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ABSTRACT

Fine-tuning has proven to be highly effective in adapting pre-trained models to
perform better on new desired tasks with minimal data samples. Among the
most widely used approaches are reparameterization methods, which update a tar-
get module by augmenting its frozen weight matrix with an additional trainable
weight matrix. The most prominent example is Low Rank Adaption (LoRA) (Hu
et al., [2022), which gained significant attention in recent years. In this paper, we
introduce a new class of reparametrization methods for transfer learning, designed
to enhance the generalization ability of fine-tuned models. We establish the effec-
tiveness of our approach in a high-dimensional binary classification setting using
tools from Random Matrix Theory, and further validate our theoretical findings
through more realistic experiments, such as fine-tuning large language models.

1 INTRODUCTION

Large foundational models have driven major advances in artificial intelligence across domains such
as computer vision and natural language processing. Examples include transformer-based mod-
els (Vaswani et al.||2017) operating in natural language domain (Team et al., {2023} |Grattafiori et al.,
2024) or vision domain (Cordonnier et al.||2020; [Dosovitskiy et al.,[2020). Such models are specif-
ically known for their relatively large size and massive training corpus, which makes them more
powerful and adapted for many use cases. However, even with their extensive pre-training, these
large models may not excel at some specific tasks without further adjustment.

Fine-tuning addresses this need by updating a pre-trained model with task-specific data. Un-
like training from scratch, it leverages general pre-trained representations while reducing data
and compute requirements. The most common class of fine-tuning methods is Supervised Fine-
Tuning (SFT), which relies on labeled data in that adaptation process, and one of its most popular
lightweight techniques is Low-Rank Adaptation (LoRA) (Hu et al.,[2022), which updates the desired
module by adding a low-rank perturbation to the original (frozen) weight matrix.

In this paper, we study fine-tuning through the lens of Random Matrix Theory (RMT), where we
introduce a theoretical framework to understand and improve transfer learning. Leveraging the theo-
retical findings, our key practical idea in the context of LoRA is to scale the frozen weights row-wise
with a vector « before adaptation, thereby adding a new degree of freedom to the fine-tuning process.
We show that this modification leads to an optimal scaling factor o*, which is typically different
from the standard choice (v = 1). We analyze this framework in a high-dimensional binary classi-
fication setting under a Gaussian Mixture Model, proving the existence of such an optimal a* while
providing its closed-form expression in terms of scalar data-dependent quantities. We then validate
our theoretical insights on real tasks, including transfer learning benchmarks and large language
model fine-tuning.

Summary of contributions. Our main contributions are summarized as follows:

1. In the context of adaptation fine-tuning (e.g., LoRA), we propose the scaling of the base
model weight matrices by a non-trivial row-wise vector cx.

2. We theoretically prove the existence of an optimal parameter a* # 1 in high-dimensional
binary classification and derive its closed form.

3. We design an algorithm to estimate optimal « in complex scenarios such as LLM fine-
tuning.
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2 RELATED WORK

Transfer learning foundations. Transfer Learning (TL) studies how knowledge acquired in a
source task or domain can be reused to improve learning in a related target task. Early surveys (Pan
& Yang, [2009; Weiss et al., [2016) outlined key settings such as domain adaptation and multitask
learning. Most theoretical works established generalization bounds linking transfer success to source
error and distributional divergence Ben-David et al.|(2010), and showed how shared representations
reduce sample complexity (Maurer et al.,2016; Tripuranenti et al.,|2020)). More recent studies refined
these results under classification and regression settings (Hanneke & Kpotufe, 2024; [Zhang et al.,
2021} Klivans et al., 2024} [Kpotufe & Martinet, [2021; (Cai & Wei, |2021; Reeve et al., [2021).

Fine-tuning pre-trained models. With the advent of large-scale pre-training, fine-tuning has be-
come the dominant strategy for transfer learning. The most popular fine-tuning techniques are Super-
vised Fine-tuning (SFT) and fine-tuning with Reinforcement Learning (RL). RL-based approaches
such as RLHF (Ouyang et al.,[2022), DPO (Rafailov et al., 2023), GRPO (Ramesh et al., 2024} \Guo
et al., |2025) and their variants are especially popular for reasoning and mathematics tasks, where
they often outperform SFT (Shenfeld et al., [2025). In this paper, however, we focus on SFT tech-
niques. SFT extends the training of a pre-trained model using labeled data. Because these models are
typically very large, it is common to fine-tune only a small fraction of their parameters while leaving
most unchanged. This strategy, known as Parameter-Efficient Fine-Tuning (PEFT) (Xu et al.,|2023),
aims to achieve strong performance with minimal parameter updates. PEFT methods are usually
grouped into three categories: additive, selective, and reparametrized (Ji et al.l [2025). Our work
centers on the last category.

Reparametrized Fine-tuning. Reparameterization-based fine-tuning adapts a model by express-
ing its parameters in an alternative form, commonly through a low-rank decomposition, to reduce
training costs, while the full weight matrices are reconstructed for inference. The most common
technique in this class is Low Rank Adaptation (LoRA) (Hu et al. [2022), which introduces small,
trainable matrices operating alongside the pre-trained weights to inject task-specific updates without
burdening the inference process. Many extensions were proposed to enhance the efficiency of LORA
by either acting on the initialization of the low rank modules (Hayou et al., 2024al), their learning
rates (Hayou et al. |2024b), normalizing the updates (Liu et al.l 2024), setting adaptive ranks (Kim
et al., 2024; [Lu et al., 2024), finding optimal placements for LoORA modules (Hayou et al., [2025)),
and more (Zhang et al.l [2023b} Dettmers et al.| [2023} [Kopiczko et al.l [2023; Zhang et al., 2023a;
Tian et al.}2024; Jiang et al., [2024)).

3 PROBLEM SETTING AND BACKGROUND

To prove the effectiveness of our new family of fine-tuning algorithms, we will theoretically analyze
a binary classification setting under a Gaussian Mixture Model (GMM) using tools from Random
Matrix Theory (RMT). Through this analysis, we will prove the existence of an optimal scaling
parameter o* and derive its exact theoretical formulation for these settings.

3.1 THEORETICAL SETTING

The goal is to fine-tune a linear classifier, initially pretrained on a dataset called source, in order to
perform a target task given a relatively small target data corpus.

Pre-training phase. We consider that we are given pairs of pre-training (source) data samples
{(&;,7;) }}L, that are distributed, for #; € C, with a € {1, 2}, as follows:

i:i:ljla—"ii; 2iNN(O7Ip)7
gi = (1"
For convenience and without loss of generality, we further assume that p, = (—1)*u for some

vector ;o € RP. This setting can be recovered by subtracting W from each data point, as such

p = #25EL and therefore the SNR ||| controls the difficulty of the classification problem, in
the sense that large values of ||| yield a simple classification problem whereas when ||| — 0,

x,€C, © { (1)
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the classification becomes impossible. Denoting X = [Z1,...,2n] € RPN the data matrix and
9=1[01,---,9 N]—r € RY the corresponding labels vector, we have in matrix form
X=uj' +2, 2)

where Z is a random matrix with A/(0, 1) i.i.d. entries.
We then consider training a classifier, called w, on this source dataset by solving:

1 N
ngnﬁ_;é(w%yi>w||wu§ 3)
i=
for some loss function ¢ and a positive regularization parameter 7. Taking a generic or a non-intuitive
loss, such as the binary cross entropy, leads to intractable solution w. However, Mai & Liao|(2024)
show that in the case of a Gaussian mixture data model or more generally a data distribution with
finite fourth-order moment, it is possible to optimize such a classifier using the squared (L?) loss
function, which also gives a closed-form solution to this problem. Thus, taking /(z,y) = (z — y)?
leads to the following optimization problem:

1 - 2
= argmin, | XTv =g+l @

Which gives us the following solution:
N oot o\

Fine-tuning phase. During the fine-tuning phase, we suppose that we are given pairs of target
data {(x;, )}, with y; € {—1,1} that are distributed such that X = [x1,...,z,] € RP*" is
given by:

X=ppy' +Z, ps=pp+pt, 6)

where Z is a random matrix with A/(0, 1) i.i.d. entries, ™ is an orthogonal vector to y and the factor

B € R quantifies the alignment between the source and target data, as we have that: (ug, u) =
B|e||?. Leveraging the pre-trained weights w € RP, we consider the training of adapter weights a
as:

1
a:argminvEHXT (atIJ—i-v)—sz-i-’YHU”%a (7

for a scalar « € R. In fact, classical reparametrization approaches can be modeled by the same
setting using o = 1. Solving the previous minimization problem, a expresses as:

1/1 -
a=~ (xxT + 71,,> (Xy — aXX ). (8)
n\n

We define the resolvent matrices Q and R by:

—1

1 -1 R
Q= (XXT + vlp) , R= (XxT + ﬂp> : ©)
n N
Then our obtained fine-tuned classifier w,, writes:

. 1 .
Wo = oW +a = —Q(7)Xy + ayQuw
We denote by w = wy the classifier obtained through learning directly on target data (without
fine-tuning), which is given by:
1
w=—Q(7)Xy (No-FT)
Then we finally get the expression of our a-Fine-tuned classifier as follows:

wy = w + ayQuw (a-FTC)
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Remark 3.1 (About the interpretability of our fine-tuned classifier). Remark that the parameter o
introduced in the expression of the fine-tuned classifier w,, characterizes the contribution of each
training dataset (source and target) to the test performance on the target task. In fact, since the
prediction of the class label does not change by multiplying w,, by a positive constant, then by
taking a positive o and for p = ﬁ € (0,1), the fine-tuned classifier is equivalent to this convex
weighted classifier:
w, =pw+ (1-pla

and therefore, this new parameter p can be interpreted as the percentage of the contribution of the
source task to the test performance on the target task.

Remark 3.2 (About the regularization parameter ). We remark from the expression of w,, in equa-
tion that the weight decay +y is essential to have the dependence of w,, on «. In fact, taking
v — 0 leads to a fine-tuned classifier of the form:

w, = (XX Xy
where (XX T)F is the Moore-Penrose inverse of the symmetric semi-definite matrix XX . There-
fore, the obtained classifier does not depend on o here, nor on the pre-trained model w. Addition-
ally, having such a regularization technique is essential in transfer learning since the target dataset

is generally much smaller than the pre-training one, and therefore the fine-tuning process can easily
lead to overfitting in the absence of a regularization technique.

3.2 RMT BACKGROUND

To analyze the performance of the fine-tuned classifier w,, we can leverage tools from Random
Matrix Theory. In mathematical terms, the understanding of the asymptotic performance of the
classifier w,, boils down to the characterization of the statistical behavior of the resolvent matrices
Q(z) and R(z) introduced in equation [9] In the following, we will recall some important notions
and results from random matrix theory, which will be at the heart of our analysis. We start by
defining the main object, which is the resolvent matrix.

Definition 3.3 (Resolvent). For a symmetric matrix M € RP*P| the resolvent Q(z) of M is
defined for = € C\S(M) as:

Qur(z) = (M —z2L,) 7",
where S(M) is the set of eigenvalues or spectrum of M.

In fact, the study of the asymptotic performance of w,, involves the estimation of linear forms of the
resolvents Q and R in equationl_gfl, such as % Tr Q and a " Qb with a, b € RP of bounded Euclidean
norms. Therefore, the notion of a deterministic equivalent (Hachem et al., |2007) is crucial as it
allows the design of a deterministic matrix, having (in probability or almost surely) asymptotically
the same scalar observations as the random ones in the sense of linear forms. A rigorous definition
is provided below.

Definition 3.4 (Deterministic equivalent (Hachem et al., 2007)). We say that Q € RP*P is a de-
terministic equivalent for the random resolvent matrix Q € RP*P if, for any bounded linear form
u : RP*P — R, we have that, as p — oo:

u(Q) = u(Q),

where the convergence is in the almost sure sense.

In particular, a deterministic equivalent for the resolvents Q(z) and R(z) defined in equation [9]is
given by the following Lemma (the proof is presented in Appendix [A.2).

Lemma 3.5 (Deterministic equivalent of Q and R). Under the high-dimensional regime, when
p,n,N — oo with 2 — n € (0,00) and & — 7 € (0,00) and assuming ||pu|| = O(1), a
deterministic equivalent for Q = Q(v) and for R = R(v), previously defined in equation
denoted Q and R respectively, are given by:

-1

T -1 T
~ msmg + 1 -~ pu’ +1,
Q) ( 4o, ) o RO s, T
Where:
1. - —y—1 —y—1)2+4 i—q—1 i— 5 —1)2 + 475
5Q=ETrQ:" gl +\/(72777 Prdn =7 +\/(727&7 IRE Al
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4 MAIN RESULTS

After having defined the setting and needed background, we will now present our main technical
results, which describe the asymptotic behavior of the fine-tuned classifier defined in equation
Specifically, we provide our results under the following growth rate assumptions (classical
assumptions in Random Matrix Theory).

Assumption 4.1 (Growth Rates). Suppose that as p,n, N — co:
DE—=nel0,00),  2)F—=7€0,00),  3)|ul=00) 4) lpsll = O(1).

The first and second assumptions simply state that our analysis considers both the low (1,77 < 1)
and high (n,7 > 1) dimensional regimes. The third and last assumptions are also fundamental
and state that the norm of the source p and target g data means do not scale with the dimension
p, which makes the classification problem neither easy (||| — oc) nor impossible (||| — 0)
in high dimensions. Having stated the main assumptions, we are now in a position to present our
main technical findings about the theoretical test performance of the fine-tuned classifier
But beforehand, let us define some scalar quantities that will be useful in our derivations:

2 2 ~ n

do = sl + 1451+ 50), Aw =l 1450+ 60), h=1- Gl
d

(1+7(1+6r))?
Our main theorem below describes the behavior of the decision function of our fine-tuned classifier.

h=1-

( )
Theorem 4.2 (Gaussianity of the fine-tuned Ridge model). Let w, be the fine-tuned clas-
sifier as defined in equation and suppose that Assumption holds. The decision
function w. z, on some test sample = € C, independent of X, satisfies:

wl z 2 N ((=1)*mq, vo —m2),
where:

1 afy(1+ 6
Mo = 1= (nuﬁnQ 4 20+ %) w) ,
Q R

Vo = T1 + OéTQ + a2T3.
With:

sl (sl +1 1—h
T, = o1 —h)) 40
" o o =R+ ==
7 = 280+ 8Q)[ul? (| 1(1+d)
2 — - )
Ahg g

21 2
- Pt

2 2 2 1—h 2 2 2 2 2 2 ~ 2 2
lal? (St , Lok Pl SR, (- He)
A2, 3 n 3 Ao Ak

|\ J

In simple terms, Theorem [4.2] states that the decision function of the classifier in equation [o-FTC|is
asymptotically equivalent to the thresholding of two monovariate Gaussian random variables with
respective means m,, and —m,, and standard deviation v,, — mi, where the statistics m,, and v,
are expressed in terms of the scalar quantities defined above (see Figure[6]in the Appendix). Having
characterized the distribution of the decision function of w,,, we can now estimate its generalization
performance, such as its test accuracy.

Proposition 4.3 (Asymptotic test accuracy of w,). The asymptotic test accuracy of w,, defined in
equation|a-FTQ| under Assumption[d.1} and as the number of test samples 1 — 00, is given by:

2

as o[t
Apesi —> 1 — ¢ ((Zla —m? )_%ma) ,  where: p(z) = — e~z dt.
a V2T Jy
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Figure 1: Theoretical Test Accuracy variation with a for N = 5000, n = 40, p = 1000, and the
theoretical model is modified to take 3 in (0,1): pg = B+ /1 — B2, where ||p|| = ||pt] =
0.8. Finally the regularization parameters are: 7 = 2 and v = 10~ 1.

Therefore, thanks to Proposition[d.3] we now have the exact formulas of the theoretical test accuracy
of our classifier w,, which can be used to characterize the expression of the optimal/worst parame-
ters of the model (for instance, the «) to use for the fine-tuning process. In particular, we will derive
the theoretical expressions of the extremum of « that lead to either the best or the worst test accuracy
on the target task (proof in Appendix [B).

4 )

Theorem 4.4 (Optimal o). Maximizing the term ((z/a —m2)~2 ma) in terms of « leads to

e

maximizing the test accuracy Ay, and gives a unique maximizer o given by:

« _ ArTa|lps)® — 289T1 (1 + 0g)l|pl
BYT2(1+ 6Q)[lpll* — 2ArTs | s>

. _1 . . L
Plus, solving (v, — mi) 2my, = 0 leads to the unique minimizer & of Ayeq, which is given

by:

Arlpsl?
By(1+6g) | l?

|\ J/

o= —

Figure [I] shows the evolution of the theoretical
test accuracy with the parameter « for different
source datasets (i.e, different alignments /3). In
particular, we observe the existence of an op-
timal parameter o* that is generally different
from 1 (standard approach), and as can be pre-
viously anticipated, its impact on the test ac-
curacy is more visible in the case of a higher
alignment factor 3, which means in this case
that we put higher emphasis on the base model 01 : ! ! ‘ ‘ |
to generalize better in the new task (see Re- 00 02 04 06 08 10

mark [3.1)). s

Figure 2: Variations of the optimal parameter o*
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—

Focusing on the optimal o*, Figure [2] clearly
depicts the non-trivial contribution of the di-
mension p to the choice of a. It is clear that
a* is non-decreasing with the alignment (3 be-

with respect to the alignment between the source
p and target pg dataset means. These latter were
chosen of norm 1, N = 2000, n = 200 and v =

5 =1

tween the source and target task, but its effect

gets amplified with the dimension p of the problem. Notably, the influence of « is more pronounced
in low-resource settings (p > n) compared to cases where sufficient fine-tuning data is available.
This further underscores the crucial role of « in effectively leveraging the pre-trained model and
source data. Additionally, as 5 — 0, we also remark that o* — 0, which means that fine-tuning has
no added value when the source and target tasks are unrelated and orthogonal.
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Figure 3: Test accuracy variation with « for different transfer learning schemes from the Amazon
Review dataset (Blitzer et al.| [2007). The considered parameters here are: N = 2000, n = 40,
p=400,y=10"1and 5 = 2.

5 EXPERIMENTS

In this section, we present some experiments on real datasets to validate our approach. We start
by fine-tuning linear models on the Amazon Review dataset (Blitzer et al.| [2007) to verify our
theoretical findings. After that, we formalize our new class of reparametrization methods and verify
its efficiency by experiments on fine-tuning LLMs on the GLUE tasks (Wang et al., 2018).

5.1 WITHIN OUR THEORETICAL MODEL: LINEAR BINARY CLASSIFICATION

Here we present our experiments on the Amazon Review dataset (Blitzer et al., 2007)) to validate
our theory. This dataset includes several binary classification tasks corresponding to positive versus
negative reviews of books, dvd, electronics, and kitchen. We apply the standard scaler
from scikit-learn (Pedregosa et al., 2011) and estimate ||u||, ||+ | and 8 with the normal-
ized data. Figure |3|depicts the variation in test accuracy of three transfer tasks with respect to the
parameter « and gives a comparison between the three main schemes: o = 0 (i.e., learning directly
on the target data without using previous source knowledge), o = 1 (classical approach) and with
the optimal o* obtained using the theoretical formula in Theorem 4.4] Depending on the tasks, we
see a clear improvement in the test accuracy for a* compared to the other schemes, which further
highlights the impact of this scaling parameter. Table [[|summarizes the results obtained for all the
possible transfer tasks between the sub-datasets.

Table 1: Test accuracy (in %) comparison over Amazon review datasets (Blitzer et al., | 2007) for
N = 2000, n = 40, p = 400, and optimal regularization parameters v = ¥ = 1. As theoretically
anticipated, our new fine-tuning approach yields better classification accuracy than training directly
on the target dataset (o = 0) or using o = 1. The results were computed for 3 random seeds.

Source Dataset | Target Dataset | a=0 | a=1 | Optimal o*
Books Dvd (8 = 0.8) 64.12 +£0.03 | 75.67 £0.24 | 77.35+0.14 (o™ = 2.47)
Electronics (8=0.71) | 68.61 £0.74 | 76.65 +£0.02 | 77.12 £ 0.17 (a* = 1.68)
Kitchen (8=0.79) 69.24 +0.95 | 78.19 + 0.05 78.96 £ 0.26 (a* =1.9)
Dvd Books (6 =0.78) 63.43 £0.67 | 7522 +0.24 | 77.59 £ 0.07 (o™ = 2.47)
Electronics (8=0.71) | 68.61 £0.74 | 76.72 + 0.17 | 76.88 +0.42 (a* = 1.69)
Kitchen (6 =0.78) 69.24 +0.95 | 78.11 £0.23 | 78.72 £ 0.54 (o* = 1.88)
Electronics | Books (8=0.51) 63.43 £ 0.67 722+ 0.1 73.29 £ 0.13 (o> =1.67)
Dvd (8 =0.52) 64.124+0.03 | 7241 £ 0.16 | 73.48 £0.17 (o™ = 1.69)
Kitchen (5 =0.9) 69.24 £0.95 | 81.58 £0.15 83.02+ 0.1 (a* =2.29)
Kitchen Books (8 =0.52) 63.43 £0.67 | 72.86 £0.1 74.27 +£0.14 (o> =1.84)
Dvd (8 = 0.53) 64.12 4+ 0.03 | 73.15+0.08 | 74.15+0.09 (o™ = 1.82)
Electronics (8=0.83) | 68.61 £0.74 | 80.14 +0.02 | 81.89 £0.18 (a* = 2.31)
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Figure 4: Test accuracy evolution of roberta-base finetuned on MNLI and RTE for a single
fixed seed (seed 5 for MNLI and seed 123 for RTE).

We note that our approach yields optimal results for all transfer tasks, which clearly validates our
theoretical results and underscores the efficiency of our method in terms of its generalization capa-
bilities. This can also be observed in Figure[3] which shows that the optimal test accuracy is obtained
for a parameter « that is not necessarily equal, nor even close, to 1.

5.2 BEYOND OUR THEORETICAL MODEL: SUPERVISED FINE-TUNING FOR LLMSs

To go beyond linear models, we now fine-tune roberta-base language model (Liu et al., 2019))
on downstream classification taken from GLUE benchmarks (Wang et al., 2018). To adapt our
theoretical insights from the linear model to complex, multi-layered architectures like LLMs, we
generalize the scalar scaling parameter « to a vector c. This extension provides finer-grained con-
trol, allowing the model to rescale the contribution of the frozen base weights on a per-output-neuron
basis. This added flexibility is crucial for capturing the intricate functional specialization within dif-
ferent dimensions of a neural network’s hidden states. Consequently, the update rule for a weight
matrix W* is modified from a simple scalar product to a row-wise scaling operation, as detailed
below:

Wiw = ®O W+ W (10)

where @ is the element-wise product between vectors, W* € R%ut Xdin is the original layer weights

(frozen during training), o« € R%u¢ (each element in the output dimension is then multiplied by a
scalar), and W € R%ut*din ig the trainable weight matrix. Additionally, W can be approximated
with a low-rank matrix: W = AB, where: A € R%utX" gnd B € R"*4in 3 method that we call
a-LoRA. We then report in Table 2] the test performance obtained using standard LoRA and our
a-LoRA method evaluated on six GLUE tasks: MNLI, QNLI, MRPC, RTE, SST-2, and QQP.

Table 2: Test accuracy comparison over GLUE classification tasks (Wang et al.l 2018) using
roberta-base model. As theoretically anticipated, our new fine-tuning approach yields bet-
ter test classification accuracy than the standard LoRA method (¢ = 1). The details about these
experiments are presented in Appendix

Method | MNLI | QNLI | MRPC | RTE | SST2 | QQP

LoRA 85.77+0.16 | 91.95 £0.03 | 88.40 £ 0.31 | 74.01 £ 1.64 | 94.00 £ 0.11 | 88.80 + 0.02
o-LoRA | 86.12 £ 0.06 | 92.20 & 0.13 | 89.46 £ 0.53 | 77.62 = 0.59 | 94.38 + 0.01 | 88.86 £ 0.03

We note that from Table [2[ and Figure 4} our method leads to higher generalization performance
compared to standard LoRA across all GLUE benchmarks, which further validates our theoretical
findings of the previous section.

Finding the parameters . We designed a practical heuristic algorithm to automatically update o
during training. In fact, we consider each vector o as a trainable parameter and update these vectors
once each T step (which can be tuned) with either Adam or AdamW by sampling a new batch,
different from the one used to train the reparametrization weights W, and then taking a gradient
step over this new batch. The design choices of our algorithm can be justified by the following:
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* Because the vectors a applied to each module lie in the whole Euclidean space R, it is
not possible to find such a parameter through a simple grid search, as this will give a very
costly and impractical algorithm.

* Additionally, finding theoretical formulas for each vector « is very hard, if not impossible.
Therefore, it is crucial to have an algorithm that updates the vectors o automatically.

* Finally, because we want to optimize the generalization performance of our fine-tuning
method, training o in the same way as the reparametrization weights W can easily lead
to overfitting of the model, which justifies sampling of new batches to update o and the
update rate 7. Our specific choices are detailed for reproducibility in Appendix [E]

Figure 5] shows that our algorithm leads to optimal scaling vectors a* in their neighborhood, which
proves the effectiveness of our algorithm and the fine-tuning method in general. The pseudo-codelT]
of our algorithm is detailed in the Appendix [E]

alt) =a*+1t alt) =t x a* ala,b) =axa*+b

1

[

Test Accuracy (%)

=3
S

Test Accuracy (%)
a

S
S

-2 —1 0 1 2 -2 -1 0 1 2 ©o-16 -0.8 0.0 0.8 1.6
t b

Figure 5: Test accuracy of roberta-base finetuned on RTE for different values of a in the
neighborhood of the obtained a*. The values of the parameters a* in this experiment range between
0.85 and 1.14.

Overhead induced by the additional parameters c. We note that the number of additional train-
able parameters c induced by our algorithm([T]is negligible compared to the standard approach (fixed
a = 1), for example in the case of our experiments with roberta-base model, the increase in
the number of trainable parameters is only of 0.02%. Additionally, investigating the resulting values
of these learned o vectors as reported in Figures[7} [§]and ] in the Appendix, we notice that we get
similar values for query and value matrices, thus we can use a shared parameter for both weight
matrices (or for the whole attention module more generally), reducing the overhead even further.

6 CONCLUSION AND LIMITATIONS

In this work, we introduced a new class of reparametrization-based fine-tuning methods that leverage
an additional scaling parameter to improve the generalization of transfer learning. Using tools from
Random Matrix Theory, we proved the existence and impact of an optimal scaling factor in high-
dimensional binary classification. We show that this factor is typically different from the standard
choice. Our theoretical analysis was further supported by experiments on real-world tasks, where
our proposed approach consistently outperformed standard LoRA on multiple benchmarks.

Although promising, our framework also has limitations. Theoretical guarantees are derived under
specific assumptions on data distributions and model structure, which may not fully capture the
complexity of modern deep architectures. We believe future work could extend these insights to
broader model families, design more efficient algorithms for parameter selection, and further explore
the trade-off between generalization and efficiency in transfer learning. Furthermore, an exciting
avenue for investigation is the integration of our a-scaling technique with other advanced adapter
methods. Since our approach is complementary to improvements in the adapter’s architecture, such
as DoRA or other LoRA variants, combining them could lead to synergistic gains in fine-tuning
performance.
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APPENDIX

This appendix is organized as follows: Section [A]lists some useful lemmas that will be at the core
of our analysis. In Section [B] we provide a proof of Theorem [.2] using Random Matrix Theory.
Section [C] extends the theory to the case of an arbitrary source classifier (not necessarily Ridge)
which will be useful also for another extension of the theory to multi-source fine-tuning |D} Finally,

lists the details about our experiments on LLM fine-tuning.

Contents

|A_ Useful results|

[C RMT Analysis of the fine-tuned classifier: the case of random source vector|

Extension to multi-source classifier

[E LLMs Experimental details]|
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C.2 Testvarance| . . . .. ... .. . ...
IC.3 Findingoptimal o™| . . . . . . . . ...

.1 Test Expectation|. . . . . . . .. .. ... ..
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Throughout the whole Appendix, we will try to analyze the performance of the fine-tuned classifier

defined in equation

Wa = w + ab — S Q(7)XX W
n

Notations. Here are two notations that we will use along the whole analysis:

Ao = lmsll? + 1471 +6g), Ar=|nl*+1+5(1+6r)

A USEFUL RESULTS

A.1 GENERAL LEMMAS

Here we will list useful lemmas used in our analysis.

Lemma A.1 (Resolvent identity). For invertible matrices A and B, we have:

A'-Bl'=A"'B-AB L

Y

Lemma A.2 (Sherman-Morisson). For A € RP*? invertible and w,v € RP, A +uv is invertible

ifand only if- 1 + v A~ u # 0, and:

A lypTA?
A L Dt N
(A+uv) 1+vTA 1y
Besides, )
A 'u
Ty\-1,, _
(Atuww ) =T Ty

13
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A.2 DETERMINISTIC EQUIVALENTS

Recall the expression of the resolvents defined in equation equation [0
-1

-1
1 1 ~ ~
Q= (nXXT + ylp) ,R= (XXT - &Ip)

We define the matrices Q_; and R_; as the resolvents obtained by removing the contribution of the
it" sample, i.e:
-1 -1

Q_; = n%;kak + 71, , Ro;= N’%;wka?k + 91,

then we have that:
1 -1 -1
Q= (Qj + acacT> , R= <R:§ + me>
n N

Thus by Sherman-Morisson’s lemma:

1Q_jmiz] Q_; ~+R_z& R_;
=Q;,—- ——%— R=R_;,—+*———
Q=Q n 1+5Q 1490g
where:
1 ~ —7v—1 —v—1)2+4 1 _ n—v—1 n—~—1)2+45n
so= lmgo =7 VAR RV G GO SN SR Ree Bl e chVA G ks Yl 1
n 2y N 2y
Thus, we get that:
Q_iz; ~ R_;x;
T; = 5 i = 12
Q=175 1+ on (12)

Using the above identities, we can easily prove the deterministic equivalents of Q and R stated in
Lemma [3.5] which we will do in the following.

Lemma A.3 (Deterministic equivalent of Q and R). Under the high-dimensional regime and the
assumptions a deterministic equivalent for Q = Q(v) and for R = R(), denoted Q and R
respectively, as defined in equation[9are given by:

T -1 T _
~ Bsbs + 1, = pp’ +1,
SR [ aia:E ST, Ry = (M T2 g
Q) ( o t) o RO o T
Where:
1. - —y -1 — - 1)2+4 Y | i— 5 —1)2 + 47
bo=-TrQ=1"" RV RSO Tt VS B S S SN ke B VA U ks BV e/
n 2y N 27

Proof. We will prove the deterministic equivalent of Q, and the proof of R can be derived similarly.
In general, we want to find a deterministic equivalent Q of the same form of Q, i.e we consider
Q(y)=(S+ ’yIp)f1 and we want to find a deterministic matrix S € RP*? such that for any linear

form u:
u(Q) = u(Q),
Or more simply: B
w(E[Q] - Q) — 0.
We have that:
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And since: Qx; = ?;gz and that we want E[Q] = Q in linear forms, we get that:

1< ~ S N | _
E||lQS-— i =QsSQ - - E[Q_iziz;
=QsQ - li ! Q(psps +1,)Q (By independence of ; and Q_;)
B n = 1 +6Q /1’[3/1’[3 P y p [ —q
5 (s [Lgl,bg-i-Ip _
=Q B 1 +5Q Q
-
Finally, it suffices to take: S = %}Hp to get the desired result. O
Q

Lemma A.4 (Trace identities). Let Q, R € RP*P be the deterministic matrices defined in lemma

3.3 Then:
1Te((25Q)%) _ n 1 Tr((XR)?) il

n (1+6g)2 (1+~v(1460)2 N (1+6r)2 (1+75(1+0r)%
And:

U g (14+0r)(1 +dg) ’
NTI“(R Q%) =17 <(1+ﬁ/(1+51{))(1+7(1+5@)))

Lemma A.5 (Relevant Identities). Let Q, R € RP*P be the deterministic matrices defined in lemma
Then we have the following identities:

e L o

7 = y M
B T TP 1+ (1 +0g)” M7 s+ 1+~(1+ 0g)
_ 1+ o) ull? i A+on)ul  \?
TR — ( al , TR2 — . ,
B e v1i+a0 o) B T H T P +1+3(0+0n)
- 1+ 65)(1+ 50) Bl
TRQ _ (~ ,
B = P 1+ 30+ 0m) (sl + 1 + (1 + 00))
_ 1+90R) (1+5Q) 2
TRQ2pu; = (1+9; < Bl
wRQ s = T T 31+ 0m) \ sl + 11+ o)) I
And finally:
r RQ°Rp

_ ( (1 +39r)(1 + dQ)|lm| )2 (1 n B2l _ 267 p||? )
(1471 +0Q)) (1l + 1+ (1 + br)) (sl +1+7(1+60))*  llpsl*+1+7(1+6dq) /)

Proof. The proof of all these identities relies on the following results:

. pp’ 1 -
R= (1+5R+<7+1+5R)Ip>

= (1+6z) (pn + (1 +3(1 +6)T,)

_ l+dg ( pp’ +I)_1
1+7(1+6r) \1+7(1+6g) 7

14 0g pp’ )
_ _ lemma[A2)
T+ +n) ( P TR F 14505 0m) (lemma
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where the last equality is obtained using Sherman-Morisson’s identity (lemma[A.2)). Hence,

22 (1+0r)? (np’)? B 2pp’
Ry = (1+5(1+6r))? ( Pt (el +1+5(1+0r))?* [l +1+5(1+ 5R)> '

And the same for Q:

Q- 1+dg - Bty
L+y(1+00) \'" w2 +1+7(1+6q) )
@ — —(1+da) L (msps)? B 2pahg .
(1+7(1+4dq))? (sl + 14+ 91 +00))*  llusll? + 1471+ dg)

And using the second identity in Sherman-Morisson’s lemma

(1+9r)
lpll? +1+5(1+6r)

(1 + 5Q)
[msl? +1+~(1+6q)

Ry = B, Qup= s

O

Lemma A.6 (Expectation some classifiers). Let w and w be the classifiers defined earlier equa-
tionla=FTQ We have that:

——Rp, Elw]= Qus.
R

1+dg

Proof.

The proof of E[w] is similar to this latter. O

Lemma A.7 (Deterministic equivalent). For any positive semi-definite matrix A, we have:

1 Tr(X5QAQ)

and: _
RAR < RAR + 1 THERAR)

N e E[RSR].

In particular for every a, b € RP:

a' E[QZsQlb = %aTQzﬁQb, a' E[RXR]b = %aTRERb.

Proof. The proof is derived similarly as in the appendix of [Firdoussi & Seddik| (2024). Again, the
proof is similar for both Q and R.

Let Q be a deterministic equivalent of Q. The following equations and identities are valid in terms
of linear forms. We have that:

E[QAQ] = E[QAQ] + E[(Q - Q)AQ]
= Q(E[AQ] + AE[Q - Q]) + E[(Q - Q)AQ]
=QAQ+E[(Q- Q)AQ]

16
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Using lemma[A.T] we have that:

Q-Q=QQ'-QhHQ
— (1 25 - XXT> Q
“afs- i)
n
Thus:
£IQAQ] = QAQ + EQ(S - - XX )QAQ)
= QAQ + E[QSQAQ] - > ElQe.a] QAQ)
i=1

We have that:

B(Qua] QAQ) = 5 EIQ @] QAQ

n(1—|—(5Q)
_ aTOA QT Qi
- ( Q2:QAQ | - EIQ 0] Qa LT Qo))
_ o 2TOA QT Qi

Therefore, by replacing the obtained expression of E[Qz;z, QAQ] in the equation of E[QAQ],
we get that:

E[QAQ] = QAQ + ﬁ ZE[Q—iCCiSCiTQAQ—imiCCiTQ—i]

QAQ+

W ZTr S5QAQ) E[Q_izix, Q]

QAQ + W ; Tr(3QAQ)E[Q_iXs5Q_]

1Tr(25QAQ)
(1+4dg)?
Which finally concludes the proof. O

=QAQ+ E[QX5Q]

Now we will provide the result of a useful quantity that we will be using for computing the variance.

Lemma A.8 (Expectation of @ ' Aw). Let A € RP*P be a random matrix independent of w. We
have that:

E[w " Aw] = <,J E[RAR] Tr(SERAR])u Ry + % Tr(% E[RAR])>

(1+6r)2 = NaO+og)

Proof. We have that:

N
1 . -
Elw ' Aw] = N2 E E[7:7;&; RARZ,]

E[§:7;%; RARE;] + NQZIE[Q:TRAR:EZ}
i#] =1

17
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We have for i # j:

U - 1 U -
E[g:5;&; RARZ;] = mE[yiyjmiR—iAR—imj]
1 AR ;73 Ry LR &3 Ry
-t wlaaal [r . - NutiE Rei ) ) (g Nl Ry ) o
(14 4g)? Yils (R Y 1+9dr Ry 1+9dr ¥
=An — A —Aiz+ A
So let us compute each term independently:
1 L -
A = WE[%%%TR—UAR—U%]
1 T
Aot [ i
And :
1 U . -
A12 = mE[yzyj2B;FR,”AR,”$1ZB;|—R,ZJZBJ]
1 L -
= WTY(Z E[RAR)) E[g;j;&] Ri;&;]
1 _
= ——— —Tr(XERAR])u'R
N5 5y M ERAR) T Ry
And also we can easily observe that:
Az = Ay, A =O(N7H).
Thus:
2 _
E[j:7;2; RARZ;] = —— ( ' ERAR|p — ————— Tr(XE[RAR])1' R )
3,8 RAR)] = 5 (1T EIRARI — 75 THEEIRAR)u R
And for the second term in the equation of E[wAw], we have:
- - 1 - -
1
= ——— E[Tr(z;& R_;AR_;
7 5 B )
1
= ——— Tr(E[#:z] |ER_,AR_;
75 MEEE]E )
1
= —— Tr(XE[RAR
ESE r(ZE[ /)

Hence, finally:

E[w ' Aw] = 5 (;ﬁ E[RAR]p —

ﬁ ﬁ Tr(SERAR)) Ry + % Tr (% E[RAR])>

O

Lemma A.9 (Commutativity). Let R and Q be the resolvent matrices defined in lemma We
have that:

Q¥ =35Q, RY=3R.

Proof. We will just prove it for Q and ¥ g because the other proof of the second identity is similar.

We know that: ~
Yp=(1+60)(Q7" —11,)
Thus:
Qs = (1460)Q(Q™" —91,) = (1+60)(I, — Q)
5Q = (1+00)(Q7" —11,)Q = (1 +6¢) (I, —1Q)
which concludes the proof. O
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B RMT ANALYSIS OF THE FINE-TUNED CLASSIFIER

Let x ~ N((—1)*pg,I,) independent of the fine-tuning dataset X. We recall that:
wa = w + 0t — ~Q(7)XX T,
n

where:

B.1 TEST EXPECTATION
We have that:
Elw.!x] = Ejw'z] + o E[w " z] — f]E[ TXX Q] (13)
n

Let us compute each term of this previous sum.
First, using lemma we have that, since x is independent of X and of X:

Bfw ] = Efw] Elz] = 0 1] Qus

1+4+6q
Bl ") = Elu]” Bla) = 10 Ry
And we have that:
E[w' XX ' Qz] = E[w]" E[XX' Q] E[x]
And:
EXX'Q ZEwlm Q]
B Z 1+ 5 Elzix! Qi
_ 1 T
_Zl+5Q [ziz; |Q
n _
- 1+ (5@ E'BQ
Thus:
[ GV S
—1)e _ _
= 1(+35RMTR(Ip —1Q)ps
Finally:

1 ~ « _ « _ _
E[wlw] = (=1 (MﬂgQMﬂ + 1+ 5RNTRHﬁ - mMTR(Ip - 7Q)Hﬁ>

_ a 1 TR AN
=(-1) (1+6 l‘ﬁQ“ﬁ+1+ % Rng)
And using the identities in lemma[A.5}
—-1)° ay(1+6dq)
Elw, x| = ( (u s - Blul® (14)
ol = P 1100y UH T s 13100
1) afy(1+0g)
= E (ol + 220D 15)
Q
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B.2 TEST VARIANCE

To compute the variance of w,_ z, it suffices to compute the second moment: E[(w/ )?].

2
2B TXXTQa(w x4+ aw ' z)]
n

(16)

E[(w.)x)?] = E[(wz + aw "x)* + Z—i(waxTQw)i’

First term: We have that, as proved in |Firdoussi & Seddik| (2024):

T 21 1 1 T A — _ B TA 1— h
El(w )7 = h(1+60) <1+§Q“5QZﬁQ“B 21 =hpsQus | + ——
_ ! TAn A2 4 TA20 ) o1 — T a 1-h
= h(1+0g) <1+5Q (15 Ques)” + 15 Q%pag) = 2(1 = M) Qus | + ——
§ 241 1—
= i sl ( 2||Nﬁ|| + _2(1_h)) L1-h
h(llsll? + 14+ (1 +6@)) \llpsll> +1+~(1+dg) h
And:
E[(w'2)’] = E[w 2w z]
=Ew zz W]
=E[w ' Ssw]
Therefore by lemma[A.8}
1 2 1 _ 1
E ~T _\2 - - T = b T 1
(")) (1+6r)? (“ E[RYsR]p T+ 0n) v TEERSsR)p Ry + - Tr(XE[RIsR])
(17
And, we have that:
Elw'zw ' z] = Ew' zz @]
= E[w] ' 25 E[w]
1

= 5 QYR
(1+5Q)(1+5R)”ﬁQ s

1 o
= ———pi(I, - QRp

(1+90r)
_ 1 TRu — v TQR
A +op) e T Tyt
And since Ejw "z "z] = E[w " zw " ], then:
T iy T TR v TRAO
Elw zw z|]= m#ﬂ Ry — m#g RQp
and thus:
1 RQu = pj QRu (18)

Second term: Now let us compute the expectation of the second term in equation

1 1
— E[(w' XX Qz)?] = — E[lw' XX Qzrw ' XX Qx]
n

1
— E[w' XX Qzz" XX Quw]
n

— E[w"' XX QXX " Q]
n

E[ﬁ’—r(lp - WQ)EB(IP - 7Q)w]

Therefore, by lemma[A.8}

7 BT XX Qu)?) = e EIR(T, 1) (T, — Q)R]
TS ER(, ~7Q)% (1, ~ 7Q)R)) 2 op
i N(1+0r)? (1 S 5R)NTRH>
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Third term: Now we want to compute 22 E[w ' XX " Qu(w '@ + aw "x)]. So we have that:
Elw' XX Qzw'z] = E[w]" E[XX ' Qzz " w]
=Ew]" EXX'QXsw]

&

- E[wr B[ XX Q,QXy]

TE[(Q ™" —11,)QEsQXy]
TE[(I, — 7Q)XsQXy]

T (E[25QXy] — yE[QZzQXy])
And we have that:

3

E[XsQXy] = > E[y;XsQu;]
1=1

= ﬁnaQ)E[QixﬁQ—iwi]
n _
T Wrag) P
=n(I, —7Q)us
And:
E[QYsQXy] = Y E[1:QYsQa;]
i—1
n
= mE[%QZBQq%]
__n 1Q iz Q
= mﬂz Yi <Q—z - 1+(5Q> EﬂQ—iwi]
__n o . oY e g aaTO .
- (1 +5Q) (E[lelzﬂQlwl} (1 +5Q) Ely;Q_izix; QzEBQz$Z]>
1 _
= ﬁ (E[QEﬁQW T alTog) (e E[QEﬁQDQﬂﬁ>
o n ana m-h)g
= mQZﬁQMﬁ — 5 Qug
1 _ 1—h -
=n (h(Ip -7Q)Qus — hQHﬂ)
= n(Qus — 3 Qhs)
Thus:

1 _ _ 2 _
]E[ XX Qaow 2] = mHTR (Ip - 27Q+ ’;LQ2) 7% 19)

Let us now compute the remaining term:

11@[ XX "'Qxw 2] = :LE[ XX " Qzx "]
iE[ TXXTQXsw]
=E[w' (I, - 7Q)Tsw]
And again by lemma[A.8}
TR T(SER@L -1QR) (2 o
ﬁ]E[w XX ' Qrw m]_7(1+53)2“ ER(L, —vQ)XsR]p + N(1P+ 52 (1 1+ 0m) RM)

Now let us group all the results as follows.

21



Under review as a conference paper at ICLR 2026

Terms without a: There is only one term which is:

1 ~ ~ 1—-nh
Ty =El(w'2)} = —~ (2h— D} —yp;Q? —
1 [(w' @)7] h(1 +0q) (( I Qus — 7ps Q Hﬁ) + h
2 241 1—-h
R P ( il + e h)> .
h(llpsll? + 1+ (1 +60)) \llmsl? +1+~(1+dq) h
Terms in a:  There are two: 2E[w " zw "] and 2 E[w ' XX Qzw " x|:
2
Ty = 2FB[w xw x| — - Elw' XX Qrw ' ]
=2 (R~ RQu — "R, — 29Q + fo)u
(1+0r) \"7 ’ . h ’
27 TRG 76
= I - T
itomh BQ ( P hQ) He
And using lemmalA.5}
T — 2v(1 + 6¢) 8| p||? (1 B (14 6q) )
(el + 1+ 51+ 6r)) ([psl* +1+~(1 + be)) h(llpsll? +14+~(1+6¢))

Terms in o> : we have three terms: E[(w'®)?, 5E[(w'XX"Qxz)?| and
Z2Ew'XX"Qzw ' x|:

T3 = E[(w "x)?] + % E[(w XX Qx)? — %E[@TXXTQ:B@T:E]

= ﬁ#ﬁ (ERQZsR] — E[RZ;QR] +vE[RQZ;QR)) p

v
1_
t N+ on)? ( (1+0n
,72

e {“T ERQE, QR+ (1 - WMTRM) + THEERQS,QR))

where the last equality is gotten using lemma|A.9
We also have that:

)MTRM) Tr (S(E[RQXsR] — E[RE3QR] + vE[RQZsQRY)))

% Tr(SE[RQY;QR)) = — Tr(E[ERQZ;QR))

E[Tr(SRQE;QR)]

E[Tr(RERQT;Q)]

I
=

o [ e P

(E[REXRQX5Q])

=

(E[RER|E[Q¥5Q])

Tr(RERQE;Q)

==

And:
NT ERQZ;QR|u = Tr(E[;LTRQE,BQRN])
= E[Tr(Rup RQY;Q))
= Tr(E[Rup ' R]E[QX5Q))
= %Tr(lE[RuuTR]QEBQ)
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Thus:
2

gl TRION O 2 TR, L A TROS G
T3 = — | Tr(E[R R|QX +1———p Rpu | == Tr(RERQX
= A o) (ERpp RIQY5Q) ( arom™ u) 7y HRERQY,Q)
Now remains to compute E[Rup " R]. For that, we use lemma

1 Tr(XRup'R)

ERup R =Rup R+ ———"" "Y ERYR
[Rup R] pp R+ (11 0n) [ ]
_ _ I " RYRp 1 -
=Rup'R+ = —"""T _RYR
pHRT Y (14+90r)* h

And since we are in the regime of N — oo, then:

1 _
N;LTRZR;L =0O(N

Thus: ~ ~
ERpp R] =Rup'R (20)
Hence, 13 becomes:
2
2 THAY AR THh 11 YR OO
Ts=——= RQYsQRu+ (1 — ———p Rp ) == Tr(RXRQX
5= ha e | QXsQRu ( arom™ u>}“V ( Q¥sQ)

And we also have that:
p ' RQYsQRu = p RQuspi QRu + " RQ* Ry
_ 2 o
= (0"RQus)” + ' RQ°Rpu

And:
) 1
NTr(RERQEgQ) =¥ Tr(R?Q?)
Therefore:
P L {( TRQus)” + n RQ*Ru + <12 R )11Tr(R2Q2)}
21

Then using lemmas and
7= (W RQu) RO+ (1- TR L mregy)
5T R(L4og)? LW THRHE) TR BT h(1 4 on)? i+on)" "H)EN
2 1 K} 2 2 2 2 1 2 2 2 2 2 2
_ 2P+ 39) Ik (6 el <1+5 el s> 26°]s] >>+

h X2, YA (1 +~(1+0g))? 2% Ao

=]l

N

2|l
(L +7(1+60))?(1+5(1 +0r))? (1 AR >]

2 1 K} 2 2 2 2 1—nh 2 2 2 2 2 2 ~ 2 2
_ (1 +4q) ||u2|| B IIQLII n 148 ||u||2|\u/3|| 287 |p] +a-h(1- 2]
h 22, 2 n 2 AQ AR
Finally:
sl (sl +1 L—h
T, = —2(1— R 22
' g Ao (=) += (22)
2v6(1 2 1
T, = VBA+ 5Nk ([ 21 +6q) 23)
ArAo hAg
2 1 S 2 2 2 2 1—h 2 2 2 2 2 2 ~ 2 2
7= (1+6¢) ||u2|| B IIQLII n 148 ||u||2|\u5|| 287 ra—iy(1- [l
h PR WDYA 0 2 Aq AR

(24)
And the expression of the second order expectation reads:
E[(wzx)Q] =T + oTs + a’T; (25)
And finally, Theorem [4.2] follows:
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= Theory C; = Theory Co Simulation C; Simulation Co

Figure 6: Distribution of the decision function wl:c for different values of « (per column) and 3
(per row). Here we have N = 5000, n = 200, p = 400, ||| = 1.5, ||pt| = 1,7 =7 = 1. The
theoretical Gaussian distributions are predicted as per Theorem

Theorem B.1 (Gaussianity of the fine-tuned Ridge model). Let w, be the fine-tuned classifier as
defined in equation and suppose that Assumption holds. The decision function w, x, on
some test sample x € C, independent of X, satisfies:

w,) D, N ((=1)*mq, va —m2),

where:
1 afy(l+ 06
o = 5 (sl + LD )
Q R
Vo = T1 —|-04T2 +a2T3.
With:
sl (llpsl® +1 1—h
T = —2(1—h))+—"
' o o =h) )+ =~
o 2B Q)ul? ([ (1 +dg)
2 ARAQ DY A
2 2
p 108
h
2 2 2 1—nh 2 2 2 2 2 2 1—h)(1 —il 2 2
Hu2|| B ||$t|| N 148 IIMIIQIIuﬁII 267 |p] L )( ) (1 2lel
AR Ao n D AQ n AR

B.3 FINDING OPTIMAL o™

Since the test accuracy is given by Ay = 1 — ¢ ((ya — mi)_%ma> as in Proposition and

that ¢(x) is a non-increasing function, then finding the optimal o* that maximizes the test accuracy
boils down to maximizing the term inside ¢. Thus, by computing the derivative with respect to «

of (Vg — mi)*%ma and finding the zero of the gradient gives us the final form of the best scaling

parameter o*:
« _ ArT2||ppl” — 28971 (1 + 6g) [ 1]?

 BYT(1 4 0g)llpll? — 2AR T ks 12
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And since the worst test accuracy is 50% (random classification), which is obtained for m,, = 0,
then solving the previous equation gives the worst scaling & to use:

el

Br(1+0q)llpml?

=

C RMT ANALYSIS OF THE FINE-TUNED CLASSIFIER: THE CASE OF RANDOM
SOURCE VECTOR

Let z ~ N((—1)*pup,I,) be an independent test sample. Let w be the source classifier (obtained
through some optimization algorithm). We recall that:

o« .
Wy = w + aw — gQ(V)XXTW, w = EQ(W)XZ/

C.1 TEST EXPECTATION

We have that:
Elw, x] = Ejw z] + aE[w x| — - YEwT XX Qu] (26)

Let us compute each term of this previous sum.
First, using lemmal[A.6] we have that, since @ is independent of X:

R e

And we have that:

And:
YEwTXX Q] = & iE[wTwinQw]
n n 4 ‘
= (1+6Q ZIEw iz Q_;x]
= E[w 'Y
(1+5Q Z BQ Lx]
(=1 7
=~ — W'Y
T+ og sQup
Thus:
TA =T X Ty A
E[w, ] T quuﬁ+aw Mg — 1+5Qw ZBQNB)

uEQuﬁ +aw' pg—ow' (Q ' - ’YIp)QHﬁ>

AA/\
—

5 1 Qus + ay Qua)

Using the forumlas in lemma[A.5}

Tl — (=" 2 =T
E[wax] - ||IJ/B||2+1+7(1+5Q) (Hy’ﬁH +O‘7(1+5Q)w H’B) (27)

C.2 TEST VARIANCE
To compute the variance of w,_ z, it suffices to compute the second moment: E[(w/ x)?].
2
2
E[(w! )% = E[(w "z + aw " x)? + %(@TXXTQ(B)Q - —aﬁ)TXXTQ:B(wTw + aw "))
n n
(28)
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First term: We start by computing
E[(w 'z + aw'x)?] = E[(w'x)?] + ?E[(w ' x)?] + 20 E[w " zw " x]
We have that, as proved in [Firdoussi & Seddik|(2024):

1 1 L _ 1—h
T 21 T o o T -
Ef(w x)°] = e <1+5Qu5 QXsQus —2(1 — h)pg Qu&) +—
S ! (5 Qup)? + s QPps) —2(1 — h)us Qug | + 1-h
h(1+43g) \1+3dg 7 A d h
2 241 1—h
i sl < 2||HB|| + 2(1h))+
R(llppll? +14+~v(1+6q)) \lmsl? +1+~(1+6q) h

And we have that:
E[(w'x)?] = w' Xsw
And: 1
]E T ~T — E TZ T — TA E ~
wTew 2] = Bluw] S0 = ;- p] QU

Thus we have the first sum.

Second term: Now let us compute the expectation of the second term:

% E[(w'XX"Qxz)? = ni Elw' XX Qzrx XX Qu]

E[nXXTQEg XXTQ]

w' E[(Q " —11,)Q%s(Q7" —11,)QJw
E[(Ip —7Q)Es(I, —1Q)|w
TE[S5 —755Q —7Q%s +7°Q5Q] w
W' (Ea —725Q — Q%5 + 72) i
= Ypw — 2y LpQub + 2w ' E[QYsQ|w

Third term: Now we will compute the last term: 22 E[w ' XX " Qz(w 'z + aw ' z)].
We have that:

E[ "XX"Qza"w] =w' E(Q ! —11,)QTsw]
=w' E[(I, - 7Q)Zsw]
=w' Y E[w] — v E[QYsw]

R
=wT1+5 Qus —yuw ' E[QTsw]

D)
=T ﬁ T
= o Qus — ;w E[Q¥5Qy;zi]

. ) _ .
= —L_Qus — v E[QYsQuix;]
1+ 5@

S
— ' +B5Q Qus — 7 jaQ W' E[QY5Q_iyixi]
Y5 = lQ zx/ Q.
T Y Y o7 P Qizix! Q-
= - E it | 2 Qi
W T T 5o KQ 1+ 6g pQ-iyi®
Y,
=T B 2l T gl =T T
- EQ-XsQ-iyixi| + ————w EQ_;ziz; Q_;X3Q_yix;
WS Qup T [Q-i¥5Q ym]+n(1+§Q)2w [Q-imiz; Q- XsQ-iyiwi]
by _ _
=T =B v T v =T
= — EQX ———Tr(Xz E[QX
1+5QQIJ’B 1+0 [Q 6Q]NB+TL(1+§Q)2 ( B [Q ﬁQ])w Qﬂ*ﬁ
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And:

—_

Ele" XX Qea W] = @ E[(Q" - 1,)QLs)d
n
=o' E[(I, - 7Q)s]w
=w' Ypw — yw' QXpw
Grouping all the terms: Thus, we now that we have the expression of all the term, we will group
them in the following way:

E[(w, €)% = T\ + oTs + o*T3

e

Terms without o:

—2(1— h)> L= (29)

T =5

s> ( sl +1
h

(leall® +1+~(1+0Q)) \llpsll> +1+~(1+6¢)
Terms in a:  There are two : 2E[w " zw " z] and 2 E[w' XX Qzw ' x]:

2
T, =2E[w zw ' z] — —E[w XX Qrw ']
n

2 A A -
= ) QR Qus — (L= R (1 +0) T Qu)

2 Y M M ~ ~ - —
= m (" Qusps Qus + " Qs — (1 —h)(1+5g)w' Qups)

And we have that:

(14 60)% || sl s (14 00)*w " pg

ST A TA ~TA2
w Quspz Qus = ;o w Qug = :
PR (sl + 1441+ 60))? P ksl + 11+ 30))?
Thus:
(1 +d)w s sl +1 o
T2 - 2 2 (1 h)
h(llpsl® +1+7(1+6g)) \llmsll® +1+~(1+6dq)
Terms in o?: we have three terms: E[(w'®)?, LE[(w'XX"Qz)?] and

ZEw'XX"Qzw ' z]:

T3 = E[(w )% + % E[(w' XX Qx)?] - %E[@TXXTQ:MDT:B}

=0 YW+ Tpw — 270 LQw + 720 E[QYsQIw — 2w S + 2y | QY pw

= %0 E[QE;QJw
2

= %’LBTQ%Q@

Y T 2 T A2

= (@ Qup)* + ' Q*w)

_ (1 +69)? ( (w " pp)? L1k (sz L leslPCo g 2(w " ps)? )
h ksl +1+9(1+60))> ~ n (sl + 1 +v(1+60))*  lusll? +1+v(1+6q)

2 1 5 2 =T 2 1—h 1—h =T 2 2
20600 (@) L=k (=W ) (sl
h )‘Q ’17)\@ )\Q

Which finally gives the following theorem:
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Theorem C.1 (Gaussianity of the fine-tuned model for an arbitrary w). Let w,, be the fine-tuned
classifier as defined in equation and suppose that Assumption[d. 1| holds. The decision func-

tion wlw, on some test sample x € C, independent of X, satisfies:

w, N N ((-1)*mq, v — mi) ,

where:
o = sl + (1 + 0g) (@, ps)
sl +1+~(14dq)
Vo = T1 +aT2 —|—a2T3.
with:
sl (Nleesl® +1 1—h
T, = —2(1 — -
T Thag Ao =)+ ==
2y(1 + 0g)(w, pp) (llmsl® +1
Ty = —(1-
_ P +0)? [(w,p)®  1—h, o (1= h)(w, ps) (psl®
T3 = 5 + lo||* + 2] .
h /\Q n)\Q /\Q

C.3 FINDING OPTIMAL o™

Since the test accuracy is given by Ay = 1 — ¢ ((Va — mi)*%mo‘> as in Proposition and

that ¢(x) is a non-increasing function, then finding the optimal «* that maximizes the test accuracy
boils down to maximizing the term inside ¢. Thus, by computing the derivative with respect to
of (Ve — mi)_%ma and finding the zero of the gradient gives us the final form of the best scaling
parameter o*:
o n(1+ (1 +6¢)) (W, pg)
V(1L +0q) (MpslPw]? = (A = n){w, 1p)?)

And since the worst test accuracy is 50% (random classification), which is obtained for m, = 0,
then solving the previous equation gives the worst scaling & to use:

—||ps]?
Y(1 +0q){(w, pg)

a =

D EXTENSION TO MULTI-SOURCE CLASSIFIERS

Given T source classifiers {w;}7_; and a single target task, the goal is to fine-tune a mixture of
these classifiers on the target task. Specifically, we want to find the optimal fine-tuned classifier wgq

that is written as:
T

wq = Z Wi + a
t=1
where a; € R and a is an adapter trained on the target dataset as follows:

T
o1
a = argmin, —[|XT(3_aw +v) —y|* + 70|’
t=1
Then, a expresses as:

1/1 -1 T
o (X)X e
n\n —
Thus, our new fine-tuned classifier writes as:

T T
1
wq = aqwy +a =—-QXy + o Quw
Q tz:; t Wy nQ Yy ; +Qu
To compute the theoretical test accuracy of this classifier, we will take a test sample © ~

N((—1)®ug,I,), independent from the training data (;)"_,, and we compute the statistics of the
decision function w, z.
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D.1 TEST EXPECTATION

We have that:

Elwdx] = Elw ] + VZ% Elw, Q]

t=1

T
=Elw z] + (—1)“'yZatw;rQu5

t=1
From the previous section, we have that:

—1)° (=D llpsl?

E me ( H/TQ
) = g W = T 1415 0g)

And from lemmal[A.3] we have that.

_ 14 6g){(wy, p

w! Qs (1+dg){w, pp)

lesll? + 1+ 7(1 +d¢)
Finally, we get that:

T
_1)0«
E[wdx] = ( 24 ~y(1460) E ,

In a vectorized form, denote by @ = (a,...,ar)" the vector of coefficients and by W =

(wy,...,wr) € RP*T then we have that:

s> + (1 +6g)a "W T g

E T —(—1)®
woe] = (1) = R T4 (1 + 60)

D.2 TEST VARIANCE

Now we will compute the expectation of the second order moment of w) x:

T

2
T
E[(whx))] = E | (w x)? + 2 (Z atw:Q:::) + 272 aw, Qrw '
t=1

t=1

Let us compute each term of this sum and then aggregate the results at the end.

First term. We have that:

2 241 1—nh
BTy Isl? (sl 41
(wTay) = G0 (== —20-m ) + =

Second term. Now let us compute the second term of the sum:

T T
E [Z atw;rwaT:I;] = Zat E[w, Qzz ' w]
t=1

T
=Y o Ew/QTsu]
t=1

n

:Zatwt E[QYs— Z%Qwi]
=1

- Z atwt [QZﬁQyzwz] (331 i.i.d)

1 T
= m ; QW E[QEﬂQﬂyzwz]
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And since we have that:

Then:

T
E lz aqw! Qrw x| =

t=1

T
1 T
= g EQ_
1+dg — ooy Bl

‘We have that:

Z atwt Q

And we have that:

E atwt

1—|—5

= +<5Q QZatwt

1
= m Z ozt'th ]E[Q_

T

= Z QW QN,B

Q-zw Q-

Q=Q-i- n(1+6q)

1+dg P

1
iXQ-iyiwi] —
EBQ Zyzwz Zatwt QEﬁQ]

T
Z aw] QsQus

DM—‘

T T
T Q—iwiwi Q_;
z_:atwt . [(Qi T n(l+0g)

) EﬁQiinBz}

T
T T
——— > aw/ BQ_iziz] Q_iYsQ_iyixi]
n(1+06g)% =

T
1 1+5
:EZ (+o)” (w, pg) (sl +1)

Q_iziz] Q_;YsQ_iy;xi| = nl +5

Q_iyix; Tr(Eg E[QzﬁQ])]

(=50

1 + 5Q Wy, [1,5>

AQ

Thus the second term is given by:

T T
(1+440) lpesl* +1
E ;atw;waT:ﬂ} = TQQZO% B)T —

t=1

 (146q) (llmsll> +1
g

30

E atwt

_iyizs Tr(zie] QiXsQo

(1-1)) (wrop)

-(1- h)) a'Wipg
AQ
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Third term. We have that:

T 2
(Z ozgijw) =7’E
t=1

T

T
Z aw, Qx Z aw, Qz
t=1 k=1

E[atozk'wf QmmTka}

T
>
k=
T
=7 ) Elw, QsQuy]
k=
T
Z w;r E[QE,@Q]wk
k=

T
= % Z atakwt—rQEgka
t k=1
And we have that:
Q25Q = Q (mpps +1,) Q
= Qusp; Q+Q°
2 T\2 2 T
( 1+ %)° 50)? H,BHEJF (1+40q) (1, ¢ (Nﬂl;ﬁ) _ cHpHg
A2 (1+~(1+6g)) 23 AQ
Thus the last term is given by:
T 2 2 2
149
(Z atw;Qm> _ 20 +bo),
t=1
T
(we, pg) (Wi, pg) 1 sl (we, pg) (wi, ) 2(we, ps) (wi, pg)
> oy (wy, wy) +
Pyt /\2Q (I+~(1+4 5@)) )\2 AQ
In a vectorized form, we have that:
T 2 9
1+4dg)?
(Za{u}ij) =TT ( W Q) X
t=1
(W Tps)? 1 oW Wa o Ml W pg)?  2(a "W ps)?
bY: (14+~v(1+460))? A2 A
Q Y Q Q Q
2 2
_ WQTMQ

where:

(1=h) 7 1 (1=h) (llpsl? T T
M = wWTwW —2) |w W
n * 22 * nAQ AQ Hokts

Finally gives us the expression of the second order moment of w, x as follows:

El(wgz)?] =T + T + T3
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where:
lsll® (Nlpsl® +1 1—h
T, = —201—h) )+ ——
"7 g o =h )+ =
29(1+ dg) ¢ <||uﬁ2+1 )
Ty = —— =~ a | ————(1—=h) ) (wy, pug)
hAg ; ¢ Ao ¢
2 2
g O Gk
h
T
<wt>l'l’,3><wk7l“l‘6> 1 ||I‘I'BH2<wt7lJ’ﬂ><wk>IJ’ﬁ> 2<wt7lj’5><wk7/~l’ﬂ>
(e 7%e% Wi, Wg) + —
tél 1k YA 1 +~(1+6g))? (wr, wi) YA Ao

Which also writes in a vectorized form:

lpsll® (Nl +1 1—-h
T = —2(1— D
YT g AQ (1= )+ =
27(1+6 241
hAg AQ
2 2
Ty = @aTMa

D.3 FINDING OPTIMAL «

The theoretical test accuracy writes as follows:

a +aT'v
Awsi(@) = ¢ - —
\/a2 +aTvs +a"™Ma
where:
251 V(L +0Q) (/7 o lesll® (llpsl?+1 llpsl® 20 =h) 1—h
= IBsI = TR vy =T, —a2 = _ _
“=Te " o Mg, a2 =T ma = TR0 o o n )T
1446 241 2 2 1-h
= 000 (Il 11 sl 1)y,
Q Q Q
2 2 2
- Y (1+6Q) (1 —h) (1 o1 1 L (esll T T T
M = SWIW [+ —— (2D o) | w W
h n + Y + nAo \ Ao Hatis

And therefore, since ¢ is non-decreasing, maximizing this test accuracy boils down to maximizing
the term inside it, i.e we want to find a* that satisfies:

ap + aTvl

—— = arg max,, g(a)
Vas +aTvy, + o Ma

o € argmax,,

We compute the gradient of g with respect to « to find the extremum values of these mixing param-
eters:

\/ag +aTvy +aMa vy — (a; +a'vy) v2+2Mo
\/a2+a7v2+aTMa

Vagla) = -
9(e) as +aTvs +aMa

Thus the roots a of Vg () satisfy the following equation:

(a2 + a'vy + a"Ma)v, — (a1 + a'v;)(vy + 2Ma) = 0

E LLMS EXPERIMENTAL DETAILS

The pseudo-code algorithm for training with a-LoRA is given as follows in
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Algorithm 1 a-LORA FINE-TUNING

Require: Base model weights {W;}¥,, fine-tuning dataset D = {B;}_, divided into batches,
update period 7', optimizers optim (for LoORA modules) and optim_alpha (for @ =
{a;}X }), number of epochs n.

I: fork=1...ndo

2:  for batch B; in D do

3: Update LoRA modules {(A;, B;)}Y., with a gradient step on B using opt im.
4: if j mod 7" = 0 then

5: Sample a fresh batch B, from D

6: Update o with a gradient step on B, using optim_alpha.

7: end if

8: end for

9: end for

E.1 HYPERPARAMETERS

In this section, we summarize all the details about our experiments on Fine-tuning roberta-base
model on GLUE tasks. Let us define some notations first then give their corresponding values in each
experiment: lora._r denotes the rank of LoORA modules, lora_alpha denotes the LoRA scal-
ing parameter, 1r_adapter means the learning rate used to train LORA modules, batch_size
and batch_alpha is the training batch size for LoORA modules and the vectors « respectively,
lr_alpha is the learning rate used to update o, opt im_alpha is the optimizer used to train the
vectors o, val_split is the percentage of the training set used to train c.

Common to all experiments. We optimize the LoRA modules using Adamw for all the bench-
marks and with a linear scheduler for the learning rate. We initialize the vectors o to the vector
1. The target modules are: the final classifier layer classifier (full training) and the attention
modules query and value (Low Rank Adaptation).

Parameter Value
optimizer AdamW
LoRA Arguments

lora.r 8

lora_alpha 8
lr_adapter 10~%
Trainer Arguments
n_epochs 10
batch_size 64
optim_alpha | AdamW
batch_alpha | 64

lr_alpha 102

T 1
val_split 1
seeds 1,5,123

Table 3: Implementation Details for the fine-tuning experiment on MNLI.
E.2 VALUES OF «

We report in the following plots some metrics (mean, standard deviation, percentiles) describing the
obtained values of the vectors a for each module after the training phase.
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Parameter Value
optimizer AdamW

LoRA Arguments
lora.r 8

lora.alpha 8

1r_adapter | 10~%for LoRA and 2.10~% for a-LoRA
Trainer Arguments

n_epochs 10

batch_size 64

optim_alpha | Adam

batch_alpha | 64

lr_alpha 5.1073
T 20
val_split 0.2
seeds 1,3,123

Table 4: Implementation Details for the fine-tuning experiment on QNLI.

Parameter Value
optimizer AdamW

LoRA Arguments
lora.r 8

lora_alpha 8

1r_adapter | 10~%for LoRA and 2.10~% for a-LoRA
Trainer Arguments

n_epochs 40

batch_size 64

optim_alpha | Adam

batch_alpha | 64

lr_alpha 5.1073
T 20
val_split 0.2
seeds 3,5,123

Table 5: Implementation Details for the fine-tuning experiment on MRPC.

Parameter Value
optimizer AdamW

LoRA Arguments
lora.r 8

lora_alpha 8
lr_adapter 1074
Trainer Arguments
n_epochs 40
batch_size 64
optim_alpha | AdamW
batch_alpha | 64

lr_alpha 5.1073

T 20

val_split 0.8 (and 0.2 for seed 123)
seeds 3,5,123

Table 6: Implementation Details for the fine-tuning experiment on RTE.
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Parameter Value
optimizer AdamW
LoRA Arguments

lora.r 8
lora_alpha 8
1r_adapter | 10~%for LoRA and 2.10~% for a-LoRA

Trainer Arguments
n_epochs 10
batch_size 128
optim_alpha | AdamW
batch_alpha | 128
lr_alpha 5.1073
T 10 (and 20 for seed 5)
val_split 0.5 (and 0.9 for seed 5)
seeds 1,3,5

Table 7: Implementation Details for the fine-tuning experiment on SST2.

Parameter Value
optimizer AdamW
LoRA Arguments

lora.r 8
lora_alpha 8
lr_adapter 5.10~2

Trainer Arguments
n_epochs 5
batch_size 256
optim_alpha | Adam, AdamW (seed 123)
batch_alpha | 64
lr_alpha 5.1073
T 1 (seed 3), 10 (seed 5) and 20 (seed 123)
val_split 0.8
seeds 3,5,123

Table 8: Implementation Details for the fine-tuning experiment on QQP.
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Alpha statistics across query/value layers
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Figure 8: Statistics of the vectors « for the QNLI benchmark
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Figure 9: Statistics of the vectors o for the RTE benchmark
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