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ABSTRACT

Flow models parameterized as time-dependent velocity fields can generate data
from noise by integrating an ODE. These models are often trained using flow
matching, i.e. by sampling random pairs of noise and target points (xg,x1) and
ensuring that the velocity field is aligned, on average, with x; — xo when evalu-
ated along a time-indexed segment linking x( to x;. While these noise/data pairs
are sampled independently by default, they can also be selected more carefully
by matching batches of n noise to n target points using an optimal transport (OT)
solver. Although promising in theory, the OT flow matching (OT-FM) approach
(Pooladian et al., 2023; Tong et al., 2024) is not widely used in practice. Zhang
et al. (2025) pointed out recently that OT-FM truly starts paying off when the
batch size n grows significantly, which only a multi-GPU implementation of the
Sinkhorn algorithm can handle. Unfortunately, the pre-compute costs of running
Sinkhorn can balloon, requiring O(n?/e?) operations for every n pairs used to fit
the velocity field, where ¢ is a regularization parameter that should be typically
small to yield better results. To fulfill the theoretical promises of OT-FM, we pro-
pose to move away from batch-OT and rely instead on a semidiscrete formulation
that can leverage the fact that the target dataset is usually of finite size /N. The SD-
OT problem is solved by estimating a dual potential vector of size N using SGD;
using that vector, freshly sampled noise vectors at train time can then be matched
with data points at the cost of a maximum inner product search (MIPS) over the
dataset with a cost O(N). Semidiscrete FM (SD-FM) removes the quadratic de-
pendency on n/e that bottlenecks OT-FM. SD-FM beats both FM and OT-FM on
all training metrics and inference budget constraints, across multiple datasets, on
unconditional/conditional generation, or when using mean-flow models.

1 INTRODUCTION

Flow-based generative models (Rezende & Mohamed, 2015; Dinh et al., 2016; Kingma & Dhariwal,
2018; Grathwohl et al., 2018) can gradually transform noise vectors into structured data. Flow
models parameterized as time-dependent velocity fields (Chen et al., 2018) vg (¢, x) can be efficiently
trained using flow matching (FM) (Lipman et al., 2023; Peluchetti, 2022; Albergo et al., 2023) to
yield state-of-the-art performance (Zheng et al., 2024; Esser et al., 2024). The FM training approach
proposes to sidestep the need to differentiate through a costly numerical ODE integration at training
time by instead minimizing velocity fields locally through a regression loss. In a nutshell, the loss
is formed by sampling a pair of noise/data points (xg,x1) and a random time ¢ € [0, 1] to evaluate
lx1 — x0 — vg(t, x¢)||%, where x; := (1 — t)x¢ + t X1 is a barycenter in the [X¢,X;] segment.

Coupling Noise xData. A crucial ingredient in the FM methodology lies in choosing the coupling
of noise/data used to sample pairs. Indeed, given a source and target distribution, there are infinitely
many probability paths that can interpolate between them; choosing a different coupling yields a
different loss and hence a different flow (Albergo et al., 2023; Liu, 2022). The default formulation
of FM (Lipman et al., 2024) relies on the independent coupling, where noise and data are sampled
independently. While simple and cheap, this approach is known to produce ODE paths with high
curvature, which requires increased compute at inference time. In practice, the quality of samples is
highly dependent on the number of function evaluations (NFEs) used to integrate the ODE.

Optimal Transport Flow Matching. Tong et al. (2024) and Pooladian et al. (2023) have proposed
using an optimal transport (OT) coupling to select noise/data pairs motivated by the dynamic least-
action principle of Benamou & Brenier. Both works advocate sampling n noise and data points,
compute an optimal n-permutation (or n X n coupling matrix, from which pairs of indices are sam-
pled from), as illustrated in the middle-left plot of Figure 1. While appealing in theory, OT-FM yields
limited improvements for an additional precompute cost. In a follow-up work, Davtyan et al. (2025)



Under review as a conference paper at ICLR 2026

I-FM OT-FM SEMIDISCRETE-FM
Noise N Data | x1,...,%xp ~ N Precompute: fit g € RY | Train: assign noise
FY \
® ° o og——=0 e oo Ooo
° ® 0. Qg
\ — .. %
° ° 0a®% O
[ ()
3 ‘\” .:o 08
¥1,---,¥n ~Data 9 J <N . ,
J7 = argmax; X'y, + g5
x~N —y ~Data Xi = Yoy glgni:;sziEN[lnfxx’ Yi+9)— 82,9 x~ N =y

Figure 1: I-FM (left) assigns noise to data purely at random. OT-FM (middle-left) samples batches
of n noise and n data points and re-aligns them with an optimal matching permutation ¢*. These
matches are, however, inherently unstable, as n points do not reflect the whole noise distribution nor
the dataset. Increasing drastically n can mitigate this issue (Zhang et al., 2025), but at a significant
cost. Our method, SD-FM (right), solves these issues in two steps: in a precompute phase, the
semidiscrete OT problem (parameterized as a vector of size IV, the dataset size) is solved using
SGD. At FM train time , each newly sampled noise is assigned to a data point using a maximum
inner product search, Laguerre cells (Mérigot, 201 1) being illustrated in the plot. Our figure uses no
entropic regularization (¢ = 0) and a neg-dot-product cost for simplicity, see (4) for more generality.

have proposed to keep in memory the pairings returned by multiple Hungarian solvers run along
training iterations, but this approach is bottlenecked by a price of O(n?) at each batch. Zhang et al.
(2025) hypothesize that the mitigated results of OT-FM are due to the choice of a small n: Indeed,
optimal matchings on small sample sizes are inherently unstable and cannot reliably approximate
matches that would appear for far larger n due to the curse of dimensionality (Hiitter & Rigollet,
2021; Chewi et al., 2024). Zhang et al. (2025) propose to instead use the Sinkhorn algorithm with
significantly larger n (from 256 used originally to ~ 10%) using a multi-GPU-node implementation,
carefully ablating the role of ¢ regularization. They argue that these computations are precompute
costs, happening independently of FM training, and therefore can be cached beforehand. However,
that cost grows as O(n?/e?) (Dvurechensky et al., 2018; Lin et al., 2019) for every n pairs fed to
FM training. Their finding that larger n / smaller ¢ yield even better results hinders the adoption of
OT-FM as currently implemented (see also our discussion in Table 1).

The Semidiscrete Approach. Our work proposes an alternative route to OT-guided FM that does
go to the costly process of optimally pairing batches of noises to data. We leverage the entropy
regularized semidiscrete (SD) formulation of OT (Oliker & Prussner, 1989; Mérigot, 2011; Cuturi
& Peyré, 2018; An et al., 2020), which studies OT from a continuous (noise) to a discrete (data)
distribution. SD-OT relies on a potential vector of size N of the target, fitted using SGD (Genevay
et al., 2016). At FM train time, freshly sampled noise is paired to a point in the dataset in O(N)
time, as summarized in Figure 1. Following the presentation of background material in Section 2,

* We propose in Section 3 a new convergence criterion and convergence analysis of SGD for regu-
larized SD-OT that is applicable to both the ¢ = 0 and € > 0 cases.

* We introduce in Section 4 our semidiscrete FM (SD-FM) method, comparing it to FM and OT-FM
in terms of memory and compute. We propose a generalization of the Tweedie formula (Robbins,
1956) for flows trained using SD-FM, with a correction d. that vanishes when ¢ ~ 0 or ¢ = oc.
We use it to sample from a geometric mixture of distributions using their velocity flows.

e We illustrate in Section 5 in a varied set of (un)conditional generative tasks the advantages of SD-
FM over OT-FM and FM. We show that SD-FM results in a better pairing of noise to data (as seen
in better metrics) for a negligible computational overhead relative to the cost of FM training.

2 BACKGROUND AND RELATED WORK

Stochastic interpolants and flow matching. For two probability distributions pu,v € P(R?),
let T'(u,v) € P(R? x R?) be the set of couplings between p and v, i.e. all joint distribu-
tions having g as v as their first and second marginal, respectively. Consider a source and
target pair of distributions pg, 1 and @ € T'(ug, 1) a prescribed coupling between the two.
For an interpolant function (¢,x,y) — ¢i(x,y) € R¢
such that ¢o(x,y) = x and ¢1(x,y) = y, Al

dX; = v (Xy)dt
bergo et al. (2023, Definition 2.1) prove that to a cou- 0 = vi(Xe)dt,

Xo ~ po- (1)
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pling 7 and an interpolant function ¢; corresponds a flow generating a continuous proba-
bility path p; € P(R?) where p; := ;#m, where # is the pushforward operator, and
po = Mo, pr = 1. That interpolant can be written equivalently as a probability flow
ODE with a random initial condition (1), for a suitable time-parameterized velocity field v;.
Access to vy then allows for samples Xy ~ g to be transformed into samples X; ~ p; through
evolution of (1). Training a neural approximation vy for the flow field v can be done by sampling
(Xo,X1) ~mandt € [0,1], setting X; := (X, X1) and minimizing (2).

The linear interpolant ¢ (x,y) := (1—t)x+ty
and the squared Euclidean distance for £ are mein Ey,(x0,x,)~on L(X1 — Xo,v9(t, Xy)). (2)
commonly used (Lipman et al., 2024, Eq. 2.3).
Albergo et al. (2023, Thm. 2.7) prove that the global minimum in (2) recovers v; from (1). Other
interpolants or loss functions (Song & Dhariwal, 2024; Kim et al., 2024) as well as penalizations
facilitating one-step generation (Boffi et al., 2025, and references therein) have also been proposed.

Straighter flows... While the independent product coupling 7y := o ® p; is the most widely
used in practice (Lipman et al., 2024, §4.8.3), it may not be efficient in the sense that it induces
curved flows. This means that adaptive ODE solvers consuming many neural function evaluations
(NFEs) must be used to generate data at inference time. This is hardly surprising from an OT
perspective (Santambrogio, 2015, §4), because the independent coupling 7y is known to incur a
high transportation cost, where for any valid coupling = € T'(ug, 111) that cost is usually defined as
C(m) == E(x,,x,)~n | X0 — X1||2. Concretely, although the flow v, learned from 7; might validly

link 1o to p1, its kinetic energy [y ||vt||%2(pt)dt is high. Benamou & Brenier (2000) show how

optimal transport arises naturally as the least-action dynamics that transports pg to w1. That map is
exactly the Monge map, and the corresponding optimal flow paths are straight lines that would be
trivial to integrate. To benefit from this insight, two families of works have emerged.

... using Reflow. Liu (2022) proposes to straighten a pretrained flow model (Liu et al., 2022) using
Reflow, a method that forms noise/generated-data pairs, used subsequently to improve that model
using FM. For Reflow to work, the pretrained flow model must be good enough to generate approx-
imately the target distribution, and significant compute must be spent on generating at each reflow
step (through ODEs) a large number of “virtual” data points. While successful (Liu et al., 2024),
Reflow is a costly recursive post-training procedure that uses FM training as an inner iteration.

using pairs sampled from OT couplings. Pooladian et al. (2023) and Tong et al. (2024)
(see also discussion in Lipman et al. 2024, §4.9.2) propose OT-FM, a much lighter approach
that simply replaces m; by a coupling 7 that should, ideally, approximate the OT coupling 7* =
arg Minycp(,,4,) C(m). Compared to Reflow, which uses FM as an inner step, OT-FM adds a
pre-processing effort to FM training, to select better noise/data pairs. Because the ground-truth OT
coupling 7* is never known, however, they use OT matrices: sampling n ~ 256 points from both
1o and 7, they match them using an OT solver (e.g. the Hungarian algorithm, Kuhn 1955) and feed
these pairs to the flow loss (2). Davtyan et al. (2025) proposed then LOOM-CFM, a hybrid approach
that stores buffers of paired noise/data samples (using the Hungarian algorithm). Unfortunately, OT-
FM yields only modest gains. Zhang et al. (2025) posit that this is due to the well-known statistical
bias arising when approximating continuous OT couplings using samples (Hiitter & Rigollet, 2021).
To reduce the effect of this bias, they use significantly higher n handled with a multi-GPU, multi-
node implementation of the Sinkhorn algorithm, carefully ablating the role of the € regularization
parameter. While encouraging, their results show better performance as n grows and € shrinks to
0, an explosive cocktail of hyperparameters since the cost of running Sinkhorn (1964) grows as
O(n?/e?). Fundamentally, these approaches are bottlenecked by their reliance on the discrete view
of OT problems — that is, they rely repeatedly on matching n i.i.d. samples of noise and data.

Conditional generation using OT. Chemseddine et al. (2024); Kerrigan et al. (2024); Hosseini
et al. (2025); Baptista et al. (2024) provided a noteworthy extension of OT-FM in the context of
conditional generation, where each data point x € R? is paired with a corresponding condition
z € RP. The data is now an augmented random variable (X1, Z;) ~ ji; € P(R¥*P), with a
marginal distribution [i1,z over conditions. The goal remains to generate samples from noise in
R?, but conditioned on a vector z € RP of interest. OT-FM has a natural generalization to this
setting, using the notion of condition-preserving triangular maps T : (x,z) — (T,(x),z) that
couples conditional noise distribution jig := N'(0,I) ® ji;,z € P(R**P) with augmented data in
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f11. Kerrigan et al. (2024, Prop. 1) (see also Baptista et al. 2024, Theorem 2.4) state that such
triangular maps can be reduced to transport of distributions supported on the product space R4+?
following exactly OT-FM principles, implemented as ODE trajectories using a conditional vector
field X; = v(¢t, X¢|z). OT-FM then consists in sampling n noise and condition vectors, along with
n data points and their known condition, which are then optimally paired using an augmented cost:

C((sz)? (X/azl)) = CX<X5XI> + ﬁCZ(Z7Z/)a B >0. (3)

Semidiscrete optimal transport. In the scenarios envisioned in this work, the noise measure 1 is
continuous, while the target measure p; of data is finite. This setting fits the stochastic optimization
approach outlined in (Genevay et al., 2016, §2), defined for two probability measures u1, v € Pa(R%),
a cost function ¢ : R? x R? — R and entropic regularization £ > 0 as:

ﬂerlr“l(i;?u) Ce(m) := E(x y)ur [c(X,Y)] + eKL(7|p @ v), P.)

This problem can be written in a semidual form (Cuturi & Peyré, 2018), leveraging the fact that v is
a finite measure, v := Zjvzl b;dy, where b = (by,...,by) is a probability vector. For a potential
vector g = (g1,...,gn) € RN, we define the soft-c transform (Peyré & Cuturi, 2019, §5.3) as:

—clog {Zjvzl bj exp (W)] >0 -
—mey (g5 — e(x 5], e=0.

One can solve (P.) by solving the concave maximization semidual problem parameterized entirely
by g, that Genevay et al. (2016, Alg. 2) proposed to solve using averaged SGD (our Algorithm 1)

fg,szxeRdH{ 4)

max F.(g) = Ex~u[fg:(X)] + (b, g). (Se)
geRN
For any € > 0, the values of (P.) and (S.) are equal. Moreover for ¢ > 0, given a maximizing
potential g* = (g7, ..., gk of (S), one can recover a minimizer 7} of (P.) that has density

fee(¥) + 97 — e(x.y;5)
€

drl(x,y;) = exp ( ) b; dp(x). 5)

3  IMPROVED OPTIMIZATION FOR SEMIDISCRETE OPTIMAL TRANSPORT

We adapt the approach of Genevay et al. (2016) to the much larger scales used in this work through
two novel contributions: we propose an unbiased convergence criterion to monitor convergence,
and a theoretical analysis to inform the computation of SD-OT that works also for the case € = 0.
Genevay et al. (2016) had not considered that case, which turns out to be the most promising when
using SD-OT within the SD-FM methodology presented next in §4.

Marginal Estimation for SD Couplings. The primal-dual relationship in (5) holds at optimality,
but can also be used to create a couplingby plugging a vector g € RY into (5) to define a joint
probability that only satisfies the first marginal constraint. The exponentiation in (5) can be rewritten

using the softmax operator mapping a vector z = (z1, ..., zy) to a vector in the simplex A,
_J| _biexp(zi/e) 1[j€arg max, z]b, _
Ubﬁ(z) - { {Zﬁ’:l by exp(zk/¢) ; , €>0, SN 1[k€arg max, z¢]by j , €=0. (6)

This helps to define a coupling 7. ¢ that arises from a partial optimization of the dual, as

A7 g(%,y;) = [se,g(x)];du(x) , where s g(x) 1= o ([g; — c(x,¥;)];) € AN, (7)
By construction, the first marginal of 7. g is p1: Indeed, the measure 7. ¢ (x,y;) in (7) sums to dy(x)
when integrated against the data for a fixed x, since summing w.r.t. index j is akin to summing a
weighted soft-max distribution. On the other end, 7. z would be an OT coupling if and only if its
second marginal, defined as m(g)
through an integral in (8), coincided m(g) := [7T57g(Rd,yj)]j:/Sg7g(x)dﬂ(x) e AN, (8)
with b, by analogy to the Sinkhorn al- zCR
gorithm (Peyré & Cuturi, 2019, §4.14). Note that 7. & solves (P.) if g is a maximizer of (S.).

Convergence Criterion. To our knowledge, no convergence criterion has been considered in the
stochastic SD-OT literature (An et al., 2020, Alg.1), (Genevay et al., 2016, Alg.2). Recall that g is
the solution to the dual problem if and only if m(g) = b, i.e. the v-marginal constraint is satisfied.
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A good criterion for convergence could be given by
a distance between m(g) and b. A natural can- 10°4
didate could be total variation, TV(m(g),b) =
1|lm(g) — b||1, as often used to track the conver-
gence of the Sinkhorn algorithm. Unfortunately for
continuous p, the expectation used in m(g) would

3 — Adagrad
---- SGD

Pm(g) || b)

need to be replaced with an empirical mean, leading o

to a biased estimate, because that expectation would 10724 — c-ou :

be inside the norm. Reducing that bias would re- | LR deeay started i
quire a number of samples scaling linearly with NN, 107 10°
making it prohibitively large. Fortunately, one can # of noise samples / N

efficiently obtain an unbiased estimator for the y2 Figure 2: SD-OT convergence:  Y>-
divergence, defined for two vectors p,q € A as divergence vs. SGD optimization steps for
X2(pllq) = >(p; /q;)%q; — 1. That x? divergence ImageNet-32, averaged over 3 seeds. See
can be formulated as an expectation, as highlighted ~Appendix C for details.

in the fact below, proved in A.1:

Fact 1 x*(m(g) [ b) = [ 2 s g e (A ~ 1 ©)

When v is uniform, by Lemma 7, the above x? divergence is also equal to the rescaled squared norm
of the semidual gradient. From (9), we propose in (10) an unbiased estimator using a batch of i.i.d.
samples X1, ...,Xxp ~ p that can be computed in O(N B) time. Figure 2 shows that we are able to
effectively track X? as it decays towards zero along SGD updates.

R(b(8) b) = g s & (Cilsegxily)’ = Silsegx))?) =1 (10)

Convergence Analysis. Studying the case € = 0 requires some additional regularity assumptions,
that we use to state the convergence guarantee of SGD for SD-OT in Theorem 2.

Assumption 1. Suppose c¢(x,y) = —x 'y, § :== min;.; |ly; — y;|| > 0, and p admits a density
w.r.t. the Lebesgue measure. Additionally, suppose the maximum p-surface area of any convex
subset of R? is bounded by C1'**, i.e. [54 p(x)dS(x) < C for all convex A C R?, S being the
d — 1-dimensional Euclidean surface measure. When p = N(0, I ), omax < 444 (Ball, 1993).
Theorem 2. Suppose either ¢ > 0 or Assumption 1 is satisfied. Let L. = 1/e for ¢ > 0 and
Lo = C}* /0 else. For any K € N, let ny = \/A/(L:K) be a constant learning rate, where
A = F* — F(0). Let gy, denote the SGD iterates with gy = 0, and let t ~ Unif({0,..., K —1}).
Let g7 be an optimal dual solution to Equation (S.). Then, for any € > 0, and taking expectations
w.r.t. the randomness in noise samples and t,

. . 1/2 1/4
E*(m(g:) b)) S s Lea and E[Ce(ws,gt)]fces(IlgsH2+L%) (52)7.

If the number of iterations is not fixed a priori, one can use the decaying schedule 0y, = \/A/(L:k),
which replaces 1/K with log K/K in the bounds above. The above statement shows how the
second marginal of 7. ¢ approximates the correct marginal v, and how its (entropic) transport cost
approximates the optimal cost as K grows. Interestingly, both entropic € > 0 and unregularized
€ = 0 cases (pending Assumption 1) are valid, supporting our use of ¢ = 0 throughout the paper.

4  SEMIDISCRETE TRANSPORT FOR FLOW MATCHING

We discuss the comparative advantages of SD-FM over OT-FM and I-FM. We follow with a gen-
eralized Tweedie identity for flows trained with regularized SD-FM that incorporates a correction
term. That term vanishes when either ¢ — oo (I-FM) but also, more surprisingly, when € — 0.

SD-FM vs. OT-FM vs. I-FM. Building on Section 3, the OT problem is solved between Gaussian
noise /o and the data measure fi; supported on (xgl)7 e ,ng)). This framework can also accom-
modate the conditional generation setting, in which observations are paired with a p-dimensional
condition, see Section 2. We follow Zhang et al. (2025, §3) and use the dot-product cost

c(x,y) := —x"'y (augmenting it with temperature /3 for conditioning (3)) and rescale ¢ with the cost
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matrix standard deviation for a sampled reference batch. As illustrated in Figure 1, SD-FM works in
two steps, (1) solve SD-OT between 1o and p, before flow training, storing g* € R solving (S.);

(2) in the FM train loop, pair a freshly sampled noise x to data xgk), where k ~ s g+ (x0) € AN,

As recalled in (7), for e > 0, this amounts Coupling | Memory Preprocessing FM Training

to a categorical sampling among N points, I-FM - - ( N E? s
: _ : ) OT-EM - - NE(© + O(dn/e

while for ¢ = O*thls reduces to an as ot R | INE | OB NEO

signment to the k*-th point in the dataset, SDEM N NdE NE(© + dN)

k* = argmaxy g5 + <x0,x§k)> (or sample
uniformly among ties if they arise). The lat- Table 1: Complexity of I/OT/SD-FM given N:
ter Operation is Shghtly faster than Categor- dataset SiZe, d: data dimension, E: FM training
ical sampling, as observed in Fig. 4. The epochs, n: Sinkhorn batch size, e: entropic regular-
differences between these three approaches ization, ©: cost of Computing FM loss’ gradient fora
are highlighted in Algorithms 3, 4, 5, 6. In pair. K: SD SGD steps. OT-FM* is the cached vari-
a nutshell, SD-FM uses a simple SGD pre- ant of OT-FM. © dominates all costs, N > n, € = 0.
compute effort to fit g, with a minor lookup effort to pair each noise with a datapoint, rather than
making potentially costly calls to Sinkhorn in OT-FM. That lookup is a MIPS procedure (Shrivas-
tava & Li, 2014) when € = 0, solved exactly, incurring a Nd cost (noise x data dot-products) and a
max over N values. This might be sped-up with the use of approximate MIPS, left for future work.

Score Estimation and Guidance A key property that connects flow matching and diffusion mod-
els is that learning the marginal velocity field under independent coupling and Gaussian noise is
equivalent to estimating the marginal score along the probability path. Namely, let p; denote the law
of Xy = (1 —t)Xo + tX;, where Xy ~ pg = pand X; ~ p; = v independently. Recall that,
Vl1og pi(x) = E[Vi, log py1 (X | X1) | X, = x] = 27~ (1n
Note that the above is Tweedie’s formula since the flow matching velocity that transports pg to py
satisfies (1 — t)vs(x) = E[X; — X | X = x]. While (11) relates score and velocity, the second
equality above relies on the independence of X and Xi; it may no longer hold under general
couplings. Surprisingly, we find that for SD-OT couplings (11) still holds approximately for € = 0.
Proposition 3 (Generalized Tweedie’s Formula). For any g € RY, let Xy, X1 ~ Te,g let py
denote the density of X; = (1 —t)Xo 4+t X1 fort < 1, and define v,(x) = E[X; — X | X; = x].
Suppose py = N(0,1;). Then, Vlogpi(x) = w holds for any € > 0, where

8. = 1E [V, c(Xo, X1) + E[Vx,c(Xo, X1) | Xo] | X; = x] fore > 0, and §, = 0.

For small ¢ and ignoring other constants, one can show that ||5.|| < e~!/¢ /e, thus going to zero as
€ — 0. Intuitively, this happens because X; becomes increasingly determined by X, as ¢ — 0.
Note that £ — oo recovers the independent coupling, and we obtain the same score as expected.

Correcting the Guidance. To see a direct application of Proposition 3, consider the case where
we have two flow models (,01,t)%:0 and (pg’t)tl:() that are generated by velocity fields vy ; and vg ¢

respectively. For simplicity, we consider the case where both flows start from pg. Our goal is to

sample from p{") = plpas’/ 7 for some v > 0, where Z.") is the normalizing constant. One

example is classifier-free guidance (Ho & Salimans, 2022) where p; is a conditional model and po
is unconditional or, more generally, autoguidance (Karras et al., 2024), where p, is a weaker model

compared to p;. While in practice we often directly combine the corresponding velocity fields, the

samples are not guaranteed to be from p@, and we need additional “correction” as laid out below.

Proposition 4 (Informal). Let (Xéi))le "X po, and define (Xt(w))%:o by the ODE
AX7 = o (XY + (1= o XT)}at, Vi € [r].
Furthermore, define the weights
W) = y(y — 1) / (01 /(XD =0y (XTD), Vog pry (X)) = Vog po (XDt

Draw I ~ softmax({w")}_,), and let X; = Xt(v’l). Then, Law(X;) — pfﬁ) asr — oo.

This result can be seen as the flow matching variant of correctors used for diffusions (Bradley &
Nakkiran, 2024; Skreta et al., 2025). Concretely, to sample from p7, one must generate a number
of i.i.d. samples using the combined velocity field, and draw the outcome according to the weights.
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Figure 3: Better SD Potential Estimation = Better Curvature and FID: On ImgN32, convergence
of dual potential g vs. SD-FM (¢ = 0) curvature and FID; I-FM is shown as lines. Note that
curvatures of different solvers are computed on different trajectories, hence they are not comparable.

However, calculating weights requires knowledge of the scores V log p;. Thanks to Proposition 3,
either for the case of independent coupling (¢ = 00), or unregularized semidiscrete couplings (¢ =
0), we can calculate them using the velocity model and obtain

() =y — 1 ¢ XN o (x[Pas
w =v(y-1) 1_¢ v (X 7T) — o2 (X)) .

5 EXPERIMENTS

5.1 IMAGENET & PETFACE: UNCONDITIONAL AND CLASS-CONDITIONAL GENERATION.

We consider generation in raw pixel space for the ImageNet (ImgN) train fold (Deng et al., 2009),
augmented by horizontal flipping (N=2.56 M images) in (32,32) d = 3072, and (64,64) d = 12288
resolutions, and the PetFace dataset (Shinoda & Shiohara, 2024) of animal faces (N= 1.27 M im-
ages) in size (64,64). We measure generation quality using FID (Heusel et al., 2017) and flow cur-
vature (Lee et al., 2023). I-FM, OT-FM and SD-FM training differ exclusively in the way noise-data
pairs are sampled, all other aspects of FM training stay identical, using Pooladian et al.’s setup.

FID vs. Potential Quality. We investigate whether spending precompute effort to get better poten-
tial g for SD-FM translates into better model performance on ImgN-32. Concretely, we record six
different iterates of g along the SGD iterations in Algorithm 1, tracking their convergence criteria
X%(m(g)||b). We train six SD-FM models using these six vectors to assign noise to data. We plot in
Figure 3 the FID and curvature across 4 ODE solvers. We observe that FID improves and curvature
shrinks with lower %2, confirming the main hypothesis of our paper that sharper SD-OT provides a
more useful coupling for FM, with gains that seem to saturate when X2 ~ 0.05. The runtime needed
for SGD to converge is of the order of 12 hours on a node of § xH100 GPUs.

FID vs. Pairing Time Cost. We consider the FIDs on ImgN returned by I-FM, replicate the setting
in (Zhang et al., 2025) for OT-FM using ¢ € {0.01,0.1} and n € {2'5,217 219} and finally SD-FM
using a fixed K budget for SGD with ¢ € {0,0.01,0.1}. We show uncurated samples generated by
I-FM and SD-FM in Figures 9 and 11. We provide results (second line) in ImgN-32 where coupling
computations happen in the k£ = 500 principal components of the data, as proposed by (Zhang et al.,
2025): this impacts all complexities presented in Table | by substituting k for d. We stress that PCA
is only used to speed up noise/data pairings — FM training is unchanged. For ImgN-64, the costs
of running OTFM for large 7 is too large in full d = 12288, we only report the PCA (k = 500)
setting. SD-FM improves FID compared to I-FM, specially for cheaper fixed-step Euler solvers, for
a far smaller time overhead compared to OT-FM. To put these overhead costs in perspective, we
display in a red-dashed line the average time © (see Table 1) needed to compute the gradient of the
FM loss on one pair. In summary, for a pairing overhead cost negligible w.r.t. ©, SD-FM delivers
dramatically better performance than I-FM, especially for small inference budgets.

Class-conditional ImgN and PetFace. We train class-conditional flow models using SD-FM, fol-
lowing the principles presented in Section 4, taking the condition z to be a one-hot vector. ImgN and
PetFace consist respectively of 1000 and 13 classes. As in the unconditional case and Figure 4, we
show FID for ImgN as a function of time-per-pair for generation in Figures 7 and 8. Compared to the
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Figure 4: FID vs. time needed to form a pair, when training I-FM, OT-FM (varying batch sizes
n) and SD-FM. We use £ = 0 (SD only), 0.01,0.1. Couplings are computed using full d or PCA
space. Red-dashed lines show the per-sample time © needed to compute the gradient of the loss for
one pair. SD-FM yields significant improvements for a negligible overhead.

FID | (Unconditional) FID | (Class-conditional)
Euler4  Euler8  Euler 16  Dopri5 ‘ Euler4  Euler8  Euler 16  Dopri5

L-EM : 7995 3790  19.68 9.10 | 34.51 1295 739 391

e=0 4562 2375  15.02 842 | 2604 1206  7.32 3.63

ImageNet-64 (SI]’)C-.]:]\g()O) e=0.01 4568 2391 15.10 845 | 26.15 1226 751 3.63
e=0.1 4590  24.05 15.35 858 | 2592 1216 742 3.64

LFM - 56.53  26.85 13.38 126 | 47.66 2191 11.56 1.09

e=0 2054 1277 7150 126 | 1910 1210 713 1.05

PetFace (Sflzl’lF i ol =001 2058 1291 767 123 | 1932 1210 7.06 1.04
e=0.1 209 1296 759 118 | 1946 1220 7.8 1.04

Table 2: FID for ImageNet 64x64 and PetFace 64x64 unconditional/class-conditional generation.

unconditional setting, we find that the gap between OT-FM and SD-FM is even more pronounced,
owing to the slower convergence of Sinkhorn. At 64x64 resolution, the cost of matching points for
OT-FM at large n sizes becomes too great (over 10 days) and is therefore not shown. See results in
Table 2. Generated samples are shown in Figures 10, 12, 14. Class-conditional results in Table 2 are
consistent with our observations for ImgN, with SD-FM outperforming I-FM in all cases.

5.2 CONTINUOUS-CONDITIONAL GENERATION: CELEBA SUPER-RESOLUTION

As an example application to continuous- Noise o = 0.1 Noise o = 0.2
valued conditions, we apply SD-FM to train LEM SD-FM LM SD-FM
flow models for conditional sampling in im- e 0 | o0.01 0 | 0.01
age super-resolution (SR) problems.  We — ~~ psnr(1) 2117 ‘ 2138 ‘ 21.41 ‘ 20.04 ‘ 20.44 ‘ 2042
use the CelebA dataset (Liu et al., 2015) SSIM (1) 067 | 069 | 069 | 061 | 0.63 | 0.63
rescaled to 64x64 resolution, containing gesg  PSNR(D  17.52 ‘ 17.87 ‘ 17.94 ‘ 16.50 ‘ 17.35 ‘ 17.34
162k train images. We downsize them to SSIM(1) 050 | 051 | 052 | 044 | 048 | 048
16x16 (4x SR) or 8x8 (8x SR) and ap- _

ply Gaussian noise with standard deviation Table 3: CelebA super-resolution results.

o € {0.1,0.2} to form a condition z and
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run SD-FM with continuous data and conditions as described in Section 4. We compare to I-FM
trained by sampling x¢ ~ N(0,1;) ® fi1,z and from the augmented data distribution of images x
paired with their corrupted version z. We sample from the trained model, conditioned on corrupted
images from the CelebA validation set to obtain a high-resolution reconstruction.

Since the ground-truth image x is known, we rely on the peak 0.35{® o 20175
signal-to-noise ratio (PSNR) and structural similarity index e 7

measure (SSIM, Wang et al. (2004)) to measure reconstruction E 0.30 y . soru 0.150
accuracy. Results are summarized in Table 3 and we show sam- é 02sl™ A v LEM 0195 3
pled reconstructions from the validation set in Figure 16. g7 W e o o ~
5.3 GUIDANCE: IMGN32 0200 ¥y 0.100
For ImgN-32, Figure 5 shows the effect of r, where r = 1 is 0 1 3 4 ;

the CFG baseline without any correction and » = 0 is gener- r

ating from the conditional model without guidance. Increasing Figure 5: Precision & recall on
r improves generation quality (higher precision) but degrades ImgN-32 vs. # of guidance sam-
dleersny (lower recal})r We use the precision and recall calcu- ples 7. v = 2, NFE = 4, ¢ = 0.
lation given by Kynkiddnniemi et al. (2019).

5.4 ONE-STEP GENERATION WITH MEAN-FLOW: LATENT SPACE IMGN256
Recently, consistency models (models that incorpo- 7s
rate trajectory consistency regularizers in their train-

ing objective) have become a popular choice for few-

step generation with diffusions or flows (Song et al., —— I-MF XL-2

2023; Song & Dhariwal, 2024). We demonstrate that —4— SD-MF XL-2

60

the benefits of SD-OT couplings go beyond FM by % —— LMFM2

testing them on the MeanFlow (MF) model of Geng 6\ | SD-MFM2

et al. (2025), noting that different consistency for- 4 )

mulations can be unified and treated similarly (Boffi \%
et al., 2025; Sabour et al., 2025). Figure 6 compares

SD-OT and independent couplings for training MF; i 3 3 3

we use the same setup as Geng et al. (2025) to train NFE

an unconditional DiT-XL/2 model for 300 epochs Figure 6: FID on ImgN-256 vs. NFE for
on ImgN-256x256 in latent space and M/2 for 40 mean-flows.

epochs. Note that SDOT in latent space may be easier than pixel space owing to the Gaussianity
promoted in auto-encoder latents, see Fig.18.

LIMITATIONS AND DISCUSSION

Some aspects of the SD-FM pipeline presented here leave room for improvement. Figure 2 shows
that computing the SD-OT potential to a reasonable degree of precision impacts the performance
of SD-FM. That SD-OT preprocessing cost occurs only once prior to FM training; it only depends
on the noise distribution and data, and is typically much cheaper than the FM training cost itself.
However, if SD-FM were to be applied to datasets of billions N of points, this could become a
challenge (though still less so than FM training). Because SD-OT is a concave maximization prob-
lem, one could leverage recipes such as batching, momentum or e-tempering. For ¢ > 0, cat-
egorical sampling over a N-sized softmax vector would be costly, which is why we highlighted
the ¢ = 0 case that can leverage MIPS and fast retrieval tools (both to train g and to pair fresh
noise). For these reasons, and due to only very minor differences in performace, we would rec-
ommend that users use SD-FM with ¢ = 0. Finally, having in mind dataloader efficiency, one
may want to flip the tables in our sampling approach: Start from the j-th data point in memory,
and match it with a Gaussian noise restricted (Wu & Gardner, 2024) to be in its Laguerre cell
L;={x: xT(xgj) — xgk)) +g; — gr > 0,Vk # i}. While we have shown successful applications
of the SD coupling preprocessing approach to extended FM methods such as mean-flow or guid-
ance, SD couplings could be of course used within even more complex approaches building upon
FM, such as Reflow. Our focus was on ablating the impact of the SD coupling over the indepen-
dent coupling in the most widely used FM setup. Assessing how SD couplings interact with more
advanced or orthogonal methods is left for future work.

CONCLUSION

OT-FM can been used to guide the training of flow models by optimally pairing batches of n noise
n data points, with results only truly paying off for very large n. We proposed the more cost-
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efficient semidiscrete OT paradigm, building on a two-step approach (fit potential vector as a one-
off cost, assign noise when training through a MIPS) that is not bottlenecked by a batch size n.
Our experiments in various settings, both in unconditioned and conditioned scenarios, show much
improved metrics over I-FM and orders of magnitude cheaper compute compared to OT-FM.

10



Under review as a conference paper at ICLR 2026

REPRODUCIBILITY STATEMENT

We explain all the necessary details to reproduce our results in Section 5 and in Appendix C. We
attached the code needed to compute semidiscrete couplings in the submission as an addition to
the existing OTT-JAX toolbox (Cuturi et al., 2022), which should be sufficient for informed readers
to test out SD-FM using their existing FM implementation. We will open source our entire flow
matching pipeline, and provide our precomputed potential dual vectors for the datasets considered
in this paper, which are fairly small since they only store N floats.
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A OMITTED PROOFS

In this section, we provide missing derivations and proofs from the main text.

A.1 PROPERTIES OF SEMIDISCRETE COUPLINGS

We begin by stating a quick proof of Equation (9)

Proof of Equation (9). By definition

N 2
m(g)i
Clmie) [b) = Y () b,

=1
= L ([ seatianto)

J;l
- ;/Sag(x)jSe,g(X')de(X)du(X’) ~1

Next, we present the proof of the score formula for our semidiscrete couplings.

Proof of Proposition 3. We first consider the case ¢ > 0. In this case, the conditional law X | X; =
x; admits a density. We use the general denoising score-matching identity

Vlog pi(x) = E[Vx, log py1 (X | X1) | Xy = x], (12)

which does not depend on the X, X; coupling. For the sake of completeness, we present the
derivation of the above identity:

Vlog pi(x) = foé)(:)()

1
= m/vm\l()dxl)pl(dxl)

pe1 (x| x1)p1(dx1)
pr(x)

:/Vlogﬂt\1(X|X1)P1|t(dX1|X)-

Now, using the definition X; := (1 — t) X + ¢X; and the change of variables formula, we have

1 X — tX1
Pt|1(X|X1)=(1_t)dpo|1 1—¢ |x1 ).

=/v1ogpm<x|xl>

As aresult,

1 X —tx
Vlog py1(x|x1) = EVIOgPou ( 1—t1 Xl) :

Consequently,
1
xV log pi(x) = l—_tE [VXO log po1 (Xo | X1) | Xy = x] .

Let us define v(X1) = by and g(X;) = gy where I is the index of the random vector X;, i.e.
X = XEI). Recall that for ¢ > 0, the coupling is given by

9(X1)—c(X0.X7)

po1(Xo, X1) =

(Xo)v(X1).

3G —o(Xg%1)
x1eq1 601Z/(Xl)

15
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Thus, for o = N (0, I4), we have
g0k —e(Xp,xh)

1 1 Vi, c(Xo,x))e E v(x]
Vi, 10g poj1 (Xo | X1) = =Xo — =V, e(Xo, X1) + = - Z oo g(lx)l)—c(x(;m) by)
¢ - o, € : v(x1)

1 1
=-—-Xg— gvaC(Xle) + E]E [vaC(Xo,Xl) | Xo] .

Plugging this back into (12), we obtain

E[Xy| X =x 1
Viog o) = ~ 2 T L VoK, X0) + BVl Ko X1) | Kol | X =
“E[Xy| X, = x] +6.
B 1—t '

Moreover, since the optimal velocity field in flow matching is given by the expectation of the condi-
tional velocity field (Lipman et al., 2023), we have
X x —E[Xo | X; =]

- X
Xi—Xo x o = |
t t

Combining the two identities above finishes the proof for the € > 0 case.

ve(x) =K

For the ¢ = 0 case, we define Tj(xp) = argmax )y N g(x1) — ¢(xq,X1), where we can
=1

x1€{x;
arbitrarily break ties, by e.g. picking the maximizer with the smallest index. Then, with probability
1 over the draw of X, the samples X, X1 ~ pg 1 are given by X; = T1(X). As aresult, we can
write

Xt = Tt(Xo) = (]. — t)XO + tTl(Xo)
Recall that by Brenier’s theorem, 17 can be written as a gradient of a convex function, therefore
T; is strictly monotone and we can write Xy = Tt_l(Xt) for all ¢ < 1. Further, we observe that
T1(Xy) is a piecewise constant function, thus its Jacobian is O almost everywhere, i.e. we have
DT, (X)) = (1 — t)I almost surely, where D denotes Jacobian.

For any x;, define xg = T} *(x;). We can now use the change of variables formula

 po(xo)  po(Ty (%))
pa(xt) = |deth7TtO(x0)| - 0(1 —yd

As aresult,

V1og pi(x:) = DT, (x)V 1og po (T, (x¢)) = (DT (x0)) ™"V log po(x0)
1
mv log po(x0)
X0
11—t
where we plugged in pg = pu = N (0, I;) in the last step. Furthermore, since X} is Xo-measurable,
we have

Xt;XO ‘Xt:Xt :Xt_fl;til(xt) :Xt;XO

Combining the above equations completes the proof. O

'Ut(Xt) =E

The following is the formal statement of Proposition 4.
Proposition 5. Suppose v, ; and v, generate the probability paths py + and p ; respectively. Let
017 (%) 1= 014(%) + (1 = 7)o (%),

()
and define z/Jt('Y)(x) as the solution of the ODE dwtdit(x) = vt(ﬂ’) (x) with the initial condition

wév) (x) = x, ie wf@ (x) is the position of a particle initialized from xo = X, moving along
the velocity field vt(v). Define the weight

wi(x) =(y=1) / 70 (01,5 (00 (%)) =024 (4 (x))) " (V 1og p1 s (1) (x)) =V log pa, o (47 (x)) ) ds.
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Then, for any test function ¢ : R — R,

o () = 4 €I () dpo (x)
[ 90l = ST R,

Before presenting the proof of Proposition 5, we comment on its informal interpretation, Proposi-

tion 4. Let p(r) denote the stochastic empirical law of % i.i.d. random vectors (X(()i));:1 from po.
Then, if py is sufficiently concentrated, we have almost surely for all test functions

J e @ ()dp” (x) [ e (i (x))dpo(x)

13
[ ew®)dp{” (x) J ew I dpo(x) (1
as r — oo. Define p{"") as the measure that satisfies
/ S(a0)dplr ) () = 1P () ()
f €wt(x)dp((] )(X)
for all test functions ¢. Then, sampling from pEM) is exactly equivalent to drawing from

wt(X

(wﬂ)(X( )))z 1 according to (unnormahzed) weights e 6 . Finally, as » — oo, we have

gl (o) = LT N ) [ e DI () dpo x)d
p(x)dp; 7 (x) = - — —r (x)dp.”
[ ewtdpl) (x) Jew I dpo(x

as r — oo. Therefore, p,(f’v) converges almost surely, weakly to pm This is the sense in which the

convergence of Proposition 4 holds. We keep the argument informal since we do not study the exact
concentration properties required for (13) to hold.

To prove Proposition 5, we recall this result about the solution of an advection-reaction PDE.
Lemma 6. Suppose (p;)i>o satisfies

Oipr = =V - (prvs) + pi (o — /atdpt)v (14)

where vy : R? — RY and oy : R — R. Let 14(x) be the solution to the ODE dd’éit(x) = v (Ye(x))
with initial condition 1y(x) = x. Further define

t
we(x) = / as(s(x))ds. (15)
s=0
Then, for any t > 0 and any test function ¢ : R* — R,

_J e ™) p(1h;(x))dpo(x)
/<Z5 x)dps(x Tew(x)dpo(x)

(16)

Proof. We proceed by differentiating (16) against time to obtain (14) We have
o [ ot = 10T O(), 0u( () po) € P (tn(x) oL ()

f ewe ()P0 ) J e dpo(x)
Jent (x))dpo(x) [ OV ay (4 (x))dpo(x)
f ewf dPo x) J e dpo(x)

_ / (Vo(x), v (x))dpe (x / o(x ( / atdpt> dpi(x),

where the last equality holds by the change of variables formula. This is exactly the weak sense of
(14). O

As aresult, to prove Proposition 5, we only need to show that pp) satisfies a PDE of the form (14).

17
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Proof of Proposition 5. Let pp) = p?tpé_ﬂ be the unnormalized measure, and recall Zt('” =

J p(’Y) )dx is the normalizing constant. We have

0, 0
-1 1 tP1,t —~0p2t
8tp(7) —7P1 t P2 t’y ot + (1 - )Pl P2 Z ot

=—70] ¢ P2 'V (pravie) — (1= 7)pY.p20 V - (p2,4v24)
— V- (30 4 vy = 1D (w14 — vay, Viog pr s — Viog pae),

where we recall vt(w) = vyv1, + (1 — 7)va,, and the third identity follows from the product rule

V. (mv) =Vm-v+mV - v. Define

a(x) = y(y — 1)(v1,:(x) — v2,:(x), Vlog p1,¢(x) — Vlog p2.+(x)).
Then,

()
) p(V)( ) a p(W) Pt .7 ).
t Zt t ('Y) t

Note that Z" is constant in x, and 9, J p{(x)dx = 0. Therefore,

0,2 = o, / A (x)dx =z / v (x)dpy (x).

2p = =V - (o) 4 o (at -/ atdpt) .

We have obtained our desired PDE, which concludes the proof. O

Therefore,

A.2 PROPERTIES OF THE SEMIDUAL LOSS

Since we are interested in the semidiscrete case, the optimal transport plan always admits a density
with respect to the product measure p ® v, regardless of entropic regularization. Therefore, we
restrict the optimization problem to those that admit a density, and abuse the notation by using 7 as
the density of a coupling with respect to 4 ® v. Recall dme ¢(X,y;) = Sc,g(x);. Therefore, we can
rewrite C. . () as

Colreg) = ﬁ [ o350 ut) + ﬁ [ st tom (5% ) .

We first relate the dual objective F to the distance between v, and v.
Lemma 7. Forany g € RY and ¢ > 0, we have VF.(g) = b — m(g) (we use subgradient for
€ =0). As a result,

N
1 1
¥ (m(g) [b) = Y- (9, Fe(g))* and TV(m(g).v) = ;[ VF.(g)]-

J=1

In particular, for b = 15 /N we have x*(v:[g] | b) = N||[VF.(g)|>*

<.

Recall the Pinsker inequality TV < y/1KL and the fact that KL < log(1 + x?). Thus we can
always upper bound total variation using the chi-squared divergence.

Proof of Lemma 7. Note that the Chi-Squared and total variation bounds follow immediately from
angs(g) = bj 7m(g)ja o))
since then

N N 2
> @ F ) = 3 (HEL ) b -1 = (mie) )

18
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and
VE(g)ll, = Zlm i —bj| =2TV(m(g),b).

Thus, we turn to showing (17). For € > 0,

95 —c(x:y5)

(& € bj

g —c(x¥yE) b
k
Y€ -

In fact, one could show the above identity directly using duality and the envelope theorem, as b —
m(g) = 0 is a constraint of the minimization problem.

0y, F.(g) =b; — =b; — /Se,g(x)jdﬂ(x) =bj —m(g);-

For ¢ = 0, we similarly have
1|5 € argmax; g; — c(x,y;
00, Fo®) =b; [ 100 = I = b — [ s505(3) o),

Zivzl 1[k € argmax; g; — ¢(x,y1)]
which completes the proof.

The following allows us to turn an approximate stationary point (maximizer) of the dual into an
approximate optimal transport plan.
Lemma 8. For any g € RN we have C.(m.g) < C: + ||g|[|VE-(g)]|.-

Proof. Note that since v is a discrete measure, any coupling with the correct marginals admits a
density with respect to u ® v. Hence, we can use the change of variables dn(x,y) = s(x)du(x).
Then, we can write the OT cost as

Cr.= 5(13)120 Z/ X); {cx yj)-l-alog( (b) )—g] dp(x) +e

[ s()du(x)=b =1
Z;'Vzl s(x);=1

When ¢ > 0, we can drop the constraint 7 > 0 as it is satisfied by entropy regularization. The
Lagrangian is then given by

Z/ [ Xy])+€log<(;)j>—s} dp(x) + ¢

J

+ [rea(1- Zsoc)j)du(x) +(gb [ sGxdut).

Maximizing over s yields s(x); = e(/(*)+9;=¢(x.¥5))/¢ "and leads to the following dual problem

x) +g; — c(x,y;)
max D (f, ) /f )du(x) + (g, b —sz/eXP — : )bjdﬂ(x)+5a
This dual is maximized by

N
g; — c(x,y;)
fe.e(x0) = —EIOgZ;eXP (%)ba‘-
J:
Note that at f = fg ., Sfgg coincides with s, g of (7). The semidual is defined as F.(g) =
max s D.(f,g), and given by

F(®)=(sb)—< [ [1og2exp( 95 =YY Tau(x).
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for € > 0. Thus, we derived the semidual (S.) for € > 0. Importantly, one can verify

FL(g) = Lol faer®) = Colmeg) + (b~ [ 5.a(xdu(). (18)

We now turn to the case of € = 0. The Kantorovich dual in this case is given by

max  Do(f,9) /f )dp(x) + (g, b)

{f,g: fdg<c}

when € = 0, where f @ g < cmeans f(x)+g; < ¢(x,y;) for (u®v)-a.e. (x,y;). This is achieved
by

feo(x) = mjin c(x,y;) = 9;-
This yields the semidual
Fofg) = (g.b) + [ bminc(x.5;) - g,1dn(x)

We once again derived the semidual (S.). Using the definition of 7 g, we have

N
Folg) = (gb) + 3 [lex,35) 00,6 (c)sdux)

= i / c(x,y;)s0,g(x);du(x) + <g,b— / so,g(x)du(x)>.

Once again, we obtain

Folg) = Camog) + (b~ [ s.s(x)dn(x)),

i.e. we can extend (18) to e = 0. By Lemma 7, for any € > 0 we have

VE(g) =b - [ s.gduxo)
The above formula directly implies the total variation bound. Therefore,

F.(g) = Ce(meg) + (8, VF.(8)).
By duality, we additionally have F.(g) < C}. Combined with the Cauchy-Schwartz inequality, we
obtain C. (7 ) < CZ + ||g||[|VE:(g)||, completing the proof. O

A.3 CONVERGENCE OF SGD

We begin by recalling the following classical result from convex optimization, and we include its
proof for completeness.

Proposition 9. Suppose f : RN — R is a stochastic convex function with subgradient ¥V f, and
there exists a constant G such that B[||V f(g)||?] < G? for all g € RY. Define F : RN — R via
F() =E[f(.)], where expectation is over the stochasticity of f. Let g* denote any minimizer of I,
and F* = F(g* ) Let {gt}t _0 denote the iterates of SGD with the sequence of step size {nt}zﬂ:_ol.

Define gr = Zig mee 0 8L Then,

o
T—1
Ellg: —&"II”) < llgo —&*|° + G* Y _nf, VtelT].
t=0
If additionally F is L-smooth, i.e. |[V*F||op < L. Then
i mE[IIVF(gt)II | . Flgo) - Zt 0 mLG%
Zt oMt Zt o "t 221& o Mt
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Proof. By the convexity of F, for any g we have F* > F(g) + VF(g)'(g* — g). With this
property, for any [ we can write

Ellgi1 — g1 &) = llge — g*II” — 2nE[V f(g0) |g] " (g — &) + niE[IV £ (&) | ]
= |lgi —g*|I* —2mVF(z) (g — &) + nfE[|V f(&)]* | &]

< g —g*[1* + 2m(F* — Fg) +niE[|V.f(&)|1* | &)
Taking an expectation over g;, we obtain

Ellgir1 — &°I1°) < Ellg: — &*|I°] — 20iE[F* — F(g)] + nf G*.
By summing both sides from [ = 0 to ¢ — 1, we have

t—1 t—1
Elllger1 — g% < llgo — "> + > mE[F* — F(g)] + G* Y _n}
1=0 =0
T—1

<llgo—g*I>+G*>_ i,
1=0
which proves the first inequality.

For the second inequality, we start with the smoothness lemma

L
F(gir1) < F(ge) + VF(ge) " (841 — 1) + §Hgt+1 — g

Taking expectation conditioned on g;, we obtain

n2L
E[F(gi1) | & < Flg) — VIVF()I” + LBV (g0l |
Taking another expectation, we obtain
2 n; LG?
E[F(gi+1)] — E[F(g:)] < —mE[|[VF (g0)[]” + T

By rearranging the terms, summing over ¢ from 0 to 7' — 1, and noticing that F* < E[F(gr)], we

obtain
T-1 T-1

. 1
> mEIVF(g)|*] < Flgo) — F* + LG Yo,
t=0 t=0
which completes the proof. O

To apply Proposition 9, we need to estimate the smoothness constant of the dual, achieved by the
following lemma.

Lemma 10. Consider the semidual F. defined in (S.). For any cost ¢ : R x RY = R and any
€ > 0, we have HV2FEHOP < 1/e. Furthermore, if c(X,y) = —x 'y and ji admits a density, then
for e = 0 we have ||V2F0||Op < 207 /5, where § = mini#ngi) - ng) , and C** is the

maximum p-surface area of any convex set in R%.

Proof. By Lemma 7, we have

VE(g) =b - [ s.(gx)dulxo).
where we notice that for £ = 0 we can write
s0.g(X0)i = 1[g; +x"yi > g; +xy;, Vil

since p admits density, and consequently, ties in the maximum occur with probability zero. Thus,
for € > 0, by a direct calculation we obtain

VE(g) = - [ l5-s(0)s.(0) T  ding(s. g (x)]dn(x).

Using this calculation, one immediately obtains HVQFE Hop < %, which in fact does not depend on
the cost function (the argument above holds for any other cost c).
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For ¢ = 0, by Kitagawa et al. (2019, Theorem 1.3), we have
V2Fy(g) = W — diag(d),
where dl = Zj#i Wij
1

Wii = 0, and, VVZ =
! lly: — Yj|| A(g,i)NA(g,5)

(x0)dS(x), Vi # j
where A(g,i) = {x:g;i+x"y; > g; + x'y;,Vj} and dS denotes the d — 1-dimensional surface

measure in a Euclidean space. Note that —V2Fy is the Laplacian of a weighted graph with weights
Wi;; > 0, therefore ||V2F0 g)| < max¥, > ;i Wij. Further,

1 Cmax
Wy =Y pO0ASG < 5 [ xSt <
i Gz Wi T Yl JAg,)nA(s.) dA(g,1)
which finishes the proof. O

We are now in a position to state the proof of Theorem 2.

Proof of Theorem 2. Let F' = —F in Proposition 9. We begin by noting that for constant learning
rate g, =1 = 4/ LEAK and ¢ ~ Unif ({0, ..., K — 1}), we can interpret the gradient norm bound of

Proposition 9 as

o A pL.G?
< = 4 I7ET
BV E(g)I) < e + 175

where we recall from Lemma 10 that ||V2F e H < L. Moreover, let

Vﬁ' =b—-— Z Se g x(
denote the stochastic gradient where (x(*)) HLS- 1. We can define the probability distribution

ngg GAN

Then,
|VEe)| < | Vi), = 21V (b 1m(e) < 2.

As aresult, G = 2 in Proposition 9, and we obtain

LA
B[V Fe(g0)°] < 3/ —— (19)
Let vmin = min; b; for simplicity. Combined with Lemma 7, we conclude that
3 LA
2 2 €
b) < .
Cm(g)[b) < VR ()" < -/ ==,
which concludes the first part of the proof.
For the second part, we use Lemma 8 and the Cauchy-Schwartz inequality to obtain
E[C. (m..g,)] < C2 +Ellgel*]/E[|VE. (807>
From Proposition 9, we have for any fixed k € [K]
4A
Elllgrll”] < llg*|I” + Kn*G* < |lg*|? T
As a result, the above bound also holds for E[||g;||]. Combining this with (19) the proof. O

B ALGORITHMS

We provide the details of all algorithms introduced in the paper in this section.
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We begin by detailing the optimization algorithm for solving SD-OT. If 7, only depends on k, Algo-
rithm 1 is SGD on the semidual loss (S.). For SGD, the typical choice of learning rate is 7 oc 1/vk
after an optional constant learning rate phase. By allowing 7; to depend on the gradients, Algo-
rithm | becomes adaptive stochastic optimization on the semidual loss. We found AdaGrad (Duchi
etal., 2011) to be a particularly effective choice of learning rate schedule, and provide details on the
schedule of SGD and Adagrad in Appendix C.

Algorithm 1 SOLVESDOT

Input: datayy,...,y~ € R: b € AN, e > 0, threshold 7, step sizes 7;, batch size M.
Output: Semidiscrete dual potential g.

1 g+ 0,g+ 0,k 0.

: while X*(m(g)|b) > 7 do

Sample Xo, . .., xn A &M

g g+ (b Dl sealxo)

g 78+ 58
k+—k+1

: end while

: return g

RN AW

Once dual potentials are obtained from Algorithm 1, we can use the following algorithm to pair
noise xg with data x;, which can be used to train flow-based models.

Algorithm 2 ASSIGN

Input: noise xo, data xgl), R ng), g, e > 0.
Output: Coupled noise-data pair (xo, X )
1: return x\ k ~ 5. g(x0) € AV,

Next, to better see the contrast between [-FM and OT-FM/SD-FM, we recall the usual I-FM algo-
rithm for training flow models.

Algorithm 3 I-FM
Input: Noise o, Data 11 = Zj\rzl 0_¢j), FM batch size B, flow model vy (¢, x), Epochs E.
*1

I: for{=1,..., NE/Bdo > NEO©
2:  Draw (xéz_))f;l ~ ud®

3 Draw (x{") 21 ~ uf?

4: 9« FMSTEP(A, (x{) P, (x\")E)). >0 x B
5: end for

We now present OT-FM and SD-FM. Steps specific to OT-FM are highlighted in blue, while those
specific to SD-FM are highlighted in red.
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Algorithm 4 OT-FM

1:

2:
3:
4:

5
6
7:
8:
9:
0
1:

10:
1

Input: Noise po, Data p; = + Ej\rzl 6x§j), FM batch size B, flow model vy (¢, x), Epochs E,
Regularization € > 0, OT batch-size n.
for(=1,... NE/ndo > NEO© + NE/n x O(dn®/e*) = NE© + O(N En/&?)
Draw (xé“)?zl ~pS"
Draw (x(lj))?:l ~

P + SINKHORN((x{))1y, (x)); e) € Am*7 > O(dn?/e?)
Sample from coupling matrix: 5(5’) — xgk)7 k ~ BP;., forevery ¢ < n. > O(n?) (neglected)
fork=0,..,n/B—1do >0 xn
6« FMSTEP(6, (xi )53 571, (537 Ep ) >0 x B
end for
end for

Algorithm 5 OT-FM*, Cached Sinkhorn computations.

VXN YR WY =

: Input: Noise o, Data j11 = + E;V:l d_(;)» FM batch size B, flow model v (¢, x), Epochs E,
*1
: Regularization € > 0, OT batch-size n.

cfor{=1,... NE/ndo > O(NE/n x dn?/e?) = O(NEdn/e*) — Memory: 2N E
Store Xy = (xéi))?zl ~ " > Memory: n (storing rng)
Draw ()1, ~ "

P + SINKHORN((x{))iy, (x)); e) € Amx7 > O(dn?/e?)
Sample from coupling matrix: k¢[i] +— k ~ BP;., for every i < n. > O(dn?) — Memory: n
: end for
cfor{=1,..., NE/ndo > NEO©

Load (x\))7, = X,
Load paired 5{5") = XW 6D fori <mn
fork=0,..,n/B—1do

0 « FMSTER(0, (x{) 107, (<)), >0 x B
end for

: end for

Algorithm 6 SD-FM

N YR W

Input: Noise ji0, Data g1 = % Zj\rzl 0_¢j), FM batch size B, flow model vy (¢, x), Epochs E,
xq

: Regularization € > 0, Threshold 7
: g < SOLVESDOT (po, pi1,€,7) > NdK
s for{=1,..., NE/Bdo > NE(© + Nd)

Memory: N
Draw (x§")2, ~ p®”

z(" « AssioN(x{", g, &) fori < B. >dNB
0 « FMSTEP(6, (x{")E.,, (x\")E)). >0 x B

: end for

C

C.1

EXPERIMENT DETAILS

SEMIDISCRETE OPTIMAL TRANSPORT

To solve for the semidiscrete dual potential g in practice, we implement Algorithm 1 using JAX and
utilize built-in data parallelism to scale to handle large datasets over multiple GPUs and nodes. Since
the problem (5. ) is concave (and strictly, for € > 0) one can use a variety of different optimizers and
obtain a suitable convergence behavior. We use the dot-product cost and scale € with the standard
deviation of the cost, as proposed by Zhang et al. (2025). In the class-conditional setting, we choose
B = 102 for ImageNet-32 and 3 = 2 x 102 for ImageNet-64 and PetFace.

In all cases, we opt to use AdaGrad with a constant learning rate for 200 000 iterations followed by
inverse-square root decay for an additional 100 000 iterations and perform iterate averaging over the
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final 50 000 iterates. To choose the learning rate, we notice that typically ||g|| is of order v/ N while
|VF.(g)|| is of order 1/+/N. Thus, we expect L, Lipschitz constant of the gradient, to be of the
order 1/N, which is smaller than the conservative estimation L. used in Theorem 2. As Theorem 2
suggests a learning rate that scales with /1/L (the typical scaling under bounded gradient norm) ,
we find v/N to be a suitable heuristic for setting the learning rate. As N for our datasets is of order
108, we use 10% as the initial learning rate to optimize the potential. Once computed, the optimal
dual potential g* can be cached and reused. Optimal dual potentials for our ImageNet and PetFace

experiments will be made public upon publication.
To estimate x?(m(g) || b), we use a total of 220 noise samples, which we divide into batches of size
213 that can further be sharded along multiple devices, and average (10) over these batches. For the

ImageNet-32x32 dataset, this calculation takes less than 2 minutes on a node of § H100 GPUs.

C.2 FLOW MODEL TRAINING

ImageNet (32x32) ImageNet (64x64), PetFace

Channels 256 192
Depth 3 3
Channels multiple 1,2,2,2 1,2,3,4
Heads 4 4
Heads Channels 64 64
Attention resolution 4 8
Dropout 0.0 0.1
Batch size / GPU 256 50
GPUs 4 16
Effective Batch size 1024 800
Epochs 350 575
Effective Iterations 438 000 957000
Learning Rate 0.0001 0.0001
Learning Rate Scheduler ~ Polynomial Decay Constant
Warmup Steps 20000 -

Table 4: Hyperparameters used for flow model training, adapted from Pooladian et al. (2023).

ImageNet In all cases, we use the same U-Net architecture and hyperparameter choices as de-
scribed in Pooladian et al. (2023, Appendix E) and reproduced in Table 4 for completeness. For
SD-FM we sample noise-data pairs using Algorithm 2. Flow matching models are trained on a
single 8 x NVIDIA H100 node for 32x32 resolution and two 8 x NVIDIA H100 nodes for 64x64
resolution.

PetFace Images from PetFace are resized to 64x64 resolution. We use the same U-Net architecture
and hyperparameter choices as used for ImageNet at 64x64 resolution. Flow matching models are
trained on two 8 x NVIDIA H100 nodes.

CelebA Images from CelebA are first rescaled to 64x64 resolution. From each image x, low-
resolution, noisy images are constructed by first downscaling to 16x16 (4x SR) or 8x8 (8x SR) and
adding Gaussian noise with standard deviation 0 = 0.1 or 0.2, i.e. z = downscale(x) + 7,
n = N(0,02 ). The sampled corrupted image z is treated as the condition paired with x, and we
solve conditional optimal transport with 5 = 25. Flow matching models are then trained to generate
samples of 64x64 images x conditional on downscaled, noisy observations z. We parameterize the
flow with a U-Net with the same hyperparameter choices as for 64x64 ImageNet, and conditions are
handled by resizing the low-resolution 8x8 or 16x16 image to 64x64 and stacking together with the
input to the U-Net. A batch size of 128 and a learning rate of 0.0002 are used for FM training for a
total of 500 000 iterations.

D ADDITIONAL EXPERIMENTAL RESULTS
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Figure 7: FID vs total training time for class-conditional ImageNet 32x32.

Full dimensional
Euler NFE=4 Euler NFE=8 Euler NFE=16 Dopri5
V17924 261y 137.77 ¢ 1601y 119.68 : 907w 1910 ¢
501 i i i i
H H @ H
a o 15.51 : 8.81 . A
> V' -_:L\\ A 241 A _A‘ @ ’:A/, A
45 A 15.01 oA 36 ol
o o IS0l g7 Jeel o
10 10 10 10
Time per pair (s) Time per pair (s) Time per pair (s) Time per pair (s)
PCA 500
Euler NFE=4 Euler NFE=8 Euler NFE=16 Dopri5
¥ 179.24 | 267w 13777 1607y 119.68 19-007v 19,10
2 |2 e N
= A, A il 7 i[15.51 Al .
S \. H H H 1 H
47.51 4‘ A L‘ A‘ \ ‘/ “ K H
H 241 : £18.501 A
O 150! - e
10 10 10 10
Time per pair (s) Time per pair (s)

Time per pair (s)

e= M0 Mo0.0l Mol
Figure 8: FID vs time-per-pair for ImageNet 64x64. We report time-per-pair for training flow

Time per pair (s)

SD-FM O  OT-FM, n= 432768 A 131072 A 524288

I-FM V¥

matching using SD-FM compared to I-FM and OT-FM with batch sizes 2%, 217, 219,

26



Under review as a conference paper at ICLR 2026

Euler NFE=4

Euler NFE=8

Euler NFE=16

Figure 9: Images generated from unconditional models trained on ImageNet (32x32). (a) denotes
independent coupling while (b) denotes semidiscrete OT coupling with € = 0 used for training the
model.
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Euler NFE=4
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Dopri5

Figure 10: Images generated from conditional models trained on ImageNet (32x32). (a) denotes
independent coupling while (b) denotes semidiscrete OT coupling with € = 0 used for training the
model. Rows are selected classes: English setter, mountain bike, banana, plane, pizza, marmot, red
wine, wall clock, cheeseburger, king penguin.
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Euler NFE=4

Euler NFE=8
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Figure 11: Images generated from unconditional models trained on ImageNet (64x64). (a) denotes
independent coupling while (b) denotes semidiscrete OT coupling with € = 0 used for training the
model.
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Euler NFE=4

Euler NFE=8
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Figure 12: Images generated from conditional models trained on ImageNet (64x64). (a) denotes
independent coupling while (b) denotes semidiscrete OT coupling with € = 0 used for training the
model. Classes are the same as in Figure 10.
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Figure 13: Images generated from unconditional models trained on PetFace (64x64).
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Figure 14: Images generated from conditional models trained on PetFace (64x64). Rows correspond

to the following classes: cat, chimp, chinchilla, degus, dog, ferret, guineapig, hamster.

32



Under review as a conference paper at ICLR 2026

o=0.10 0=0.20
21.54 20.5
210 200 — £=00
< z ] — =
= = £=001
g gi — £=0.1
20.5 19.51 T M
100000 200000 300000 400000 500000 100000 200000 300000 400000 500000
Iteration Iteration
(a) 4x SR
o=0.10 0=0.20
21.54 20.5 1
210 200 — £=00
x < e ] — =
z = £=001
& nf/j — £=0.1
20.5 19.51 TTT M
100000 200000 300000 400000 500000 100000 200000 300000 400000 500000
Iteration Iteration
(b) 8x SR
g=0.10 g=0.20
0.64
0.681
0.621 — =00
s s —— £=001
1] 2] —
0.66 — e-o01
“ “0.60 1
——— IFM
0.641 0.58 -
100000 200000 300000 400000 500000 100000 200000 300000 400000 500000
Tteration Iteration
(c) 4x SR
o=0.10 0=0.20
0521 0.48 -
0.501 0.46 -

s s — =00
Z 048 & 0441 — e=001
0.46 - 0.42 - - M

0.441
100000 200000 300000 400000 500000 100000 200000 300000 400000 500000
Tteration Tteration
(d) 8x SR

Figure 15: Evolution of PSNR and SSIM over the course of training for 4x and 8x image super-
resolution on CelebA.
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(d) 8x SR, I-.FM
Figure 16: Sample images for CelebA 4x and 8x super-resolution with noise level o = 0.2, for

models trained with SD-FM and I-FM. Columns correspond to the original clean image, downscaled
and noisy image, respectively, followed by 8 samples from the flow model.

34



Under review as a conference paper at ICLR 2026

E SENSITIVITY OF DUAL POTENTIAL TO €

In 17, we provide a fine-grained picture of the impact of € when computing g on the same ImgN64
dataset (in full dimensions).

F SD-FM: ABLATIONS ON IMGN64

F.1 DISTRIBUTION OF MIPS SAMPLING AS A FUNCTION OF T

Figure 18 proposes to study the distribution of selected images in the dataset of N ImgN64 (full-
dimension) as SD-FM training occurs. This pictures provides a complementary view to Fig. 3 show-
ing why the FID metric improve as the o metric decreases.

F.2 SD-FM METRICS A FUNCTION OF 7,& AND COST ABLATION

We simultaneously study in the following experiments three different factors that lie at the heart of
SD-FM:

* does it matter that the potential g for a certain ¢ is truly optimal, in the sense that it
respects marginals and guarantees that every point in the dataset is properly sampled? In
other words, does low 7 always correlate with better FID and curvature metrics?

* does it matter for SD-FM to work to narrow down on the optimal transport as defined using
the “traditional” ¢ cost ¢(z,y) = —(z, y)? Would results be different if one were to select
different costs? To answer this we consider three other costs: the ”anti-OT” cost ¢(z, y) =
(x,y) that promotes, on the contrary, the longest paths, and two random corruptions of the
¢y (x,y) = —(0o o z,y). The o holds the realizations of d random (Rademacher) variable
in —1, 1 with probability 30% or 70% of taking the value —1. This value is sampled only
once per experiment.

* does it matter to have a deterministic association (¢ = 0) or is it better to inject more
randomness (¢ > 0), having in mind that infinite € is equivalent to IFM.

While all of Figures 19, 20, 21, 22 provide a wide wealth of information, we can confidently say,
by looking at all of them, that apart from FID in the lowest NFE-4 case, which is slightly more
nuanced, all metrics improve as € and 7 decrease (closer to ’sharp” OT) and clearly highlight the
crucial role of the /5 cost (i.e. not “any” OT plan would work, that with shortest paths results in
better performance).

F.3 TRAINING SD-OT ON PIXEL SPACE VS. LATENT SPACE
F.4 SD-FM: ABLATIONS ON IMGN64
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ImageNet-64, sensitivity of g* to €
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Figure 17: We compare the optimal dual potentials g* for 3 different levels of € using scatter plots.
Each scatter plot depicts 2.56M points, where 2D points ((g%);, (g% );) are plotted for different
e # ¢’. As can be shown, the potential vector g¥ varies smoothly, for each datapoint, with . These
computations are carried out on full-dimension d = 12, 288 on ImgN64.
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Figure 18: Effect of varying threshold 7 (in Alg.1) when computing g7 on the distribution of selected
images in the dataset, for ¢ = 0.0 on the left, ¢ = 0.01 right. As can be seen, a loose threshold of
7 = 1 (essentially no optimization for g) results in images that are never sampled, whereas a finer
threshold of 0.05 equalizes the distribution of sampled images. These computations are carried out
on PCA k£ = 1000 of the data space originally in full-dimension d = 12, 288, on ImgN64.
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Figure 19: Low 7 = 0.05 regime (i.e. close to exact SD-OT computation).
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Figure 20: Middle 7 = 0.2 regime (i.e. exact SD-OT computation).
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Figure 21: High 7 = 1.0 regime (no marginal preservation is guaranteed).
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Figure 22: Original cost ¢(z,y) = —(z,y), low £ = 0 regularization, ablating 7.

Convergence of g for IngN32 (d = 3072) vs ImgN256-Latent (d = 4096)
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Figure 23: We compare the evolution of the x2 convergence criterion when computing SD-OT on
either ImgN32 in original pixel space (d = 3072) vs. ImgN256 in latent space (d = 4096). Here
the total dataset size is the same (N = 2.56M). While one would expect SD-OT to converge faster
for a smaller dimensional space (i.e. ImgN32), this is not the case, because of the far more regular
distribution of latents that is designed to resemble a Gaussian.
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