Robust Explanations of Graph Neural Networks via
Graph Curvatures

Yazheng Liu', Xi Zhang?, Sihong Xie* !, Hui Xiong!

! The Hong Kong University of Science and Technology (Guangzhou), Guangzhou, China
2 The Beijing University of Posts and Telecommunications, Beijing, China
yliub33@connect.hkust-gz.edu.cn, zhangx@bupt.edu.cn
{sihongxie,xionghui}@hkust-gz.edu.cn,

Abstract

Explaining graph neural networks (GNNSs) is a key approach to improve the trust-
worthiness of GNN in high-stakes applications, such as finance and healthcare.
However, existing methods are vulnerable to perturbations, raising concerns about
explanation reliability. Prior methods enhance explanation robustness using model
retraining or explanation ensemble, with certain weaknesses. Retraining leads to
models that are different from the original target model and misleading explana-
tions, while ensemble can produce contradictory results due to different inputs or
models. To improve explanation robustness without the above weaknesses, we
take an unexplored route and exploit the two edge geometry properties curvature
and resistance to enhance explanation robustness. We are the first to prove that
these geometric notions can be used to bound explanation robustness. We design
a general optimization algorithm to incorporate these geometric properties into a
wide spectrum of base GNN explanation methods to enhance the robustness of
base explanations. We empirically show that our method outperforms six base
explanation methods in robustness across nine datasets spanning node classification,
link prediction, and graph classification tasks, improving fidelity in 80% of the
cases and achieving up to a 10% relative improvement in robust performance. The
code is available at https://github.com/yazhengliu/Robust_explanation_curvature,

1 Introduction

Graph neural networks (GNN5s) have proven their strengths in many real world applications, such as
social network modeling [1]] and fraud detection [2]]. To establish human trust in GNN prediction, it
is essential to make GNN predictions transparent to humans in risk-critical applications [3| 4]. For
example, biological researchers may seek to understand the reasoning behind GNN predictions for
protein function to verify whether the model is trustworthy. Many explanation methods have been
designed to explain the behavior of GNNs.

However, recent studies have shown that these explanation methods are vulnerable to perturbations
[5, 16, [7]. The fragility of explanations [8] can mislead users into making wrong decisions, raising
security concerns in high-stakes domains such as finance, healthcare, and criminal justice [9} [10].
For example, we consider a graph in which nodes represent customers and edges denote financial
relationships such as borrowing or transaction flows. We use GNNss to predict personal loan approvals.
If a loan is denied, customers may feel the need to understand the possible reasons and corrections
to improve the chance of future approval. When small changes in the graph structure (adding or
removing a transaction edge) lead to substantially different explanations, trust in the model may be
undermined as customers begin to question the decisions of companies.
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Most methods for robust GNN explanations focus on the robust evaluation of explanations [1L1}12]
and robust counterfactual explanations [13}114]. Robust evaluation methods introduce new metrics to
compute the fidelity [[15] of explanations while accounting for distribution shifts during the evaluation
process. Robust counterfactual explanation methods aim to extract explanations similar to the input
graph that flip the model prediction and keep stable under edge perturbations. Fewer works focus
on the robustness of explanations [16]. One work define robustness of explanations as the expected
change in predicted probabilities between the original and perturbed graphs, with the explanation
subgraph fixed during perturbations [17]. We adopt this definition, formally stated in Equation
(2). To improve the robustness of explanations, one approach is to retrain models with an extra
regularization term [[18]]. They theoretically and empirically illustrate that the retrained model has
improved explanation robustness. However, these retrained models are different from the original
model, so that the robust explanations in fact do not explain the original model (Figure|l|(b) top).
Alternatively, ensemble methods improve explanation robustness. For example, [19] propose to
combine explanations from different algorithms, while others [[16] generate perturbed graphs and
aggregate explanations from these perturbed graphs. However, as target models can be sensitive to
small perturbations, multiple explanations can disagree on graph element importance, leading to
uncertainty and sabotaging the trustworthiness of the aggregated explanations (Figure [I] (b) bottom).

To address these challenges, we leverage two geometric properties of graph edges to generate
robust explanations without model retraining or explanation ensembling. In particular, two important
concepts in graph theory are Ricci curvature and effective resistance. The Ollivier-Ricci curvature [20]
and effective resistance [21]] can measure the connectivity between the neighborhoods of nodes u and
v. Positive curvature and low effective resistance indicate efficient message transmission between
neighborhoods, while negative curvature and high effective resistance suggest that edge (u, v) acts
as a bottleneck of message transmission [22]. Recent works have shown that these properties are
related to over-squashing in GNNs [23] 24} 25]]. Nevertheless, there has been no work exploring the
relationship between graph geometry and explanation robustness.
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Figure 1: Assuming a GNN model has 3 layers, we use node classification as an example. (a): the explanations
become fragile if the edge (0,3) is removed. (b): significant differences between the retrained and original
models make the robust explanations not faithful to the original model. For ensemble explanations, contradictory
results can lead to more uncertain explanations. (c): the prediction of node 0 on G is more robust than that on
G1, as removing edge (0,3) in G; significantly affects the model’s predictions. We prove that higher minimum
Ricci curvature and lower average effective resistance contribute to greater robustness of model predictions.
While edge (3,4) in G; and edge (0,3) in G> have the smallest Ricci curvatures in their respective graphs, the
curvature of (0,3) in G- is higher due to the presence of alternative paths for message passing between nodes 0
and 3. The G; has fewer propagation paths from neighborhoods to target node 0 than Go, resulting in a higher
average effective resistance. (d): we use Ricci curvature and effective resistance as robust scores and combine
them with importance scores from explanation methods to obtain robust explanations.

We first theoretically analyze that the Ollivier-Ricci curvature and effective resistance can be used to
bound the robustness of model prediction and explanations, as shown in Theorems [4.3] .4 .7 and
M.8] Specifically, higher minimum Ollivier-Ricci curvature and lower average effective resistance
across all edges in the graph and explanation subgraphs are associated with greater robustness in
model predictions (Figure [I] (c)) and explanations. Based on these theoretical results, as shown
in Figure [T] (d), we leverage Ricci curvature and effective resistance as robust scores to enhance
explanation reliability and our method is agnostic to explanation methods. We propose objective
functions that improve the robustness of existing explanation methods without modifying the model
or generating multiple potentially contradicting explanations. Empirically, on nine datasets across
node classification, link prediction, and graph classification tasks, we demonstrate that our method
improves robustness in six state-of-the-art GNN explanation methods, enhancing fidelity in 80% of
the cases and achieving up to a 10% relative improvement in robustness.



2 Related Work

Explainability and explanation robustness. Recent post-hoc explanation methods for GNNs can be
categorized into instance-level and model-level methods [15]. Instance level explanation methods [3}
4,126} 127, 128, 129] focus on explaining model predictions by identifying important subgraphs that
strongly correlate with predictions. For example, GNNexplainer [3] and PGExplainer [27] learn edge
masks to identify important edges by maximizing the mutual information to explain the prediction.
Methods like GNN-LRP [4]], DeepLIFT [26], FlowX [28]] and Convex [29] analyze the importance of
graph walks. Model level explanation methods [30] produce a high-level explanation about the general
behaviors of GNNs. However, these methods are vulnerable to small adversarial perturbations [0, (7, 8]].
Some studies aim to enhance explanation robustness through adversarial training [18} 31} [32]]. The
retrained model may be different from the original model, thus the explanations may not faithfully
reflect the model [[17]. Unlike training-based approaches, researchers have proposed explanation
ensemble methods to enhance explanation robustness. For example, the explanation averaged across
different methods improves robustness [19]. Besides, some researchers obtain robust explanations by
averaging explanations of perturbed graphs [[16]. However, results from different explanations may be
contradictory, making it difficult to integrate them and potentially leading to less stable explanations.

Graph curvature. Efforts have been made to extend the geometric concept of curvature to graphs [33|
34, 21]]. Among these, the Ollivier-Ricci curvature [20]] and effective resistance are prominent
approaches [35]. Studies have demonstrated their relevance to the issues of over-squashing and
over-smoothing in GNNs [22} [21} 23| 25]]. For example, a rewiring technique has been proposed to
alleviate over-squashing by increasing the curvature of edges in the graph [23]]. Effective resistance
has been utilized to quantify over-squashing in GNNs [21]. Furthermore, a theoretical analysis has
linked both over-smoothing and over-squashing to Ollivier-Ricci curvature [22]. Moreover, they have
been applied in complex networks [36, 37, [38]] and deep clustering [39]. However, recent research
has not explored their potential for enhancing the robustness of explanations.

3 Preliminaries

3.1 Notation

Let G = (V, €) denote the connected, undirected, unweighted graph with the vertex set ) and the
edge set £. Let A and D be the adjacency and degree matrices, respectively, with the Laplacian
defined as L = D — A. The normalized adjacency matrix is A = D~Y/2AD~1/2 and the normalized
Laplacianis L = I — A = D=Y2LD~Y2 Let G’ = (V,£') be the perturbed graph generated by
adding and/or removing edges in G, where V' C V. Let G5 = (Vs, &;) denote the explanation graph,
where £, C £,V C V. We use u, v, p, and g to denote nodes in a graph. We denote u ~ v if edge
(u,v) € E. Let N,, denote the 1-hop neighborhood of node u. The shortest path distance between
two nodes u, v is denoted by d(u, v). n,m, and n’, m’ denote the degrees of node u, v in G and G'.

3.2 Graph Neural Networks

Let h(G) denote the node feature matrix of graph G and h'(G) be the hidden vector at layer ¢
(t =1,---,T), with the convention that ho(g) = h. The hidden vector of node u at layer ¢ is
denoted by hf (G), and is exactly the u-th row of h!(G). The formulation for GNN is given by [22]]

R G) = 6 ( D wt(hf,(g))) : )

UENu

where 1); is a message function (e.g., a linear function), and ¢, is an update function (e.g., an
activation function). (P is an aggregating function. If € is the sum function, @ = >, c v, Auw- If

@ is the mean function, @ = >, c ., ﬁ

For node classification, AL (G) is mapped to the class distribution Pr,(G) using the softmax or
sigmoid function. In link prediction, we concatenate hl (G) and hI(G) as the input to a linear layer
to obtain the logits: by, (G) = ([RL(G); hT(G)] ,0Lp), where O, p is the parameter in linear layer.
Then, it is mapped to the probability Pr,, (G) of the edge (u, v) existing using the sigmoid function.



For the graph classification task, average pooling of AL across all nodes in graph G yields a single
vector representation, which is used for classification and the probability is denoted as Pr(G).

4 Relating robustness to curvature and resistance

We assume that the update function ¢; is L-Lipschitz, i.e. | (1) — ¢+ (x2)| < L|xy — 22|, VX1, 2.
The softmax function is L;-Lipschitz. The message function () is bounded, i.e. |[¢(x)| <
M|x|,Vx, t > 1. Additionally, h;| < Cforallp e Vandt > 0. Let| - | denote the Ly norm and

N = |V|. These notations will be used in the following lemma, proposition, and theorem.

Definition 4.1. Given an input graph G and explanation Gs = (Vs, &;), we construct a perturbed
graph G’ = (V', £’) by adding and/or deleting edges not in &;. For node w, the approximate robustness
of explanation on the node classification task is defined as [40]]:

0" =Eg/|Pry(G)c — Pru(G')c| s.t. ¢ = argmax Pr,, (G);, & C &’ )

where ¢ denotes the predicted class of original graph G. Pr, (G); and Pr,(G’); denote the probability
of u on graph G and G’ for a given class i. A lower value indicates a greater robustness of the
explanation. The definitions for link prediction and graph classification are provided in Appendix

4.1 Robustness and Ollivier-Ricci Curvature

Ollivier-Ricci Curvature on Graphs. The Ollivier-Ricci curvature [20]] considers random walks
from nearby points. Let 1, (k) represent the probability that a random walker starting at u reaches
node k after a certain number of steps. On a graph, the random walk p is defined by [22]]

—L _ ifk~u
U k - deg(u) ' ’ 3
u(k) {O otherwise. )

Then, for any u ~ v, the 1-Wasserstein distance W7 (g, ti,) is given by

Wl (.uuv Nv) = inf Z ﬂ—(pv Q)d(pa Q) ’
mEfte) \ gy

where II(py, pty) is the family of joint probability distributions of p,, and p,,. The 1-Wasserstein
distance measures the minimal cost required to transform p,, into p,,. The Ollivier-Ricci curvature

k(u,v) is defined as
Wl (Muv Mv)

4
d(u,v) @
Ricci curvature measures how easily information propagates from u to v based on topological
connections of different lengths of paths around edge (u,v) [41}[42]]. Negative curvature implies the
edge is a "bottleneck", while positive curvature indicates the edge is present in a highly connected
community. We use Ricci curvature to bound the robustness of model predictions and explanations.

k(u,v) =1-—

Proposition 4.2. Given any node w in G, assume that there exists a constant o > 0 such that for
edge (u,v) € &, the curvature is bounded by k(u,v) > o > 0. Let § = max(n,n’). If @ is the

mean operation, g1 (a) = @ If €p is the sum operation, g1 () = 2(1 — «). Then,
n4(0) ~ n(@)| < prear (14 (@) ®

Proposition .2 shows that for node u, the difference in the hidden representation vectors between
G and ¢’ is related to «, the minimum value of (u, v) for any v such that u ~ v. « is specific to
node u. Intuitively, a large o implies high curvature for all edges, suggesting efficient information
flow between u and its neighbors. Even with random perturbations, multiple alternative paths remain,
leading to minimal change in representation of uw. However, when « is small, some neighbor v may
have low curvature (u,v), implying sparse connectivity. If edge (u, v) is removed, information
flow may be severely disrupted, increasing the change in node representation h!, (G). The proof is in
Appendix We can use this proposition to bound the robustness of model predictions.



Theorem 4.3 (Ricci curvature bounds the robustness of model prediction). In a GNN with T layers,
let G, = (Vu, &) denote the T-hop subgraph of target node u, where V,, = {v € V|d(u,v) < T}.
Let 3’ be the maximum degree of nodes in the T-hop subgraph of node u for both the original
graph G and the perturbed graph G'. Assume that there exists a constant o' > 0 such that for
edges (u,v) € &,, the curvature is bounded by k(u,v) > o' > 0. Letn = L1 LY MTC. Then, the
following inequality holds for the node classification task,

If &P is the sum operation,

T
Pra(@) — Pra(@)] < n( (149" 21— ')+ 49) + 28 (1 +8)).
=2
If & is the mean operation,

Pru(G) — Pru(¢)| < n(2T1(45’ L3

%a/)) AT - 1)5’).

Theorem[4.3]states that for a target node w, the robustness of model prediction is bounded by minimum
k(u,v), V(u,v) € &,. Ahigh o indicates efficient message passing across all edges in G,,, leading
to robust predictions under perturbations. In contrast, a low o’ shows that the presence of an edge
(u,v) with small x(u, v), which may bottleneck message propagation. Deleting such an edge can
cause a significant change in predictions. The proof is provided in Appendix [C.2} The link prediction
task and the graph classification task can be seen in Appendix [B.T]and[B.2]

Theorem 4.4 (Ricci curvature bounds the robustness of model explanations). For node u, let
Gs = (Vs, &) be the explanation subgraph of Pr,(G). Let G' = (V',&"),Es C &' denote perturbed
graph by adding and/or deleting edges not in Es. Let o denote the minimum r(u, v), such that for
edges (u,v) € Es, the curvature is bounded by k(u,v) > a5 > 0. n = LiLTMTC. Let ' be the
maximum degree of nodes in the T-hop subgraph of node u for both the original graph G and the
perturbed graph G, and 3, be the maximum degree of nodes in explanation graph G.Then, for node
classification task,

If & is the sum operation,

IPru(@) = Pru(¢')] < ’7((1 +85)" TH(2Bs(1 — ) +485) + (287 +2) (1 + BS)T‘i).

=2
If & is the mean operation,

Pru(@) - Pru(@)] < (27 (45, + 21

ﬂ) + AT -1)8 +2(T - 1)).

S

Theorem [4.4]shows that the robustness of explanations is bounded by the minimum Ollivier-Ricci
value of edges in the explanation subgraphs. A larger a; allows messages to be transmitted efficiently
across all edges, resulting in robust explanations. In this case, graph perturbations lead to minimal
changes in the model’s explanation. The proof is in Appendix [C.3] The link prediction and graph
classification tasks are in Appendix [B.3|and[B.4} According to the Theorem[4.3]and [f.4] we establish
a relationship between Ollivier-Ricci curvature and robustness.

4.2 Robustness and Effective Resistance

Effective resistance quantifies how well two nodes are connected [24]]. While many studies have
explored its relationship with over-squashing, we aim to investigate its connection to the robustness
of model predictions and explanations. Let u and v be vertices of G. The effective resistance between
u and v is defined

Rup=(lu—=1,) " L* (1, = 1), 6)
where 1,, 1, are the indicator vector of the vertices u,v and L7 is the pseudoinverse of L. The

effective resistance can also be computed using the normalized Laplacian L. When multiple paths
exist between two nodes, the effective resistance 2, , is small, indicating higher connectivity.
Conversely, when available paths between two nodes are limited, 2, ,, becomes larger, reflecting
lower connectivity.



Lemma 4.5. Let G be a connected graph. Let u and v be two vertices. Then

1 1\ . /1 1
Ry, = (\/alu — \/chlv> Lt (\/CTULJ — mlv) ,
where L is pseudoinverse of the normalized Laplacian L.
Lemma 4.6. Let G be a connected, non-bipartite graph. Then Lt = Z;io /11 [21]].
Theorem 4.7 (Effective resistance bounds the robustness of model prediction). Given a GNN with T

layers, for u, let G, = (Vy, E,) denote the T-hop subgraph of u. Let R, = Z(‘”fgeifl“&

the average effective resistance of edges in G,. Let v denote the maximum eigenvalue of A, and
dmin = min, ey, deg(v). Let n = LiLTMTC. Whether @ is the mean or sum operation, the
following inequality holds for the node classification task,

denote

) _ 2
Pru(@) - Pru(@))] < n(2N + Rt m)

Theorem shows that the robustness of the model is related to R,. A smaller R, indicates
greater robustness. The R,, becomes small if there are many short paths between two vertices in
the graph [24]]. In such cases, removing an edge has smaller impact on connectivity or message
propagation due to the availability of alternative paths. The proof is provided in Appendix [C.4] The
cases for link prediction and graph classification are shown in Appendices[B.5]and[B.¢|

Theorem 4.8 (Effective resistance bounds the robustness of explanations). For node u, let R, =

R . . . .
W denote the average effective resistance of edges in Gs, and dpyin = mingey, deg(v).

LetG' = (V',&"),Es C &' denote perturbed graph by adding and/or deleting edges not in E;. Let

~ denote the maximum eigenvalue of A. Whether @ is the sum or mean operation, the following
inequality holds for the node classification task,

_ 2 1
IPr.(G) — Pr,(G")| < LlLTMTC<2|V| + Ry + R g + 2).

Theorem shows that a smaller R, implies greater robustness of the model explanations under
input perturbations. The proof is provided in Appendix [C.3] The cases for link prediction and graph
classification tasks are shown in Appendices and[B.§|

5 Method

Existing explanation methods compute the importance score F'(u, v) for each edge (u, v) to faithfully
explain model predictions. However, F'(u, v) fails to capture the sensitivity of edges to perturbations,
resulting in potentially non-robust explanations. Thus, we incorporate Ricci curvature x(u, v) and
effective resistance R(u, v) as the robust scores of edges. Let G; = (Vs, &) denote the explanation
subgraph and z(u, v) denote whether edge (u,v) is in &. To balance fidelity and robustness, we
define the following objective functions to select important edges,

x(u’g;zéﬁm}x(u, v) (F(u,v) + AC(u,v)), where C(u,v)= {’i(z;;),’v), @)
>z (uv)=|&s|
(u,v)EE

A is the parameter to control the trade-off between fidelity and robustness. Due to a negative
correlation between Ricci curvature and effective resistance (see Appendix [D.3)), we construct robust
explanations using each metric separately. For curvature-based explanations, we select edges with
higher F'(u,v) and k(u, v). For resistance-based explanations, we select edges with higher F'(u, v)
and lower R(u,v). A more robust explanation is obtained using Equation .

Computational complexity. The complexity of Ollivier-Ricci curvature is O(|€] - |V|?). Computing

effective resistance requires the pseudoinverse of L, which is computationally expensive. To address
this, we adopt an efficient approximation method based on solving linear systems of the form Lz = b
[43]], with a complexity of O(|&] - log(|V])).



6 Experiments

Datasets and tasks. We evaluate our method on three tasks across nine datasets: Cora, Citeseer, and
PubMed for node classification; BC-OTC, BC-Alpha, and UCI for link prediction; and MUTAG,
PROTEINS, and IMDB-BINARY for graph classification. Details are provided in Appendix [D.1]

Explanation methods. We consider six explanation methods: GNNExplainer, PGExplainer, GNN-
LRP, DeepLIFT, FlowX, and Convex. Details of these methods are provided in Appendix [D-4]

Experimental setup. For each dataset, we train a GNN on the training set according to the task. Two
GNN architectures are evaluated, with implementation details provided in Appendix We apply
six classical explanation methods to compute edge importance scores F'(u, v) and calculate Ricci
curvature and effective resistance for all edges. To determine the optimal X in Equation (7), we split
the explanation targets into training and test subsets. Optuna is used to tune A on the training subset,
which is then fixed on the test subset used in Equation (7). The selected A values for Ricci curvature
and effective resistance across methods and datasets are shown in Tables [T} [T2] [T3]and [T4}

Table 1: Relative error performance for robust explanations based on Ricci curvature. The €D in GNN is sum
operation. A higher value (1) indicates better performance. Blue highlights the best result.

Methods Cora Citeseer Pubmed BC-OTC BC-Alpha UCI MUTAG PROTEINS IMDB-BINARY
GNNExplainer 45%  -6.0% 0.5% 54.4% 70.1%  733% 2.2% 4.0% -0.2%
GNNExplainer+Curvature 16.0%  2.4% 2.6% 55.2% 70.5%  74.7%  5.1% 5.1% 1.5%
PGExplainer 2.7% 6.1% 2.6% 3.8% -0.3% -08% -2.8% 0.2% -12%
PGExplainer+Curvature  4.5% 8.4% 5.6% 6.4% 1.9% 1.9% 3.9% 2.6% 1.3%
Convex 84% 41.8% 32.5% 35.3% 60.2%  47.1%  0.4% -4.3% 8.1%
Convex+Curvature 159%  60.6% 37.7% 56.3% 71.2%  582%  5.6% 1.1% 12.3%
DeepLIFT 11.6% 15.8% 13.4% 0.3% -2.1% 11.1%  -2.5% 0.5% -0.5%

DeepLIFT+Curvature 16.7%  23.9% 14.6% 1.3% 1.9% 11.5%  1.4% 2.1% 1.9

GNNLRP 16.4%  -2.0% 19.4% 7.5% 5.1% 198% -1.1% 0% -2.7%
GNNLRP+Curvature 227%  6.2% 23.3% 9.1% 5.7% 24.4%  2.5% 1.5% 2.7%
FlowX 27%  30.6% 8.6% 18.3 % 3.5% 70%  -1.8% -3.1% 0.5%
FlowX+Curvature 7.8%  38.3% 17.5% 19.3% 4.3% 11.9% 13% 1.6% 1.8%

Table 2: Fidelity x 1, performance for robust explanations based on Ricci curvature. The € in GNN is sum
operation. A lower value (|) indicates better performance, with blue highlighting the best result.

Methods Cora Citeseer Pubmed BC-OTC BC-Alpha UCI MUTAG PROTEINS IMDB-BINARY
GNNExplainer 0.961  0.578 0.549 0.184 0245 0.093 0.177 0.068 0.284
GNNExplainer+Curvature 0.924  0.518 0.566 0.175 0.242  0.093  0.170 0.067 0.282
PGExplainer 1.762  1.341 0.715 0.537 0.447 0.400  0.227 0.048 0.351
PGExplainer+Curvature 1.754  1.339 0.726 0.537 0.447 0399  0.225 0.048 0.344
Convex 0.353  0.277 0.075 0.132 0.009  0.011 0.010 0.001 0.017
Convex+Curvature 0.340  0.273 0.073 0.053 0.008  0.010  0.008 0.001 0.021
DeepLIFT 1.020 0.481 0.277 0.178 0.134 0202  0.206 0.054 0.315
DeepLIFT+Curvature 0956 0473 0.304 0.177 0.133 0202 0.180 0.054 0.321
GNNLRP 0472 0.589 0.293 0.174 0.202 0234 0.116 0.033 0.303
GNNLRP+Curvature 0442 0572 0.276 0.173 0.201 0234 0.153 0.036 0.321
FlowX 0495  0.499 0.370 0.184 0.086 0244 0.174 0.051 0.298
FlowX+Curvature 0.489 0470 0.365 0.182 0.085 0244  0.171 0.051 0.301

Quantitative evaluation metrics. We adopt the robustness metric §* proposed in [40], defined in
Equation (2)), where lower values indicate more robust explanations. However, in some cases, 6* is
small and cannot significantly show difference across methods. We report the relative error, defined

Sean =0 where is the robustness of a randomly sampled explanation subgraph. A negative

as ranodm

élzmodm
relative error indicates worse robustness than the random baseline, while a higher value implies
stronger robustness by reflecting greater improvement over randomness. We also evaluate fidelity,
which quantifies how well the explanation subgraph preserves the model’s predictive distribution.

*
ranodm



Following [13] 29], we use the KL-based metric: Fidelity ., = K L(Pr(G)|| Pr(Gs)), where lower
Fidelity ;- ;, values suggest that G is important for model. More details can be seen in Appendix@

Table 3: Relative error performance for robust explanations based on effective resistance. The € in GNN is
sum operation. A higher value (1) indicates better performance. Blue highlights the best result.

Methods Cora Citeseer Pubmed BC-OTC BC-Alpha UCI MUTAG PROTEINS IMDB-BINARY
GNNExplainer 13.6% 32.0% 5.8% 19.8% 14.6%  41.6% 1.1% 0.9% 0.4%
GNNExplainer-Curvature 14.4% 36.5% 7.7% 25.6% 192%  50.7%  5.3% 2.3% 3.1%
PGExplainer -1.5%  0.5% 0.6% 1.7% 3.9% 11.3%  -3.9% 1.7% -1.8%
PGExplainer-Curvature  1.0% 1.5% 3.2% 11.6% 14.2% 254%  3.5% 2.2% 2.0%
Convex 409% 32.6%  212% 63.7% 56.9%  33.7% 1.7% -3.1% 43%
Convex-Curvature 46.0% 40.5%  29.1% 72.7% 583%  63.7%  4.7% 2.1% 5.6%
DeepLIFT 149%  5.5% 14.7% -3.4% 0.1% -3.8% -1.1% 0.9% -1.0%
DeepLIFT-Curvature 172%  19.5% 18.5% 0.3% 1.0% 1.5% 3.2% 1.8% 0.8%
GNN-LRP 579% 243%  43.7% 2.6 % 0.2% 1.9% 1.7% -0.9% -1.2%
GNN-LRP-Curvature  60.5% 255%  45.4% 6.0% 1.4% 2.3% 3.8% 0.7% 1.3%
FlowX 14.0% 123%  21.5% -2.5% 7.4% 39%  -2.9% -0.8% -0.9%
FlowX-Curvature 19.0% 133%  22.7% 25.5% 24.1% 5.3% 3.6% 0.2% 0.3%

Table 4: Fidelity x , performance for robust explanations based on effective resistance. The € in GNN is sum
operation. A lower value (|) indicates better performance, with blue highlighting the best result.

Methods Cora Citeseer Pubmed BC-OTC BC-Alpha UCI MUTAG PROTEINS IMDB-BINARY
GNNExplainer 1.163  0.557 0.516 0.219 0.335 0.200 0.189 0.050 0.293
GNNExplainer-Curvature 0.983  0.546 0.485 0.212 0.325 0.145  0.169 0.049 0.276
PGExplainer 1.573  1.521 0.695 0.254 0.433 0.392  0.199 0.054 0.297
PGExplainer-Curvature  1.506  1.262 0.690 0.246 0.391 0.404  0.190 0.052 0.258
Convex 0.195  0.165 0.071 0.011 0.001 0.046  0.108 0.001 0.012
Convex-Curvature 0.159 0.113 0.060 0.006 0.001 0.017  0.143 0.001 0.011
DeepLIFT 0.877  0.435 0.357 0.316 0.328 0.439  0.272 0.044 0.318
DeepLIFT-Curvature 0.833  0.457 0.361 0.314 0.326 0.449  0.258 0.044 0.320
GNN-LRP 0.096  0.257 0.397 0.304 0.317 0290  0.152 0.059 0.255
GNN-LRP-Curvature  0.073  0.228 0.367 0.302 0.315 0.340  0.153 0.058 0.262
FlowX 0.941  0.631 0.519 0.245 0.321 0.254  0.188 0.047 0.308
FlowX-Curvature 0.869  0.632 0.518 0.202 0.357 0269  0.178 0.046 0.307

Table 5: Relative error performance for robust explanations based on Ricci curvature. The € in GNN is mean
operation. A higher value () indicates better performance. Blue highlights the best result.

Methods Cora Citeseer Pubmed BC-OTC BC-Alpha UCI MUTAG PROTEINS IMDB-BINARY
GNNExplainer 11%  1.1% 2.0% 24.9% 12.2% 21%  -2.5% -0.3% 0.2%
GNNExplainer+Curvature 4.8%  6.8% 5.5% 27.9% 13.5% 5.3% 1.3% 0.5% 0.6%
PGExplainer -0.6%  -0.2% -0.7% -0.5% -1.7% -1.1%  -0.3% -0.2% 0.9%
PGExplainer+Curvature 2.4% 2.4% 1.2% 1.8% 0.5% 0.9% 0.9% 0.5% 0.3%
Convex 234%  -3.6% 4.6% 14.0% 2.3% 9.5% 0.5% -4.3% -0.5%
Convex+Curvature 37.9% 10.8% 11.3% 16.8% 3.5% 16.7%  3.2% 1.1% 0.2%
DeepLIFT -0.1%  55.3% 14.9% -0.9% -2.3% 0.8%  -0.2% 0% -1.8%
DeepLIFT+Curvature 1.7%  67.9% 19.8% 0.4% 0.5% 1.7% 0.3% 2.2% 1.0%
GNNLRP 20.2%  8.9% 10.3% 22.9% 22.8%  -22% -0.5% -0.7% 0.3%
GNNLRP+Curvature 224% 13.7% 14.2% 23.5% 26.6% 3.6% 1.7% 0.2% 0.8%
FlowX 70%  6.8% 6.8% 0.4% -0.6% -1.6% 0.6 % -0.2% 0.1%
FlowX+Curvature 7.6%  1.9% 8.1% 1.7% 0.2% 0.7% 1.1% 0.3% 1.3%

Performance evaluation and comparison. We report the relative error and fidelity of explanations
under different aggregation functions in GNNs. If the € is sum operation, the corresponding results
are presented in Tables for relative error, and Tables |7_l| for fidelity. If the €p is mean operation,
results are shown in Tables[5|and [7] for relative error, and Tables[6and [§]for fidelity. Across all datasets
and methods, curvature- and resistance-based explanations consistently improve robustness. In terms



Table 6: Fidelity k1. performance for robust explanations based on Ricci curvature. The € in GNN is mean
operation. A lower value (/) indicates better performance, with blue highlighting the best result.

Methods Cora Citeseer Pubmed BC-OTC BC-Alpha UCI MUTAG PROTEINS IMDB-BINARY
GNNExplainer 1.458  1.361 0.162 0.176 0.099  0.063 0.153 0.034 0.241
GNNExplainer+Curvature 1.393  1.372 0.149 0.175 0.098  0.063  0.150 0.032 0.235
PGExplainer 1.647  1.534 0.581 0.209 0.110  0.054 0.156 0.025 0.249
PGExplainer+Curvature  1.664  1.483 0.582 0.206 0.109  0.053 0.146 0.024 0.243
Convex 0.086  0.005 0.002 0.033 0.007  0.001  0.015 0.001 0.011
Convex+Curvature 0.029  0.002 0.002 0.030 0.004  0.001 0.019 0.001 0.011
DeepLIFT 1.012  0.291 0.270 0.193 0.089  0.050 0.143 0.040 0.302
DeepLIFT+Curvature  0.992  0.260 0.270 0.192 0.089  0.049 0.126 0.040 0.301
GNNLRP 0.531  0.633 0.193 0.091 0.022  0.011 0.162 0.034 0.231
GNNLRP+Curvature 0470  0.529 0.176 0.104 0.023  0.013 0.173 0.034 0.229
FlowX 1.276  1.164 0.466 0.190 0.081 0.054  0.161 0.039 0.253
FlowX+Curvature 1267  1.164 0.466 0.190 0.081 0.054  0.160 0.038 0.249

Table 7: Relative error performance for robust explanations based on effective resistance. The € in GNN is
mean operation. A higher value (1) indicates better performance. Blue highlights the best result.

Methods Cora Citeseer Pubmed BC-OTC BC-Alpha UCI MUTAG PROTEINS IMDB-BINARY
GNNExplainer 08%  0.6% 1.1% 22.0% 7.4% -0.7%  0.3% -0.2% -0.1%
GNNExplainer-Curvature 4.0% 3.8% 5.6% 23.8% 8.3% 2.8% 2.3% 0.2% 0.2%
PGExplainer -0.6%  23% 5.0% -0.8% -0.4% 1.1%  -43% 0.1% -0.2%
PGExplainer-Curvature  3.7% 4.1% 5.6% 2.1% 3.3% 2.1% 1.4% 0.5% 0.2%
Convex 20.6% 20.5% 1.1% 17.8% 10.7%  -2.6%  0.7% -0.9% 1.3%
Convex-Curvature 22.8% 28.9% 2.5% 19.9% 15.5% 3.1% 1.7% 2.9% 2.3%
DeepLIFT 163% 19.8%  23.5% -0.5% -43%  -06% -1.3% -0.6% 0.0%
DeepLIFT-Curvature 259% 21.5% 27.6% 0.8% 0.6% 1.5% 1.2% 0.3% 0.4%
GNN-LRP 199% 12.8% 11.8% 25.8% 14.1% 1.1% 3.7% -0.3% 0.3%
GNN-LRP-Curvature  25.5% 18.2% 17.6% 30.7% 15.5% 27%  4.9% 0.4% 0.6%
FlowX 71%  02% 6.3% 1.0% 0.8% -19%  0.3% 0.1% 0.7%
FlowX-Curvature 8.5% 2.9% 7.4% 2.1% 2.6% 1.7% 2.9% 0.3% 0.9%

of fidelity, Ricci- and resistance-based explanations match or exceed the base explanations in 85% and
80% of cases, respectively, under the mean aggregator, and in 83% and 80% of cases under the sum
aggregator. The impact of robustness enhancement on fidelity varies by method. For GNNExplainer,
robustness improvements do not clearly reduce fidelity. However, for GNN-LRP and FlowX, fidelity
may decline, especially when importance scores are uniform across edges, causing curvature or
resistance to dominate selection and shift the explanation away from the model’s original behavior.
While improving robustness may slightly affect fidelity, the trade-offs are generally acceptable.

Table 8: Fidelity x 1, performance for robust explanations based on effective resistance. The € in GNN is
mean operation. A lower value (].) indicates better performance, with blue highlighting the best result.

Methods Cora Citeseer Pubmed BC-OTC BC-Alpha UCI MUTAG PROTEINS IMDB-BINARY
GNNExplainer 1.565  1.349 0.477 0.205 0.125  0.065 0.145 0.034 0.263
GNNExplainer-Curvature 1.422  1.263 0.446 0.203 0.123  0.065 0.135 0.033 0.262
PGExplainer 1.606  1.455 0.560 0.343 0.158  0.065 0.181 0.034 0.235
PGExplainer-Curvature 1.602  1.452 0.558 0.343 0.157  0.065 0.157 0.034 0.233
Convex 0.049  0.054 0.014 0.020 0.007  0.015  0.004 0.001 0.002
Convex-Curvature 0.052  0.051 0.011 0.017 0.006  0.016  0.004 0.001 0.002
DeepLIFT 0.825  0.846 0.387 0.199 0.084  0.055 0.240 0.035 0.227
DeepLIFT-Curvature  0.806  0.849 0.397 0.199 0.084  0.055 0233 0.035 0.226
GNN-LRP 0.568  0.802 0.317 0.034 0.027  0.101  0.133 0.034 0.202
GNN-LRP-Curvature  0.499  0.610 0.277 0.033 0.026  0.101  0.139 0.035 0.205
FlowX 1325 1.193 0.423 0.288 0.141 0.068  0.162 0.037 0.246
FlowX-Curvature 1298  1.178 0.413 0.296 0.143  0.068  0.157 0.037 0.249




Ablation analysis. To evaluate the impact of A on explanation robustness and fidelity, we compute
the differences in relative error and fidelity between the curvature-based and original methods across
various datasets, methods, GNN architectures, and A values. A positive difference in relative error
suggests enhanced robustness, while a negative difference in fidelity implies an improvement in
explanation fidelity relative to the original method. The results are in Figures [3] [6] [7} and [§] (in
Appendix). Results show that on some datasets, regardless of whether the GNN uses mean or sum
aggregation and across different values of ), leveraging Ricci curvature and effective resistance yields
more robust and faithful explanations.

GNNExplainer Ricci curvature+GNNExplainer PGExplainer Ricci curvature+PGExplainer
Convex Ricci curvature+Convex DeepLIFT Ricci curvature+DeepLIFT

GNN-LRP Ricci curvature+GNN-LRP FlowX Ricci curvature+FlowX
ow.

Figure 2: The green node denotes the target node to be explained, and yellow edges indicate the selected
important edges. Titles with “Ricci curvature+” indicate that the explanations are curvature-based explanation.

.\.

Running time and case study. We report the runtime for computing Ricci curvature and effective
resistance on three large datasets (details in Table[T0). Results are shown in Figures [3]and @} Ricci
curvature takes 3.5 seconds for over 15,000 edges, while effective resistance takes about 80 seconds.
These times are acceptable. Visualization results are shown in Figure[2] Explanations considering
Ricci curvature tend to select edges forming triangular structures, leading to greater robustness.

7 Conclusions and Limitations

We are the first to explore the relationship between the robustness explanations and graph curvatures.
We theoretically prove that minimum Ollivier-Ricci curvature and averagr effective resistance can
bound the robustness of model predictions and explanations. We use Ricci curvature and effective
resistance as robustness scores to obtain roust explanations. Our method is agnostic to specific GNN
explanations. Empirically, it consistently improves robustness over six baselines across nine datasets
spanning node classification, link prediction, and graph classification, while also improving fidelity
in 80% of cases and achieving up to a 10% relative gain in robustness. As a limitation, our analysis
focuses the robustness of explanations under structural perturbations, extending it to feature-space is
a promising direction for future work.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction outline the primary contributions. We investi-
gate the connection between two geometric edge properties, curvature and resistance, and
explanation robustness.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: The only noticed limitation of the work is discussed in Sec
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]
Justification: The complete proofs for the theoretical result are in Appendix [C]
Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: All the information needed to reproduce all the experimental results are
disclosed in Appendix

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]
Justification: After the paper is accepted, the code and data will be open source.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.
* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).
* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: The relevant information is disclosed in Appendix [D]
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: Table 5] [6] [71 [8] [T} [2] [ and [4] report the results.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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8.

10.

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: The relevant information is disclosed in Appendix [D.2]

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: The research conforms with the NeurIPS Code of Ethics.
Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This paper presents work whose goal is to advance the field of Machine
Learning. There are many potential societal consequences of our work, none which we feel
must be specifically highlighted here.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: The original papers for the datasets are cited properly.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: No, we did not use any large language models (LLMs) in the development of
the core methods described in this paper.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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Technical Appendices and Supplementary Material

A The definition of robustness explanations on link prediction and graph
classification tasks

Definition A.1. Given an input graph G and explanation G; = (Vs, &), we construct a perturbed
graph G’ = (V',£’) by adding and/or deleting edges not in £s. The robustness of explanation on
graph classification task is defined as:

6" =Eg/[Pr(G)e — Pr(G')c| s.t. ¢ = argmax Pr(G);, & C &’

where ¢ denotes the predicted class of original graph G. Pr(G); and Pr(G’); denote the probability of
graph G and G’ for given class 7. Lower value indicates greater robustness of the explanation.
Definition A.2. Given an input graph G and explanation G; = (Vs, &), we construct a perturbed
graph G’ = (V', £’) by adding and/or deleting edges not in &;. For target edge (u, v)), the robustness
of explanation on link prediction task is defined as:

0 = ]Eg’|Pruv(g)c - Pruv(g/)c| s.t.c= arg maX Pruv(g)ia 55 g g,

where ¢ denotes the predicted class of original graph G. Pr,,,(G); and Pr,,,(G’); denote the probability
of edge (u,v) on graph G and G’ for given class i. Lower value indicates greater robustness of the
explanation.

B Theorem

B.1 The Ricci curvature and model prediction robustness on link prediction task.

Theorem B.1 (Curvature bounds the robustness of model predictions in link prediction). Given
G=0W,8),G =V, E&) andthe T layer model. For u,v, let G, = (Vy v, Eu,v) denote the denote
the union of T-hop subgraphs of v and v. Assume that there exists a constant o' > 0 such that for
edges (u,v) € &, v, the curvature is bounded by k(u,v) > o > 0. Let /3’ be the maximum degree of
nodes in the T-hop subgraph of node u for both the original graph G and the perturbed graph G'.
Letn = L1 LT M™TC. Then, the following inequality holds

If &P is the sum operation,
T

|Pru.(G) — Pruv( )| < fﬁ(ZZ 1+5) (1+ﬂ/)T1(26/(1a/)+4ﬂ/)).

1=2

If & is the mean operation,

Pr(G) — Pr(G ><fn(2T 14 + 30

TI)) +4(T — 1)5’).

B.2 The Ricci curvature and model prediction robustness on graph classification task.

Theorem B.2 (Curvature bounds the robustness of model predictions in graph classification). Given
g V,€), G = (V', &) and the T layer model. Let V=|V'|. Assume that there exists a constant
o' >0 such that for all edges (u,v) € &, the curvature is bounded by k(u,v) > o > 0. Let 3 be
the maximum degree of nodes in the T-hop subgraph of node u for both the original graph G and
the perturbed graph G'. Let n = L1 LT MTC. Then, the following inequality holds for the graph
classification task,

If & is the sum operation,

T
IPr(G) — Pr(G |<n<Z2 (148)" (1+5’)T‘1(25’(1—o/)+45’)>.

If @ is the mean operation,

3(1

Pr(g) — Prig)| < n(27 (a5 + L2 e - ).
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Proof.

/ Zu " Pru(g) Zu (G Pru(g’)
|Pr(G) — Pr(G")| = EN, r;)‘ _ ZueN, (|gV)|

Pr.(G) — Pr, (G’
T Pru(9) (D]

< max_|Pr,(G) — Pr,(G")].

weN (@) V| uEN(9)
According to the Theorem and for all edges (u, v) € &, the curvature is bounded by x(u,v) > o/,
thus, the above inequality holds. O

B.3 The Ricci curvature and model explanation robustness on link prediction task.

Theorem B.3 (Ricci curvature bounds the robustness of explanations on link prediction task).
For edge (u,v), suppose that Gs = (Vs, ;) is the explanation subgraph of Pry,(G). Let G' =
V', &), Es C &' denote perturbed graph by adding and/or deleting edges not in E,. Let as denote
the minimum r(u, v), such that for edges (u,v) € Es, the curvature is bounded by k(u,v) > a, > 0.
n = L LTMTC. Let B' be the maximum degree of nodes in the T-hop subgraph of node u for
both the original graph G and the perturbed graph G', and 35 be the maximum degree of nodes in
explanation graph G. Then,

If &P is the sum operation,

T .
Pru(G) = Pru(@)] < ﬁn((l +8:)" T (2B,(1— ) +4B,) + Y (287 +2) (1 + ﬁS)T’)

=2

If @ is the mean operation,

Pru(G) — Pru(g)] < x/in(QT—l(zLﬁs + M) +4(T - 1) +2(T - 1)).

S
B.4 The Ricci curvature and model explanation robustness on graph classification task.

Theorem B.4 (Ricci curvature bounds the robustness of explanations on graph classification task).
Suppose that G, = (Vs, Es) is the explanation subgraph of Pr(G). Let G' = (V',£’),Es C &' denote
perturbed graph by adding and/or deleting edges not in E. Let cus denote the minimum k(u,v), such
that for edges (u,v) € Es, the curvature is bounded by r(u,v) > as > 0. n = L1 LT MTC. Let '
be the maximum degree of nodes in the T'-hop subgraph of node w for both the original graph G and
the perturbed graph G', and B, be the maximum degree of nodes in explanation graph Gs. Then,

If &P is the sum operation,

[Pru(G) = Pru(G1)] < ’I((l +8:)" (281 — o) +4B,) + Y (287 +2)1(1+ ,BS)T‘Z')

i=2
If &@ is the mean operation,

Pru@) ~ Pru@)l < (27 (15, + 202 2)) aer - g o - ),

S

B.5 The Effective Resistance and model prediction robustness on link prediction task.

Theorem B.5. Given G = (V,&) and G' = (V', ') and the T layer model. For (u,v), let G, , =

— 2 R v
Viuws Eun) denote the union of T-hop subgraphs of uw and v. Let R,, = Ztaween, fav denote the
s Eu, p subgrap T

average effective resistance of edges in G, . Let N = |V, |, and ~y denote the maximum eigenvalue of

A. Let dppipn, = min,ey, , deg(v). Letn = Ly LTMTC. Whether @ is the mean or sum operation,
the following inequality holds for the link prediction task

) _ 2
IPrus(§) = Pruun(6)| < \/5’7(2“3” * dm<1w)

22



B.6 The Effective Resistance and model prediction robustness on graph classification task.

Theorem B.6. Given G = (V,&) and G' = (V',E') and the T layer model. Let R,, = W

denote the average effective resistance of edges in G,,. Let N = |V,,|, and ~ denote the maximum

eigenvalue offl. Let dpin, = min, ey deg(v). Let n = Ly LT MTC. Whether @ is the mean or sum
operation, the following inequality holds for the graph classification task

[Pr(G) —Pr(¢")| < ”(W tR dmfl—w) '

B.7 The Effective Resistance and explanation robustness on link prediction task.

Theorem B.7 (Robustness of explanations on link prediction task). For edge (u,v), suppose that
Gs = (Vs, &) is the explanation subgraph of Pry,(G). Let G' = (V' "), Es C &' denote perturbed

(9,v)EEs

= Rg,» .
graph by adding and/or deleting edges not in E;. Let Ry = Z‘gilq denote the average effective

resistance of edges in Gs, and d,,;,, = min,cy, deg(v). Let vy denote the maximum eigenvalue of A
Whether @ is the sum or mean operation, then,

) _ 2
Prun(Fs) = Prun(d)] < ﬁﬂ(” B e 2>'

B.8 The Effective Resistance and explanation robustness on graph classification task.

Theorem B.8 (Robustness of explanations on graph classification task). Suppose that G; = (Vs, Es)
is the explanation subgraph of Pr(G). Let G' = (V', "), Es C &' denote perturbed graph by adding

. . = ees Rayv . .
and/or deleting edges not in E;. Let R = E(qf# denote the average effective resistance of

edges in G, and d = min, ey, degree(v). Let v denote the maximum eigenvalue of A. Whether
@ is the sum or mean operation, then,

IPr(Gs) — Pr(G")| < n(2N + R, + ﬁl—v) + 2>.
C Proofs
C.1 Proof of Proposition 4.2]
Proof.
|1, (G) = hL(G1)] < [RL(G) — Ry ()| + [hi (@) — R (9)] @®)

if € is the sum operation,

h(G) LG < L| Y dulhiH(G) = Y ulhiH(9))

peNu qENv

=L > wuhlN@) - Y n(rG)

PENL\N, GENL\Ny,

<L Y |kl NG)

PENL AN,

In [22], the curvature holds the following inequality INWON| > k(u,v). Then,

max(m,n)
INDWL] < MW =+ 1 — [Ny NN, | — 2 < — nk(u,v).
The symmetric difference N, A N, satisfies
W & Ny| = [(N\W) U NG\ < 2(1 = K(u,v))n. ©)
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Thus, |hL(G) — hl(G)] < 2n(1 — k(u,v))LCM. The second part of Equation (8) is
|RL(G") = hi(9)]

<Ll Y ¢t1<h§;1(g’))— > ¢t1<hf1_1(g))|

peENL(G) qeNL(9G)

_|_

<L > T (h;—l(g’)>

PENW(G)\No(9)

)

GENL(G)\ Ny

e (o) o)
peNu(g/)va(g)

< |NuW(G') A N(G)| LCM + 2n' LOM
<4n'LCM

+

B = maz(n,n’), thus we can obtain the following equation:

|hL(G") = hl(G)| < 2n(1 - k(u,v)) LCM + 4n' LCM < 23(1 — o) LCM + 4BLCM (10)

if @) is the mean operation, in [22]], we can obtain the following equation:

1(0) RG] < 1| S Tu(rG) — X (N (G)

pEN., qeEN,
S (1—1) (1 (9))]
p
PENLNN, m n

Y taeren - Y Lumito)

peNu\Nv quv\Nu

We have n,m > [N, NN, | > k(u,v)n.

1
m

Then,

1 — k(u,v) 1
W SR <D Y E S by ALY e ()|
u v — P p
VAN, K(u,v)n DTN, K(u,v)n
1 — k(u,v) 1
<In—————=CM + 2(1 — L
= k(u,v)n CM +2(1 = wlu, v))n K(u,v)n

< (1 - k(u, U))LCM(K;(E,U))
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The second part of Equation (8) can be rewritten as

|hL () — hL(G)|

<L| Y i,wtl<h§,—1(G’)>— > ;wtl(hé‘l(g))

PENL(G') qENL(9)

AN ;wtl(h;*(g’)) DY ;zbtl(hé‘l(g))

PENL(G)\N(G) qENL(G)\Nu(G")

+ Z (;%1(’121(9/)) - ;Ml(hﬁzl(g)))

PENL(G)NNL(G)

<ZPEN“(Q//)\N“(Q)LCM I ZQEN“(Q)\N“(Q/)LCM +2LCM
n m

LOM +2LCM
<4LCM "
Thus,
|nl(G") — Rl (G)] <(1 - ﬁ(um))LCM(H(iU)) +4LCM (an
S(1 —a)3LCM L 4BLOM
gLCMﬁazl + g1()) 12)
O

C.2 Proof of Theorem

Proof. If € is the sum operation, and suppose that the GNN has two layer, then,

Pru(G) — Pru(G")] < L1 |h3(G) — hi(G)]

<LLM|hL(G) —hL(@G)+ Y. hi(@) - Y hlg)
VENL(G) vENL(G)

ngLM(!h,a(g)—ht(g’)H > m@+| > (@)
VENW(G)\Nu(G') VENL(G)\Nu(9)

S (hi<g>—hi<g’>>)
VENL(G)NNL(G)

SLlLM(yhag)—haw’)H )R SR H ()

VENL(G)\Nu(G') PEN,(9)

X Y oR@) | X (hi(@—hiw’»)

VENL(G')\Nu(G) PEN,(G') VENL(G)NNL(9)

o is the minimum curvature of all edges (u,v) € &,, and ' is the maximum degree of nodes in the
T-hop subgraph of node u for both the original graph G and the perturbed graph G’. According to
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Equation (T0),
|Pr.(G) — Pru(g/)l

§L1L2M20(26/(1 —O/)+45/+5/2+5/2+5/<23/(1 _a/)+46/)>

<L, L*M*C ((1 +4") (25'(1 —a)+ 45’) + 25’2>

Similarly, If the GNN has the T layer, then,
IPr.(G) — Pru(G))| < Ly |R(G) — hL(G)|

(@K@ | Y ate - Y A
VENL(G)\Nu(G) VENL(G')\Nu(G)

Y we-se))
VENL (G )NNW(G)

T
SLlLTMTC<<1 + B/)T_l (Qﬂ/(l _ Oé/) + 4ﬁ/) + 225”(1 + 6/)T—z)
i=2
If P is the mean operation, and suppose that the GNN has two layer, and n’ > n > m, then,
Pry(G) — Pru(G')| < L1 |h%(G) — h2(F)]

1 1 1 1 / 1 1 1 1 /

Y e

VENL(GWNu(G)

L 1 Loy 11
HoY el Y e e - Drien))
UENu(g/)\Nu(g) '“ENu(g/)nNu(g)
< LM(‘l(hl(g)hl(g'))‘Jr oL+ Y Ly Lwyg
<Ly L u n e n m
VENL(G)\Nu(G')  DPENL(G)

1 1
+ Z Y Z ﬁhg(g/)
vENL(G')\ N (9) peENL(G)
1
) )

S|

1
+ ST S (k@) - hi(G) +(
vENL (G )NNL(G)

Let o be the minimum curvature of all edges (u,v) € V,, and 3’ be the maximum degree of nodes
in the T-hop subgraph of node u for both the original graph G and the perturbed graph G’. According

to Equation (12)
Pru(G) — Pru(@")]

n

3(1—da)

<L L*M?*C (2 (46’ + 3(1;‘”) + 46’)
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Similarly, If the GNN has the T layer, then,

éLlLTMTC<2T1(4ﬂ/+ 3(1;/0/)) 4T - 1)5/)

C.3 Proof of Theorem [4.4]

Proof. G5 = (Vs, &) is the explanation graph. G’ = (V', £’) is the perturbed graph, where £ C &,
obtained by adding or removing edges not in &;. Then,

[Pru(G) — Pru(G")]
S |Pru(g) - Pru(gs)| + |Pru(gs) - Pru(g/)|

if € is the sum operation, suppose that the GNN has two layer, and let a5 be the minimum curvature
of all edges (u,v) € &, and /3’ is the maximum degree of nodes in the T-hop subgraph of node u
for both the original graph G and the perturbed graph G’. 3, is the maximum degree of nodes in
explanation graph G,. Then,

Pru(Gs) — Pru(G')| < L ‘hz(QS) - hi(g/)’

<LiLM |hL(G) —hLG) + Y hiG) - > RriG)
vENL(Gs) vENL(G)

<L1LM(|h;<gs>—h;<g’>\+ )RR E D SR
’L)E/\/u(gs)\/\[u(g/) ’UEMJ,(g/)\ML(gS)

S (hi(g»—hi(g’)))

’Ue-/\/u (g/)m-/\[u (ge)

<L1LM< |hi(Gs) — hi(G)] + > > k(G

VENL(Gs)\Nu(G") PEN, (Gs)

> Y on@)| X (hi(%)—hi(g’)))

VENW(G)\Nu(Gs) PENL(G') VENW(G/)NNu(Gs)

§L1L2M20<265(1 —as) +485 + BB + B + Bs (265(1 —as) + 4&))
SLILQMQC ((1 + IBS) (255(1 - as) + 468) + ﬂsﬁ/ + B/2>

<L L*M?*C ((1 + Bs) (255(1 — ) + 4&) + 2ﬁ’2>

Thus,

IPru(G) — Pru(G)]
< |Pru(g) - Pru(QS)‘ + |Pru(g8) - Pru(g/”

<L L*M?C ((1 + Bs) <26s(1 —a,) + 453) +267% + 2)
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Similarly, If the GNN has the T layer, then,
IPru(G) — Pru(g")]

T
<L1LTMTC<(1 +85)" T (2B6(1 — ) +48,) + D (287 +2) (1 + ﬁs)“)
i=2
If P is the mean operation, and suppose that the GNN has two layer, n’ > n > m, and let o be
the minimum curvature of all edges (u,v) € &, and 8’ is the maximum degree of nodes in the T-hop
subgraph of node u for both the original graph G and the perturbed graph G’. 3, is the maximum
degree of nodes in explanation graph G;. Then,

|Pru(g8) - Pru(g/” <Ly ’hi(QS) - hi(g/”
<L, LM | hi(G) - Lhig) + > hl(g.) - > ~hY(@)
>4 n U S n/ u n v S n/ v
VENL(Gs) vENL(G")

> ohiE)

VENL(Gs)\WNu(G")

1 1 1 1 / 1 1 1 /
<ra20r( | 1h4(G) ~ ThL@) + (3~ ko) +

n

hy(G)) )

1
n

1 1 1 1
X @] > (GG - Sh@)+ (-
VENL(G)\WNu(Gs) VENL(G)NNL(Gs)

<L1LM< ’i(hi(gs) - hi(g’))‘ +

LD DI SR (Y

n
VENL(Gs)\WNu(G)  pEN,(Gs)

D DR ()

VENW(GON(G) " pENI(G)

o Lnl@o - ni@)) +(

n
UENu(g/)nNu(gs)

S S

<L [2M?C (2 (4ﬁs + 3(1;0‘)) + 46’)

§L1L2M20<4ﬁs + @ B +28 428 + @ + m)

Thus,
|Pru(g) - Pru(g/”
S |Pru(g) - Pru(gs)l + |Pru(gs) - Pru(g/)|
<L L*M?*C (2 (455 1 M) 148 + 2)
Similarly, If the GNN has the T layer, then,
Pru(G) — Pru(G')]
<...

§L1L2M20<2T1 (455 + W) FA(T - 1B +2(T - 1)) :

C.4 Proof of Theorem

Proof. let Bi(u)(G) = {v €V :dg(u,v) <t}. R, = W,
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If P is the sum operation, then,
IPru(G) — Pru(G")| < Ly | (G) — hL(G")]

SLILM| > Awhl™'G) - > ALhITHG)
vENL(G) vENL(G')
S ......
SLILTMT| ST e YT Ay Awhd(G) = D e Y AL ARG
pEN;(G) veENL(G) pEN;(G’) veNL(G')
T T T T
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pEBr (u)(9) pEBT (u)(G')
S Z Azj;u_ Z A;};-i-Ru
pEBr (u)(9) pEBr (u)(G")
.
1 1 T 1 1
S I, Y (I,
" V]

If & is the mean operation, then,

Pru(G) — Pru(@)| < Lu |hy (G) — hi ("))

<SLILM| > Anhl7G) - > ALhTTHG)
vENL(G) vENL(G")
<L,L>M? Z Z Ap Ay hT2(G) — Z Z Al A RT2(G))
1€ENL(G) vENL(G) i€NL(G") veENL(G')
S ......
SLETMT| S Y Ay Anhl©) Y YD A AR
PEN;(G)  vENL(G) PEN;(G')  wENWL(G)
<L, L"M"c| >y AL - > AT
pEBr (u)(9) pEBr (u)(9")
T T AT AT D, D,
<L, L"M"C AL - > AL +R.—R,
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SIS SR D D R 3
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1 1 T+ 1 1
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Let v denote the maximum eigenvalue of A. We can bound the last term in the above equation using
the Courant-Fischer Theorem, which says for a symmetric matrix B with maximum eigenvalue
and any vector x, one has that 27 Bz < 27z - |y|. Then, we have that

-
[ S R (11 — L
> (goey (@% WULJ) L (\ELJ mlv)

V|
- Xgmevla +3,) X2
- |V|
S awev(s + )=
< |Zlaey |C§;| d /1y (asvy € (—1,1))
2 1
7dmin 1 -7

Thus, whether € is the mean or sum operation, we can obtain the following inequality,

_ 2 1
IPru(G) — Pru(G")] < LlLTMTC<2|V| + Ry + o= 1—7)

C.5 Proof of Theorem

Proof. Let By(u)(Gy) = {v € V, : dg(u,v) < t}. R, = Ztemcea o
|Pr.(G) — Pru(gl)| < |Pru(G) — Pry(Gs)| + [Pru(Gs) — Pru(g/)l
If &P is the sum operation, then,

|Pr.(Gs) — Pru(g/)| <Ly |hg(g8) - hf(g/”

SLILM| Y Anhl7'G)— > ALKITHG)
vENL(Gs) veENL(G')
SLPMP | YT > A Awh! TG - D Z qu,A;uth 2(G"
1ENL(Gs) vVENL(Gs) 1€ENL(G') vENL(G
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<, L"mTc| YAl - YAl
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<, L"mTc| Y oAl - Y Al +R.-R,
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S S SR e )
pEBr (u)(Gs) pEBr (u)(G")
.
S I 7+ 1 _ 1
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If P is the mean operation, then,

|Pr.(Gs) — Pru(g/)| <Ly |h5(g5) - ha:f(g/”

SLlLM Z AvuhT 1 Z Ai)uh;z; 1 )
VENL(Gs) vENL(G")
§L1L2M2 Z Z Aiq)AuuhZﬂ_z(gs) - Z Z A;vAgjuh;T 2(g )
1ENL(Gs) VENL(Gs) 1ENL(G") vENL (G
<eennnn
SLlLTMT Z tee Z Apj e Aivﬁvuhg(gs) - Z Z A A, A;Juh‘zT 2(g )
PEN;(Gs)  vENL(Gs) PEN;(G)  vENL(G')
<, n"MTc| Y AL - Y AT
pEBr(u)(9s) pEBr(u)(9)
<L TMTe| S AL - Y AL 4R R,
pEBr(u)(9s) pEBT(u)(G")
< ¥ A Y AR
pEBr(u)(Gs) pEBT(u)(G")
T
S I 7+ 1 _ 1
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i VI

Let v denote the maximum eigenvalue of A. We can bound the last term in the above equation using
the Courant-Fischer Theorem, which says for a symmetric matrix B with maximum eigenvalue ~y
and any vector x, one has that 27 Bz < 2Tz - |y|. Then, we have that,

T
1 1 T+ 1 1
Z(q,U)EV (\/alq - mly) L <\/£Zlq - m1u>
VI

Z(q,v)ev(i + )X

IN

V|
Y gmer(E + )
< (q,0)EV |c§j| d, ) T—~ (asvy € (—1,1))
2 1
< —
_dmin 1 -
Then,
_ 2 1
IPru(Gs) — Pru(G")] < LlLTMTC<2V| + R+ 17)
Thus,

_ 2 1
IPry(G) — Pr,(¢')] < LlLTMTC(2|V| FRA Tt 2>
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D Experiments

D.1 Datasets

Node classification datasets: Cora, Citeseer, and PubMed [1]] are citation networks. Each node
represents a paper with a bag-of-words feature vector, connected by citation relationships. The task is
to predict each paper’s research area. Link prediction datasets: BC-OTC and BC-Alpha are trust
networks of Bitcoin users on a trading platform. UCI is a social network of University of California,
Irvine students, where links represent sent messages between users. Graph classification datasets:
MUTAG [44] represents atom graph, with edges between bounding atoms. PROTEINS represents
protein structures, where nodes are amino acids, and edges form if the distance between nodes is
less than 6 A apart. The graph label indicates whether the protein is an enzyme. IMDB-BINARY is
movie collaboration dataset. Each graph corresponds to an ego-network for each actor/actress, where
nodes correspond to actors/actresses and an edges indicate two actors/actresses co-appearances in
movies. The details of data are in Table [0]

Table 9: The details of datasets

Datasets | Nodes(Avg. Nodes) | Edges(Avg. Edges) | task

Cora 2,708 10,556 node classification
Citeseer 3,321 9,196 node classification
PubMed 19,717 44,324 node classification

BC-OTC 5,881 35,588 link prediction

BC-Alpha 3,777 24,173 link prediction

UCI 1,899 59,835 link prediction
MUTAG 17.93 39.6 graph classification
PROTEINS 39.1 145.6 graph classification
IMDB-BINARY 19.8 193.1 graph classification

D.2 GNN models

We trained two 2-layer GNNs, one with element-wise sum and the other with mean as the aggregation
function. For node classification, h,(G) is mapped to the class distribution through the softmax
function. For the link prediction, we concatenate h,,(G) and h,(G) as the input to a linear layer
to obtain the logits, which are then mapped to the probability of the existence of the edge (u, v).
For the graph classification task, the average pooling of h, (G) across all nodes in G can produce a
single vector representation h(G) for classification. It is mapped to the class probability distribution
through the softmax function. During training, we set the learning rate to 0.01, the dropout rate to 0.5
and the hidden size to 16. The model is trained and then fixed during the explanation stages. Our
experiments were done on a CPU with a kernel size of 32GB.

D.3 Quantitative evaluation metrics

For the night datasets, we randomly select nodes, edges, and graphs as target sets. For each target,
given a sparsity level of 0.9, we apply our method to generate robust explanations. As baselines,
we include random explanations (via randomly selected edges) and base explanations produced by
six existing GNN explanation methods. We then create 300 perturbed graphs to evaluate J,. for four
types of explanations: base, random, Ricci curvature-based, and effective resistance-based. For each
target, we compute the relative error and Fidelity - ; and report their averages over all target sets.

D.4 Explanation Methods

GNNExplainer learns edges masks by maximizing the mutual information to explain GNN pre-
dictions. PGExplainer learns approximated discrete masks for edges to explain the predictions.
GNN-LRP utilizes the LRP back-propagation attribution method to GNN, attributing class prob-
ability to input neurons. DeepLIFT attributes the log-odd between two probabilities and uses a
summation function to obtain contributions of edges. FlowX applies the Shapley value to derive
initial contributions of message flows, then trains these scores with loss functions and maps them to
edges. Convex designs a convex objective function to approximate the KL divergence and obtains
the important edges by solving convex optimization.
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D.5 The details of three large datasets

For the Pubmed, Coauthor-Computer, and Coauthor-Physics datasets, the statistics are summarized
in Table[T0l

Table 10: Three large graph datasets

Datasets | Classes | Nodes | Edges | Edge/Node | Features
PubMed 3 19,717 44,324 2.24 500
Coauthor-Computer 13 18,333 327,576 17.87 6,805
Coauthor-Physics 2 34,493 991,848 28.76 8,415

D.6 The ) values across methods and datasets

When the €p is the mean function, the selected A values for Ricci curvature and effective resistance

across methods and datasets are reported in Tables [11|and [12] respectively. When €D is the sum
function, the corresponding values are shown in Tables|13|and

Table 11: Selected A values for robust explanations based on Ricci curvature. The € in GNN is mean
operation.

Methods Cora Citeseer Pubmed BC-OTC BC-Alpha UCI MUTAG PROTEINS IMDB-BINARY

GNNExplainer 0.782  0.487 0.035 0.024 0.067 0.009  0.004 0.223 0.784
PGExplainer 0.565 0.671 0.038 0.879 0.344 0.789  0.288 0.003 0.006
Convex 0.748  0.982 0.652 0.095 0.510 0.798  0.499 0.813 0.397
DeepLIFT 0.116  0.016 0.077 0.792 0.535 0.519  0.029 0.689 0.149
GNN-LRP  0.291 0.182 0.261 0.001 0.143 0.816  0.481 0.749 0.225
FlowX 0.030  0.001 0.002 0.176 0.323 0.704  0.077 0.491 0.062

Table 12: Selected X values for robust explanations based on effective resistance. The € in GNN is mean
operation.

Methods Cora Citeseer Pubmed BC-OTC BC-Alpha UCI MUTAG PROTEINS IMDB-BINARY

GNNExplainer 0.949  0.964 0.925 0.05 0.04 0.035 0.6 0.889 0.69
PGExplainer 0.101  0.074 0.059 0.424 0.8 0.523  0.983 0.483 0.529
Convex 0.581  0.226 0.524 0.052 0.129 0.984  0.082 0.226 0.547
DeepLIFT 0.011  0.010 0.006 0.096 0.002 0.021  0.462 0.739 0.148
GNN-LRP  0.056  0.052 0.037 0.001 0.162 0.111 0432 0.490 0.620
FlowX 0.091  0.072 0.013 0.011 0.062 0.112  0.387 0.040 0.200

D.7 Running time

We report the running time for computing Ricci curvature and effective resistance on the Pubmed,
Coauthor-Computer, and Coauthor-Physics datasets (see Table[I0). Results are shown in Figures 3|
and[d] As illustrated in Figure [3] For 15,000 edges, the computation of Ricci curvature is very
time-efficient, taking only 3.5 seconds. In contrast, computing effective resistance is more time-
consuming, taking approximately 60 seconds for the same number of edges. Nevertheless, the overall
computation time remains acceptable for practical use.

D.8 Ablation analysis

According to the Figures[5][6] [7] and[8] we can see that even if A changes, on these datasets, using
Ricci curvature and effective resistance can achieve better robustness and fidelity.
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Table 13: Selected A values for robust explanations based on Ricci curvature. The @ in GNN is sum
operation.

Methods Cora Citeseer Pubmed BC-OTC BC-Alpha UCI MUTAG PROTEINS IMDB-BINARY

GNNExplainer 0.017  0.035 0.048 0.080 0.017 0.022  0.654 0.001 0.147
PGExplainer 0.871  0.188 0.194 0.687 0.583 0.538  0.654 0.92 0.292
Convex 0.022  0.04 0.084 0.822 0.295 0470 0513 0.813 0.792
DeepLIFT 0.001  0.009 0.03 0.317 0.154 0.001  0.589 0.046 0.379
GNNLRP 0.049  0.042 0.032 0.001 0.357 0.001  0.708 0.022 0.086
FlowX 0.01 0.05 0.017 0.001 0.001 0.007  0.023 0.939 0.660

Table 14: Selected A values for robust explanations based on effective resistance. The € in GNN is sum
operation.

Methods Cora Citeseer Pubmed BC-OTC BC-Alpha UCI MUTAG PROTEINS IMDB-BINARY

GNNExplainer 0.200 0.008 0.677 0.033 0.011 0.066  0.294 0.007 0.644
PGExplainer 0.069  0.005 0.149 0.001 0.003 0.001  0.982 0.262 0.005
Convex 0.65 0.35 0.637 0.795 0.001 0.942  0.101 0.110 0.255
DeepLIFT  0.002  0.002 0.025 0.072 0.029 0.028  0.785 0.032 0.650
GNN-LRP 0.009  0.142 0.037 0.012 0.086 0.442  0.859 0.050 0.990
FlowX 0.25  0.005 0.005 0.095 0.070 0472 0.629 0.015 0.291
Pubmed Coauthor-Computer Coauthor-Physics
o e numberotedges. T enmberoredges T e number of edges

Figure 3: The running time of calculating the Ricci curvature of edges.

Pubmed Coauthor-Computer Coauthor-Physics
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Figure 4: The running time of calculating the effective resistance of edges.
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Figure 5: The € in GNN is mean operation. Rows represent explanation methods, columns denote datasets,
and the x-axis indicates the selected value of A. The y-axis denotes the difference in relative error or fidelity
between the Ricei curvature based and original explaélgtions.
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Figure 6: The € in GNN is mean operation. Rows represent explanation methods, columns denote datasets,
and the x-axis indicates the selected value of A. The y-axis denotes the difference in relative error or fidelity
between the effective resistance based and original ex§>6lanations.
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Figure 7: The € in GNN is sum operation. Rows represent explanation methods, columns denote datasets,
and the x-axis indicates the selected value of A. The y-axis denotes the difference in relative error or fidelity
between the effective resistance based and original ex§>7lanations.
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Figure 8: The € in GNN is sum operation. Rows represent explanation methods, columns denote datasets,
and the x-axis indicates the selected value of A. The y-axis denotes the difference in relative error or fidelity
between the Ricei curvature based and original explaélgtions.
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