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Abstract

Subspace optimization algorithms, such as Ga-
Lore (Zhao et al., 2024), have gained attention
for pre-training and fine-tuning large language
models (LLMs) due to their memory efficiency.
However, their convergence guarantees remain
unclear, particularly in stochastic settings. In
this paper, we reveal that Gal.ore does not al-
ways converge to the optimal solution and pro-
vide an explicit counterexample to support this
finding. We further explore the conditions un-
der which GaLore achieves convergence, showing
that it does so when either (i) a sufficiently large
mini-batch size is used or (ii) the gradient noise
is isotropic. More significantly, we introduce
GoLore (Gradient random Low-rank projection),
a novel variant of GaLore that provably converges
in typical stochastic settings, even with standard
batch sizes. Our convergence analysis extends
naturally to other subspace optimization algo-
rithms. Finally, we empirically validate our the-
oretical results and thoroughly test the proposed
mechanisms. Codes are available at https:
//github.com/pkumelon/Golorel

1. Introduction

Large Language Models (LLMs) have demonstrated impres-
sive performance across a variety of tasks, including lan-
guage processing, planning, and coding. However, LLMs re-
quire substantial computational resources and memory due
to their large model size and the extensive amounts of train-
ing data. Consequently, recent advancements in stochastic
optimization have focused on developing memory-efficient
strategies to pre-train or fine-tune LLMs with significantly
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reduced computing resources. Most approaches (Vyas et al.,
2024} [IRamesh et al.l 2024; |[Luo et al., 2023} [Liu et al.|
20245 Bini et al., [2024; Hao et al., [2024; |[Zhao et al., |[2024;
Muhamed et al., 2024} |Pan et al.| [2024; Loeschcke et al.,
2024;|Hayou et al., 2024; Lialin et al.,| 2023} |Han et al., 2024}
Song et al.,|2023) concentrate on reducing the memory of
optimizer states, which are critical components of overall
training memory. For instance, Adam (Kingmal 2014} and
AdamW (Loshchilov,2017) maintain first and second-order
momentum terms for gradients as optimizer states, leading
to significant memory overhead for large models.

Among the most popular memory-efficient fine-tuning algo-
rithms is LoRA (Hu et al.,[2021), which decreases the num-
ber of trainable parameters by employing low-rank model
adapters. However, the low-rank constraint on weight up-
dates can result in substantial performance degradation for
tasks that require full-rank updates, particularly in the pre-
training of LLMs. To address this issue, several LoRA
variants have been proposed, including ReLoRA (Lialin
et al.;2023) and SLTrain (Han et al.2024). Recently, Ga-
Lore (Zhao et al.,|2024) has emerged as an effective solu-
tion, significantly reducing optimizer states by projecting
full-parameter gradients into periodically recomputed sub-
spaces. By retaining optimizer states in low-rank subspaces,
GalLore can reduce memory usage by over 60%, enabling
the pre-training of a 7B model on an NVIDIA RTX 4090
with 24GB of memory. In contrast, the vanilla 8-bit Adam
without low-rank projection requires over 40GB of memory.

1.1. Fundamental open questions and main results

While GaLore’s memory efficiency has been well estab-
lished, its convergence guarantees remain unclear. This
raises the following fundamental open question:

Q1. Can GaLore converge to stationary solutions, under
standard and mild assumptions?

By stationary solutions, we refer to first-order stationary
points € R? such that Vf(x) = 0 for f : R? — R.
By standard and mild assumptions, we refer to common
conditions in non-convex smooth optimization, including
lower boundedness, L-smoothness and unbiased stochastic
gradients with bounded variances, as in Assumptions[T}{3}
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Contrary to expectations, our investigation reveals that Ga-
Lore is NOT theoretically guaranteed to converge precisely
with standard and mild assumptions. The intuition behind
this finding is straightforward: GaLore projects the stochas-
tic gradient matrix onto a low-rank subspace spanned by the
top r singular vectors obtained via Singular Value Decom-
position (SVD), effectively capturing the dominant com-
ponents of the stochastic gradient matrix. However, the
stochastic gradient comprises two components: the true gra-
dient and gradient noise. When the true gradient dominates,
the SVD-identified subspace primarily captures the gradi-
ent component. In contrast, as the algorithm approaches a
local minimum so that the true gradient diminishes while
noise persists, the greedy and biased SVD-derived subspace
captures only the noise component, ultimately leading to
non-convergence. To validate this intuition, we construct
a counter-example demonstrating that GaLore fails to con-
verge to stationary solutions, see the illustration in Fig. [I}
This leads us to a subsequent open question:

Q2. Under what additional assumptions can GaLore
converge to stationary solutions?

Based on the preceding discussion, we conclude that the
SVD-identified subspace aligns well with the descent di-
rection when the true gradient component dominates the
gradient noise. This observation naturally leads to several
additional assumptions under which GaLore can converge:

* Noise-Free Assumption. We theoretically establish
that GaLore converges at a rate of O(1/T) in the deter-
ministic and non-convex setting.

* Large-Batch Assumption. We theoretically demon-
strate that GaLore converges at a rate of O(1/+/T) in
the stochastic and non-convex setting, provided that
the batch size is extremely large and increases with the
number of iterations T, e.g., a batch size of @(\/T)

We further investigate Galore’s convergence under the
Isotropic-Noise Assumption, wherein the noise is assumed
to be evenly distributed across all directions, mitigating the
bias introduced by the top-K selection.

However, none of the aforementioned assumptions apply to
the practical pre-training and fine-tuning of LLMs, where
gradient noise is not assumed isotropic (Zhu et al., 2018}
HaoChen et al., 2021} [Mori et al.l 2022; 'Wu et al., 2022}
Wang & Wu) and fixed batch sizes are commonly employed.
This observation raises a fundamental open question:

Q3. Under what modifications can GaLore provably
converge in LLM settings, where possibly anisotropic
gradient noise presents and the batch size is constant?

It is evident that GaLore’s SVD-based projections cannot
extract meaningful information from noise-dominant ma-
trices. To address this issue, this paper proposes modify-
ing the SVD projection to a Gradient Random Low-Rank
projection, resulting in the GoLore algorithm. This ran-
dom projection can effectively capture gradient information
even when gradient noise predominates, allowing for conver-
gence in the stochastic and non-convex setting with normal
batch sizes. We establish that GoLore converges at a rate of
O(1/V/T) under standard assumptions.

In our empirical experiments, we implement GaL.ore during
the primary phases of pre-training or fine-tuning LLMs due
to its efficacy in capturing the gradient component using
SVD-based projection. In contrast, we employ GoLore in
the final phase, leveraging its ability to extract the gradient
component from noise-dominant stochastic gradients using
random projection. This approach enhances performance
compared to employing GaLore throughout all stages.

While our analysis primarily focuses on GaLore, it also
has significant connections to other memory-efficient algo-
rithms. We demonstrate that a ReLoRA-like implementa-
tion is equivalent to GaLore, which is more computational
efficient with little additional memory overhead. Further-
more, our theoretical results can be easily adapted to sparse
subspace descent algorithms with minimal effort.

Contributions. In summary, our contributions include:

* We find that GaLore is not theoretically guaranteed to
converge to stationary solutions under Assumptions [T}
[l The key insight is that GaLore’s SVD projection is
biased and greedy; it may completely lose the true gra-
dient information when the gradient noise is anisotropic
and dominates the true gradient. We validate the non-
convergence of GalLore by providing an explicit coun-
terexample. This addresses Question Q1.

Inspired by the aforementioned insight, we propose
different additional assumptions under which GaLore
can provably converge to stationary solutions. Under
the noise-free assumption, we establish that Galore
converges at a rate of O(1/T'). Under the large-batch
assumption or isotropic noise assumptions, we demon-
strate that GaLore converges at a rate of O(1/v/T).
This addresses Question Q2.

* When possibly anisotropic gradient noise persists and
the batch size maintains constant, we modify Galore’s
SVD projection to a random projection, resulting in
GoLore that provably converges to stationary solutions
at arate of O(1/+/T). This addresses Question Q3.

* We present an equivalent yet more computationally ef-
ficient implementation of GaLore/GoLore, and extend
our analysis to sparse subspace descent algorithms. We
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Figure 1. Loss curves of algorithms using AdamW (left) and Momentum SGD (right) on problem (I, where L.B. GaLore stands for
large-batch GaLore, GoLore@x% applies GaLore for the beginning (100 — x)% iterations and GoLore for the last % iterations.

conduct experiments across various tasks to validate
our theoretical findings. Alternately using Galore and
GoLore in different phases achieves enhanced empirical
performance in LLMs pre-training and fine-tuning.

1.2. Related work

Memory-efficient training. In LLM training, the primary
memory consumption arises not only from the model param-
eters but also from activation values and optimizer states.
Jiang et al.|(2022) and |Yu et al.|(2024) have proposed meth-
ods to compress activation values into sparse vectors to
alleviate memory usage. Other approaches primarily focus
on reducing optimizer states. A notable work, LoRA (Hu
et al.,|2021) reparameterizes the weight matrix W € R™*"
as W = Wy + BA, where Wy € R™*" remains frozen
as the pre-trained weights, and B € R™*" and A € R"*"
are learnable low-rank adapters. Variants of LoRA, such
as those proposed by |Liu et al.[(2024) and Hayou et al.
(2024)), aim to enhance training performance. However,
constrained to low-rank updates, LoRA and its variants
are primarily effective for fine-tuning tasks and struggle
with pre-training tasks that require high-rank updates. To
address this limitation, ReLoRA (Lialin et al.| 2023) en-
ables high-rank updates by accumulating multiple LoRA
updates, while LISA (Pan et al., |2024) learns full-parameter
updates on dynamically selected trainable layers. GaLore
(Zhao et al., 2024) and FLORA (Hao et al., 2024) achieve
high-rank updates by accumulating low-rank updates in pe-
riodically recomputed subspaces, and SLTrain (Han et al.,
2024) employs additional sparse adapters for high-rank up-
dates. SIFT (Song et al.| 2023)) also utilizes sparse updates.
Although these algorithms have demonstrated comparable
empirical performance to full-parameter training methods,
theoretical guarantees regarding their convergence have not
been established. Recently, [Liang et al.|(2024)) proposes an
online subspace decent algorithm with continuous-time con-
vergence results; LDAdam (Robert et al., [2024)) improves

Gal ore by incorporating error-feedback; Fira (Chen et al.|
2024a) and APOLLO (Zhu et al.|[2024) adapt learning rates
using optimizer states in the subspace.

Convergence for lossy algorithms. Many optimization
algorithms utilize lossy compression on training dynamics,
such as gradients, particularly in the realm of distributed op-
timization with communication compression. Researchers
have established convergence properties for these algorithms
based on either unbiased (L1 et al., 2020; L1 & Richtarik,
2021} |Condat et al., [2024; Huang & Pu, 2023; He et al.,
2024a:b; [Mishchenko et al.L|2019; Gorbunov et al., 2021} A4
1starh et al.| 2017 He et al., [2023)) or contractive (Richtarik
et al., 2021} [Xie et al., [2020; [Fatkhullin et al., 2024} [He
et al., 2023) compressibility. [Kozak et al.|(2019) provides
a convergence analysis for subspace compression under
Polyak-Lojasiewicz or convex conditions, where the sub-
space compression adheres contractive compressibility at
each iteration. Despite these extensive findings, analyzing
the convergence properties of subspace descent algorithms
like GaLore remains challenging, as illustrated in Sec.

1.3. Challenges in theoretical analysis

Neither unbiased nor contractive compression. Gradient
projection onto the subspace can be viewed as gradient com-
pression. Traditional analyses of optimization algorithms
with lossy compression typically rely on either unbiased
compressibility, i.e., the compressor C satisfies

ElC(z)] ==, E[|C(z)-=[}] <w|z|3 VzeR,

for some w > 0, or contractive compressibility, i.e.,

2 2 d
Ellc(2) - @3] < (1 - 8)|=ll3, Ve € RY,
for some 6 € (0,1]. However, GaLore’s subspace com-
pression is neither unbiased nor contractive due to the
reuse of projection matrices. For example, consider a pre-
computed projection matrix P € R™*". There exists a
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full-parameter gradient G € R™*™ such that G # 0 and
C(G) := PP'G = 0, violating both compressibilities.

Periodically projected optimizer states. When Gal.ore
changes the subspace, the retained momentum terms must
be adjusted to track the gradients in the new subspace. Since
these momentum terms were initially aligned with the gra-
dients in the original subspace, such adjustments inevitably
introduce additional errors, especially when the two sub-
spaces differ significantly. In the extreme case where the
two subspaces are entirely orthogonal, the momentum from
the previous subspace becomes largely irrelevant for opti-
mization in the new one.

2. Preliminaries and assumptions

Full-parameter training. Neural network training can be
formulated as the following optimization problem:

mmin f(x) :=EepF(x;§).

Here, x = (vec(X1)', -+ ,vec(Xn,) )T collects all
trainable parameters, Ny, is the number of layers, X, €
R™e*™ denotes the weight matrix in the /-th layer. F'(x; &)
computes the loss with respective to data point £, D denotes
the training data distribution. In full-parameter training, we
directly apply the optimizer to the full-parameter x:

G =V, F(x;¢"),
XM = X0+ p(G), f=1 N

where V, computes the gradient with respective to the ¢-th
weight matrix X, superscript (¢) denotes the variable in
the t-th iteration, and pét is an entry-wise stateful gradi-
ent operator, such as Adam or Momentum SGD (MSGD).
Specifically, using MSGD leads to the following p((;’) ():

MY = (1= )M 451G
2 (GY) = —nM;";

where 7 is the learning rate, 51 € (0, 1] is the momentum co-

efficient, and M e(t) is the momentum state. In full-parameter
LLMs pre-training/fine-tuning, the memory requirements
for storing momentum in MSGD and the additional variance
state in Adam are highly demanding. According to|Zhao
et al.| (2024), pre-training LLaMA 7B with a single batch
size requires 58 GB of memory, with 42 GB allocated to
Adam optimizer states and weight gradients.

GaLore algorithm. To address the memory challenge,
(Zhao et al.,|2024) proposes a novel Gradient Low-Rank Pro-
jection (GaLore) approach that allows much more memory-
efficient full-parameter learning. The key idea is to project
each stochastic gradient G, € R"***"™ onto a low-rank sub-
space, yielding a low-dimensional gradient approximation.

Specifically, GaLore performs SVD on Gg,t) =Uxv’
and obtains rank-7, projection matrices Pe(t) =U[,: 7 €
R™¢*"¢ and Qy) = VI[;,: rg] € R™*" where [:,: 7] de-
notes the selection of the matrix’s first 7 columns. When
my < ny, GaLore projects Gy onto P, yielding a low-
rank gradient representation (Pe(t))TGg) € R"*™ Con-
versely, when my > ny, GaLore projects Gy onto Q, re-
sulting in G?)Qgt) € R™¢x7¢_ In either scenarios, the
memory cost of optimizer states associated with these low-
rank representations can be significantly reduced, leading to
memory-efficient LLMs pre-training or fine-tuning:

o _ [X PO (PTG, i me < g
¢ Y x® Ot ONT i

o T (G, ifme > my.

Typically, GaLore selects py(-) as the Adam gradient op-

erator, as illustrated in Alg. |1l However, GaLore can also

choose py(+) to be gradient operators in either vanilla SGD
or MSGD. Since SVD is computationally expensive, Ga-

Lore updates Pg(t) or Qét) periodically. In other words, Ga-
Lore computes Pe(t) or Qgt) when iteration step ¢ = 0 (mod
7) where 7 > 0 is the period, otherwise Pz(t) = Pz(tfl)
and Qét) = Qgtil) remain unchanged. Both the gradient
subspace projection and periodic switches between differ-

ent low-rank subspaces pose significant challenges to the
convergence analysis for GaLore-like algorithms.

Stiefel manifold. Stiefel manifold is the set of low-rank
projection matrices to use in subspace optimization. An
m x r Stiefel manifold (r < m) is defined as

Sty ={P € R™" | PTP=11}.
In GaLore, we have Pé(t) € Sty and Qét) € Stpy,re-

Basic assumptions. We introduce the basic assumptions
used throughout our theoretical analysis. Each of these
assumptions is standard for stochastic optimization.

Assumption 1 (Lower boundedness). The objective func-
tion f : RY — R satisfies infycpa f(z) > —oo, where
d= fo:’ 1 Meny represents the total number of parameters.

Assumption 2 (L-smoothness). Function f : R — R
satisfies |V f(z) — V£(y)|l2 < L||x — yl|2, V&, y € R4

Assumption 3 (Stochastic gradient). It holds that
Bean[VeF (2;€)] = Ve f(x), and
Eenl|VeF (;€) — Vif(2)|I7] < 07, Vo eRY,

where (F, D) represents the gradient oracle, o, > 0 is a
scalar. Summing all weight matrices we obtain

Eep[VF(2:§)] = Vf(z), and
Eenn[|VF(2;6) = Vf(2)|3] < o2,

N
where o = />, 07

Vo € R4,
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Figure 2. Gradient noise dominates when close to local minimum.

3. Non-convergence of GaLore

In this section, we demonstrate why Gal.ore cannot guar-
antee exact convergence under Assumptions [TH3] We first
illustrate the insight, then present the formal conclusion.

Insight behind non-convergence. As reviewed in Sec.
GalLore performs SVD on stochastic gradient G = USV "
and obtains rank-r projection matrices P = U[:,: r] €
R™x"_ GaLore projects G onto P, yielding a low-rank
gradient representation PTG € R"*". In other words, Ga-
Lore projects the stochastic gradient matrix onto a low-rank
subspace spanned by the top 7 singular vectors, capturing
the dominant components of the stochastic gradient matrix.
However, the stochastic gradient comprises two compo-
nents: the true gradient and gradient noise, as shown in
Fig.[3] When the true gradient significantly exceeds the gra-
dient noise, typically at the start of training (see Fig.[2)), the
low-rank subspace obtained via SVD effectively preserves
the true gradient information. As training progresses and
the true gradient diminishes to zero, especially near a local
minimum (see Fig.[J), the subspace may become increas-
ingly influenced by gradient noise. When gradient noise
is not isotropic, the noise-dominated subspace captured by
SVD may become orthogonal to the true gradient subspace
due to its greedy nature, leading to non-convergence.

Counter-Example. We consider the following quadratic
problem with gradient noise:

1
f(X) = §||AX||%+ (B, X)r,
VF(X;§) =Vf(X)+&C,

ey

0 0

R™*" with D € R("~7)*(n=7) generated randomly, C' =

0 0

0 I,
pled from {1, —1} per iteration, and o is used to control
the gradient noise. It is straightforward to verify that prob-
lem satisfies Assumptions Moreover, as X ap-
proaches the global minimum of f(X), the true gradient
Vf(X) — 0, while the gradient noise persists with a vari-
ance on the order of o2. Fig. illustrates the performance

where A = (Inﬂ 0) c R(nfr)xn’ B — (D O> c

€ R™*™ ¢ is a random variable uniformly sam-

of GaLore when solving problem (I). It is observed that
GalL ore fails to converge to the optimal solution, regardless
of whether the AdamW or MSGD optimizer is used.

Non-convergence of GaLore. The following theorem de-
picts Galore’s non-convergence based on the above insight.

Theorem 4 (Non-convergence of GalLore): There exists an
objective function f : R? — R satisfying Assumptions
a stochastic gradient oracle (F, D) satisfying Assumption
an initial point () € R?, a constant ¢; > 0 such that for
any rank 7, < min{my, ns}, subspace changing frequency
T, any optimizer p that inputs a subspace gradient of shape
r¢ X ng and outputs a subspace update direction of the same
shape and any ¢ > 0, it holds that

IVf ()3 > eo.

4. Conditions for GaLore to converge

GalLore provably converges in the noise-free setting. Ac-
cording to Sec.[2] GaLore fails to converge when gradient
noise dominates the true gradient in magnitudes. This mo-
tivates us to examine the deterministic scenario where true
gradient V f(x) can be accessed without any gradient noise.
GaLore with noise-free gradients is presented in Alg.[T] (or
Alg. [3]in Appendix [B.3), where the true gradient oracle
is highlighted with label (det.) . Without gradient noise,

the projection matrix Pz(t) obtained by SVD can effectively
capture the true gradient even when approaching a local
minimum. For simplicity, we analyze GaLore with MSGD
and the following momentum updating mechanism:

MO — (=B P, e(t)TP @(til)]\/—’g(tfl)‘tﬁl P f)TG?), Me<nyg;
[ 1) A E1)TAH @) ®) () .
(1-B)M, Q, " Q)+ G,'Q,”, my>ny;

)

If the subspace does not change at iteration ¢, it holds that
(Pe(t))TPe(t_l) = (Qgt_l))TQét) = I,, and (2) reduces
to regular momentum updates. If the subspace changes at
iteration ¢, we inherit M E(tfl) by first projecting back to the
original space and then to the new subspace. We use momen-
tum projection (MP) to refer to mechanism (2)). When MP
is used in the algorithm, we label the corresponding with

(w/ MP) in Alg. (1| otherwise (w/o MP) . The following
theorem provides convergence guarantees for GaLore using
deterministic gradients and MSGD with MP.

Theorem 5 (Convergence rate of deterministic GalLore):

Under Assumptions if the number of iterations 7' >
64/(30) and we choose hyperparameters /31, 7, 1 according
to Appendix GaLore using deterministic gradient and
momentum gradient descent with MP converges as

T-1
1 LA
— E ®Y12 = =
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Figure 3. An illustration of the insight on why GaLore fails to converge in small-gradient scenarios. We use color green for true gradient

and red for gradient noise.

T
min{mge,ne}"

where A = f(2(9)) —inf, f(z) and § := min,

Remark 1. Theorem 5]demonstrates that GaLore converges
atarate of O(1/T) in the deterministic scenario, which is on
the same order as deterministic full-space gradient descent.
More details are presented in Theorem [I0]in Appendix
However, in deep learning tasks with exceptionally large
training datasets, computing the true gradient becomes im-
practical due to significant computational and memory costs.
Therefore, we will next focus on the stochastic setting.

Remark 2. When 7, — min{my, ns}, § — 1, and the con-
vergence rate in Theorem 5| reduces to that of full-parameter
gradient descent. This implies the sharpness of our analysis.

GaLore provably converges with large-batch stochas-
tic gradients. Inspired by the insight presented in Sec.
GalLore converges in cases where the true gradient dom-
inates the gradient noise. This convergence can be en-
sured by reducing the gradient noise through an increased
batch size, particularly as the algorithm approaches a lo-
cal minimum. Specifically, we replace the stochastic gra-
dient G?) = V,F(x®;¢®) with large-batch gradient
G = L3PV F(a®;¢00), which reduces the vari-
ance of gradient noise by 3 times. The Galore algorithm
with large-batch stochastic gradients is presented in Alg.[I]
(or Alg.[]in Appendix [B.4), where the large-batch stochas-
tic gradient oracle is highlighted with the label (I.b.) . Itis
worth noting that the non-convergence of GaLore primarily
stems from the erroneous subspace dominated by gradient
noise. Therefore, we compute a large-batch gradient only
for the SVD step while maintaining a smaller batch size
for other computations, see Alg. [[] As the batch size B
increases with iteration 7', GaLore provably converge to sta-
tionary solutions, as established in the following theorem:

Theorem 6 (Convergence rate of large-batch GaLore): Un-
der Assumptions [T}f3] if the number of iterations 7' > 2+
256/(39)+(2560)2/(9y/SLA) and we choose hyperparam-
eters 7, B, $1,n according to Appendix [B.4|GaLore using

large-batch MSGD with MP converges as

T-1
1 ) LA | LAG?
th_gE[”vﬂx(t))Hz] =0<55/2T+ 57/2T>,

where A = f(2(9)) —inf,, f(z)and § := min, L

Remark 3. A more detailed result is presented in Theorem
in Appendix The large batch size B = ©(V/T)
grows with iteration 7', leading to increased memory over-
head, making it less practical than small batch sizes. With
gradient accumulation, an additional variable is needed to
track the gradient, complicating compatibility with per-layer
weight updates. Otherwise, larger batch sizes raise the mem-
ory for activation values. Therefore, exploring algorithms
that converge with constant batch sizes becomes essential.

GalLore provably converges under isotropic noise as-
sumptions. In Appendix [C| we demonstrate that under
specific isotropic noise assumptions, the SVD-induced sub-
space reliably preserves the true gradient information. Con-
sequently, GaLore, even with constant batch sizes, achieves
a guaranteed convergence rate of O(1/+/T). However,
isotropic gradient noise is rarely considered in the conver-
gence analysis of machine learning or deep learning algo-
rithms (Zhu et al.| [2018; |HaoChen et al., 2021; Mori et al.|
2022;|Wu et al., 2022} [Wang & Wu; Koloskova et al., [2020).

Empirical validation. Fig.[T]illustrates the convergence of
large-batch GaLore (blue curve) in solving problem (T). It
demonstrates that large-batch GaLore effectively corrects
the bias present in small-batch stochastic GaLore (green
curve), achieving convergence to stationary solutions.

5. GoLore: random low-rank projection

GoLore algorithm. The main issue with SVD-based pro-
jection in GaLore is that it aims to capture the dominant
component in the stochastic gradient matrix. Consequently,
when gradient noise overshadows the true gradient as the
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Algorithm 1 |Galore / GoLore algorithm framework
using stochastic / deterministic / large-batch gradients

with / without momentum projection

Input: Initial point x(°), data distribution D, learning rate
. N :
n, subspace changing frequency 7, rank {r,},.;, opti-
mizer hyperparameters 51, 32, €, large batch size B.
Output: {z}]

Initialize optimizer state {M } 1 and {V( 1)}
to zero;
fort=0,1,--- ,T—1do
for{=1,2,--- Ny do
if t = 0 (mod 7) then
G?) — VF(x®;6®);  (sto.)

G — v, f(x®);
GY « L0, ViF(®;€00);
U,V « SVD(GY), P « U, : 14,
Qét) < V[, rg]; (GaLore)

(det.)
(1b.)

Sample Pz ~ U(Stmy.r,)s

Et) ~ U(Stp,.r,); (GoLore)
else
G?) — VF(x®;6®); (sto.)

); (det)
G V,F(a®;£®); (b))

G — v f(x®

Pe(t) - P[(tfl)’QEt) - Q/(thl);

end if
R® (PTG, ifmy < ny;
¢ T e - .
Q7 if my > ny;

Compute M, Z(t) via (w/ MP)
M — 1= )MI™Y 4+ 8, RY;  (wio MP)

‘/Z(t) - (1 o 62)‘/6(75_1) + BQR?) o R(t);
if using Adam then
M MV /(1= (1= 51)");
AR AYEICERRRE

N MO (VO + e
else 1f using MSGD then
t t
NP — M
end if
x (D) x{ PN, if mg < ny;
¢ xO _ o NO T )
o 0N, (Qy7) ", ifme > ng;
end for
end for

return {x(}7_ .

algorithm approaches a local minimum, the SVD-based
projection fails to identify valuable gradient information.

To address this, we propose replacing the SVD-based projec-
tion with a random projection, which captures components
of the stochastic gradient matrix randomly without any pref-
erence. This results in the GoLore algorithm presented in
Alg.[T] (or Alg.[5)in Appendix [B.5). In Alg.[T] the GaLore
method highlighted with the label ' (GaLore) samples the

projection matrix Pe(t) via SVD. In contrast, the GoLore
method highlighted with the label (GoLore) samples Pz(t)
from U (St r, ), a uniform distribution on the my x 7,
Stiefel manifold. The following proposition provides a prac-
tical strategy to sample from distribution U (Sty, ).

Proposition 7 (Chikuse|(2012), Theorem 2.2.1). A random
matrix X uniformly distributed on St,, , is expressed as
X = Z(Z" Z)""/?, where the elements of Z € R™*" are
independent and identically distributed as normal N'(0,1).

Convergence guarantee. Unlike SVD used in GaLore, the
random sampling strategy in GoLore prevents the subspace
from being dominated by gradient noise. The theorem below
provides convergence guarantees for GoLore when using
small-batch stochastic gradients and MSGD with MP.

Theorem 8 (Convergence rate of GoLore): Under Assump-
tions|[1JB3] for any T > 2+ 128/(38) + (1280)%/(9/3LA),
if we choose hyperparameters (31, 7, 17 according to Ap-
pendix B.5] GoLore using small-batch stochastic gradients
and MSGD with MP converges as

— LA LAc?
20) /

where A = f(2(9)) —inf,, f(z)and § := min, ST
Remark 4. Theorem|[8|demonstrates that GoLore converges
at a rate of O(1/v/'T), which is consistent with the con-
vergence rate of full-parameter pre-training using standard
MSGD. A more detailed result is presented in Theorem
in Appendix [B.5] where we established convergence for
more general hyperparameter choices. Unlike determinis-
tic GaLore and low-rank GaLore discussed in Sec. 2] the
newly proposed GoLore algorithm converges in the non-
convex stochastic setting with constant batch sizes. Fur-
thermore, GoLore converges without assuming isotropic
gradient noise, and it remains effective whether the gradi-
ent noise is anisotropic or not, making it significantly more
suitable for LLM pre-training and fine-tuning.

Remark 5. Notably, this paper presents the first discrete-
time convergence analysis for GaLore-like algorithms under
standard assumptions. Among the few GaLore-like studies
providing convergence guarantees, [Liang et al.| (2024) es-
tablishes continuous-time convergence, while Robert et al.
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Figure 4. Pre-training curves of various approaches using Figure 5. Fine-tuning curves of various approaches using

AdamW with BF16 precision.

MSGD with BF16 precision.

Table 1. Fine-tuning results on GLUE benchmark using pre-trained RoOBERTa-Base.

Algorithm \ CoLA STS-B MRPC RTE SST2 MNLI OQNLI QQP \ Avg
Full Params. | 62.07 90.18 9225 7834 9438 87.59 9246 91.90 | 86.15
GaLore 6132 90.24 9255 7762 94.61 8692 92.06 90.84 | 85.77
FLORA 5771 89.59 9196 76.17 9450 8542 91.93 90.49 | 84.72
GoLore@20% | 61.66 90.55 9293 78.34 94.61 87.02 9220 90.91 | 86.03

Table 2. Results for fine-tuning pre-trained OPT-13B models on
BoolQ. OOM stands for "out of memory".

Algorithm Memory Accuracy
Full Params. OOM -
GaLore 77.68 GB 79.79
GoLore@30% 77.68 GB 81.96

(2024) demonstrates convergence using a more complex
error feedback technique, relying on a contractive assump-
tion on the projection matrix that becomes stronger as the
subspace recomputing period 7 > 1. In contrast, GoLore
guarantees convergence by replacing the SVD projection
with a random projection, without significantly altering the
algorithmic structure or introducing restrictive assumptions.

Practical application of GoLore in LLMs. While GoLore
have theoretical convergence guarantees, directly applying
GoLore in LLM tasks may not be ideal. The advantage
of using randomly sampled projection matrices becomes
evident in the later stages of training, where stochastic gradi-
ents are primarily dominated by gradient noise. However, in
the early stages, projection matrices derived from GaLore’s
SVD retain more gradient information, leading to more ef-
fective subspaces, see Fig.[2] Therefore, we recommend a
hybrid approach: initially using GaLore to converge toward
the neighborhood of the solution, then switching to GoLore
for refinement and achieving more accurate results.

Empirical validation. Fig.[I|shows the convergence of the
hybrid algorithm (red curve) applied to problem (), which
employs Galore in the early training phase and switches
to GoLore in the later stage. It is observed that the hybrid
algorithm successfully converges to stationary solutions.

6. Experiments

We evaluate GalLore and GoLore on several different tasks,
including a counter-example problem (T, pre-training and
fine-tuning LLMs with real benchmarks. Throughout our ex-
periments, GoLore@x% uses GaLore in the first (100—x)%
iterations and GoLore in the last x% iterations, L.B. GaLore
denotes large-batch Gal.ore, and Full Params. denotes full-
parameter training. Further results and detailed experimen-
tal specifications including the hyperparameter choices and
computing resources are deferred to Appendix [E]and [

GaLore’s non-convergence. In order to validate the non-
convergence of Gal.ore and the convergence properties of
GoLore and large-batch GalLore, we compare them with
full-parameter training on the constructed quadratic prob-
lem defined in (T)). Fig.[I]shows that, regardless of whether
AdamW or MSGD is employed as the subspace optimizer,
GalLore does not converge to the desired solution. In con-
trast, both GoLore and large-batch GaLore, along with full-
parameter training, achieve exact convergence, thereby vali-
dating our theoretical results.

Pre-training. To validate GoLore in LLM pre-training
tasks, we pre-trained LLaMA-60M on the C4 (Raffel et al.,
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Table 3. Memory and computation comparison between GaLore’s original implementation and our ReLoRA-like version, both utilizing
MSGD with batch size b. We assume the weight W € R™*" satisfies m < n.

GaLore Implementation ‘

Memory ‘

Computation

(Zhao et al | [2024) ‘

mn +rm+rn+bm

‘ 6bmn + 4rmn + 2mn + 3rn

Our ReLoRA-like version ‘ mn +rm + 2rn + bm + br ‘ 4bmn + 4brm + 6brn + 5rn

2020) dataset for 30,000 iterations using various algorithms,
including GaLore, GoLore and full-parameter training. All
implementations utilized the AdamW optimizer in BF16
format. As illustrated in Fig. 4] the perplexity dramatically
decreases when shifting from GalLore to GoLore, demon-
strating the effectiveness of our approach.

Fine-tuning. To validate the efficiency of GoLore in LLM
fine-tuning tasks, we fine-tuned pre-trained RoBERTa mod-
els (Liul [2019) on the GLUE benchmark (Wang, [2018)),
LLaMAZ2-7B models (Touvron et al., [2023) on the Wino-
Grande dataset (Sakaguchi et al.| 2021, and OPT-13B mod-
els (Zhang et al.| 2022) on the BoolQ dataset (Clark et al.
2019) Fig. [5] displays the loss curves for fine-tuning on
WinoGrande with rank 1024, while Table[T] and 2] present
the task scores for GalLore/GoLore with rank 4. GoLore
consistently outperforms GaLore in the above experiments.

7. Connections with other algorithms

Connection with ReLoRA. Optimization algorithms like
GaLore/GoLore that optimizes in periodically recomputed
subspaces can be implemented in an equivalent yet poten-
tially more computational efficient, ReLoRA-like way. Con-
sider a linear layer y = Wax with W € R"™*", where
m < n, GaLore first computes the full-parameter gradient
VwL = (VyL)x " via back propagation and update W
in the subspace as W « W + Pp(PT(Vw L)), where
P € R™*" is alow-rank projection matrix. If we use LORA
adaptation W = Wy + BA with B € R™*" and A €
R™*", we compute A’s gradient VoL = (V. L)z =
BT (V,L)z ", where z = Bz is the additional activation.
If we fix B = P, update A < A + p(VaZL) is equiva-
lent to W < W + Pp(P"(VwL)). The memory and
computational costs of the two implementations are com-
pared in Table 3| showing the potential of our ReLoRA-like
implementation to reduce computation with little memory
overhead. Detailed algorithm descriptions and calculations
are in Appendix [A]

Connection with FLORA. Aware of the equivalence of
the two (GaLore/ReLoRA-like) implementations, the main
difference between GolLore and FLORA lies in the choice
of projection matrices. Though both algorithms sample
P € R™*" randomly, GoLore uses a uniform distribu-
tion on the Stiefel manifold U/ (St,,, ), while FLORA uses
a random Gaussian distribution where each element in P

is independently sampled from N(0,1/7), and thus P may
not belongs to St,;, ;.

Connection with SIFT. SIFT fine-tunes LLMs with sparsi-
fied gradients, which can also be viewed as subspace descent.
While GaLore projects gradient G to P G via a projection
matrix P, SIFT projects gradient G to S © G via a sparse
mask matrix S. Our theoretical analysis can be directly
transferred to sparse subspace descent with little effort, im-
plying similar results as in low-rank subspace descent, see

Appendix

Connection with zero-th order methods. Zero-th order
methods (Malladi et al., 2023} [Zhang et al., 2023} |Chen
et al.| 2024b) are another line of works on memory-efficient
training. While these algorithms randomly select a direction
to estimate the directional derivatives by finite difference,
GoLore computes subspace gradients via back propagation.
The directions used in zero-th order methods change ev-
ery iteration, while GoLore applies a more lazily strategy
changing its subspace every T iterations.

Connection with gradient sketching methods. Gradient
sketching methods like Hanzely et al.| (2018) and Wang et al.
(2024)) uses gradient sketches in algorithm iterates. These
methods recover gradient estimates from projected gradi-
ents and retains full-size gradients and optimizer states. In
comparison, GoLore directly updates with projected gradi-
ents and retains compressed gradients and optimizer states,
which is more memory-efficient.

8. Conclusion and Limitations

This paper investigates subspace optimization approaches
for LLM pre-training and fine-tuning. We demonstrate that
Gal ore fails to converge to the desired solution under reg-
ular assumptions, as the SVD-based projection often gen-
erates potentially anisotropic noise-dominated subspaces
when the true gradient is relatively small. However, we
establish that GaLore can achieve exact convergence when
using deterministic or large-batch stochastic gradients. We
further introduce GoLore—a variant of GaL.ore employing
randomly sampled projection matrices—and establish its
convergence rate even with small-batch stochastic gradients.
A limitation of this paper is that our convergence analysis
framework has not readily covered the use of the Adam
optimizer and recent GalLore variants such as Fira.
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A. The ReLoRA-like implementation

An equivalent, ReLoRA-like implementation of Alg.[I]is as illustrated in Alg.[2] where we only present the case with
small-batch stochastic gradients for convenience. In fact, applying ReLoRA with a fixed A or B is not our contribution, as
it has already been used in several previous works(Hao et al., 2024} |[Loeschcke et al., [2024). While leading to the same
results, this ReLoRA-like implementation (Alg. [2)) can potentially save computation as it computes the subspace gradient
directly without computing the full-parameter one. Consider the case where m < n and we use MSGD and a batch size of b.
The computation complexity of GaLore’s original implementation is 2bmn for forward propagation, 4bmn for backward
propagation, 4rmn for projection, 3rn for momentum update and 2mn for weight update. The computational complexity of
our ReLoRA-like implementation is 2bmn + 2brm + 2brn for forward propagation, 2bmn + 2brm + 2brn for backward
propagation, 3rn for momentum updates and 2rn for weight updates. As illustrated in Table |3} our implementation can
potentially reduce computation with little memory overhead.

B. Theoretical proofs
B.1. Notations and useful lemmas

We assume the model parameters consist of N weight matrices. We use X, € R™¢*"™ to denote the /-th weight matrix
and z € R? = (vec(X;)T, - ,vec(Xn,)T)T to denote the vector collecting all the parameters, d = 3" mgng. We
assume Gal.ore/GoLore applies rank-r, projection to the ¢-th weight matrix and denote

Te

§p=———— 6= min &, 6= max 0.
min{mg, ne} 1<6<Np 1<E<N
We define Mé(t) as
T _ pmy, if my < ny,
‘ MI@QMT, ifmy > ny,

and m = (vec(M;)T,--- ,vec(My,)T)T. While using Alg.[1] with MSGD and MP, it holds for m; < n that

8P (PTG, t=0;
Mg(t) — Pz(t)(Pg(t))T ((1 _ Bl)Me(t_l) +61Gét)) ’ t = kT, = N*,
(1- )M + B POPOYTGY, t=krtr keN 1<r<m
for my > ny that
56" Q" (@), t=0;
M = 3 (=M 4 567) QP @Q)T b=k ke N
(1= B)M D+ BGPQYQM)T,  t=kr+r kEN, 1<r<r

and for both cases that
Xlgt+1) _ Xét) o nMg(t)-

Lemma 1 (Error of GaLore’s projection): Let G = UXV " be the SVD of G' € R™*™, projection matrix P = U][:,: 7],
Q = VI[,:r],r <min{m,n}. It holds for m < n that

r
IPPTG -G} < (1- =) |Gl
and for m > n that
r

16QQT -G} < (1- )Gl

n
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Algorithm 2 ReL.oRA-like implementation of -/ GoLore algorithm using stochastic gradients -/ without
momentum projection

Input: Initial point (), data distribution D, learning rate 7, subspace changing frequency 7, rank {Tg}éV:Ll, optimizer
hyperparameters (31, (2, €, large batch size 5.
Output: {x"}]_.
Initialize LoRA adaptation X, = W, + ByA, for¢{ =1,2,--- , Ny, where WZ(O) = Xéo), Aéo) =0 and B§°) =0;
Initialize optimizer state { M Z(_l)}évjl and {W(_l)}évjl to zero;
fort=0,1,--- ;T —1do
for/=1,2,--- ,N do
if t = 0 (mod 7) then
th) — VoF(x®;6M);

Sample Pz(t) ~U(Stmy,.r,), fgt) ~ U(Stn,r,); (GoLore)
RO (PTG, if me < ny;
A Ve lorR if mg > ny;
e Wy A L7
else
%0 Va, F(x®:®), if my < ny;
‘ Ve, F(x®;¢0), if my > ny;
end if

M — (1 - )MV 4+ 8, RY;  (without MP)
‘/Z(t) — (1 _ 52)‘/2(15—1) + BZRgt) o) R(t);

if using Adam then

M = MO/ = 5), VO e VO =), N e MV o
else if using MSGD then

NP« M
end if

if ¢t = 0 (mod 7) then
We(t""l) - Wz(t) + Bét)A(t);
(t+1) —nNét), if my < ny;
ApT oy T
(@Q,7)", ifmg > ny;
gy B ifme<ng
A ® .
-nIN,”, ifmp > ng;
else
Wz(t+1) - W[(t);
t 6.
Aét-i—l) - {A§) - 77Nz( ), if mg < ny;

Aét), if my > ny;
B+ {Blgz, o ff my < ny;
B,” —nN,”, ifmg > ny;
end if
end for
end for
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Proof. Without loss of generality assume m < n (the other case can be proved similarly). Let @ = U[:, (r 4+ 1) :], It holds
that  =UU" = PP" + QQT. Thus,
IPPTG -Gl =||(I - PPHUSV |
=tr(VE'U"(I - PPT)’UZV")
=tr(Z'UTQQR'UY), (3)

where the second equation uses || X||2 = tr(X " X) and the last equation uses tr(AB) = tr(BA), V'V = I and
Q'Q=I1.ByQ"P=0and P'Q = 0, we have

T T T O xr Orx(m—r)
U QQUu (QT> QQ' (P Q)= <0 T (4)
( )
Letoy; > 09 > -++ > 0, > 0 denote the eigenvalues of G, implies
Tt T 0r><7‘ Orx(mfr) Orx(nfm)
XU QQ UXY = O(mfr)xr diag(ar-i-la o 70'.,”) O(mfr)x(nfm) . (5)
O(n—m)xr O(n—m)x(m—r) O(n—m)x(n—m)
Applying (3)) to (3) yields
IPPTG -G} —u(2TUTQQTUD) = Y o2 < ™ —|GI3,
i=r+1
where the inequality uses ||G||%2 = tr(GTG) = tr(ZTX) =Y. | o2 O
Lemma 2 (Gradient connections): It holds for any ¢, 7 > 0 that
[Vef (@) < Z IVef (@) %+ (r =1 Z [Vef (@) — v, f(a)|3. (6)

= r=0
Proof. Forany r =1,--- ,7 — 1, it holds that
IVef(@D)F =[Vef (@) = (Vef (@) = Vef (@)1
<2 Ve f (@[5 + 2| Vef (24) - Ve f(@)]3 ©)
Forany r = 2,--- ;7 — 1, it holds that

2

IVef (@) = Vef (@) = Zvéf (2T) — Y, f(z 1Y)

=1 F
<r Y IVef @) = Vef @), ®)
i=1
where the inequality uses Cauchy’s inequality. Summing (7) from » = 1 to 7 — 1 and applying (8) yields
T—1 T—1 1 .
7| Vef (D)7 §2Z||Vef( ENE+2) Y illVef (@) = Vef @ D)|E
= =1 j=1
T—17-1 )
<2Z||sz CENE+2Y D illVef (@) = Vef(@ D)3
Jj=114i=1

S V@) 4 v - DS Vef @) - V(a0

r=0 j=1

which is exactly (6). O

15
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Lemma 3 (Projection orthogonality): If P € St,, ., it holds for any A, B € R™*" that

IPPTA+(I-PP")B|} = |PP"A|%+ /(I - PP")B|%.

Proof. By definition we have P P = I. It suffices to note that

(PPTA,(I - PP")B)r =tr(ATPP"(I - PP")B) = tr(0) = 0.

Lemma 4 (Descent lemma): Under Assumption 2] for update

2D = 20 i ®)

it holds that

D) <f(2) - (2177 -3

n
- 2953

)10~ 2O+ 2 - 1)

Proof. By L-smoothness of f (Assumption[2)) we have
F® D) — f(x®)
L
<(Vf@"), @ —20) 4 2 — 23
7, () n®) L
m m
_ <27 L) _ w<t>> N <Vf(w(t)) ST w(t)> + Lattt) a0

1 L n . n
=~ (5 - 5 ) 12 = 2Ol + 2V A() ~ RO - TIT B

which is exactly (10).
Lemma 5 (Error of GoLore’s projection): Let P ~ U(Sty, ), Q@ ~ U(Sty, ), it holds for all G € R™*™ that
T r T r
E[PP'|=—-1I, EQQ']|=—"1,
m n
and

E[|PPTG -G} = (1-2) |G} ENGQQ™ -G} = (1- 1) |G|}

Proof. We refer the proof of to Theorem 2.2.2 in |Chikuse (2012)). By PTP =1, wehave

E[|PP'G - G|}] =E[tr(G' (I - PPT)*G))
=E[tr(G"(I - PP")QG))
=tr(GT (I —E[PPT])G).

Applying (IT) to (I3) yields
E[|PPTG - G|J2] =tr (GT (I - %I) G)
- (1 - %) tr(GT Q)

= (1= )Gl

The other part of (I2Z)) can be proved similarly.

©))

(10)

Y

(12)

(13)
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B.2. Non-convergence of GaLore

In this subsection, we present the proof for Theorem ] We first restate Theorem [ as follows:

Theorem 9 (Non-convergence of GalLore): There exists an objective function f : R — R satisfying Assumptions a
stochastic gradient oracle (F, D) satisfying Assumption an initial point (°) € R, a constant ¢y > 0 such that for GaLore
with any rank r, < min{my, n,}, subspace changing frequency 7, any subspace optimizer p with arbitrary hyperparameters
and any ¢t > 0, it holds that

IV £ (@ )13 > eo.

Proof. Consider target function f(X) = Ltr(X "pp" X ) where L > 0, X € R"*" withn > landp = (1,0,---,0)" €
R™. It holds that

L
7(X) = SlIp" X|3 > 0,

thus f satisfies Assumption Since Vf(X) = Lpp" X, it holds that

IVA(X) = VIY)llr = Lipp" (X = Y)|lr < Lllpp"[|l2[| X = Yl = L[| X = Y|,
thus f satisfies Assumption 2]
Consider the following stochastic gradient oracle:

F(X:6) =f(X)+& - t(QQTX), and Pepl¢ =1] =Peupl = ~1] = 0.5,

where & = o/+/(n — 1)n/2 and

_ 0 nx(n—1)
Q_(diag(l,{‘@,-u,{‘/n—l)>ER '
Note that VF(X;¢) = Vf(X) + £6QQT, it holds for any X € R™ ™ that
Eeun[VF(X;6)] =V f(X)

2 n—1

Eeunl[VF(X5€) = VI(X)I3] =0*1QQTIF = =575 > i=rt

thus oracle (F, D) satisfies Assumption [3]

Consider the following initial point:

.
©) _ (AP
X0 = (").

where 0 < A\ < &/Lis a scalar and A € R™=1x7 ig an arbitrary matrix. We show that GaLore with the above objective
function f, stochastic gradient oracle (F, D), initial point X (0), arbitrary rank 0 < 7 < n, arbitrary subspace changing
frequency 7 and arbitrary subspace optimizer p, can only output points X ) with |V f (X ®))||2. > ¢, for ¢g = L?)\? > 0.

When 7 | ¢, GaLore recomputes the subspace projection matrix at iteration ¢. If the first row of X () equals Ap ", i.e.,
X®[1,:] = Ap", the stochastic gradient is given by

G = Lpp" X +£W5QQT = diag (LA,&%, V203G, = 15%) .

since L\ < &, computing SVD yields

LA\ 0 - 0
0 Bg ... 0
GO =| . 5.0 :
0 0 - Vn—1tWs

17
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0 -~ 0 G vn—16 --- 0 0 0 0 ce €™
0 -+ ¢ 0 : o : : . :
I IR 0 & 0]lo q® .. o |
Cn 0 0 0 0 LA \G¢ 0 - 0
=U =3 =VT
where (1, ,(, € {—1,1}. For any rank r < n, the projection matrix is thus
0 0o - 0
0 0 0
PO=10 0 - C(uppr | erR™
0 Cooq - 0
o O - 0

Using this projection matrix, the subspace updates in the following 7 iterations is as

Ap—1
X(t"I‘At) — X(t) + P(t) Z p(t+€)((P(t))TG(t)) = X(t+At)[17i] — X(t)[l,] _ )\pT7
s=0

for A; = 1,2,---, 7. Since X (D[1,:] = A\p", it holds for all t > 0 that X D[1,:] = A\p" and thus
IVFXO) 7 =LA =
O
Remark 6. When setting B = 0 in the quadratic problem setting (Sec. [6), the quadratic problem is equivalent to the
counter-example we construct in the proof of Theorem[9] The illustration in Fig. [6]displays the loss curves for this problem.

B.3. Convergence of deterministic GaLore

In this subsection, we present the proof for Theorem [5] GaLore using deterministic gradients and MSGD with MP is
specified as Alg.[3]

Lemma 6 (Momentum contraction): In deterministic GaLore using MSGD with MP (Alg. , if 0 < 51 <1, term M e(t)
has the following contraction properties:

e When t = 0, it holds that

T—2
1M — Ve f(XO)3 <(7 = 1)1 = 6e81) Y [Vef (@7HD) = Vef (D)3
r=0
21 — 6,;) —
ML (14)

e When t = k7, k € N*, it holds that
~ (¢ J ~ (t— _
192 = Vs @Ol - (1 (1= %) 1 ) I = Vs @)

2(1 = §y) < . 5(1—
AN R+ Vs ) — Vet

T—2
+ (T = 1)1 =80) > IVef(@F ) — v, f(aFm )13 (15)
r=0

18
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Algorithms using AdamW

o] 9= _e— GoLore@50%
' == L.B. GaLore
0.6 - == Full Params.
0.5
0 o0.4a-
o
-
0.3
0.2 T
f
0.1
0.0 - A—A e %
0 200 400 600 800 1000

Iterations

Figure 6. Loss curves of algorithms using AdamW. GoLore@50% uses GaLore in the first half and shifts to GoLore in the last half, Full
Params. denotes full-parameter training.

e Whent=k7+ 17, k€N, 1 <r <r,itholds that

~ 0 ~ (4
1M = Ve f @)% - (1 - (1 - 4‘) /31) |2 = e f @)

<(1- %) BIvaseOlE + L9 ®) - Vi
2 deSr
10 - , ,
;f : ; IVef (@57H) = Vo f @*TH D) (16)

Proof. Without loss of generality assume my < ny (the other case can be proved similarly). When ¢ = 0, we have

1M = f (@) 5 =l5(P (BT = D)V (@) — (1= 51) Ve ()]
<Bi(1— 8)IVef @O) |2 + (1 - B)IIVef (@)
=(1 =8B Vef (&), (17)
where the inequality uses Lemma([I]and Jensen’s inequality. Applying Lemma [2]to yields (14).
When t = k7, k € N*, we have
IV = Vef @)l
=P P T[1= B)M Y + 3G = Vif@®)] - (1= PO ) Vef D)
=I1B (P TI = )M = Vef@O)]E + 1T - PO BT Vef ()]
<1 = BYMY = Vo (@))|F + (1= 6) | Vef (293, (18)

where the second equality uses Lemmaand Gl(zt) = Vi f(x®), the inequality uses LemmaEIand ||Pe(t) (Pz(t))T |2 = 1.
By Young’s inequality, we have

MY — v, f (2%
=M = Ve f (@) = (Vef (@) — Vof (D)%

19
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Algorithm 3 Galore using deterministic gradients and MSGD with MP

Input: Initial point 2(°), learning rate 7, subspace changing frequency 7, rank {rg}éV:Ll, momentum parameter ;.
Output: {z"}]_,
Initialize optimizer state { M 4(71) }ok to zero;
fort=0,1,---, T —1do
for(=1,2,--- , Ny do
G Vi f(a®);
if t = 0 (mod 7) then
U,S,V « SVD(GY);
if my < Ny then
P Ry Ul:,:rels
M(t) ( - B )(P(t))TP(f 1)M(t 1) + B (P(t))TG(t)
X(t+1) « X(t) nP[(t)Me(t)’
else
Qét) — V[;y:re;
M (1= p)MITVQ TR + 516G Q)
X[ X0 M 0(Q)
end if
else
if my < Ny then
Pé(t) . Pé(t_l);
MY (1 - )M+ (PTG,
XM e x —gpP MY
else
Q;) - Q(t b,
M (1= p)M{) + 3G QY
X e x{ - (@Q):

end if
end if
end for
end for
5@51 (t—1) (t—1)y (|12 4 )y _ (t=1)y12
L+ ——= ) [M," = Vo f(" D)5 + le [Vef (@) = Vef(e" ). (19)

Applying Lemma [2]and @]} to (I8) yields (I3).
Whent=kr+7r, k€N, 1 <r <7, wehave
1M — Vo f (2013
=11 = B) (MY = Ve f(2®)) + B (PO (P — DV ef(=D)]3
<= B)IMI™Y = Vo f(@®) |3+ Bl — PE(BENTIV,f(@0))13, (20)

where the inequality uses Jensen’s inequality and Pl(t) = Pétil) =... = Pe(kT)- The first term can be similarly upper
bounded as (I9). For the second term, we have

(I - P (PFN TV f(2®))2
< (1 + f) I = PP (PENTY, f (2573

+ (1 + f) 1T = P (BT (Ve f (@) = Vo f (@) 3
<(1+5) 0= 201V + FIT ) - Tif ), ey

20
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where the first inequality uses Young’s inequality and the second inequality uses Lemmal[I] By Young’s inequality, we have

V(272 (1+ )||vef<w<f>||F+(1+ )nvm ) = Ve (@) 22

Note that ¢ = k7 + r, we further have
2

||ng(;1:(t)) vff( (k1) ||2 Zsz (kr+z)) vzf(w(k-r-&-i—l))

i=1 P
<r Z IVef (@ 70) = Ve f(@*TH D)5, (23)
where the inequality uses Cauchy’s inequality. Applying (22)23) to 1)) yields
(I =P (PP))Vef ()]
< (1= %) v + Z IVef @) = Vof@rHD) 2. o4
Applying (T9)24) to (20) yields (T6). O

Lemma 7 (Momentum error): Under Assumption if 0 < B1 < 1in deterministic GaLore using MSGD and MP (Alg. ,
it holds for any K > 1 that

Kr—1

Z [ — v f(@®)]3

5(1-61) | 5r(r—1) = ) 02
S((1—6/4)65%*(1—5/4)6*(1—5/4 ) 2 e I2
1_@/2 Kr—1 t) )
+(1_5/4+( e ) Z IV f(z®))] 2. (25)
Proof. By Lemmalf] we have
I (112 5 &2 ) (112
> = vesta)lh— (1 (1= ) ) 3 1 sl

5(1—p1)  51(r—1)5 K72 . t
S( 5£ﬁ11 * ) T_1> Z Ve f (D) — v, f(x®)]2

w2+ (1-5)n) 3 19O,

t=0
which implies

Kr—1

> 1M = Vi f )]}
t=0
5(1 - 1) 57(r —1) T ) R (t+1) ONE
- - + Vef(x - Vif(x
((1 —00/4)0eBF  (1—6¢/4)0¢ (1 -y /4 Z IVef( ) = Vef(@)|w
1— 6@/2 2 ) Kr—1
+ + v, f(z® 2
(1 — /A (1= 6,/4)75s ; IVef (@)% 26)
Summing (26) for ¢ = 1,--- , N, and applying Assumption2]yields (25). .
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Now we are ready to prove the convergence of Alg.[3]

Theorem 10 (Convergence of deterministic GaLore): Under Assumptions if hyperparameters

64 1 \/ 3307 \/ \/ 361
0<p <1, 7>—— 0<n<min{— 27
<=l T2ags O<nsmin { 1z Vsor2 Vsor2re V i6rze [ @0

GaLore using deterministic gradients and MSGD with MP (Alg. [3) converges as

Kr—1
1 16A
7 o IV g (8)
for any K > 1, where A = f(z(©)) —inf,, f(z).
Proof. By Lemmafd] we have
S 20/ (@) — f@")] | RS

Z IV f(z®)]3 < + ) [l = V)3

n t=0

Kr—-1
( ) Z ) — 2 ®)3, (29)

Applying Lemmato and using § < & < 1 yields

Kr—-1
= _ (t) 2
(1-57) 2 197G

S;f(w(o)) — f(=!57)

Krt—1

1 L 20(1—B,)L? 207(r—1)L? 47’
- (772 o : 3607 - 36 . Z Lo G0
007 0
By we have
_ 2 _1\72 VT2
é_ 8 > é’ and 1 > maX{L, 20(1 ,6;1)[/ ,207'(7' 1)L 74(7’ 1L } 31
4 376 8 e n 3037 34 351
Applying (31) to (30) yields (28). 0

We now prove Theorem 5] which is restated as follows.
Corollary 11 (Convergence complexity of deterministic GaL.ore). Under Assumptions if T > 64/(30) and we choose

pr1 =1
| 64
306
-1
80L2 807’2L2 167L2
n=|4L+ ;
3@51 3[31
GaLore using deterministic gradients and MSGD with MP (Alg. [3) converges as

LA
Z IV f )3 = (55/2T) : (32)

where A = f(x 0)) inf,, f(x). Consequently, the computation complexity to reach an e-accurate solution  such that

IVF@)IE <eisO (£ + 1),
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Proof. T > 1+ 64/(3¢) guarantees T > 7. Let T = K7+ r, where K € N*and 0 < r < 7. If r = 0, (32)) is a direct
result of Theorem (10| If r > 0, applying Theoremto K := K + 1 yields

LA
(t t 2 _
3 I =0 (577

Kr—1

B.4. Convergence of large-batch GaLore

In this subsection, we present the proof for Theorem[6] GaLore using large-batch stochastic gradients and MSGD with MP
is specified as Alg.[4

Lemma 8 (Momentum contraction): Under Assumption [3] in large-batch GaLore using MSGD with MP (Alg. [), if
0<p1 <1, term M g(t) has the following contraction properties:

e When ¢ = 0, it holds that

T—2

E[| M — Ve f(X O3] <2(r — 1)(1 - 6081) S E[|Vef (@+V) — Vo (aM)|3]
r=0

1

4(1 — 6¢B1) < (12 45105.
= TZ:OE[HVM(ZC( DIE+ =5 (33)
e Whent = k7, k € N*, it holds that
E[ISLY — Vo f@®)3] - (1 - (1 - 5‘) 61) E[IAZ — 9, f(2) 3]
4(1-6,) = 51— _
<20 S w9t ]+ 2 PR 9 @) - Tes(e )
r=0
T—2
+2(7 = 1)(1=8¢) D B[|Vef (@) — Vo f@™)|F] + 5% (34)
r=0
e Whent =kt +1r, k€N, 1 <r <,itholds that
- ) ~ (p_
E[IM Vo @)|F] - (1 - (1 - 4‘) m) E[IM ) = Ve f )3
1) 5(1 — B _
< (1- %) B0V + LoV ) - Vet D))
1513 — , , 11
+ S BT @)~ Vs @t ]+ (G +58) o 3
=1
Proof. Without loss of generality assume m, < n (the other case can be proved similarly). When ¢ = 0, we have
E[| M~V f(2®)|2]
=E[|| 5P (P)) TG — Vo f (20)||3]
=E[|:1 (P (P — DG + (G = Vef(x ) — (1= B)Vef (= )]3]
<BE[|(POPT - DG + G~ Vef (@) 3] + (1 - B)IVef ()3, (36)

where the inequality uses Jensen’s inequality. For the first term we have
0 0 0 0
EIR” (B = DG + G~ Ve (@ )3]
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<2E[|(I - PP G |2] + 2B[|GY” — Vo f(2®))2]
<2(1 — 6)E[||Gel|2] + 2E[|GL” — Vo f (2@)||%]

(4 — 2(5@)0?

<2(1 = 8)||Ve S (@) + —F—+,

where the first inequality uses Cauchy’s inequality, the second inequality uses Lemma he third inequality uses E[
33)

Vof(x@)||2] < 0?/B (Assumption . Applying and Lemmato yields (
When t = k7, k € N*, we have

E[| M — Vof(a®)||2]
=E(|P"(P{)T[(1— )M + B1GY — Vof(@D)] — (I~ PPV ef ()|[2]
=E[|P"(P)T[(1 = )M + B1GYY — Vi f(2)]3]

+E[|(I = PPV f (2 )]I3],

where the second equality uses Lemma By HPz(t) (Plg(t))T l2 = 1, we have

where the last inequality uses the unbiasedness of th) (Assumption . By Young’s inequality, we have

E[| MV — Vof(®)|2)
=E[||(M"" — Vof (2" V)) — (Vef(@?) - Vof(tD)|3]
4

< (14 22 EUNE Y - Ve @+ (14 5 ) BNV @) - ViDL

0o
Applying @0) to (39) yields

E(|PV(P)T(1 - 8)M Y + 511GV — Vo f(2®))]2]
<(1-(1-2) o) Bz - wustet O +

+ X9, p(a) - v, 3]
e

For the second term in (38), we have

E[|(I - P (P)T)Vef(®)||%)
<2E[||(I - PO(POYGY |12] + 2B — PP THGY — Vo f(a™))|2]
<2(1 - 6)E[|GY 3] + 2E[| G — Vo f (x®)2]
407

<2(1 = 0)E[[Vef (=) 3] +

(37)

0
Gy —

(38)

(39)

(40)

(41)

(42)

where the first inequality uses Cauchy’s inequality, the second inequality uses Lemmaand I — Pg(t) (Pe(t))T l2 = 1, the

third inequality uses Assumption 3] Applying @I)E2) to (38) and using Lemma[2]yields (34).
Whent =kt +7r, k€N, 1 <r <7, wehave

E[||M" — Vo f(a))|%]
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=E[|(1 - )M — Vof (29)) + BU(PO(BD) TGP — Vo f(a®))||2]
=E [||<1—51><M“ V- Ve f(a®) + 8PP — DV f(zD)][3)
+ BEP (PTG — Vof(29))|3]
<(1 - BE[|p1" Y —vmw“))n%]w E[|[(I - P (P) )V f(x®)]3
+ BE[P (P (G = Vo f ()3, 43)

)
)

where the second equality uses the unbiasedness of G(t) and the independence implied by P, ® = =P, (¢=1) , the inequality
uses Jensen’s inequality. The first term is similarly bounded as (#0). For the second term, we have

E[|(I - PP TV f(2®)]3]
< <1 N ‘Z’) E[|(I - P*7(PF) TG 2]
+ (1 + f@) E[|(I - P (BI) ) (Ve f (@) - G|
< (1 B Sff) E[|G{ |13 + 2 (1 * f) E[|G{" — Ve (2*7)3]

42 (1 4 ;) E[||Vef(@®) — Vof (*7)[2), (44)

where the first inequality uses Young’s inequality, the second inequality uses Lemma|[TJand Cauchy’s inequality. We further
have

(1 - 345@) E[IGH7 3] + 2 (1 + ;) E[IGST — Vof (@ )|13]
(1 B 32) E[|Vef (7)|2] + IEHIG(’” Ve (@ED)F]

39
< (1- B Bvas i) + 1;;{;

2
< (1 _ 5;) E[[Vef(z®)|2] + <1 + ;1) E[|Vef(2®) = Vef (@™ )F] + 5 (45)
J) L

where the first inequality uses unbiasedness of G’é’”), the second inequality uses Assumption the third inequality uses
Young’s inequality.

Applying @3) to (@4) and applying Cauchy’s inequality yields
kT kT
EI(I — P (P )Vef (@)]F]

) 1162  15r p i
< (1 - 5) E[[Vef @I + 55 + 5 ZE IVef (@) — o f(@® D)3, (46)
For the third term, we have
E[| S (PENT(GY — Vof(@D))|2] <E[GY - Vef(@D))2] < o2, @7)

where the first inequality uses ||Pe(k7) (Pe(’”))T |2 = 1, the second inequality uses Assumption

Applying EO)@EE)ET) to @3) yields B3). -

Lemma 9 (Momentum error): Under Assumption[2}f3] if 0 < 3; < 1 in large-batch GaLore using MSGD and MP (Alg. ),
it holds for any K > 1 that

Kr—1

Y Ellm® =V r@?)3)

t=0
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Bl—p)  1sr(r—1)  2r—1) \ 5N~ o
= ((1 — 508 a1 —a/4s T 1 5/4)51) L* Y Efjzt* 113]

t=0
1-6/2 4 !
+ =+ E[|Vf(z™
(57 o) & BV
5K 11K7 KTB1> 5
= + + = 48
((1_5/4)513 (1—8/45B " 1-0/a )
Proof. By Lemmalg|we have
Kr—1 52 Kt-2
_ ~ (¢
> Bl - Ve - (1= (1-5) 8) 3 BIM - Vsl
t=0 t=0
5(1-p) |, 17(r -1, >KT‘2 (41
< - 2(r — 1 E[||Vef(xtD) — Vo f (@)
< (A " > BV ) - Vef(al )1
F(A (1-2)5) T BT+ (K BB e o
T 2) ") ~— ‘ BE\B T B t)oe
which implies
Kr—1
(¢
> E[IMY — Vef@®)3]
t=0
5(1—B) 157(r — 1) 2r—1) \ &7
— M — — (t+1) ®)y)12
< + + E[[|Vef(x —Vof(x
(5 iz + 305 ) 2 BllVes @) = Ves @l
1—6,/2 4 )KT !
+ + E[|Vef(z™®
(5 s 2 BV
5K 11KT K78, > 5
- + - 49
((1—5@/4)ﬁ18 (1—5@/4)(5@8 1—(5@/4 “49)
Summing #9) for £ = 1,--- , Ny, and applying Assumption 23] yields (48). O
Now we are ready to prove the convergence of Alg. ]
Theorem 12 (Convergence of large-batch GaLore): Under Assumptions [T}j3] if hyperparameters
128 1 /3682 \/ 5 \/ 361
<1 > < —
0<bistl 72355 O<’7—mm{4L’\/80L2’ 107222V 32722 [ (50)
GaLore using large-batch stochastic gradients and MSGD with MP (Alg.[d) converges as
Kr—1
1 16A 160 352 326
= E Y121 < 2 51

for any K > 1, where A = f(z(9)) — inf,, f(x).

Proof. By Lemmad] we have

Krt—1 w(o) . CE(KT) Krt—1
Z E[||V f( (t))H | < 2[f( ) —E[f( )] + Z E[an(t) —Vf(w(t))Hg]

t=0 n t=0
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Kr-1
~(-5) X Ellet - oL 2

2
N e

Applying Lemma|§|to 52) and using § < § < 1 yields

5 16 Kr—1
=_ E[||Vf(z®)|3
(535 2 B
2 - 20K 44Kt AK7p
SH]E[f(w(O))—f(w(K ))]—f—(gﬁlg—k 2B + 3 1)02
Krt—1
_ (1 _ L 20(1 — B1) L2 _ 107(r — 1)L? _ 8(r — 1)L2> E[||m(t+1) _ :B(t)Hg]~ (53)
U 306% ) 361 ~
By (50) we have
5 16 _ 4 1 L 20(1— B1)L? 107(r —1)L? 8(7 —1)L?
= _ > = d — > = . 54
1736 o8 M ap ““”‘{17’ 7 S VA oY
Applying (54) to (33) yields (5T). O

We now prove Theorem [6] which is restated as follows.

Corollary 13 (Convergence complexity of large-batch Gal.ore). Under Assumptions if T > 24 256/(30) +
(2560)2/(9v/SLA) and we choose

-1
83262
p— 1 —
/61 + LA )
128
3061 |’
-1
(a1 + 80L2 n 407212 n 327L2
N 3032 [ 3061 ’
1
B=|—|,
[MJ

GaLore using large-batch stochastic gradients and MSGD with MP (Alg.H) converges as

— LA LAo?
}: IV £(=D)]3] = <ﬁpT+4/ypT>, (55)
t=0 g g

where A = f (sc(o)) — inf,, f(x). Consequently, the computation complexity to reach an e-accurate solution x such that
2 ; LAo? LA 2 1
IVF@)I3 < eis O ($95 + 8 + 5pm + )

T

Proof. T > 2+ 128/(368) + (1280)%/(9y/3LA) guarantees T > 7. Let T = K7 + 7, where K € N* and 0 < r < 7. If
r =0, (55) is a direct result of Theorem |12} If 7 > 0, applying Theorem.to K:=K+1 yields

T—1 Kr—1

1 Kr 1 LA LAc?
= (t) . )y)121 —
7 LBV < 7 7 X BV 0<55/2T+\/ 57/2T>'
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B.5. Convergence of GoLore

In this subsection, we present the proof for Theorem [§] GoLore using small-batch stochastic gradients and MSGD with MP
is specified as Alg.[3]

Lemma 10 (Momentum contraction): Under Assumption 3] in large-batch GoLore using MSGD with MP (Alg. [3)), if
0< p1 <1, term M Z(t) has the following contraction properties:

¢ When t = 0, it holds that

T—2
E[| M — Vo f(XO)3] <(r - 1)1~ 681) S E[|[Vef (@) = Vof(@)]2]
r=0
T—1
+ 200 S g @) 3] + a8 56)
r=0

e Whent = k7, k € N*, it holds that

BT ~ Ter ) - (1= (1- %) 51 ) BINES ™ = Vep(e ) ]

T—1
<K S BV ]+ LRV ) - Vst D))
r=0

T—2

+ (=11 = 60) > B[V f (@) = Vo f (@)1 F] + 6eBTo7; (57)
r=0

e Whent =kt +7r, k€N, 1 <r <,itholds that

Bl — Ves@ )3 - (1- (1 %) 6 ) BIISZE D - Vs @)l
<(1- %) BENVe @O + ES BV @) - Vsl
+ S BV @) - Vep(at D) + o, 58)
. i=1

Proof. Without loss of generality assume m, < n (the other case can be proved similarly). When ¢ = 0, we have

E[| M — Vof(z®)|2]
B[P (PTG - Vof (@ @)[3]
=E[l|(6: P (BT — DV f (x))3] + B2E[| P (PGP — Vef (2©))||2]
=tr((Vef (@) TE[(8: P (P7)T = 1)V, f(2))
+ B3tr(Be p (G — Vif () Epasisern, ) (PPTGY — Vof(x®))), (59)

where the second equality uses unbiasedness of Ggo). By Lemmawe have

E[(3P(P)T — 1)’ =I — (26 - B)E[P” ()]
=1 — (281 — B},

thus
(Ve f (@) TE[(B PP T — I2Vef (@) =(1 - 8:(261 — )| Vef (@)%
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<(1 =681 | Vef ()3

Similarly, by Lemma[5] we have
tr(Eeonpl(Gf” = Vef (@) Epusi,,, . [(PPT)G = Vef ()
—tr (IE {<Gg°> — Vef(@®)T (” : I) (G - Vef(xw)))])

my
=5E[|GY” — Vo f(2)|2]
S5€Gg7

where the inequality uses Assumption[3] Applying (60)(61) and Lemma[2|to (59) yields (56).
When t = k7, k € N*, we have
E[|M" — Vof (2 9)]3]
=E[| P (P)T[(1 = B)M" ) + B1GYY = Viof ()] — (I = PO(PY) )V, f(a®)| ]
=0E[|(1 - B)M ™V + G — Ve f(@®)[F] + (1 8)E[[Vef (D)3,

where the second equality uses Lemma 3]and Lemma 3] For the first term, we have
E(1 = 8)M Y + BIG — Vef@®)[3]
=E[|(1 - 8) (M = Vef (@) + B1(G}" — Ve f (@®))]3]
<E[|(1 =AM ™Y = Vef (@) 3] + BEIGY — Ve @9)]F]
<(L-BOEIM ™Y ~ Vof (@D)[17] + 877,

where both inequalities use Assumption 3] By Young’s inequality, we have

wM“*“ — Vof(2®)|2]
=E[|(MY — Ve f (@) = (Vef (@) - Vef(a <f—1>>||%]

(1 + Ml) E[| M) - Vo@D + <1 + > E[[|Vef (') = Ve f ("))

deBr
Applying (63)(64) and Lemma[2]to (62) yields (57).

Whent =kt +r, k€N, 1 <r <7, wehave

E[| M — Vo f (@D)]|%]

=E[|(1 - B)(M ™ = Vof (29)) + B (PP (PO) TGP — Vo f(a®))||2]
= [||<1—ﬁ1>< w( ) + 81 (P (P)T — )Vef(w(t))”F]

+ BE[P (P, “)) ( — Vef(x®))]13]

<(1— B)E[| M - < NN+ BENT - PO (PO T)Vef(2®)][3
+ BEP (P (G, “’ F(D))IZ],

(60)

(61)

(62)

(63)

(64)

(65)

where the second equality uses the unbiasedness of Gét) and the independence implied by Pe(t) = Pz(t_l), the inequality

uses Jensen’s inequality. The first term is similarly bounded as (64). For the second term, we have
BT~ P (BT )V (2 )]3]

<(1+ff> E[[|(I — ¥ (PAY TV, f (2 57)) 2]
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+ (1 + f) E[|(I - PV (BI)T) (Ve f (1) = Vo f (250)|F]

< (1= 5 )BT+ (14 ) BT @) - Wi (©6)

where the first inequality uses Young’s inequality, the second inequality uses Lemma and ||I — P(kT)( g(kT))T lo=1

By Young’s inequality, we have

BV @) < (14 5 ) BIVe @3 + (14 5 ) BN GY) - V@)L @

Applying (67) to (66) and applying Cauchy’s inequality yields
BN = PP Ve ()]

(1 - 52) E[|Vef(@D)3] + ﬂ ZE IVef (@) — o f(@® D) 7). (68)

For the third term, we have
kT kT
E[|P*7 (PTG — o f(®)|[3] < E[|GY - Vef(2)[3] < oF, (69)

where the first inequality uses ||Pé(k7) (P;kT))T |l2 = 1, the second inequality uses Assumption

Applying ©4)(©3)(9) to 63) yields (8). B

Lemma 11 (Momentum error): Under Assumption[2}f3] if 0 < 8; < 1 in GoLore using MSGD and MP (Alg. [3), it holds
for any K > 1 that

Kr—1

> Bl — Vi®))3]
t=0
5(1 - B1) 57(r —1) T—1 R o
<(a=mmam * Gz ) - > Ellat - o
1—-0/2 2 K ! vz Krpio?
* (1 —9/4 + (1 _5/4)7'B1> ;:O: E[IVf(=™)l2] + m (70)

Proof. By Lemma|[I0] we have

Z_ E[| M — Vof (D)%) - (1— (1—) /31) Z_ E[| M - Vof(z®)|2]

t=0 t=0

Kt—-2
<<5(1—ﬁ1) NG 7_1) S B[V (@) - Vef@)]3]

- 0eB d¢ pared
2 Kr—1
+ (T + (1 - ) m) > ElVef@)IE] + Krpiof,
t=0
which implies
Kr—1
~r(t
> E[MY - Vef (D)3
t=0

Krt—-2

5(1— 1) 5r(t —1) T—1 LD ONT
((1 —00/4)00% " (1 —6¢/4)0¢ - (1 —54/4)51) ; E[IVef @) = Vel (@)llz]

IN
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1—6,/2 2 ! © K7B102
(=5 o) 2 EIVeS@ONE+ 7574

Summing for¢ =1,---, Ny, and applying Assumption 2}[3]yields (70).

Now we are ready to prove the convergence of Alg.[3}

Theorem 14 (Convergence of Golore): Under Assumptions [T}3] if hyperparameters

64 1 \/366% 30 \/ 361
0<p<1, 7>—) 0<n<min{—
<h=l T2aps 0<ns mm{4L’ 802"V sor2r2' V i6rr2 [

GoLore using small-batch stochastic gradients and MSGD with MP (Alg. [5)) converges as

Kr—1

16A 32[310'2
E @121 <

1
Kt

for any K > 1, where A = f(z(©)) — inf,, f(x).

Proof. By Lemmafd] we have

Kr—1 (0) - (KT) Kr—1
> v 2D =Dl S g - v o)
t=0 t=0
Kr—1
~(5-2) X Ellet - oL
t=0

Applying Lemmato and using § < § < 1 yields

Kr—1
(3-55) X EUAIR

t=0
2
SE]E[f(w(O)) ~ fae®] + %
n
- 2 - 2 - 2 Kr—1
(1 L 200 [zl)L _207(r—1)L*  A(r—1)L S B+ — o).
U/ 3057 36 3p —
By (72) we have
1 1-— 2 —1)L? 4(r —1)L?
s 8 Zé, and -1 > max 5720( B;)L 7207’(7’ )L 7 (r—1L '
4 38— 8 4n? n 30/5% 30 351

Applying to yields (73).

We now prove Theorem 8] which is restated as follows.

(71

(72)

(73)

(74)

(75)

(76)

Corollary 15 (Convergence complexity of GoLore). Under Assumptions ifT > 2+ 128/(368) + (1280)2/(9y/SLA)

and we choose

-1
[é3/202T
51 =11 + T )

[ 64
T [35@3}’
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-1
AL + 80L2 + 8072L2 + 167L2
n=
/ 3057 30 3B )
GoLore using small-batch stochastic gradients and MSGD with MP (Alg.[) converges as

T—1
1 LA LAc?
T ; E[|Vf(z™)|3] =0 (65/2T + 4/ 67/2T> , (77)

where A = f (zc(o)) — inf,, f(x). Consequently, the computation complexity to reach an e-accurate solution x such that
2 ; LAo? LA 2 1
IVF@)I3 < eis O ($95 + 8 + 5inm + )

Proof. T > 2+ 128/(30) 4 (1280)%/(9y/6LA) guarantees T > 7. Let T = K7 +r, where K € N*and 0 < r < 7. If
r =0, li is a direct result of Theorem If r > 0, applying Theoremto K := K + 1 yields

T-1 % K7—1

1 Kr 1 LA LAo?
- )y12 . V)21 —
F X BV < 5 2 BV 0<55/2T+\/ 57/2T>'

t=0

C. Convergence of Gal.ore under isotropic noise assumptions

Based on the anisotropic gradient noise we use to construct the counter-example in the proof of Gal.ore’s non-convergence
under standard assumptions, an interesting open question is whether Galore is guaranteed to converge if the noise are
further assumed isotropic. In this section, we consider the following additional assumption:

Assumption 16 (Isotropic noise). The distribution of stochastic noise for each gradient matrix is invariant under orthogonal
transformations, i.e., it holds for any layer £ = 1,--- , Ny, parameter € R< and orthogonal matrix O; € R™¢*™¢,
O, € R™*™ that

ViF(m;€) — Vof () B 04 [V F(2;€) — Vif ()]0,

dis o
where A ="' B represents A and B shares the same distribution.

Remark 7. The property in Assumption [16]can be satisfied by multivariate Gaussian distribution, e.g., vec(V F(x; ) —
0,2
fo(m)) ~ N(O . I7rzg><ng)~

? meﬁe
Besides Assumption[I6] we consider an additional assumption, which is crucial in analyzing the projection error.
Assumption 17 (Leading property). Let Dy(x) denotes the distribution of gradient noise V,F(x; &) — Vof(x). We

assume Dy(x) satisfies the following "leading property": if A ~ Dy(x), B € R™*™ gatisfies By > Bag > -+ >
Brin{me,ne},min{me.n,} > 0and By = 0 for i # j, the SVD decomposition UXV'T = A + B satisfies

LS S BUR) 2 A Vi< ke <mg, i mg < ng
i SUEVE > R VI<k,r<ng if mg> g

Though not fully established in theory, we can empirically validate that multivariate Gaussian distribution may satisfy
Assumption

Specifically, we consider the following experiment setup. Let vec(A) ~ N(0, 02 - I32.32) for some noise scale o > 0 and
select a fixed matrix B with Byy > Bgg > -+ > B3y 35 > 0. In order to validate the properties in expectation, we sample
matrix A for 200,000 times and uses the empirical expectations E[Uij]’s to estimate the true expectations E[U;;]’s. Figures
[8 P|represent results under different noise scales o = 10, 1, 0.1, respectively, where "r = 7" in each figure plots the line

connecting points (k, % Zle Z;f’zl I@[U%]) fork =1,2,---,32. As presented, all lines "r = ry" with o < 32 are above
the line "r = 32", which is guaranteed to pass through the points (k, 3%), k=1,2,---,32, in theory. Consequently, we

have good reason to believe that multivariate Gaussian distribution can empirically satisfy Assumption[I7]

With Assumptions[T6]and [I7] we can establish new error bounds for GaLore’s SVD projection.
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1.0 A
0.8 A
0.6
— r=1 — r=9 — r=17 —— r=25
0.4 1 — r=2 —— r=10 —— r=18 —— r=26
— r=3 — r=11 — r=19 — r=27
— r=4 — r=12 — r=20 — r=28
0.2 A — r=5 — r=13 —— r=21 —— r=29
— r=6 — r=14 — r=22 — r=30
— r=7 — r=15 — =23 — r=31
— r=8 — r=16 —— r=24 — r=32
0.0 T T T T T T T
0 5 10 15 20 25 30
Figure 7. Observations with a small noise scale o = 0.1.
1.0 A
0.8 -
0.6 -
—_—r=1 — r=9 — r=17 — r=25
0.4 1 —— r=2 — r=10 —— r=18 —— r=26
— r=3 — r=11 — r=19 —— r=27
— r=4 — r=12 — =20 — r=28
0.2 - — r=5 — r=13 — r=21 — r=29
— =6 — r=14 — =22 — r=30
—r=7 — r=15 — =23 — r=31
— r=8 —— r=16 —— r=24 —— r=32
0.0 1 T T T T T T T
0 5 10 15 20 25 30

Figure 8. Observations with a medium noise scale o = 1.
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1.0
0.8 A
0.6
— r=1 r=9 — r=17 —_— =25
0.4 - ——r=2 — r=10 — r=18 — r=26
— r=3 — r=11 r=19 — r=27
—_—r=4 — r=12 — =20 — r=28
0.2 — r=5 — r=13 — r=21 r=29
— r=6 —— r=14 — r=22 — r=30
— r=7 — r=15 — r=23 — r=31
— r=8 — r=16 — =24 — r=32
0.0 1 T T T T T T T
0 5 10 15 20 25 30

Figure 9. Observations with a large noise scale o = 10.
Lemma 12 (Error of GaLore’s projection under isotropic noise): Let G = V,f(x) and E = V F(x; &) — Vof(x),
projection matrix P = U[:,: 7¢], Q = V[:,: ;] where USV " = G + E is the SVD of stochastic gradient V,F(z; &), it
holds under Assumptions [I6]and[I7]for m, < n, that

E[|PPTG — G[3] < (1——) Gl

and for my > n, that
5l16QQ" - Gl < (1- 2 ) Gl
Proof. We only consider the case where m, < ny, as the proof for the other case is similar. We first conduct SVD of G and

get G = UOEOVE)T. It holds that

|PP'G|% =tr(G"PP'G)
=tr(Vo 3] Uy PP UyX,V,')
=tr(2eXy Uy PP Uy). (78)

Denote U = Uj U and V = V'V, it holds that US,V T = (U U)Zo(V," V)T is SVD of U] (G + E)V, =
U EV, +%,= T gy, By Assumptlonwe have

k
_ZZEU2 >—, k=1,2,---,my. (79)
i=1 j=1 e

Leto; > 03 > - 04, > O represent the singular values of G, taking expectations of @) yields

E[|PPT G|} =tr(202) E[Uy PP Uo))
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me Te
2 772
=2 Z E[0]

>y o2 L g2 80
; mye me ” HF7 ( )

where the inequality applies 02 > 03 > --- 02, , and l| Based on l@b we have
EIPPTG - GI} = |61}~ EILPPTGIH < (1- 2 ) G,

which completes the proof. O

Lemma 13 (Momentum contraction): Under Assumptions 3[16{17] in GaLore using MSGD with MP, if 0 < 51 < 1, term
M ét) has the following contraction properties:

e When t = 0, it holds that
T—2
“r (0 r r
E[| M — Vo f(XO)2] <( - 1)(2 - &) ZEHW (@) — Vo f(2"))2]

2(2 - 8) «
+ 2290 S gy, ) 2]+ o o

r=0

e Whent = k7, k € N*, it holds that

EIMY — Vof(@®)|2] - ( (1 - ‘”) /31) B[N — V(@ D))2)

Y ity _
<20 S v et )+ 25

r=0

E[|Vef(x®) — Vof(x D)%)
T—2

+ (=11 =6) > E[|Vef (@) — Vo f (@) 7] + Bior; (82)
r=0

e Whent=k7+1r, k€N, 1 <r <r,itholds that

B - Ve - (1 (1- %) 61 ) BIFL ™ - Top(e )13

(1_&>51E[||Wf(w(“)%] + o Pg)19,1(0) - Veratt ) 2]

SCE[IVef (@) — Vo f @D 2] 4 Bl (83)
=1

107“ﬂ1
s

Proof. Without loss of generality assume m; < n (the other case can be proved similarly). When ¢ = 0, (1) is direct
result of Lemma(8]by letting B = 1. When ¢ = 0, we have

E[| M — Vo f(2®)|2]
=E[|5: P (PTG — Vi f (2 )]3)
=E[[|(5:P" (P — D)V f(z)[|2] + BE( B ()G — Ve f (29))|3], (84)
For the first term, we have

E[| (5127 (P)T — D)V f(z)|3]
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=(1 - B)2E(| P (PO TV f(a)2] + E[II — PO(PO) Ve (2 ®)]3]
<((1=B1)?+ (1= 60) Ve f()F < (2= 8) [ Vef (D)3,
where the first inequality uses Lemma[I2] For the second term, we have
E[|P7(PO)(GY — Vof (@))|2] <E[IGL — Vef(@@))%] < o?.

Applying (B3)(86) to (84) and using Lemma[2]yields (8T).

When ¢t = k7, k € N*, according to the proof of Lemma we have

B[ M — Vo f(@®))2]

(1 - M) E[M D — Vo f (D)3 + <1 - 4) E[[[Vef(x?) = Vef (@)%,

4 dePr
and
E[|M[" — Vef(@)]}]
=E[| P (P{")T[(1 - 1 )Mét‘” + 511G = Vef @I}
+E[(I - PR )Vef @ )][7]
<E[|(1 — ) (M = Vef (@ D)7 + Bt + (1= S)E(|Vef (@),
where the last inequality applies Lemma|[I2] Applying (87) to (88) and using Lemma 2] yields (82).
Whent = k7 +r, k € N,1 < r < 7, we have the following results according to the proof of Lemma [8}
E[IM" - Vef ()]
<(1 - BOE(I MY = Vef@D)[[3] + BENT — PO (BO) ) Vef (@)
+ BEIP () (G — Vs @®))|I7)
<(1 = BOE(IML ™Y = Vef @3] + BENT — PP )Vef @[3 + Bio?,
For the second term, we have

mu_p<kf)<P<kf>>T>vef<w<f>>||%1
< (1+ %) EIU - POV s I

*(”;) E[|(I - PS(BI)T)(Vef(@D) = Vof (@*0))3]

(1 - 32) E[|[Vef (@"7)II%] + (1 " 34@) E[|Vef (@) = Vef (@®7)]7]
< (1 - 55) E[||Vef (@)} +2 (1 i ;e) E[|Vef(@) = Vef (@*7)]7]

) 107 i
< (1- %) ENVer @] + —ZE [Vef@H7H) = Ve p(ar D) 2],

(85)

(86)

87)

(88)

(89)

(90)

where the first inequality applies Young’s inequality, the second inequality applies Lemma|[I2} the third inequality applies

Young’s inequality, the last inequality applies Cauchy’s inequality. Applying (87)(90) to ([89) yields (83).

O

Lemma 14 (Momentum error): Under Assumptions R}3[T6H17} if 0 < 57 < 1 in GaLore using MSGD and MP, it holds for

any K > 1 that

Krt—1

Y Ellm® =V f(@))3]

t=0
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(1 - 5) b(r — 1) 2(r - 1) 2 Ry 2D _ ()2
- ((1 —5/e5 T (- o/ms T (1- 5/4)51> L ; E[l|l="* I3)

1 —é/2 4 Kr—1 s K7.6102
(15/4 * (1_5/4)%) t;) E[[V f(z)II5] + -7

oD

Proof. By Lemma|[I3]we have

Kr—1 K79
> Bl - Vs - (1- (1- %) &) 3 BT - Tes(e )]
t=0 =0

5(1—=051) b57(r—1)p3 K72 ) "
= < T P 1>> ; E[|Vef @) = Vef (2O)]I3]

Kr—1

)
H(2+(1-%)m) T U@ + Krsial,

T
t=0

which implies

Kr—1

ST OE[IMY — Vef(x9)]3]

t=0

5(1 - B1) prir—1)  2(r-1) ' (1), O
< (a5 O arn * Oesi) 2 BlIVef @) = Vel @)

<1—(5@/2+ 4 )KTl KTBlaf

1—6,/4 " (1= 0,/4)75 ZEU\Wf(w(”)II%H1756/4. )

t=0

Summing for{ =1,---, Ny and applying Assumptions 23] yields (91). O

Now we are ready to prove the convergence of GalLore with small-batch stochastic gradients under isotropic noise
assumptions.

Theorem 18 (Convergence of Galore under isotropic noise assumptions): Under Assumptions|IH3li16H17] if hyperparameters

128 1 \/ 308} \/ 38 \/ 361
<1 > — < — 3
0<hsl 72555% 0<nsmin { ar Vzorz' Vsorerz V322 ©3)

GaLore using small-batch stochastic gradients and MSGD with MP converges as

Kr—1
1 16A 328,02
— Y E[Vf(P)3] < 4
KT ot || f(m )”2] = éT}K”T + 3é (9 )

for any K > 1, where A = f(z(©)) — inf,, f(x).

Proof. By Lemma] we have

Kr—1 0)y _ (KT) Kr—1
> ElVF=?)IE] D) UEW:B — Y Ellm® = vf(@))3]
t=0 t=0
Kr—1
~(%-1) 3 Eije - a0 %)
t=0
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Applying Lemmato and using § < & < 1 yields

E_ 16 ) S mv o)y
4 37’,@1 —o 2
2
SE]E[f(w(O)) — fa®)) + %
7
1 L 20(1—B)L* 207(r—1L2 8(r— 1)L\ "'
N o o E (t+1) _ .(8) 6
<n2 n 0B 3 ) 2 Bll= -l ©o
By (©3) we have
5 16 _ 4 1 L 20(1 —p1)L? 207(r —1)L? 8(r —1)L?
= > = d —> = . 7
15 s nQ_maX{n’ % 8 34 oD

Applying (97) to (96) yields (94). O

Corollary 19 (Convergence complexity of GaLore under isotropic noise assumptions). Under Assumptions if
T > 2+ 256/(38) + (2560)2/(9v/SLA) and we choose

532027
61 =11 ’
LA
128
T =
3551

—1
L2 2L2 27L2
AL + 80 807’ 327 7
3561 361
GaLore using small-batch stochastic gradients and MSGD with MP converges as

T-1
1 112 LA LAo?
T ; E[|Vf(=")]3] =0 (55/2T \ ) (98)

where A = f (:c(o)) —inf, f(x). Consequently, the computation complexity to reach an e-accurate solution x such that
; Ag?® A
IVF@IE <eis O (55 + #A: + 5hz + 3)-

Proof. T > 2+ 256/(30) + (2560)2/(9y/0LA) guarantees T' > 7. Let T = K7 + r, where K € N* and 0 < r < 7. If
r =0, ﬂi is a direct result of Theorem |1 . 8l If r > 0, applying Theorem.to K:=K+1 yields

T-1 o Kr-1

1 Kr 1 LA LAo?
- ®)y12 . V)21 —
7 2 EINA@ IR < 7 2 X BV 0<55/2T+\/ 57/2T>'

t=0

D. Results for sparse subspace optimization

In this section, we illustrate how to transfer the main results of this paper to sparse subspace optimization algorithms.
We first present the detailed algorithm formulation, then present the theoretical results corresponding to Gal.ore/GoLore.
Although it only requires little effort to transfer results in GaLore/GoLore to sparse subspace optimization, we still include
proofs for completeness.
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D.1. Algorithm design

While low-rank subspace optimization algorithms like GaLore/GoLore project full-parameter gradient G € R("™*™) into
low-rank subspaces via projection like P " G, sparse subspace optimization algorithms use a sparse mask S to get S ® G.
Specifically, consider the following set

P = {8 € {0, 13" [ |S|F = &},

i.e., a set of m X n matrices contains k ones and (mn — k) zeros. Corresponding to the subspace selecting strategy in
GaLore, we consider a Top-k strategy which places the % ones at indices corresponding to G’s elements with the % largest
absolute values. We also consider a Rand-% strategy which samples the sparse mask matrix S from the uniform distribution
on San’n corresponding to GoLore. For convenience, we name the algorithm using Top-k strategy as GaSare (Gradient
Sparse projection), and the one using Rand-k strategy as GoSare (Gradient random Sparse projection). The concerned
sparse subspace descent algorithms are described as in Alg. [f] -

D.2. Notations and useful lemmas

We assume the model parameters consist of Ny, weight matrices. We use X, € R"*"™ to denote the ¢-th weight matrix
and z € R = (vec(X1)7T,- -+ ,vec(Xn,)")7 to denote the vector collecting all the parameters, d = S, meng. We
assume GaSare/GoSare applies sparse mask in Spf;f ,.n, to the {-th weight matrix and denote

We define Mg(t) = Sét) O] Me(t) and m = (vec(My)T,--- ,vec(My,)")T. While using Alg.@with MSGD, it holds that

588 o G, t=0;
M = s e ((1-)M ) + BGY ), t=kr ke
A-MIV + 58P 06, t=krdrkeN 1<r<m
and that
XétJrl) _ Xét) B nMe(t).

We use E,, ,, to denote the all-one m X n matrix, i.e.,

Em,n € R™*™,

Lemma 15 (Error of GaSare’s projection): Let S be the Top-k mask of G € R™*" it holds that

k
SOG-G|3<(1-—)|G|%.
IsoG -Gl < (1- ) i

Proof. Let gi,g2,- - , gmn be elements of G such that |g1| > |ga| >« > |gmn/|- It holds that
k mn
ISOG-GlE=> (g—gx)*+ Y (0—g)?
i=1 i=k—+1
=>4
i=k+1

mn

k
<{l-— 7
_( mn);gk
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k
=(1-—)|@q|>?
(1- ) i,

: : 1 mn 2 1Nk 2
where the inequality uses —— > "0 1 g7 < £ D1 9;- O

(2

Lemma 16 (Error of GoSare’s projection): Let S ~ U (Spﬁl’n), it holds for all G € R"™*" that

]E[S] = o 99)
mn
and
k
_ 271 _ 2
Ells© G - Gl = (1- ) Gk (100)

Proof. To prove @I), it suffices to note that for any element S; ; in S, it holds that

(mn — 1)/[(mn — E)!I(k —1)] k
ElSi] = PlSi; =1 = (mn)!/[(mn — k)!k!] ~mn

To prove (100), we have
k

mn

ElS0G-GI}H = Y. PlSi, =06}, = <1 -

1<i<m,1<j<n

) IGIL

D.3. Non-convergence of GaSare

In this subsection, we present the non-convergence result of GaSare, similar to that of GaLore.

Theorem 20 (Non-convergence of GaSare): There exists an objective function f : R? — R satisfying Assumptions a
stochastic gradient oracle (F, D) satisfying Assumption an initial point (), a constant ¢y > 0 such that for GaSare with
any sparsity level ky < myny, subspace changing frequency 7 and any subspace optimizer p with arbitrary hyperparameters
and any ¢ > 0, it holds that

IV £ ()13 = co-
Proof. Consider target function f(X) = L | (pp")®X || where L > 0, X € R"*" withn > landp = (1,0,---,0)" €
R™. It holds that

~ LXE,
)

f(X) >0,
thus f satisfies Assumption[l] Since Vf(X) = L(pp") ® X, it holds that

IVF(X) = ViX)lr=Llpp") © (X = Y)|r < LIX - Y|,
thus f satisfies Assumption 2}

Consider the following stochastic gradient oracle:
F(X;8) =f(X)+&5-tr(QX), and Peopl = 1] =Peplé = —1] = 0.5,
where & = o /+/n%(n? —1)/2 and
0 Vn e n%—n
VI VaFl o VeZoatd

e R™™™,
vn—1 2n—-1 .- vn?2 —1
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Note that VF(X;€) = Vf(X) 4 £6Q, it holds for any X € R™*"™ that
Eep[VF(X;8)] =Vf(X)

Ee-nl|[VF(X:6) = VXl = 1QI% = o775 Z i=ot

thus oracle (F, D) satisfies Assumptionﬂ

Consider the initial point X ) with X, © — = \, where 0 < X\ < /L is a scalar. We show that GaSare with the above

objective function f, stochastic gradlent oracle (F, D), initial point X (), arbitrary sparsity level 0 < k < n2, arbitrary
subspace changing frequency 7 and arbitrary subspace optimizer p, can only output points X ) with ||V f(X ®)||% > €
for eg = L?)\? > 0.

When 7 | t, GaSare recomputes the sparse mask matrix at iteration ¢. If X 1(? = ), the stochastic gradient is given by
GY =Lpp")o X +£YsQ.
since L\ < &, the Top-k mask S € R™*" satisfies

vee(S) = (0,0,---,0,1,1,--- ., 1)T € R,
—_——— ———
(n2—k)x kx

Using this mask matrix, the subspace updates in the following 7 iterations is as

Ap—1
x @A) — x (@) + S®) 0) ( Z p(t+-9)(s(t) ® G(ﬂ)) = Xl(f;FAt) = Xl(f% = A,

s=0
for A, = 1,2,---,7. Since X\") = A, it holds for all £ > 0 that X"} = X and thus

IVA(X D) = L2 = e.

D.4. Convergence of deterministic GaSare

In this subsection, we prove the convergence properties of GaSare with deterministic gradients. The results and proofs are
similar to those of deterministic GaLore in Appendix [B.3]

Lemma 17 (Momentum contraction): In deterministic GaSare using MSGD (Alg. @), if 0 < B; <1, term M K(t) has the
following contraction properties:

e When t = 0, it holds that

T—2
MY = Ve f(XO)F <(r = 1)1 = 8:80) Y IVef (@) = Ve f(a)]7
r=0
T—1
+ L0 S 19, )2 (o1
r=0

e Whent = k7, k € N*, it holds that

192 = Vs @Ol - (1 (1= ) 1 ) I = Vs @@

%) ‘5‘ ZIIsz (kr40)|3 + (55 U9, £(@0) - Vs @t0)3

+ (= 1)(1—6) Z [Vef(@® ) — v, f(a* ) |12, (102)
r=0
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e Whent =k7+7r, k€N, 1<r <r,itholds that

B - Ve - (1 (1- %) 61 ) BIFL ™ - Tof(e )13

G‘éﬁﬁﬁWVM@@>% S%Qﬁ)Hmeﬂ> Vel (@)

D OE([Vef (@) = Ve @Y.
=1

10
+ 31

Proof. For convenience we use E to denote E,, When ¢ = 0, we have

£5Me

1M = Ve @ )7 =155 — B) © Vef (@) = (1~ 5)Vef (@)}
<Bi(1 = )| Vef (O)F + (1 = B)IIVef (=)
=(1 = 01|V e (@),
where the inequality uses Lemma[I5]and Jensen’s inequality. Applying Lemma[2)to (T04) yields (IOT).
When t = k7, k € N*, we have

1M — Vo f (@)
=I5 © (1 - )MV + GV — Vif (D) — (B~ S) o Vof(@®)|%
=[IS5” o [(1 = BBV = Ve f(@ON)E + (B — S57) © Vef (D)%
<[I(1 = B = Vi f(aD))[2 A+ (1 — 60| Vef (@D)]3,
where the inequality uses Lemma[T3] By Young’s inequality, we have
1LY — o f (@))%
=MV = Ve f (D)) = (Ve f(@®) = Vof (D)3

< (14 22V ISV - Vet @ + (14 5 ) IVef(@) - Ves @)

e
Applying Lemma2]and (T06) to (T03)) yields (1I02).

Whent=kr+7r, k€N, 1 <r <7, wehave

M =, f ()%
=11 = B = Vo f (D)) + B1(S — E) o Vif (D)2
SO—BMMﬁtl—Vﬁ@@wi+&wE—$h5®Vﬁ@mW%

where the inequality uses Jensen’s inequality and S (t) — Sétil) =...= Sékﬂ

bounded as (I06)). For the second term, we have
kT
(B~ 87) 0 Vef (@)}
5 . .
<(1+ %) 1B - 517 0 Vis @t

+ (1 + ;Z) (B - $*) 0 (Vef (@) = Vef (@*)|I7

<(1+%) 0= 201V @ + FITu @) - Tif@ ),
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(104)

(105)

(106)

(107)

. The first term can be similarly upper

(108)



Subspace Optimization for Large Language Models with Convergence Guarantees

where the first inequality uses Young’s inequality and the second inequality uses Lemma[T5] By Young’s inequality, we have

V(272 (1+ )||vzf<w<f>||F+(1+ )IIsz( ) = Ve (@) (109)

Note that ¢t = k7 + r, we further have
2

V)~ Vot @) = |30 Vs @) - Ve falhio)

i=1 F
<r Y IVef (@® ) = Vet T, (110)
where the inequality uses Cauchy’s inequality. Applying (TO9)(IT0) to (TO8) yields
(B~ 87 o Vef @)}
10r -
<(1- %) Iver@ )l + 5 Z V£ @) = T @) 3, an

Applying (TOB)(ITT) to (T0T) yields (T03). =

Based on Lemma([I7] we can prove the convergence properties of deterministic GaSare similarly as the proofs of Lemma[7]
Theorem[I0]and Corollary [TT] Below we directly present the final convergence results.

Theorem 21 (Convergence of deterministic GaSare): Under Assumptions[T}2] if hyperparameters

64 [ \/3551 \/ \/ 361
0 <1, > 2 g<p< =
<hsl Tzggs 0<ns mln{4L’ sor2' Vo2V 16022

GaSare using deterministic gradients and MSGD (Alg. [6) converges as

Kr—-1

16A
_— (t) 2 <
Z V)3 < 5

for any K > 1, where A = f(z©) — inf,, f(z). If T > 64/(35) and we further choose

B =1

[ 64
B héﬁj

-1
80L2 807’2L2 167L2

n=|4L+ ;
3§51 361

GaSare using deterministic gradients and MSGD (Alg. [6) converges as

LA
- Z IV f(xD)]I5 = (65/2T) :

Consequently, the computation complexity to reach an e-accurate solution x such that |V f(z)||3 < cis O ( 2.+ é)

D.5. Convergence of large-batch GaSare

In this subsection, we present the convergence properties of GaSare with large-batch stochastic gradients. The results and
proofs are similar to those of large-batch GaLore in Appendix [B-4]
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Lemma 18 (Momentum contraction): Under Assumption 3] in large-batch GaSare using MSGD (Alg.[6), if 0 < 51 < 1,
term M, Z(t) has the following contraction properties:

e When t = 0, it holds that

T—2
E[| M — Vo (XO)|3] <2(r — 1)(1 — 8081) D E[|Vef (@) — Ve f (23]
r=0
_ 71 o2
+ w S E[IVef ()17 + 45; £ (112)
r=0

e When t = k7, k € N*, it holds that

- 1) ~ (t— _
BlIAT ~ Vs - (1- (1) o) BIZE ™ - Vs @)
4(1-6,) 5(1— _
<2029 S gy, patr ) 2] + S P gg, p@0) - v, (@) 2
T = orf1
T—2 2
20 = 1)1 6) Y EIVef @) - Ve pa® ) 3]+ 2L (113)
r=0
e Whent =k7+7r, k€N, 1<r <r,itholds that
- 8¢ -~ _
E[IM = Vof@)|F] - (1 - (1 - 4) 51) E[IM ) = Ve f @ )3]
1) 5(1 —
<(1- 5 ) BENVe @O + ES BT @) - Vsl
15781 — (k7+4) (kT+i—1)y(|2 114 2\ 2
+ TZ;E[HVM@ )= Vef(x JE+ (55 +60 ) ot (114)
Proof. For convenience we use E to denote E,,, ,,,. When ¢t = 0, we have
E[| M — Vef(2®)|2]
=E[|5:5” © G - V. f(x)|}]
=E[|8:(S" - E) 0 G + 51(GY" — Vef (@) - (1 - B1)Vef («@)[|2]
<BE(S” ~ E) 0 GY + G — Vif () [3] + (1= B)|Vef (@)%, (115)
where the inequality uses Jensen’s inequality. For the first term we have
E[|(S}” - E) 0 G” + G” — Vo f(@®)|}]
<2B[|(E - §”) © GV 3] + 2E[IGY” — Ve (2)|3]
<2(1 - 0)E[|Ge|3] + 2E[|GY” — Vof (z)[|%]
4 — 26p)02
<2(1 = 80) | Vef (2 O)][7 + (4= 2oy (116)

B )
where the first inequality uses Cauchy’s inequality, the second inequality uses Lemma [I5] the third inequality uses

IE[HG@O) — Vif(@)|%] < 02/B (Assumption . Applying and Lemmato yields .

When t = k7, k € N*, we have
E[[|M" — Vo f(a)]|%]
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—E[IS @ [(1 - )M + 3,GY — Vi f(z?)] — (B - 8) 0 Vof(z®)]2]
—E[|S{" o [(1 - )MV + BG = Vi f(xD))|2] + E[[|(E — S) @ Vof (@ ®)|2). (117)

We further have

E[S® o[ — g)a1tD +51G” Vef (@)]|I7)

Il
<E[|(1 - )MV + B1GY — Vi f(x®)]3]
=E[||(1 - 8)(M™ = Vi f (@) + B1(GY — Vef(a®))][2]
<E[|(1 - B) (MY = Vo f(D))|2] + BZE[IGY — Vef(2®)]2], (118)

where the last inequality uses the unbiasedness of th) (Assumption . By Young’s inequality, we have
~r(t—1
EIIML Y = Ve @)
=E[|(M;' = Vef (@) — (Vef (@) = Vef (D)3

<(1+ ‘Wl) BN - Vi@ IR+ (1+ 75 ) B 0) - V@ R, o)

Applying (TT9) to (TT8) yields
E[|S” & [(1 - B)M ™ + 811GV — Vo f(a®))|3]

< (1 (1 - 52) m) E(IM ™ = Ve f @)1 + 55802

+ 5= B a9, £@ ) — Vo@D ). (120)
001

For the second term in (TI7), we have

E[|(E — S{") ® Vef(z?)|2]
<E[|[(E - 8") 0 G |12] + 2E[|(E - S{”) & (G — Vof(z))||2]

<2(1 - 60)E[|GP 3] + 2E[|G” — Ve f (@P)]3]

2
<2(1 - GE[IVef (@3] + 2L, (121)

where the first inequality uses Cauchy’s inequality, the second inequality uses Lemma [T3] the third inequality uses
Assumption 3] Applying (I20)(I21) to (TI7) and using Lemma[2]yields (TT3).
Whent =kt +7r, k€N, 1 <r <7, wehave
E[|M" - Vef(@®)]3]
=E[|(1 - BV = Vef @) + 518 © G = Vef(@))]3]
=E[|(1 - 8)(M" ™ = Ve f (@) + B2(S[" — B) © Vef (@)]}]
+ BTE[S;” © <G§“ = Vel @?))I[3]
<( = AOE[IML ™Y = Vel @[3 + KE(E ~ 517) © Vef (@)|]7
+ BIES © (G = Vef(@)II3), (122)

where the second equality uses the unbiasedness of Gét) and the independence implied by Sét) =S ét_l), the inequality
uses Jensen’s inequality. The first term is similarly bounded as (TT9). For the second term, we have

E[|(E - S!") & Vof(z®)||2]
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5 T T
< (1+ %) ElE- 5070 671
4 - .
+ (145 ) BUE - 507 © (Va9 - G R
<(1- BV Eetz v 2 (1+ L) B - Vo)
< (1= )ENGEVIE +2 (14 5 ) BUGET — Ver(@®)]3]

2 (1 n ;) E[IVof (@) — Vef@®)|2], (123)

where the first inequality uses Young’s inequality, the second inequality uses Lemma|[T5]and Cauchy’s inequality. We further
have

3(52 T 4 oT T
(1 - 4) E[|G{" 7] + 2 (1 + 5@) (|G = Vef(x*7)|3]

36, i 11 . i
< (1 - 4") B[ Vef @ )7 + S BUGET = Vef @*7))

< (1- ) BTt +

110%
0B
110?

124
5B (124)

1) 4
< (1 - ;) B[ Vef @)l3] + (1 + 5@) E[IVef @®) - Vef @)} +
where the first inequality uses unbiasedness of GEkT), the second inequality uses Assumption the third inequality uses
Young’s inequality.
Applying (124) to (I23) and applying Cauchy’s inequality yields
kT
E[l[(B - §) @ Vef @®)7]

J 1167 | 157 i i
< (1 - ;) EIVef@F + 55 + 5 S BNV @) = Vef @) EL a29)
=1
For the third term, we have
E[|S{) 0 (G — Vof(®)||Z] < E[|GY — Vef(a®)|2] < o2, (126)

where the second inequality uses Assumption [3]
Applying (TTO)(IZIH(IZ8) to (122) yields (IT3). =

Based on Lemma([T8] we can prove the convergence properties of large-batch GaSare similarly as the proofs of Lemma9]
Theorem [I2]and Corollary T3] Below we directly present the final convergence results.

Theorem 22 (Convergence of large-batch GaSare): Under Assumptions if hyperparameters

128 [ 1 /3082 \/ s \/ 361
<1 > — < — — —
O<h=l 72555 0<"—mm{4L’\/80L2’ 07202\ 32712 [

GaSare using large-batch stochastic gradients and MSGD (Alg. [6) converges as

Kr—1
1 16A 160 352 3283
_ E ®y)121 < 2
T X EIV/G )”2]—577KT+<351573+3525+ 35)0

forany K > 1, where A = f(x(®)) —inf,, f(z). If T > 2 + 256/(368) + (2560)%/(9v/3LA) and we further choose

-1
83262
— 1 -

61 + LA ’
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| 128
IREIC
-1
_ (a1 + OL2 4072L2 + 327132
o 3557 T\ 8 36 )
B=
Bl

GaSare using large-batch stochastic gradients and MSGD (Alg. [6) converges as

T-1
1 5 LA | LAc?

Consequently, the computation complexity to reach an e-accurate solution x such that ||V f(x)||3 < ¢ is given by
LAg? LA 2 1
O (§7/2‘782 + §5/25 + él/oz.LA + E)

D.6. Convergence of GoSare

In this subsection, we present the convergence properties of GoSare with small-batch stochastic gradients. The results and
proofs are similar to those of GoLore in Appendix [B.5]

Lemma 19 (Momentum contraction): Under Assumption in GoSare using MSGD (Alg. EI), if 0 < 51 <1, term M e(t)
has the following contraction properties:

e When t = 0, it holds that
T—2
E[[|M” — Vo f(X O3] <(r = 1)(1 - 8,B1) ZEHW (D) = Vo f ()3

+ 2000 5 g1 a3 + b 127)

T
r=0

e Whent = k7, k € N*, it holds that

E[IALY — Vof(@)]3] - 6 ( (1 - 5“) /31) E(I M) — V@ D) )
T—1
<2 S vt i3 + R v w0) - Vsl
r=0
+ (T = 1)(1 - &) iE[IIW(w“”*’”“)) — Ve @ 3] + eBior; (128)

e Whent =k7+1r, k€N, 1 <r <r,itholds that
- Op ~ (t—1 _
BT - Vs )] - (1- (1- 4) 1 ) BUINZS ™D - Vs (@) )

(1‘56) BE[|Vef (@)} + 5(15 B P19, f(20) = Vo f (2t 2]

10731 < . -
4 10 S E[Vef(@® ) — Vo f(@*THD)|3] + Bio. (129)
=1

Proof. For convenience we use E to denote E,,, ,,. When ¢t = 0, we have
~(0
E[| M — Vo f (@ ®)[3]
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—E[|5:5 © G -V, f(z®)|2]
—E[|(5:5" - E) 0 Vot (@?)[2] + BE[IS © (G — Ve f (@), (130)

where the second equality uses unbiasedness of GEO). By Lemmawe have

E[[(5:8" — E) ® Vof ()%
= > EBIS)s — DAV (=),

1<isme,1<j<ny

= Y (1281604 B Vef (@),

1<i<my,1<j<n,

<(1 =881 [|Vef ()] 7 (131)

Similarly, by Lemma[5| we have

E[|5)” @ (G} — Vi f(z®))[3)
= > E[SPRIGY - Vef (22,

1<i<mg,1<j<ng
=5E[|GY - Vi f(2@)|2]
<b02, (132)

where the inequality uses Assumption[3] Applying (I3T)(T32)) and Lemma 2]to (T30) yields (T27).
When t = k7, k € N*, we have
B8, = Vef (@) ]
=E[|S}" © [(1 - B)M' ™V + B1GY) = Vi f(@V)] - (B - S{) 0 Vef (@)[7]
=5,B[]|(1 — A1) M~ 1) +B1G = Ve f(@)F] + (1= 8)E[|Vef ()13, (133)

where the second equality uses Lemma [T6] For the first term, we have

E[ll(1 - )MV + B1G — Vof(z)|3]
=E[|(1 - B)M Y = Vof (D)) + Bi(GY — Vif(x®))]3]
<E[|(1 = ) (MY = Vo f(x )3 + BEIGY — Vef(@®)]|3]
<(1 - BOE[IM Y — Vo f(0)|3] + B2, (134)
where both inequalities use Assumption 3} By Young’s inequality, we have
wM“*) — Vo f(@®)[|3]
=E[| (M = Vo f(a)) = (Vef (@) — Ve f(x*D)|3]

(1 + Wl) (I — Vo (D)2 + <1 + 4) E[|Vef(x®) - Vo f (D)2 (135

0e
Applying (I34)(I33) and Lemma[2|to (I33) yields (128).
Whent =kt +7r, k€N, 1 <r <7, wehave

E[| MY — Vo f(@®))2]
—E[|(1 - B)(MY = Vi f (@) + 8 0 G — Vit (@D))]2)
=E[||(1 - B)(M ™Y =V, f(2®)) + 8 (S — B) o vef<ac<t>>||F}
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+ BESY © (G - Vif(x™))|2]
<(1 - BOE[IM ™V = Vof(@®)|2] + BE[|(E — S) © Vef ()%
+BE[S” (G — Vo f(®))|[2], (136)

where the second equality uses the unbiasedness of G, (*) and the independence implied by S, (®) = =5, (t=1) , the inequality
uses Jensen’s inequality. The first term is similarly bounded as (I33). For the second term, we have

E[|(E —5*) o Vof(@®))2]
<(1+ %) BB - 5¢7) 0 Vsl

+@+f)EWE_ghbewwhﬁh—Wﬂﬂ”mﬁl

< (1= ) sl + (14 £ ) EIVer(@) - Ve @) R a3

where the first inequality uses Young’s inequality, the second inequality uses Lemma[I6] By Young’s inequality, we have

BV @3 < (14 F ) BV @O + (14 5 ) BNV @) - Tuf@IEL a3

Applying (I38) to (I37) and applying Cauchy’s inequality yields

E[|(E - S) 0 Vof(z®)|[2]

s(r—ﬁyMVMuwa+“”2ﬁwvg @0749) - ¥ f(alr D) 2], (139

For the third term, we have
E[|S;"” © (G} = Vef@)|F] < ElIG - Vef (@)} < of, (140)
where the second inequality uses Assumption 3}

Applying (I35)(T39(140) to (136) yields (T29). -

Based on Lemma|[T9] we can prove the convergence properties of GoSare similarly as the proofs of Lemma|[TT] Theorem [I4]
and Corollary [I5] Below we directly present the final convergence results.

Theorem 23 (Convergence of GoSare): Under Assumptions if hyperparameters

64 1 \/3551 \/ \/ 35,
0 <1, > 2 g<p< —
<hsl Tzags 0<ns mm{4L’ sor2’ \ 8022V 16022 (

GoSare using small-batch stochastic gradients and MSGD (Alg. [6) converges as

1 A=t 16A 328,02

(t)
R 2 IV < S+

for any K > 1, where A = f(z©) — inf, f(z). If T > 2+ 128/(39) + (1285)2/(9+/LA) and we further choose

-1
[é3/202T
51 =11 + T )

[ 64
= {35&
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1
(4 ez [soerz - fierr
1= 3067 30 361 ’

GoSare using small-batch stochastic gradients and MSGD (Alg. [6) converges as

T—1
1 9 LA | LAc?
T ; E[||Vf(;c(t))H2] =0 (55/2T + 57/2T> :

Consequently, the computation complexity to reach an e-accurate solution = such that |V f(z)||3 < e is given by

LAo? LA a? 1
@ (§7/252 + §5/25 + §1/2LA + E .

E. Experimental specifications
In this section, we elaborate on the missing details concerned with the experiments we present in Sec. [6]

GaLore’s non-convergence. We compared Galore, large-batch GaLore, GoLore and full-parameter training on the
constructed quadratic problem defined in (T). We used a batch size of 128 for large-batch GaLore and a batch size of 1 for
the others.

Pre-training tasks on C4 dataset. We pre-trained LLaMA-60M on C4 dataset for 30,000 iterations on 4 NVIDIA A100
40G GPUs. We use batch size 128, learning rate 1.0e-3, rank 128, scaling factor o = 1, subspace changing frequency
7 = 200, and a max sequence length of 256.

Fine-tuning tasks on WinoGrande dataset. We fine-tune pre-trained LLaMA2-7B model on the WinoGrande dataset
for 30 epochs on 4 NVIDIA A100 80G GPUs. We use batch size 1, rank 1024, subspaces changing frequency 7 = 500
and a max sequence length of 2048. The learning rate and scaling factor are set as 1.0e-4 and o = 4 for GaL.ore/GoLore,
thus corresponds to a learning rate of 4.0e-4 in full-parameter fine-tuning. The test accuracy is presented in Table[d] where
GolLore performs similarly to GaLore due to overfitting.

Fine-tuning tasks on BoolQ dataset. We fine-tune pre-trained LLaMA2-7B model on the BoolQ dataset on 4 NVIDIA
A100 80G GPUs. We use batch size 1, rank 1024, subspaces changing frequency 7 = 500 and a max sequence length of
2048. We use MSGD as the subspace optimizer, where the learning rate and scaling factor are set as 1.0e-4 and a = 4 for
GaLore/GoLore, corresponding to a learning rate of 4.0e-4 in full-parameter fine-tuning. Table ] presents the test accuracy
of different algorithms, where GoLore outperforms Galore. We further fine-tune pre-trained OPT-13B for 1 epoch using the
same experimental setup, whose results are shown in Table[2]

Table 4. Evaluating GaLore/GoLore for fine-tuning on WinoGrande and BoolQ using pre-trained LLaMA2-7B.

Algorithm BoolQ (1 epoch) BoolQ (3 epochs) WinoGrande (80 epochs)

Full Params. 86.48 87.43 69.85
GalLore 84.89 86.79 68.51
GoLore @20% 85.81 86.88 68.51

Fine-tuning tasks on GLUE benchmark. We fine-tune pre-trained RoBERTa-Base model on the GLUE benchmark for 30
epochs on a single GeForce RTX 4090. Training details including batch size, learning rate, rank, scaling factor oz and max
sequence length are illustrated in Table[5]

F. Ablation studies

In this section, we conduct several ablation studies to provide a deeper understanding of the proposed GoLore algorithm.

Ablation on the switching point. By switching point, we mean the ratio of GaL.ore to GoLore during training; for instance,
GoLore@50% indicates a switching point of 0.5. In our experiments, we choose an earlier switching point if we expect the
algorithm to converge more quickly to the solution’s neighborhood and a later one if we anticipate slower convergence. To
provide a broader guideline, we offer the following insights:
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Table 5. Hyperparameters used in fine-tuning pre-trained RoOBERTa-Base model on the GLUE benchmark.

Hyperparameter | CoLA STS-B MRPC RTE SST2 MNLI QNLI QQP
batch size 32 16 16 16 16 16 16 16
Learning Rate | 2.5e-5 2.0e-5 3.5¢-5 7.0e-6 1.0e-5 1.0e-5 1.0e-5 1.0e-5
Rank 4 4 4 4 4 4 4 4
Gal.ore’s « 4 4 4 4 4 4 4 4
FLORA’S o 4 4 4 4 4 4 4 4
GolLore’s 4 4 4 4 4 4 4 4
Frequency 7 500 500 500 500 500 500 500 500
Max Seq. Len. 512 512 512 512 512 512 512 512
03.0 Ablation on Switching point 100 Ablation on Frequency 1
92.81 081
o o
5 92:6 5 96
(%] 1%
@ @
= 92.4 = 941
B B .\.”0—/—.—.
92.21 921
92.0 20

0.4 0.6 0.8

Golore ratio

0.0 0.2

Figure 10. Ablation results on the switching point. We report
the F1-scores of fine-tuning on the MRPC task in the GLUE

benchmark with different GoLore ratios. A GoLore ratio of 0
represents GaLore.

200 500 1000

Frequency T

50 100

Figure 11. Ablation results on the subspace update frequency.
We report the F1-scores of fine-tuning on the MRPC task in
GLUE benchmark with GoLore @20% with different subspace
update frequency 7’s.

L]

If access to the true gradient is available, a reasonable switching point would be when gradient noise begins to dominate
the true gradient.

If only stochastic gradients are available, and assuming the gradient noise has a roughly constant scale, this dominance
can be estimated by monitoring whether the norm of the stochastic gradients falls below a certain threshold. This
threshold serves as a hyperparameter that depends on both the training task and the batch size used in the algorithm.

The optimal switching point is task-dependent. Empirically, it is recommended to switch when the rate of decrease in
the loss curve starts to slow down.

Fig. [T0] shows model performance across different switching points. Except for pure GaLore (switching point 0),
GoLore achieves comparable performance at all other points.

Ablation on subspace update frequency. Consistent with Zhao et al.|(2024), which reports stable performance for GaL.ore
across 7 € [50,1000], Fig.|11|shows that GoLore @20% exhibits similar robustness to different 7 values in the same range.

Ablation on subspace sampling strategy. An important question is whether alternative non-greedy sampling strategies
can outperform GoLore. To explore this, we evaluate an importance sampling-based method. Given a stochastic gradient
matrix G € R™*™ (m < n), we first perform SVD to obtain G = UXV T, following the procedure used in GaLore.
However, instead of selecting the top-r columns of U as in GaLore, we sample r columns with probabilities proportional to
the corresponding singular values o;. As shown in Fig.[T2] this sampling-based strategy achieves performance similar to
GaLore, but is consistently outperformed by GoLore. This may be attributed to the fact that importance sampling does not
yield unbiased projection matrices and remains susceptible to the bias introduced by stochastic gradient noise.
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Pre-training LLaMA-350M on C4
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Figure 12. Additional results of pre-training LLaMA-350M on C4 dataset. "I.S." represents the alternative importance sampling strategy.
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Figure 13. Illustration of gradient error norms when training  Figure 14. [llustration of gradient error norms when fine-
the quadratic target problem with GaLore and GoLore@75% tuning with GaLore and GoLore@50% on the MRPC task.
corresponding to Fig. |I| (right). Only 32 sequences are used for cheap true-gradient evaluation.

Does GoLore’s projection truly result in smaller compression errors? To assess whether GoLore achieves lower
compression error than GaLore due to its randomized projection strategy, we report the gradient approximation error
[V f(@®) =V f@®)]yin Fig and Fig where V f(2(!)) denotes the approximated stochastic gradient computed
using GalLore or GoLore. As shown, GoLore consistently produces more accurate gradient approximations than GaLore
across training steps.
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Algorithm 4 Gal ore using large-batch stochastic gradients and MSGD with MP

Input: Initial point (%), data distribution D, learning rate 7, subspace changing frequency 7, rank {r¢} éV:Ll, momentum
parameter /31, large batch size .
Output: {z}]_.
Initialize optimizer state { M 3(_1) } éV:Ll to zero;
fort=0,1,--- , T —1do
if £ = 0 (mod 7) then
Sample {¢®:0)}5 i p;
else
Sample ¢ ~ D;
end if
for{=1,2,--- Ny do
if t = 0 (mod 7) then
t B
G = § Y VeF (@(;60);
U,S,V « SVD(GY);
if my < n, then
Pe(t) — Ul :rel;
MY (1= )P TP TIMETY 4 gy (PTG
1
Xét+ ) — Xét) _ UPz(t)Mg(t)§
else
y) — VIl
Mé(t) (- 51)Mé(t—1)( gt—1))TQ§t) +51G§t)Qgt);
1
Xéﬁ_ ) . Xét) 777Me(t)( gt))T;
end if
else
G{" = VP (x®;¢0);
if mg(t)g Ny tl%fnn
Fe (t)<_ P ; t—1 (t t
M,” «+ (1- 51)Mg( ) + B1(P, ))TGé &
Xét—H) Vs Xét) _ UPg(t)M(t);
else o (1)
t t—
Z(f)<_ 9 (t=1) ) )
Mel (—(1—61)Mé +ﬂ1G€/ Qé )
t+1 t t t
X[ X0 M@
end if
end if
end for
end for
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Algorithm 5 GoLore using small-batch stochastic gradients and MSGD with MP

Input: Initial point 2(°), data distribution D, learning rate 7, subspace changing frequency 7, rank {rg}éV:Ll, momentum
parameter (3.
Output: {x®}]_ .
Initialize optimizer state { M 4(71) }ok to zero;
fort=0,1,--- ,T—1do
Sample ) ~ D;
G, = ViR (@ ¢0);
for{=1,2,--- Ny do
if t = 0 (mod 7) then
if my, < n, then
Sample Pe(t) ~U(Stmy,r,)s
My (1 ) () TR VMY 4 5y (PTG
Xét—&-l) “ Xét) . an(t)Me(t);
else
Sample Qy) ~ U(Stnz,nz);
M (1- )M @Q)TQ + 5161 Q)":
XéHl) “ Xlgt) . an(t)( gt))‘r;
end if
else
if my, < n, then
Pé(t) . Pz(tfl);
My (1= pM ) 1 s (PTG
X{gt—s-l) “ X{Et) . nP/(t)M[(t);
else
QY « Q;
M (1= p)M Y+ 8GHQLY;
XéHl) “ Xlgt) - nMZ(t)(Qét))-r;
end if
end if
end for
end for
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Algorithm 6  GaSare| / GoSare algorithms using |stochastic / deterministic / large-batch gradients

Input: Initial point (), data distribution D, learning rate 7, subspace changing frequency 7, rank {rg}évjl, optimizer
hyperparameters (31, (2, €, large batch size .
Output: {z}]_.
Initialize optimizer state { M e(_l) }éV:Ll and {Vé(_l)}évjl to zero;
fort=0,1,--- , T —1do
for/{=1,2,--- Ny do
if ¢t = 0 (mod 7) then

Gﬁt) — VF(x®;£®);  (stochastic)

Gét) — Vif(x®); (deterministic)

G — LS8V F(x®;eth);  (large-batch)
Sét) — Topk(Gét)); (GaSare)

Sample Sét) ~U(SpF: ) (GoSare)

mye,nyg
else

Gét) — VF(x®;6®);  (stochastic)
G\ « V,f(x®); (deterministic)
GEt) — VF(x®;£®);  (large-batch)

S 85 Y
end if
R « sV o g,
M« (1- )8 o MV + AR
V)« (1-8)8" o V"V + &R o R';

if hsing Adam then
t t t t t t t
M = M0/ =5, VO e V-, N e MP VO + e
else if using MSGD then
t t
NP« M
end if
X" x9S o N,
end for
end for
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