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Abstract

In-context learning is a crucial framework for un-
derstanding the learning processes of foundation
models. Transformers are frequently used as a
useful architecture within this context. Recent ex-
perimental results have demonstrated that Trans-
formers can learn algorithms such as gradient de-
scent based on datasets. However, from a theoret-
ical aspect, while Transformers have been shown
to approximate non-stochastic algorithms, it has
not been shown for stochastic algorithms such as
stochastic gradient descent. This study develops a
theory on how Transformers represent stochastic
algorithms in in-context learning. Specifically, we
show that Transformers can generate truly random
numbers by extracting the randomness inherent
in the data and pseudo-random numbers by imple-
menting pseudo-random number generators. As
a direct application, we demonstrate that Trans-
formers can implement stochastic optimizers, in-
cluding stochastic gradient descent and Adam, in
context.

1. Introduction

Among various strong capabilities of foundation models,
their in-context learning ability is powerful and thus actively
investigated. Using in-context learning, foundation models,
typically large language models, can perform new tasks pre-
sented at test time without updating their parameters. Such
a learning ability is not only observed empirically (Garg
et al., 2022; Von Oswald et al., 2023; Akyiirek et al., 2022)
but also analyzed theoretically (Li et al., 2023; Xie et al.,
2021; Zhang et al., 2023; Bai et al., 2023; Lin et al., 2023;
Ahn et al., 2024; Raventds et al., 2024), revealing that Trans-
formers can approximate learning algorithms, such as least
square (Zhang et al., 2023) and gradient descent (Akyiirek
et al., 2022). In particular, (Bai et al., 2023) showed that a
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Transformer layer can approximate a single step of gradient
descent of linear models, and thus, Transformers can per-
form training of linear models. Although these results are
powerful, the approximable algorithms are non-stochastic.

This paper unveils that Transformers can indeed approxi-
mate stochastic algorithms by generating random numbers
in context. Specifically, we show that Transformers can
construct random numbers 1. extracting randomness in ran-
domly sampled input data; and 2. implementing pseudo-ran-
dom number generators, such as Mersenne Twister. As a
direct application, we extend the in-context gradient descent
to in-context stochastic gradient descent. We further show
that Transformers can represent more complex optimizers,
such as Adam, which further empowers ICL.

2. Preliminary
Notation

04,14 indicate A-dimensional vectors all of whose ele-
ments are 0 or 1. The notations for elementwise operators
for vectors are often abused for brevity, e.g., for a vector
a, 1/a, a®, \/a denote elementwise division, power by a,
and square root, respectively. To measure the distance be-
tween the distributions of x, ' € R?, we use Kormogorov
distance A(x, x') = Y 4 gy | Pr(x € A) — Pr(z’ € A)|,
where A is taken from all measurable set in the parameter
space RP.

2.1. Transformer

Define an L-layer Transformer consisting of L Transformer
layers as follows. The Ith Transformer layer maps an input
matrix H® € RP*N 1o H® e RP*N and is composed
of a self-attention block and a feed-forward block. The
self-attention block Attn(") : RPXN _y RPXN jg parame-
terized by D x D matrices {(K,(q?, O} ,Sf)) M

m—1, Where
M is the number of heads, and defined as

M
1
At (X) = X + = 3 VI Xo(QR)X)TK)X).
m=1
6]
o denotes an activation function applied elementwisely.

The feed-forward block MLP(") : RPXN — RP*N js o
multi-layer perceptron with a skip connection, parameter-



ized by (Wl(l), Wz(l)) € RPXD 5 RP*D' 'such that
MLPY(X) = X + WewP x), @)
where ¢ is an activation function applied elementwisely. We

let both o and ¢ the ReL.U function in this paper.

In summary, an L-layer Transformer TFg, parameterized
by 0 = (K, QY. v, and

0={0.....00 W' W, 0
is a composition of the abovementioned layers as
TFe(X) = MLP®oAttno. - .oMLPMoAttn™ (X).

“

In the remaining text, the superscript to indicate the number
of layer (V) is sometimes omitted for brevity. In some cases,
we denote the nth columns of H(l), H®O a5 hg), EE{) We
define the following norm of a Transformer TFy:
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where ||-|| for matrices indicates the operator norm in this
equation.

2.2. In-context Learning

In the in-context learning (ICL), a virtual model is given a
dataset D = {(z;, y;)} Y, ~ (P) and a test data point z,
from a marginal distribution P, and then predicts its label
y.. The dataset consists of N pairs of inputs z; € R? and
its label y; € R Our goal is to construct a fixed Transformer
to perform ICL, by learning an algorithm for the virtual
model to predict y. using (D;, x.;) sampled from different
distributions P; from P.

The input dataset and the test data point are encoded into
HW ¢ RPX(N+1) a5 follows:

] T2 N Ly

1 Y2 .- YN 0

1 1 ... 1 1

HY =
tl tQ e tN tN+1
0p—(a+p+2) OD—(d+p+2) Op—(a+p+2) OD—(a+p+2)
b1 b2 o PN DN+1
)

where t,, = 1 forn < N and ty41 = 0 is used to indicate
which data points are from D. p,, € RP encodes the position
information. Using these notations, the goal of ICL can
be rewritten as predicting y, by INIJ(VLlLl, where H(") =
TFe(HM), by the acquired algorithm.

2.3. In-context Gradient Descent

Bai et al. demonstrated that Transformers could implement
non-stochastic gradient descent of a linear model for a broad
class of convex loss functions in an in-context way. The key
ingredient is the following approximability.

Definition 1 ((¢, R, M, C')-approximability by sum of Re-
LUs, (Bai et al., 2023)). Fore > Oand R > 1, a function g :
R* — Ris (¢, R, M, C)-approximabile by sum of ReLUs

if there exist a function f(z) = Zn]\le emo(a,) z + by)

1, where a,, € R¥,b, € R, € R, such that
SuPze[—R,R]’“'g(z> —f(z)| <.

This notion enables the attention block (1) and the MLP
block (2) to approximate various functions, including loss
functions:

Theorem 1 (Theorem 9 of (Bai et al., 2023)). Fix any
B, >0 L>1n>0 K >0, and ¢ < B,/2L.
Given a loss function ¢ that is convex in the first argu-
ment, and V1( is (e, R, M, C)-approximable by the sum
of ReLUs with R = max(B,, By, By,1). Let hEP =
(€1, Yns 1, tnys OD—(d4pt3), Pnl for n = 1,2,... N + 1.
Then, there exists an attention-only Transformer TF g with
(L +1) layers and M heads such that for any input (D, x..)
such that Sup.,.|w|,<s., Amax (V2L(w; D)) < 2/n and
Jw* € argming g L(w; D) such that |w*||2 < B, /2,
TFg approximately implements IC-GD with initialization
wg% = 04: For everyl € {1,...,L}, the lth layer’s
output zHO approximates 1 steps of IC-GD: we have
hg) - [wna Yn, 17 t'ru 'uAj(l)a ODf(L+2d+p+2)7p1] fOr each
n € {1,...,N}, where |w® — wg%)Hg < elnB,. The
Transformer also admits norm bound ||@||rr < 2+ R+
2nC.

3. In-context Random Number Generation

In this section, we show that Transformers can generate
random numbers in two ways.

3.1. Generating Truly Random Numbers

First, we demonstrate that a single layer Transformer can
generate a truly random number on [0, 1] using the stochas-
ticity in data. The key idea is to estimate the density function
of data using some training data points and then evaluate it
with a held-out data point.

Theorem 2 (Generating a Random Number). For any € >
0 and B, > 0, there exists a self-attention block Attng
with two heads and ||0||rp < % + max{L + 2, (B, +
1)&} such that, for any input (D, x..), TF¢ approximately
implements the cumulative distribution function ]52(2) of
{z1,...,28_1}, where z, = x, 1 ~ P, 1, such that, for



ZN = IN,1,

1

A(P,(2n),u) < e+(9(ﬁ

), (3)
Soru ~U(0,1).

3.2. Generating Pseudo Random Numbers

Next, we show that Transformers can implement
pseudo-random number generators, including Mersenne
Twister (Matsumoto & Nishimura, 1998), which is a popular
pseudo-random number generator: for example, Python’s
random module adopts it'.

Definition 2 (Pseudo Random Number Generator over [F'5).

The following linear generator over the finite field of order
2, Fy, outputs a pseudo-random number o, € ¥ given a
state s; € F&

sy = Asy_1,
= BSt,

where A € F’;Xk, and B € ]ngm, for t € N. s is the
seed.

By selecting A and B appropriately, this generalized gen-
erator obtains several pseudo-random number generators,
such as Mersenne Twister.

Theorem 3 (Implementing Pseudo-random Number Gener-
ator). For any state sy € F%, a single self-attention block
with M heads can generate (01, . ..,0nr) exactly using the
pseudo-random number generators in Definition 2.

We can generate pseudo-random numbers by using a random
number generated in Theorem 2 as an initial seed. This is
basically the same as what we do in numerical experiments.

4. In-context Stochastic Gradient Descent

In this section, we extend in-context gradient descent in
Theorem 1 to in-context stochastic gradient descent. We
assume that the following function can be constructed in
context.

Assumption 1. Fix a sequence of (pseudo-
) random numbers (uj,...,uk). There ex-
ists a Transformer TFg such that maps input

53) = [wn; Yns 1y tn, u, Op, ODf(d+p+3) ) pn] to
h1('7,1) [wnvyna 17tnvu7bn70D—(d+p+3)7pn] fOV
n = 1,2,...,N, where b, € {0,1}* determines a
minibatch of size K such that b, ; = 1 indicates that the
nth data point is in the minibatch at the lth iteration.

'https://docs.python.org/3/1library/random.
html

Here, the positional information p,, is used to assign b,, to
each n.

For the approximation, we define a sequence of parameters
O]
{wsaphi=t....,

(l+1) (l)
Wsep = WsGp —

1 generated by stochastic gradient descent:

LN Velwpzy), O
(z,y)€B;

where 7 is a learning rate, 3; is a minibatch of size K for
the Ith iteration, and ¢ : R x R — R2% is a loss function.
The trained model is evaluated by f(x;w) = w'x. We
suppose that z,, < B, y < By, and w® < B,,, for each
n and [.

Theorem 4 (Implementation of In-context Stochastic Gra-
dient Descent). Fix any B, > 0, L > 1,7 >0, K > 0,
and € < B,,/2L. Given a loss function { that is convex in
the first argument, and N1/ is (¢, R, M, C')-approximable
by the sum of ReLUs with R = max(B,, By, By, 1).
Let hSP = [®n, Yn, L, tn, U, by, Op_(d4p+3), Pu] for n =
1,2,...,N. Then, there exists a Transformer TFgq with
(L4 1) layers and M heads such that for any input (D, x..)
such that SUp.,.|w(|,< B, Amax (V2L(w; B)) < 2/n and
Jw* € argming,cge L(w; B) such that |[w* |2 < By, /2
for any B ~ D with a minibatch size of K, TFg¢ approxi-
mately implements SGD with initialization wggD = 0y:

e {1,...,L},
H®O approximates 1 steps of SGD: we have hsf) =

[-’Bn, Yn, tna 17 u, bna w(l)a ODf(L+2d+p+2) ) pn] for each
ne{l,...,N}, where

For every the lth layer’s output

A, wlp) < elnB, . (10)
As a result, it approximates the output for a test data point
as

A(f (2., widh), TRo(HW)) < eLnB2. (1)
Such a Transformer admits ||0||tr < 2+ R+ 2nC.

Additionally, we present that Transformers can approximate
some (adaptive) first-order stochastic optimizers, such as
Adam (Kingma & Ba, 2015).

Let a sequence of parameters {w%am}l=17,,_, I
by Adam as follows:

generated

m® _
(1+1) ) /(1 —p)
=w — 12
Adam Adam \/'U 1 — 61 + 61 ( )
m = gmi~Y + (1-p1)g, (13)
o) = 5 oY 4 (1= By)g?, (14)
Z Vawt( wAdam:B Y), (15)

(z y)EB,
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where 7 > 0 is a learning rate, (1, 82 € [0,1) are decay
rates, € > 0 is a small constant to avoid division by zero,
and m®, v € R? are buffers, initialized by zeros.

Theorem 5 (Implementation of Adam). Fix any B,, > 0,
L>1n>0 K >0 ande < By/2L. Given a loss
function and h5}) in Theorem 4. Then, there exists a Trans-
former TFg with 2L + 1 layers with M heads self-attention
blocks and feed-forward blocks with width D’ such that
for any inputs (D, x..) in Theorem 4, TFg approximately
implements IC-Adam with initialization wggam = 04-
For every | € {2,...,L}, the 2lth layer’s output
HD approximates | steps of IC-Adam: we have h%m) =

[wru Yn, 17 u, bna w(l)a /Blm(l)7 62,{)(”7 OD*(L+4d+p+2)7pTL]
foreveryn € {1,..., N}, where

A(w(l)7wx()iam) < elnBy. (16)
The norm of the Transformer admits ||0||tr < max{5 +
R+20+52+Mlg+(1—52)027m+7703}-
Remark 1. By using Theorem 5, we can show that Trans-

formers can implement other optimizers, such as Momen-
tum SGD, Adagrad, and RMSProp.

5. Proof Outline

Proof outline of Theorem 2 We can construct the cumula-

tive distribution function P, () = v SN 1. This

function can be approximated by the sum of ReLUs as
;N

P.(t)= N1 nz:{U(a(zn—t)+0.5)+o(a(z—t)—0.5)},

=1

a7
where a = i > (. This function can be represented by a
self-attention block.

Proof outline of Theorem 3 The mth head of the self-
attention block can contain BA™ form =1,..., M, out-
putting o,,, = BA™sy.

Proof outline of Theorem 4 We use the (e, R, M,C)-
approximability of (s,t) — 01£(s,t) at the Ith itera-

tion by the sum of ReLUs to approximate d14(w ', y)

as flw x,y) = XM cpolamw e + by + dp —

R(1 — b,;)), where R = max(B;B,,, By,1), so that
fw z,y) =0if b, = 0.

Proof outline of Theorem 5 We use the (¢, R, M,C)-
approximability of (s, t) — 01£(s,t) ,s — s2, and (s,t) >
s/(1-5;)

V(=B +e
6. Conclusion and Discussion

In this work, we have demonstrated the capabilities of the
in-context learning framework to implement random num-
ber generation and stochastic gradient descent algorithms.

Our findings broaden the applications of in-context learn-
ing, extending its reach to stochastic algorithms, which
possess unique advantages over their non-stochastic coun-
terparts. Notably, stochastic algorithms can solve certain
problems that non-stochastic algorithms cannot address ef-
fectively. For instance, stochastic gradient descent has an
asymptotic global convergence guarantee for sufficiently
regular non-convex objectives (Raginsky et al., 2017), a
property that non-stochastic gradient descent methods lack.
While our work showcases the potential of in-context learn-
ing for stochastic algorithms, exploring its application to
more complex scenarios remains an intriguing avenue for
future research.

Theorem 2 constructs an empirical distribution function
using N — 1 training data points and generates a random
number with another data point. As a result, if the order
of training data changes, the generated random number
also changes. This aligns with the empirical observation
that the order of prompts alters the performance (Lu et al.,
2022). Further investigation of this line is also an interesting
direction.
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Proof of Theorem 2. The empirical cumulative distribution function P, (t) can be defined as P, (t) = & Zﬁ;l le, o<t
This function can be approximated by sum of ReLU functions as

N
Po(t) = % S {o(@(@n1 — £) +05) + o(al@ns — ) — 05)}, (18)
n=1

where a = ﬁ > 0. Equation (18) can be represented by self-attention block with matrices Q.,,, K,,,, V;,, for m = £, such
that

ax; o + 0.5 1
"1 i 04+3
.= P -71 J—
Qh; = 9 , Kyh; = (aB, +0.5); | and V,,h; = [(N +1)/N |, (19)
Op—3 O0p—3 Op—(a+4
For h; = [x;,yi,1,t;,0,p;], such matrices exist and can be bounded as max,,[|Q|| < a + %, and max,, || K, | <
(Bo+1Da+2, 3, Vil <2 and thus |0 1r < Z + max{{ + 2, (B, + 1) }. Then,
= U(CL(ZBi’l — ;1 + 05) - (G,Bx + 05)t]) (21)
0 ifj<N
=0 0= (22)
o(a(x;1 —x.1)£0.5)
Consequently, we get
N41
c((Qmhi, Knhj))Vinh; (23)
i=1 m==%
N+1
N+1
=~ Z {o(a(xi1 — 1) +0.5) +o(a(xi1 — xa1) — 0.5)}, (24)
i=1
which results in
) | Nl
hj=h;+ Nii ; W;EU“thi, Kph;))Vinh; (25)
= [mj7yj713tjaua07pj]a (26)
where 1 = P, (t)(..1), which can be regarded as a random variable sampled from 2/(0, 1). O
Proof of Theorem 5. We divide a single update of Adam into the following three steps:
i ; i i ; ] i Z; i [ i |
Yi Yi Yi L:/ll
1 1 1
u u u If
R — ?Z) Step 1 f)?l) Step 2 bzll) Step 3 0 m (D /(18 _ B(2l+1)7
" w w w wl) —p i
0 0 VU0 /(1—Bh) el
g 0
V) By BrmD + (1 - Bi)g e ERY
o Bat (V) Bat) + (1 — fB2)g? o+
| Pn | L Pn L Pn _ L Pn _
(27

where g indicates gradient. Step 1 is achieved in a single self-attention block, Step 2 is computed in a single feed-forward
block, and finally, Step 3 is calculated in a feed-forward block. Thus, we need a two-layer Transformer for a single Adam
step. Fix €, €2, €3 that are determined later.



Step1 As d1/is (e1, Ry, My, Cy)-approximable by sum of ReLUs, there exists a function f : [~ Ry, R;]*> — R of form

M,y
f(s,t) = Z emo(ams + bt + dp), (28)

m=1

with 2%1:1|cm| < Clam| + |bm| + [dm| < 1(Vm), such that sup, y)e(— g, g2 f(5,t) — V1£(s,t)| < €1. Then, there
exist matrices Q,,, Ky, Vi, form € {1,..., M1} such that

AW T
b Yi 0
N+ e,
Qnhi= | dn |, Knh;= 1 ,and Vi, h; = % x|, (29)
—2 R(1—bj) 0
0 0
and Q ary +1, Kar, +1, Var, +1 such that
0
1 1 B
Qumy+1hi = {0] Ky 41hj = {O] Vi, +1hj = 5213(;) (30)
0

These matrices have norm bonds max,, ||Qm || < 3,max,,||Kn| < 2+ R, [|Va| < 2C + (81 + p2), form €
{1,..., My}. With these matrices, we get, form € {1,..., M},

o((Qmhi, Knhj)) = o(amw ' @; + byny; + dm) L, ,—1, (31)
and thus,
41

o1 Z (Qmhi, Kph;))Vinh; (32)
_ %f(w%j,yj)nb‘ 1[0,2;,0] + [0, 1, B600) (33)
= 10,9, 81D, B0, 0]. (34)

Finally, we get
h() = Attn(h{?D) (35)
= [0, yn, L, by, 0, g, B, 5200 p, ). (36)

Step 2. As s+ s? is (€2, Ry, Mo, C)-approximable by sum of ReLUs, there exists a function f : [~ Rg, Ry] — R of

form
Mo

5) = Z C1rba(am3 + bm)a 37

m=1

with 3072 [em| < C, [am| + [bm| < 1(Ym) such that 3 (. po|f(s) = 5% < e

With matrices Wy € R3M2xD and W, € RDP*34Mz we get Wy, ks, R = [@amg + bm1, 1\} g,—Mizg] and

Wao(Wihi)) = [0, —g',(1-B1)g’, (1—B2) X2 cmo(amg+b 1),0], whereg’ = Y72 | #-{o(g)—0o(-g)} = g.
These matrices have norm bound of |[W7|| + ||[Wa]| < 3+ M2 — By + (1 — B2)C5. Consequently, we obtain

h(?) = MLP(h(?)) (38)
= [wnvyna 17U> bna w(l)ag - gaﬂlm(l) + (1 - 61)9»6273(” + (1 - BQ)f(g)apn]a (39)

where ||f(g) — g?|| < dez. By + (1 — B1)g and Bov®) + (1 — B3)g? are mU+1) and v+,

7



0!
Step 3. As (s,t) — AZB) g (es, R3, M3, C3)-approximable by the sum of ReLUs, there exists a function f as

Vt/(1=B4)+e
_ p+1)
Equation (28) such that Z(S)t)e[fRS,RS]Q |f(s,t)— %| < €5, With matrices Wy € RI¥Ms%D and W, € RD*dMs
2
m D ) o+
T T om

1- 4!

we obtain

Wi A2 = [a, +dpn1] (40)

1_ ﬁélJrl)

and v
_ 3 m 0+ U+
WQU(W1h£LQl+1)) =[0,—n Z Cma(am1 ) +bm 1 (1+1)
- — P2

+d,1),0]. 41)

These matrices have norm bound of | W1 || + | W2 || <

— l—max(

A, 10
Finally, we get

h{ZH) = MLP(R{Z) (42)

= [®p, Yn, 1,1, by, WV — 20D 0 D 50D 0 p, ], (43)

. . . . (D /(1 gD
where z(!) = Uf(m(l“), 'U(Hl)) and ”f(m(Hl)’ ,U(l+1)) - \/ﬁ(l“)//((lfﬁil)ﬁgl | < de

To sum up, a single Adam step can be approximated with a two-layer Transformer with M; heads, max(3dMa, dM3)
width MLP, and a norm of ||0]|tr < max{5+ R+ 2C + 5 + MLZ + (1 = B52)Cq, m + nCs}. By appropriately

selecting €1, €3, €5, we have |[w® — w{). || < elnB,. O



