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Abstract

We consider a variant of the stochastic gradient descent (SGD) with a random learning rate and
reveal its convergence properties. SGD is a widely used stochastic optimization algorithm in machine
learning, especially deep learning. Numerous studies reveal the convergence properties of SGD and
its simplified variants. Among these, the analysis of convergence using a stationary distribution of
updated parameters provides generalizable results. However, to obtain a stationary distribution, the
update direction of the parameters must not degenerate, which limits the applicable variants of SGD.
In this study, we consider a novel SGD variant, Poisson SGD, which has degenerated parameter
update directions and instead utilizes a random learning rate. Consequently, we demonstrate that
a distribution of a parameter updated by Poisson SGD converges to a stationary distribution under
weak assumptions on a loss function. Based on this, we further show that Poisson SGD finds global
minima in non-convex optimization problems and also evaluate the generalization error using this
method. As a proof technique, we approximate the distribution by Poisson SGD with that of the
bouncy particle sampler (BPS) and derive its stationary distribution, using the theoretical advance
of the piece-wise deterministic Markov process (PDMP).

1 Introduction

Stochastic gradient descent (SGD) stands out as a widely employed optimization algorithm in machine learning. It
falls under the category of stochastic optimization, where parameters are updated with randomness from the mini-batch
sampling. SGD is valued for two main reasons in optimization: (i) it is memory-efficient and requires only low
computational resources by updating parameters from a fraction of the training data at each iteration (Bottou, |1991),
and (ii) models optimized with SGD have less generalization error than those optimized by other algorithms such as
gradient descent (GD) for neural networks. Owing to these advantages, SGD has been one of the standard methods for
training deep learning models (Hoffer et al., [2017} |Keskar et al., 2016} |Zhu et al., 2019a).

To understand the properties of SGD, the characteristics of parameters updated by SGD or its variants have been
actively studied. As for the usual SGD, |Garrigos & Gower| (2023) surveyed the results about the convergence rate of
SGD in convex and non-convex settings. It also mentions the global convergence property of SGD under the strong
convexity setting. |Li et al.| (2017); Jastrzebski et al.| (2017) clarified that the parameter updating process of SGD can
be approximated by a stochastic differential equation. Zhu et al.|(2019a); Nguyen et al.[{(2019) discussed the relation
between the random noise of SGD and the escape efficiency from the sharp minima of the loss function. One example
of a variant of SGD is stochastic gradient Langevin dynamics (SGLD), which is an extension of SGD that adds Gaussian
noise to the update formula of SGD. Raginsky et al.| (2017) analyzed the dynamics of stochastic gradient Langevin
dynamics (SGLD) as a variant of SGD and proved the parameters optimized by SGLD converge to the global minima
of the generalization error. As another example,Jastrzebski et al.|(2017);|He et al.|(2019); Mandt et al.|(2017) analyzed
the dynamics of SGD with a constant learning rate under the assumptions that the noise of SGD on the gradient induced
by the mini-batch sampling is isotropic, and derived the probability distribution of the parameters obtained by SGD.
Latz] (2021)) analyze SGD both in the case of the constant learning rate and of the decreasing learning rate.

Among the methods analyzing the properties of SGD, one of the most general approaches is to study a stationary
distribution of parameters updated by SGD and its variants. The stationary distribution is a distribution that remains
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unchanged when the parameter is updated by one step. It is useful in theoretical analysis, because (i) it can analyze the
global dynamics of the optimization algorithm, and (ii) it can be applied to a wide range of loss functions regardless
of its shape. For these reasons, we can use it to investigate the optimization of complex loss functions such as deep
neural networks. For example, (Dieuleveut et al.,[2020) studied the stationary distribution of the parameter optimized
by SGD when the loss function is strongly convex, and (Raginsky et al.l [2017) studied the stationary distribution of
SGLD when the loss function is non-convex.

Despite the above advantages, there are not many SGD variants to which stationary distribution analysis can be applied.
This is because, to use the analysis by a stationary distribution, it is required that the direction of parameter updates by
an algorithm does not degenerate; in other words, there must be no directions that are not being explored. Examples of
such variants are (i) SGLD (Welling & Teh, 201 1 Dalalyan, [2017;|Durmus & Moulines} 2016)), which adds a Gaussian
noise to the parameter update of SGD and (ii) Gaussian SGD (Jastrzebski et al.l [2017; He et al., [2019; Mandt et al.|
2017), which assumes that the noise of SGD on the gradient induced by the mini-batch sampling is non-degenerate
Gaussian. In contrast, the parameter update of SGD degenerates in many practical cases, such as deep learning (Zhu
et al.L[2019b; Nguyen et al., 2019; Simsekli et al., | 2019). Hence, there is a gap between the variants of SGD considered
in the theoretical analysis and the empirical facts about SGD. This gap fosters the following question:

Do parameters optimized by a variant of SGD have a stationary distribution

even if the update direction degenerates - and if so, what is the form of it?

1.1 Our Contribution

We theoretically prove that a variant of SGD has a stationary distribution even if the update direction degenerates.
Specifically, we develop a novel SGD variant with a random learning rate, which follows the Poisson process depending
on a mini-batch gradient. We call the variant Poisson SGD, and prove that the distribution of a parameter updated by
Poisson SGD converges to a stationary distribution. As a result, we provide a positive answer to the question posed
above: even with a degenerated parameter update, it is possible to construct a variant of SGD that reaches a stationary
distribution by using a random learning rate.

Our specific contributions are as follows. We consider the empirical risk minimization problem and prove the following
results under weak assumptions on the loss function such as absolute continuity: (i) the distribution of the parameters
updated by Poisson SGD converges to a stationary distribution, and (ii) an output of Poisson SGD converges to the
global minima of the empirical risk, applying the stationary distribution while controlling the inverse-temperature
parameter. Furthermore, we evaluate the generalization error of the updated parameter for prediction with unseen data
by studying an expectation of the risk function in terms of the obtained stationary distribution.

On the technical side, we utilize an algorithm called the Bouncy Particle Sampler (BPS) to demonstrate the convergence
to the stationary distribution by Poisson SGD. BPS is a piecewise deterministic Markov process (PDMP) that achieves
ergodicity using stochastically occurring jumps (Davis| [1984; |1993). In our proof, we show that the distribution
of parameters updated by Poisson SGD can be well approximated by that of BPS, and we concretely construct the
stationary distribution using the theory of BPS.

1.2 Related Work

There are many works which investigate the stationary distribution of SGD or its variants. [Dieuleveut et al.| (2020);
Chen et al.| (2022)) derived the stationary distribution of the parameters obtained by SGD when the loss function is
strongly-convex, through the theories about Markov processes. The parameters obtained through the SGLD algorithm
are theoretically proven to converge to the Gibbs distribution and generalize well (Raginsky etal.,[2017). [He et al.|(2019)
and|Mandt et al.|(2017)) assumed the noise of SGD is Gaussian whose covariance matrix is constant and approximate the
process of optimization through SGD by Ornstein-Uhlenbeck process and derive its stationary distribution. Gradient
Langevin dynamics (GLD), which is a full-batch version of SGLD, can also be seen as a variant of SGD which assumes
that the noise of SGD is Gaussian with a covariance matrix of constant multiples of the identity matrix. Like SGLD,
it converges to a stationary distribution even in non-convex scenarios (Dalalyan, |2017; |Durmus & Moulines)} 2016)).

In terms of the random learning rate, there are several empirical studies. Musso| (2020) investigated the dynamics of
SGD with a random learning rate through analyzing the stochastic differential equation and its Fokker-Planck equation.
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Blier et al.[(2019) showed experimentally that SGD with random learning rates performs well in the optimization of
deep neural networks.

As for BPS, (Deligiannidis et al.| 2019; [Durmus et al.| |2020) proved that the parameters updated by continuous-time
BPS converge to a stationary distribution and derived the concrete form of the stationary distribution and its convergence
rate. (Chris Sherlock, [2022) clarified the relation between discrete-time BPS and continuous-time BPS.

1.3 Notation

For a natural number a € N, we define [a] := {1,2,...,a}. Forareal z € R, | z] denotes the largest integer which is
no more than z. I is a d-dimensional identity matrix. {a, b) means the inner product in Euclid space, i.e., sum of the
product of each component. || - ||; and || - || mean the vector norms which represent 1-norm and 2-norm respectively.
S4-1 is a unit sphere in R¢. For probability measures P, P’ on R? and p € [1, ], the p—Wasserstein distance
is defined as ‘W, (P, P’) := inf,remp,pf)(fRd iz — Z’lIhdn(z,2'))!/P, where II(P, P’) is a set of coupling measure
between P and P’. ||P — P’||tv denotes the total variation of P — P’. ' : R — R denotes the gamma function, i.e.,
I'(z) = fooo t*~le~'dt. B : RxR — R denotes the beta function, i.e., B(x, y) = fol t*~1(1 —1)¥~dt. For a compact set
0, we denote diam(®) = supg, 4,c@ 101 — 02]|. For a random variable X € X, Ex[X] denotes the expected value with
regard to X, i.e., f y Xdu x (dx), where uy is the probability measure of X. 1[-] denotes an indicator function, which
takes 1 if the condition in the bracket is satisfied, and O otherwise. We denote a; = max{0, a}.

2 Preliminary

2.1 Problem Setup: Empirical Risk Minimization

We consider the following stochastic optimization problem. Let Z be a compact sample space, and consider a
probability measure P, on Z. Suppose that we observe n samples z = {zy, ..., 2, } C Z, that are independently and
identically generated from the measure P,.. Using the samples, we consider an empirical risk with a loss function.
Let ® c R4 be a compact parameter space such as torus or sphere, and define W := diam(®). With a (potentially
non-convex) loss function € : Z X ® — R, we consider the following empirical risk with the samples:

L,(0) = %Zf(zi;e), 0 ¢co. (1)
i=1

Our goal is to find a global minimum of the empirical risk L,(-), which is defined as a parameter 8* € ® which satisfies

L,(6") = gpeirel) L,(8). 2

2.2 Gradient Descent Algorithm and Variants

To find the global minimum #* as defined in (2), we often use the optimization algorithm called stochastic gradient
descent (SGD) with momentum.

2.2.1 General Form of Stochastic Gradient Descent

We give a formal definition of SGD with a momentum term associated with empirical risk L,(6) in (I). Let K € N be
the number of iterations. The SGD with momentum generates a sequence of ®-valued random parameters 61, ..., O
and R9-valued random vectors vy, ..., vk, by the following procedure.

Let 6y € O be an arbitrary parameter for the initialization, vo € R? as an initial velocity vector, and m € [n] be a
number of sub-samples, i.e., the batch size. Suppose that we observe the n samples z := {zy, ..., Zn }, i.¢., the full-batch.
For k =1, ..., K, we uniformly sample m integers 1R = {i1, 12, ..., I} from [n], which is called mini-batch sampling
with the batch-size m. We define an associated mini-batch risk as

0)) :=% Dt 0). 3)

ielk)
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Then, with initial values 6y € ©® and vy € R¢, the SGD with momentum generates the parameter and the velocity
vector by the following recursive formula for k = 1, ..., K:

Ok = Ox—1 + Mive-1, and
vi = vie1 — VLY (1), )

where 1 > 0 is a learning rate and ax € R is a momentum coefficient. This form is generic and can be identical to
other forms of SGD with momentum (Qian, |1999; |Sutskever et al.,|2013) by adjusting the parameters n7 and «.

Remark 1 (Gradient Noise). For the sake of technical discussions below, we define a notion of gradient noise

§](<m’") 9) := VZ;I‘) (0) = VL,(0) for k =1, ..., N and 8 € ©, which is caused by the sub-sampling of the SGD. If one

assumes that & ,Em’") (0) follows a centered Gaussian distribution with an identity covariance, the SGD corresponds to the
gradient Langevin dynamics (GLD). However, since it is empirically observed that it is not realistic (Zhu et al.,[2019a;
Cheng et al.l 2020; HaoChen et al.,|[2021)), we do not assume that the gradient noise follows a particular distribution.

3 Our SGD Variant: Poisson SGD

In this section, we introduce our algorithm, Poisson SGD, which is a variant of SGD with a random learning rate r7 and
momentum coefficient . We design our method so that the parameter can search the whole parameter space owing to
the design.

We describe the random learning rate. In preparation, we define the following exponential distribution function with a
function f : ® — R and parameters 6 € ©,v € S9!

E(f(-),0,v) :=exp (—/O't{max{<f(0+rv),v),0}+Cp}dr ,

where Cp > 0 is some constant. Then, for each update k = 1, ..., K, we design the random learning rate 75 following
the exponential distribution:

Pk 2 1) = E(BVLY (-), 6x-1, vi1), )

where 8 > 0 is the hyper-parameter of Poisson SGD, called an inverse temperature parameter.

Second, we select the momentum coefficient a foreach k =1, ...,K as

e =2V (60, vic )
IVLSY (00112

(6)

This setup keeps the length of the velocity vector constant as ||v|| = 1 for every k (See Proposition [7]in Appendix),
and only uses its angle to update the parameters. We update the parameter by changing n; and aj in every iteration.
The pseudo-code of Poisson SGD is shown in Algorithm I}

The algorithm is designed to effectively explore large regions of the parameter space ®. Specifically, the update
direction is determined by the velocity vector v, normalised by ay as (6)), and the size of the update is randomly set by
the random learning rate 7, as (3). When the gradient VZ;M (+) is small, the learning rate 7 is chosen to be large, thus
the updated parameter tends to escape local minima or saddle points. Figure [T]illustrates that Poisson SGD explores
a wider parameter space and discovers the global minimum owing to the random learning rate, while the parameters
updated by SGD converge to the local minimum.
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Algorithm 1 Poisson SGD

1: Initialize (6p, vo) as ||vol = 1.

2. fork=1,2,...,K do

3. Sample I® ¢ [n] and obtain VL¥ (6,) as @).

4:  Sample n; as (3).

5:  Obtain 0y as O = Op_1 + N Vi—1.

6 Obtain vi as vg = vi_1 — akvzy‘) (Qk) with ay as @
7: end for
8: Return (fk,vi).

—4 ) 0 2 a4 6 8
X

Figure 1: The comparison of the trajectories of SGD (with a fixed learning rate) and Poisson SGD (with the random
learning rate) in optimizing the function z = x* — 4x® — 36x? + y?. The point (-3, 0) represents a local minimum and
the point (6, 0) is identified as the global minimum. A green point indicates the initial position, a black line represents
the trajectory of SGD, and a red line represents the trajectory of Poisson SGD.

4 Convergence Theory for Poisson SGD

We provide theoretical results on the convergence of Poisson SGD (Algorithm [I)). Our main interest is a distribution
of the generated parameter 9 by Poisson SGD associated with the empirical risk minimization problem (2.

4.1 Stationary Distribution of Poisson SGD

In this section, we show that the parameter 6k by the Poisson SGD follows a stationary distribution. Formally, we
define the stationary distribution of the Markov process. In preparation, we utilize the notion of transition probability
0(8, dw) from a distribution p((6) to another p;(6) on O, thatis, p;(w) = /® Q(8, dw)po(df) holds.

Definition 1. Let Q(6, dw) be the transition probability of a Markov process in ©. If the following equation holds, we
call the probability distribution 7 (8) stationary distribution of the Markov process:

n(dw):/@Q(G,dw)n(dG).

A stationary distribution is an useful notion to represent a limit of the parameter distribution, and it enables us
to analyze where the parameter converges by algorithms. For example, see the theoretical framework to analyze
stochastic optimization algorithms by (Raginsky et al.,[2017).
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4.1.1 Assumption

We provide several principal assumptions. First, we consider the basis assumptions on the loss function £€(-;-). The
following conditions are fairly general for the analysis of stochastic optimization algorithms, e.g. Bertazzi et al.|(2022)).

Assumption 1 (Loss function). The loss function € : Z X ® — Ry satisfies the following conditions:

e {(z;0) is absolutely continuous and differentiable with respect to 6 € © for every z € Z.
* Vol(z;0) is continuous in 6 and z for all € ® and 7 € Z.

The first condition is satisfied by a large class of models, such as linear regression model, or deep neural networks
whose activation function is ReLU or sigmoid function. From the second condition, we define an upper bound
My := maxgep zez ||Vol(z; 0)] since ® and Z are compact.

4.1.2 Statement of Convergence

Let y1, k be a distribution of the output fx from the Poisson SGD in Algorithm T|with the given dataset z. We discuss
the convergence of y, x as K increases.

In preparation, we define a probability measure on ® for arbitrary 8, € > 0, whose density is written as follows:
1
w7 (d6) o< | BMe + — + auBl|VLy(6)]]| exp(~BLa(0))de, )

where ag = I'(d/2)/(\/aT'(d/2 + 1/2)). The probability measure is concentrated around the global minima
of L,(0), since the dominant exponential term exp(—BL,(6)) in increases in L,(#). In addition, as the inverse
temperature parameter § increases, the measure ,ué'g *?) concentrates more around the global minimum.

We show our results on the convergence of the stationary distribution. The discrepancy is measured by the Wasserstein
distance ‘W (-,-). We remark that this theorem is the integration of Theorem [3] and Theorem 4] appearing later in
Section[3] Recall that we defined W := diam(®).

Theorem 1 (Stationary distribution of Poisson SGD). Fix arbitrary B, & > 0. Suppose Assumption[I|holds. We set the
hyper-parameter of Poisson SGD as Cp = 1]/e. Then, for any K € N, the distribution u, g satisfies

Wi (e i, 1P%)) < 4VdKe + W - k(B, &, D)X, ®)

where 0 < k(B,&,d) < 1 is a constant.

Moreover, if k(B, &,d) satisfies limg_,. k(8,6/K,d)% = 0 with some & > 0, there exists a sequence & = g \, 0 as
K — oo such that ‘W), (uz,K,,uz(B’g)) =o0(1) as K — oo holds.

This theorem shows that the parameter distribution y, g by Poisson SGD converges to the stationary distribution uiﬁ ©)
owing to the random learning rate (3). This is contrast to ordinary SGD, which is not shown to converge to a stationary
distribution. Further, Poisson SGD does not make any assumptions on the gradient noise & ]i"’m) in Remark unlike
SGLD, which converges to a stationary distribution by introducing Gaussianity in the gradient noise.

The right-hand side in (§) shows an approximation-complexity trade-off of Poisson SGD described as follows. In
preparation, we will introduce a certain stochastic process to achieve the stationary distribution /15’8 €) (detail is in
Section[5). The first term of (8) describes an approximation error of Poisson SGD to the stochastic process. The second
term of (8)) denotes a convergence error of the stochastic process to the stationary distribution ,uéﬁ ’g), which reflects
the complexity of the stochastic process. ¢ is a parameter for the stochastic process and controls the balance between

the approximation error and the complexity error.

We further discuss the additional assumption limg _,«, k(8, /K, d)X = 0. This condition is related to the convergence
rate of the approximated stochastic process of Poisson SGD. Although the explicit form of (83, 6/K, d) is not clarified
in our case, there is a common example having its explicit form. One example is SGLD: Raginsky et al.|(2017) shows
that a form of (8, 6/K, d) can be calculated, because SGLD is reduced to the Langevin process.
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Remark 2 (Comparison with SGLD). We discuss the difference between Poisson SGD and SGLD, which is another
method achieving a stationary distribution. First, while SGLD adds a Gaussian noise to the update formula of SGD,
Poisson SGD does not have an additive noise. The second difference is the form of the stationary distribution. A
stationary distribution of SGLD is the Gibbs distribution, and that of Poisson SGD has the different form (7). This
difference is derived from the random learning rate of Poisson SGD.

4.2 Global Convergence

We discuss the global convergence statement, that is, the empirical risk L,(6k) with Poisson SGD is minimized with
high probability. We consider the additional assumption for the loss function ¢:

Assumption 2. With some ¢ > 0, sup, . > |[V€(z;01) — VE(z;62)|| < c1|01 — 62| holds for every 6, # 6, € ©.
Then, we obtain the following global convergence theorem. We define B := sup_.  [|[V£(z; 0)]| by following Assump-
tion [l

Theorem 2 (Global convergence of Poisson SGD on empirical risk). Fix arbitrary B, > 0. Consider Poisson SGD

in which Cp = 1/e. Let the upper bound of W (u x, /Jz(ﬁ’s)) obtained in Theorem|l|be dg (B, €,d). Also, suppose
that Assumption[I|and[2| hold. Then, it holds that

E9K~pz,1< [L:(6k)] - %’1618 L;(6)

1 2 B
<(eyW + BINWak Boond) + + [L10g VB 4 1og (14 LW HBI)) 9)
B\2 d M,

Theorem 2] states that we can make E[L,(6x)] be arbitrarily close to mingee L,(6) by selecting large 3, provided that
we can make dk (8, €, d) arbitrarily small by the choice of £ and K in spite of 8. Intuitively, Poisson SGD achieves
global convergence by appropriately adjusting the learning rate and momentum coefficient based on the shape of the
loss function at the current location. Poisson SGD achieves the global convergence by the similar approach of global
convergence of SGLD by |Raginsky et al.|(2017).

The right-hand side of (9) is divided into two terms. The first term expresses the distance between the parameter and

its stationary distribution. The second represents the degree of concentration of the stationary distribution ,ug'B ) on
the global optima. The higher the inverse temperature 3, the more the term decreases.

5 Proof Outline

5.1 Overview

We give an overview of a proof of Theorem [T} In preparation, we present several key concepts: (i) the property of
the piece-wise deterministic Markov process (PDMP) (Davis), [1984; 1993)), and (ii) the ergodicity of bouncy particle
sampler (BPS) (Peters & de With, 2012). The PDMP is a class of Markov processes that behave deterministically for
some period and jumps randomly, which easily converges to a stationary distribution. BPS is a stochastic algorithm in
the class of the PDMP.

We show the statement by the following steps:
(I) We show that the distribution of the parameter by Poisson SGD is sufficiently close to that of a parameter by

BPS. We show this claim by using the approximation theory on PDMP (Theorem [3).
(IT) We derive a stationary distribution and the ergodicity of BPS, following previous researches (Theorem [)).

5.2 Design of BPS

We introduce BPS, which is one of the most popular algorithms in PDMPs, and actively studied in termsAof MCMC
algorithm (Deligiannidis et al.,2019;/Bouchard-Coté et al.,[2018). BPS generates a sequence of parameters {0 }kK: , €O

and velocity vectors {?k}sz 1 C R4 in its recursive manner, as shown in Algorithm Let (50, Vo) be the initialization.
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Algorithm 2 Bouncy Particle Sampler

1: Initialize (8y, Vo) as ||[o]| = 1.
2. fork=1,2,..., K do

3: Sample 7j as ifx ~ P(7k > 1) = exp (— JoABTLa(Brmt +1Vk1), V=1 )a + Arer + CB}dr)
4 Update é\k as é\k = gk—l + T’]\kvk_]

5. With probability py as (I0), update v as
- - (VL (01), Vr—1)
Vi = Vi1 — +k21 L, (0x)
IVL,(01)l
Otherwise, update vy as
Vi ~ Unif(s471)
6: end for

7. Return (§K,VK)

For the k-th iteration, BPS generates a learning rate 77x from an exponential distribution whose intensity depends on
the previous pair (Hk 1, V1) and the positive constants Ars and Cg. After obtaining the parameter Gk, we consider
the stochastic update of the velocity vector. That is, with the probability

~_ B(VLy(BK).Vk-1)+ + Cs
BVLL(0k), Vi-1)+ + Aret + Cp

(10)

we update the velocity vector with the gradient of the full-batch loss VL, otherwise with the sample from the uniform
distribution on S4-!. The former update is called reflection, and the latter is refreshment. We remark that ||V || is
constant for k = 1,2, ..., K in the same way as Poisson SGD (See Proposition [7]in Appendix).

5.3 Connect Poisson SGD and BPS

We show that the output distribution of Poisson SGD and that of BPS are sufficiently close as in the following statement:

Theorem 3 (Distance between Poisson SGD and BPS). Fix arbitrary 8, & > 0. As for Poisson SGD, we set Cp = 1/¢.
As for BPS, we set Aef and Cg as MAwes + Cp = BMy + 1/e. Let the distribution of the obtained parameter by Poisson
SGD and BPS be uy x and [i; i respectively. We set the same initial value between Poisson SGD and BPS. Then, the
following holds:

W (,uz,K, l«Tz,K) < 4\/21(8.

For proving this theorem, we calculate the distance between Poisson SGD and BPS by a one-step update. Then, we
simply accumulate this error for K times. In this discussion, we mainly use the property that if learning rate n; and 77y
are small, the difference of v and vy is also made to be small. This type of discussion is also used in|Raginsky et al.
2017).

5.4 The Stationary Distribution and Ergodicity of BPS

In this section, we investigate the stationary distribution and ergodicity of BPS. First, we define the term ergodicity.

Definition 2 (Ergodicity). We consider the discrete-time Markov process. If the process converges to a unique
stationary distribution, we call the process has the ergodicity. Especially, if the ergodic process converges to its
stationary distribution by the exponential rate about the number of iteration k, the process is called exponentially
ergodic.

Without ergodicity, the stochastic process may converge to more than one stationary distribution, or not converge to
any stationary distribution due to stacking to a saddle point in the parameter space. So we have to prove this property
when we try to analyze the stationary distribution of a stochastic process.

Now, we show our result about BPS.
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Theorem 4 (Stationary Distribution of BPS). Suppose that Assumption |l| holds. Set the parameter of BPS, At and
Cpasin Theorem@ Then, the distribution [i; k of the obtained parameters Ok by BPS satisfies the following:

Ik — 1P v < k(Boe, D,
where k(B, €, d) is a positive constant less than 1.

In the proof of this theorem, we use the discussion in |Deligiannidis et al.[|(2019) which showed that continuous-time
BPS converges to the unique stationary distribution () oc exp(—U(0)) by the exponential rate in TV distance.

6 Generalization Error Analysis

We define an expected risk of 6 € ©, also known as the generalization error
L(8) :=E..p.[t(z;0)],

which measures a prediction performance with unseen data. We calculate the generalization error of the parameter
obtained by the Poisson SGD, using the discussion in|Raginsky et al.|(2017).
Now, we give our results. We define A := sup_. - [£(z; 0)| by following Assumption

Theorem 5 (Generalization Error of Poisson SGD). Suppose that Assumption[Ijand 2| hold. Let 6k be the parameter
obtained by Poisson SGD with Cp = 1/&. Then, we obtain the following bound:

Eevpr [Bog~p,  [L(0K)]] - gleig L(6)

<t e (VW) 2w | (C122C) (Gt

1(d w2 W+ B
+— = log eWeerp +log 1+ aa(c1W + B) ,

B\2 d My
where dg (B, &,d) is the upper bound of the Wasserstein distance in Theorem [I| Cq = 4a4(c\W + B)/M,, and
C =c;W?+2BW +2A.

Theorem|[5states that the expected value of the generalization error of Poisson SGD can be arbitrarily close to its global
optima in 6 € 0, by selecting small ¢, large K, large 3, and large n, provided that dk (8, &, d) can be arbitrarily small
only by the choice of € and K.

We further discuss a way of improve an order of the generalization bound in Theorem [5} While our bound has the
order O((1/n)'/*), we can obtain an order O(1/n) by using the dissipativity condition of the loss function, which is
used in |Raginsky et al.|(2017) for SGLD. The dissipativity condition allows us to derive log-Sobolev inequality for
L,(6), which leads the improved sample complexity. We state this fact in the following proposition.

Proposition 6. Suppose that the same condition and setting as Theorem[P|hold. In addition, we assume that the Gibbs

distribution véﬁ ) o exp(—BL;(60)) satisfies the log-Sobolev inequality for any dataset z = {z1, ..., zn }, that is,

E[£(6)log £(6)*] —E[£(6)*11ogE[£(0)’] < ¢V E[|IV/(6)%]

holds for all smooth functions f and any data z = {zy, ..., Zn}, Where 0 ~ vz(ﬁ) and ¢

following holds:

(L[;) < o0 is a constant. Then, the

Bt [Eampic [L(0)]] — min L(0)

®)
2c M, d W2
<(e1W+B) VWdK(ﬁ,&d)"'#)+W\/20£€)log(1+ad,38Mf)+—ZIB log(e dc'ﬂ).
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7 Conclusion

We developed a new variant of SGD, Poisson SGD, whose search direction degenerates and derived its stationary
distribution by incorporating a modification on the learning rate. The parameters trained by Poisson SGD are close
enough to the global minima to take advantage of convergence to the stationary distribution. The generalization error
is also evaluated. We believe that our work leads to the analysis of the actual SGD dynamics, not variants of it in the
future.

Broader Impact Statement

The paper aims to provide a theoretical understanding of machine learning methods, which in itself has no direct
negative impact on society.
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A Supportive Information

We verify that the velocity vector is normalized by the choice of the momentum coefficient for Poisson SGD and BPS.

Proposition 7. Consider the update (Iz_f[)for Vi with its momentum coefficient @ Then, forVk € {1,2,...,K}, we have
Vil = 1. Further, for Vi defined in Algorithm[2] we obtain ||[Vi|| = 1 for every k = 1,..., K.

—~ —~ 2
v (g 2o YL VLD 6T
IVZSE (61)112

Proof. We first consider v with the Poisson SGD case. Simply, we have

(VI (01), vir)
IVZE (61) 12

VL 60L (607
- TO e e
IVZ;" 60l

VLY (61)

il ={[ve-1 -

Il
<

Ivi-1ll-
Since we set ||vg|| = 1 for initialization, the statement holds.

For vy with the BPS case, the reflection does not change the norm of vy in the same way, and the refreshment also
keeps ||[vi|| = 1, which completes the proof. O

B Proof of Theorem[d]

Proof. By Theorem [3|and[d] we can bound the approximation error
Wi (g, k) < 4VdKe,

and the convergence error of BPS as

Ik — 15ty < k(B &, d)X.

From Theorem 4 in|Gibbs & Su|(2002)), we can bound the Wasserstein distance by the total variation, then obtain

Wi (i 1P%) < Wik — 1P oy < Wk(B. &, d)X.

The triangle inequality completes the proof. O

C Proof of Theorem

Proof. From the definition of Wasserstein distance,

Wi (g k) = inf _ Ex[l10x — Gxlli]
”EH(HZ,kvﬂz,k)

holds, so we study the distance between 6 and §k interms of the norm ||-||1. Since ||[vi|l = [Vi=1ll = Vil = [[Vi=1]l = 1
holds by Proposition[7, we have

Er [0k — Oxll1] =Ex[10k-1 + mivi-1 — Ox—1 + lVe-1) 1]

<BEr[16k-1 = Ox-11li] +Ex [Tk — 76)Vk-1 + 1 Tkt = vi—1) 1]
<Er[0k-1 = Ox—111] + Ex [l Tk — 1) V11111 + B [k Gt = vie1) ]
<Ex[110k-1 = Ok-11l] + VAE[Inx = 7icl] + 2V [ ], (11)

12
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where we use || - ||} < Vd|| - || in the last inequality.

We first evaluate the second term of (TI)). There exists a coupling 7 such that

holds, where P, and Py denote the distribution of 7z and 7, respectively. We use such a coupling as 7. In evaluating

Wi(Py,.. P5,.), we consider the following analysis. 7, and 7; are 1-dimensional and their cumulative distribution
function is written as

Fi(t) =1 —exp (— /I(ﬁwZi’” (O+71v), )y + cp)dr) ,
0

F(t) =1—exp (— /t(ﬁ(VLZ(Q +rv),v); +Cp + Aref)dr) s
0

respectively, and we also have

BVL (64 rv),v)s + Cp > Cp,
BVL(0+1v),v). +Cp+ Arer 2 Cp + Arer, and

[(BOVL (64 1v), v+ Cp) = (B(VLy (6 + rv), vy + Cp + Arer)|
< max{| _BMZ +Cp - (CB + Aref)l» |ﬁM£’ +Cp - (CB + Aref)|}‘
Hence, we can use Lemma|[§]and obtain

max{| _ﬁMf +Cp - (CB + Aref)|» |IBM5 +Cp - (CB + Aref)']’

Wi (P, Pr) < 12
1( 1 le) CP(CB + Aref) ( )
Next, we evaluate the third term of (TT). We have
Elnd = [ POn > 0
0
=) t
= / exp (— / {BOVLL™ (i1 +rvicr), vie1)s + Cpdr | dt
0 0
< / exp (=Cpt) dt
0
- (13)
G
Substituting (12) and (I3)) into (TI), we have
Er 10k = Oklli] <Ex[10x-1 = Oi1 1] (14)
Ndmax{| - M +Cp = (Cp + Axer) | |[BMe + Cp = (Cp + M)} 2Vd
Cp(Cp + Aref) Cp’

Since we take Cp in Poisson SGD as Cp = 1/& and Cp and A¢f in BPS as Cp + Aef = BMy + 1/, can be written
as

Ex 116k — Oulli] <Ex[10k-1 ~ O-1ll1] +4Vdle.
Hence, solving this recursive inequality with 8y = 8o, we have
Ex[ll0x — Okll1] < 4VdKe,

which is the desired conclusion. ]

13
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Lemma 8. Let a; and a; be R-valued random variables whose cumulative distribution functions are

Fi(t) =1-exp (—'/Otfl(r)dr), and F(t) =1 —exp (—/Otfz(r)dr),

respectively, where fi, f : R — R are continuous functions. Let the distributions of a) and a, be Py and P,
respectively. Suppose that there exists M, my, my > 0 such that | f>(t) — f1(t)] £ M, my < fi(¢), and my < f>(¢) hold
for Vt € R. Then, the Wasserstein distance between Py and P; satisfies

M
Wl(Pl,PQ) < .
mimy

Proof. Since a; and a; are 1-dimensional, we have

1
Wi(P1,Py) = /0 IF () - F;(g)| dg.

We introduce several notation §(r) = fo(r) — fi(r), t = Fl_l(q), andt’ = Fz_l(q), then

/tfl (r)dr =log
0 I-g¢g

[ i+ ar =10
0 -9

holds. So, we obtain

‘/t:tﬁ(r)dr: At, o(r)dr.
/,/ firydr

Hence, we have

max{z,r’'}
_ / fi(rdr < M.
m

in{z,t'}
In addition, mr?r??t{ft’,t}} fi(r)dr = m|t —t’| holds, so we have
Mt
lt -1 < .
mj

We have the upper bound of ¢’ as

1 v
log = / f(r)dr = mot’,
I-qg Jo
so we have
, M 1
|t —1'] < log ——.
mimy 1-g¢g

Since /01 |log(1 — ¢)|dg = 1 holds, we obtain

1
/OIFI'(q)—F{](q)quS iy

mimy
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D Proof of Theoremd

We prove this theorem by two steps. First, we prove that BPS has piﬁ *?) a5 one of its stationary distributions in

section At this stage, BPS may have other forms of stationary distribution or may not converge to its stationary
distribution. Second, we prove that BPS has a unique stationary distribution and converges to its stationary distribution
at exponential rate, in other words, it has the exponential ergodicity, in section[D.2]

D.1 The form of the stationary distribution

In this section, we check that BPS has ,uéﬁ ) as a stationary distribution. In the proof, we define A(0,v) :=

VL,(0), )y, 1(0,v) := 2(0,V) + Aret, and R, (0) := I —ZM. We remark that R, is a symmetric matrix
VL. (o)l y

and satisfies R,(0)% = I, so it is also an orthogonal matrix.

From the proof of Lemma 1 in the supplementary material of |Deligiannidis et al.| (2019), we can write the transition
probability Q of BPS as following for arbitrary measurable sets A ¢ ® and B ¢ 47!

e8] S
0((0,v),Ax B) :/ exp {—/ (A(0 + uv, v)+C3)du}
0 0
X (A8 +uv,v) +Cp) K((8 + sv,v), A x B)ds, (15)
where a transition kernel K is expressed as

A(6,v) +Cg
/7(0, V) +Cp
Aref
==
/1(9, V) +Cp

K((6,v),AxB) = 1[0 € A]1[R,(6)v € B] (16)

116 € Al punir(B),

where pnif s the uniform probability measure on sa-1,

Lemma 9. Under Assumption a probability measure on © x S9!

(A X B) /A (3(0.79) + Ca) exp(=BL(0) dOtis V)

is the stationary distribution induced from the transition probability Q as (13).

Proof. Our proof is almost the same as the proof of Lemma 1 in Deligiannidis et al| (2019). Let 7,(d6,dv) =
exp(—BL(0))dOpunit (dv).

First, we prove
/(2(0, v) + Cp)m,(d6, dv)K((6,v), A x B) « [i,(A X B). (17)

Substituting (T6), the left side of is rewritten as
/ n,(d6, dv)(A(6,v) + Cp)1[60 € A]L[R,(0)v € B] + / 7,(d6, dv)Ares 1[0 € A] ptunic(B).

We consider changing the variable as v/ = R,(0)v. Since R,(6)~! = R,(6) holds, we get A(0, R,(0)~1v') = A(0, —").
In addition, since |det(R,(6))| = 1, and punir(R,(0)~'dv’) = punit(dv”) hold due to the rotational invariance of fynif,
we obtain

/ 7,(dl, dv’)(A(0,—v") + Cp) + / 7,(dO, dv') A,
AxB AxB

which is proportional to the right side of (I'7)) from the definition of fz.
Second, we prove f 0((6,v), (dy, dw)) i, (dO, dv) = i, (dy, dw). We have

/ G((8.v). (dy. dw))Tiy(d8. dv)

15
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oc/oo exp (— /s{/i(e +uv,v) + CB}du) {10+ sv,v) + Cp}
0 0
x K((8 + sv,v), (dy, dw)){A(8, —v) + Cg}m,(d6, dv)ds.

If we change 6 as ¢t = 6 + sv, then this integral becomes

/mexp (— /S{/T(t +(u—s)v,v) + CB}du) {A(t,v) + Cp}
0 0
x K((t,v), (dy, dw)){A(t — sv, =v) + Cp}n,(dO, dv)ds.

Since L,(6) is absolutely continuous,

S

exp(—BLz(t — sv)) = exp (—ﬁLz(t) - ‘/OS A(t = wv,—v)dw + '/OA At —wy, v)dw)

holds in the same way as Deligiannidis et al.|(2019). Substituting it into 7,(dx, dv) and changing u as u — s = —w,

/°° exp (— /S{/i(t - wv,—v) + Cg}dw) {A(t = sv,—v) + Cg}ds
0 0
x{A(t,v) + Ce}K((t,v), (dy, dw))rz(dt, dv)

holds. The first line can be calculated as [— exp (— fos {A(t —wv, —v) + CB}dw)]O =1, so it is equal to

/{/i(t, v)+ Cp}K((t,v), (dy, dw))r,(dt, dv).
Using (T7), it is proportional to i1 (dy, dw), which completes the proof. O

By the following proposition, we prove that ,uiﬁ *?) is one of the stationary distributions of BPS. Recall that we defined

aq :=T(d[2)/(NaT'(d[2+1/2)).

Proposition 10. The marginal distribution of the stationary distribution expressed in Lemma(9is written as

Hz(dO) o< (Aret + Cp + aaBlIVL(0)]) exp(=BL.(6))db.

Hence, if we put At and Cp as Arer + Cp = BMy¢ + 1/, it corresponds to /Jz(ﬁ’g).

Proof. We only need to integrate with v the distribution 1z, expressed in Lemma@ We have

o) s [ (At Cot BUTLL0),~5)) exp(-BL0) 0t ()
=(Avr + i) xp(~BLA()d0 + xp(~BLo(0) OBy 1 [(TL,(0), )]

We can calculate the expected value in the last term as

By~ ptanit [V L2(6), V)4 ] = Bypryie [IVL2(O)[[(cOS @)1 ] = (VL (O) |Ey iy [ (cO8 )41,
where ¢ € R is a random variable dependent on v which satisfies

VL,(6) >

, 18
VLo (1%

cos¢:<

16
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From the symmetry of the uniform distribution, we can calculate E, ., [(cos ¢).] by replacing % in (I8) by
(1,0,---,0). Hence,

X1

Ev~/lunif [(COS ¢)+] = EV~,uun;f [(V1)+] = E >

2
X1+ +xd

+

holds, where v is the first component of v and x;(i = 1, ..., d) is i.i.d. standard Gaussian variables.

For (x1,...,xq) ~ N(0,1;), we have

E i / A 1 S gy
—_ | = exp|-———=|dz1---dz
X2t Re \ 22+ + 22 (2m)d2 P 2 ! ¢

r r‘l/Zexp (-r/2) s(d‘l)/z‘lexp (-s/2)
= drds
[0,00)2 r+s V2 F((d - 1)/2)2(d71)/2

A/2-1(] _ pyld-1)/2-1
=/ A (1-1) dr
[0,1]

B(1/2,(d - 1)/2)
B(1,(d - 1)/2)
~B(1/2,(d-1)/2)
__ T(I((d-1)/2)T(d/2)
r{a/2)r{d-1)/2)rd/2+1/2)
_T(d)2)
CAlD(d)2+1/2)°

Note that for all d > 2,

Lo _TWp 1
Va2~ Td/2+1/2) = \Jdj2-1)2

holds (e.g., see|Qi & Luo|(2013))). Therefore, for all d > 2, we have

. X __r@py [ 1
TR T 2vAl(d/2+1/2) | Vard \2x(d-1) |

+

D.2 The exponential ergodicity of BPS

The next proposition is on the minorization condition of the 2-skeletons of BPS on the restricted domains. In short,
minorization means that the stochastic process can go from any measurable set to any measurable set in the parameter
space, which is a sufficient condition for the exponential ergodicity in the compact parameter space. 2-Skeleton means
2 step of the stochastic process. This proposition completes the proof of Theorem 4]

Proposition 11. Under Assumption [l| the 2-skeletons of BPS satisfies the minorization condition; that is, for some
¢ >0, forall (6,v) e ®x S9! and all measurable E c © x S9! we have
G(@).B) 2 [ [ 110.3) € Eldbuume(av).
0 Jsd-
Moreover, BPS is exponentially ergodic in total variation distance.

Proof. We partially follow the proof of Lemma 4 of |Deligiannidis et al.[(2019).

17
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Let f : ® x S9! — [0,00) be a non-negative and bounded function. We also use the notation M’ =
Sup(g’v)ee)xsd—l(/i(g, v) + Cp) < co. By considering the event where the first update of v is refreshment from

Unif(S9-1), we see that for any (6, vo) € ® x $¢71,
./G) sd-1 /(. V)QZ((QO’ vo), (d6, dv))
i / / £(0.9)Q((01.v1). (6. dv))Q((8. vo). (d6y, dv1))
OxSd-1 Joxsd-1

> Avet inf / £(0.v)Q((01.v1), (8, dv)) runit (dv1)
Oxsd-1

M’ 6,e0
holds. We also obtain that for T ~ Exp(M”), Vi, V5 ~4- Unif (S9~!), we have

it [ 0001 ). oy ()

0,€0
Aref

> ginef@ YT E[1[0) +TV) € ©]f(01 +TV1,V2)]
1
A2, .
> inf —= 1[0 +tvi € ©]e ™" £(0y + tvy, v)dt punie (A1) punie (dV)
66 M [0,00) xS4-1
A2 e—M’diam(@)
> inf ref—,/ 101 +tvy € O] f(O1 + tvi, v)dtprunie (dV1) tunit (dV)
6,€0 M [0,00) xSd~1
A2 e—M'diam(G))
=g == [ 110 € 017610 - 011 ()
0,€0 M OxSd-1

2 ,—M’'diam(®)
Arefe

_wef” 0.v)dO tymic (dv),
~ M’diam(@)4-! ‘/@Xgm J(0,v)db e (dv)

where the second last equality uses a change of coordinates. Since f is generic, the minorization condition holds.
Harris’s theorem thus gives the exponential ergodicity of BPS. O

E Proof of Theorem[5

Proof. We prove in the same way as the proof of Theorem 2.1 in|Raginsky et al.|(2017). Let 6,, be a random variable

satisfying 6,, ~ yéﬁ"g), where yéﬁ’s) is defined in (7). We denote 0k ~ u; k as the output of Poisson SGD (Algorithm

[1). We have

By[Ea [L(6x0)]] - inf L(6)

= Eo[Eox [L(9x)] ~ B, [L(01)]] + {E4[Eq, [L(6,)]] — Inf L)},
and the second term of right-hand side is written as
By [Eq, [L(6)]] - inf L(6)
= B,[Eq, [L(6,)] - Bg, [L.(6,)]] + (E [Eq, [Lo(6,)]] - gng_)L(e)) .
Letting 6° = argmin, g L(6), the second part of the right-hand side in the equation above is
By[Eq, [La(6,1] - inf L(6) =E4[Eq, [L,(6,)] - inf L,(6)] + (E [ inf L,(0) - Lz(9°)])

<E, [EH,, [Lz(gﬂ)] - (yelt(:) L,(6)].

18
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As a result, we have

Ex[Box [L(6x)]] = inf L(6) <E,[Eq, [L(6k)] ~Eo, [L(6,)]] (19)
+E,[Eg, [L(64)] = Eo, [L2(6,)]] (20)
+E;[Eq, [L2(0,)] - égf@ L, (0)]. (21

To evaluate the terms (T9), (Z0), and (Z)), we prepare the following lemma to calculate the upper bound of the difference
between two expected value by the Wasserstein distance.

Lemma 12. Consider probability measures y and v on ©. Suppose thatsup, . 7 |€(z;0)| < Aandsup .7 ||[VE(z;0)|| <
B hold. Then, we obtain

[Bo, - [€(z:01)] = Eoyor [£(2:02)]] < (1 W + B)NWW, (1, v), and (22)
By~ [L(O1)] = Egyy [L(02)]] < (c1W + ByYWW; (1. v). (23)
Proof. Under the assumption, Lemma 3.1 in Raginsky et al.|(2017) holds. Hence, we have
IV€(z;0)|| < c1]|0]| + B,YO € ®,YVz € Z (24)
0(z:6) < %neu2 + B0 + A,V €O, V7€ Z. (25)

Moreover, from Lemma 3.5 in Raginsky et al.|(2017), for arbitrary two probability measures u and v, if we let
o = max{Eo,~u[ 1101171, Egpv [16211°13,

then we have
[Eo,~u[€(2:61)] = Eo, -y [£(2:02)]] < (c10 + BYWa(u,v).

Obviously, it also holds that
[Boy~u [L(01)] = Boyey [L(02)]| < (c107 + BYWa (s, v).

Since we have o < W and Wh(u,v) = inf,,enw,v)(f@ lz = 2||%dn(z,2')'/* < inf,ren(#’,,)(f@WIIZ -
Z|l1dn(z,2'))"/? = JWW, (u, v), we obtain the statement. o

We start evaluating each of the terms (19), (20), and (Z21).
First, we study (I9). From (23)) in Lemma[T2] we have

Egy [L(0k)] = Eg, [L(6,)] <(c1W + B)\/WW1 (s 1))

<(c\W+ B)\yWdk (B, e,d). (26)

Second, we evaluate (20) using the same approach as|[Raginsky et al (2017). Here, we need to evaluate

Eg, [£(2:0,)] = Eq,, [£(2:6,0)],

where z € Z is an arbitrary sampled data, 6, ~ piﬁ ) and uiﬁ *¢) is the stationary distribution of BPS when one
of the data z; is changed to arbitrary 7; € Z and 7’ is a dataset with replacing z; to Z;, and L, be its corresponding

empirical risk. From (22) in Lemma[T2] we have

Eo, [£(2:0,)] - Eq, [£(z:0,)] <(c1W + ByWs (>, u )

>

1

(B.€)y1,,(B.e)y\ 4
D(pz” " lluy"™")

<(e1W + B)Cy \/Dwéﬁ’fhmiﬁ’f)n( Lt
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where D (+||-) is KL-divergence and

1

. : 1(3 6)%,,B.) :

which is from Corollary 2.3 inBolley & Villani|(2005). Also, since we have [|6]] < W, C,,, < 2W holds. We denote the

density functions of uiﬁ "9), ,uiﬁ -8) as py, pr, and the normalization constants as Az, A, respectively. Let us calculate

D(,uéﬁ"s)Hpi,B’E)). We have

pu) Ay BMc+1je+adBIVLOI .
2@ - A, BM; ¥ 1s +agBIVLy @) OF (UL = Lu(6)). @7

so in order to obtain the upper bound of D ( ,uéﬁ )| u;,ﬁ

of (27). First, we suppress the second term.

©) ), we suppress each of the three terms of the right-hand side

VL0 = Hm(e) (Ve 0) - Ve e)H
<IVLy O)]1+ 1 IVE(z:6) = V(1)
<IVLA(B)]1+ 2 (16l + B)
where the last inequality is from (24). Hence,

BMe+ 16+ aaBIVLA@] _BMe+ Ve +aap (IVL @)1+ 3 (cllo) +5)
M+ 1/e+aaBIVL @) = M +1/e+aaBIVL (O]
2a4B(c1W + B)
<l+—=
n(BMe +1/¢)
Zad(01W+B)
* nM[

<1 (28)

holds. Second, we suppress the third term. We have

exp (—=B(Lz(6) — Ly (6)))

exp (-8 (3 csi0) - ez
2
exp (g (% + B||g|| + A))

2
Sexp(g (CI;V +BW+A)), (29)

IA

where we use (23). Finally, we suppress the first term. Using (28) and (29), we have

Ar  Joco BMe+1/e+aaBlVLy (9)]) exp (-BLy (6)) d6

Ar oo (BMy+ /e +agBIVL.(O)]) exp (—BL(6)) d

2
nM[ n 2

Combining (28], 29) and (30), we have

2 B 2 2

PO 109 (14 20al W B 2B (WD by s 4

pz (6 nMy n 2

4ay(c\W + B)
M,

log

1
<—

n

+B(ciW? +2BW + 2A)) ,
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S0
P e 1[4 W+ B
D(uP 1)) < - (M +B(eW? +ZBW+2A))
n M(
holds. We set Cy = 4ay(ciW + B)/M; and C = c;W? + 2BW + 2A, then we have
1 1
Cq+pC\2  (Cq+pC\*
@)szwmww)(( "n'g ) +( dnﬁ ) ) 31)
Finally, we evaluate (ZI)). Let us denote
A
A, (0) =
A0 = B+ 1o+ adpIV L0
A= (BM¢ + 1/& + aqB||VL,(0))e PO do.
0cO

Since the distribution of 6,, is

- 1
,u;’B’ )(dG) o (ﬁM(, + E +adﬁ||VLz(9)||) exp(—BL,(0)),

we have

1 o~BL(8,)
Eg, [L2(0,)] = - 3 ( 0, [log Tgu)

= (Ba,[=10g (6,01 ~Eq, llog A, (6,1

Since we have Eg, [[|0, I’)] < W2, we can calculate the upper bound of Eg, [-log pz(6,)] by the differential entropy
of Gaussian distribution in the same way as the discussion of Section 3.5 inRaginsky et al.|(2017):

+Eqg, [log Az(e,u)])

d 2me
Egﬂ [— lngz(eﬂ)] < 5 lOg (TWZ) .

Using (24), we have

A
,BM[ + 1/8 + ad,B(ch+ B))

log A;(6) > log
In addition,
log A =log/6: @)('BM[ +1/e+aqB|IVL,(0)]))e PP dg
€
zlog/ (BM, + 1/8)67,8&(0)‘19
0€0

=log(BM, + 1/¢) +log/ e BL(9) gg
6O

. d 2r
> log(,BMg + 1/8) _ﬂLz + 5 log E

holds, where the last inequality is from the equation (3.21) in[Raginsky et al.|(2017). Here, we denote L, = infgce Lz(0).
Hence, we have

1(d 2re BMy+1/e+ayB(ciW + B) d 2
<—[=log|=—W?| +1 +BL; — —log— |- L}
@‘ﬁ(z Og( d ) © BM; + 1/¢ Bl =7 log 5|~ L
1(d eW?c8 aq(ciW + B)
<% +log (14 28T PRI 32
=3 (2 og— 0g M, (32)
We combine the result (26, (31), and (32)), then obtain the statement. i
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F Proof of Proposition [6]

(B.2) (B)

Proof. Let 8, and 6, be the random variable which obey the distributions and v, respectively.

In the same way as Theorem 5} we have

B, [Eoy [L(0x)]] = inf L(6) <E. [Eo, [L(9%)] ~ Eq, [L(8,)]]

+E, [Eq, [L(6,)] — Eo, [L(60,)]]
+E, [Ea, [L(6)] - Bo, [La(6,)]
+E, [Eq, [La(6)] = inf Ly(0)].

v

(33) can be evaluated in the same as Theorem [5}

First, we evaluate (34). We have

Eg, [L(8,)] - Eq, [L(6,)] < WWA(ulP ), viP)

(33)

(34)
(35)
(36)

from the same discussion in the proof of TheoremE} Since both 6,, and 6,, satisfy the log-Sobolev inequality, we can

use Otto-Villani theorem (Bakry et al.,|2014)), and

Wau V) < 2D () vP)

holds, where D denotes the KL-divergence and c(L[? is the log-Sobolev constant of véﬁ ). We have

(BM¢ + 1/e+aaPllVL(0)]]) exp (=BLz(0)) /Ay
exp (_ﬁLz(e)) /Av

Ay
<Eg~yu [log(,BMg +1/e+ adﬂMg)A—] ,
u

D IvP) =Eo-, [log

(B.€) (B)

where A, and A, are normalizing constants of the density functions of and v,”’ respectively. We have

A, Jo exp (=BL,(6)) db 1

Na ~ JoBMe + /e +aaBIV L, (@) exp (—BL(6) o~ BM+ 1/

hence we have
D (2 |lv?) < log (1 +aapeMy) .

As a result, we obtain

Ba, [L(6,)] — Ba, [L(6,)] < Wy2¢® log (1+ aupeMy).

Second, we evaluate (35). Let vi’,B )

way as Section 3.6 in|Raginsky et al.|(2017), we have

2¢%) pm,

Wz(viﬁ),vf)) < "

Hence, we have

(B)
0, [L(0)] - Bo, [L(0)] < (e W+ B) 5 21E

22

(37)

be the Gibbs distribution when one of the data z; is replaced by z;. In the same

(38)
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Finally, we evaluate (36). This term can be evaluated on the same way as Proposition 3.4 in[Raginsky et al.|(2017) and
we have

o, Lu0.)] - nf £.(0) <5 oe (Z”ZWZ) - o 7]
:% log (ewzc‘ﬁ) . (39)
We combine the result (37), (38)), and (39), then obtain the statement. O
G Proof of Theorem
Proof. Let6fk, 6, be the random variables whose distribution is piﬁ 1’<8> and ,uéﬁ ©) respectively. Let L; = mingee L(6).

We have
EH}( [LZ(GK)] - L; :(EBK [LZ(HK)] - EGH [LZ(GM)]) + (EOy [Lz(gﬂ)] - L;)

As the first term of the right-hand side, we can use the Wasserstein distance in the same way as the proof of Theorem
[Blas in 26). Hence, we have

Eox [L2(0k)] = Eg, [L2(0,)] < (/W + B)YWdk (B, &, d).
Further, using (32)) in the Proof of Theorem 3]

W2
¢ Cl'B+log1

+ad(c1W+B) + LF
d M,

z

1(d
EO” [LZ(QIJ)] S[E Elog

holds, which completes the proof. m}
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