proposed in this work.

We first establish that the confidence set defined by Equations and @ satisfies

1
1—a<PY X)NHN<1-— _ 2
a SBY €0(X)<1-a+t —— (27)

the upper bound requiring the additional assumption that the conformity scores are almost surely distinct.

Let us write (X,11,Yn1) = (X,Y) and S; = E(X;,Y;). As (Si)icmn+1] are exchangeable, then
a direct application of (Romano et al) [2019, Lemma 1) shows that for any a € (0,1) and 7, =
Q ({—Si}icpn;; (1 —a)(1+1/n))

P(*Sn_;'_l S 7'1) Z 11—« (28)

and, if the random variables (Si)ie[nﬂ] are almost surely distinct, then
1
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Note that we have additionally
P(—Sn+1 S T1) = P(—Sn+1 S 7’2) (30)

for 7 = Q ({~Si}iem); [(1 — @)(n+1)]/n). So C(X,41) includes all the values y such that —S(y, X,11) is
smaller or equal than the [(1 — a)(n +1)] smallest values of (—S;);e[,,)- This is equivalent to considering all
the values y such that S(y, X,,41) is larger or equal than the [a(n + 1)| smallest values of (S;);c},). Hence
this corresponds to the confidence set defined by Equations and .

We now show that this confidence set can also be obtained by thresholding p-values. Indeed Equation
can be rewritten as

_ Z?:f I(S; < Sny1)

PYry1 = n+1 (31)

As (Si)ie[n+1) are exchangeable, then py, ,, is uniformly distributed on {7#1’ %H, ..., 1} if the distribution of
the scores is continuous and thus py, ., is a p-value, i.e. P(py, , <a)<a <<= Plpy,,, >a)>1-a.
It can be checked that this property still holds if the distribution of the scores is not continuous (see e.g.
(Bates et al., [2023)). So if we define the confidence set as

C(Xn1) ={y: py > a} (32)
then by construction it follows that
P(Y,i1 € C(Xni1)) > 1 —a. (33)

We show here that Equation does indeed coincide with the set defined by Equations and . We
have

py > o = ZH(SiSy)>a(n+1)—l. (34)
i=1

If a(n+ 1) is an integer then Y 1 | I(S; <y) > a(n+ 1), i.e. y is larger or equal than the a(n + 1) smallest
values of (S;);c[n)- If (n + 1) is not an integer then it means that >, I(S; < y) > [a(n+1)] — 1, ie. y
is larger than the [a(n 4 1)] — 1 smallest values of (S;);c[n). However, we have [a(n+1)] =1 = |a(n+1)]
as a(n + 1) is not an integer. So overall, we have p, > « corresponds to y being larger or equal than the
la(n +1)] smallest values (S;);e[n)- So the confidence set Equation does coincide with the set defined

by Equations (3) and ().

Finally note that when the distributions of the scores is continuous, i.e. the scores are almost surely distinct,
then we also have P(py, ., < a) > a—1/nt1s0 P(py, , > a) <1 —a+nt1.

B.2 Average of p-values

We establish here the expression of the confidence set obtained by thresholding the following average p-value

XL I S, < Sh) (35)
PYn m(n+1)

where Siﬂ = Sp41 for all j € [m]. We know that by construction the set C(Xn41) = {y : py > «a} is such
that

P(Ypi1 € C(Xnp1)) > 1 — 20 (36)
We have
Py > o = ZZH(SfSy)>am(n+1)fm. (37)
j=1i=1

If am(n + 1) is an integer then y needs to be larger or equal than the am(n + 1) —m + 1 smallest values of
(S))icn].jerm)- If am(n+1) is not an integer then Y770, 370 I(S7 <y) > [am(n+1)] —m, i.e. y is larger
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Figure 20: We show two examples from CIFAR10-H with their corresponding label frequencies. These
frequencies could be used as plausibility estimates or within Bayesian inference, see text for details.

or equal than the [am(n + 1)] —m smallest values of S;. However, we have [am(n+1)] —1 = |am(n+1)]
as am(n+ 1) is not an integer. So [am(n +1)] —m = [am(n+1)] —m + 1. So overall we need y larger or
equal than the [am(n +1)] —m + 1 smallest values of (S7);c(n]je[m], equivalently larger that the quantile

of (S7)icin.jcpm at level W, ie. C(Xp41) ={k € [K]: E(X,k) > 7} for 7 defined in Equation
(19)-

C Examples for aggregation model Py (Y = y| X = x)

We consider our toy example from Sectionand assume annotators provide samples from Page (Y = y|\) =
Ay which is supposed to approximate the true P(Y = y|X = ). We can then infer the plausibilities A using
frequencies from annotations B; = b; for example i. This would essentially provide a maximum likelihood
estimate, approximating p(A|b) by a delta-mass at this estimate. Instead, we can also put a prior on the
plausibilities A, for example a Dirichlet distribution. Then, the posterior p(A|b) is also a Dirichlet distribution
specified by the frequencies. This gives us a closed-form solution for p(A|b) which then defines the model as

in Equation :

PuselY =3IX =2) = [P =ypa)dr = [ [ A,p(b)p0lz)a (39)

This setting is directly applicable to many popular datasets such as CIFAR10 (Krizhevskyl [2009) which is a
popular multiclass classification benchmark of 32 x 32 pixel color images. Here, recent work
gathered additional human annotations for the test set where each annotator provides a single label.
Frequencies for two very ambiguous examples are shown in Figure [20]

D More examples for reducing plausibility regions

In the main paper, we introduced the top-1 reduction ¥ in Equation ([14). However, especially for more
ambiguous cases where Poo. (Y = y|X = z) is not one-hot, we might be interested in a generalization of ¥
to the top-k labels:

s (e() = {y € [K] : (BA € efa) : y € top_3(N)} (39)

includes all top-3 labels for the plausibilities included in ¢(z). It then follows directly from the coverage
guarantee on the plausibility region ¢(X) that

P(top_3(\) C C(X)) > 1 — a. (40)

This does not necessarily have to imply a tight coverage guarantee and also includes the arg max, i.e., top-1,
case. We also emphasize that this cannot be translated to a guarantee on . Even though the top-3 classes
are included, we do not know how much probability mass these cover P, (Y = y|X = ).

To generalize U5 and avoid fixing the number of classes included in the guarantee, e.g., the top-3, we could
use

1
Us(c(x)) = {y € [K]: (Elx\ € c¢(x),l € [K] s.t. ZA‘” >1—dand i <Ist. o, = y) } . (41)
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Here, we sort the plausibilities A included in the plausibility region ¢(z) such that A,, > ... > A, and pick
an [ such that the [-largest plausibilities, i.e., Eizl Ao;, €xceed 1 — §. This means shifting from fixing, e.g.,
a top-3 set, to always considering the top classes constituting at least 1 — § of the plausibility mass. By
construction of ¥z, we have

A€ c(z) = Eypn[IlY € C(z kaec ] >1-46 (42)

In the ideal scenario where A\, = P(Y = y|X = z) then Ey p.|\[I[Y € C(2)]] = Ey.up(|x=z)[I[Y € C(2)]]
and, as P(\ € ¢(X)) > 1 — a, this implies the following coverage guarantee:

B(Y € e(X)) = Expx [Eyprix (o [IIY € C(@)]]] > (1 - a)(1 - ). (43)

When choosing ¢ very small, in order to roughly obtain expected coverage (1 — «), however, ¥3 will likely
include many classes in the confidence sets.

While the above examples provide guarantees in the context of classification problems, we can also design ¥
to provide more structured guarantees. For example, considering the toy dataset from Section we can
provide coverage guarantees not only on the top-k labels but also their ranking. To this end, we construct

\P4(C($)) = {HJ = (;U'la s a:U'k) : (ED‘ € C(II?) s.t. (O—la e '7JL) = ,u)} . (44)

Again, we consider the sorted plausibilities Ay, > ... > A, and let p denote one of the (partial) rankings
to be included in the prediction set. Informally, we include all such rankings p that can be derived from the
plausibilities in ¢(z). For simplicity, we assume rankings of fixed length 1 < k < K. By construction, we can
guarantee that the top-k ranking of the true plausibilities is included in Wy(c(x)) with probability at least
(1 — «). This is essentially a variant of Wy that also considers the ordering of labels.

E Relationship between Monte Carlo conformal prediction and expected conformity
scores

It is also important to realize that Monte Carlo conformal prediction is not equivalent to using the expected
conformity score e of Equation (11]). This is because

Lmzn:i E(X,Y)) < fl# = ZH (X5, \) < f]. (45)

Consider a simple case with four examples with corresponding conformity scores F; = 0.1, E5 = 0.2 and
E3 = 0.3. The fourth example has E4 = 0 or E4 = 0.5 with equal probability as this is the only example
with non-one-hot plausibilities A\. Then, e4 = 0.25. If we now evaluate the cumulative distribution for
E = 0.2, the left side of Equation is 5/8 in expectation, i.e., performing m trials and always having
an even number of E4 = 0 and E4 = 0.5. The right side, in contrast, is always /2. This suggests that
the computed quantiles using Monte Carlo conformal prediction are smaller than those using the expected
conformity score, indicating why using a threshold calibrated on top of expected conformity scores cannot
be used to directly predict confidence sets C.

F Interpretation of Monte Carlo conformal prediction

While our approach is clearly a sampling-based approach, we want to highlight more explicitly why we
refer to it as Monte Carlo conformal prediction. Specifically, consider that standard conformal prediction
estimates the a(1 + /n)-quantile of the empirical distribution

_ %Zmﬂxi,m < fl. (46)

24



Under review as submission to TMLR

Standard and expected coverage for standard CP

—— Top-1 w/ ties (0.72)
---- Argmax plausibility

Realized coverage

0 200 400 600 800
Sorted examples

Expected coverage for Monte Carlo CP

--------------------------------------------------- ——— Simple MCCP (0.72)
------------------------ ECDF MCCP (0.72)
---- Argmax plausibility

Realized coverage
o
w

0 200 400 600 800
Sorted examples

Figure 21: Top: Complementary to Figure [I2] we include evaluation against top-1 labels while considering
ties (red, /L, Z]L:1 IY/ € C(X;)] with Y7 being one of L; tied labels for case i) which hints towards several
ambiguous cases. Looking at expected coverage (i.e., 3, ¢ 5 Airl[y € C(X;)]) in blue, however, shows that
a significant portion of examples are ambiguous and standard evaluation against the top-1 plausibility labels
(i.e., [Jarg maxy A\; € C(X;)])is unreasonable. Bottom: Expected coverage plot for our approach, comparing
standard, Monte Carlo and ECDF Monte Carlo conformal prediction.

As we do not have access to the required Y;, we approximate this as
I 1 & p
F(f):ﬁZEZH[E(XuYi)Sf]- (47)

Clearly, the inner sum corresponds to a Monte Carlo estimate of Ey . p,  (|x=o)[I[E(X,Y) < f]] for
m — o0o. Note that performing calibration for very large m is usually not a problem in practice, i.e.,
Monte Carlo conformal prediction scales very well. Alternatively, we can also view Monte Carlo confor-
mal prediction as conducting m separate calibrations. Specifically, letting 7; be the threshold computed

as QU{E(X;, Y7} ;a1 + 1/n)) for arbitrary but fixed j, we obtain m different thresholds. These can be
understood as estimates of the true threshold obtained when calibrating against the true but unknown labels
Yﬂ We also note that Monte Carlo conformal prediction is clearly not equivalent to conformal prediction

on the expected conformity score as described before, see Appendix [E]

G Additional results for skin condition classification

G.1 Skin condition classification

Figure presents complementary results to Figure in the main paper. Specifically, on top, we addi-
tionally consider ties among the top-1 labels (i.e., there is no unique arg max in the plausibilities A). In
the calibration examples, we break these ties randomly. At test time, however, we can decide to evaluate
coverage proportional to the tied labels. Formally, we assume that Y;!, ..., YlL1 are the tied labels and com-

pute /L, Z]L;l I[Y/ € C(X;)] instead of the binary indicator I[Y; € C(X;)] to evaluate coverage. In red,
we see that quite a few examples exhibit ties and the predicted confidence sets often cover only a part of
the tied labels. This is an early indicator for high ambiguity in the ground truth of this dataset. On the
bottom, we additionally plot expected coverage for (ECDF) Monte Carlo conformal prediction in compar-
ison to standard calibration against top-1 labels. The gap between Monte Carlo and standard conformal
prediction is clearly visible and once again demonstrates how significantly standard conformal prediction
under-estimates expected coverage on this dataset. While both Monte Carlo approaches (with and without
ECDF correction) look identical in this example, they do not have to be due to randomness in how the

calibration set is further split (cf. Algorithm . In expectation across splits, however, we found that they

5This is because quantiles can be estimated by averaging quantiles of random subsamples (Knight & Bassett 2002, Theorem

1).
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Figure 22: Additional qualitative results corresponding to Figure
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Figure 23: Results corresponding to Figure [12| with o = 0.1.

coincide. This also highlights that the simple variant empirically achieves expected coverage 1 — « despite

only guaranteeing 1 — 2a.

Figure 22] shows two additional qualitative examples where Monte Carlo conformal prediction improves
results, i.e., more conditions with significant plausibility (blue) are covered (green) but important conditions
are still not covered. This can be addressed using a lower confidence level such as a = 0.1 in Figure

Results of our main experiments in dermatology for a = 0.1 can be found in Figures [23] to [25]
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Figure 25: Additional qualitative results for v = 0.1 corresponding to Figures [I5] and 22}
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