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Abstract

The optimization of the latents and parameters of diffusion models with respect to
some differentiable metric defined on the output of the model is a challenging and
complex problem. The sampling for diffusion models is done by solving either the
probability flow ODE or diffusion SDE wherein a neural network approximates
the score function allowing a numerical ODE/SDE solver to be used. However,
naive backpropagation techniques are memory intensive, requiring the storage of
all intermediate states, and face additional complexity in handling the injected
noise from the diffusion term of the diffusion SDE. We propose a novel family
of bespoke ODE solvers to the continuous adjoint equations for diffusion models,
which we call AdjointDEIS. We exploit the unique construction of diffusion SDEs
to further simplify the formulation of the continuous adjoint equations using
exponential integrators. Moreover, we provide convergence order guarantees for
our bespoke solvers. Significantly, we show that continuous adjoint equations
for diffusion SDEs actually simplify to a simple ODE. Lastly, we demonstrate
the effectiveness of AdjointDEIS for guided generation with an adversarial attack
in the form of the face morphing problem. Our code will be released at https:
//github.com/zblasingame/AdjointDEIS.

1 Introduction

Diffusion models are a large family of state-of-the-art generative models which learn to map samples
drawn from white Gaussian noise into the data distribution [1, 2]. These diffusion models have
achieved state-of-the-art performance on prominent tasks such as image generation [3-5], audio
generation [0, 7], or video generation [8]. Often, the state-of-the-art models are quite large and
training them is prohibitively expensive [9]. As such, it is fairly common to adapt a pre-trained
model to a specific task for post-training. This way, the generative model can learn new concepts,
identities, or tasks without needing to train the whole model [10-12]. Additional work has also
proposed algorithms for guiding the generative process of the diffusion models [13, 14].

One method to guide or direct the generative process is to solve an optimization problem w.r.t. some
guidance function £ defined on the image space R?. This guidance function works on the output of
the diffusion model and assesses how “good” the output is. However, the diffusion model works by
iteratively removing noise until a clean sample is reached. As such, we need to be able to efficiently
backpropagate gradients through the entire generative process. As Song et al. [15] showed, the
diffusion SDE can be simplified to an associated ODE, and as such, many efficient ODE/SDE solvers
have been developed for diffusion models [16—18]. However, naively applying backpropagation to
the diffusion model is inflexible and memory intensive; moreover, such an approach is not trivial to
apply to the diffusion models that used an SDE solver instead of an ODE solver.
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Figure 1: A high-level overview of the AdjointDEIS solver to the continuous adjoint equations for
diffusion models. The sampling schedule consists of {t,, }2'_, timesteps for the diffusion model and
{t,}M ) timesteps for AdjointDEIS. The gradients a, (7") can be used to optimize x7 to find some
optimal x7.

1.1 Contributions

Inspired by the work of Chen et al. [19] we study the application of the continuous adjoint equations to
diffusion models, with a focus on training-free guided generation with diffusion models. We introduce
several theoretical contributions and technical insights to both improve the ability to perform certain
guided generation tasks and to gain insight into guided generation with diffusion models.

First, we introduce AdjointDEIS a bespoke family of ODE solvers which can efficiently solve the
continuous adjoint equations for both diffusion ODEs and SDEs. To the best of our knowledge, this
is the first general backpropagation technique designed for diffusion SDEs. Moreover, we show that
the continuous adjoint equations for diffusion SDEs simplify to a mere ODE.

Overall, multiple theoretical contributions and technical insights are provided to bring a new family
of techniques for the guided generation of diffusion models, which we evaluate experimentally on the
task of face morphing.

2 Diffusion Models

In this section we provide a brief overview of diffusion models. Diffusion models learn a generative
process by first perturbing the data distribution into an isotropic Gaussian by progressively adding
Gaussian noise to the data distribution, then a neural network is trained to preform denoising steps,
allowing for sampling of the data distribution via sampling of a Gaussian distribution [2, 9]. Assume
we have an n-dimensional random variable x € R™ with some distribution pg,,(x). Then diffusion
models begin by diffusing pgq+q (x) according to the diffusion SDE [2], an Itd SDE given as

dx; = f(t)x¢ dt + g(t) dw, 2.1)

where ¢ € [0,7] denotes time with fixed constant T > 0, f(-) and g(-) denote the drift and
diffusion coefficients, and w; denotes the standard Wiener process. The trajectories of x; follow
the distributions p;(x;) with pp(X0) = pdata(x) and pr(x7) = N(0,I). Under some regularity
conditions Song et al. [15] showed that Equation (2.1) has a reverse process as time runs backwards
from T to 0 with initial marginal distribution pr(x7) governed by

dx; = [f(t)x; — g% (t)Vx log pi(x;)] dt + g(t) dw, 2.2)



where w; is the standard Wiener process as time runs backwards. Solving Equation (2.2) is what
allows diffusion models to draw samples from pg,¢,(x) by sampling pr(x7). The unknown term
in Equation (2.2) is the score function Vy log p:(x;), which in practice is modeled by a neural
network that estimates the scaled score function, €y(x;,t) & —o;V log pi(x;), or some closely
related quantity like xq-prediction [, 2, 20].

The practical choice of a step size when discretizing SDEs is limited by the randomness of the Wiener
process as a large step size, i.e., a small number of steps, can cause non-convergence, particularly
in high-dimensional spaces [16]. Sampling an equivalent ODE over an SDE would enable faster
sampling. Song et al. [15] showed there exists an ODE whose marginal distribution at time ¢ are
identical to that of Equation (2.2). This ODE is known as the probability flow ODE [15]. With a noise
prediction network, €y(xy, t), trained to model the scaled score function, this ODE can be written as

dXt g2 t

dt - (t)Xt + 20 t
w.r.t. the noise prediction network.

) €g(xy,t) 2.3)

While there exist several popular choices for the drift and diffusion coefficients, we opt to use the de

facto choice known as the Variance Preserving (VP) type diffusion SDE [1, 15, 21]. The coefficients
for VP-type SDEs are given as
dlog oy 9 do? dloga;
t) = t)=——-2 24

which corresponds to sampling x; from the distribution q(x; | X¢) = N (X, o21).

3 Adjoint Diffusion ODEs

Problem statement. Given the diffusion ODE in Equation (2.3), we wish to solve the following
optimization problem:

0 2
arg min £<XT +/ f)x: + g*(t) €0(xt,2,1) dt>. 3.1
T 20

XT,2,0 t

Le., we seek to find the optimal x7, z, and § which satisfies our guidance function £. N.B., the
noise-prediction model is conditioned on additional information z.

Unlike GANs which can update the latent representation through GAN inversion [22, 23], as seen
in Equation (3.1) diffusion models require more care as they model an ODE or SDE and require
numerical solvers. Therefore, to update the latent representation, model parameters, and conditional
information we must backpropagate the gradient of loss defined on the output, L(xg)/dxo through
the whole ODE or SDE.

A key insight of this work is the connection between the adjoint ODE used in neural ODEs by Chen
et al. [19] and specialized ODE/SDE solvers by [16—18] for diffusion models. It has been well
observed that diffusion models are a type of neural ODE [15, 24]. Since a diffusion model can be
thought of as a neural ODE, then we can solve the continuous adjoint equations [25] to find useful
gradients for guided generation. We can then exploit the unique structure of diffusion models to
develop efficient bespoke ODE solvers for the continuous adjoint equations.

Let ay(t) == OL/0x; and likewise for a,(¢) and ay(¢). Using exponential integrators we can simplify
the formulation of adjoint diffusion ODEs.

Proposition 3.1 (Exact solution of adjoint diffusion ODEs). Given initial values [ax(t), a5(t), aq(¢)]
at time t € (0,T), the solution [ax(s), a5(s), ag(s)] at time s € (¢, T of adjoint diffusion ODEs is

_ % i s 2 A\ T 669(){)\’ z, >\)

ay(s) = o ax(t) + o /}\t ase Max(N) o, dX, (3.2)
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ay(s) = ay(t) + / axePa ()T 20BN 4y (3.3)
At 32
As

ag(s) = ag(t) +/ a,\e_kax(/\)TW dA. (34)
At

The full derivations of Proposition 3.1 can be found in Appendix A.1.



3.1 Numerical Solvers for AdjointDEIS

AdjointDEIS-1. Given an initial augmented adjoint state [ax(t), a,(t), ag(t)] at time ¢ € (0,7), the
solution [ax(s), az(s), ap(s)] attime s € (¢,T] is approximated by
T 0e(x¢,2,t)

3xt ’

. T O0e(xt,2,1)
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We show that AdjointDEIS-% is a k-th order solver, as stated in the following theorem. The proof is
in Appendix B.

Theorem 3.1 (AdjointDEIS-k as a k-th order solver). Assume the function €p(xy,2,t) and its
associated vector-Jacobian products follow the regularity conditions detailed in Appendix B, then
for k = 1,2, AdjointDEIS-k is a k-th order solver for adjoint diffusion ODEs, i.e., for the sequence
{ax(t;)}M | computed by AdjointDEIS-k, the global truncation error at time T satisfies ax(tpr) —
ax(T) = O(h2,,,), where hpap = maxi<j<m (A, — A, _,). Likewise, AdjointDEIS-k is a k-th
order solver for the estimated gradients w.r.t. z and 0.

As previous work has shown that higher-order solvers may be unsuitable for large guidance scales [ 16—
] we do explicitly construct or analyze any solvers for £ > 2 and leave such explorations for future
study.

4 Adjoint Diffusion SDEs

As recent work [26, 27] has shown, diffusion SDEs have useful properties over probability flow
ODEs for image manipulation and editing. In particular, it has been shown that probability flow
ODE:s are invariant in Nie et al. [27, Theorem 3.2] and that diffusion SDEs are contractive in Nie
etal. [27, Theorem 3.1], i.e., any gap in the mismatched prior distributions p;(x;) and p;(x;) for the
true distribution p; and edited distribution p; will remain between pg(xg) and pg(xg), whereas for
diffusion SDEs the gap can be reduced between p;(x;) and p;(x;) as ¢ tends towards 0. Motivated
by this reasoning, we present a framework for solving the adjoint diffusion SDE using exponential
integrators. Full details can be found in Appendix D.

Proposition 4.1 (Exact solution of adjoint diffusion SDEs). Given initial values [ax(t), a5(t), aq(t)]
at time t € (0,T), the solution [ax(s),a5(s),ag(s)] at time s € (t,T) of adjoint diffusion SDEs is

_ 2 [, T €9(X2, 2, A)
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Remark 4.1. While the adjoint diffusion SDEs evolve with an ODE the same cannot be said for the
underlying state, x;. Rather this evolves with a backwards SDE (more details in Appendix D) which

requires the same realization of the Wiener process used to sample the image as the one used in the
backwards SDE.

5 Experiments

To illustrate the efficacy of our technique, we examine the application of guided generation for the

face morphing attack. The face morphing attack is a new emerging attack on Face Recognition (FR)

systems. This attack works by creating a singular morphed face image x(()ab) that shares biometric



(a) Identity a (b) Face morphing with AdjointDEIS (c) Identity b

Figure 2: Example of guided morphed face generation with AdjointDEIS on the FRLL dataset.

Figure 3: Comparison of DiM morphs on the FRLL dataset. From left to right, identity a, DiM-A,
Fast-DiM, Morph-PIPE, AdjointDEIS (ODE), AdjointDEIS (SDE), and identity b.

information with the two contributing faces x((J“) and x((Jb) [28-30]. A successfully created morphed
face image can trigger a false accept with either of the two contributing identities in the targeted Face
Recognition (FR) system, see Figure 2 for an illustration. Recent work in this space has explored the
use of diffusion models to generate these powerful attacks [28, 31, 32]. All prior work on diffusion-
based face morphing used a pre-trained diffusion autoencoder [33] trained on the FFHQ [34] dataset
at a 256 x 256 resolution. We illustrate the use of the AdjointDEIS solvers by modifying the Diffusion
Morph (DiM) architecture proposed by Blasingame and Liu [28] to use the AdjointDEIS solvers to
find the optimal initial noise xéﬂl % and conditional Zqp- The AdjointDEIS solvers are used to calculate
the gradients with respect to the identity loss [32] defined as

»CID - d(vabvva) + d(Uab,Ub), *Cdsz = |d('l}ab,’l)a) - d(vabyvb))|v
Lip=Lip+ Laisys, 5.D

where v, = F(x(()a)),vb = F(x(()b)),va;J = F(xéab)), and F' : X — V is an FR system which
embeds images into a vector space V' which is equipped with a measure of distance, d. We used the
ArcFace [35] FR system for the identity loss.

We compare against three preexisting DiM methods, the original DiM algorithm [28], Fast-DiM [31],
and Morph-PIPE [32] as well as a GAN-inversion based face morphing attack, MIPGAN-I and
MIPGAN-II [36] based on the StyleGAN [34] and StyleGAN?2 [37] architectures respectively. Fast-
DiM improves DiM by using higher-order ODE solvers to decrease the number of sampling steps
required to create a morph. Morph-PIPE performs a very simple version of guided generation by
generating a large batch of morphed images derived from a discrete set of interpolations between

xgil ) and xgé ), and z,, and z;. For reference purposes, we compare against a reference GAN-based
method [36] which uses GAN-inversion w.r.t.to the identity loss to find the optimal morphed face,
and we include prior state-of-the-art Webmorph, a commercial off-the-shelf system [38].

We run our experiments on the SYN-MAD 2022 [38] morphed pairs which are constructed from the
Face Research Lab London dataset [39], more details in Appendix G.4. The morphed images are
evaluated against three FR systems, the ArcFace [35], ElasticFace [40], and AdaFace [41] models,



further details are found in Appendix G.5. To measure the efficacy of a morphing attack, the Mated
Morph Presentation Match Rate (MMPMR) metric [42] is used. The MMPMR metric as proposed
by Scherhag et al. [42] is defined as

1 M . n
=35 32 { |, 5] >} -

m=

where ¢ is the verification threshold, S}, is the similarity score of the n-th subject of morph m, IV, is

the total number of contributing subjects to morph m, and M is the total number of morphed images.

In our experiments, we used a learning rate of 0.01, N = 20 sampling steps, M = 20 steps for
AdjointDEIS, and 50 optimization steps for gradient descent.

Table 1: Vulnerability of different FR systems across different morphing attacks on the SYN-MAD
2022 dataset. FMR = 0.1%.

MMPMR(T)
Morphing Attack NFE() AdaFace ArcFace ElasticFace
Webmorph [38] - 97.96 96.93 98.36
MIPGAN-I [36] - 72.19 77.51 66.46
MIPGANC-II [36] - 70.55 72.19 65.24
DiM-A [28] 350 92.23 90.18 93.05
Fast-DiM [31] 300 92.02 90.18 93.05
Morph-PIPE [32] 2350 95.91 92.84 95.5
DiM + AdjointDEIS-1 (ODE) 2250 99.8 98.77 99.39
DiM + AdjointDEIS-1 (SDE) 2250 98.57 97.96 97.75

In Table 1 we present the effectiveness of the morphing attacks against the three FR systems. Guided
generation with AdjointDEIS massively increases the performance of DiM, supplanting the old
state-of-the-art for face morphing. Interestingly, the SDE variant did not fare as well as the ODE
variant. This is likely due to the difficulty in discretizing SDEs with large step sizes [15—17]. We
present further results in Appendix E which explore the impact of the choice of learning rate and
number of discretization steps for AdjointDEIS.

6 Conclusion

We present a unified view on guided generation by updating latent, conditional, and model information
of diffusion models with a guidance function using the continuous adjoint equations. We propose
AdjointDEIS, a family of solvers for the continuous adjoint equations of diffusion models. We exploit
the unique construction of diffusion models to create efficient numerical solvers by using exponential
integrators. We prove the convergence order of solvers and show that the continuous adjoint equations
for diffusion SDEs evolve with an ODE. Furthermore, we show how to handle conditional information
that is scheduled in time, further expanding the generalizability of the proposed technique. Our
results in face morphing show that the gradients produced by AdjointDEIS can be used for guided
generation tasks.

Limitations. There are several limitations. Empirically, we only explored a small subset of the true
potential AdjointDEIS by evaluating on a single scenario, i.e., face morphing. Likewise, we only
explored a few different hyperparameter options. In particular, we did not explore much the impact of
the number of optimization steps and the number of sampling steps for diffusion SDEs on the visual
quality of the generated face morphs.

Broader Impact. Guided generation techniques can be misused for a variety of harmful purposes. In
particular, our approach provides a powerful tool for adversarial attacks. However, better knowledge
of such techniques should hopefully help direct research in hardening systems against such kinds of
attacks.
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A Derivation of AdjointDEIS

In this section we provide the full derivations for the family of AdjointDEIS solvers. First recall the
full definition of the continuous adjoint equations for the empirical probability flow ODE:

_oc day . 7 0fy(xi,2,1)
ax(0) = 5. (1) = —ax(n) LD,
- dag . T fe(xe2:t)
a,(0) =0, 22 (1) = —ax(t) T TS0,
ay(0) = 0, %(t) = —aAtfw. (A1)

We can simplify the equations by explicitly solving gradients of the neural vector field f, for the
drift term to obtain

(L& _ 92(t) T869(Xt7zat)

2 (1) =1 (0)ax(t) — S a7 22T,

da, . g2(t) + O0€p(x¢,2,t)

dt () = 0- 204 2x(1) Oz ’

dag . B g2(t) T 0€p(xXt,2,1)

E(t) = 0 %0, ay(t) 50 . (A.2)

Remark A.1. The last two equations in Equations (A.2) the vector fields are independent of (a,, ag),
reducing these equations to mere integrals; however, it is often useful to compute the whole system
A = (ax, az, ag) as an augmented ODE.

Remark A.2. Likewise, the last two equations in Equations (A.2) are functionally identical with a
simple swap of z for 0 or vice versa.

As such, for the sake of brevity, the derivations for the AdjointDEIS solvers for (a,, ay) will only
explicitly include the derivations for a,.

A.1 Simplified Formulation of the Continuous Adjoint Equations

Focusing first on the continuous adjoint equation for ayx we apply the integrating factor
exp (f(f f(7) dr) to Equation (A.2) to find

d g ¢ 2(t) Oeg(xt,2,t)
Zefo f(m)dr _ _JJtfmary T J€9(Xt, Z,
g” [e 0 ax(t)} edo %, ax(t) o, . (A.3)

Then, the exact solution at time s given time ¢ < s is found to be

s 2
i FD) dma (6) = eJi F) dma (1) _/ ooty ar g (W), o yrewzu) 4
t

20, Ox,,
ax(s) = el F(T) dr gy (t) — /s ol F(7) dfma (U)TM du (A.4)
* * ' 20, 0%y, '
To simplify Equation (A.4), recall that f(¢) is defined as
dlog av
t) = A5
f(t) Q& (A.5)

for VP type SDEs. Furthermore, let A; := log(cy /o) be one half of the log-SNR. Then the diffusion
coefficient can be simplified using the log-derivative trick such that

do? dlog dlogo dlog oy dX;
2(t) = —L -2 Lo? =207 Lo = 202"t A6
)= a T\ T at 7t q (A.6)

Using this updated expression of g2(¢) along with computing the integrating factor in closed form
enables us to express Equation (A.4) as

L/ dy ur %)
ax(s) = Zan(t) + - [ cur a2 g, (A7)
t U

S as
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Lastly, by rewriting the integral in terms of an exponentially weighted integral v, 0., = a2, /a, =

a?e v we find

1 [ A
ax(s) :%ax(m;/ a2etag(n)T N2 A
At

A

A (A.8)

This change of variables is possible as \; is a strictly decreasing function w.r.t. ¢ and therefore it has
an inverse function ¢, which satisfies t5 () = ¢, and, with abuse of notation, we let x) = Xty ()

ax(A) = ax(tx(N)), &c.and let the reader infer from context if the function is mapping the log-SNR
back into the time domain or already in the time domain.

Now we will show the derivations to find a simplified form of the continuous adjoint equation for the
conditional information. Using the continuous adjoint equation from Equations (A.2) for a,(t) along
with the log-SNR, we can express the evolution of a,(t) as

da d)\ Oeg(x¢,2z,t
2 (1) = 0y Dy (1) T 20X,
dt Car 0z
As we would like to express this as an exponential integrator, we simply multiply o by /oy to
obtain oy - o4/ = aze~, as such we can rewrite Equation (A.9) as

da, —At %
dt 2x(t)

(A.9)

+ O0€p(x¢,2,t)
0z '

Using Equations (A.8) and (A.10), we arrive at Proposition 3.1 from the main paper.

Proposition A.1. Given initial values [ax(t),az(t),as(t)] at time t € (0,T), the solution
[ax(s),az(s),ag(s)] at time s € (t,T] of the adjoint empirical probability flow ODE in Equa-
tion (A.4) is

(t) = aqe (A.10)

_ % i AS [ T8€9(X/\az7)‘)

ax(s) = San(t) + o /A e a7 HLEREA gy, A1)
As

ay(s) :az(t)+/ ane—ta ()T 280NN 4y (A.12)
At aZ
As

ag(s) = ag(t) + / aAe_kax(A)TW dA. (A.13)
At

Then to find the AdjointDEIS solvers we take a k-th order Taylor expansion about )\; and integrate in
the log-SNR domain.

A.2 Taylor Expansion

For k > 1, the (k — 1)-th Taylor expansion at \; of the inner term of the exponentially weighted
integral in Equation (A.11) is

k-1 n n
ax()\)Taee(xx,z,A) :Z ()\—)\t) d |:a§\ax()\>'r8€9(x>\’zv)‘):| “FO(()\—)\t)k)-
A=A

ox, o n! dar ox,
(A.14)
Then plugging this into Equation (A.11) yields
As
oy ) A=x)" 9 T 0€g(x,2, \)
x(8) = —ax(t — ax(\) ———= dA
ax(s) . (t) N Z ] d)ﬂ{ () %) .
+O(hk+1)
k—1 A
o 1 d” T 0€g(x,2,\) / A=)
= o) o 2:: N [m ax()) euml NN Ml dA
estimated analytically computed
+O(RF ), (A.15)
———
omitted
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where h = Ay — A\,

s (A=A)™
n!

The exponentially weighted integral | /\At e~ d\ can be solved analytically by applying n

times integration by parts [ 16, 43] such that

A
s )\_)\ n s
/'e”i——iLdA:EJWH@Hﬂm, (A.16)
A

, n! g

with the special p-functions [43]. These functions are defined as

1 n
—u)h U
%mm:ﬁélwgm, vo(h) =", (A17)

which satisfy the recurrence relation p11(h) = (pr(h) — ¢x(0))/h and have closed forms for
k=12

h—1

e1(h) = ——, (A.18)
h_p—1

pah) = R (A.19)

Likewise, the Taylor expansion of the exponentially weighted integral in Equation (A.12) yields

A k—1 ;
_ - (A At dn T 0€g(x1,2,A) kb1
a,(s) —%(t)—l—//\ e ZTd)\" axax () o | dA+ O(R" )
t n=0 =At
= an deo(xr,2, \) A (A= A"
= a,l(t il < TN 4 A ASARIA VAP W | pltHLy
ult) £ 32 i [T H R [TESRE s opt
- N—_——
estimated analytically computed omitted
(A.20)
A.3 AdjointDEIS-1
For k = 1 and omitting the higher-order error term, Equation (A.15) becomes:
oy 1 5 + O0€p(x¢,2,t) As A=)
ax(s) = a—sax(t) + o ax(t) o, N T dA
2
t
= Lay(t) + oy — 1)0[—';ax(t)—r% By Equation (A.16). (A.21)
s ag Xt

Likewise, the continuous adjoint equation for z, Equation (A.20), becomes when k£ = 1 by omitting
the higher-order error term:

T O€g(X4,2,t) A (X = \)0 Ay
8Z A O' ¢

_ ho_ 1y Ot T O€p(x4,2,1)
=a,(t) + os(e 1)045 ax(t) s

a,(s) = a,(t) + azax(t)

By Equation (A.16). (A.22)

And the first-order solver for ag(t) can be found in a similar fashion, thus we have derived the
AdjointDEIS-1 solvers.

A.4 AdjointDEIS-2M

For notational convenience let V (x;¢) denote the scaled vector-Jacobian product of the adjoint state
ay(t) and the gradient of the model w.r.t. x4, i.e.,

T aEQ(Xt, z, t)

V(x;t) = a?ay(t) O,

. (A.23)
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Consider the following definition of the limit in the log-SNR domain

d [ 4 T0€9(x2,2, )| . V(x; M) = V(x5 \,)
dAP”&AM x| oh : (A.24)
where p = % with h = A\; — A+ and where r is some previous step r < t < s. Again V(x; \¢)

is overloaded to mean V (x;ty()\;)). Then by omitting higher-order error O(h*¥*1), Equation (A.15)
becomes:

ax(s) = %ax(t) + 1 {V(X; ) //\Aa M A+ VO (x; ) /)\s M d)\}

Qg Qg . 0! Ar 1!
(673 1 Os , p Os , p (1)

= Xt + —| -1V + e —h— 1DV (x: 0] A25
2anlt) + | 2 = VA + 22 (e V() (A.25)

By applying the same approximation used in Lu et al. [16] of

eh—h—lweh—l

~ A26
; o (A.26)
then we can rewrite the second term of the Taylor expansion as
s A V(x;A) — V(x; A\ .
i(eh —h— 1)V(1)(x; At) = U—(eh —h—1) (i Ar) (xi Ar) By Equation (A.24)
Qg Qg ph
0s " —1 (V(x;A) = V(x;)\)) By Equation (A.26)
~ S : — S A ation (A.
Qs 2p y N\ ) y Equatt
h
ose"—1/( , + 0€p(x¢,2,t) o +0€p (%X, 2,7)
= —-———— X t —— x ——
7t (adanl) TSR o (7O
(A.27)

Then Equation (A.25) becomes

2

ax(s) = Lay(t) + os(e" — 1) “Lay(t)

T869()(,5,z,t)
—5ax .
Qg oz

8xt

el —1(a? T 0eg(x4,2,t) o2 +0€p(%y,2,7)

Likewise, consider the scaled vector-Jacobian product of the adjoint state ax(t) and the gradient of
the model w.r.t. z, i.e.,

+ 05

T+ 0€p(x¢,2,t)
0z ’
along with a corresponding definition of first-derivative w.r.t. A as defined in Equation (A.24). As

such Equation (A.20), when k = 2, becomes the following when omitting the higher-order error
term:

V(z;t) = agax(t) (A.29)

As _ 0 As _ 1
a,(s) = an(t) + V(z ) [ AT vy [ AZA) Gy
N N
= a,(t) + %(eh —1)V(z; \) + %(eh — = 1)VD(z; \,). (A.30)

The second term of the Taylor expansion can be rewritten as

E(eh —h— l)V(l)(Z; >\t) ~ E(eh e 1)Vv(z; )\t) _ V(Z; )\T)

Qg Qg ph
osel—1
~ o 2 (V(z; \e) — V(z; \,)) By Equation (A.26)
os et —1 +0€p(x¢,2,1) +0€o(%r,2,7)
=9 (TEEOELE Y a ()T LK 2T
as  2p <ata ®) 0z arax(r) 0z

(A.31)
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Then Equation (A.30) becomes

22(5) = 2a) + 02(c" — 1) Sty 72012

s 0z
e —1 [/ ay T+ 0€g(x¢,2,t) +0€p(%y,2,7)
+ Os 2p (asax(t) T — a—sax(r) az), (A32)

and the corresponding second-order solver for ay(t) can be found in a similar manner.

B Proof of Theorem 3.1

For notational brevity we denote the scaled vector-Jacobian products of the solution trajectory of
AdjointDEIS as

T 669(5(157 z, t)

V(x;t) = afax(t) o (B.1)
Vi(zit) = atéx(t)TW. (B.2)

B.1 Assumptions

For the AdjointDEIS solvers, we make similar assumptions to Lu et al. [16].

Assumption B.1. The total derivatives of the vector-Jacobian products V* ({xy,z,0}, ) as a
Sfunction of X exist and are continuous for 0 < j < k + 1 (and hence bounded).

Assumption B.2. The function €9(x, z,t) is continuous in t and uniformly Lipschitz and continuously
differentiable w.r.t. its first parameter Xx.

Assumption B.3. h,,,, = maxi<;<a h; = O(1/M).
Assumption B4. p; > c > 0foralli =1,..., M and some constant c.

The first assumption is required by Taylor’s theorem. The second assumption is a mild assumption
to ensure Theorem B.1 holds, which is used to replace V ({x;,z,0},t) with V({x¢,z,0},t) +
O(ax(t) — ax(t)) so the Taylor expansion w.r.t. A is applicable. The third assumption is a technical
assumption to exclude a significantly large step size. The last assumption is necessary for the case
when k = 2. For our proofs we follow a similar outline to that taken by Lu et al. [17, Appendix Al].

B.2 The Vector-Jacobian Product is Lipschitz

Lemma B.1 (Vector-Jacobian Product is Lipschitz.). Let f, : R x R* x [0,T] — R? be continuous
in t and uniformly Lipschitz and continuously differentiable in x. Let x : [0, T] — R? be the unique

solution to d
Xt
P fo(x¢,2,1)

with initial condition xo. Then the following map

_aT afe(xhzvt)

@) = ez, 0]

is Lipschitz in a. Moreover, the Lipschitz constant L > 0 is given by

afﬂ(xtvz7t) ‘

L = sup ox
t

t€[0,T]

(B.3)

Proof. Now as x; is continuous and f, is continuously differentiable in x, so ¢ — %(xt, z,t)
is a continuous function on the compact set [0, 77, so it is bounded by some L > 0. Likewise,
for a € R the map (a, t) —aT% is Lipschitz in a with Lipschitz constant L and this

constant is independent of ¢. O
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B.3 Proof of Theorem 3.1 when k = 1

Proof. First we consider the case of the adjoint state a, (). Recall that the AdjointDEIS-1 solver for
ay with higher-order error terms is given by

o, , oy O€g(x¢,,2,t
ax(tipr) = att/ ax(t;) + op,, (e — 1)a2“ ax(ti)T# + O(h?), (B.4)
i1 tit1 i

where we let t; = ¢, t;11 = s, h; = Ay, , — Ay, from Equation (A.21). By Theorem B.1 and Equa-
tion (A.21) it holds that

2 ~
. . h oF +0€p(Xt,,2,t)
axti :7axti —|—O'i e’ —1 laxti —_—
(tit1) s (ti) + ot ( ) 2 (t:) 0%,
2
Q; hi A, Taee(XtNZ?t) =
= ——ax(t; ; P—1)—= x (i Oxti_xti
) + 00, (¢ >%HG<> Tl 4 Oax(t) ~ ax(t)
2
A, hi a4, T O€g (Xti ) 2, t) =
= xti ; -1 - xti Oxti*xtz
e anlt) 4 00 (€ = 1) (1) ST 4 Ol — ax(1)
= ax(tit1) + O(hia.) + O(ax(ti) — ax(ty)). (B.5)
Repeat, this argument, from ax(tp) = ax(0) then we find
ax(ty) = ax(T) + O(MR2 ) = ax(T) + O(hmaz)- (B.6)

Although the argument for the adjoint state a,(t) follows an analogous form to the one above we
explicitly state it for completeness. Recall that the AdjointDEIS-1 solver for a, with higher-order
error terms is given by

Oeg(xy,,2,t
—ay(t;) 9(5; )+O(h§). (B.7)

i+1

az(ti-‘rl) = az(ti) + Ot;41 (ehi - 1) o
t

By Theorem B.1 and Equation (A.22) it holds that

S 869 (it Z t)
LAy (t T i
o ax(t)

oy, (ax(t )T Oeg(xy;,2,t)

K3

o2l 1 Ofan(t) - anlts)

Ot
oy, 0€y(x¢,,2,t -
= a,(t;) + oy, (" 1)iax(ti)TM + O(ax(t;) — ax(t;)
Oét,Hl 0z
= a,(tit1) + O(h%mx) + O(ax(t;) — ax(ti). (B.3)
Repeat, this argument, from &, (ty) = 0 then we find
a,(tar) = ag(T) + O(Mh2,,..) = ag(T) + O(hmaz)- (B.9)
An identical argument can be constructed for ag thereby finishing the proof. O

B.4 Proof of Theorem 3.1 when k = 2

We prove the discretization error of the AdjointDEIS-2M solver. Note for the AdjointDEIS-2M solver

A, = A, - .
we have h; = Ay, — Ay,_, and p; = === Furthermore, let A; = [|ax(t;) — ax(t;)|. Without
loss of generality, we will prove this only for ay; the derivation for a, and ay is analogous.

Proof. First we consider the case of the adjoint state ax(t). Recall that the AdjointDEIS-2, see Equa-
tion (A.25), solver for a, with higher-order error terms is given by

Q. 1 O

ax(tip1) = L (el 1)V (3 1)+ B (el 1) VO (x; ti)} +0O(h3).

i1 Qg g
(B.10)

Qi Qg

i1
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Taylor’s expansion yields

) 1 . )
altin) — () —— | 2 (M DV (s )+ (M b= ) VD (x5 14)] ) H < Ch?,
tit1 g,y Ly Aty
(B.11)
where C' is a constant that depends on V(?)(x;, ). Also note that
1
HV(l)(x;ti) ~ o (V(x;t:i) = V(x; ti—l))H < Chi. (B.12)
Since p; is bounded away from zero, and e~ =1 — h; + h?/2 + O(h?), we know
ehi -1 - ~
(" —hi + YV (x;t;) — 5 (V(x;ti) = V(xitio1)) ’
Pi
1le —1 €M —h;—1
< CLhi(Ai+Ai—1)+Chg’+; 5 - ‘V(X;ti)—V(X;ti—l)
< CLhz(Al + Ai—l) + Ch? + Ch?HV(X, ti) — V(X; ti—l)H
< CLhi(Ai 4 A1) + CM;h3, (B.13)

where M; = 1+ sup;, <;<y, ., [V (x;t)| and L are the Lipschitz constants of V (x;t) by Theo-
rem B.1. Then, A; can be estimated as

Ay < 2 Ay + T LA + TS (MRS + CLhi(Ai + Aiyy)) + OB
ati+1 O[t7j+1 ati+1
< YA+ Chi(Ai + Ay + 2. (B.14)
O‘tz+1
Thus, A; 11 = O(h2,,..) as long as h,q, is sufficiently small and Ay + Ay = O(h2,,,), which can
be verified via Taylor expansion, thereby finishing the proof. O

C Scheduled Conditional Information

Thus far, we have held the conditional information constant across time, i.e., the same text conditioning
like a prompt “fire dragon” can be fed to the noise prediction network. In guided generation tasks
it is not uncommon to take advantage of the iterative nature of diffusion models by scheduling the
conditional information to exhibit different values at different timesteps. E.g., blending concepts by
alternating between the prompt for “fire dragon” and the prompt for “ice dragon” at each timestep
to create a picture of a dragon with both the qualities of ice and fire—a technique which has been
popularized by Stable Diffusion [3].

We show that converting a constant z into a scheduled z, does not actually change the continuous
adjoint equation for z;, meaning we can still apply the AdjointDEIS-k solvers derived above to
find a, (t) by simply replacing z with z;. We state this observation more formally in the following
theorem. The proof is in Appendix C.

Theorem C.1 (Continuous adjoint equations for time-dependent conditional information). Suppose
there exists a function z : R — R? which is continuously differentiable in t and is the conditional
input into a parameterized vector field, f,. Let f, : R? x R* x R — R? be continuous in t, uniformly
Lipschitz in x, and continuously differentiable in x. Let x : R — R% be the unique solution for the
ODE d

X
ditt = f@(xta Zy, t)
with initial condition x¢. Then there exists a unique solution a, : R — R? to the following IVP:

daz 3]" (Xt Zy t)
AT) =0,  —2(1) = —a,(t)T L2020
a,(T) T (6) = —ax(t)T L
Proof. As z(t) is continuously differentiable w.r.t. ¢ there exists some function z’(t) such that
dz
—(t) =2'(t). C.1
) =) .
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Consider the augmented state defined by

< [’Z‘] (1) = Fg = [f e ’ﬂ , (€2)

and the associated augmented adjoint state

A () = [a"] (). (C3)

The Jacobian of f,,, has the form

6-faug Of o(x,2,t) Of o (x,2,t)
— Ox Oz . C4
J[x, z [ 0 0 ] C4H
Recall that ax (¢) evolves with
dax T afﬁ (X(t)v Z(t)’ t)
= —a,(t) =0 C.5
G (1) = ) T (€5)
Using Equations (C.3) and (C.4) we can define the evolution of the adjoint augmented state as
daaug 8faug 0 C
t) = — [ax 2] (t t) = — [ fo(x,2,t) fe(x,2:0) | (¢). C.6
0=l ad ()5 (1) = [ 2efem o, 200 (). (Co)

Therefore, a,(t) evolves with the ODE

da,
dt

T 0fo(x(t), 2(1), 1)

az(T) =0, (t) = _ax(t) T(t) (C.7)

We have thus shown the evolution of a,(¢) for some continuously differentiable function z(t).

Now we prove the solution is unique and exists. As x(t) is continuous and f, is continuously
differentiable in x, it follows that the map ¢ %(x(t), z(t), t) is a continuous function on the
compact set [0, 7], and therefore it is bounded by some L > 0. Correspondingly, for a € R? it

follows that the map (a,t) — —a' af[’;{ 2 (x(t),z(t),t) is Lipschitz in a with Lipschitz constant L
and this constant is independent of ¢. Therefore, by the Picard-Lindeldlf theorem [44, Theorem 110C]

the solution a,(¢) exists and is unique. O

While motivated by the case of scheduled conditional information in guided generation with diffusion
models, this result applies to neural ODEs more generally, which could open future research directions.
For additional clarity, we let x(¢) = x; and likewise, z(t) = z;.

D Details on Adjoints for SDEs

In this section, we provide further details on the continuous adjoint equations for diffusion SDEs that
we omitted from the main paper due to their technical nature and for the purpose of brevity.

Consider the Itd integral given by
T
X7 :/ X dwy, (D.1)
0

where x; is a continuous semi-martingale adapted to the filtration generated by the Wiener process
{wt}iep0,77> {Ft }eejo,r)- The following quantity, however, is not defined

0
/ Xt th . (DZ)

T

This is because x; and w; are adapted to {]:t}te[O,T] which is defined in forwards time. This means
x; does not anticipate future events only depends on past events. While this is generally sufficient
when we wish to integrate backwards in time we want future events to inform past events.
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D.1 Stratonovich Symmetric Integrals and Two-sided Filtration

Clearly, we need a different tool to model this backwards SDE. As such, taking inspiration from the
work on neural SDEs [45], we follow the treatment of Kunita [46] for the forward and backward
Fisk-Stratonovich integrals using two-sided filtration. Let { F; 1 } s<;s te[o, 7] be a two-sided filtration,
where F; ; is the o-algebra generated by {w, — w,, : s < u < v < ¢} for s,t € [0,T] such that
s < t.

Forward time. For a continuous semi-martingale {x;}+c[o,7] adapted to the forward filtration
{f07t}te[0,t], the Stratonovich stochastic integral is given as

T . al Xty + Xy,
x; odw; = lim E f(wtk — Wi ,) (D.3)
0

where IT = {0 = to < --- < tiy = T'} is a partition of the interval [0, 7] and |II| = maxy, tx — tg_1.
The forward filtration {Fo ¢ }1c[0,4 is analogous to the filtration defined in the prior section; therefore,
any continuous semi-martingale adapted to it only considers past events and does not anticipate future
events.

Reverse time. Consider the backwards Wiener process w; = w; — wr that is adapted to the
backward filtration {F 1} se[o, 1], then for a continuous semi-martingale {X; };c[o,7) adapted to the
backward filtration, the backward Stratonovich integral is

T - -
« < . Xt T Xty 4 o «
/ X, odw; = lim E %(Wt,ﬁl — Wy, ) (D.4)
0

The backward filtration {7 7}c[o,7] is the opposite of the forward filtration in the sense that
continuous semi-martingales adapted to it only depend on future events and do not anticipate past
events. As such, time is effectively reversed.

Remark D.1. While the Stratonovich symmetric integrals give us a powerful tool for integrating
forwards and backwards in time with stochastic integrals, it is important that we use the same
realization of the Wiener process.

D.2 Stochastic Flow of Diffeomorphisms

Consider the Stratonovich SDE defined as
T T
X7 = Xo +/ f(x,t) dt —l—/ g(x¢,t) o dwy, (D.5)
0 0

where f,g € C;° e, they belong to the class of functions with infinitely many bounded deriva-
tives w.r.t. the state and bounded first derivatives w.r.t. time. Thus, the SDE has a unique strong
solution. Given a realization of the Wiener process, there exists a smooth mapping ® called the
stochastic flow such that @ ;(x,) is the solution at time ¢ of the process described in Equation (D.5)
started at X, at time s < ¢. This then defines a collection of continuous maps S = {® s } s<4;s.1¢(0,7]

from R? to itself.

Kunita [46, Theorem 3.7.1] shows that with probability 1 this collection S satisfies the flow property
(bs,t(xs) = (I)u,t(q)s,u(xs)) s<u< t7Xs € Rdy (D6)

and that each @, ; is a smooth diffeomorphism from R4 to itself. Hence, S is the stochastic flow of

diffeomorphisms generated by Equation (D.5). Moreover, the backward flow \T@yt = CIDS_tl satisfies
the backwards SDE:

t t
o y(x1) = 1 — / FOFus(xe), u) du — / 9T s(x2), 1) 0 A0, (D7)

for all s,¢ € [0, 7] such that s < ¢. This formulation makes intuitive sense as the backwards SDE
differs only from the forwards SDE by a negative sign.
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D.3 Continuous Adjoint Equations

Now consider the adjoint flow A ;(xs) = 0L(P; (x5))/0%s, then As,t(xt) = Asyt(\f/&t(xt)). Li
et al. [45] show that A ;(x;) satisfies the backward SDE:

- aL [t~ of ~ t dg ~ .
As,t(xt) = TXt —|— / Au’t(Xt)axf (\Il,m(xt),u) du +/ Au’t(Xt)axg (\Ilu,t(xt); U) o qu
’ ’ (D.8)

As the drift and diffusion coefficient of this SDE are in C;” ! the system has a unique strong solution.

D.4 Adjoint Diffusion SDE is Actually an ODE

Theorem D.1. Ler f : R x R — R be in C;>" and g : R — R¥™ be in C}. Let L : R? — R be
a scalar-valued differentiable function. Let wy : [0,T] — R" be a w-dimensional Wiener process.
Let x : [0, T] — R? solve the Stratonovich SDE

dx; = f(x4,t) dt + g(t) o dwy,

with initial condition xo. Then the adjoint process ax(t) = 0L (xr)/0x; is a strong solution to the
backwards-in-time ODE

0
day(t) = —ay(t)" a—){t (x,t) dt. (D.9)
Proof.
dXt = f(Xt, t) dt + g(t) o th. (D]O)

By Equation (D.8) the adjoint state admitted by the flow of diffeomorphisms generated by Equa-
tion (D.10) evolves with the SDE

- oL to of ~ by 0 -
A, i(xy) = (97Xt —1—/5 Au’t(xt)a)fu (W e(x4),u) du +/S Au’t(xt)&i (u) o dwry,
=0
oL b of ~
= TXt +/€ Au’t(Xt)axu (\I/u’t(xt),u) du (D] ])

Clearly, the adjoint state evolves with an ODE revolving around only the drift coefficient, i.e., f.
Therefore, we can rewrite the evolution of the adjoint state as

9
day(t) = —ax(t)Ta—i(xt, t) dt. (D.12)

O
D.5 Converting the Ito SDE to Stratonovich
The diffusion SDE in ?? is defined as an 1t6 SDE. However, Theorem D.1 is defined as Stratonovich

SDEs. However, an Itd SDE can be easily converted into the Stratonovich form, i.e., for some It6
SDE of the form

dx; = F(x,t) dt + g(xq,t) dwy (D.13)
with a differentiable function o, there exists a corresponding Stratonovich SDE of the form
10g
dXt = [f(Xt, t) + iaix(xh t) . g(Xt, t)] dt + g(Xt7 t) o th. (Dl4)

As ?? is defined such that g(x:,t) = ¢(t) and is independent of the state x;, then the SDE may be
written in Stratonovich form as

g*(t)

dx; = [f(t)xt + €9(x4,2,t)| dt + g(t) o dwy. (D.15)
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D.6 Solving Backwards Diffusion SDEs

Lu et al. [17] propose the following first-order solver for diffusion SDEs

X = %xs — 20t(eh —1)eg(xs, ) + oV e?h — les, (D.16)

o
where €, ~ N(0,T). To solve the SDE backwards in time we follow the approach initially proposed
by Wu and la Torre [47] and used by later works [27]. Given a particular realization of the Wiener

process that admits x; ~ N (ayxo | afI), then for two samples x; and x the noise €, can be
calculated by rearranging Equation (D.16) to find

Xt — %Xs + QUt(eh - 1)69(st z, S)
oveh —1
With this the sequence {e;, }2¥, of added noises can be calculated which will exactly reconstruct

the original input from the initial realization of the Wiener process. This technique is referred to as
Cycle-SDE after the CycleDiffusion paper [47].

(D.17)

€s —

E Additional Experiments

In this section, we include some additional experiments that did not fit within the main paper.

@M=5 (b) M =10 (c) M =15 (d)yM =20

Figure 4: Morphed faces created by guided generation with AdjointDEIS with differing number of
discretization steps.

E.1 Impact of Discretization Steps

One of the advantages of AdjointDEIS is that the solver for the diffusion ODE and continuous adjoint
equations are distinct. This means that we don’t have to force N = M enabling greater flexibility
when using AdjointDEIS. As such we explore the impact of using fewer steps to estimate the gradient
while keeping the number of sampling steps N = 20 fixed. In Figure 4 we illustrate the impact of the
change in the number of discretization steps when estimating the gradients. Unsurprisingly, the fewer
steps we take the less accurate the gradients are. This matches the empirical data presented in Table 2
which measures the impact of face morphing performance measured in MMPMR.

Table 2: Impact of number of discretization steps, M, on face morphing with AdjointDEIS. FMR =
0.1%.

MMPMR(?T)

M{) AdaFace ArcFace ElasticFace
20 99.8 98.77 99.39
15 94.89 90.59 94.07
10 94.27 91.21 92.84
05 69.94 60.74 64.21
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(a)n =0.01 (b)yn=20.1 ©n=1

Figure 5: Morphed faces created by guided generation with AdjointDEIS with different learning
rates. All used M = 20 the ODE variant.

E.2 Impact of Learning Rate

We measure the impact of the learning rate on guided generation with AdjointDEIS in Table 2.
Unsurprisingly, large learning rates lower performance, especially for less accurate gradients. Le.,
when M is small. We illustrate an example of the impact in Figure 5. Clearly, the learning rate of
n = 1 starts to distort the images even if it still fools the FR system.

Table 3: Impact of learning rate, 1, on face morphing with AdjointDEIS. FMR = 0.1%.

MMPMR(T)

SDE n M ) AdaFace ArcFace ElasticFace
X 1 20 98.77 98.98 98.77
X 0.1 20 99.8 98.77 99.39
X 0.01 20 95.5 92.64 95.91
X 1 10 50.92 49.69 50.92
X 0.1 10 94.27 91.21 92.84
X 1 05 2.66 2.04 1.84
X 0.1 05 69.94 60.74 64.21
v 1 20 98.57 99.59 98.98
v 0.1 20 98.57 97.96 97.75

E.3 Number of Steps

(@) N =20 (b) N =50

Figure 6: Morphed faces created by guided generation with AdjointDEIS with different number of
sampling steps. SDE solver, M = N.
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As alluded to in the main paper, one of the drawbacks of diffusion SDEs is that they require small
step sizes to work properly. We observe that the missing high frequency content is added back in
when the step size is increased, see Figure 6.

F Implementation Details

F.1 AdjointDEIS-2M Algorithm

For completeness we have the full AdjointDEIS-2M solver implemented in Algorithm 1 for solving
the continuous adjoint equations for diffusion ODEs. We assume there is another solver which solves
the backwards ODE to yield {X¢, }}4,. Remark that a,,, = [ax, a,, ag]. Also Algorithm 1 can be
used to solve the continuous adjoint equations for diffusion SDEs by simply adding the factor of 2
into the update equations.

Algorithm 1 AdjointDEIS-2M.

Require: Initial values ay(0), monotonically increasing time steps {t;}}£, and noise prediction
model €y (x¢, 2, t).

Denote h; :== At ., — Ay, fori=0,..., M — 1.

ax(to) < ax(0) > Initialize an empty buffer Q.
éz(to) +~ 0, gl@(to) <+~ 0.

@@EwwmezWVWmnz

1) aita(to) + o (e — 1) 33

U‘";L*’N*‘

O€p (Xt ,2,t0)
Bx(to) T =g

At
8,(11)  By(to) + o, (M0 — 1) 304 (1) T 2eents)
75 (1) < Bolto) + o1, (70 — 1) 2y 1) T 220

8: Q QLfef [V(X, tl)av(zvtl)av(aatl)]
9: fori«+ 1,2,...,M — 1do
100 p; ¢+ M=t

E’f

1 Dy (14 55 ) Vixsts) = 35 Vixiti)
122 E; « ( + %)V(z,tz) — - V(zti 1)
13 F; ( + %)V(Q,tz) — - V(6;ti1)

14: éx(ti+1) — szl éx(ti) 4 (ehi — 1)Di
15: a,(tiv1) < az(t;) + %(ehi - 1E;

16:  Ag(tir1) < ag(t;) + oot (ehi — 1)F;

17 ifi< M —1then

18: Q¥ V(% tir1), V(z,tis1), V(0. tig1))
19: end if

20: end for

21: return éx(t]w),éz(tM),ég(tM).

F.2 Code

Our code for AdjointDEIS will soon be available here at https://github.com/zblasingame/
AdjointDEIS.

F.3 Repositories Used

For reproducibility purposes, we provide a list of links to the official repositories of other works used
in this paper.
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1. The SYN-MAD 2022 dataset used in this paper can be found at https://github.com/
marcohuber/SYN-MAD-2022.

2. The ArcFace models, MS1M-RetinaFace dataset, and MS1M-ArcFace dataset can be found
athttps://github.com/deepinsight/insightface.

3. The ElasticFace model can be found at https://github.com/fdbtrs/ElasticFace.
4. The AdaFace model can be found at https://github. com/mk-minchul/AdaFace.

5. The official Diffusion Autoencoders repository can be found at https://github.com/
phizaz/diffae.

6. The official MIPGAN repository can be found at https://github.com/
ZHYYYYYYYYYYYY/MIPGAN-face-morphing-algorithm.

G Experimental Details

In this section, we outline the details for the experiments run in Section 5.

G.1 DiM Algorithm

For completeness, we provide the DiM algorithm from [28] following the notation used in [48]. The
original bona fide images are denoted x((fl) and xéb). The conditional encoder is £ : X — Z, @ is the
numerical diffusion ODE solver, ®* is the numerical diffusion ODE solver as time runs forwards

from O to 7. The algorithm is presented in Algorithm 2.

Algorithm 2 DiM Framework.

Require: Blend parameter w = 0.5. Time schedule {t;}, C [0,T],¢; < t;y1.
Zg — & (xéa)) > Encoding bona fides into conditionals.

zp — E(x)
for: < 1,2,...,N —1do

xgazl — <I>+(x§f), €o (ng), Za, ti), t;) > Solving the probability flow ODE as time runs from
010 %) ®) )

Xti+1 A ®+(Xti ) €0 (Xti ) Zb, tl)? tl)
end for
xg?b) — slerp(xg?), x(Tb); w) > Morph initial noise.
Zap < lerp(zq, Zp; W) > Morph conditionals.
fori < N, N—1,...,2do
10: xg"f’i — Q)(ngb), ) (ngb), Zab,ti),ti) > Solving the probability flow ODE as time runs

from 7" to 0.
11: end for

(ab)

12: return x;"

L A

VoA

G.2 NFE

In our reporting of the NFE we record the number of times the diffusion noise prediction U-Net is
evaluated both during the encoding phase, Vg, and solving of the PF-ODE or diffusion SDE, N. We
chose to report N + Ng over N + 2N as even though two bona fide images are encoded resulting
in 2N NFE during encoding, this process can simply be batched together, reducing the NFE down
to Ng. When reporting the NFE for the Morph-PIPE model, we report N + BN where B is the
number of blends. While a similar argument can be made that the morphed candidates could be
generated in a large batch of size B, reducing the NFE of the sampling process down to N, we chose
to report BN as the number of blends, B = 21, used in the Morph-PIPE is quite large, potentially
resulting in Out Of Memory (OOM) errors, especially if trying to process a mini-batch of morphs.
Using Ng + N reporting over Ng + BN, the NFE of Morph-PIPE is 350, which is comparable to
DiM. The reporting of NFE for AdjointDEIS was calculated as Ng + nop (N + M) where n,pt
is the number of optimization steps and M is the number of discretization steps for the continuous
adjoint equations.
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G.3 Hardware

All of the main experiments were done on a single NVIDIA Tesla V100 32GB GPU. On average the
guided generation experiments for our approach took between 6 - 8 hours for the whole dataset of

face morphs with a batch size of 8. Some additional follow-up work for the camera-ready version
used an NVIDIA H100 Tensor Core 80GB GPU with a batch size of 16.

G.4 Datasets

The SYN-MAD 2022 dataset is derived from the Face Research Lab London (FRLL) dataset [39].
FRLL is a dataset of high-quality captures of 102 different individuals with frontal images and neutral
lighting. There are two images per subject, an image of a “neutral” expression and one of a “smiling”
expression. The ElasticFace [40] FR system was used to select the top 250 most similar pairs, in
terms of cosine similarity, of bona fide images for both genders, resulting in a total of 489 bona fide
image pairs for face morphing [38], as some pairs did not generate good morphs on the reference set;
we follow this minimal subset.

G.5 FR Systems

All three FR systems use the Improved ResNet (IResNet-100) architecture [49] as the neural net
backbone for the FR system. The ArcFace model is a widely used FR system [28, 30, 32, 36]. It
employs an additive angular margin loss to enforce intra-class compactness and inter-class distance,
which can enhance the discriminative ability of the feature embeddings [35]. ElasticFace builds
upon the ArcFace model by using an elastic penalty margin over the fixed penalty margin used by
ArcFace. This change results in an FR system with state-of-the-art performance [40]. Lastly, the
AdaFace model employs an adaptive margin loss by weighting the loss relative to an approximation
of the image quality [41]. The image quality is approximated via feature norms and is used to give
less weight to misclassified images, reducing the impact of “low” quality images on training. This
improvement allows the AdaFace model to achieve state-of-the-art performance in FR tasks.

The AdaFace and ElasticFace models are trained on the MS 1M-ArcFace dataset, whereas the ArcFace
model is trained on the MS1M-RetinaFace dataset. N.B., the ArcFace model used in the identity
loss is not the same ArcFace model used during evaluation. The model used in the identity loss
is an IResNet-100 trained on the Glint360k dataset [50] with the ArcFace loss. We use the cosine
distance to measure the distance between embeddings from the FR models. All three FR systems
require images of 112 x 112 pixels. We resize every image, post alignment from dlib which ensures
the images are square, to 112 x 112 using bilinear down-sampling. The image tensors are then
normalized such that they take values in [—1, 1]. Lastly, the AdaFace FR system was trained on BGR
images so the image tensor is shuffled from the RGB format to the BGR format.

H Additional Related Work

In this section we compare several recent methods for training-free guided generation. We broadly
classify these techniques into two categories:

1. Techniques which directly optimize the solution trajectory during sampling [48, 51, 52]

2. Techniques which search for the optimal latents x7 and or z (this can include optimizing
the solution trajectory as well) [53, 54].

In Table 4 we compare several different techniques for training-free guided diffusion along this
category along with whether the formulation is for diffusion ODEs, SDEs, or both.

FlowGrad [52] controls the generative process by solving the following optimal control problem
0
min  £(x¢) + )\/ |w(t)]? dt, (H.1)
“ T

0
s.t. Xg=Xr +/ fo(xe,2,t) + u(t) dt (H.2)
T
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Table 4: Comparison of different guidance methods for diffusion models.

Method ODE SDE Optimize x; Optimize (z,0)
FlowGrad [52] v X X X
FreeDoM [51] X v X X
Greedy [48] v v X X
DOODL [53] X v v X
AdjointDPM [54] v X v v
Implicit Diffusion [55] v v v
AdjointDEIS v v v v

where w is the control function. This optimization objective learns to alter the flow, f,, by u. In
practice, this amounts to injecting a control step governed by w(t) for a discretized schedule. This
technique does not allow for learning an optimal xr, z, or 6.

FreeDoM [51] looks at gradient guided generation of images by calculating the gradient w.r.t. x; by
using the approximated clean image

Xy — O¢€9(X¢, 2,1
xo ~ X "tof( t2:1) (H3)
t

at each timestep. Let h; = A\, — A\;,_,. The strategy can be described as

Xt = a;i_l Xt; — 2Ut1—1 (ehi - 1)69(Xti7 z, t’L) + oty metw (H.4)
t;
Ko = 4 U“Z)(X“’ 2t (H.5)
t;
9L(%9)
L= H.6
8¢, 0%, (H.6)
Kt = Xty = Nt 8ty H.7)

where 7, is a learning rate defined per timestep. Importantly, FreeDoM operates on diffusion SDEs.
They have an addition algorithm in which the add noise back to the image, in essence going back one
timestep, and applying the guidance step again.

Similar to FreeDoM, greedy guided generation [48] looks to alter the generative trajectory by injecting
the gradient defined on the approximated clean image; however, this technique does so w.r.t. the
prediction noise, i.e.,

€;, = stopgrad(eg(xy,,2,t;)) (H.8)

g = Xt T o)
o,

g, = 8220) (H.10)

€, = €, — Nt 8t;- (H.11)

The technique would work for either diffusion ODEs or SDEs.

DOODL [53] looks at gradient calculation based on the invertibility of EDICT [56]. This method
can find the gradient w.r.t. x7; however, it cannot for the other quantities. DOODL additionally has
further overhead due to the dual diffusion process of EDICT. Further analysis of DOODL compared
to continuous adjoint equations for diffusion models can be found in [54].

More closely related to our work is the recent AdjointDPM [54] who also explores the use of adjoint
sensitivity methods for backpropagation through the probability flow ODE. While they also propose
to use the continuous adjoint equations to find gradients for diffusion models, our work differs in
several ways which we enumerate in Table 5. For clarity, we use to denote their notation.
They reparameterize Equation (2.3) as
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Table 5: Comparison of adjoint sensitivity algorithms for diffusion models.

AdjointDPM [54] AdjointDEIS
Discretization domain €y OVer p €g over \
Solver type Black box ODE solver Custom solver
Closed form SDE coefficients X v
Interoperability with existing samplers X v
Decoupled ODE schedule X v
Supports SDEs X v
where ¢ denotes the conditional information, , and . which gives

them the following ODE for calculating the adjoint.

In our approach we integrate over \; whereas they integrate over p. Moreover, we provide custom
solvers designed specifically for diffusion ODEs instead of using a black box ODE solver. Our
approach is also interoperable with other forward ODE solvers meaning our AdjointDEIS solver is
agnostic to the ODE solver used to generate the output; however, the AdjointDPM model is tightly
coupled to its forward solver. Lastly and most importantly our method is more general and supports
diffusion SDEs, not just ODEs.

Although the original paper omitted a closed form expression for , we provide to give a
comparison between both methods, and to ensure AdjointDPM can be fully implemented. In the VP
SDE scheme with a linear noise schedule log o is found to be

Br—Bo,, Do
Vi (H.14)

ont € [0,1] with 8y = 0.1, 31 = 20, following Song et al. [15]. Then is found to be

log ay = —

Concurrent work to ours by Marion et al. [55] has also explored the method of adjoint sensitivity for
guidance of diffusion models. They, however, focus on an efficient scheme to parallelize the solution
to the adjoint ODE from the perspective of bi-level optimization rather than the adjoint technique
itself. So while we focused on the details of the continuous adjoint equations, they focused on an
efficient implementation of the optimization problem from the perspective of bi-level optimization.

I Analytic Formulations of Drift and Diffusion Coefficients

For completeness, we show how to analytically compute the drift and diffusion coefficients for a
linear noise schedule Ho et al. [1] in the VP scenario Song et al. [15]. With a linear noise schedule
log o, is found to be

1ogat=—61;60t2—%t 11)
ont € [0,1] with 8y = 0.1, 81 = 20, following Song et al. [15]. The drift coefficient becomes
f(t):—ﬂlgﬂot—% (1.2)

and as oy = /1 — a2 we find
2
dof  d |:1—eXp<—ﬂ1_ﬁ0t2—ﬁot) }

dt — dt 4 2

= ((B1 — Bo)t + Bo) exp ( - wﬁ - %’ot) (L.3)

27



Therefore, the diffusion coefficient g2(t) is

g2(t) = ((B1 — Bo)t + Bo) exp ( B bop wot)

2
dof
dt
Br—bon_ Bo,\
1~ Po 0
+((B1 = Bo)t + Bo) {1 — exp < - t? — 2t> ] (L.4)
—2lgee o
Importantly, d(% does not exist at time ¢ = 0, as oy is discontinuous at that point, and so an

approximation is needed when starting from this initial step. In practice, adding a small ¢ < 1 to
t = 0 should suffice.

The inverse of \; is found via

—Bo + \/63 —4(B1 — Bo)log \/ T5ex

~1
AT (V) 5 e (L5)
Simplifies to
—Bo + —2(2X —log(1 + e2* -
AT = Bo \/50 ( og( € ))(51 Bo) L6)
b1 — o
o — ox (/33 — 480X + 260 log (€** + 1) — Bo + 481\ — 231 log (e + 1)) e
A = €exXp 4(B1 — o) T Ve2n _~_& .
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