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Abstract

We present a new algorithm for imitation learning in infinite horizon linear MDPs
dubbed ILARL which greatly improves the bound on the number of trajectories
that the learner needs to sample from the environment. In particular, we remove
exploration assumptions required in previous works and we improve the depen-
dence on the desired accuracy ¢ from O (675) to O (6’4). Our result relies on a
connection between imitation learning and online learning in MDPs with adversar-
ial losses. For the latter setting, we present the first result for infinite horizon linear
MDP which may be of independent interest. Moreover, we are able to provide a
strengthen result for the finite horizon case where we achieve O (6*2). Numerical
experiments with linear function approximation shows that ILARL outperforms
other commonly used algorithms.

1 Introduction

Imitation Learning (IL) is of extreme importance for all applications where designing a reward
function is cumbersome while collecting demonstrations from an expert policy 7g is easy. Examples
are autonomous driving [23|], robotics [32], and economics/finance [10]]. The goal is to learn a policy
which competes with the expert policy under the true unknown cost function of the Markov Decision
Process (MDP) [34] with discount factor ~. In particular we consider that the cost vector and the
transition dynamics are linear in some state action dependent d-dimensional features ¢(s,a) € R?

Imitation learning relies on two data resources: expert demonstrations collected acting with 7g and
data that can be collected interacting in the MDP with policies chosen by the learning algorithm. The
first approach known as behavioural cloning (BC) solves the problem applying supervised learning.
That is, it requires no interaction in the MDP but it requires knowledge of a class II such that 7 € II

and O (%) expert demonstrations to ensure with high probability that the output policy is at
most € p-suboptimal.

The quartic dependence on the effective horizon term ((1 — v)~1) is problematic for long horizon
problems. Moreover, the dependence on II requires to make prior assumption on the expert policy
structure to provide bounds which do not scale with the number of states in the function approximation
setting. Thankfully, the dependence on the effective horizon can be improved resorting to MDP
interaction. There exists an interesting line of works achieving this goal considering an interacting
setting where the learner has the possibility to query the expert policy at any state visited during the
MDP interaction [39, [38]] or that require a generative model to implement efficiently the moment
matching procedure [44]. Another recent work requires a generative model to sample the initial state
of the trajectory from the expert occupancy measure [45]. In this work, we considered a different
scenario which is adopted in most of applied imitation learning [20, [19} (15,137, [11} 149, 16} 130]]. In

I'That is, we consider Linear MDP [22]] whose formal definition is deferred to Section
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this case, the expert policy can not be queried but only a dataset of expert demonstrations collected
beforehand is available.

The setting has received scarse theoretical attention so far. The only results we are aware of are: [41]]
that focus on the tabular, finite horizon case, [26] in the finite horizon linear mixture MDP setting
and [48] in the infinite horizon Linear MDP setting. In all these works bound the number of required
expert demonstrations scale as (1 — )2 which improves considerably over the quartic depedence
attained by BC. However, [48]] made the following assumption on the features that greatly simplifies
the exploration in the MDP.

Assumption. Persistent excitation Ir holds that for any policy 7" in the sequence of policies
generated by the algorithm adopted by the learner iy (ES amde® [P(5,a) (s, a)T]> >p3>0.

Despite being commonly used in infinite horizon function approximation setting (see for example
(L 17) 114) 1241 [3115]]), the persistent excitation assumption is very restrictive as it can be easily violated
by deterministic policies with tabular features.

Our contribution We propose a new algorithm that improves the results of [48] in two important
aspects: it bypasses the persistent excitation assumption (i.e. 5 = 0 does not cause the bound to blow

up) and it improves the dependence on e. In particular, the new proposed algorithm Algorithm l only
3

requires O (W) MDP interactions which greatly improves upon the bound O(W)

proven by [48]. Moreover, it holds that 8 < d~ L. Therefore, the bound for PPIL scales at least
as O(#) Therefore, the bound of ILARL is better in all the relevant parameters d, (1 — =)

and e. The design is different from [48]] and it builds on a connection between imitation learning
and online learning in MDP with full information. Therefore, we design as a submodule of our
algorithm the first algorithm for adversarial infinite horizon linear MDPs which achieves O(K?/*)
pseudo-regret. We also consider the finite horizon version of this algorithm which obtains a regret
bound O (d?’/ L3I K3/ 4) , where H denotes the horizon. Our bound improves by a factor H'/? the
first result in this setting proven in [S5]. Concurrently to our work [42] derived a further improvement
with optimal dependence on K .

Finally, we provide a stronger result for the finite horizon setting. Key for this result is realizing
that in the regret decomposition of [41] one of the two players can in fact play the best response
rather than a more conservative no regret strategy. This observations leads to Algorithm ] which only
requires O(H*d%¢~?) MDP interactions.

Related Works Early works in behavioural cloning (BC) [33]] popularized the framework showing

its success in driving problem and [39, [38] show that the problem can be analyzed via a reduction

H*log|lI
to supervised learning which provides an expert trajectories bound of order & Successive

algorithms like Dagger [38] and Logger [25] requlres to query the expert mteractlvely In this case, the

expert trajectories improve to H? max, “(A G a))* 108l here A* s the optimal advantage. Recent

works [36] showed that in the worst case Dagger does not improve over BC but also that both can use

only o (H S| ) in the tabular case. Moreover, when transitions and initial distribution are known

. C e . 3/2 . ..
and the expert is deterministic, the result can be improved to O (Hf‘sg using Mimic-MD [36]].

Later, [51] introduced MB-TAIL that having trajectory access to the MDP attains the same bound.
This shows that the traditional bound obtained matching occupancy measure [46] adopted in [41]]
is suboptimal in the tabular setting. For the linear function approximation, the works in [44] [35]
H3/24

introduced algorithms that uses O ( ) expert trajectories with knowledge of the transitions but

those require strong assumptions such as linear expert 35| Definition 4], particular choice of features,
linear reward and uniform expert occupancy measure. [35] also proves an improved result for BC
but under the linear expert assumption which implies that the expert is deterministic. While one can
notice that there exists an optimal policy in a Linear MDP which is a linear expert, in our work we

. . . . 2 .
do not impose assumption on the expert policy and we require O (Ii 2d> demonstrations. Under

2
the same setting, the best known bound for BC is %glﬂl times larger which makes our algorithm



Table 1: Comparison with related algorithms We report the number of expert trajectories and
MDP interactions needed for the various algorithms to be e-suboptimal according to Definition [I]
Our algorithms provide guarantees for the number of expert trajectories independent on S and I1
without assumptions on the expert policy. By Linear Expert, me mean that the expert policy is
m(s) = max,e ¢(s,a)Td for some unknown vector 6.

Algorithm Setting Expert Traj. | MDP Traj.
. . Function Approximation, Offline [4] O % -
Behavioural Cloning Tabular, Offline [36] o < @ ) ~
Linear Expert, Offline [35] 10} (de> -
Mimic-MD [36] Tabular, Known Transitions, Deterministic Expert | O (H3 j‘s‘> -
OAL [4T) Tabular 0 (H:l‘s') 0 (H‘l‘sif‘““
MB-TAIL [51] Tabular, Deterministic Expert o (H s ‘) 0 (M)
OGAIL [26] Linear Mixture MDP o ( H;d2) o (Lf)
PPIL [48] Linear MDP, Persistent Excitation o ( = 3)262) o ( - (1d_27)960>
ILARL (Algon'thmJi} Linear MDP o ( - 3)262) 0 ((1_%54)
BRIG (AlgorithmH Episodic Linear MDP 0 (‘ig ’ 0 (dié" - )

preferrable whenever |T1| > exp(dH ~2). We report a comparison with existing IL theory work in
Table[Il

2 Background and Notation

In imitation learning [32]], the environment is abstracted as Markov Decision Process (MDP) [34]
which consists of a tuple (S, A, P, c,vo) where S is the state space, A is the action space, P :
S x A — Ag is the transition kernel, that is, P(s’|s, a) denotes the probability of landing in state s’
after choosing action a in state s. Moreover, v is a distribution over states from which the initial
state is sampled. Finally, ¢ : S x A — [—1, 1] is the cost function. In the infinite horizon setting, we
endow the MDP tuple with an additional element called the discount factor v € [0, 1). Alternatively,
in the finite horizon setting we append to the MDP tuple the horizon H € N and we consider possibly
inhomogenous transitions or costs function. That is, they depend on the stage within the episode. The
agent plays action in the environment sampled from a policy 7w : S — A 4. The learner is allowed to
adopt an algorithm to update the policy across episodes given the previously observed history. We
will see that imitation learning has a strong connection with MDPs with adversarial costs. The latter
setting allows the cost function to change each time the learner samples a new episode in the MDP.
For clarity, we include the pseudocode for the interaction in Protocol [1|in Appendix

Value functions and occupancy measures We define the state value function at state s € S
for the policy m under the cost function ¢ as V™ (s;c) = E [} v"c(sp, an)|s1 =s]. In
the finite horizon case, the state value function also depends on the stage index h, that is

V7 (s;c) £ E Zf:h c(sg,ag)|sp = s} In both cases, the expectation over both the random-

ness of the transition dynamics and the one of the learner’s policy. Another convenient quan-
tity is the occupancy measure of a policy m denoted as d™ € Agxa and defined as follows

d™(s,a) £ (1 — ) > 52,7 "P[s,a is visited after h steps acting with 7]. We can also define the

state occupancy measure as d™(s) = (1 — ) S5 7" [s is visited after & steps acting with 7). In

the finite horizon setting, the occupancy measure depends on the stage h and its defined simply
as d7 (s,a) £ P[s,a is visited after h steps acting with 7]. The state occupancy measure is defined
analogously.

Imitation Learning In imitation learning, the learner is given a dataset D,, £ {Tka?il containing
T trajectories collected in the MDP by an expert policy g according to Protocol|l} By trajectory

7", we mean the sequence of states and actions sampled at the k*" iteration of Protocol |1} that is

?In the finite horizon case we may use V™ (s; c) as a shortcut for V;" (s; )



Th = {(sﬁ, aZ)}th for finite horizon case. For the infinite horizon case, the trajectories have

random lenght sampled from the distribution Geometric(1 — ). Given Dy, the learner adopts an
algorithm A to learn a policy 7°"* such that is e-suboptimal according to the next definition.

Definition 1. An algorithm A is said e-suboptimal if it outputs a policy m whose value function with
respect to the unknown true cost Cyye satisfies EAEq vy [V (81; Cuue) — V™E(51; Cirue )] < € where
the first expectation is on the randomness of the algorithm A.

2.1 Setting

We study imitation learning in the linear MDP setting popularized by [22] and studied in imitation
learning in [48]]. When studying finite horizon problems we consider possible inhomogeneous
transition dynamics and cost function. That is, we work under the following assumptions.

Assumption 1. Episodic Linear MDP There exist a feature matrix ® € RISIAIX known to the
learner, an unknown sequence of vectors WZ € R? and an unknown matrix sequences M;, € R**S|
such that the transition matrices Py, factorize as P, = ® M, and the sequence of adversarial costs
ck can be written as cf = ®wF. Moreover; it holds for all k € [K|,h € [H] and for all state action

pairs s,a € S X A that ||<I>||1700 <1, ||Mh||1,00 <1, waH2 <1

Assumption 2. Linear MDP There exist a feature matrix ® € RISIAIX known to the learner;
an unknown sequence of vectors w* € R% and an unknown matrix M € R¥IS| such that the
transition matrices P factorize as P = ® M and the sequence of adversarial costs c* can be written
as c® = ®w*. Moreover, it holds for all k € [K| and for all state action pairs s,a € S x A that

1@l < 1 My < 1, [[wh]], < 1

In the context of imitation learning, we also need to assume that the true unknown cost is realizable.

Assumption 3. Realizable cost The learner has access to a feature matrix ® € RISIAXD gych thar
Cirue = PWirye.

3 Main Results and techniques

We provide our main results for the infinite horizon case in Theorem [I]and the stronger result for the
finite horizon in Theorem

Theorem 1. Under Assumptions 2|3 there exists an algorithm, i.e. Algorithm 3} such that after using
~ 3 ~

O (%) state action pairs from the MDP and using O (%) expert demonstrations is
€ + eg-suboptimal.

Theorem 2. Under Assumptions [[|B|there exists an algorithm, i.e. Algorithm 4| such that af-
ter sampling O (H4al3 log(dH/(e))efz) trajectories and having access to a dataset of Tp =
~ 2

O (%ﬁg(zdv expert demonstrations is € + e g-suboptimal.

Remark 1. The results are proven via the high probability bounds in Theorems 5 and 6] respectively
and apply the high probability to expectation conversion lemma in Lemmal7]

3.1 Technique overview
Online-to-batch conversion The core idea is to extract the policy achieving the sample complexity

guarantees above via an online-to-batch conservation. That is the output policy is sampled uniformly
from a collection of K policies {ﬂk}kzl. The sample complexity result is proven, showing that

the policies {7rk }szl produced by the algorithms under study have sublinear pseudo regret in high
probability, that is,

K
1 ,
Regret(K) £ i <clrue,d”k - d”—'> < O(K3*)  whp.
k=1
for the infinite horizon discounted setting with Algorithm [3]and
H K
Regret(K) £ <ctrue7h,d;{k - d;ﬁ> < O(WK) whp. (1)
h=1k=1



for the finite horizon setting with Algorithm ] The next section presents the regret decomposition
giving the crucial insights for the design of Algorithms [3]and 4]

Regret decomposition To obtain both regret bounds, we decompose the pseudo regret in 3 terms.
We present it for the infinite horizon case, where (1 — v)Regret(K) can be upper bounded by

i <Ck’ " - dm:> + i <Wtrue —wh, T _ ,I,Tdﬂ'ﬁ> )

k=1 k=1

Regret, (K;d™E) Regrety, (K;Wirue)

This decomposition is inspired from [41] but it applies also to the infinite horizon setting and exploits
the linear structure using Assumptions , to write ¢® = ®w* and cyue = PWire.

Regret,, (K; Wi,y ) is the pseudo regret of a player updating a sequence of cost functions and having
Cuue as comparator while Regret_ (K'; d™) is the pseudo regret in a Linear MDP with adversarial

K .
costs {c } kel and having the expert occupancy measure as a comparator.

Imitation Learning via no-regret algorithms. The decomposition in Equation (2) suggests that
imitation learning algorithm can be designed chaining one algorithm that updates the sequence
w* to make sure that Regret,, (K; Wiyye) grows sublinearly and a second one that updates the
policy sequence to control Regret, (K; d™). Controlling Regret., (K; Wrue) can be easily done via
projected online gradient descent [57].

Unfortunately, controlling Regret, (K'; d™) is way more challenging because we have no knowledge
of the transition dynamics. Therefore, we can not project on the feasible set of occupancy measures.
To circumvent this issue we rely on the recent literature [27, 43| [12] that however focuses on bandit
feedback. In our case, the 7 player has full information on the cost vector c*. Thus, we design a
simpler algorithm Algorithm [I] which achieves a better regret bound in the easier full information
case. Algorithm I]improves over the regret bound in [53] and easily extends to the infinite horizon
setting (see Algorithm 2)).

Improved algorithm for finite horizon The techniques explained so far do not allow to get the
better bound of order O(v/K) in the finite horizon setting (see Equation ). The idea is to let the w
player update first, then the 7 player can update their policy knowing in advance the loss that they
will suffer. This allows to use LSVI-UCB [22] for the m-player which has been originally designed
for a fixed cost but we show that it still guarantees O( \/T) regret against an arbitrary sequence of
costs when the learner knows in advance the cost function at the next episode. On the other hand,
LSVI-UCB suffers linear regret if the adversarial loss is not known in advance so letting the w player
update first is crucial. This result is provided in Appendix [A]

4 Warm up: Online Learning in Adversarial Linear MDP

We start by presenting our result in full information episodic linear MDP with adversarial costs that
improves over [55]] by a factor H'/2. The algorithm is quite simple. We apply a policy iteration like
method with two important twist: (i) in the policy improvement step, we update the policy with a no
regret algorithm rather than a greedy step. Moreover, the policy is updated only every 7 episodes
using as loss vector the average @ value over the last batch of collected episodes, (ii) in the policy
evaluation step, we compute an optimistic estimate of the () function for the current policy using only
on-policy data.

The last part is crucial because the use of off-policy data makes the covering argument for Linear
MDP problematic. Indeed, one would need to cover the space of stochastic policy when computing
the covering number of the value function class but this leads to the undesirable dependence on the
number of states and actions for the log covering number (see for example [2]]). An alternative bound
on the covering number shown in [55] would instead lead to linear regret.

Instead, using data collected on-policy allows to apply the covering argument in [43]] avoiding the
dependence on the number of states and actions. The first twist is at this point necessary to make the
policy updates more rare giving the possibility to collect more on-policy episodes with a fixed policy.
The algorithm pseudocode is in Algorithm [I]



Algorithm 1 On-policy MDP-E with unknown transitions and adversarial costs.

1: Input: Dataset size 7, Exploration parameter (3, Step size 7, initialize m( as uniform distribution
over A

2: forj=1,...|K/7| do

3:  Denote the indices interval T; £ [(j — 1) | K/7],j | K/T]).

4: [/ Collect on-policy data

5. Collect 7 trajectories with policy 7U) and store them in the dataset D,(lj )

{(S;IN a’;?ﬂc,}iL’ Slf-t+1)}ieTj'

6:  Denote global dataset DU) = UthlD}(lj ),
7. fork eTjdo
8: // Optimistic policy evaluation
9: Initialize V}§,, =0
10: forh=H,...,1do
11: AR = Z(S’a)epﬁlj) #(s,a)p(s,a)T +1 1/ ¢(s,a)is the (s, a)'™ row of the matrix ®.
2 vE= (DT enp G V()
3 () = Blés 0l )

H—h+1
14: QF = [cf + ®vi — b} CHahet |
15: ViE(s) = (mf(s), Qf(s,+)) (with 7% = 7).
16: end for
17:  end for

18:  // Policy Improvement Step
19:  Compute average () value Q(J)( a)=1 ZkeTj QF (s, a).

20 Update policy 7'/ 7" (als) o< exp (—77 S QW (s, a))
21: end for

4.1 Analysis

Theorem 3. Under Assumption I run Algorithm with exploration parameter 3 = @) (dH), dataset

size T = 55 log|A\ and step size n = 4/ T}?i‘f‘. Then, it holds with probability 1 — 6, that
~ K
Regret K * Zvlﬂ' k Vﬂ' k( 1) g O <d3/4H3/2 10g1/4 |A‘ K3/4 log 6) (3)

where we use the compact notation V;" O Vi (- cb).

Proof. Sketch Adding and subtracting the term Zszl V[ (s1) in the definition of regret, we have that
defining 67 (s, a) £ cf(s,a) + P,V (s, a) — Q (s, a)

Regret (K; 7 z:‘/l7T F(s1) = ViF(s1) + Vi (s1) — Vfr*’k(sl)

1_< H K
ZZEaNd"* <Qh (5 —Th(s Z

1h=1 k=1

K H
+ Z Z Es a~d7r 6h Sy a)]

k=1h=1

M=

Es,aNd;Lr* [55(‘9’ a)}

>
Il

1

where the last inequality holds by the extended performance difference lemma [8,[40]. At this point
we can invoke Lemma 3] ( see Appendix [G) to obtain

—2b(s,a) < Qf(s,a) — cf(s,a) — PViF, 1 (s,a) <0 V(s,a) € S x A h € [H] k€ [K] (4



Algorithm 2 Infinite Horizon Linear MDP with adversarial losses.

1: Input: Dataset size 7, Exploration parameter (3, Step size 7, Initial policy mp (uniform over A),
initialize V! = 0.

2: forj=1,...|K/7| do

3. // Collect on-policy data

4:  Denote the indices interval T £ [(j — 1) | K /7| ,j | K/T]).

5: Sample DV) = {(Siv a',s", ci)},eT ~dm? using [|6, Algorithm 1].

i€T;

6: Compute AU) = Z(s,a)eDU) d(s,a)p(s,a)T+ 1.

7 Compute b(j)(& a) = B H¢(Sa a’)”(A(j))fl'

8 /I Optimistic Policy Evaluation

9

. fork eTjdo
10: vk = (A(j))71 Z(s,a,s/)E'D(j) é(s, a)Vk(S/)
1 QM = [ +A@vF — bU)] (_1(*11);)71
12: VEFHL(s) = (71 (als), Q¥ (s, a))
13:  end for

14: // Policy Improvement Step

15:  Compute average Q value QU)(s,a) = < ket Qk(s,a).
16:  Update policy: 7U*1 (a|s) o exp <77) S Qs a))
17: end for

with probability 1 — . This implies that with probability 1 — §

K H K H
Regret(K; W*) < Z Eswdﬁ* [< 112(57 ')7 Wili(s) - WZ(S)H +2 Z Z Es,awd;:k [bZ(Sv a)]
k=1h=1 k=1h=1
7 log | A dl
< T rH gk +2) S B, [Bh(s.a)]

Notice that the last inequality follows from the mirror descent with blocking result [43, Lemma F.5].
Then, by [43] Lemma C.5], it holds that with probability 1 — 2J.

7log | Al 10K H\/dBlog(27/6)

\/F

Regret(K;7*) < +7H 4+ nKH?* +

The proof is concluded plugging in the values specified in the theorem statement. O

4.2 Extension to the Infinite Horizon Setting.

We show our proposed extension to the infinite horizon in Algorithm [2} The main difference in
the analysis is to the handle the fact that in the infinite horizon setting we can not run a backward
recursion to compute the optimistic value functions as done in Steps 10-16 of Algorithm[I] Instead,
we use the optimistic estimate at the previous iterate Q* to build an approximate optimistic estimate
at the next iterate (see Steps 10-12 in Algorithm2)). The error introduced in this way can be controlled
thanks to the regularization in the policy improvement step as noticed in [28]]. E]

Theorem 4. Under Assumption consider K iterations of Algorithm @ run with 7 <

s S

and f = O(dH), then it holds for any comparator policy * that (1 — v)Regret(K;n*)

3Regularization in both the evaluation and improvement step has been proven successful in the infinite
horizon linear mixture MDP setting [28]]. Their regularization in the evaluation step is helpful to improve the
horizon dependence. In our case, we use unregularized evaluation because in the linear MDP setting our analysis
presents additional leading terms that can not be bounded as O(\/F ) with regularization in the policy evaluation
routine.



le <d“k —dr, ck> is upper bounded with probability 1 — 2§ by

Tlog|¢4|+7’+1+(_ +125K\/7 <2Kd> (\/%K

n 1—v 1—7)%r

Proof. Sketch The proof is based on the following decomposition that holds in virtue of Lemma[2]
Denoting 6% (s, a) £ ck(s,a) +vPV¥(s,a) — Q¥T1(s,a) and ¢g*(s,a) = Q**1(s,a) — QF(s,a)

(1 — y)Regret(K; m* z:lESNCpr (s,-),7"(s) — 7 (s))] (OMD)

+ Z Z [d’rk (s,a) —d~ (s, a)] : [ék(s, a)] (Optimism)

k=1 s,a
K K
+ Z Es,aNdﬂ.k [gk(s, a)] - Z Eg grar [gk(s, a)] (Shift)
=1 k=1
Then, we have that can be bounded similarly to the finite horizon case using Lemma 4]

while for [Shift| we rely on the regularization of the policy improvement step and on the fact that the
policy is updated only every T steps All in all, we have that the first term in can be bounded as

(1_,”2 ZLK/TJ V2n =2 7)2 . The second term just telescopes therefore (Shift) < (ﬁ){f + ﬁ

Finally, (O can be bounded as in the finite horizon case. O

5 Imitation Learning in Infinite Horizon MDPs

In this section, we apply Theorem [4]to imitation learning. Indeed, we design Algorithm [3using the
insights from the decomposition in Equation (Z): we use a no regret algorithm to update the cost at
each round and we update the learner’s policy using a no regret algorithm for infinite horizon full
information adversarial Linear MDP, of which Algorithm[2]is the first example in the literature. The

Algorithm 3 Imitation Learning via Adversarial Reinforcement Learning (ILARL) for Infinite
Horizon Linear MDPs.

1: Input: Access to Algorithm@ (with inputs 7,3, 1, mo) , Step size for Cost Update «, Expert
dataset Dy, = {7;}.”

2: Estimate for expert feature visitation ®Tdm £ % YoreD. Dosp.aner Vi p(sn,an) .
3: fork=1,...,Kdo
4:  // Cost Update (to control Regret,,(K; Wirye))

Estimate ®Td™ £ 771 Y 1) ¢(s,a) where DY) is defined in Step 6 in Algorithm
whtl =TIy [Wk - o<(‘§-cﬁE —®Td™) | with W = {w : ||w]|, < 1}.

5

6

7 /I Policy Update ( to control Regret (K;7g) )
8:  The cost Pw* is revealed to the learner.
9

10

. The learner updates their policy 7" performing one iteration of Algorithm
: end for

guarantees for Algorithm [3|are given in the following theorem.

Theorem 5. Under Assumptions 2|B} let us consider K _iterations of Algorithm 3| with K >
2 ~

9] (M) where [ is chosen as in Lemma @ (ie. B = O@d1-~)""). More-

1—y
. . . _ 1 o B(1—~)VdK log(2dK/5) ~
over, let us consider the following choices o = e T = (’)( Jiosl A ) ex

. . r — 2 ..
pert trajectories Ty = 8(‘11_0?;7555@ and n = 4/ %.Then, the above conditions ensure
E

ﬁ <Ctrue, dre — % Zszl d’Tk> < € + eg with probability 1 — 46 .



The proof included in Appendix [G] starts with the decomposition in Equation (Z). Then, we con-
trol the term Regret,, (K; Wi,y ) With the standard online gradient descent analyses and the term
Regret, (K; mg) with Theorem 4] Finally, we control the statistical estimation error for the losses
seen by the w-player with an application of Lemma8]

Remark 2. The resulting algorithm improves over [48] in two ways: (i) We bypass all kind of explo-
ration assumptions, such as the persistent excitation assumption. We remark that this is a qualitative
improvement. Indeed, the persistent excitation assumption is easily violated by deterministic policies
with tabular features. (ii) Moreover; the sample complexity improves from O(e~°) to O(e™%).

6 Empirical evaluation

WA 100
097
0.‘ 50 100 150 200 0 50' 100 150 . 200 o 50 100 150 200 0 50 - 100 I }\15'0/\4 [200
MDP trajectories MDP trajectories MDP trajectories MDP traiectories
(@Tme =1 (b) Detail for 7 = 1 )1 =2 (d) Detail for T = 2
—&— ILARL (Ours) —o— PPIL IQLearn —o— GAIL —o— AIRL —&— REIRL —e— BC

Figure 1: Experiments on a continuous gridworld with a stochastic expert.The y-axis reports the
normalized return. 1 correpsonds to the expert performance and 0O to the uniform policy one.

We numerically verify the main theoretical insights derived in the previous sections (i) We aim to
verify that for a general stochastic expert, the efficiency in terms of expert trajectories improves upon
behavioural cloning. (ii) ILARL is more efficient in terms of MDP trajectories compared to PPIL [48]
which has worst theoretical guarantees and with popular algorithms that are widely used in practice
but do not enjoy theoretical guarantees: GAIL [20], AIRL [[15], REIRL [7] and IQLearn [[16]] The
experiments are run in a continuous state MDP explained in Appendix [I}

Expert trajectory efficiency with stochastic expert For the first claim, we use a stochastic expert
obtained following with equal probability either the action taken by a deterministic experts previously
trained with LSVI-UCB or an action sampled uniformly at random. We collect with such policy 75
trajectories. From Figure (1] we observe that all imitation learning we tried have a final performance
improving over behavioural cloning for the case 7z = 1 while only REIRL and ILARL do so for
Tg = 2. In both cases, ILARL achieves the highest return that even matches the expert performance.

MDP trajectories efficiency For the second claim, we can see in Figure|l|that ILARL is the most
efficient algorithm in terms of MDP trajectories for both values of 75.

7 Conclusions

In this paper, we proposes ILARL which greatly reduces the number of MDP trajectories in imitation
learning in Linear MDP and BRIG that provides a further improvement for the finite horizon case.
Both results build on the connection between imitation learning and MDPs with adversarial losses.

There is a number of exciting future directions. In particular, the estimation of ®Td™ could be
carried out with fewer expert trajectories using trajectory access to the MDP. This observation has
been proven successful having access to the exact transitions of the MDP in the tabular case [36] or
under linear function approximation with further assumption on the expert policy and the feature
distribution [44] [35]. Whether the same is possible for general stochastic experts in Linear MDP is an
interesting open question.

Finally, a better sample complexity can be achieved designing better no regret algorithm for infinite
horizon adversarial discounted linear MDP with full-information feedback and apply them in Step 9
of Algorithm 3|building for example on the recent result for the finite horizon case in [42]).
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A An improvement for the finite horizon case

We notice that in AlgorlthmE] we missed an opportunlty In fact, we could use prior knowledge of
the cost function ¢ to update the policy 7F. In other words, in Step 8 of Algorithm I we could
reveal w¥*! to the algorithm that controls Regret, (/K ;d™) . From an online learning perspective
we can play best response to control more effectively the regret term Regret. (K ; d™) using LSVI-
UCB [22]. This idea leads to the Algorithm 4] Theorem [§] proves that Algorithm ] improves

Algorithm 4 Best Response Imitation learninG (BRIG).

1: Input: Exploration parameter 3, Step size 77 , Reward step size «, expert dataset D, =
Une(a) Drg b
2: Initialize 7y as uniform distribution over A.
3: Estimate expert features expectation vectors ®Td;* = |1>71| Y saep. , P(s,a) forall h €
g h TE,h
[H].
4: fork=1,... K do
Collect one episodes with policy 7% denoted as 7% = {(sﬁ, afl, slfL +1)}f;11 and for every
h € [H] append data (s}, af, sk, |) to Dj,.
6:  // Cost Update (to control Regret,, (K; Wiyue))
7. witl =TIy [W’,f —a(®TdE — ¢ (327(1,1))} withW={w:0<w < 1}forall h € [H].
8:  // Full information LSVI-UCB ( to control Regret (K 7))
9: Initialize V/j, , =0
10 forh=H,...,1do

w

11: A = 2 (s.a)epy A8, a)d(s,a)T + 1

12: VZ = (AZ)_I Z(s,a,s’)GDh Qb(S, a)th+1(Sl)

13: bZ(Sva) :BH(ZS(&G')”(A’;;)*1

14: QF = [®@w;t! + ®vE — bF] H;Ii—;il // We use the future loss w/ ™.
15: 7 (s) = arg min (Q fl -)) 1/ Greedy policy update, Best Response.
16: Vii(s) = (mp (), QR (s, 0)-

17:  end for

18: end for

the required number of interaction to K = O(H*d®¢21log?(1/8)) which greatly improves over
K = O(H%log | A| d3¢*10g?(1/5)) achieved by Algorithm [3{applied to finite horizon problems
which does not use the best response observation. A core step in the proof is to show that the regret
of LSVI-UCB is still O(v/K) if the cost function is not fixed but it is observed in advanced by the
agent.

Hig® log(dH/ (c6))

Theorem 6. Let us consider K = O ( ) iterations of Algorithm run with o =

2H2dlog(2d/6)

\/3 K and expert demonstrations Tg = . Moreover, let k be an iteration index sampled

uniformly at random from {1,2,..., K}, then it holds that with probability 1 — 30, it holds that
]El% [Vfrk (sla Ctrue) - Vlﬂﬁ(sl; Ctrue)i| < O(GE + E).

Remark 3. Unfortunately, the best response idea does not help improving the infinite horizon result
because the use of greedy policies makes the term impossible to control.

B On the [ of the persistent excitation assumption

Lemma 1. Let the persistent excitation assumption holds, then it holds that 8 < d~'.
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Proof.
B < Anin(E, gk $(5,0)6(s5,0)")

< lTrace(IEs_’aNd,k b(s,a)p(s,a)T)

E, gogr Trace(¢(s, a)d(s,a)’)

—d
1
- d

1
= gEs a~d™® T‘race(qﬁ(s7a)T¢(s7a))
1
B, e 605, 0)]3
1
d

< =B, qnllo(s,0)ll}

IN

1

- max||6(s, a) 1
1 1

=[P < -.

where the last step follows from ||®||; o < 1 as assumed in Assumptions 1 and 2. O

Using this result, we obtain that the dimension dependence in the bound in Viano et al. 2022 is in the
best case d®. Therefore, our new algorithm improves the dimension dependence as well.

C Interaction Protocol

Protocol 1 Interaction in Adversarial MDPs
1: for Episode index k € [1, K] do
2:  Sample initial state s} ~ v
3:  if Finite Horizon then
4: for stage h € [1, H] do
5: The learner plays an action sampled from the policy a¥ ~ ¥ (-|s¥).
6
7
8

The environment sample next state s¥ ~ P, (+|s¥, ak).
The agent observes the vector cﬁ.

: end for

9: endif
10:  if Infinite Horizon then
11: Initialize Z =0, i = 1, s! ~ vy.
12: while Z == 0 do
13: The learner plays an action sampled from the policy a® ~ 7% (-|s?).
14: The environment sample next state s"* ~ P(-|s, a'), st = ",
15: /I Restart with probability 1 — ~.
16: Sample Z ~ Bernoulli(1 — ~).
17: end while
18: The agent observes the vector c*.
19:  endif
20:  The learner chooses her next policy, i.e. 7#+1.
21: end for

D Additional Related Works in the infinite horizon discounted setting

The practical advantage is that in the infinite horizon setting the optimal policy can be sought in
the class of stationary policies which are much easier to store in memory than the nonstationary
ones. All the works we mentioned so far focused on the finite horizon, however the infinite horizon
setting is the most common in practice [20, 19, [15} 37|11} 149,[16]. The practical advantage is that
in the infinite horizon setting the optimal policy can be sought in the class of stationary policies
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which are much easier to store in memory than the nonstationary ones. Despite this fact, there
are only few previous result studying IL in infinite horizon MDP and all of them operate under
limiting assumptions. As mentioned, [48]] requires the persistent excitation assumption, [S0] requires
a uniformly good evaluation policy evaluation error which is possible only if the policies generated
by the algorithm visits every state with high probability. [53] provided the first guarantees for IL
with non linear reward functions but it assumes ergodic dynamics and that the the soft action value
function of every policy can be perfectly evaluated at every state action pair. The latter assumption
has been relaxed later in [52]] and in [54] that allows for a uniformly bounded policy evaluation error.
In the latter case, the policies are evaluated under the transitions learned from expert data. All in all,
their bound on the number of expert trajectories scale as (1 — «)~* and with the number of states
visited by the expert while our bound leverages online access to the MDP to obtain a better horizon
and to avoid the dependence on the number of states. Moreover, the bounds in [54} 52} 50] depend on
the number of states which can be prohibitively large in the function approximation setting.

E Future directions

Reducing the number of expert trajectories [35] showed that under known transitions for a
particular choice of features and when the linear expert occupancy measure is uniform over the state
H3/242 )

space the necessary expert trajectories are O ( p

In the linear MDP case, under the same assumption on the features we can show that the same amount
of expert trajectories is sufficient even for the unknown transition case. Moreover, the algorithm we
propose is computationally efficient while it is unclear how the output policy in linear Mimic-MD
[35] can be computed with complexity independent on the number of states and actions. We detail
this in Appendix [J|

In addition, it is an interesting open question to see if the same improvement in terms of expert
trajectory can be achieved under weaker conditions. A first step has been already made in [44]. They
still requires a linear expert model but avoids the uniform expert occupancy measure assumption
replacing it with the bounded density assumption (see [44, Assumption 9]). A natural follow up
would be to investigate if the same expert trajectory bound can be obtained bringing the Linear MDP
assumption but dropping the linear expert and the other assumptions used in [35,44]]. An intermediate
step could benefit from using the persistent excitation assumption which is the natural counterpart of
the bounded density assumption [44, Assumption 9] in Linear MDPs.

Results for Linear Mixture MDPs Analogous ideas can be used for the case of Linear Mixture
MDPs. In particular, one can use the same structure as in Algorithm 3| but replacing an algorithm that
deals with adversarial losses in Linear Mixture MDPs. For the infinite horizon case one can use [28]]
while for the finite horizon case one can choose [56]. In the latter case one can improve the Sample
Complexity of OGAIL [26] to O (H®d?e~2). Moreover, we do not think that that the Linear Expert
assumption [35] is meaningful in Linear Mixture MDPs because this would require the learner to
know in advance the features [ ¢(s, a,s")V*(s")ds’ where V* is the optimal state value function.

Extension to Bilinear Classes The current results can be extended to Bilinear Classes [[13]] at least
in the finite horizon case. To this end we would need the observation that we can update the cost first
and then using an algorithm which is allowed to see the next cost vector one round in advance. This
is the same fact that allowed us to obtain O(e~2) sample complexity bound in the finite horizon case
using LSVI-UCB.

In the following we present an informal discussion of the proof technique that would prove polynomial
sample complexity for Imitation Learning in bilinear classes.

If the cost at round k is known before the learner needs to take an action the agent can form the
discrepancy function

" (Shyan, Sh1.9) = Qng(Shsan) + ¢ — Vig1,g(Sht1)
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where the upper script £ highlights the fact that the discrepancy function depends on the adversarial
cost c¥. At each round, we can then compute

k. m
1 S
argmax 4 Vo 4(s1) st - E g R (sh, ab, shiq,9) < keéen’k(m,é) Vh € [H]

T7=1i=1

Where the generalization error at round % denoted €gen 1 satisfies that

1 — S ,
sup | =3 05 (s} 0l 85 11.9) = By gaet oy (5000 5041,9)]
=1

geEH

m 4 < €gen7k(m7 6)

with probability at least 1 — 4.

At this point, we modify the Bilinear Classes assumption to keep into account the adversarial costs
setting as follows. We assume that all the adversarial costs belongs to a convex set C. Then we
consider an MDP for which there exists a function f* € H such that for all ¢ € C, it holds that

B, s [Qn (s an) + ensnsan) = Viewr 1| < {IVE() = WE(F), X5()

and

< |(Wi(9) = Wi (%), X5(£)]

This modified assumption for Bilinear classes with time changing rewards implies that the comparator
hypothesis f* is realizable for all k, that is, for all £ it holds that
k. m
1 i i
o Z Z (s} ahy, shyas f7) < kepen 1 (m, 8)
T7=11i=1

so optimism holds and with the same steps in [[13] it can be proven that:

‘]Emwd:f (Qh,g(8hsan) + cn(sn;an) — Vigi,g)

E

] =

Regret (K, ") < [Qn_x(snyan) + cn(sn,an) — Vi g

T ek
s,awdhf

E
I
—

WE

(Wi (75 = Wit (), x5 ()|

B
Il
_

Then, using [13| Equation 8] and the elliptical potential lemma we obtain

1 log K
— *) = 2 —
Regret(K,7*) = O <\/K 1?61?})((] €gen k(1M 0) <exp 1>>

-2
gen

Then, denoting egen (M, §) = maxe[k] €gen,k (M, d) and choosing K = O(log e, 5, (m,0)) gives

+Regret(K, ) < O (€gen(m, §)).

This concludes the regret proof for the 7-player. The player updating the sequences of cost can still
use OGD projecting on the set C.

Our algorithm for the finite horizon setting, BRIG, uses greedy policies. In this case, [[13] showed
that the generalization error can be controlled effectively in many instances such as Linear Q*/V™*,
Low Occupancy measure models [[13]], Bellman complete models [29] and finite Bellman Rank [21]].

However in the infinite horizon case we need to use regularization for which it is currently not known
if gen(m, §) can be controlled effectively. This is again related to the issue with the covering number
of softmax policies in linear MDPs ( see [42]55]] ). This is an interesting open question.

A final comment is that the algorithm proposed in [13]] for bilinear classes is not computationally
efficient is general. Therefore also its adversarial extension presented above will have this drawback.
In this paper we focused on the smaller class of Linear MDP for which we provide a computationally
efficient algorithm.
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Improving dependence on ¢, d and I For what concerns the finite horizon case we presented
BRIG which has a dependence on € which can not be improved further if not bypassing the reduction
to online learning in MDPs. However the dependence in d and H can be improved. To circumvent
this problem, we could think that one could apply LSVI-UCB++ [18]]. However, it turns out that
LSVI-UCB++ fails if the cost changes adversarially even if the learner knows the cost at the next
round. Therefore, a new algorithm design is needed to improve by a factor dH upon the MDP
trajectory complexity of Algorithm [4]

F Omitted Proofs

F.1 Proof of Lemma[2]
Lemma 2. Consider the MDP M = (S, A, ~, P, ¢) and two policies w,7' : S — A 4. Then consider
for any Q € RISIAl and V”(s) = <7r(|s), @(s, )> and Q™ , V™ be respectively the state action

and state value function of the policy w in MDP M and let E € RISIAIXISI pe the matrix such that
for an arbitrary vector f € RISl it holds (Ef)(s,a) = f(s). Then, it holds that

(vo, V7 —Vv™') = ﬁ ((a',Q=c =PV} + (a7, EV" - Q))
Proof
(a7,Q) = (0, — c = 4PV} 4 (" . + 1 PVT)
=<d”/,@—c—7PV”>+( )<uo,V”’>+<7PTdﬂ’,17’T>
= (@,Q = c=APV™) + (1 =) (o, V™ = V") + (ETa™ V™)
Rearranging the terms leads to the conclusion. O

F.2 Proof of Theorem[d
Proof. Let V™' -k ¢ [—(1 — )7L, (1 — ~)~]!5| denote V™" (-; c*), then

K
Regret(K;n*) £ Z <d’rk - d”*,ck>

el
I
—_

k=1
K
=D Eear [(Q%(s,), 7" (s) = 7 (s))] (OMD)
k=1
K
+ ZEs,aNd"’* [Q* 1 (s,a) — c¥(s,a) — yPV*(s,a)] (Optimism 1)
k=1
K
+ Z Es,ar\zd"’k [Ck (37 CL) + PYPVk (37 CL) - Qk+1(5’ Cl)] (Optlmlsm 2)
k=1
K
+D E, g (@ (5,0) — Q¥(s,0)] (Shift 1)
k=1
K
+ Z IE’s,awd"* [Qk(sv G,) - Qk+1(5a a)] (Shift 2)

Then, we have that[Optimism I][Optimism 2] can be bounded using Lemma ] while for we
crucially rely on the regularization of the policy improvement step and on the fact that the policy is
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updated only every 7 steps. Both these observations allow to derive

K K
ZEs,aNd"'k [Qk(&a) _ Q’H—l(S,a)] < Z Z Qk(&a) (dﬂk (S, a) _ dnk—l(&a)) 4 ZQl(&a)dm (S, a)

k=1 k=2 s,a

K

<@ o), ¢ —a |,
k=2

1 i ’ d,,rk- _ d,,rkq

T 1l—v P 1

_ 1 L%/:TJ ’ g _ gri
1—7 g 1

At this point applying Pinkser’s inequality and [28, Lemma A.1] we obtain

|

2@ G P D) ‘ -
v —d H1 = \/ZDKL(d TdmTY) < \/1 — ,YESNd,Aj)DKL(W(J)(-\S),77(5 D(-|s))

2n ~
1 E 5 QU1
s\Viz, s amdr »Q
< V2
=1
All in all, we have that
LK/7]
1 V2nK
(Shitt 1)) < V2n =
= & (="

For the second shift term, we can use a trivial telescoping argument to obtain that <
(1—-m~"

The terms (Optimism 1)) and (Optimism 2)) can be bounded exactly as in the finite horizon case thanks
to Lemma 4 we have that with probability 1 — §

K
(Optimism 1)) + (Optimism 2)) < 2 Z E, \odr® [bk (s, a)] . 5)
k=1

Therefore, we just need to adapt the argument for bounding the exploration term
2 Zle E, ,qet [0"(s,a)] in the infinite horizon case. We start by exploiting the fact that both b*

and 7* change in fact only every 7 updates. So we have

K K/t ‘
Z ES,aNd"k [bk(s’ a)] =7 Z ]Es,awd“(j) {b(j)(sa a)}
k=1 j=1
K/t i
- ZEDu‘mdw‘” Z b9 (s, a)
Jj=1 | s,aeD)
K/t i
= Z ED<J‘>~dw<J'> Z Bllo(s, G)H(Am)fl
Jj=1 | s,aeD)

At this point, fixing an arbitrary order for the state action pairs in D) we can define for any i € [1, 7]
the matrix

A =3 6(s" a")o(s" a)T + AL
(=1
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Then, it holds that

K/T K/T T
Z ]ED(J')Nd"(j) Z B ||¢(S a H(A(J)) 1 Z ]ED(J)NdW“) [Zﬂ |}¢(Se,ae)||(/\(j))—1‘|
Jj=1 s,a€D () (=1

K/t

< Z E’D(i)~dﬂ<j) [Zﬁ H(ﬁ(SZ,ae)H(Ay))l‘|
j=1 /=1

At this point, we can notice that for any index pair /, j it holds that

mm A(J))

H¢S Cl H A(J)) 1 V max AJ) H¢S Cl H<“

where the norm ¢(s*, a’) is upper bounded by 1 thanks to the Linear MDP assumption. Then, via
[43, Lemma F.1] (where the random variable X;; is in this context >_;_; 3 || ¢ (s, a*)|| (AG)) -1 which
14

is supported in [0, 57]) we can continue upper bounding with probability 1 — § the bonus sum as

K K/t r
D E i [M(s,0)] <23 0% Bl6(s,a)| g1 + 487 log(26/(76))
k=1 j=1 ¢=1
K/t 1
=257 5" 8/6(st, at)T(AD) 1 6(s", af) + 487 log(2K /(75)
j=1/4=1
K/T T
<2 B, 7Y olst,at)T(AFP)Lg(st,at) + 487 log(2K /(75))
j=1 (=1
K/T d
<2 BT log(1+ \i) + 4B7log(2K/(76))
j=1 i=1

where the last inequality uses [9, Lemma 11.11] and the notation {)\i}le stands for the eigenvalues
of the matrix AU) — I . At this point we can recognize the determinant inside the log and use the
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determinant trace inequality.

K/t K/r
Zﬁ TZIOg +\) Zﬁ 7'10g<H1+)\>

K/T
= ZB\/Tlog det

K/T

Z ﬂ\/ rdlog (Trace )

Ii/f,@\/nllog <d+Trace > g P(st, af)qs(sf’aé)T))

IN

IN

d

K/T

I N

Tdlog

d + 7 max, Trace(¢(st, at)p(st, at)T) )
d

_ %B\/Tdk)g (e o165

d
K/r
< Zﬁﬂlrdlog (d—;T)
j=1
< BK /dlog27’d.
T

Hence, with probability 1 — 24 (union bound between the event under which Equation (5)) holds and
the the application of the concentration result [43, Lemma F.1] in bounding the exploration bonuses
sum), it holds that

N

Regret(K Z s | s,+), " (s) — 7*(s))] +4BK M + 887 log(2K/(79))
+7 V2nK 1

(1 —7)2r * (1-9)

The last step 1s to bound (OMD)) invoking [43] Lemma F.5] noticing that the gradient norm is upper
bounded by 1 . This glves

K
7log |A| T nkK
Eooger [(QF(s,),m"(s) — 7*(s))] < + +
z [ )< B L
Putting all together , we have that for 7 %

rloglA] 741 f 2Kd V2K
K;m*) < 128K
Regret(K;7*) < " . (1 —5 +128 (1 )27

F.3 Proof of Theorem 5

To improve the readability of the proof we restate Algorithm [3|hereafter.
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Algorithm 5 ILARL (detailed version).

1: Input: Dataset size 7, Exploration parameter /3, Step size 7, Expert dataset Dy, = {7;}.2,.
2: Estimate for expert feature visitation ®Tdm £ % D oreD. Dsp.aner Y p(sn,an) .
np £4Sh,an
3: Initialize 7o as uniform distribution over A
4: Initialize V! = 0
5:forj=1,...|K/7|do
6:  // Collect on-policy data
7:  Denote the indices interval T; £ [(j — 1) | K/7],j | K/T]).
8:  Sample DY) = {si,ai,s”i}ieTj ~dr
9:  Compute A(.j) =D (s.,ayep A(s,a)d(s,a)T + 1.
10: Compute b9 (s, a) = B [[6(5, 0)l| ) -
11:  fork €Tjdo
12: // Cost update
13: Estimate features expectation vector ®Td™ as 771 3" 1) ¢(s, a).
14wl =TI [wk —a(®Tdm — {)Td”k)} with W = {w : [|w]|, < 1}.
15: /I Optimistic Policy Evaluation
16: vk = (A(J)T1 Z(sﬂ,sl)ep(j) B(s, a)Vk(Sl)
) _ -1
17 Q= [awk eyt b0 T
18: VEFHL(s) = (7 (als), Q" (s, a)) (notice that () = h+1),
19:  end for

20:  // Policy Improvement Step
21:  Compute average Q value QU)(s,a) = 2 Srer, @ (s, a).

22:  Update policy
J
7 (als) o exp (n > QW(s, a))
i=1

23: end for

Proof. Consider the following decomposition

K K K
Z <C‘“‘C’dﬂE - dﬂk> = Z <Wtrue —wh, ‘I>/Tal\”P - <I>Td”k> + Z <ck')d”E — dﬂk> (6)

k=1 k=1 k=1
K —_—
3 (Wirse = W, @7 — BT ) ™
k=1
For the first term we can use the following steps.

K K K
> <wtruc —wh BT dme <I>Td”k> <> <wtruc —wh, ®Tdm — <I>Td”k> +y° <wtm —wh, ®Tdm" — <I>Td”k>
k=1 k=1 k=1
Now, using the regret bound for OMD [31, Theorem 6.10] we can bound the first term in the
decomposition above as

K

— — 1 2 K o — —
; <WmlC _wh BT — (I)Td,rk-> < maxweW2H;N w ||2 i ‘;kz_:l H(I)Tdm; _ T

2

2

<maxcecHC—Cle o o STdm <I>/TCF‘2
o moxeelle= e, o 55 g g
k=1
1
gﬂ—&—QaK
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Then, for o = ﬁ then Zé{:l <wtruc —whk, @ — @Td”k> < 2+/K. For the estimation term,
K R K R
Z <wtrue - Wka @Tdﬂ' - q)TdﬂFk> S Z HW - Wk”l H‘I’Tdﬂ— — @Tdﬂk
k=1 P

o0

K —_—
VA - wh, [@ra - @

k=1

[e e}

K
<2vdy Hqﬂd”’“ _ &
k=1 >

C oV [2losRdE/S) . [2dl0p(2dK/6)

where the last inequality holds with probability 1—¢ thanks to Azuma-Hoeffding inequality. Therefore,
using Theorem 4] to control the second term in Equation (7) and a union bound we obtain that with
probability 1 — 34.

K

Z <cm.e,d7rE — d”k> <2VK +2K 2dlog(2dK/6) 7'10g|~'4| n T+1 n nkK :
k=1 U L=y (1=7)
+ 126K\/>10g <2K) (1CI)( ++ XK: (Wirue = w", &Td7 — ®Td™ )
and using that for the empirical expert an application of Lemma 8] gives that with probability 1 — 4.
i <wtme — wk, ®Tdm — @Tdﬂ> < 2Kx/&H<I>Tdﬂ T <K 2‘“057;4/5)

k=1

and using a last union bound gives that with probability 1 — 44

Therefore, selecting 75 > 34108(d/9)
‘e

<ctme’ g ;{i dwk> - \/% 8d 1og(2dK/5) . 71?7§(|A| . (IT;?K "
4128 f_log <2Kd> S \_/?7327

Using n = \/Tk’g\A){j’

<ctme, gL ;i;d’fk> <e \/% 8dlog@cﬂK/é) n y 37) Tlo§|./4| N (IT:;?K

Neglecting lower order terms we obtain

K
gt 8d log( 2dK/5) 2 [rlog|A| \/E 2K
<Ctrueyd Kkzz:ld >§€E+O< +(1—’Y) K + 128 7_1Og Py
<6E+0<(137) TlOg|A 15&\/’ <2dK>>

Therefore, choosing 7 = O BU—y)VdK log(2dK/3) | gives
V/log| A

K 1/4 1/4
1 Z : 1 d
Ctrue, d’TTE _ d’n’k + O Og |A| f
K Pt VI—yK/4
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Therefore, choosing K > 1) (logIA‘dﬁ * log*(2dK / 6)) which is attained by K =

(1—7)2et
O (P4l 109 (128551 ) ensures (epue d™ — 3 Y24, d7) < € + e with probability
1—46. O

G Technical Lemmas

Lemma 3. Assume that in Algorithm we set 3 = O (dH log(RAHS 1)) with R = 72 VdH. Then,
with probability 1 — § it holds that

—2bf(s,a) < QF(s,a) — cf(s,a) — PV 1 (s,a) <0 Vs,a €S x Ak e [K],he[H]

Proof. We first see that Lemma [5|holds for every j. Then, thanks to union bound we have that with
probability 1 — 4 it holds that for any state action pairs we have that

[6(5,0)7v = PV, (s,0)] < B 1605, )| )0 = Bh(5,)

From this fact the conclusion follows immediately if no truncation happens. That is , if Qf =
cﬁ + 'I’vﬁ — bﬁ. Now, we consider the case where a lower truncation takes place, in this case, we
have
Qp=-H+h—1<c;+PVy,

If there a truncation from above it holds that

Qh < ¢ + @i — by < ¢ + PV + by — by = cj + PV,
To show the lower bound in the lemma in case of a lower truncation, we have that

Qb > o+ @vh — b > o + PV, — b — b} = ¢ + PV, — 20}
finally, if the truncation from above is triggered, we have that
Qr =H—h+1>cf+PVF,>c}+ PV, —2bf
O

Lemma 4. For any k € [K]|, let the bonus b* be defined as in Algorithm [2] with 8 =
O (d(1 — )~ tog(Rd(1 —~v)~1671)) with R = 72V/d(1 — ) ~L. Then, with probability 1 — § it
holds that

—2b%(s,a) < Q1 (s,a) — cF(s,a) —yPV*(s,a) <0 Vs,a €S x Ak € [K]

Proof. We first see that Lemma 6] holds for every j. Then, thanks to union bound we have that with
probability 1 — § it holds that for any state action pairs we have that

(s, a)"v" — PVF(s,a)| < B16(s,a)|| a1y = 0" (s, a)

From this fact the conclusion follows immediately if no truncation happens. That is , if Q*T! =
c¥ + ®v¥ — b*. Now, we consider the case where a upper truncation takes place, in this case, we
have

1
Qk+1:7:1+77 ch+'yPVk72bk
11— 11—

While for the upper bound, we have that
QM < 4 y@vh — b < cF Ay PVE L -0 = F -y PVE
Now, we handle the case of a lower truncation in this case
QML > cF 4 A@vF — b > ek A PVE — bF bk = ¢k -y PVE — 2pk
for the upper bound we have that

1
QH = ——— =1 <PVt
1—7v 1—7
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Lemma 5. Let V}f be the sequence of value functions generated by Algorithm fix a batch index j
and let T; denote the set of indices in the 3" batch. Then, it holds that for 3 = O (dH), the estimator

vi =@ YT b(s, )V (s)
(s@,s’)ED;Lj)
satisfies

|¢(s,a)TvZ - PV,{“H(s,a)} <p ||<;5(s7(1)||(A§Lj)),1 =b"(s,a) Vke€T;,he[H],s,aeS8Sx A

with probability 1 — 7/ K .

Proof. The proof is analogous to the proof of Lemma[6]but invoking Theorem[7]with B = H and
applying a further union bound over the set [H]. Thus, the proof is skipped for brevity. O

Lemma 6. Let V¥ be the sequence of value functions generated by AlgorithmEI fix a batch index
J and let T); denote the set of indices in the 3t batch. Then, it holds that for 3 = 9} (%), the
estimator

vk = (AD))~1 Z B(s,a)VE(s")

(s,a,s’)eD)
satisfies
|¢(s,a)Tvk - PVk(s,a)‘ < Bllg(s; a)llawy-1 = V(s,a) VkeT;,V¥s,aeSxA

with probability 1 — i1/ K .

Proof. With standard manipulation one can prove that
PVF=@MV* = @A) MVE+ &(AD)TT N g(s,a)PVF(s,a)
s,a,s’'€DW)

and by definition
BV =B(AD)T N g(s,a) V()

s,a,s'€DW)
Therefore,
PVF - &vF = ®(AD)TTMVF + (AU N 4(s,a)(PVE(s,a) — VF(S))
s,a,s’ €DW)
Then, for any state action pair (s, a), we have
|PVE(s,a) = 8V (s,0)| = ¢(s,0)" (AD) T MVE46(s,a)"(AD) ™1 N7 g(s,a)(PVF(s,0)-VH(s"))
s,a,s’'€DW)

by applying Holder’s inequality,

|PVE(s,a) — @v*(s,a)| < [|6(s,a) | a1

(A(j))*lMV’“H
(A(j))

+116(s, @)l a1 [|[A)TH D7 ds,a)(PVF(s,a) = VE(s'))

s,a,s'€DW) (AG))
= llo(s, G)H(Au))ﬂ HMVkH(AU))—l

+lo(s, )l a1 || D s, a)(PV(s,a) = VE())

s,a,s'€DW) (AG))—1
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where in the equality we used that for a symmetric matrix A we have that || Az|| ,_, = ||z|| 4. Then,

we can use that HMV’“H(A(J.)),1 < ﬁ to obtain

1
|PV¥(s,a) — ®v"(s,a)| < [|6(s,a)[l pcy it > s, a)(PV*(s,a) — V("))
s,a,8'€D) Y
e (AG))—1

“ defined as
Vﬂ(j) = {<ﬂ-(j)('|s)aQ(3a )> |Q(Sva) € Q(B’A7W’V)}

where Q(3, A, w, V) is defined as in Theorem 8| Denote as A/ the |||| _-covering number of the

To handle the second term in brackets we use that V* € V7

class V™ and notice that V™" and D) are conditionally independent given (7).

Under this setting we can use Theorem[7|with B = (1—+)~" to obtain that with probability 1 —d7/K

1 2d K(r+1 4 ;
|PVF(s,a) — ®v"(s,a)| < lo(s,a)ll acy- (1 — + \/(1 ) log( ((57‘ )> + TEE log VY +87’262>

< 1043, leaeoy-» (1 + \/2d10g (K(gj 1)> + 2\/1%;73+2\/§re> :

L—n
Then, we can conclude that the covering number is upper bounded by Theorem [8| with L = 11—7
since

1
Ml ——
V< s

@[l Y e < 5=

s,a,s'€DW) (1 N ’Y)

we obtain that

, 4 2.2
log NV < dlog <1 Tyt (177)2> + d?log(1 + 8VdB%e?)
€ -
Therefore,
?(s, a)|| poy- K 1 4 272
|PVE(s,a) — ®v*(s,a)| < 1965 allany-r 7, sdtog (KT EDY 1 Hogiog (142,14 27
1—7 oT € (1 —7)2

+ \@d\/log(l +8VdpB2e2) + 2\/§TE:|

1 we obtain

s,a Ny-1 272
|PVk(s,a)f{>vk(s,a)|§M 14 4 J2dlog (ETEDY 4 Jodiog (14 a7 14 27
1=y or (1—7)?

At this point, using € = 7~

+ x/id\/log(l +8VdB2r2) + 2x/§]

To simplify the above expression, we notice that there exists a constant ¢ such that

log [ TEBVA

P o)
Now, using [43, Lemma D.2], we have that 3 = O(d(1 — v) 'log [Rd(1 —v)~!]) with R =
TK\d5~(1 — )" ensures

H¢(5>a)||(/\(j))—1

PV* — pvh <
|PVE(s,a) vi(s,a)| < e T

d

d 2BVd
ﬂzcu—vf%<&1—w>’
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and therefore
|PVk(s,a) - <I>vk(57a)’ <p ||¢(37a)||(1\(j>)—1 .
O

Theorem 7. For a fixed policy m consider a function class V and a state action pair dataset D
collected with a fixed policy m such that D and V are conditionally independent given 7 . Then, for
any f € V such that || f||, < B, it holds with probability 1 — 67/ K

2

S 6(s,a)(Pf(s,a) - f(5) < 2dB2log (K(;U> + 4B log N, + 8722

s,a,s'€D (AG))—1

where N is the the (e, ||-|| . )- covering number of the class V™.

Proof. Consider the decomposition in [22, Lemma D.4]. In particular, let C. (V) denote the (e, ||-|| . )-
covering set of )V and pick f € C.(V) such that H f- f H < e. The existence of f is guaranteed by

the properties of covering sets. Then, we have
2 2

> @(s,a)(Pf(s,a) - f(5)) <2\ Y. é(s,a)(Pf(s,a) = f(5))

s,a,s'€D s,a,s’'€D

(A)—1 (A@))-1

2

w2l 3 s, a)(P(f - )(s.a) = (f = ()
s,a,s'€D (AG))-1
The second term can be bounded by 872¢2

uniform bound over the set Cc(V)). We need to index the dataset D, i.e. D = {(s*,a’)

as in [22]] so now we focus on the first term via a
D

A i
consider the filtration F; = {(s*, a") }2:1' Since the features mapping is deterministic, ¢(s*, a’) is
JF-measurable. Then, notice that by assumption D and V™ are conditionally independent given 7.
Therefore, we also have that D and C. (V™) are conditionally independent given 7. So for any function
f € C(V™) we have that E[f(s™)|F,] = Pf(s",a"). Finally, from the assumption || f|| _ < B
we have that f is BQ-subgaussian. Therefore, all the conditions of [22, Theorem D.3] are met and via
a union bound over the covering set allows to conclude that with probability 1 — §7/K

2

2 ST bs,a)(PF(s,a) - F()) < 248 log (K(gj”)HleogM VF e Cv),

s,a,s'€D

and

(AG))—1

and since f € C.(V),
2

2 Z d(s,a)(Pf(s,a) — f(s) < 2dB?log (K(;:l)) +4B?log N..

s,a,s’'€D (A1

Theorem 8. Let us consider the function class Q defined as follows
Q(B, A, w,v) ={Q(s,a; 8, A, w,V)[|B € R, Amin(A) > 1, [[w]| < 1, [[v|| < L}
where  Q(s,a: 8, A, w,v) = [6(5,0)T(w+ V) + B|6(s, a)l[ .15 "
and the classes

VT ={(n(-]s),Q(s,")) |Q(s,a) € Q(B, A, w,v)}

foranym:S — A4.
Then, it holds that for any m: S — A4

NL(V) £ N(Q) = (1 + 4T 2T /e (1 + 8V )
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Proof. Let us remove clipping that can only decreasing the covering number of the function class
and let us consider the matrix A = [32/\*1, then we can rewrite the function class of interest
as parameterized only by A rather then S and A separately. In addition, let us consider a vector
Z=W-+"Vv

Q(4,2) = {Q(s. a5 4, w, V) Ain(A) = B2, 12> < 2+ 29°L2}

with
Q(S,G;A,Z) = ¢(5a a)TZ + ||¢(Sa a)HA

Then, we have that

Q(s,a3 A1, 71) = Q(s, a3 Az, 72)| < 605, )| 12 — 72| + | /0(s, )T A1 (s, 0) — v/ (s, 0)T A26(s,a)
< [l¢(s, a)ll 21 — 22l + V/[é(s, a)T (A1 — A)4(s, )]
<z — 2] + ¢ sup |¢><s,a>r<A1 — A2)¢(s,0)]

¢:]|olI<1
< ||z1 — z2|| + /[ A1 — Az|

< lz1 — 22|l + /A1 — A2l p

where ||A; — As|| is the spectral norm of the matrix A; — A and ||A; — As||  is the Frobenius
norm. We also used the inequality ’f v ] < /|z — y| that holds for any x,y > 0. At this point
we can constructing an e-covering set for Q(A, z) as product of the €2/4 covering set for the set

Y= {A e R¥4||| A, < \/&5*2} which has cardinality AV, () = (1 +8VdB%2)* while the

covering for the set Z = {z eRY: ||z|* <1+ ’yQLQ} satisfies V. (Z) = (1 + 4y/1 +~2L2/¢)?
Hence, taking the product, we have that

NA(Q) = (1 +4y/T+~2L2/e)4(1 + 8VdB2e )™

At this point, let us consider the set

VT = {<7T(|S)7 Q(S, )> |Q(s7a) € Q(A7Z)}
Since the policy 7 is fixed and averaging is a non expansive operation, we have that N, (V™) < N (Q).

However, for the set

V= {(m(ls),Q(s,")) I € I, Q(s,a) € Q(B, A, w,v)}

the averaging is not wrt to a fixed distribution therefore we would need to proceed as follow

[(m1(:]s), @1 (s, ) — (ma(:]s), Qa(s, ))I,( 17) [m1(-[s) = m2(-[s)lly +2[|Qi(s,-) = Qals, )l

1
= [m1(ls) = ma(ls)lly +21@u(s, ) — Qals, )l
1
S A=) e x||lmi(|s) = ma(-[s)lly + 2 [|1z1 — 2]l + /(| A1 — Azl
1
< (=] [m1(:|s) = m2([8)lloo 1 + 21121 — 22l + 1/ |41 — A2l
Therefore, we can conclude that N (V) = Nc(IL [|-[| o, 1 )Ne(Q). O

Next, we prove the Lemma that we use to state Theorems [[]and [2]using 6 = e.

Lemma 7. High probability to expectation conversion for a bounded random variable Let us
consider a random variable X such that — X max < X < Xpax almost surely and that P [ X > p] <6,
then it holds that

E [X] S H + 6(Xmax - ,u)

27



Proof.
EX]=1-0)E[X|X <u]4+0E[X|X > u] <(1—=0)p+ 0Xmax
O

Lemma 8. Expert concentration [46] Theorem 1] Let D, £ {(s§, ab, st al,. .., s%,a%)},=, be
a finite set of i.i.d. truncated sample trajectories collected with an expert policy mg. We conszder the

empirical expert feature expectation vector ®Td™ by taking sample averages, i.e.,
- | AN
®TA™ S (1=7) -3 > ' ilsi i), Vi € [d).
t=0 =1

Suppose the trajectory length is H > ﬁ 1og(%), and the number of of expert trajectories is
2log(2d
62

ng > ), Then, with probability at least 1 — 6, it holds that H@Td’TE — <ﬁd\’TE <e.
H Omitted proofs for Best Response Imitation Learning
H.1 Proof of Theorem 6]
Proof.
Regret(K, * Z Vfr Fsy) = vk
k=
K k *
=2 VT (s) = ) + Vs - VT
k=1
K H
- Z ZES,aNd;’k [ch(s.a) + PV (s,0) — Q' (s, a)]
k=1h=1 '
K H
+ Z Z Es,awdg* [ 2_1(57 a’) - CZ(Sa a) - thffl—i-_ll(sv a’)]
k=1h=1
H K
k * k—1
+ D By | Y (7hCls) = 7 (1s), @y (s, a))
h=1 k=1
K H
<D DB, g [eh(s,0) + PV (s.0) - QF M (s,a)]
k=1h=1
K H
+ Z Z Es,awdg* [ 271(87 (L) - CZ(S, a’) - Pth]:f(Sv (L)]
k=1h=1

where the last inequality is due to the use of the best response (greedy policy) in Step 17 of Algorithm[4]
At this point we can prove the optimistic properties of the estimator (that follows combining Lemmas 4]
and[9).i.e. forany h = H, ..., 1, it holds that

cﬁ(s,a)JrPth’_:ll(s,a)—2bZ_1(s,a) < QF(s,a) < c(s, a)JrPhV}i:ll (s,a) Vs,aeSxA wp. 1-4.
Thus, it holds with probability 1 — § that

K H
Regret(K, * Z Z ssardg” b1 (s, a)]
k=1 h=1

and then, using Cauchy-Schwartz and the elliptical potential lemma ( see Lemma|[I0), we obtain that
with probability 1 — 26,

Regret(K,7*) < O (H2d3/2 Klog(K5—1)>
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Then, we apply this result in the imitation learning setting. We start with our usual decomposition

K H . N - K H o
ZZ<Ctrue,h,dz —dZE> ZZ<Ch’dW dZE>+ZZ<Ctrue,h _c;cudz' _d7h"E>

k=1h=1 k=1 h= k=1h=1
K H
ZZ ko gm® TE Z k h
<ch7 dZ - dZE> + <Ctl’ue,h — Chs 1 [Skv ak} - dWE>
k=1 h=1 k=1 h=1
H K
k h _h k
E E <Ctrue,h —cp, 1 [sy,ax] —dj, >
h=1k=1
Then, notice that zf = — <cmJe n—ck 1 [st al] —df > is a martingale difference sequence

adapted to the filtration f,’f = {(Tk ch)} almost surely bounded by 4. Therefore, by Azuma

Hoeffding inequality, we obtain E el Z el h < H+/8K log 6—1. Therefore, via a union bound,
we have that with probability 1 — 34, it holds

K H
3 <ctme7h, ar* - d’§5> 0] (H2d3/2\/Klog(K6—1)) n g 20K H + H\/8K log -1
k=1 h=1

— O (H2a*2\/Klog(K6)) + 4HVEK + H\/8K1ogd~!

where last step follows from choosing o = ﬁ At this point, the conclusion holds plugging in the

H*d® log(2dH/(65)) )

value for K in the statement of the main theorem which is K = O ( . Finally, we

need to control the error in the estimation of the expert occupancy measure that can be done as in the
proof for Algorithm [T}

H
TE .
V1 (517 Ctrue) - Vl 317 Clrue E

P

QszE - észEa wtrue,h>

h=1
Hvd max HtI)Td”E BTAT
he|H)

o0

2d log(2d/9)

TE

where the last inequality holds with probability 1 — 4. Therefore, the choice of 7 in the theorem
statement ensures that V™ (s1; Cyue) — V7™ (515 Cirue) < €5 O

Lemma9. For 5 =0 (dH log(dTT)), the estimator used in Algorithm

k
—1
Vh E ¢ Sh’ah ‘/}L Sh-‘rl)
=1

satisfies for any h, k € [H| x [K] and for any state action pair (s,a) € S x A.
[#(s,0)TVR = PaViria (s,0)| < Bllo(s, a)ll 5y ®)

with probability 1 — 4.

Proof. With analogous steps to the proof of Lemma [6] that

|6(5, )TV = PyVikiy (s, 0)| < HMthHH AE)T [6(s, @)l ary -
k
Z sh,ah Vlf+1(5lh+1)—P}zviﬁl(slfuab)

(s, a) H(Ag)—l

(1)
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Then, using the fact that by assumption on M and by the clipping of the value function, we have that
|2Vl (ag)~ < H- Then, using [22, Lemma B.3] it holds that with probability 1 — 4
h

<ofurne(4))

k
Z d)(sﬁm aéL) (V}f@—&-l(sz—&-l) - P}L‘/}f—&-l(sézv aéz))
=1

(A%)

Then, noticing that this is the main term we conclude that

dK
’gb(s,a)Tv’,j - PhV,fH(s,a)’ <O (dHlog <5)) ||¢(57a)||(/\’;)—1 .

Lemma 10. It holds that with probability 1 — ¢

Z s,andr" (b3 (s, )]S0<d3/2H2 K10g<2§()>

Proof. We have that

2ZZEsa~d" bk "(s,a)] <2

bk Y(sk, a¥) + BH\/Klogé—1 (Azuma-Hoeffding)

Mm

M= 11

k=1h=1 h=1
K
<2 \J KZ bl 2+ BH+/Klogé—1 (Cauchy-Schwartz)
h=1 k=1
H K
= Z KZ(b sk af)T(AF 1) o(sk, ak) + BH /K log 61
1 k=1

I/\
T ||

28 dK1og(2K) + BH/K log §~
h_

= <d3/2H2 Klog (%f))

I Experiments

I.1 Experiments with deterministic expert

We also run an experiment where the expert is deterministic and see if ILARL can compete with BC
in this setting. The results are provided in Figure|2| The parameter o is the probability at which the
system does not evolve according to the agent’s action but in an adversarial way. We experiment
with o = {0,0.05,0.1}. The details about the transition dynamics are given in Appendix Form
Figure 2] we can see that ILARL and REIRL are again the most efficient algorithms in terms of MDP
trajectories and they are able to match the performance of behavioural cloning despite the fact it has
better guarantees for the case of deterministic experts. For Figure[I] we used o = 0.1.

1.2 Environment description

We run the experiment in the following MDP with continuous states space. We consider a 2D
environment, where we denote the horizontal coordinate as z € [—1, 1] and vertical one as y € [—1, 1].
The agent starts in the upper left corner, i.e., the coordinate [—1,1]T and should learn to reach
the opposite corner (i.e. [1, —1]T) while avoiding the central high cost area depicted in Figure
The reward function is given by: Cuue(s,a) = cpwe([z,y]T,a) = (x — 1)%2 + (y + 1)? + 80 -
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Figure 2: Experiments on the continuous gridworld with one trajectory from a deterministic expert.

e=8@+y") _ 100 - 1{z € [0.95,1],y € [-1,—0.95]}. The action space for the agent is given by

A= 4]0.01,0]7,[0,0.01]7,[—0.01,0]7, [0, —0.01]T 3, and the transition dynamics are given by:
—_—— ——

£4, £4, 245 244
5 H[ 1,1]2 St + 10 1—0
t+1 =
H[_1,1]2 St — m w.p. O

Thus, with probability o, the environment does not respond to the action taken by the agent, but

1.0 e ‘ 70,0
; ¥

Figure 3: Graphical representation of —cyy,. of the linear MDP used in Figures and

it takes a step towards the low reward area centered at the origin, i.e., . The agent should

10||s Ml
therefore pass far enough from the origin. Consider

6(s,0) = o((w, 9], @) = [2%, y%, 2.y, 5 1 {o € [0.95, 1],y € [-1,-0.95]} €] |

with
e, — []l{a:Al},]l{a:Ag},]l{a:Ag},ll{a:A4}}T

Notice that Assumptionholds only for the cost cyye = ®[1,1,—2,—2,80,—100, 2,2, 2, 2|7 while
for the dynamics the linearity assumption does not hold.

I.3 Numerical verification of the finite horizon improvement.

We test BRIG (Algorithm[d) in a toy finite horizon problem. In particular, we consider a linear bandits
problem (H = 1) with true cost function cyye = ®PWy, e Where ® entries are sampled from a normal
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distribution. For Wi, we choose Wiue(i) = 0if 4 is odd and Wi, e(7) = 1 otherwise. We generate
the expert dataset sampling 10 actions from a softmax expert. The results are shown in Figure [4]
They confirm the theoretical findings that BRIG outperforms ILARL for finite horizon problems in
terms of MDP trajectories.

—— BRIG
—— ILARL
1
0
0 25 50 75 100

MDP trajectories

Figure 4: Experiment in finite horizon setting to assess the better efficiency of BRIG.

1.4 Hyperparameters

For the experiments in Figuresandwe used n = 1, 7 = 5 and § = 8. For IQlearn, we also collect
5 trajectory to perform each update on the ()-function, and we use again n = 1 and 0.005 as stepsize
for the Q)-function weights. For PPIL, we use batches of 5 trajectories, 20 gradient updates between
each batch collection, 7 = 1 and and 0.005 as stepsize for the (Q-function weights. For GAIL and
AIRL, we use the default hyperparameters in https://github. com/Khrylx/PyTorch-RL but we
obtained a better prerformance with a larger batch size of 6144 states and we use linear models rather
than neural networks. For REIRL, we used the implementation in [47] but again we increased the
batch size equal to 6144 states for achieving a better performance.

J Reducing the number of expert trajectories.

In this section, we show that the number of required expert trajectories can be further reduced at the
price of additional assumption on the expert policy, features and expert occupancy measure. The
estimator we use is build on the ideas underling Mimic-MD in the linear case [35]].

Remark 4. Using such an estimator in ILARL or BRIG allows to improve upon Mimic-MD in
two ways. Indeed ILARL and BRIG are provably computationally efficient algorithms and do not
require knowledge of the dynamics. On the other hand, Mimic-MD requires perfect knowledge of the
transition dynamics and it is unclear if the output policy can be computed efficiently in Linear MDPs.

To this goal, we need to consider the following estimator for ®Td™, where we denote via (s}, a})
the state action pair encountered at step h in the trajectory 7

Ty = (1 =9)Ermng [Z Yro(sT,al)l [s; € K Vs, € T]]
h=1

+ (1 = 7)Er unit(D,) [Z V(s ap)l [Fsy, € 7 s.t. sp, ¢ K] )
h=1

where we split the expert dataset D, in two disjoint halves Dy, D;. The first Dy is used
to compute the set K which is according to [35, Definition 7] the set where the policy mpc
learned via Behavioural Cloning on the input dataset Dy equals the expert policy. That is,
K ={seS st mpc(s)= WE(S)}H. The other half denoted via D; is used for the second

“Notice that we consider a deterministic expert in this section as done in [35]]. Therefore, we consider policies
as mapping from states to actions, i.e. 7 : S — A
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term in[9] In the analysis of [35]] the first term can be computed thanks to the perfect knowledge of
the dynamics. In our case, we have only trajectory access so we use the estimator

DTd™ = (1= 7)E;wumit(D, ) lz V' $(sh,ai)l s € K Vs € T]]
h=1

+ (1 = 7)E unit(py) [Z Yro(st,al) 1 [Bsp € T st sy ¢ K] (10)

h=1

where the dataset D contains trajectories sampled according to mpc.

TBC
Lemma 11. Let us consider the estimator ®Td™ with the set IC be the confidence set for a binary
linear classifier as defined in [35 Section 4.1], let the expert policy be deterministic ans satisfy the
Linear Expert Assumption [35| Definition 4 ].Moreover consider features that satisfy —¢(s,1) =
#(s,0) = s/2 for all s € S where the state space is chosen to be RY. Finally, let consider that
> aca A7E(+; a) is the uniform distribution Unif (S), then it holds that for any 6 > 0

1 log(d/d) ) ( d®/*logd )
E|[®@Td™ — @Td™, < + + 0 e (11)
” ” 1 -7 2|DWBC‘ 1 - (1 *’7)3/2 |D7TE|

Remark 5. The Lemma above follows the construction in [35|] to show that there exists one example
under which ILARL used with estimator ®Td™ requires only O(d®/*¢=(1 — ~)~3/?) expert trajec-
tories. However, it remains open to prove that the same holds true for general expert in Linear MDPs
without further assumptions on the features and expert occupancy measure.

Proof. The error can be controlled as follow

E2E, n [Z Yro(sh,ai)l [s; € K Vs, € 7]
h=1

— Erumit(0, ) lz Yio(sh,ap)l sy €K Vs, € 7’]]
h=1

so denoting X (1) £ Y77 v ¢(s7,a})1 [s; € K Vs; € 7] and noticing that by definition of K

we have that

> A "b(sp,ap)l[s €K Vs, € 7]
h=1

IE‘r'NUnif(DﬂBc )

=E; Unif(Dny) lz Y o(sh,ap)l[se €K Vsy € T]] ;
h=1

we can rewrite F as a martingale difference sequence

1
1Bl = [Ernme XD = 5 >0 X(7)
TBC TE€Dr g oo
1
= W Z (X(7) = Erome [X(7)])
TBC T€Drgo o
1 log(d/é
< L flosldfo) L s
1 =7\ 2|Drpe|
Therefore choosing |Dy .| = % ensures ¥ < e with probability at least 1 — §. Therefore by
Lemmal[7]
1 log(d/d) 0
£ (5., < 4

© T 1=\ 2Drpe|l 1—7

These trajectories can be simulated in the MDP therefore the latter it is not a requirement on the expert
dataset size. The number of expert trajectories is crucial to control the error due to the trajectories
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containing trajectories not in K, i.e. Equation (I0). Denoting this error as E5 we have

Epo.n, [E2llo

= IED()7D1 |:

(D [Z Yrp(sh, ap)l [Bsy, € T 5.t s, ¢ K]
h=1

I

Z'y}%ﬁ(sﬁ,aﬁﬂ [Fsp € T s.t. sy, ¢ K]

h=1

— E;tnit(Dy)

1 d
=T %DHE”DO (1 Es €7 5. 51 ¢ K]
- (1—7)\/|D1|E19“ght(7) [Er~Doltenght(r) [1 [Fsn € 7 5.t. s ¢ K]]|  Tower Property of Expectation
1 d _lenght(T)
< 1—7) WElenght(T) Z E:~Doflenght(+) [1 [sn € K]]| Union Bound
Y 1 =
lenght
1 d d3/21og d
= D 0 @708 | Thanks to [33, Th 7
= 1 — ‘D | lenght () ; < |DO‘ ) anks to [ eorem 7]
d5/2logd . .
=9 |Dy | Eiengnt(r) [lenght(7)] | Using that [ Do| = [D;| by construction
<0 d3/?logd
- |Dy)? 1—7
_0 d5/4 log d
3/2 ‘D1|
Where we used [35, Theorem 7] to bound
d®/?logd
ET~D0|lcnght(7) []l [Sh ¢ ICH <O (l)g>
ol
so overall »
d’’*logd >
Ep,.p, |1E2 <O ——r—
Do,D || 2||oo ((1 _ 7)3/2 |D1‘
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