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Abstract

Estimating the Lipschitz constant of a function, also known as Lipschitz learning, is a funda-
mental problem with broad applications in fields such as control and global optimization. In
this paper, we study the Lipschitz learning problem with minimal parametric assumptions
on the target function. As a first theoretical contribution, we derive novel lower bounds
on the sample complexity of this problem for both noise-free and noisy settings under mild
assumptions. Moreover, we propose a simple Lipschitz learning algorithm called Lipschitz
Constant Estimation by Least Squares Regression (referred to as LCLS). We show that
LCLS is asymptotically consistent and offers finite sample guarantees that can be trans-
lated to new upper bounds on the sample complexity of the Lipschitz learning problem.
Our analysis shows that the sample complexity of LCLS is optimal in the general noise-
free setting. Furthermore, we show that by design, the LCLS algorithm is computationally
faster than existing theoretically consistent methods, and can be readily adapted to various
noise assumptions with little to no prior knowledge of the target function properties or noise
distribution.

1 Introduction

Many applications are based on the Lipschitz continuity of an objective or target function and depend
explicitly on the value of a Lipschitz constant. Examples include: robustness analysis which utilises Lipschitz
constants to characterise worst-case behaviour in control settings (Limon et al. (2017), Canale et al. (2014)),
system identification which leverages the Lipschitz continuity property to obtain worst-case prediction error
bounds for interpolation methods (Milanese and Novara (2004),Beliakov (2006), Calliess et al. (2020)), global
optimization algorithms which rely on precise Lipschitz constant estimates to ensure speedy convergence
(Jones et al. (1993), Gonzdlez et al. (2016), Malherbe and Vayatis (2017)), multi-armed bandit problems
which utilise the Lipschitz constants to obtain asymptotic lower bounds and design algorithms (Magureanu
et al. (2014)) or reinforcement learning which utilises the Lipschitz constant to construct safe initial policies
(Chakrabarty et al. (2020)). For these applications it is critical that the Lipschitz constant estimate used
is sufficiently precise in order to ensure satisfactory performance in their specified goal. A main practical
drawback is therefore the dependency on the assumption of prior knowledge of the Lipschitz constant or,
in the case that this assumption is not made, the necessity of having to learn a precise Lipschitz constant
estimate from data.

Consequently, a number of Lipschitz constant estimation methods (also called Lipschitz learning algorithms)
have been developed. For target functions belonging to families of parametric models, Lipschitz learning
approaches generally utilise the structure of the model class to obtain precise estimates (e.g. see extensive
literature on the estimation of Lipschitz constants of Neural networks (Scaman and Virmaux (2018)) (Fazlyab
et al. (2019))). For frameworks that don’t consider a particular parametric family, a majority of the existing

approaches are black-box methods that utilise and extend Strongin’s classical estimator (Strongin (1973)):
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L :=rmax;4; where r € R is a multiplicative factor and (z;, f;) is a data sample with f; = f(x;). In
particular, we highlight: (Wood and Zhang (1996)) builds on Strongin’s estimator by fitting an approximate
reverse Weibull distribution to the Lipschitz estimate in the one-dimensional case and using the location
parameter as a Lipschitz estimate, (Sergeyev (1995)) utilises Strongin’s approach to compute local Lipschitz

constant estimates and extends the approach to the multidimensional case by using space filling curves in
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order to solve a global optimization problem and a more recent approach (Strongin et al. (2019)) proposes dual
Strongin Lipschitz estimates: with two differing "local" and "global" multiplicative factors. We remark that
the class of Lipschitz learning algorithms described so far does not consider the possibility of observational
noise and can explode in value if it exists. In this case, we can consider the Lispchitz constant estimator
proposed by both (Novara et al. (2013)) and (Calliess et al. (2020)) which specifically extends Strongin’s
estimate to deal with bounded observational noise.

Alternative Lipschitz learning approaches that do not directly utilise Strongin’s estimate have also been de-
veloped. These generally can consider the case of observational noise and include: (Beliakov (2005)) which
utilises a short optimisation problem and cross validation/sample splitting to obtain Lipschitz constant es-
timates, (Bubeck et al. (2011)) which employs a similar idea to Strongin’s estimate in order to propose a
Lipschitz constant estimator in the context of the Lipschitz multi-armed bandit problem, (Gonzalez et al.
(2016)) which generates Lipschitz constant estimates using the mean function of the gradient function es-
timate of a fitted Gaussian Process (GP) and is directly computable using the GP-associated covariance
function, and (Calliess (2017)) which obtains Lipschitz constant estimates by optimising a Lipschitz interpo-
lation method. Unfortunately, while this class of Lipschitz learning algorithms tends to work well in practice,
they generally do not guarantee asymptotic convergence and are of limited theoretical interest.

Despite the wide range of proposed Lipschitz learning algorithms, there has been little theoretical investiga-
tion into the Lipschitz constant estimation problem other than various consistency proofs of Strongin-based
estimators. It is generally understood that this learning problem, without making further restrictive as-
sumptions on the underlying space of target functions, is inevitably subject to the curse of dimensionality.
However, to the best of our knowledge, this intuition has not been explored formally. A first goal of this
paper is therefore to provide a theoretical investigation into the Lipschitz learning problem by deriving lower
bounds on the sample complexity in the case of both a noiseless and noisy sampling settings. We confirm
the general intuition on the difficulty of the Lipschitz learning problem by demonstrating that the problem
has a sample complexity lower bound that scales at least exponentially on the function input dimension in
the noiseless case and at least exponentially on two times the function input dimension in the noisy sampling
case.

Our theoretical results imply that a precise estimation of the Lipschitz constant requires a significant number
of samples. This is computationally problematic for classical Strongin-based Lipschitz learning algorithms
due to the fact that the computational complexity of these methods can be shown to be quadratic in the
number of samples: O(ngamples). While the non-Strongin based estimators discussed above could potentially
be less computationally expensive, they only provide heuristic or experimental convergence guarantees and
are generally difficult to study from a theoretical perspective. Therefore, in light of our lower bounds on
sample complexity, we propose a novel algorithm for Lipschitz learning called LCLS (short for Lipschitz
Constant estimation by Least Squares regression) that has a linear computational complexity in the number
of sample points and for which we can derive theoretical guarantees on asymptotic convergence and finite
sample behaviour. The optimality of the lower bound on the sample complexity of the Lipschitz learning
problem in the noiseless sampling setting derived in the first part of the paper and a relatively tight upper
bound on the sample complexity of the Lipschitz learning problem in the noisy sampling setting follow from
these theoretical results.

In practice, the proposed LCLS algorithm provides a theoretically motivated and computationally quick
way of estimating the Lipschitz constant. With minimal fine-tuning, LCLS can be plugged into any com-
putational method that utilises a Lipschitz constant estimate — see above discussion — under any sampling
noise assumptions. We provide an example of such a procedure in the context of nonparametric regres-
sion for system identification in control by combining the LCLS algorithm with a classical nonlinear set-
membership/Lipschitz interpolation framework and illustrating the empirical performance of the combined
regression method through a series of short experiments.

A more comprehensive list of the contributions of this paper is given below.
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1.1 Contributions and Outline of Paper

In this paper, we provide a rigorous treatment of the Lipschitz constant estimation problem discussed above.
In particular, we make the following contributions:

1. In Section 2, we provide novel theoretical lower bounds on the sample complexity of the general Lip-
schitz learning problem (for p € {1,2}) in noiseless sampling (see Theorem 2.2) and noisy sampling
(see Theorem 2.5) set-ups when the target function f: X C R? — R satisfies a regularity condition
C?(X, K) defined in Assumption 2. We note that these bounds can be equivalently stated as lower
bounds on the convergence rate of the general Lipschitz learning problem (see Corollaries 2.3 and
2.7). As far as the authors are aware, the sample complexity and convergence bounds derived in this
paper are the first theoretical results pertaining to the convergence of the general Lipschitz learning
problem. We show in Section 3 that our proposed lower bound on the sample complexity rate is
optimal in the noiseless sampling setting and differs only slightly in the noisy sampling setting.

2. In Section 3.1, we propose a least squares-based Lipschitz learning (LCLS) approach that utilises a
partition of the input space X and local least squares estimates in order to generate a Lipschitz con-
stant estimate. As discussed in the introduction, our motivation for developing the LCLS algorithm
rests on the following two points:

e both theoretically and computationally tractable.
o directly applicable across all noise settings considered in the literature and without any prior
knowledge of target function properties or of the noise structure.

3. In Sections 3.2 and 3.3, we investigate theoretical properties of the proposed algorithm:

e Asymptotic convergence for general partition choice in noiseless and noisy sampling set-ups
(Section 3.2, see Theorem 3.6).

o Finite sample guarantees in the noiseless and noisy sampling set-ups when the partition is
constructed using regular hypercubes (Section 3.3, see Theorem 3.9). These guarantees provide
an upper bound on the sample complexity of the general Lipschitz learning problem and show
that the complexity rates derived in the first part of the paper match in the noiseless case and
are off by a factor of ~ (f—f) in the noisy one. (Section 3.3, see Remark 3.10, 3.11).

4. In Section 3.4, we illustrate and compare the empirical performance of the LCLS algorithm against
Strongin-based Lipschitz learning algorithms on a set of test functions. We consider both the noise-
less and noisy sampling settings. We find that while the benchmark Strongin-based algorithms
converges slightly faster in terms of number of samples, our proposed algorithm converges faster in
terms of computation time for all functions in the test set (see Figure 4). This is despite the fact
that we consider settings for which the benchmark algorithms are specifically designed.

5. In Section 4, we explore the application of the various theoretical results and the LCLS algorithm
derived in this paper to the fields of Global Optimisation and Nonparametric Regression for System
Identification. More specifically, we propose a lower bound on the sample complexity of adaptive
Lipschitz optimisation algorithms that follows from one of the theoretical results stated in Section
2 and a new nonparametric regression method constructed by combining the LCLS algorithm of
Section 3 with a classical nonlinear set membership framework (see Milanese and Novara (2004)).

2 Assumptions and Sample Complexity Lower Bound

In this section, we provide the standing assumptions of the paper and state the main results pertaining to
theoretical lower bounds on the sample complexity of Lipschitz learning algorithms.

2.1 Basic Assumptions

Let p € N, d € N, a function f: X C R? — R is said to be Lipschitz continuous with respect to a norm |.||,
if there exists a positive real value L,(f) € R such that ||z —y|, < L,(f)|f(x) — f(y)], for all z,y € X. The
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smallest constant satisfying this condition denoted L;(f) is called the (best) Lipschitz constant and can be
interpreted as the tightest bound on the rate of change of f. Furthermore, for L > 0, we define the class of
Lipschitz continuous functions as

Fp(L) :={h : X — R|h is Lipschitz A L;(h) = L}.

The Lipschitz learning problem therefore considers the estimation of L;‘,( f) when f is an unknown target
function. As described in the introduction, we consider a general version of this problem where f is considered
black-box and can can only be accessed through queries to a, possibly noisy, oracle. As f is not assumed to
belong to any parametric family, other assumptions are needed! in order to derive theoretical bounds on the
sample complexity. For our results, we make the following two assumptions on the input space X and the
regularity of f.

Assumption 1 (Domain) The domain X of the target function f is a conver and compact sub-set of R%.

Assumption 2 (Functional) The target function f € C?*(X) and there exists an upper bound K € Ry on
the second-order partial derivatives of f, i.e. \%| <K forallz € X andi,j € {1,...,d}.
10T

For a given K € R, we denote by C?(X, K) the class of functions that satisfies Assumption 2 with an upper
bound K on the second degree partial derivatives. It is important to point out that this bound does need to
be tight and that if Assumption 1 holds then any f € C?(X) automatically belongs to C?(X, K) for some
K € R,. Finally, we assume that we have access to the target function f through an oracle Q: X — R —
defined formally below for each sampling setting — which can be queried in order to generate observations
of f. In particular, this oracle can be freely used by any Lipschitz learning algorithm as described in the
following definition.

Definition 2.1 (Lipschitz Learning Algorithms) We define L, ,(X) as the set of all ||.||,-Lipschitz learning
algorithms that utilise at most n € N queries to the Oracle Q with inputs in X. The sampling procedure is
considered to be a part of the Lipschitz learning algorithm and VL € L, ,(X) we denote the set of generated

samples by Gl = {(le,Q(xZL))Zzln}

We note that Definition 2.1 defines a general class of Lipschitz learning algorithms without any structural
specifications and that the inclusion of the sampling procedure in the algorithm is common for applications
in both control and global optimisation.

2.2 Noiseless Sampling Setting

Assumptions (1)-(2) are sufficient to formulate a lower bound on the sample complexity rate of the Lipschitz
learning problem in the case where one has access to an oracle? ) that can be queried to obtain noiseless
observations of the underlying target function. Formally, the noiseless Oracle is described by

Q: X =R

The lower bound on the sample complexity of any Lipschitz learning algorithm is given in the following
theorem.

Theorem 2.2 (Sample Complexity Bound — Noiseless) Let M € Ry, d € N, p € {1,2} and suppose
X = [0, M]%. Assume that Assumption (2) holds and that a noiseless Oracle €, (described above) is available.
VL* > 0,Ve € (0, MK), if

_ inf sup IL(f) = L*| < e

LeLn p(X) fEC?(X,K)NFp(L*)

1Otherwise, a theoretical characterisation of the Lipschitz learning problem is not feasible.
2Note: in the noiseless case, the oracle and the target function are equivalent.
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then
MK\
€

n> <C(d,p)

In this paper, we find C(d,p) = however this value has not been optimized.

Theorem 2.2 provides a lower bound on the minimum number of oracle queries that are needed in order for
a Lipschitz learning algorithm to ensure a precise estimate of the Lipschitz constant for all underlying target
functions in C?(X, K). As speculated in the introduction, it shows that the Lipschitz Learning problem is a
computationally expensive one that depends heavily on the input dimension. The lower bounding expression
is given as a function of the size of the input space (M), the assumed bound on the second order partial
derivatives (K) and the precision parameter (€) but is independent of the true Lipschitz constant (L*) of the
target function. The product M K can be understood as a bound on the maximum change in the gradient
values of functions in C?(X,K). In Section 3, the proposed LCLS algorithm will be shown capable of
estimating the Lipschitz constant of all functions f in C2(X, K) using O((2L£)?) queries to the noiseless
sampling oracle €2 implying that the lower bound on the sample complexity rate stated in Theorem 2.2 is
optimal.

An equivalent reformulation of Theorem 2.2 in the form of a lower bound on the convergence rate of Lipschitz
learning algorithms is provided in the following corollary.

Corollary 2.3 (Convergence Rate Bound — Noiseless) Assume the same setting as Theorem 2.2. Then,
VL* >0,

” MK
inf sup L(f)—L*| > C(d,p)—
LELy »(X) fGC’-’(X,K)ﬁ]-'p(L*)| () | () vn

where C(d,p) is defined in Theorem 2.2.

Corollary 2.3 is generally more practical to use then Theorem 2.2 when considering convergence properties
of applications of Lipschitz constant estimators. In Section 4, we show how Corollary 2.3 can be applied
in conjunction with recent theoretical results (Bachoc et al. (2021)) to derive lower bounds on the sample
complexity of adaptive Lipschitz optimisation algorithms.

2.3 Noisy Setting

In many practical cases, the sampling oracle cannot be assumed reliable and only approximative observations
of the target function are obtainable. In this case, we model 2 : X — R as being corrupted by additive noise
and a new lower bound on the sample complexity of Lipschitz learning algorithms can be derived. In order
to do so, additional assumptions must be made on the additive observational noise process. Let o2 > 0 and
denote by D(0,02) the set of all probability distributions on R with zero mean and finite variance o2 > 0.

Assumption 3 (Noisy Oracle) We define a noisy sampling oracle as

Q: X—>R
a -
foz::f(x)+Vz

where v, ~ D.,. € D(0,0%) are uncorrelated random variables (x € X ). Note: v, is an abuse of notation as
the noise is not dependent on the input x. In other words: if x € X is sampled twice, then y}: # ~2.

As the class of Lipschitz learning algorithms has been loosely defined so far — with no parametric or functional
assumptions — an additional technical assumption is needed. Let £, ,(X) and G% be as defined in Definition
2.1. We assume that the following assumption holds for D(0,0?) and £, ,(X).

Notation 2.4 To alleviate notation when discussing the distribution of a vector {Vu,,...,Yz,} of noise

variables, we denote by DY their n-dimensional distribution and write DY € D(0,0?) as a shorthand for

D,, € D(0,0%),Vi € {1,...,n} with Yais Ve, uncorrelated fori,j € {1,...,n}.
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Assumption 4 Let X := [0, M]¢, K € Ry and fiz € < Ag—é(. We assume that the L,, ,(X) class satisfies the
Jollowing property: YL* >0, V6 € (0, %), 3Q(8) € Ry such that Ve € (0,€), Vi € LX), VD! € D(0,0%)

one of the two following statements hold :

1. Vf € CX(X, K) N Fyp(L7), Ppe (L Siey az] > Q(é)) —0 or,

ny
2. 3f € C*(X, K) N Fp(L7) 5.t. Pox (|£n(f) ~LDI e | ey el > Q(a)) <1-6

where ) := B2 (c) C X* (with arbitrary ¢ € X) and ny := |G§( NY| <n.

Assumption 4 states that there exists a level of local sampling noise for which no Lipschitz learning algorithm
can guarantee precise estimation of the Lipschitz constant with a high degree of certainty. More precisely:
if a subset of observations generated by the oracle () with inputs belonging to a hyperball* (B 20¢ (¢)) in

X has been significantly corrupted by noise (Q(d)), then it becomes impossible to precisely (e) estimate the
Lipschitz constant of all target functions (f € C?(X, K) N F,(L*)) with high probability (1 —d). Here, the
notion of significantly corrupted is dependent on the probabilistic estimation guarantee § and can be set
without constraints. We note that Assumption 4 is not the most general assumption which can be made
on L, ,(X) in order for Theorem 2.5 to hold® and that most existing Lipschitz constant estimators can be
shown to satisfy Assumption 4. This assumption is relatively intuitive and additional comments are given
in appendix

Using Assumptions (3) and (4), the following lower bound on the sample complexity rate can be derived in

the noisy sampling setting.

Theorem 2.5 (Sample Complexity Bound — Noisy) Let M € Ry, d € N, p € {1,2} and suppose X' :=
[0, M]?. Assume that Assumptions (2)-(4) hold and that one has access to a noisy oracle  : X — R as
specified in Assumption (3). Define Ly, ,(X) as in Theorem 2.2. YL* > 0,Ve > 0,V5 € (0, 1), if

su inf Py (|L(f) — L* <e)>1-0.
ﬁeLnE(X)fecz(XJ()ﬂ}'p(L*) o (L) = LN <€)

for all DI' € D(0,0°) then

MK)2d

€

n > (6(02,6, d)

2

where C(02,6,d) = <z

1_ 1 .
20log(2)Q*2d™* 15~ 20}

The lower bound on the sample complexity proposed in Theorem 2.5 is approximately the square of the one
given in Theorem 2.2 due to the additional noise consideration. A comparison with an upper bound on the
sample complexity derived from applying the LCLS estimator proposed in this paper is given in Remark
3.10. The two bounds are shown to differ by a factor of ~ (f—f)

We note that the lower bound stated in Theorem 2.5 is conservative as it considers all distributions in
D(0,0?%). This represents the fact that in practice one would want a Lipschitz learning algorithm to work
without any prior knowledge of the additive noise distribution. In future work, we will aim to improve the
sample complexity bound given in Theorem 2.5 under additional noise assumptions (see Remark 2.6 for
details).

Remark 2.6 If a more precise characterisation of the noise distribution is available (e.g. ~ is bounded or
sub-Gaussian), then the bound given in Theorem 2.5 can be improved significantly by replacing the Chebyshev-
type inequality used in the proof of Theorem 2.5 by another classical concentration inequality.

Swhere B;(c) denotes the ball of radius r and center ¢ w.r.t. ||.||2.

4The choice of a hyperball is arbitrary.

5A more general version of Assumption 4 can be used, however this would require spending a significant amount of the
paper defining additional notation.
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Finally, as in the noiseless sampling setting, an equivalent reformulation of Theorem 2.5 is provided in the
form of a probabilistic lower bound on the convergence rate of Lipschitz learning algorithms.

Corollary 2.7 (Convergence Rate Bound — Noisy)) Assume the same setting as Theorem 2.5. Then, there
exists at least one distribution D' € D(0,0?) such that
MK

su inf Ppon (|L(f) — LE(f)] < C(62%,6,d)—=) <1 — 6.
ﬁeLnE(X)fECQ(XaK)ﬂfp(L*) 03 (L) = Ly ()] ( )%"/ﬁ)*

where C(02,8,d) is defined in Theorem 2.5.

Theorem 2.5 and Corollary 2.7 are particularly interesting in the context of system identification for control
applications (e.g. Milanese and Novara (2004), Calliess et al. (2020)) where robustness properties depend
explicitly on estimating a feasible Lipschitz constant from noisy data. These frameworks often ignore the
modeling error arising from the Lipschitz constant estimation which is problematic when the goal is to
provide worst-case guarantees. One source of usefulness for the two bounds stated in this subsection is
therefore to provide a theoretical understanding of the worst-case estimation of Lipschitz constants in this
context and therefore to make possible a more realistic robustness analysis of Lipschitz constant-based system
identification methods in practice. A short illustrative comparison of the convergence rate given in Corollary
2.7 with the convergence of existing Lipschitz learning algorithms used for system identification purposes is
given in Figure 3.

3 Lipschitz Constant estimation by Least Squares regression (LCLS)

The theoretical results of Section 2 imply that a significant number of samples must be used in order to
obtain a precise estimation of the best Lipschitz constant. As noted in the introduction, this is problematic
computationally for classical Strongin-based Lipschitz learning algorithms due to the fact that the computa-
tional complexity of these methods can be shown to be quadratic in the number of samples. Using existing
non-Strongin based methods could resolve this computational problem, however obtaining convergence guar-
antees would then be difficult as this class of methods is generally complicated to study from a theoretical
perspective. Therefore, in the goal of obtaining a Lipschitz learning approach that can provide asymptoti-
cally consistency guarantees, has low computational complexity and for which we can derive upper bounds
on the sample complexity (in the goal of comparing with the sample complexity lower bounds derived in
Section 2), we define a new estimator: Lipschitz Constant estimation by Least Squares regression (LCLS).

3.1 Overview

The general intuition behind the Lipschitz learning algorithm proposed in this paper follows from the simple
observation that the coefficients from a least squares regression can be interpreted as a local approximation
of the gradient and that the maximum g-norm of the gradient of f on X coincides® (for certain values of
p € N) with the best Lipschitz constant associated to the p-norm, where ¢ is the Holder-conjugate of p, i.e.
L4 1 — 9 Therefore, by using a partition H of the input space X that is sufficiently refined to properly
capture the gradient variation of f and computing the maximum g¢-norm of the least squares coefficients
associated to each subset of H, a precise estimate of the Lipschitz constant is obtainable. Practically, in
order to ensure that the refinement of the partition suffices”, the proposed estimation framework is designed
as an iterative method that utilises a sequence of increasingly fine convex partitions (H)sen that are given as
input. A brief technical description of an iteration of the algorithm can be described as follows: For a given
iteration, indexed by I € N, a set of observations D := {(l’fi,ﬁﬂ)}ie{l)m’]\[ﬁ} is generated by an oracle
Q: X — R (defined in Section 2) for each subset H of the partition H; and used individually to compute
the coefficients {88} ey of an ordinary least squares regression for each subset H € Hy. The Lipschitz
constant estimate can then be directly computed: Ly := maxgew, {|BF |} where q is the Holder-conjugate
of p.

6see Lemma D.2 in Appendix for a formal statement
"In the case where the upper bound K given in Assumption 2 is known beforehand it is possible to directly partition at the
required refinement level (See Theorem 3.9 for example).
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Algorithm 1 General LCLS?

Algorithm 2 Hypercube LCLS%n [0, M]?

Input: (Oracle), (Hr)ren (Partition Sequence)
Output: {L;} (Lipschitz Estimates)

Input: Q (Oracle), K (Bound from (2), 1 (covering con-
stant), 0% (noise variance), (e, ) (precision)

procedure: LCLS (), (H1)ren)
initialise: I <+ 1

Output: L (Lipschitz Constant Estimation)
procedure: LCLS(Q, K, 1, 02, (¢,6))

repeat initialise: L < 0 I < (C1(d) J‘\%ﬁ),
LI 0 02 Id+2
N (Co(d, q) = 152
for H € Hz do 1< (C2(d, ) %5 377=)

H < hypercube partition of [0, M]? with side-length %
for H € H do
(X fH) « D generated by Q
BH . (XHTXH)—IXHTJZH
L« max(||3" ||, L)

(XH, [H) « D¥ generated by Q
B (xF T X X[ FH
Ly < max([|31 [lq, L1)
end
I+ T1+1
return {f,I} end A
return L;

Figure 1: Algorithm 1 details the implementation of the LCLS algorithm for a general input space and partition choice.
Algorithm 2 details the implementation of the LCLS algorithm when the input space is a hypercube [0, M]d and the
partitions are reqular. We note that the generated data points X used by the two algorithms are selected arbitrarily
in each H € Hr. In order to ensure convergence of the LCLS algorithm, X T will need to verify Assumption 5 for all
IeNand H € H;.

The LCLS algorithm is described here in its most general form in order to allow flexibility in the choice
of the input space partitions and sampling scheme. Algorithm 1 provides an algorithmic description of
this approach. A more specific implementation of the LCLS algorithm which utilises a regular hypercube
partition of the input space is given in Algorithm 2 and discussed later on in this section in Theorem 3.9 and
ensuing discussions. As one might expect, the structure of (Hy)sen is a key part of the LCLS estimator. In
practice, these partitions can be defined using domain or functional knowledge in order to better estimate the
gradient variation and therefore speed up the convergence of the algorithm. The distribution of the sample
points given by (NH),cn should also be considered carefully and can be selected in a partition dependent
way to take advantage of any prior knowledge of f or of the underlying noise distribution. We note that
the relation between the structure of (Hj)ren and (Nf),en is essential in the proofs of Theorem 3.6 and
Theorem 3.9.

The following variables are used to formally describe a partition belonging to (Hy)ren.

Notation 3.1 Let §(A) = sup, ,c 4 ||z —yll2 denote the diameter function and B, (x) the d-dimensional ball
centered in x € X and with radius v with respect to ||.||2.

Definition 3.2 (Partition Variables) Let Hy € (Hy)1en, we define the following two Hy related quantities:
the maximum diameters of Hy: {A Ypen,, AY = §(H) and the minimum diameters of the biggest subset-
inscribed balls of Hy : {05 Yyen,, 68 == 2max{r € Ry |3z € H such that B,(x) C H}.

The quantities {A%¥} yem, and {07} gep, are used in Definition 3.4 and in Theorem 3.6 to define sufficient
conditions on the structure of the (M) en partitions in order for the general version of the LCLS algorithm
to converge.

We conclude this subsection by giving a result on the computational complexity of the proposed algorithm.
Proposition 3.3 (Computational Complexity of LCLS) The computational complexity of the Lipschitz Con-

stant Least Squares Estimator is O(Nsamples) Where Nsgmpies denotes the number of observations sampled by
the algorithm.
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The computational complexity derived in Proposition 3.3 is significantly smaller than the complexity of
Strongin-based approaches which is O(niampl os)- The difference in computation speed is illustrated empiri-

cally on a set of test functions in Section 3.4.

3.2 General Theoretical Analysis

An investigation of the theoretical behaviour and performance of the proposed LCLS algorithm is carried
out in this section. This analysis provides an understanding of the design constraints required for the con-
struction of the input space partitions and for the choice of sampling schemes in order to ensure satisfactory
performance — see Remark 3.7. We begin by stating an asymptotic convergence result for the general form of
the algorithm in the noiseless and noisy sampling settings before stating and discussing finite sample results
for a more concrete application of LCLS when the partition of the input space is constructed to be a set of
regular hypercubes.

The following definition defines two quantities (aj)sen, (br)ren as a function of {A?}HGHJ, {65{}H€HJ,
({NHYery)ren and (|Hy])ren in order to alleviate notation!'®. They will be used to describe the conditions
on the structure of the input partition sequence needed in order to ensure asymptotic consistency.

Definition 3.4 For any sequence of conver and compact partitions, (Hy)ren, we construct the following
sequences:
AH 2
e (ar)ren, ar = maxpey, (( 5§H) )

o (br)1en, by = maxpyey, (%)

Before stating the first main result of this section, a condition on the sampling procedure used by the LCLS
algorithm must be given. This condition uses the concept of e-coverings in order to ensure that the inputs
queried by the oracle are well-distributed in each subset H belonging to a partition Hjy, I € N and is described
formally in the following assumption.

Definition 3.5 Let H C X be compact and convez and denote by {(xH, ﬂH)}iE{lij}z} the subset of gen-
erated or archived data samples in H. We say that H is (e,m)-covered if there exists € > 0,1 €]0,1] such that

DY contains nNE disjointed e-covers (with respect to ||.||2) of H.

Assumption 5 (Sampling) For a given n € (0,1], the sampling scheme selected for LCLS is such that
H
VI eNand VH € Hi, H is (%m)-cover@d.

The sampling condition stated in Assumption 5 is necessary in order to ensure stability of the least squares
coeflicient as the sequence of partitions becomes increasingly refined and can be satisfied by using quasi-
Monte Carlo schemes in practice.

Theorem 3.6 formalizes the consistency of the proposed Lipschitz learning framework for the noisy sampling
setting.
Theorem 3.6 (General Convergence Rate) If Assumptions (1)-(5) (for a given n € (0,1]) hold and the

following conditions are verified:

1. VI € N, H; is a convez partition of X,
2. hmj_mo ay = 0, lim[_mo b[ = O, lim]_mo maxgeH; (A?) = O,

then V¥ DI € D(0,0%), f € C*(X,K),
Li(f) —=— Ly(f)

where Ly(f) = Ly (f) forp=1,2, L, > Ly(f) forp > 2. P denotes convergence in probability and (f/I(f))IGN
is the sequence of Lipschitz constant estimates generated by the LCLS estimator.

SNotation is provided in Appendix A.
9The method described in this algorithm corresponds to the specific case where the (K, 0'2) variables are known.
10Here. |.| denotes the cardinality operator.
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Remark 3.7 (Design Constraints) Condition 2 of Theorem 3.6 specifies the design constraints needed in the
construction of the partition sequence (Hr)ren and the number of sample points ({NH} grew,)ren required
per hypercube in order to ensure convergence. In particular:

1. limj_ o a; = 0 provides the limitations on the shape of the sets in each partition Hy as I goes to
infinity. In particular, as I — oo, (AH)? << §H < A,

2. limy_,o by = 0 specifies a condition on the number of samples needed per hypercube. As I — oo,
NH >> (‘;f)‘z. This is made precise and used for a comparison to the sample complexity rates found
in the prevlious section in Remark 3.10.

3. limy_y oo maxX ey, (A‘Iq) = 0 ensures that the partitions are increasingly refined.

In practice, applying the theoretical conditions used in Theorem 3.6 produces an overly conservative estimator
in terms of required number of queries made to the oracle — see Section 3.4 for an illustration of the empirical
convergence of the LCLS estimator. This is due to the fact that the LCLS estimator makes minimal functional
assumptions and therefore has to explore all of X’ to generate a precise Lipschitz estimate. In order to avoid
this issue, the number of samples per hypercube as measured by (b;)ren can be set heuristically in order to
improve the empirical performance.

In the noiseless sampling setting, the stopping and sampling rules given in Theorem 3.6 and Remark 3.7 can
be modified in order to obtain a quicker convergence. This is detailed in the following corollary.

Corollary 3.8 (Noiseless Sampling) If Assumptions (1),(2),(5) (for a given n € (0,1]) hold, a noiseless
oracle  : X — R is available and the following conditions are verified:

1. VI € N, H; is a convez partition of X,
2. hmj_mo ar = 0, lim]_mo maxXmgeH; (A;I) = O,
3. VIeEN,HeH, NE>d+1,

then ¥ DI € D(0,02), f € C2(X,K),
Li(f) = (/)

where L,(f) = Ly(f) for p = 1,2, L,(f) = Ly(f) for p > 2 and the right arrow denotes deterministic
convergence.

While, the conditions on the design constraints of the partition sequence needed to ensure asymptotic
convergence of the LCLS algorithm remain the same as in Theorem 3.6, the sampling conditions specified
in Corollary 3.8 imply that a much smaller number of samples are required per hypercube. More precisely,
the only sampling condition stated in Corollary 3.8 is related to the minimum number of samples needed to
ensure that the local linear regressions computed by the LCLS algorithm are well-defined.

Using the general results developed in this section, we now explore a more specific application to the [0, M]?
input space. Theorem 3.8 provides convergence rates that can be compared to the ones proposed in Theorem
2.2 and Theorem 2.5. This is discussed in Remark 3.10 and Remark 3.11.

3.3 LCLS with Regular Partitions and Sample Complexity Upper Bound

In the previous section, we considered a general form of the LCLS algorithm and stated the conditions on the
design constraints of the input partition sequence and the sampling scheme required to ensure convergence.
Here, we assume that the input space is the d-dimensional hypercube [0, M]¢ and consider the case where
every input partition H; is a regular hypercube partition of side-length % The associated sampling scheme
is then defined based on the sampling condition given in Assumption 5 and the desired precision of the
Lipschitz constant estimate.

Under these additional constraints, the following finite sample guarantee can be obtained for the LCLS
algorithm.

Theorem 3.9 (Finite Sample Guarantee) Let X = [0, M]? and (H)ien., denote the regular partition
of sub-hypercubes of X with side-length 2. If Assumptions (2)-(5) (for a given n € (0,1]) hold and if

10



Under review as submission to TMLR

2 Id+2

Ve>0,0¢€(0,4], 1> (Cl(d)%) and VH € Hr Nf' > (Co(d, q) Z5 3pzz) for Ci(d), Ca(d, q) € Ry, then V¥
DI € D(0,0°):

inf  P(|L,(f)— L <e)>1-4. 1

et (ILp(f) = Li(f)[ <€) 21=46 (1)

where L,(f) = L;(f) for p=1,2 and L, > L; for p > 2. Here C1(d) = 8d2/dd™{5 =20 44 Csy(d,q) =

25dmax{%_1’0}\/ﬁ however these constants have not been optimized.

The theoretical guarantees of Theorem 3.9 can be extended to include any X C R? that satisfies Assumption
1. Indeed, trivially there exists a hypercube [a,b]¢ C R? with a,b € R such that X C [a,b]? which can
be partitioned according to the iterative regular hypercube partitioning approach. The partition sequence
inputted into the LCLS algorithm then consists of the regular hypercube subsets partitions of [a,b]? that
intersect with X. In this case, under Assumptions (1)-(5), a modified version of Theorem 3.9 holds: the
condition on I remains the same, but the lower bound condition on N can be weakened to become N >

(Ca(d,q) %5 =5y, VH € Hy, T €N, where T' = [{H € H;|H N X = 0}].

Since Theorem 3.9 holds under Assumption 3, i.e. for any D' € D(0,0°), n € N and any f € C*([0, M) K)
it also holds for SUP prep(0,02) SUPfec2([0,M]4,K)" The sample complexity of the LCLS algorithm implied
by Theorem 3.9 is therefore comparable to the general lower bound on the sample complexity of the noisy
Lipschitz learning problem stated in Theorem 2.5. This is done in the following remark.

Remark 3.10 (Sample Complexity Comparison — Noisy) For p = 1,2, assuming that the lower bounds:

1> (Co(d)ME) and YH € Hy Nf > (Ca(d, 0) %5 Haee

of points required to ensure P(|L, — IA/1| <e€)>1-24 is given by

o2 (Cy(d) MK\ 1 MK 2412 1
n1—|H1N1—Cz(d7Q)775< U7 < ) M2€2—0<( . ) M262>'

This convergence rate differs from the lower bound on the noisy sample complezity rate stated in the Theorem
2.5 by a rate of Ij—f While this difference is small, it means that we cannot conclude on the optimality of the
obtained sample complezity rate. The improvement of these bounds is an open question and will be continued
to be worked on in future work.

) are satisfied with an equality, the total number nq

By slightly modifying the necessary conditions used in Theorem 3.9, we can also compare the sample com-
plexity of the LCLS algorithm implied by Theorem 3.9 in the noiseless sampling setting to the lower bound
on the sample complexity of the noiseless Lipschitz learning problem stated in Theorem 2.2. In order to do
so, we define

N(I) = max min{n € N|D¥ contains a disjointed 6+ -cover of H}
which is constant VI € N when (H)en is defined as a sequence of regular hypercube partitions on [0, M]%. In
this case, we remove the dependence on I and write N := N(I). We note that the following two inequalities

hold: (1) 7 < L (tight) and (2) N < vd" (loose).

Remark 3.11 (Sample Complexity Comparison — Noiseless) In the case of noiseless sampling, the lower
bound on N} stated in Theorem 3.9 can be replaced by condition 3. of Corollary 3.8 and the definition of
N given above, i.e. YI € NJH € Hy, N¥ > max(d + 1,N). Proceeding as in Remark 3.10, we have in this
case:

MK . 4 MK . 4
ngz|7-[1|N1:max(d—l—l,N)(C’l(d)i) =0 ( ) .
Ve €
This convergence rate corresponds exactly to the lower bound on the noiseless sample complexity rate stated
in the Theorem 2.2 and therefore implies that the sample complezity rate (@)d is optimal (up to constant
factors dependent on d and p) in the sense that it characterises the minimum number of samples that are

needed to obtain an e-precise Lipschitz constant estimate for any f € C*(X, K).

11
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As in Section 2, we can reformulate the sample complexity rates of the LCLS algorithm given in Remarks
3.10 and 3.11 as convergence rates and therefore as upper bounds on the convergence rate of the general
Lipschitz learning problem. This is done in the following corollary.

Corollary 3.12 (Convergence Rate Comparison)
1. (Noiseless) Assume the same setting as Remark 3.11. Then,
. MK
inf sup L(f)—L;(f)| < C(d,p)—=
ped™ feCQ(X,K)I () = Lp(N)l = Ol p) ==

where C(d, p) can be determined from Remark 3.11.
2. (Noisy) Assume the same setting as Remark 3.10. Then, ¥ distribution D% € D(0, a?):

inf  Ppn(|L L C 25deizKﬁ; >1-46
n - * < 3 —_— -
ﬁeﬁS:I;(X)fng%X,K) o3 (1) = Lp(Hl < ™ 6,4) /n )2

where C(a?,8,d) can be determined from Remark 3.10.

An interesting consequence of Corollary 3.12 is that it provides a way of generating a sequence of feasible!!
Lipschitz constant estimates that converge to the best Lipschitz constant if a potentially loose upper bound
on the second degree partial derivatives is known. More precisely, one can consider the Lipschitz constant
estimates:

o Ly = L(f) + C(d,p) ME in the noiseless sampling setting

Tn
4 d+1
o Lyp:=L(f)+ C(c%0, d)% in the noisy sampling setting

where I:( f) denotes the Lipschitz constant estimate generated by the LCLS algorithm. Such an approach is
useful in practice as Lipschitz constant-based computational frameworks often rely on the assumption that
the estimated Lipschitz constant used is feasible. This is briefly discussed further in Section 4 where a direct
application of the LCLS algorithm in the context of nonparametric regression for system identification is
developed.

3.4 Empirical Performance:

The focus so far in this section has been on developing the theoretical properties of the LCLS algorithm.
While that discussion is useful in itself as it provides performance guarantees for LCLS as well as upper
bounds on the sample complexity of the general Lipschitz learning problem, we are also interested in how
the proposed algorithm performs empirically. In particular, we would like to compare the convergence speed
of the LCLS algorithm to other theoretically well-behaved methods and to verify whether the theoretical
computational advantage of LCLS (see Proposition 3.3) is observed in practice. In this subsection, we inves-
tigate these questions by illustrating the convergence rate and computation time of the proposed Lipschitz
constant estimation method and comparing it against existing Strongin-based algorithms on a set of test
functions with interesting properties in noiseless, bounded noise and unbounded noise sampling settings.

3.4.1 Experimental Setup

Table 1 provides an overview of the four test functions that are used in the experiments discussed in this
section. The choice of these functions represents different testing points that are of interest: Function (a)
reaches the maximum of the normed gradient in a single unique point of the input space, Function (b)
is a classical optimisation testing function which we have also defined to have large second degree partial
derivatives, Function (¢) is a trigonometric function which provides an illustration of convergence for simple
target functions and finally, Function (d) is a higher dimensional version of Function (a) with 3 dimensional
inputs. We do not explore higher dimensional versions (>3) of Function (a) as the convergence speed with

11j.e. which upper bound the best Lipschitz constant and satisfy the Lipschitz continuity condition.

12
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Figure 2: Comparison between the performance of the LCLS algorithm (in orange) and the classical Strongin algorithm
(in green) in the noiseless setting. Each row corresponds to a different test function ((a) - (d)) and each column
represents a different point of comparison between the two algorithms. From left to right: Column 1: Illustration
of the target function where applicable. Column 2: Error of Lipschitz constant estimate - the bound on the sample
complexity rate derived in Corollary 2.3 is plotted (in black). Column 3: Behaviour of the sequence of Lipschitz
constant estimates. Column 4: Computation time required for each algorithm.

respect to computation time of the Strongin-based benchmark algorithms is already very slow for Function
(d) - see Figure 4 and ensuing discussion.

Function Expression Lipschitz Const. Key Property
(a) See Lemma C.1 3.054 Lipschitz constant reached in a unique point.
(b) e’(ﬁ*wg)cos(xl)cos(xg) 8.5776 Large second degree partial derivatives (K).
(c) cos(bx1) 5 Simple test function.
(d) See Lemma C.1 30.5399 Higher dimensional input (R3).

Table 1: Test Functions

As benchmarks we utilise the classical Strongin Lipschitz learning algorithm (Strongin (1973)) in the noiseless
setting and the popular modified Strongin-based Lipschitz constant estimator in the bounded noise setting
(see in particular Novara et al. (2013), Calliess et al. (2020) and Khajenejad et al. (2021) for applications in
control problems). We note that this modified Strongin estimator is strongly dependent on a precise estimate
of the smallest upper bound of the noise b > 0 in order to properly specify € € R} hyper-parameter. Indeed,

13
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Figure 3: Comparison between the performance of the LCLS algorithm (in orange) and the modified-Strongin algo-
rithm with a correctly (in green) and incorrectly (in blue) specified hyper-parameter in the noisy setting. ach row
corresponds to a different test function ((a) - (d)) and each column represents a different point of comparison between
the two algorithms. From left to right: Column 1: Illustration of the target function where applicable. Column 2:
Error of Lipschitz constant estimate - the bound on the sample complexity rate derived in Corollary 2.3 is plotted (in
black). Column 3: Behaviour of the sequence of Lipschitz constant estimates. Column 4: Computation time required

for each algorithm.

if € is smaller than b, then the Lipschitz constant estimates generated by the modified Strongin estimator
converge to +0o as the number of observations increases. In contrast, if e is bigger then b then the generated
Lipschitz constant estimates will converge to an underestimate of Ly(f) and never be feasible.

Benchmarking algorithms:

o (Noiseless Setting) Strongin Estimator:

L := max

|fi = £l

i#3 |lei = x|

e (Noisy Setting) Modified Strongin Estimator:
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Figure 4: Illustration of convergence speed relative to computation time in the bounded noise setting using the set
of test functions given in Table 1. We compare the LCLS algorithm (in orange) and the modified-Strongin algorithm
with a correctly (in green) and incorrectly (in blue) specified hyper-parameter. We observe that the LCLS algorithm
performs better on all test functions.

where € is a hyper-parameter that estimates the tightest upper bound b on the noise. We_consider

modified Strongin Lipschitz estimators with a correctly specified hyper-parameter (€ = b) and a
hyper-parameter that is slightly larger than the true upper bound (e = 1.2b) as benchmarks.

3.4.2 Discussion

In Figure 2, we illustrate the performance of the LCLS algorithm against the classical Strongin algorithm on
the proposed set of test functions. We plot the theoretical lower bounds on the sample complexity rate found
in Section 2 in order to provide an intuition for the theoretical bounds. As one would expect, due to the
fact that the Strongin algorithm was specifically designed for the noiseless setting, our proposed approach
converges more slowly in terms of number of samples on all four test functions. However the difference in
convergence speed is not significant and is mitigated by the substantial divergence in computation time. We
also note that the plotted sample complexity rate implied by the lower bound of Section 2 does not appear
to be tight which is unsurprising as it represents a min-max type bound.

Remark 3.13 (Link between the proof of Theorem 3.6 and convergence of LCLS) From the proof of Theorem
3.0, we have that the convergence of the LCLS algorithm depends on two factors:

1. the diameter of the subsets of the reqular partition (upper bounded theoretically using a Taylor ex-
pansion,).

2. the number of samples in each subset (upper bounded theoretically using a multivariate Chebyshev
inequality).

The approximate Lipschitz constant estimation of LCLS in the case of low sample size is mainly due to (1.)
especially in the case where the second derivatives of the target function are large (e.g. Function (b) - Easom
function).

In Figure 3, we observe the performance of the LCLS algorithm in the bounded noise setting. Here, the
convergence speed relative to sample size of the LCLS method differs more significantly from the convergence
speed of the correctly specified modified Strongin benchmark algorithm. This is again unsurprising as the
correctly specified modified Strongin algorithm makes use of additional information on the noise distribution
and the choice of a uniform noise distribution in the experiment is beneficial towards its convergence speed!?.
We note that the modified Strongin algorithm with a slightly incorrectly specified tightest upper bound fails
to show any sign of convergence and that the difference in computation time is more significant than in
the noiseless setting. The relation between computational complexity and convergence rate of the LCLS
and modified Strongin Lipschitz constant estimators is illustrated more precisely in Figure 4 by plotting the
convergence rate relative to computation time. We observe that the LCLS estimator performs better on all
functions in the test set despite the fact that the modified Strongin estimator utilises additional information
on the noise distribution. In particular, for Function (d) which takes inputs in R3, the LCLS algorithm

121f a truncated Gaussian distribution had been used instead, the convergence speed of the modified Strongin estimator
could have been arbitrarily slowed by decreasing the variance of the distribution.
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Figure 5: Illustration of the LCLS algorithm in bounded (in light orange) and unbounded noise settings (in dark
orange) using the set of test functions given in Table 1. We observe no significant impact of the unboundedness of
the noise distribution on the Lipschitz constant estimates produced by LCLS.

needs 8.5 seconds to generate estimates with an estimation error < 0.5, while the Strongin approach needs
approximately 4000 seconds. This suggests that for application settings with high sampling capacity and
time constraints, the LCLS method should be used even when the modified Strongin algorithm can be
properly specified.

In Figures 2, 3 and 4, the performance of the LCLS method seems to be more dependent on the value of the
maximum of the second degree partial derivatives than the Strongin-based methods. This can be observed
by noting the difference in convergence performance for Function (b) relative to the other test functions'®
and is due to the fact that the LCLS algorithm depends on the maximum to define a sufficiently refined
partition of the input space in order to "localise" the computations and generate local Lipschitz constant
estimates, see Remark 3.7 and Theorem 3.9 for a precise characterisation of the relationship. In some sense,
the stronger dependency on the maximum of the second degree partial derivatives of the target function can
be interpreted as the necessary trade-off for the improvement in computation time obtained by the LCLS
algorithm.

The last illustration provided in Figure 5 shows the convergence and computation time of the LCLS algorithm
in the unbounded noise setting. We do not provide a benchmark as no alternative theoretically backed
approaches exist in this setting: the approaches of Beliakov (2005) and Calliess (2017) could be used but
do not have any asymptotic convergence guarantees. Instead, we compare the convergence rate to the one
obtained by LCLS in the bounded noise setting and observe the fact that no significant performance loss has
occurred when the noise is unbounded on any of the test functions.

We conclude this section by remarking that throughout the experiments, our proposed method has been
relatively unaffected by the changes in sample setting assumptions and can be used with minimal fine-
tuning. Indeed, only the relation between the number of samples in each subset and the diameter of each of
these subsets needs to be modified (see Remark 3.13). This relation can be set in a theoretically principled
manner by considering the results given in Remarks 3.10 and 3.11 or treated as a hyper-parameter and set
more heuristically. The flexibility of the LCLS algorithm is in contrast to existing asymptotically consistent
Lipschitz learning algorithms such as the benchmark approaches used in this section which either only
consider noiseless sampling settings or require prior knowledge of the noise distribution in order to be
applied.

13See also Figure 7 and ensuing discussion.
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4 Connections to Machine Learning and Related Fields

The theoretical results derived in Section 2 are fundamental in nature. They can be used as a benchmark
when developing novel Lipschitz constant estimators or more generally to provide a better theoretical un-
derstanding of algorithms that depend explicitly on Lipschitz constant estimates of an underlying target
function. Utilising Corollaries 2.3 and 2.7 the worst-case estimation errors of Lipschitz constant estimation
can be better understood and their negative impact on overall performance mitigated. This is particularly
important as Lipschitz constant dependent algorithms often rely on heuristic or experimental arguments
which might not always hold in practice to justify the Lipschitz constant estimation step.

In some settings, the LCLS estimator developed in Section 3 can be directly applied to improve existing
computational frameworks in which case the finite sample guarantees derived in Theorem 3.9 and Corollary
3.12 can be used. In particular, when a (loose) bound on the second order partial derivatives of the target
function is known, a sequence of feasible Lipschitz constants converging to the best Lispchitz constant at a
known convergence speed is obtainable. Unfortunately, while this approach is possible in all the sampling
set-ups considered in this paper, the convergence rate obtained for the noisy sampling set-up (see Corollaries
2.3 and 3.12) is generally too slow to be useful in practice. Instead, the LCLS estimator can be applied
directly to estimate the Lipschitz constant without feasibility guarantees.

In the section below, we briefly discuss how the results and algorithms derived in this paper can be used in
the fields of system identification and global optimisation.

4.1 Global Optimisation:

A major subfield of global optimisation research focuses on sequential search methods that explicitly utilise
the Lipschitz constant of the target function to remove large sets in the search space and enhance the
efficiency of exploration (Shubert (1972), Mladineo (1986)). As a good estimate of the Lipschitz constant
is not always available in practice, work arounds must be be found (Jones et al. (1993)). In particular, a
number of these optimisation frameworks make use of a Lipschitz constant estimator (Kvasov and Sergeyev
(2012) and references therein, D’Agostino (2022)). The computation of these estimates is generally done
heuristically without convergence analysis or error-certificate of the Lipschitz constant estimates. Therefore,
the minimax bounds derived in Theorem 2.2 of Section 2 provide a context for the expected performance
of these methods. More precisely, given recent work by Malherbe and Vayatis (2017) and Bachoc et al.
(2021) which derives optimal sample complexity rates for Lipschitz Optimisation when a Lipschitz constant
is known, it becomes possible to derive a lower bound on the sample complexity of adaptive Lipschitz
Optimisation algorithms that separate the optimisation procedure and the Lipschitz constant estimation.
We derive such a lower bound below as an example of how this can be done.

Following the set-up of certified online learning algorithms described in Bachoc et al. (2021), we assume that
we have access to a black-box target function f that can be queried to obtain noiseless observations. The goal
of certified global optimisation is to design an algorithm that systematically queries f in order to generate
an output sequence ((z, f(z%), (n))nen where x,, is the n-th query point, f(x}) is the generated estimate of
max,cx f(z) after n queries and ¢,, > 0 is an error certificate that guarantees: max,cx f(x) — f(z}) < (.

Given an accuracy € € Ry, we can then define the sample complexity '* N(A, f,¢) of a certified global
optimisation algorithm A as the smallest number of queries needed in order to obtain an error certificate
smaller than e for all f belonging to a function class C, or in other words:

N(A, f,e) := min{n € NU {4+00}|(, < €}.

Utilising this theoretical set-up, we can then combine the theoretical results of Bachoc et al. (2021) with
Corollary 2.3 in order to obtain the following statement on the worst case lower sample complexity bound
of the adaptive Lipschitz optimisation problem.

Note: this differs slightly from the definition used in Bachoc et al. (2021)
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Proposition 4.1 (Sample Complezity - Adaptive Lipschitz Optimisation) Assume that X is the hypercube
and consider the set A of adaptive Lipschitz optimisation algorithms which combine classical Lipschitz opti-
misation methods with a separable'® feasible Lipschitz constant estimator. There exists constants Cq,Cy > 0
such that VL* >0, A€ A and € € (0,€0) where ¢y € (0,297 ML*) :

* . 3 1 ’Yd(M, L*,G) %
CroalM L7 )+ Comaxtoin (G T oy (@)F 1 B Koo | AL K. ) -t o

T FEC2(X,K)NF,(L*)
where m = maxyex f(y), Vo = M?, K is as defined in Assumption 2 and

o ag(M,L*K) := (M?L*)d represents the dependency on the desired precision of the optimisation
algorithm and the input space size.

o B(L* K e):=(1+ [logQ(%’)] y1/d Llffz represents the dependency second degree partial derivatives and
true best Lipschitz constant of the target function.

o va(M,L* €):= {/ % represents the dependency second degree partial derivatives and true best
Lipschitz constant of the target function.

To our knowledge, (2) is the first lower bound on the sample complexity of adaptive Lipschitz optimisation
frameworks (see Malherbe and Vayatis (2017) for a possible sample complexity upper bound provided by
the adaLIPO algorithm). It depends on the input space, desired precision and upper bounds on the first two
orders of differentiation of f. The structure of the proof of Proposition 4.1 as well as the two terms contained
in the max expression of the lower bound can be interpreted as a comparison between the sample complexity
arising from the optimisation procedure and the one arising from the Lipschitz constant estimation. In
particular, % is computed by considering the subset of linear functions of C?(X, K) N F,(L*) which
is trivial to optimise in the case where the Lipschitz constant is known but becomes complicated to certify
if the Lipschitz constant estimation is difficult.

Unfortunately, the proposed bound is loose as the sampling scheme for the Lipschitz optimisation algorithm
can differ significantly from the sampling scheme of Lipschitz constant estimator and is of moderate interest
as it only considers a subset of adaptive Lipschitz optimisation algorithms. It does however provide an
example of how the lower bounds derived in Section 2 of this paper can be utilised to theoretically analyse
existing computational frameworks that rely on Lipschitz learning and future work will consider refining the
lower bound given in (2).

Finally, we note that the lower bounds derived in Section 2 can also be considered in the application of recently
proposed batch Bayesian optimisation frameworks (Gonzélez et al. (2016), Alvi et al. (2019)). Indeed, while
these methods provide interesting experimental results, the convergence bound stated in Corollary 2.3 shows
that in the worst case the Lipschitz constant estimate generated from the fitted Gaussian Process can differ
significantly from the true Lipschitz constant - severely impacting the performance of the algorithm in high
dimensional settings. At best, the Lipschitz constant estimate used in these papers: max,cx ||pv ()| must

be replaced by max,cx ||uv ()] + C(d,p) NQI/IE{ in order to ensure that the estimated value is a feasible

Lipschitz constant. Here uy denotes the mean function of the gradient function estimate associated to the
fitted GP which can be computed efficiently using the covariance function of the GP.

4.2 Nonparametric Regression for System Identification:

A popular system identification method in control settings known as Nonlinear Set Membership (Milanese
and Novara (2004)) and also referred to as Lipschitz interpolation (Beliakov (2006)) or Kinky inference
(Calliess et al. (2020)) by subsequent authors, explicitly utilises the Lipschitz constant of an underlying
Lipschitz continuous target function to define the smallest set of all possible systems that is consistent
with the observed data and to provide optimal'® point estimates. In the relevant literature, a number of

15In other words, only knowledge of the Lipschitz constant estimate is used in the optimisation part of the algorithm
16see Milanese and Novara (2004).
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Figure 6: Illustration of several nonparametric methods applied to noisy data. The target function is f : =z +—
cos(4nz) + 2z and the noise is distributed according to a truncated Gaussian distribution (std: 1, upper/lower
bound: —2/2). The predictions of the trained methods are plotted in red and the training data in light blue (800
observations). From left to write: LCLS-KI: Kinky inference using the Lipschitz constant estimate generated by
the LCLS algorithm. LACKI: Adaptive Kinky Inference proposed by Calliess et al. (2020) with correctly set error
bounds. LACKI-wrong: LACKI method with error bounds set at the wrong observational error bound (i.e. at 1.3x
the true error bound). NN-KI: Kinky inference method using the Lipschitz constant of a fitted Neural Network model
with sigmoid activation as proposed by Milanese and Novara (2004).

approaches have been used to estimate the Lispchitz constant however these either rely on heuristic estimation
(Milanese and Novara (2004), Calliess (2017)) or on knowledge of often unavailable hyper-parameters such as
tight bounds on the noise (Novara et al. (2013),Calliess et al. (2020)) which underestimate the true Lipschitz
constant. Utilising the LCLS algorithm developed in Section 3 would therefore be an interesting alternative
approach to constructing an adaptive Nonlinear Set Membership framework. As noted at the beginning of
the section, we directly utilise the Lipschitz estimate produced by the LCLS estimator as the worst-case
error guarantee stated in Corollary 3.12 is of the order n~ 7 and is too conservative to be useful in the
considered use case.

In Figure 6, we illustrate the performance of a hybrid LCLS - Kinky Inference method in comparison to
other nonparametric methods that depend explicitly on the Lipschitz constant of the target function. The
variation of the plotted nonparametric predictors is a direct function of the Lipschitz constant estimated from
the data — when the Lipschitz constant estimate underestimates the true Lipschitz constant flatter prediction
curves that do not fully capture the nonlinearity of the target function are produced while Lipschitz constant
estimates that overestimate the true Lipschitz constant produce overly input sensitive predictions. In fact,
the kinky inference framework converges to a nearest neighbour estimator as the Lispchitz constant goes to
infinity (Maddalena and Jones (2020)).

In Figure 7, we observe that under the truncated Gaussian noise assumptions, the proposed LCLS-KI
approach seems to performs best in comparison to the other nonparametric methods as long as the bound
on the second derivative K (see Assumption 2) is not too large relative to the number of observations in the
training data. As noted in Section 3.4, this is due to the fact that the LCLS algorithm is more dependent on
K than other classes of Lipschitz learning algorithms and can significantly underestimate the true Lipschitz

Mean Abs. Prediction Error
LCLS-KI an
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Figure 7: Mean absolute error of the nonparametric methods discussed in Figure 6 and the neural network utilised

to estimate the Lipschitz constant in the NN-KI method. The target functions are given by fx : ¢ — cos(2Anzx) + Az,

for A\ = 1,2,4,10 and associated maximum second derivative: K := max;ex fi (x) = 40, 158,632, 2526. The values

shown in the plot are computed on a test set contatining 500 independently sampled observations.
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constant when K is too large. Therefore, when the second order derivatives are moderate and upper bounds
on the noise on the noise are not precisely known, the LCLS-KI algorithm provides an interesting alternative
to existing nonlinear set membership/Lipschitz interpolation methods. Applications of LCLS-KI to the
common-use case of such methods, e.g. in learning-based model predictive control (Canale et al. (2014),
Limon et al. (2017)), could be pursued in future work.

5 Conclusions

In this work, we have established precise lower and upper bounds on the sample complexity of the estima-
tion of Lipschitz constants under minimal parametric constraints on the target function and relaxed noise
assumptions. Instead, our bounds rely on the assumption of C? regularity of the target function which, given
a compact input space, implies the existence of an upper bound on the second degree partial derivatives
(this type of assumption is unavoidable as if the second degree partial derivatives are not assumed bounded,
then the sample complexity can not be guaranteed to be finite and any theoretical characterisation of the
general Lipschitz learning problem is trivial). The obtained bounds on the sample complexity are shown
to be optimal in the noiseless sampling setting and to differ slightly by a rate of Ij—f in the noisy sampling
setting. These results can be used to provide a theoretical baseline for the Lipschitz learning problem and
to help drive the design of future black-box Lipschitz constant estimators.

In order to derive the upper bound on the sample complexity, we have proposed a new algorithm for Lipschitz
learning based on local least squares regression that is sample-optimal in the noiseless setting and performs
well in the presence of noise. We have thoroughly investigated the theoretical properties of this algorithm
showing asymptotic consistency, guarantees on finite sample behaviour and computational complexity in both
noiseless and noisy sampling settings. A series of brief empirical experiments illustrate how these theoretical
results translate into practice and how the LCLS algorithm compares to existing classical Lipschitz constant
estimators. The proposed method provides a suitable solution for Lipschitz constant estimation when a
theoretically principled and computationally flexible approach is needed.

Forthcoming work on LCLS will focus on extending the algorithm to recursively compute local Lipschitz
constants on observed data and to provide theoretical guarantees on this extension. In addition, future
work on theoretical Lipschitz learning will look to improve the sample complexity bound in the noisy setting
derived in Section 2 under stronger assumptions on the noise distribution and by restricting the class of
Lipschitz learning algorithms.
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A Notation

For a partition H of X' defined following the discussion of subsection 3.1 and a set of samples D :=
{(z4, fi) }ieqr,..., Ny We recall the following notations. Note; if H is part of a sequence of partitions (H)ren an
additional I index may be used.

1. The subset of samples that belongs to H € Hz is denoted DH := {(mf{,ﬁﬂ)}ie{lw_w}q}. Note:
samples can only belong to one subset H. If a sample point is on the border between two sets, then
it can be included in either design matrix.

2. We denote the design matrices of the least squares regression X € RY ' x(d+1) and the observation
vectors f}q € RNIH;

T .

1 ey, fr, fH, VH:

L ay, B fu, fm, VH,
XH = . . , = : = : + . , where Vk € {1,..., N} where

; i :
L zy TH u fHNF VH 5
I I
} fi= o=

(w,, fu,) is a sample point contained in DH with fy, := Q(zp,) and by abuse of notation;

YH, = Vau, -

3. We denote by [IA)}LI , B[H ] € R (where bl € Ris the intercept) the least squares coefficients associated
to H € H; and computed using X{{ and fHNH'
I

B Remark on Assumption 4

Remark B.1 (Some additional comments on Assumption 4:)

1. We define "sufficiently large" by considering the balls BQTOZ (¢) of radius %. This choice of set size is
linked to the mazimum fluctuation of the gradient given bounds on the second derivatives. This can be
ezxplained more rigorously by following a similar argument to the one presented for the construction

of the set B of hyperspheres in the proof of Theorem 2.2 .

2. We consider § € (0, %) (2) therefore only implies light upper bounds on the probability statement
(i.e. upper bounds in (3,1)). It is also important to note that Q(5) does not depend on €.

3. e<e< 1\/2175( seems restrictive, however for all classes of Lipschitz constants that we will analyse

below, Q(8) > o which implies that the C(c2d,d) constant given in Theorem 2.5 is smaller than 1.
Therefore in the case where € > % we have that n = 0 and Theorem 2.5 holds trivially (i.e. no
need for Assumption /).

4. Note that in (2) of Assumption 4, f € C*(X, K) can depend on both L,, € L, ,(X) and DI € D(0,0?)
however the choice of Q(8) must hold YL, € L, ,(X) and VDI € D(0,07).

C Proofs: Lower bounds on Sample Complexity

Lemma C.1 (Properties of F) For C1,Cy € R, define the function go : RY — R,

1
e
Cre "L ey S —z)? <1

0 otherwise.

go(z) =

The following properties of gy can be shown;
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1. maxgepa ||[Vgo(z)|l2 = 0.8C1/Co

52
2. MaXgerd i,5e{1,...,d} |3$7’,g$0j ($)| ~ 7.75C1C5.

Proof Let gy be as described above. It follows from construction that gy is a radial function and that

there exists u : [0,+00) — R, such that Yz € R?, u(Zf 1 7?) = go(z) (and in other terms, Vr € [0,400),

u(r) := go(+/7,0, ...,0) ). We can compute the maximum magmtude (in ||.]|2) of the gradient of gq as follows;

d d d
V - 2 ¢ 2 ,2 ! 2 g een = 2 / 2
max |[Vgo(2) |2 = max ||( xw(;ﬂw@) xzu(;:lxz) )2 = max{| U(;:lwz)IIItz}
1 1
2 2oy 0O o
_?é%}ip“( )r|— max  {2C; 2 T Ot 51 =C1 20215?1{ T(l—r2)2}'
F
1
-1 -1 1-
C e 1-r2 1-r2 64336 V3 . . .
omputing maxo<r<1{2r(1 T2)2} gives max0<r<1{2r(1 TQ)Q} Vamr Since g¢o is continu-

ously differentiable and the support of Vgo is compact, we have that there exists z* € R? such that
_ V3
[Vgo(z™)l2 = 01\/02(\%/_23)26 Vs-1 x5 0.801/Cs.

Similarly, we have that for i € {1,...,d}, z € R,

d d

go
790 () = 20/(3" a)) + daPu (Y 42))
i i=1 i=1
Here it is clear that for 2* € argmax, cpa 62 (x)| either (1) zF =0 or (2) ¥ =0, Vi # j. In the first case;

we can compute max,cg, |24/ (r )| = 80102 o 1 08C1C5. In the second case, settlng x = re;, we consider the
computation of max,cp, |2u/(r?) + ¥y "(r?)|. We have

3C2rt —1
10,2 2 1 _ p—— 2
20/ (r?) + 4r®u” (r?) = 201 Coe” =7 1= Cyr2)i
and can compute
max [2u'(r?) + 4r?u” (r?)| = C1Cy max [2e” e 307| ~ 1.75C, Cs.
reR, reRy (1 — Cor2)*

Therefore, we have max,cga \%(zﬂ ~ 7.75C1 Cs. Finally, we check Vi # j € {1,...,d}, max cpd |;jg£ (x)] =

MaX,crd |4xixju”(zgl 1 22)|. Clearly, we can set = re; + se; for r, s € R;.. Computing this quantity gives;

d [

drse” TEUTT 8v/2e—2-V2
ax |4 H = 0103 a ovee

max |4ziz;u (;m' 162 max Ay

We obtain Vi # j € {1, ..., d}, max,cpa | 22 (2)] ~ 1.85C1Cy < max,eps | 54 (2).

Proof of Theorem 2.2 (Sample Complexity Bound 1).
Let p = 2. If we can show that there exists a set F* C supjcoe(x xynz,+) of functions that can be
constructed such that

VL € Ly,(X), sup |L(f) — L3 (f)| > €
feF
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when n < (C(dm)%)d, then Theorem 2.2 follows directly. This expression can be simplified to the
equivalent statement; ) R
VL € Ly, p(X),3f € F such that |[L(f) — Ly(f)] > e

In order to construct such a set, consider the following functional family. For C,Cs € R,

1
e YT @t d
Fo(Cy,Co) = {g. : R* 5 R|z € X, g.(x) = { Cre 22m if C2 305 (25— 2)% <1 }
0 otherwise.

For any L*, we can consider the family Fr-(Ci,C3) by adding a linear component, e.g. L*z; to
g € Fo(C1,C2). In this case, we have by the construction of Fo(Cy,Cs) that for all ¢ € Fo(Cy,Cs)
with support in X and gl € Fo(C1,C), 2 € X, max,cpe |Vgl |2 = max,epa [|[Vg2|2 + L* and

o%gL” 9%g%
MaXyzeRrd,i,je{l,....d} | amimj | = MaXgeRd,i,jef{1,....d} \awij
where L* = 0 (see comments in parenthesis).

. We can restrict our proof to considering the case

In this proof, we will show that for carefully selected values C},C5 € R, X contains ~ (%)d disjointed

[[-[l2-hyperspheres B := {B;};cqq,. (ax)ay of radius % such that; VB;,B; € B, B C X, BN B; = { if
€ 2
i # j and a set F C Fy of associated functions with the following properties; Vgz, € F associated to B; € B,

L. supp(gz,) = B,
2. maxzex ||Vyz (2)|l2 > 2¢  (+L* if L* #0)

2,
3. Wi, j € {1,...d}, maxgex |52 (2)] < K.

Since every g;, € F is analytical, 7 C C?(X,K). This implies that a Lipschitz learning algorithm
L e L, »(X) needs to sample at least one data point in each hypersphere of B; € B in order to ensure
that the difference between the Lipschitz constant estimate and the true Lipschitz constant is smaller than
e for every g € F U{h = 0} (in the case where L* is not assumed to be equal to 0, we can consider the
linear component of F;(C1,C2) instead of the zero function). The number of sample points n utilised by a
Lipschitz learning algorithm must therefore be greater than ~ (ATK)d in order to ensure this e-precision for
all gz, € F.

We begin by showing that such values of C, C5 exist. To do so we consider the gradient and second order
partial derivatives of the functions in F. Let g € F, applying Lemma C.1, we have :

1. max,cpa |[Vg|l2 = 0.8C1v/Cy  (+L* if L* #0)

Using these values, we can define the values of C7 and C5 discussed earlier in the proof. Firstly, in order
ay | 0%g ()] < K. This implies the relation C4

aIiI]‘

2 (Tod _ K
to have g € C*(R%, K), we need max,cpa ; je(1 = sres

Secondly, we set Cy such that max,cx ||[Vg(2)|2 = 0.8C1+/Cy = 2e. Plugging in the relation for C given
above;

.....

0.1K K 51¢2
=2 —— )2 =C;and O = —.
o e (gp) = Grand O =

Setting | = ——= = 2% we have

0
Ve T ®

d
supp(g) = {x € RYC5 Y a7 <1} = Bi(c)

i=1
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where Bj(z) denotes the d-dimensional ball of radius ! defined with respect to ||.||2 and centered in ¢ € X.
The last step before defining F is to count how many sphere of radius / can fit in X = [0, M]¢. Here, we
use a lower bound that is obtained by considering the regular hypercube partition of X of side-length I,
defined by; N := [%J and [ = % Let B denote the set of balls of radius [ that can be inscribed in a subset
belonging to the hypercube partition of X'. Then, for all B;, B; € B, B; C X and B; N B; = (. Furthermore,

we have [B| = ()¢ ~ (Ag—(ff)d (+ constant).

The associated set F of functions can be constructed by utilising the set Z of ball centers z; for B; € B and
the values C}, C3 computed above to define

F :={g, € Fo(CT,C5)|z € Z} U{f =0}.

As noted in the beginning in the proof this construction implies that the number of sample points n utilised
by a Lipschitz learning learning algorithm must be greater than ﬁ(ﬂ)d in order to ensure that the
difference between the Lipschitz estimate and the Lipschitz constant is smaller than € for all g € F

Utilising norm equivalences and Lemma D.2, we have that in the case p = 1, the sample complexity can of

Lipschitz learning problem can be lower bounded by (C (d)%)d, where C(d) = —

T
20d3

[ ]

Proof of Theorem 2.5 (Sample Complexity Bound 2).

Theorem 2.5 is implied by the following statement: Ve > 0, € (0, i),

~ MK ~
n < (C(o?,4, d)—)Zd =  inf sup sup  Ppu(|L(f) = Ly(f)] >¢€) >0
€ LELn,(X) fEC? (X, K)NF,(L*) D2ED(0,02)
where C(02,6,d) = o? In this proof we will show that the stronger statement given

1 1 .
20l0g(2)Q*2d™** 15 20}
above holds. As with Theorem 2.2, we consider the case L* = 0 and treat the case L* > 0 by adding a linear
component to functions in the set F defined in the proof of Theorem 2.2 and used in this proof. To alleviate

notation, we remove F,(L*) from the sup expression.

Let L € L, ,(X) be arbitrary and denote by GL the set of samples generated and used by L. By the

proof given for Theorem 2.2, GL needs to contain at least one sample point in each of the (C’ (d,p) ME K ))d
disjointed balls of radius % in X in order to obtain a Lipschitz estimate whose difference with the Lipschitz

constant is smaller than € in the noiseless sampling set-up. It is clear that this must hold true for the noisy
sampling set-up as well. Indeed, let B denote the set of these disjointed balls and F denote the set of
associated functions defined in the proof of Theorem 2.2. Suppose that there exists a B € B that does not
have a sample point and let gp € F be the associated function to B. For arbitrary DY € D(0,0?%), suppose
that ]P’D;z(|f(gB) — L;(gB)| > €) < 4. By construction of F, L;(gp) = 2¢ and this statement is equivalent to
]P’D;z,(l:(gg) € (€,3¢)) > 1 — §. Now consider the zero function f € C?(X,K), f =0. As gg(z) =0,Vz ¢ B,
we have that data samples (z, f (z)) generated for f and samples (z, Gs(z)) generated for g will be equal.
Therefore, L(f) = L(gz) and Ppr (IL(f) — Ly (f)| <€) = Ppr(IL(f)| <€) <1—Ppr(L(gn) € (€,3¢)) <0
. » " . 1
which means that Ppx (|L(f) — Ly (f)| > €) > 1 -0 > 4 since d € (0, ).

For B € B, let G% = (xf7 Q(xiﬁ))mieg denote the set of generated samples that belong to B.
Consider an arbitrary Lipschitz learning algorithm L € L, ,(X). By the argument given in pre-
vious paragraph, we have |G4| > 1. Furthermore, since B (closure of B) is compact and con-

vex and by construction supjecex iy Lp(fle) — Lp(flans) = Lylgsls) — Ly(gslans) = 2€ —
0, we can apply Assumption 4 on B in order to obtain Qp(20) € R, such that VDI €
D(0,0?), we have that one of the two following statements hold:
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1vaL€C(XK D"( |Z:LB1Q ) fpi(@ ‘>QB)_O

2 3fp; € CHXK): Ppe(1L(f7) = Li(f
1- 25

‘ *!E”B Qak) = fo k)| > QB(26)) <

where nk B |G |. Note: the dependency of fB 7 on D is made implicit to alleviate notation. The second
statement is equivalent to

Pos (1E(fs.0) — Ly(fpi)l > €

—|Zm | > Qn( 25))>25

np i=1

where the v, ; do not depend on the choice of sampling input le Applying this approach to all B € B, we
obtain an associated set of {Qp(20)}pes and {fj ; } Bes. Defining, Q* := maxpep |@p(29)|, we have that
VD! € D(0,0?) for which the second statement given above holds:

. 1 & .
sup  Ppn(|L(f) = Ly(f)l > ¢[3B € Bst. —|Y 7,01 > Q") > 26.
feC?(X,K) nk "

This implies that VD! € D(0,0?):

R 1
sup  Ppn(|L(f) - Li(f )\>e)>]P’Dn(EIBEBsuchthat|—Z’yL|>Q)
fec2(x,K) np i1

IL

251 [ oS 501 < @),
BeB ng =
Here the product is maximised if |G,g| is constant and minimum for all B € B. Let us therefore assume that
this is the case and set N := minpeg |G|, we have,

L(f) = Ly(f)| > €) = 26(1 = Ppx (| Q")Fh

sup  Ppn(
fecz(x k)

HMZ

N
=26(1 — (1= Ppx( —Z Q"B

2

Vol Since the 4_; are uncorrelated V(xiﬁ, Q(xf)) €

=

Let I'y be the random variable defined by I'y := % Z 1
GEL 5 and D, . € D(0,0°) we have E[I'y] = 0 and var[['y] = . It is well known that the classical Chebyshev

T4
2

inequality is tight for the discrete distribution I' € D(0, UW)

. 1. 0'2
- o2 R —Q" with probability 57~

Pp, (' =0/ > Q%) = NoT for T :={ Q" with probability 5%
0 with probability 1 — W

Following (Rujeerapaiboon et al. (2018)), we have that since {ﬁzﬁ}(mﬁ (el yeqr 18 assumed to be uncorre-
2 i i B

lated but not independent or identically distributed, then the projection properties of D(0,0?) imply that
I'y can follow any distribution of mean 0 and variance "—; (Yu et al. (2009)). Therefore, we have
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sup 251~ Ppx (| > Q)F) = 25(1 — (1 - 2
DNeD(0,02) NQ

In order to obtaln the largest lower bound on the sample complexity, we compute the greatest N such that
. 2 .
25(1—-(1 - )\Bl) > 4. Setting 26(1 — (1 — )\B\) =0, yields N = W |Bf‘ This last term
|B

behaves approximately linearly in |B|; its Laurent series is given by ; g(g)Ql*z + 2Q*2 + fgéogz(é)l + O(ﬁ) as
o?|B|

|B| goes to infinity and it can be lower bounded by; — log(2) 0 . Therefore, since the above reasoning holds for

arbitrary L € £,, ,(X) we have VL € L, ,,

o?|B|

If mln G < , then  sup sup  Ppn(|L(f) = LE(f)| > €) > 6.
G5 109 (2) Q"2 1o 1) b o) n (L) = Lp(f)l > €)
This implies that VL € Lo p,
BI2
Ifn < o’|B] ————5, then  sup sup  Ppa(|L(f) — L,(f)] > ¢€) > 6.
log(2)Q* FEC?(X,K) DreD(0,0?)

As the the bound ; (2‘)65*2 does not depend on L (as by Assumption 4, {Qp}pep does not depend on L)
we have that if

21812 B AK 5
< 5 — s =C(0*,0,d)(— )
log(2)Q* €
h (o2 = o h
where C(0%,4,d) ST T then

inf sup sup  Ppn(|L(f) — Ly(f)] >¢€) > .
LELnp(X) fEC?(X,K) D1€D(0,02)
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D Proofs: Theoretical Properties of LCLS

Proof of Proposition 3.3 (Computational Complexity of LCLS).
Follows directly from the computational complexity of the linear least squares regression algorithm which is

O(nsamples)~

D.1 Technical Lemmas

The proof of Theorem 3.6 relies on the following technical lemmas.

Lemma D.1 (Fundamental logarithm inequalities) For all x > 0,
1

1—=<log(z) <x—1.
x

Lemma D.2 Let X be as described in Assumption 1. If f verifies Assumption 2, then f is L;-Lipschitz
with respect to ||.||,. Furthermore, for p = 1,2, Ly = maxzex{l|Vf(z)|y} and for p > 2, L; <
maxgex{||Vf(2)|lq} where q is the Holder conjugate of p.

Proof f is L;-Lipschitz follows directly from the fact that & is compact and f € cl(x).

Vp € N, L} < maxzex{||Vf(z)|q} follows from the multidimensional mean-value theorem and an application
of the Holder inequality.

For p = 1,2, we show Ly > max,ex{[|Vf(z)|/,}. Consider : Vo € X consider the Frechet derivative of f
at 2; lim,_,o L@ f(w) Vi@ @ _ () yp e RY, Then, choosing h = Vf(x) for p = 2 and h = e;» such
that |V f(x ) eix| = ||Vf( Moo for p =1 gives Ly > maxme;({HVf( )¢} (Note that this reasoning is well

defined because f € C'(X) and X is an open set that contains X which implies that f(x+th) is well-defined
for any h € R? and small enough ).

Lemma D.3 Consider a sequence of partitions (Hr)ren used by LCLS and assume that for a given n € (0, 1]
the sampling distribution satisfies Assumption 5. Then,

-1 16
VI €N, VH € H;, ||(X{IT)<{I) o < —p—.
néf "Nf!

Proof Let Apq. (M) denote the maximum eigenvalue of a matrix M if it exists. VI € N, VH € H, we have

—1
I (X{{TX}{> 2 = m where amm(X{{TX{{) denotes the smallest singular value of X}LITX{{.

Therefore, we can focus on showing the following relation that implies the Lemma statement:

T 77N
O_mzn(X{-I X}{) = I 6
mI,l
_ B m;2
Let X {{ be the design matrix without the first column of ones, ie. X }{ = . , we have
x,T{N{{
T HT\2 HT 1;11
Tmin(Xp' X) = omin(XF) = min |XFwl = min )| A7 |l
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(L T
. N
> min = min XH ullfd =0 X XH
> min ||[ XH] 8= min, IXF "l = omin (OCF X1,

Therefore we can consider the smallest singular value of X H instead of X which allows for a direct use of
Assumption 5. We have

T T T it
FH ' yHY _ FH ' yHY _ . TvH vH, _ : 2
Omin( X7 X7') =Xy X7)=  min  « X;{ X/u=  min (zg,,u)”.
w€ER, ||lull2=1

ueRY, ull2=1 14

Let umm € R? denote the elgenvector associated to )\mm(XH XH) with [|u

N N
Zz:l <xHi ’ umin>2 = H??Hlir:ll Zi:l <$H1 ) U>2'

*inll2 = 1. Then, u} . satisfies

Using u,,,, we can construct an orthonormal basis of {u* ., us, ..., uq} of R? (such a basis can be constructed

min’ min?

H
using the Gramm-Schmitt algorithm). Then, since D contains nN#! distinct %—covers, we have that there

exists at least PN pairs of datapoints (.TH ,fH ), (sch,fH ) € Df such that 3{c;}ieq1,. a3, a; € R with

.....

6H
| > & L and (Tp, — ;) = a1uy,;, + Z aruy. This implies that max(|(zm,, w0 |, [(TH,, i) ) >
=2
H
Indeed, if [{(xg,,uw! )| < %, then
SH §H  §H
|<1’H]’urmn>| = |<xH] — 2o, +wau:im'n>| = |<xH] - xHi’u:nin> + <xH17u;kmn>| > é - é = é

H

. .. . H .- _I_[T ~H N * H
Using this inequality n N/ times we can conclude, 0y (X2 XH) =301 (wy,, uli)? > nN} (f) .
]

Lemma D.4 Consider the constructions of Definition 3.2. The following relationship holds for all I € N,
V(X)D(£ +1)24 V(X)T(4 + 1)24

( ) (2 ) d§|HI|§ d( ) (2 )

T2 mingey, (0n)?

W% maxXpgeH; (A}I:I)
where V(X) denotes the volume of X.

Proof Follows directly from the definition of {6¥}pes,, {AH}yey, and volume formula for the d-
dimensional ball.

Lemma D.5 Let the notation and assumptions be as described in Theorem 3.6 and define x* € X as
x* € argmaz,e x|V f(2)|lq. Then, VI € N,

4v/ddn, K

[IV.7 ")l = e {11 A lg} < NG

1
where ng = dmax{g =30}

Proof Note: such an x* exists by compactness of X and the fact that f € C?(X).

By definition, [lA)IIq, 3F]T = (XIHTX{{)_lXIHTfIH. Computing the expectation of this expression yields

(b, 887 = E[(XF xF) X
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= B[ X)X B X)X ) = T X)X

VH € Hp, let cy € H (closure of H) be such that ||V f(cy)|, = max,cz{|Vf(z)|s} which exists by
compactness of H and the fact that f € C?(X). Then, using the second order Taylor expansion of f around
ch, every coordinate fp, of fH can be re-expressed as

o= flen) + (wm, —cu) 'V f(en) + (wn, —cn) " Hess(ey +rm (v, —cn))(@m, —cn),  (3)
where g, € [0,1] and Hess denotes the Hessian matrix of f. To alleviate notation, let ||.||; denote a
pseudo-norm on R4 defined by; € R, ||z]|; := {/ 0 27 if ¢ < 0o and ||7]|& = maxe(a, _at1y il
otherwise. Then, using the definition of X,

. TH
BB, = | [IE[[;HH la = NCXF T X)X 5 g

flew) — iV f(cn)
_ H(XHTXH)—IXHT(XH 0 xH 0
- I I I I I vf(cH)

0
(zw, — cH)THess(rHl)(le —cH)
+ |@ay —en) " Hess(rm,)(wm, — cn) ||

0 (zm, ch)IHess(rHl)(le —cH)
HT sy H\=1yvHT | (xpg, —cn) Hess(ru,)(THy, — CH _
= : gy + XTI T G ) e o, e

—.J(H)

Plugging this expression into the theorem statement yields:

IV £(2")llg - max {[|E[ Brllla}| = IV F(@)la }I;é%f]{HE[BIH]HQ}

< IVF()lle = (max {] {Vf( )} la} = max {[|7(H)lla}) < [V F(z7)llg — max {[|Vf(cn)lla}
J = J(H
+ max {||7(H)[l¢} = max {||J(H)lls}
where the last equality follows from the fact that there exists H € Hj such that 2* € H. As f € C*(X,K),
we have Vi,j € {1,...,d}, V& € X that |af;78f”(:c)| < K. This implies that ||Hess(z)|1 < dK Vz € X and by
matrix norm equivalence; ||[Hess(z)||z2 < Vd||Hess(z)|y < dvVdK, Yo € R Therefore, since matrix p-norms are
sub-multiplicative;
(zm, — 1) Hess(rm ) (en, — cn)

!
1T (H)lg < ngllJ(H)ll> < ngll (X7 XE)TXF o | (P12 = c2) Hess(ra)(@rm —en) | |,

1 1
1_19
where ng = d™*ta =20}

T _ T T _
I X)X e = IXT (X7 X)) e = \/Am«XIHTXF)*)
JXETXE) s < —
o /nNY
where Az denotes the maximum eigenvalue of (X7 Tx A)=! Combining these two upper bounds we can conclude:

4\[ ddKn, AF? a/ddn,K
viooof v

IV f@)lq — max {|[E[ Bl <
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Lemma D.6 If the Assumptions of Theorem 3.6 hold, thenAVI € N, the difference between the Lipschitz
estimate generated by the LCLS method with noisy sampling Ly and the Lipschitz estimate generated by the
LCLS method with noiseless sampling Ly can be upper bounded by;

- € 252gm G100 /g 1
P(|L;y —L;| > <) <1- 1—
W= Lil>p<i- I i
I

)- (4)

Proof Let I € N. VH € Hy denote by [bH BH] the least squares coefficients computed using (X, fH)
(instead of (X fH)) ie. the noiseless least squares coefficients. Then,

SHOA T _ T
E(lbr’, 571 =EI(X7 X7 X =10 8T
Therefore, we can write (with n, = dms=30h
L;— 3 E = H — 3H E
B(ILr — il > £) = (| ax (1671} — max (131} > 5)

= P(| e (IEIGH Mo} — s {1311} > 5) < P

maxx {[E[3{ llg = 181" lla}] > %)

< P (IR = 5} > 5) < P (IEIBF) = 671} > 5-)

HeH 2n

=1 - P(max {|EBf] - B ll2} < 5—) < 1— ] PO -7l < 5-)
q HeH; 4

=1~ [T 0 =PUEBH] - Bfl e = 5)

HeHMy 2nq
In order to upper bound the term given in product: P(||[E[3H] — 3H ||, > 5—), we use the covariance matrix:
q

var([b¥, BH]) = 02(X}T{TX}1')*1 which follows from the fact that the components of v are assumed to be
uncorrelated with mean 0 and variance o2. We also denote by Tr(M) the trace of a matrix M € R*9,
Then, by applying an extension of Chebyshev’s inequality to finite dimensional vectors (Ferentios (1982))
and Lemma D.3, we have

Chebychev’s T -1
N SH € Ineqyuality 4n302Tr((X}{TX}{)_1) 4”302\/3”()(1}1 XIH) [l2
P(|E[B7] = B [l2 > ﬁ) < 5 < -
q

€ €

Lem@a D.3 477,30’2\/3 16 267130'2\/8 1

= 2

nsH* NH net NHGH?

Plugging this expression into the product given above concludes the proof.

- a € 20652gmax{G-10} /7 1
P(Lr—Lil>5) <1~ IT a- =2 T
HeH; K N o7

)

D.2 Proof of Main Theoretical Properties of LCLS
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Proof of Theorem 3.6 (General Convergence Rate).
We recall that VI € N, the Lipschitz estimate Ly is obtained by considering the partition %; and computing
maxew, {|E[BH]|4}. Let € > 0 be arbitrary. We need to show for p = 1,2:

lim P(|L; — L] >¢€) =0
I—oo

and for p > 2 R
Ilim P(|L, — L;| > ¢) =0 with L, € R>p-.
—00 - P

Since f verifies assumption 2 and X is convex and compact, Lemma D.2 guarantees the existence of * € X
such that ||V f(z*)||, = Ly for p=1,2 and L, := ||V f(2¥)||; = maxzex |V f(z)|, > L; for p > 2.

Therefore, for all p > 1, we can consider the statement;
Jim P([|Vf(2")lly = L1| > 6) =0
Let I € N and consider P(|[|[Vf(z*)|l, — L] > €). This expression can be split into two terms:
PV f(a*)lly = Li] > )
< BV I, — s (EBE > 5)+B( o QEBF ) — il > 5

(€3] (1)

In the following, we show that both (I) and (IT) converge to 0 when I goes to infinity.

(I): From Lemma D.5, |||V f(z*)|q — maxHeHI{HE[BF]HqH < M#a;. Plugging this upper bound into

the above expression, we have

4\/3dana - e)
YT > ).
V7 2

By hypothesis 2. lim;_,, a;y = 0 and therefore there exists I; € N sufficiently large such that

4Vddng K
Vv

PUIVA)lly — gax (BB > 5) < P

4V ddn, K

<
Vi apn >

5
and therefore P( ar, > 5)=0.
(I1): We show that P(| max ez, {|E[BH]|,} — Li| > £) converges to 0 as I goes to infinity. Let L denote

the Lipschitz estimate generated by LCLS with noiselqss samples. Then, applying Lemma D.6, we have the
following upper bound on P(| max ey, {|E[BF]|l} — Li] > §):

A A € . A € 1602dmax{%71’0}\/g 1
(| uax (B3]} — il > §) = B(Ls — Ll > Sy <1— [T (1 - )

2 2
HeH e NII—I(S}—I
6 _2 ymax{2—-1,0}
2°07d ! \/a )\HI\.

<1—(1- -
ne2 minHeHI(NjHéﬁ )

As by Theorem hypothesis 2 limy_, o max ey, (A?) = 0, applying Lemma D.4 implies that lim;_,  |H/]|
0. Therefore using the fact that lim;,.ob;y = 0, we have lim; ,. maxpey,

( L z
H§H
. NI T
I—o0 1 I NIH 5IH2

ax{2_
96y 2gmex {210} /7
N 2
7752m1nH€’HI NF(S;I ?

then

To alleviate notation, let (as)rey be the sequence defined by «; :=

lim;_y0o —————» = 0 implies that 3] € N such that VI > I, a;y < 0.5. Utilising fundamental
mingen; NlHéfl

logarithm inequalities, we obtain:

ay

8]
1—(1—an)™! < [#]log( ) < Ml < [Hil

1—ag —ay
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2502dma"{%_1’0}\/& 17| 2502dmax{%—1,0}\/a e
= 7762 . HsH?2 = 62 )bl — 0.
mingey, Ni 07 Ui

Proof of Corollary 3.8 (Noiseless Oracle).
As in the proof of Theorem 3.6, we can consider the statement; p € N,

Jim P([|Vf(2")lly = L1| > 6 =0
— 00

where 2* € argmax, ||V f(2)|/,. Since the data samples contain no noise, L; = maxges, {|E[5H]|,} and
P(IVf (@)l = Lt| > €) = PV f ()l — gé%{\\]E[Bf]Hq}\ >€).

Then, applying Lemma D.5 and using lim;_,,, a;y = 0 as in the proof of Theorem 3.6 gives the desired
convergence result.
(Note: that the least squares estimation is well defined as IV, }{ > d+ 1 and Assumption 5 holds.)

Proof of Theorem 3.9 (Finite Sample Guarantee).
We show the equivalent statement; P(|L, — L;| > €) < 8. where as in proof of Theorem 3.6, L, := ||V f(z*)||,
with 2% := argmax,c v |V f(z)|l, and L, = Lj for p = 1,2, L, > Ly for p > 2.

In the hypercube set-up, we have VI € Nx1, VH € Hr, Al = fM , 00 = 7 and |H;| = 1% Let € > 0,6 €

(0, l]' From the proof of Theorem 3.6 we have that three followmg mequahtles need to be satisfied in order for

(1) to hold. From (T) we need Y22 8% < & i order for P(||[V (2|l —maxmer, {IEFH]} > §) = 0.
This implies that;

2
> 8 ﬁonK.
N4 €

From (II), we have the following two inequalities that need to be satisfied;

26 52 dmax{ % —1,0} \/g

(1) oy = < 0.5
ne2 minpgeyy, NH§H?
925 2dmax{371,0} d
@ ZOCTS A Bl

. H H2
ne mingey, Ni o7

The first implies that
27dmax{%—1,0} \/gOZ 12
< min Nf
n M?2e2 = HeH;

and the second expression gives

2510 /y2 I [#1] < min N/
" M2€2 ) HeHy L

Since |H;| = I%, I € Ny; and § € (0
well. Therefore, we have VH € Hy;

25dmax{%—1,0}\/g0_2 Ja+2

, 3], we have that if the mingey, N satisfies (2) then (1) is true as

n SM?2e2 < f?ég{lf Ni'.
Setting C4(d) = 8d2/dd™ 1539 and Cy(d,q) = 25@™*{5 =19} /g concludes the proof.
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E Proofs: Sample Complexity of Adaptive Lipschitz Optimisation

In this section we prove the lower bound on the sample complexity of certified adaptive Lipschitz optimisation
algorithms given in Section 4.

Proof of Proposition 4.1 (Sample Complexity of Adaptive Lipschitz Optimisation).

Fix e > 0, L* > 0 and let A be a non-adaptive certified optimisation algorithm which takes a given Lipschitz
constant L > L* as a hyperparameter. Using the notation given in Section 4: with n-queries to the oracle,
A outputs a triplet ((z,, f(z}), (n))nen where x,, is the n-th query point, f(x¥) is the generated estimate of
max,cx f(z) after n queries and (,, > 0 is an error certificate that guarantees: max,cx f(z) — f(z}) < (,.
From Theorem 3 of Bachoc et al. (2021) with ¢y < 2¢97!ML* (this follows from the fact that X is a
hypercube), we have that for all f € {h: X — |h is Lipschitz cont. and L}(h) < L}:

cal*(1 - )¢ dz
N(A, fe) > 1+ [logy(%2)] /X (f(z*) = f(z) +e) “

where ¢q > 0 (It is important to note that the term ¢;L*? is not optimised in (Bachoc et al. (2021)) and
could be improved in future work). Now, consider an adaptive Lipschitz optimisation algorithm A with a
separable Lipschitz constant estimator L ;(f). If L L ;(f) can be guaranteed to be feasible (e.g. see discussion
after Corollary 3.12) then equation (5) holds for A and Vf € C?(X, K) N F,(L*) with L replaced by LA(f)
17 The precision at which L ;i(f) estimates L*(f) therefore directly impacts the lower bound on N (A, f,e).
From the Corollary 2.3 given in Section 2, we have that Vn € N, any Lipschitz learning algorithm L € Lnp
that guarantees feasible Lipschitz constants must satisfy

MK
sup L(f)—L*>C——.
FEC? (X, K)NF, (L") Vn
for some C' > 0. This implies that for all A € A, there exists a non-empty set G4 C C’2(X K)n F,(L*)
- . oL d
such that Vf* € G4, La(f*) — L* > %Afl[—\/;f Then, denoting I(f) := 1+DggL 0] fX T f(z)+€)d in order

to alleviate notation, we have VA € A,

L*
N(Ae) := sup N(A, f,e) > sup - = )dl(f)}
FEC2(X,K)NFp(L*) FEC2(X,K)NFy(L*) La(f)
L* d
2 (1= o )" swp {1}
+ 2 nag €94

Re-arranging the terms in the above expression, we can obtain:
C C
—MK sup {VI1()} <L*(Y/N(Ae) +§MK\(1/N(A,€)

which can be solved to give the lower bound

MK L*sup { vl }
YN(A,e) > C 14+ [€94 ~1
where C7 > 0 is a constant. In order to finish the proof, a lower bound on sup;cg, { VI( f)} is needed. To
do so, we note that I(f) is minimised when f is constant. We therefore consider the set of functions Jy
defined in the proof of Theorem 2.2. From the proof of Theorem 2.2, we have that if N (A, 6) (MEyd(C2)d

L 2
¥ - Co MK L*)? . (LY K
then L* < %W and ]:0(081(’70785( -)2) C Ga. Using f(a*) = (0'8})<,Vf e Fo (08K770785( 2)?), we

obtain the lower bound:

sup {I } CdL*d Vx
f€Ga 1+ [logy ()] (e 4 L2ya’

17Note: this is only possible as we are considering adaptive Lipschitz optimization algorithms which are separable.

34



Under review as submission to TMLR

Therefore, if N(A, e) < (4£ )d(%)d, the above expression can be plugged into the lower bound on {/N (A, ¢).
We obtain

\%N(A,E)ZC&%( 1—|—03 1 —1)
y/ (14 [logo ()£ + 1)

(for some constant C3 > 0) which corresponds to the first half of the lower bound stated in the Proposition
4.1. In order to derive the second part of the expression, we consider the case where N(A,¢€) > (&£ )d(%)d.
In this case, an alternative lower bound on supscg, {I(f)} needs to be derived. In order to do so, we

consider the following class of functions,

MK L*)? 08 K
{g: X CRY Rz € X, g(x) = f(2) + (L" — ?m)xl where f € oL 08 (K,

which belongs to G4 by construction. However, as obtaining a tight lower bound on supcg, {{1/] ( f)}
is technically infeasible for this class, we simplify the problem by removing the functional input from

]-'0((0].“8*;(2, 28 (£ )?) and considering the simple linear function f* : X C R? — R, f*(z) = L*x; which

belongs trivially to G4. In this case, we can compute the lower bound

Lttt (EL+ 1)1 -1 eq(d—1) LT A?
>

(A1)

sup {I(f)} > cq (B y1)d1 =7 2 (1+ [loga(2)])el-!

F€Ga (1+ [logy(<2)])

where the last inequality follows from the fact that LM > € since € € (0, ¢€p). Plugging this expression into
the lower bound on {/N(A,¢), we obtain

. MK L | Lrd=1e
YN(Ae) > Cy I ( 1—|—C46K\/M(1+ [log2(<2)]) -

(for some constant C4 > 0) which corresponds to the second half of the lower bounding expression. Note:
in the statement of the proposition we simply set Cy = min(Cs5, Cy) as the used constant.
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