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Abstract

Understanding how gradient descent learns features remains a central challenge in neural network
theory. We study this question in a minimal multi-index setting that already exhibits rich multi-
phase gradient dynamics: a well-specified two-neuron ReLU teacher-student model under isotropic
Gaussian inputs, trained by population gradient flow from small random initialization. We show
that the dynamics are organized by two directions: the “easy” bisector direction, which carries the
leading signal, and the “hard” splitting direction, which governs specialization. To characterize the
loss structure and learning behavior, we analyze the population squared-loss landscape and show that
every nonzero critical point is either a global minimum or a saddle. We then track the gradient-flow
trajectory, showing that student neurons first collapse toward a bisector saddle before escaping and
specializing to teacher neurons. Our results provide both a landscape and dynamics account of
the multi-phase symmetry-breaking behavior that arises in a simple multi-index model and under
standard algorithmic and architectural choices.

1. Introduction

A central promise of gradient-based training of neural networks is feature learning: rather than fitting
the target function on a fixed feature space, neural networks can extract features by aligning their
parameters with the latent structure of the data or target function. A recent line of theoretical works
has made this intuition precise by analyzing teacher-student models under Gaussian inputs, where the
target function is a multi-index model [1, 4, 16] which depends on a small number of input directions
(e.g., a shallow neural network with O4(1) neurons). In these settings, it has been shown that gradient
descent training of a shallow “student” neural network discovers the relevant subspace, and achieves
a sample complexity superior to kernel methods (or neural networks in the “lazy” regime [15]).

However, most existing theory becomes tractable only after imposing simplifying assump-
tions that deviate from standard algorithmic and architectural choices. Examples include () near-
orthogonal teacher neurons [24, 29], (ii) local convergence conditions [43, 44], (iii) activation
functions with high information exponent [27, 30, 35], and (iv) modified algorithms such as loss
preprocessing [16, 42] and spherical/Stiefel gradients [2, 5, 6]. While these assumptions enable
clean analyses, they do not capture the complex multi-phase learning dynamics present in standard
ReLU networks [12, 38]. A notable multi-index example exhibiting such nontrivial dynamics is
the “well-specified” setting in which both the student and teacher are two-layer neural networks
with matching activation functions and more than one neuron: for commonly used nonlinearities
such as ReL.U, the optimization trajectory exhibits symmetry-breaking and bifurcation behavior,
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with neurons initially moving toward an “average” direction before specializing to different teacher
directions. While this plateau-followed-by-specialization phenomenon has appeared in the statistical
physics literature [8, 22, 32], it is not captured by analyses that rely on the above simplifications.
To our knowledge, a rigorous and quantitative understanding of the loss landscape and multi-phase
training dynamics remains incomplete and largely open.

1.1. Our contributions

We study arguably the simplest multi-index model setting that exhibits this bifurcation phenomenon:
learning a two-neuron ReLU network under isotropic Gaussian inputs via population gradient flow,
starting from small initialization. Specifically, the teacher model is

f*(z) = ReLU((v1, z)) + ReLU({v2, z)), x ~N(0, 1), (1)

where ReLU(z) = max{z,0}, |[v1|2 = ||ve]|2 = 1 and Z(v1,v2) = « € (0, 5], and the student has
the same architecture with trainable weights wy, wo. v1 — vs (leap-2)

As we will see, the geometry of this model is or-
ganized by two directions in the teacher plane: the
bisector (v; + v2), which carries the dominant signal,
and the difference (v; — v2), which governs specializa-

tion. In the language of leap complexity for Gaussian

multi-index models [2, 10], the target function (1) has (’lid:;f
leap exponent 2, where the bisector and difference vec-
tors specify the “easy” leap-1 direction and the “hard”
leap-2 direction, respectively. This suggests a two- -
: : o Phase 1 >« Phase 2\
stage picture for gradient-based learning: the §tudent (collapee) ‘Pts ) |
neurons are first attracted toward the leap-1 bisector, | v2
—student w1 student wo -) teacher v; A saddle wg

and only later separate toward the individual teacher
directions along the leap-2 direction. Our goal is to
make this collapse-then-splitting picture quantitative
by studying both the population squared loss landscape and the gradient-flow dynamics from small
initialization. Specifically,

Figure 1: Tllustration of bifurcation dynamics.

* Landscape analysis. Section 3 studies the loss geometry and the critical-point structure. We
reduce the stationarity conditions to a three-dimensional problem and isolate the remaining in-plane
and out-of-plane critical families. We establish that every nonzero critical point of the population
loss is either a global minimum or a saddle, so the squared loss has no spurious nonzero local
minima. This resolves a two-neuron conjecture from Tian [37] in the acute angle (o < 7/2) setting.
This identifies the saddle geometry that controls the later high-dimensional escape phase.

* Small-initialization dynamics. Section 4 studies the gradient-flow trajectory from small initial-
ization and characterizes the symmetry breaking and specialization behavior — see Figure 1. We
show that for sufficiently small initialization, both student directions stay close to the bisector for
fixed finite time and approach the symmetric saddle. We then analyze escape from that saddle,
including global convergence to a minimum for typical initializations, as well as a quantitative
escape-time bound under a structured initialization that is logarithmic in the ambient dimension d.
Thus the model exposes a concrete dimension-dependent time scale for feature specialization.
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1.2. Further related work

Learning multi-index models. Recent works have shown shallow neural networks can efficiently
learn low-dimensional latent structure via gradient descent [1, 4, 9, 16, 17, 21]. Specifically, the
sample complexity has been shown to be superior to that of kernel methods and to be governed by the
information exponent [5, 18] for single-index models and the leap exponent [2, 10] for multi-index
models. Our target function (1) is an example of a leap-2 multi-index model, but, crucially, it also
contains a leap-1 subspace, which complicates the SGD dynamics. In fact, most prior works studying
gradient-based feature learning either directly assume link functions with information exponent
2 [7, 24, 25, 29] or higher [27, 30, 35], or remove the low-leap components through algorithmic
modifications [2, 16, 20, 42]. Consequently, these analyses do not fully characterize the learning
dynamics of two ReLU neurons with standard gradient-based training.

Training dynamics of ReLLU networks. Restricting to shallow neural networks with ReLLU acti-
vations, prior works have studied landscape properties such as the existence of spurious minima
[33, 34]; the concurrent work of [23] gives a summary-statistics characterization of the population
minima and proposes certain ansatz to simplify the fixed-point equations. For SGD dynamics,
while the single-neuron case is relatively well-understood [36, 37, 40, 41], when the target network
contains more than one neuron, existing dynamical analyses either assume local convergence, thereby
bypassing the bifurcation behavior [43, 44], or require exponential width to invoke mean-field global
convergence [3, 14]. The two-phase trajectory illustrated in Figure 1 also relates to the “plateau’
phenomenon observed in the statistical mechanics literature [8, 19]. Specifically, the specialization
phenomenon has been investigated in [22, 28] using the ODE analysis originated from [31, 32].
However, to our knowledge, a complete understanding of the landscape and rigorous characterization
of the learning dynamics have not yet been established even in the two-neuron setting (1).

bl

2. Setup and Leap Intuition

We use the teacher f* defined in (1). The student has trainable weights w1, wy € R? and output
f(z) = ReLU({w1, z)) + ReLU((we, )). (2)
The student is trained by gradient flow on the squared loss under isotropic Gaussian inputs:
L(wi,wz) = 5Epno,1[(f(2) = [*(@))’], G = —Vu,Llwi,wa), i €{1,2}, )

starting from initialization w(0) = (wy(0), w2 (0)) with |[w(0)||2 = o+/d. Within the teacher plane
span{vy, va}, we highlight two important directions: the bisector and the splitting direction,

v1+v2
[lvi+wva|l2?

Uy =v =

— — _V1—v2
U2 = VA = oSl @)

The pair (u1, ug) forms an orthonormal basis of the teacher plane. Throughout the paper, we work in
the small-initialization regime where o > 0 is sufficiently small.

For the two-ReLU teacher network defined in (1), let z; = (u1,x) and 29 = (ug,x) be the
projections of the input onto the bisector and splitting directions defined in (4). Note that f*(x)
depends on z only through these two coordinates, and hence we can write f*(x) = g(z1, 22).

Proposition 1 (Teacher leap complexity) The two-ReLU network f* in (1) has leap exponent 2,
where the bisector coordinate z1 has leap 1 and the splitting coordinate zo has leap 2.
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This proposition is the teacher-side explanation of Figure 1: the leading correlation pulls both
students toward the bisector, while the splitting coordinate becomes decisive only after the full
squared loss creates an escape direction away from the collapsed state.

3. Loss landscape

We first isolate the leading correlation term. For a width-k ReLU teacher with atoms vy, . .., vk,
define the correlation 10ss Leor (w1, - - -, wi) = — 50 B[f*(2) ReLU((wj, x))] for a width-m
student. By ReLU homogeneity, this is the first-order dominant term in the squared loss near small
student weights. The setup in Section 2 corresponds to the special case k = m = 2.

Theorem 2 (Warm up: landscape of the correlation loss) Let vy, ..., v, be unit vectors with
Z(vi,v;) = a € (0,7/2] for all i # j, and let v = (3, v;)/||>_; vill2. Then (v,...,0) is the
unique global minimum of Loy, among unit-norm student weights.

In the two-neuron model, this averaged direction is exactly the bisector. Thus the correlation loss
explains the initial collapse, but not specialization. That separation comes from the full squared loss.

Theorem 3 (Landscape of the squared loss) Let L be the population squared loss in (3). Every
nonzero stationary point of L is, up to permutation of the two student neurons, one of the following:

1. a global minimum, w1 = vy and wy = va;
2. an in-plane saddle supported on the bisector directions v and —v;

3. an out-of-plane saddle of the symmetric form wi = r(cos kK v+sink §), wy = r(cos Kk 1—sin k),
wherer > 0, k € (0,7/2), and § L span{vy,va} is a unit vector.

Consequently, the squared loss has no spurious local minima among nonzero student weights.

The proof reduces stationarity to three dimensions and solves the remaining in-plane and out-of-
plane cases. For the dynamics, the key point is that the positive-bisector family contains the collapsed
saddle reached after the leap-1 feature is learned, before the leap-2 splitting feature has emerged.

Remark 4 Tian [37] conjectured the unconstrained population squared loss for k = 2 ReLU teacher-
student under isotropic Gaussian inputs has no spurious local minima. Wu et al. [39] made progress
by proving the absence of spurious minima for orthogonal teachers on the unit-norm manifold.
Our Theorem 3 resolves this open problem in the acute angle case: it provides an unconditional,
complete classification of every nonzero critical point of the unconstrained squared loss for general
a € (0,7/2], showing that every nonzero critical point is either the global minimum or a saddle.

4. Dynamics and Escape Time Scaling

Let r; = 2((m — /2) cos(/2) + sin(/2)), set 75 = r. /2, and write ws = 1,0 and Weaadie =

(ws, ws). We now track gradient flow from small initialization.

Lemma 5 (Phase 1: approaching the bisector saddle) Fixc,p > 0and 0 < T3 < T < oc.
Assume |w;(0)|]2 < o, Z(w;(0),7) < 27/3,i = 1,2, with constants independent of o+/d. For all
sufficiently small o, the gradient-flow trajectory satisfies max;—1 2 ||w;(t) —v|| < e forallt € [T1,T],
and there is a time ty = to(«, p) such that inf{t > 0 : || w(t) — Weaqadle| < p} < to.
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Figure 2: Escape and convergence times vs. dimension at fixed ¢ = 10~4, averaged over 5 seeds. Dashed
fits show the predicted log d dependence of T; the later descent time is nearly independent of d.

In words, when the weights are small, the projected teacher force dominates and points toward the
bisector. Once the directions are close to v, radial dynamics carries the norms toward rs. Complete
the directions u; = U, us = va from (4) to an orthonormal basis u1, . . . , ug of R%.

Near wgaqdle, the Hessian separates the exits. The planar antisymmetric mode (va, —va) is
unstable, with twice the magnitude of each out-of-plane antisymmetric mode; the symmetric modes
are stable. Thus the local geometry favors the in-plane split in Figure 1. Generic saddle avoidance
then implies convergence to a global minimum for almost every initialization, in view of theorem 3
(see Theorem 54). The remaining question is quantitative: how long does the trajectory spend near
the collapsed saddle before the splitting coordinate becomes visible?

Theorem 6 (Logarithmic escape under structured initialization) Let e = c(a)) > 0 be a small
constant. For all sufficiently large d and every initialization scale o satisfying ov/d < 1, decom-
pose each student as w;(t) = Z?Zl i j(t)uj, where uy = v and uy = va. Assume z11(0) +
2271(0) = 0o d, 2’172(0) — 2272(0) = o, 2172(0) >0 > 2’272(0), with ’2171(0) — 2’2’1(0)‘ SJ o and

23:1 2?13 2.5(0)2 < o2 Let T: be the first time at which 23:1 2?12 2 (t)? > €% Then
T. < (u%x —1)log % + % log d + Ty for constants i and Ty depending on .

Notably, the dependence of this escape time on the ambient dimension is logarithmic in d, which
is consistent with the “search phase” behavior in learning information/leap exponent 2 functions [5,
13, 26]. Figure 2 shows the same scaling for random initialization. The escape time grows linearly in
log d, while the later descent time is essentially dimension independent, supporting the view that the
high-dimensional cost lies in the leap-2 symmetry-breaking phase.

5. Conclusion

We studied population gradient flow for a two-neuron ReLLU teacher-student model, a minimal
multi-index setting that already shows staged high-dimensional feature learning. The loss has no
nonzero spurious local minima, but it contains a bisector saddle that organizes training. From
small initialization, gradient flow first learns the easy bisector direction, then escapes along the
harder splitting direction. The logarithmic escape time identifies where dimension enters: in the
leap-2 symmetry-breaking phase, rather than in the final descent after specialization begins. Several
directions remain open, including: (¢) obtaining an end-to-end escape-time analysis from random
initialization; (i7) extending the landscape and dynamical characterization to other teacher-student
settings and high-leap multi-index functions.
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Supplementary Material

Appendix A. Some useful lemmas

A.1. Closed-form expressions for loss functions

From [33], we have the following two useful lemmas.

Lemma 7

_ Judlzlvll2

o010 [6((0, 2)0((0,2))] = 1]

(81081 + (r— Bu0) cosb0))

Remark 8 For simplicity, we denote [(0) := Wﬂ, 0 € [0,n].

Lemma 9 [(0) is monotonically decreasing and 0 < 1(0) <  when 6 € [0, 7.

Proof I'(0) = — =058 < o Thys, forall 0 < 6 < ,0 = I(m) < 1(0) < 1(0) =

N[ =

Lemma 10 Foranyi € {1,2}, we have

2 <7r - %) <U(0) + 1(6;2) < 21 (%) .

Moreover, 1(0;1) + 1(0;2) = 21(5) if and only if 0;1 = 0;2 = 5.
Proof We first prove the lower bound. It suffices to consider ¢ = 1. Let
V=7 — 015 = L(—w1,v5), j=1,2.
The triangle inequality applied to —wy, vy, v2 gives
% + 99 > a.

Since

sinz —xcosx
27 ’

I(r—2x) = x € [0, 7],

define h(z) := sinx — xzcosx on [0,7]. Then h/(x) = xsinx > 0, so h is increasing. Choose
a,b € [0, a] such that

a+b:oz, a§191, b§192.

10
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This is possible because 91 + Y2 > «; for instance, take & = min{¥1, a} and b = o — a. Hence
h(91) + h(¥2) > h(a) + h(b).

Since o < 7/2, we have h'(z) = sinz + xcosz > 0 for z € [0,a], so h is convex on [0, a].
Jensen’s inequality gives

h(a) + h(b) > 2h (“ ; b) — 2h (%) .

Therefore,
«Q
1(011) + 1(612) = U(m — 91) + (7 — 02) > 2 (Tr - 5) .

It remains to prove the upper bound and characterize the equality case.
Case 1: 611,012 € [0, .
We only need to prove [(611) + [(f12) < 2I(5). By the triangular inequality, we have 615 >
a — 011, then by lemma 9, we have [(011) + 1(612) < 1(011) + (o —611). Let 11 (z) = l(x) + I(a —
x),x € [0, a]. We claim that /1 is strictly concave on [0, «]. Indeed, since
(m—x)sinx

V(z) = ——— 222
(x) 2t

we have

(@) =1'(z) = l'(a - =)
(m —z)sinx n (7r—a+:c)sin(a—x).

2 2T

Differentiating once more gives

27l (z) = sinx — (7 — z) cosz + sin(a — x) — (1 — a + x) cos(a — x)

= (sinz +sin(a — z)) — ((7 — z) cosz + (7 — a + z) cos(a — x)).

Using
: . e a
sinz + sin(a — x) = 2sm§ cos (a: — 5)
and
(m—x)cosz + (T — a+ ) cos(a — x)
o « Q ay Qo a
:2<7T——>cos—cos(x——>+2<x——)sm—sm<x——>,
2 2 2 2 2 2
we get

2nly(z) =2 (Sin% - <7T - %) cos %) cos (:L‘ - %)

(o) (e 3)
X 2SIDQSIHZL‘ 2

11
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Since 0 < o < 7/2, we have

t @ < a
an— < 7 — —

2 2’
and hence

in & ( a)cosa<0
sin— — (m— — — .
2 2 2

Moreover,

cos(x—%>>0, (az—%)sin(m—%)zo.

Therefore I{(z) < 0 on [0, @], so [; is strictly concave. Since [1(x) = I;(a — x), its maximum is
attained at x = /2. Thus, we get [1(x) < [1(5), which implies

1(011) + 1(612) < 1(011) + I(a — 611) < zz(%).

If equality holds, we have 611 = § and 011 + 612 = «, which is equivalent to 011 = 012 = 5.

Case 2: One of 611, 612 lies in [a, 7| and the other lies in [0, o]. By symmetry, assume 617 €
[, 7] and 612 € [0, a].

In this case, 611 —012 < a. And thus [(611)+1(012) < 1(011)+1(011—a) < 1(0)+1(cr) < 20(5).

Case 3: 911, 012 € [Oé, 7T].

We have [(611) + 1(012) < 2l(a) < 21(5). [ |

Lemma 11

u#0, %Exw<o,zd)[d>(<u, 2))o((v, )] = Eoonvo, 1) Lutaz0 - 9((v, 7)) - 2]

1 . 1
— %HUHQ{L sin(fy,v) + %(77 — Oy p)V.

By above two lemmas, we can get

Ep (0,10 [0((w1, 2)) + (w2, 2)) — ¢((v1,2)) — 6((v2, 2))?]

L(wy,we) = %
1/1 9 9
3 (31l + oall + 1+ 1)+ 2wzl
2 2
S0l Y10 + 2Z<a>)
i=1 j=1

(llwall3 + llw2l3) + llwy|l2][w2l21(~)

2 2

1

- Z [Jwill2 Zl(eij) +U(a) + 5
i=1 i=1

1
4

12
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A.2. Closed-form expressions for gradient flow

dwi

We will use the gradient flow =g

gradients as follows

= —(%i to analyze the trajctory. We can compute the related

dw1 1

T = or <(7r — 611)1)1 + (ﬂ' — 912)112 + (Sin 011 + sin 912)71)1)

1 i —
) ( L sing ||w2||2>w1 v 5

2 2T ||w1||2 2T

dw 1 ) . _
ditQ = % <(7T — 921)’01 + (7‘(‘ — 922)1/2 + (sm 921 =+ sin 922)’[02)
=7 1 siny flwille
— — | = . . 6
or 1 (2 T o Tl )™ ©)

Lemma 12 For the gradient flow of the squared loss, we have calculated the related terms as
follows:

dw, 1 o
= I— —_ —_ _ p—
dt 27T||w1||2( wlwl)((7r O11)v1 + (7 — O12)v2 — (7 ~y)w2>, 7
dws 1 T
= I-— - - —(r—
at = 2elluwalls' “’2“’2)<(” Bo1)vr + (1 = O22)v — (m v>w1>, ®

d 1
||7:1);||2 =5 <(sin 011 +sinbi2) + (m — 011) cos 011 + (7 — 012) cos 912)
1 siny 4 (m — y) cosy
2”’(1]1”2 o Hw2H27 (9)
d 1
”;‘;2”2 =5 <(sin 091 + sinfa9) + (7 — O91) cos Oa1 + (7 — O22) cos 922>
siny + (m — 7) cos 1
_ Y (2 ) 7”@[;1”2 — —||wa]|2- (10)
™ 2

And the related derivative of the angles are given by

doy _ /dwy
. — \ dt

1
= -0 -0 —(r— 0
2nTwils ((77 11) + (m = b12) cosa — (m — ) ||wa||2 cos Oa1
— (m—611) cos® 01 — (m — 012) cos 12 cos 011
+ (7 — )| wa]|2 cos v cos 911>
1 .
= m . ((7‘( — (911) sin? 011 + (71' — 012)(COSO( — cos B3 cos 911) (11
— (7 — ) [|wal|2(cos 21 —COSfy(:OSHH))7 (12)

dbhy _ /dwy
at — \ dt 2

13
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1
= m . ((77 — 011) cosa + (m — b12) — (7 — ) ||wal|2 cos Hag
— (7[' — 011) COS 611 COS 912 — (7'(' — 912) COS2 912
+ (m — 7)||wal|2 cos v cos 912>
1 .
= m . ((77 — 011)(cos o — cos B11 cos Bya) + (m — B12) sin? Oy (13)
— (m — 7v)||Jwzl|2(cos O2g — cosy cos 012)>, (14)
ooy _ [dms
a  \ at "
1
= Srlwals ((77 — 021) + (m — b32) cos v — (m — y)||wi ]2 cos O11
— (7[' — (921) COS2 921 — (7‘(’ — 922) COS 922 COS 921
+ (7 — 7)||wi]|2 cos v cos 921>
1 .
= sl : ((w — 01) sin” By1 + (7 — B22)(cos o — cos Bay cos Bay ) (15)
— (m — )||wi]|2(cos H11 —COS’yCOSHgl)), (16)
ooy _ Jaiws |
e \ dt
1
= rlwnlls ((77 —b021) cosa + (m — B22) — (m — 7)||w1||2 cos b12
- (7‘(‘ — 0921) COS 921 COS 922 — (7T — 922) 0082 922
+ (m — 7y)||w1 |2 cosy cos 922)
1 .
= m . ((77 — Ba1)(cos o — cos By cos Bay) + (m — Bao) sin’ Hoy a7n
— (m =) ||wi]|2(cos O12 —COS’YCOSGQQ)>. (18)
The related derivative of the direction of the weights are given by
dw 1
<dt1,’w2> = m . <(7T — 911)C08921 + (7T — 012) 008922 — (7‘(‘ — ’Y)HU)QHQ

— (m — 611) cos 011 cosy — (m — B12) cos b1 cosy

T (7 — )]l cos? 7)

1

- . — 6011)(cos 031 — cos 611 cos
27TH'w1H2 <(7T 11)( 21 11 ’Y)

+ (m — 012)(cos fag — cos 012 cos )

14
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(1 — ) fwa o sin? 7) (19)

Hermite polynomials We denote the normalized probabilist’s Hermite polynomials by {/(-) } >0,
where each

— (_1)k z2/2 d —x2/2
For example,
2 =1 3 — 3z
ho(x) =1, hi(z) ==z, hao(z)= 7 hs(z) = T

A.3. Hermite-leap convention
Let Z = (Z1,...,Zy) ~ N(0,1,) and let g € L?(N(0, I,,)) have normalized Hermite expansion
p
9(Z) = Gshs(2),  he(Z)=]]hs,(Z)
BEN? j=1

For a set of already revealed coordinates A C [p], the leap out of A is

kg(A) :=inf Y "B Gs #0, > B >0

JgA JgA
Thus k4(A) is the smallest Hermite degree involving at least one coordinate outside A. A function is
leap-k if, along some ordering of its relevant coordinates, the largest such leap is k.
A.4. Proof of proposition 1

Proof [Proof of proposition 1] Let

_ v1 + U2 V1 — V2 « .«
U=0=—-——, W= — a = cos —, b:=sin —.
[o1 + w22 [o1 — w22 2 2
Since ||v1||2 = ||vz|l2 = 1, the vectors u and w are orthonormal and
v1 = au + bw, vo = au — bw.

Define
U = <u,X>, W = <w,X>, Z=X-Uu—Wuw.

Because X ~ N(0, I;) and u, w are orthonormal, (U, W) is a pair of independent standard Gaus-
sians, Z 1L (U, W), and

(X)) =g(UW) = ¢(aU + W) + ¢(aU — bW).

Let R
br = Equn(0,1)[0(G)hi(G)].

15
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For G+ = aU 4+ bW, the Gaussian-Hermite identity gives

BIG(G i (0 (V)] = B/ Pr T

Therefore, if
gUW) = D" Gmnhn(U)ha(W),

m,n>0

then
=R ~ m+n)!
Imn = (bm-i-n 7( T ') ambn(l + (—1)”).
mln!
In particular, g, 1 = 0 for every m > 0.

It remains to check that the claimed nonzero coefficients are indeed nonzero. Since h;(t) = t,
~ ) 1
¢1 =E[GLio50)] = 5,

and since ha(t) = (2 — 1)/V/2,

~ 1
b2 = 2B = O)Ligon)] = 5=

Thus

b2
— #0
ﬁ # b

91,0 =2¢1a =a # 0, Go2 = 2p2b° =

where a > 0 and b > 0 because o € (0, 7/2].

Finally, f*(X) is measurable with respect to (U, W), so no Hermite coefficient involving a
direction outside span{u, w} can be nonzero. The only nonzero first-order Hermite signal is along
u = v, while all degree-one terms in the w = va coordinate vanish and a degree-two term in w is
nonzero. Hence the first learned subspace in the Hermite-leap sense is span{¢}, and the leap from
span{v} to span{v, va } is 2. Therefore the teacher is a leap-2 Gaussian multi-index function. W

Remark 13 The symmetry argument above uses the equal coefficients in the teacher. If instead
Y = c10({(01, X)) + cad({02, X))
with ¢1 # ca, then after the same (u,w) rotation we obtain
Y = c190(aU + bW) + cap(aU — bW),

and

E[WY] = g(cl — 62) 75 0.

So the splitting direction is already visible at order 1, and the leap-2 hierarchy above is special to
the symmetric teacher studied in this paper.

16
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A.5. Other useful lemmas

Lemma 14 Recall that ny ., == 0 — cos Z(v, )W, fiy . = 74— The Hessian of L(wy,ws) at

I, l2-
point w(t) = (w1 (t), wa(t)) is given on the main diagonals

’L 1 .
ke ijd + hi(wi, w3—;) — hi(ws, v1) — hi(w;i,v2), i=1,2, (20)

and on the off-diagonals by

0L
-  —=h . . = 1.2 21
8’11]1‘8’11}3_2‘ 2(w17w3 1)7 1 ) Ly ( )
where
sin Z(w, v)|[v]l2 T - T
h Nt Sk R | o Iy
1(w,v) 27 [|wl|2 WA Moo )
and

1
ha(w, v) = o <(7r — Z(w,v)) g + Py + ﬁmeT) .

Proof details are in Theorem 5 of [33].

We define ¢4 = Sgp{t : |w(t4) - wsaddle‘ = Eescape saddle point}~
t>t3
Lemma 15 There exists ¢ > 0 such that for any finite time t > t4, we have |w;(t)||2 > ¢,i =1,2.
Proof First we prove that L (w (t4), wa(ts)) is strictly less than L(w,, ws). Notice that

L(wi(ta), wa(ta)) — L(ws, ws) = (w(ts) — 'wsaddle)TH(wsaddle)(w(t4) — Wsaddle)

+ o(||w(ts) — wsaddleu%)v

and thus for small enough €cscape saddle point» if L(w1(t4), wa(ts) > L(ws, ws) we have
T
(w(ts) — wsaadie) H (wsaadie) (w(t4) — Wsaddie) > 0.

However, on the other hand, for small enough €cscape saddle point> by (201),

dljw — w3 Tdw

S 7SN2 o — wl) T ——

dt ( ) dt

= (w - wsaddle)T( - H(wsaddle))(w - 'wsabddle)T + 0(”w - wsaddle”%)a
_ 2
we have w < 0. And hence w is still approaching to wgaqdle, instead of escaping, which
contradicts with our assumption that ¢4 = sup{t : [[w(t) — Wsaddle| = Eescape saddle point }- In the
t>t3

next steps we assume L(ws, ws) — L(w1 (ta), wg(t4)) > ¢/, for some € = €’ (€escape saddle point) > 0.

17
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By the uniform continulty of loss in wy, there exists & > 0 such that for any |wi|j2 <
3,|L(0, w2) — L(wy,w2)| < 5. We have

1 1
Liwe,wy) = (2 +72) 472 1(0) = 20(5) - 2, +1(a) + 5
1 1 o o e 2
:l(a)+§ - 7r2<(7r—2)cos2+sm2> ,

1 2
L(0,ws) = §]EN(0,Id) (ReLU((wg,x>) — ReLU({v1,x)) — ReLU((vg,x))>

1 1 1
= loalB o = (1602) 4 162) el + 1)
(%)

1 o} 1
> Tlhunl — 20 uall + 1(0) +
1 1 2
= <2yw2]2—7r( )cosg—i-sm;)>
1 1 o o e 2
+l(a)+2—712<(ﬂ—2)c082+sm2>

2
= L(ws, wy), (22)

1 1 o o e 2
>l(04)+—2<(7r—2)cos+sm2>

where the (x) comes from lemma 10. If there exists ¢ > ¢4 such that ||w;(¢)||2 < J, then we have
/ /

L(wy (£), wa(t)) > L(0,ws(t)) — % > L(wg, ws) — -

3 (23)

which contradicts with L(ws, ws) — L(w1(t), wa(t)) > L(ws, ws) — L(w1(ts), wz(ts)) > €. Then,

we have ||wy(t)||2 > 4. Similarly, we have ||w2(t)||2 > §,Vt > t4. Let ¢ = 6 and we got the lower
bound of weights’ norm. |

Lemma 16 Among all the saddle points in the plane spanned by {v1,vs}, the loss at Wsaqdle =
(ws, ws) is the smallest.

Proof Case 1: wy = wy = 0, ||wy]|2 + ||w2|2 = ﬁ((w — §)cos § +sin ‘;)

Let w, = * <(7r — §)cos § +sin g)y =: rg0, then we have

™

L = L(ws, ws)

1
=1 (7’3 + 7‘3) +r2.1(0) — 21(%) 2rs+1(a) + =
=—r24+1(a)+ =

18
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U1

Negative Side Positive Side, v

V2

Figure 3: The positive and negative sides of the angular bisector.

Case 2: W) = Wy = —7, ||wi]|2 + [Jwe|l2 = i(sing — § cos 3‘)

Letw, = —1 <sin3‘ — S cos 3‘)1‘) =: —r.7, then we have
_ ro
L = L(w,,wy)

1 1
=7 (7“/52 + rf) + 772 .1(0) — 2l(7 — %) 221t 4+ () + 3

=~ +1(a) +

N

Case 3: w; = v, Wy = —7,

will2 = ?T((W — %) cos§ + sin%‘), |lwa|l2 = ,%(Sing —
5 cos g‘) and its permutation.

We have
L = L(2ws, —2w)

1 « « 1
= (42 + 4" —2r (=) = 2rll(m — = -
4( s+ 4r’) rl(2) ril(m 2)+l(a)+2

1

=l(a) + 7

To sum up, since s > 17, it’s very easy to see lemma 16 holds.

Lemma 17 [f min {611 + 612,021 + 022} > 7, then L(wyi,ws) > L(ws, ws), where we use the

notation ws = % (m — %) cos g +sin ‘5)6

Proof We have that

L(wr,wa) = - ([wall3 + [[wal|3) + [lws]l2]|w2]l21(~)

=

19
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2 2
1
=D lhwill2 Y 1635) + 1(a) + 5
i=1 j=1

1
> Z(HU&H% + [Jwa|3) — (1(611) + L(612)) w1 ||2
1
— (l(921) + 1(922)) ”U}QHQ + l(a) -+ 5
1
> Z(leH% + Jwal|3) — (1(611) + U(m — 611)) w2
1
= (I(621) + U — O2)) w2}z + 1) + 5
1 1 1
> Z(HMH% + [lwalf3) — 5 (lwillz + [lwzll2) + Ue) + 5
1 1
> = =,
Z =5 + () + 5
; _ a Ty T+ 1
Since ry = 2[(5) > 2I(}) = f@n > 75 and thus

1
L(wy,ws) > frz + () + i L(ws, ws).

Appendix B. Proofs for landscape
We use the angle shorthand

(gij = Z(wi, ’Uj), ¥ = Z(wl,wg). 24)

B.1. Proofs for correlation loss
B.1.1. PROOF OF THEOREM 2

Proof Since the correlation loss is separable across student neurons, it is enough to analyze the
single-neuron objective. Accordingly, throughout the proof we write

Leorr(w) 1= —Eqrun(0,1,) [ £ (@) p((w, 2))].

Let ¢ = cos «, and define

. k
1(0) = (m—0) C;STHJFSIHH’ B(w) :Zl(é(w,w))'
=1

Then the closed-form ReLU correlation gives Leoy (w) = —®(w), so it is enough to prove that ® is
maximized at 0. Define g(¢) = [(arccost) for t € [—1, 1]. Since

_ (m—0)cosf +sind
o) = 2m ’

20
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we have
t(m — arccost) + V1 — t2
A direct computation gives
, T — arccost " 1
)= ———, )= —F—=>0 (te(-1,1)). 25
g =" J(1) = 5=y >0 (te(-11) @3)
Thus ®(w) = SF_ | g(w - vy).
First compute v - v;. Since v; - v; = cfori # j,
k 2 k
dowl| =k+k(k-De=k(1+(k—-1)c), vi-Y v=1+ (k-1
i=1 |9 j=1

Therefore ¥ - v; = a, where a := /(1 + (k — 1)c)/k. Since a € (0, 7/2], we have ¢ € [0, 1), hence
1/k <a?<1land0 < a < 1. Lety := arccosa € (0,7/2). Then v = Z(v,v;) for every i, and
(1) = £y 9(0 - vi) = kg(a).

We first show that a maximizer may be assumed to lie in span{vi,...,v;}. Let w, be a
maximizer of ¢ on the unit sphere. By the Lagrange multiplier condition,

Vo (wy) = Awy.
Since Vo (w) = S°F_ | ¢ (w - v;)vi, we have

k

Zg’(w* V)V = AW

i=1

The left-hand side lies in span{v; }. We claim that A # 0. If A = 0, then Zle g (wy - vi)v; = 0.
Taking the inner product with Z§:1 vj, we obtain

k k k
0= Zg'(w* i) | v Z’Uj =14 (k-1 Zg’(w* ;).
i=1 j=1 i=1
Because 1+ (k—1)c > O and ¢/(t) = (m —arccost)/(2mr) > 0, this forces ¢’ (w, - v;) = 0 for every
i. Since ¢'(t) = 0 if and only if ¢ = —1, we get w, - v; = —1 for all i. As w, and v; are unit vectors,
this means w, = —uv; for all 4, forcing all v; to be equal, contradicting o > 0. Therefore A # 0, and

hence w, € span{v;}. It is therefore enough to prove the desired inequality for w € span{v;}.

We split the proof into two cases.

Case 1: a < 1/V/2.
Since a = cos~y and 7y € (0, 7/2), the assumption a < 1/4/2 is equivalent to v € [7/4,7/2).
We prove the scalar inequality

(y2 - a2)7 Yy e [_17 1] (26)
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Write y = cos 6, where 6 € [0, 7], and recall that a = cos . The desired inequality is equivalent to

i 2 2
< +—" — )
1(0) <U(v) s (cos® @ — cos® )

For fixed ~, define

_ T 20 a2 A
R,(0) =1(v) + 47rcos*y(cos 0 — cos”y) —1(0).

Clearly R, () = 0. Since I'() = —(m — ) sin6/(27), we get
sin 6 T —

/ _ oy g
R.(0) = 5 (m—0) o cosf| . (27)

For this fixed -y, write [, (0) = (7 — 0) — 252 cos 6. Then (27) says R/ (6) = sin 6 H.(6)/(27).

cos y

We now determine the sign of H.,. First, H,(y) = 0, and H,(0) = m — % The inequality

H.(0) < 0is equivalent to 7 cosy < ™ — 7. Ony € [r/4, 7/2), the function v — 7 — v — 7 cos~y
satisfies

T T 3T T
T———7cos— = — — — >0,

4 14

and

d
a(w—y—ﬂcos'y) =—1+msiny > —1+% > 0.
Thus m — v — wcos~y > 0, proving H,(0) < 0.
Next, H!(0) = —1 + Zro?y sin6 and H'/(0) = ;ro;jy cosf. For 0 € [0,~], we have cosf > 0,

because v < /2. Hence HY(#) > 0 on [0,7], so H, is convex there. Since H,(0) < 0 and
H., () = 0, convexity gives H-(6) < 0for0 < 6 < ~.

Now consider § € (v, /2]. We show H,(0) > 0. At = ~,

H(y) = =14 (7 — ) tany.
For v > 7 /4,
T
4 4 4
Also,

(m — ) — siny cosy S
cos?

i((7T—7)taun'y):—tan’y+(77—'y)se02'y: 0,

dy

because m — v > /2 and sinycosy < 1/2. Thus (7 — v)tany > 1, so H!(y) > 0. Since
H'/(0) > 0 on [y,7/2], it follows that H_ () > 0 there, and hence

Hy(0) > Hy(v) =0, ¥<0<

Do S

Finally, if § € [r/2, 7], then cos€ < 0, so —% cosf > 0, and also m — 6 > 0. Therefore
H.,(0) > 0on [r/2,7].
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Combining these sign results, we have
H,(0) <0 (0<8<7), H,0)>0 (y<6<m). (28)

Since R!(0) = sinf H,(0)/(2r), sinf > 0 on [0, 7], and the sign of H, is given by (28), the
function R, decreases on (0, ) and increases on (v, 7). Hence R, attains its global minimum at
6 =, where R, () = 0. Thus R (6) > 0, which proves (26).

Now let y; = w - v;. Summing (26) yields

O(w) =3 9(y:) < kg(a) + 92(5) (Z vi — ka2> : (29)

It remains to show Zl yf < ka?. Indeed,

ny =" (va{j w.
i i

The operator >_, v;v; has eigenvalue 1 + (k — 1)c = ka? in the direction 7, and eigenvalue 1 — c on
the orthogonal complement of v inside span{v;}. Since ¢ > 0, ka? =1 + (k — 1)c > 1 — ¢. Thus
the largest eigenvalue of >_, v;v, on span{v;} is ka2, and so Y, y? < ka®. The summed estimate
(29) gives ®(w) < kg(a) = ®(v).

Moreover, this argument identifies the equality case. The preceding sign analysis of R shows
that the scalar inequality is strict unless y = a. Let

J(a
D, = gla) + L2 — a?) — () > 0
Then
. gl(a) 2 2
kg(a) — ®(w) = 50 (ka - Z:yZ + ZDl
Since ¢ > 0 and
— arccos
g/(a) e u > O7

2

we have ¢'(a)/(2a) > 0. Thus both terms on the right-hand side are nonnegative. Hence equality
®(w) = ®(v) forces D; = 0 for every 7, and therefore

W V=Y =a=7"v; for all 7.
Since w, v € span{v;} and the Gram matrix
(vi-v)ij = (L =) +c117
is positive definite for ¢ € [0, 1), these identities imply
w=".

Thus equality in the first case occurs only at v. This proves the first case.
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Case2: a > 1/V/2.

Recall that ®(w) = Zle 1(6;) with 0; = Z(w,v;) and [(0) = ((m — 0) cos € + sinh)/(27),
equivalently ®(w) = Zle g(w - v;) with g(t) = l(arccos t). The global claim is ®(w) < ®(v) for
every unit w.

In this case a = cos~y and y € (0,7/4]. Let b = siny, and define u; = (v; — av)/b. Then

1
v = av + buy, u; L, Juill2 = 1, ZWZO, Uiy = =77 (1 # J)-
(30)

Because a maximizer may be assumed to lie in span{v; }, write
w = cos U + sin p u, a3

where ¢ € [0, 7], w L 0, ||ul]l2 = 1, and w € span{u;}. When sin ¢ = 0, the choice of u does not
change w, so we choose such a unit u. Set t; = u - u;.

The identities in (30) imply
k
>t =0, Zt?:m, —1<t; <1. (32)
i i

Indeed, Y, t; = u- >, u; = 0, and the regular-simplex frame identity >, u;u, = %Ispan{ui}
gives >, 12 = u' (3, uu) )u = k/(k — 1). Moreover, w - v; = acos ¢ + bt; sin . For fixed u,

define
k

F(p;u) = Zg(a cos p + bt; sin p).
i=1

This equals ®(w) for the vector w in (31).
We first handle ¢ > ~. For fixed u, write

zi(p;u) = acos @ + bt; sin p.

Then
)
gpF(Piu) = —asing > g (milpiu) +beose Y tig (zi(p5 ). (33)

Since ¢’ is increasing by (25), and z;(; w) is an increasing affine function of ¢;, we have

> tig (zilpiw) = & Z g (zi(p;0)) — ¢ (z(p;u))] >0, (34)
i 1<j
because ) . t; = 0.

If ¢ > 7/2, then cos ¢ < 0. The first term on the right-hand side of (33) is nonpositive because
g’ > 0, and the second term is nonpositive by (34). Hence 0, F (;u) < 0.

If v < ¢ < /2, then (a/b) tanp > (a/b)tany = 1. In this range cosp > 0, and we can
rewrite 5

2 P = b 2 (- 1) e
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Since t; < 1 < (a/b)tany and ¢’ > 0, we again have d,F(p;u) < 0. Thus ¢ > ~ implies
O0,F (p;u) < 0. Consequently, on the interval [y, 7|, the function F'(-;u) is nonincreasing, and
hence

F(p;u) < F(vy;u), > 7.

Thus this range cannot give a value larger than the value attained closer to the angle bisector. To
prove F(p;u) < F(0;u) = ®(v) for all ¢, it remains to consider 0 < ¢ < . We prove the next
estimate first for 0 < ¢ < ~; the endpoint ¢ = -y then follows by continuity. Since v < 7/4, we have
v+ ¢ < 2y < 7/2. Thus acos ¢ — bsin ¢ = cos(y + ¢) > 0, and therefore a cos ¢ + btsinp > 0
for every ¢t € [—1, 1]. For this fixed ¢, define

hy(t) = g(acos p + btsin ).
Since ¢"'(s) = s/(2m(1 — s2)%/2), the chain rule gives

a cos ¢ + bt sin ¢ (35)

1
hi (t) = (bsin ©)?g" (acosp + btsing) = (bsinp)® —

2 (1 — (acosp + btsin @)2)3/2.

Here bsin ¢ > 0, and the numerator a cos ¢ + bt sin ¢ in (35) is nonnegative. Thus h;’,’(t) > 0on
te[-1,1].
Let so = —1/(k — 1). Let Q,(t) be the quadratic polynomial satisfying

Qp(1) =hy(1),  Qu(s0) = hy(so),  Q(s0) = hiy(s0)-

Now fix ¢ € [—1, 1], which is the relevant domain because each ¢; = w - u; lies in [—1, 1]. Also
so € [—1,0], so both interpolation nodes sy and 1 lie in the same interval. Applying the Hermite
interpolation remainder with a double node at sy and a simple node at 1 gives

AG

(b —s0)*(t = 1), (36)

he(t) = Qu(t)

where ¢ lies between ¢, sg, and 1. Since ¢t € [—1,1], we have hfﬁ,’(&) >0, (t —s9)? > 0, and
t —1 < 0. Thus the remainder in (36) is nonpositive, so h,(t) < Q,(t) for all t € [—1,1], and
therefore ) . h(t;) < >, Qu(ts).

Since @, is quadratic, (32) and the identities 1 + (k — 1)so = 0, 1 + (k — 1)s3 = k/(k — 1)
show that the two collections (¢1, ..., %) and (1, s, . . ., So) have the same zeroth, first, and second
moments. To see the substitution explicitly, write Q,(t) = qo + q1t + ¢ot?. Then

D Qulti) =kqp+q Y tit@d t;

k
:k _—
QO+Q2k_1,

whereas

Qu(1) + (k = 1)Qy(50) = g0 + a1 + g2 + (k — 1) (90 + q150 + q257)
=kqo+qi(1+ (k—1)s0) + q2(1 + (k — 1)s3)
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=k .
C]o+Q2k_1

Therefore ), Q,(ti) = Qu(1) + (k — 1)Q,(s0). Using the defining interpolation conditions of Q.,,
this becomes
D hplti) < (1) + (k = Dhg(s0).

Hence F'(p;u) < J(p), where, with a, b, k fixed throughout this case,

J(p) =glacosp + bsing) + (k—1)g (a cos p — sin<p> . (37)

k—1

It remains to prove J(¢) < J(0). Since a = cos~y and b = sin -y, we have a cos ¢ + bsinp =

cos(y — ). Set z_(p) = acos p — %sing@. Since 0 < ¢ < v < 7/4, we have

0<cos(y+¢)=acosp —bsinp < z_(p) <acosp <a=cosy < 1. (38)

Thus z_(p) € [0, 1]. Define n(p) = arccos z_(p) € [0, 7], so that z_(¢) = cosn(y). Since the
arccosine is decreasing, (38) gives

v<nle) <7+ e (39)
Write ¢(¢) = 1n(¢) — . Then (39) gives 0 < ¢(¢) < ¢. Also,

g (cos(y — ) = Tty g (2 (p)) = T—nlp)  m—7—q(p)

2 2 27
Using these two derivative values, together with
< cosy —p) =b i C 2 (p) = —asing —
— cos(y — @) =bcosp —asiny, —2z_(p) = —asinp — Ccos ¢,
dy T=® ¥ 2 dg 2 Y o0sw

and differentiating (37), we obtain

J (p) = % |:(7T — 7+ ¢)(bcosp — asinp)

+(k—=1)(m — v —qly)) (—asingp— kb1003@>}

= % { —asing [k(m —v) +¢ — (k= 1)q(p)]
+beosp(p + a()] (40)

We want to show that J'(¢) < 0on 0 < ¢ < ~;then J(p) < J(0), which is the remaining desired
bound. The expression inside the brackets in (40), viewed as a function of ¢(y) with ¢ fixed, has
derivative a(k — 1) sin o + bcos ¢ > 0. Since ¢(¢) < ¢, (40) gives

T() < 5 [asing[k(r — ) - (k — 2)] + bp coseg]. @

At ¢ = 0, the exact formula (40) gives J'(0) = 0. For 0 < ¢ < =, it suffices to prove

2bpcosp < asing [k(r —7) — (k —2)y] .
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Dividing by a sin ¢ > 0, this is equivalent to
2tany - pcot p < k(m — ) — (k — 2)¢p. (42)
Since 0 < ¢ < < 7/4, we have ¢ cot ¢ < 1. Hence
2tany - pcotp < 2tany < 2.
On the other hand,
k(m =) — (k= 2)p > k(r — ) = (k — 2y = k(r — ) — (k — 2)y = kr — 2(k — 1)y.
Since v < 7/4, we have

kr—2(k—1)y > kr — (k—l)’f(: (k+ L
- 2 2 ’

Ask > 2,(k+1)7/2 > 37/2 > 2. Therefore
2tany - pcot p < k(m — ) — (k — 2)p.

Thus (42) holds, and (41) gives J'(¢) < 0. Consequently J () < J(0). But J(0) = kg(a) = ®(v),
hence F(p;u) < J(p) < O(0).

The same estimates also give the equality case. For 0 < ¢ < v < 7, the final bound used above
is strict, because

2tany - pcotp < 2 < <k+21)7T <k(m—7)—(k—2)p.
Thus J'(¢) < 0 on (0, 7], and hence
J(p) <J(0)=2(v), 0<p<y.
For ¢ > ~, the monotonicity estimate gives
F(p) < F(y) < J(y) < J(0) = @(v).

Therefore equality in the second case is possible only when ¢ = 0, namely w = v. This proves the
second case.

Combining the two cases a < 1/ V2anda > 1 / V2, we conclude that for every unit vector
w, ®(w) < ®(v). If equality holds, then w is a maximizer of ®. By the reduction at the beginning
of the proof, any maximizer lies in span{v; }. The equality discussion in the two cases therefore
applies and shows that equality holds if and only if w = v. Therefore ®(v) = maxj,,—; ®(w), and

v is the only maximizer. Since Loy (w) = —®(w), this is equivalent to Leoyy (w) > Lo (0) for
every unit vector w, with equality if and only if w = ©. Hence v is the unique global minimum of
the correlation loss on the unit sphere. |
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B.2. Proofs for squared loss

Lemma 18 (Characterization of stationary points) For nonzero student weights w1, wo, define
a; = sinfy; + sin 019 — 7||w||2 — siny||wal|2, a2 = sin by + sin bog — 7||wal|2 — siny||wy [|2.
Then (w1, we) is a stationary point of L if and only if

(m —011)v1 + (m — O12)v2 + a1y — (7 — 7)||we|2w2 = 0, 43)
(m — 021)v1 + (1 — O22)v2 + agwa — (7 — 7)||wi||2w1 = 0.

B.2.1. PROOF OF LEMMA 18

Proof By Equations (5) and (6), stationarity is equivalent to the right-hand sides of both gradient-flow
equations being zero. The first equation becomes

(7r—011)111+(7r—012)vg+(sin 011 +sin 912)11)1—7‘(’”101”21171—8111 ’y||w2|]2w1—(7r—’y)ngﬂgwg =0

after multiplying by 27. The second identity follows in the same way from Equation (6). Conversely,
these two displayed identities are exactly the two gradient-flow equations after multiplication by 27,
so they are equivalent to stationarity. |

Proposition 19 (Reduction to three dimensions) Assume wy,ws # 0 satisfy (43). Fori = 1,2,
write W; = w” + w , where wH
linearly dependent. In parncular,

€ span{vy, v} and w;- 1 span{vi,va}. Then wi and wy are

dim span{vy, ve, Wy, w2} < 3.

B.2.2. PROOF OF PROPOSITION 19

Note that we have for critical point

d 1
% =0= 271' [(7‘( — 011)?}1 + (7r — 912) ] (sm 011 + sin 912)
Loy Ll Sm'y —y
|3 o e
d’wg

1
0= —[(m —6021)v1 + (71 — Oa2)v2] + %(sm 021 + sin Oa9)

dt 2
1 w sin T —
Ry Qe vy N (T, @)
2 ||w2||2 2T 2T

where -y is the angle between w; and ws. If we write w; = wl + wj and w9 = w2 + wy where
” € span {vy, vy} and w 1 span {v1,v9}, then by (44) and (45), we have Wi = ciby for some
Constant ¢ # 0, and thus @7 // g or Wi = by = 0.

In the reduced three-dimensional problem we use the basis
Uy =7, Uy = VA, us L span{vi,va}, (46)
and write student directions as

w; = (cos ¢; sin B4, sin ¢; sin fB;, cos B;), 1=1,2. 47
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B.2.3. AUXILIARY ANGLE-SUM ESTIMATE FOR LEMMA 21

Lemma 20 Assume (w1, w2) satisfies (43), with B;, ¢; defined by (47). If (B1, B2) # (3, 5 ), then

min{<911 + 012,021 + 922} <.

Proof In the coordinates used in lemma 21, the first coordinate of
(ﬂ' — Gil)vl + (7'(' — eig)vg

is
COS % (27‘(‘ — 01'1 — 91-2),

which is strictly positive. Indeed, cos(a/2) > 0, and equality in the second factor would force
0;1 = 0,2 = m, impossible because v # vs.
Because (01, f2) # (7/2,m/2), at least one of cos 31, cos 2 is nonzero. We first exclude v = .
If v = 7, then w9 = —w; and ™ — v = 0. Taking the third coordinate in whichever equation has
cos B; # 0 forces the coefficient of w; in that equation to vanish. The corresponding stationarity
equation then reduces to
(71’ — 91'1)?)1 + (7T — HZ‘Q)UQ = 0,

contradicting the positive first coordinate above. Hence v # 7, so ™ — v > 0.

Next, both cos 81 and cos B2 must be nonzero. If, for example, cos 81 = 0, then the third
coordinate of the first equation in (43) gives (7 — )||wz||2 cos B2 = 0, hence cos 3o = 0, a
contradiction. The other case is identical.

Taking third coordinates in (43), and substituting the result back into the two vector equations,
gives

(m —b1)vr + (7 — Or2)ve = (7 — 7)[lwl2 <’w2 - zzzgi w1> ,

COS
(7[' — 921)’01 + (ﬂ' — 922)1}2 = (7[' — ’y)”’leQ <w1 — cosg; w2> .

Comparing first coordinates and using their positivity yields

cos
sin By cos ¢ — O
cos 1

cos
sin 81 cos ¢ — b
cos By

If cos 81 and cos B2 had the same sign, these two strict inequalities would contradict each other.
Therefore they have opposite signs. Using this in the first inequality, at least one of sin 1 cos ¢1 and
sin B2 cos ¢o must be positive.

sin 81 cos ¢1 > 0,

sin B9 cos ¢g > 0.

For each i, N
cos b1 + cos o = w; - (v1 + v2) = 2cos 5 sin f3; cos ¢;.
On the other hand,
0i1 + 0i2 cos 0i1 — O;2
2 2 )

cos B;1 + cos 0;9 = 2 cos
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The triangle inequality gives
T
|01 — Oi2| < Z(v1,v2) = a < 5

so cos((0;1 — 6;2)/2) > 0. Since cos(a/2) > 0, the sign of sin §; cos ¢; is the sign of cos((6;1 +
01'2)/2). Thus
sinf;cosp; >0 <= 0;1+0,0<m.

Since at least one of sin 3; cos ¢; is positive, the desired strict angle-sum condition follows. |

Lemma 21 (Three-dimensional symmetry) Ler (wi,ws) be a stationary point satisfying (43),
and let B;, ¢; be defined by (47). If (81, P2) # (7/2,7/2), then ¢p1 = ¢ = 0.

B.2.4. PROOF OF LEMMA 21

By lemma 20, after possibly swapping the two student neurons, we may assume
011 + 010 < 7.

In this case, by (44) and (45), we have that the perpendicular components of w; with respect

to the plane spanned by v; and v is parallel to the perpendicular components of wy with respect

to the plane spanned by v; and v, i.e., if we write w; = wf + uﬁy and Wy = uﬁzL + wg where

W) € span {vy, v} and ;- L span {vy,vs}, then @i~ // w5 . In addition, we have that

m—011 m—0y

= . 4
m—012 T — 0 (48)

Let x-axis be the angular bisector of v; and v9, and y-axis be the perpendicular direction of ¢, and
z-axis be orthogonal to the plane spanned by v; and vs.

Let 5; be the angle between w; and z-axis, let ¢; be the angle between w; and ¢ with positive
x-axis. The sign of ¢; is positive if w; is clockwise to ¢, and negative otherwise.

v = (cos(a/2),sin(a/2),0)
vy = (cos(a/2), — sin(a/2),0)

o _rtve cos(a
0= Tor ool = (cos(a/2),0,0)

We have that
w1 = (cos(¢1) sin(B1), sin(¢1) sin(B1), cos(B1))
wy = (cos(¢p2) sin(B2), sin(¢2) sin(Bz2), cos(Bz2))
B1 = (cos(¢1) cos(Br), sin(¢1) cos(B1), —sin(B1))
B2 = (cos(¢2) cos(fa), sin(¢2) cos(f2), —sin(fBa))
51 = (_ Sin(¢1), COS(¢1)7 0)
&2 = (_ Sin(d)Z)? COS(‘bQ)? O)
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(’R’ — 91'1)1}1 + (7T — Qig)vg = (COS(O&/Q)(Q’/T — 91‘1 — 61'2), sin(a/2)(9i2 — 9,»1), 0)
cos 01 = cos(a/2 — ¢;) sin 3;
cos 05 = cos(a/2 + ¢;) sin f3;.

For simplicity, we let

C; = cos(a/2)[2m — (0;1 + 0;2)]
Si = sin(a/2)[«9i2 — 921]

From (44) and (45), we have that

(' sin 1 cos ¢ + S1 sin By sin ¢y + sin 11 + sin b9 — 7y — rosiny — (m — y)racosy =0
(49)

Cy sin P9 cos ¢g + Sa sin By sin ¢g + sin Oa1 + sin fay — wry — rysiny — (m — y)rycosy =0
(50)

(' cos 1 cos ¢ + Sy cos By sin 1 — (m — y)ra(sin B2 cos B cos(p1 — ¢a) — cos Pasin f1) = 0

(51
C'5 cos 2 cos ¢ + S cos By sin g — (m — )71 (sin B cos B2 cos(pa — ¢1) — cos By sin B2) = 0
(52)
—Cysin ¢y + 51 cos ¢ — (m — y)rasin Basin(g2 — ¢1) =0 (53)
—Cysin ¢g + S2 cos pg — (m — y)ry sin By sin(py — ¢2) = 0 (54)
We have that
~ = arccos(sin 1 sin B2 cos(¢1 — ¢2) + cos 1 cos B2),
and that
cos 0;1 = sin f3; cos(¢; — a/2),
cos B9 = sin f3; cos(p; + a/2).
Multiplying (51) by sin ¢, we have that
C1 sin ¢ cos 51 cos ¢1 + S sin ¢% cos 1 = (m — 7y)rasin ¢1 (55)

X (sin B2 cos B1 cos(¢1 — ¢2) — cos By sin B1))  (56)
Multiplying (53) by cos 1 cos ¢1, we have that

—(C1 sin ¢1 cos B1 cos ¢1 + S1 cos QS% cos 1 = (m — 7y)rg cos 51 cos ¢1 sin By sin(pa — ¢1)  (57)
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Adding (56) and (57), we have that

Sicos B = (m — ~y)ra [(sin B2 cos By cos(p1 — pa) — cos P2 sin f1) sin ¢y
+ sin fg sin(¢pa — ¢1) cos By cos ¢1] ,

where we have that

(sin B cos B cos(¢1 — ¢2) — cos P sin B1) sin ¢y
+ sin By sin(¢a — ¢1) cos Py cos ¢1
= sin [ cos B1 cos @1 cos ¢a sin @1 + sin Fa cos [ sin? ¢1 8in ¢ — cos Bo sin By sin ¢y

— sin B9 sin ¢1 cos ¢o cos By cos ¢1 + sin [o cos d)% sin ¢ cos Bq

= sin B9 cos B sin ¢ — cos B9 sin B sin ¢1.
And we have that
Sicos B = (m — 7y)ra [sin By cos B sin ¢g — cos B2 sin By sin ¢1] . (58)

Similarly, we have that

Sy cos By = (m — )7y [sin By cos B2 sin ¢ — cos By sin B sin ¢o] , 59)

Cy cos 81 = (m — y)re [cos 1 sin B3 cos ¢o — cos (2 sin [ cos ¢1], (60)

Cycos By = (m — )71 [cos B2 sin 31 cos ¢1 — cos 31 sin B2 cos pa] . 61)
Noth that we have

7T—911 7T—921

71'—912_7'1'—9227

Case 1: 011 +012 < m, 001 +022 < 7 : Without loss of generality, we assume ¢1, ¢2 € (0, §). Now
we are going to prove that —Cjsin ¢; + S; cos ¢; < 0, forall §; € (0,7),7 =1,2and o € (0, §).
We assume that 51 € (0,7/2) and we are going to prove that —C sin ¢ + Sy cos¢; < 0 for
¢1 € (0, %)

First, we are going to prove, when ¢; € (0, 7/2) is fixed, 612 — 611 takes the maximum value
when 31 = 7/2. Since

012 — 611 = arccos (sin 1 cos(a/2 + ¢1)) — arccos (sin 1 cos(a/2 — ¢1)) ,

we have that

i(@ ) = - cos (1 cos(a/2 + ¢1) " cos 31 cos(a/2 — ¢1)

op1 T T T T s Breost(aj2 + 1) /1 — sin? By cost ()2 — 1)
B cos(a/2 — ¢1) cos(a/2 + ¢1)
= cos (31 -

V1 —sin? By cos?(a/2 — ¢1) /1 —sin B cos(a/2 + 1) |

When ¢1 € (0, §) is fixed, we have that cos(a/2 — ¢1) > cos(a/2 + ¢1). And thus we have
that ﬁ(elg — 911) > 0, which implies that 019 — 011 < ng(ﬁl = 7['/2) — 911(,81 = 7T/2) = 2(;51.
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U1

v (X-axis)

o

V2

Figure 4: A graphical explanation of the 3D problem.

And thus we have that

012 — 6011 < 2¢1
tang; T tan¢;

<2< =
tanz
T 2r — 011 — 0
< _ < 11a 12’
tan§ tan§

where the last inequality comes from the assumption 617 + 612 < 7. And thus we have that
e « .
sin 5 (012 — 011) cos ¢1 < cos ) (2m — 011 — 012) sin ¢;.
This implies that
—(Csin ¢ + S1cos¢pp < 0.
Similarly, we have that
—Cy8in ¢g + S5 cos o < 0.

Note that by (53) and (54), we have that

—(C'sin ¢1 + S1 cos ¢ n —(Cysin ¢ + So cos ¢

r9 sin By 71 8in 31

:O,

which implies that (since the two terms on the left hand side have the same sign)

—Cysin¢g + S1cospy = —Cysin ¢ + S5 cos o = 0.
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Note that by (58)~(61), we have that
S1 So

- Gy
And thus we have ¢; = ¢a.
By (62), we have that

tan % (012 — 911)
2 — 92'1 — 97;2
tan %2¢z
i

2
< —tan ¢z
™

tan ¢; =

And thus ¢; = 0.

Case 2: 6011 + 012 < m, 021 + 099 > m. Note that ;:zg = %. Thus w1 projection in the z — y

plane and wy projection in the x — y plane are at the same side of the z-axis. Note that we have

dwy
dt
1 . . _
= % |:(7T — (911)1)1 + (7T — 912)’[}2 + (SlIl 911 + sin (912)U)1:|
1 i —
_ < L sy ||w2||2>w1 Ty

2" 2 il o 2

_ % [(W — Oy1)v + (7 — 912)v2]

27
=7
2

1 . . ) _
o (ol + fuallasiny — sin g1y — sndia

[|w2 || 2w2.

Similarly, we have that

dw2
0=
1

=5 [(W — O21)v1 + (7 — O22)v2

2T
=7
2

1 . . . _
S — <7T||w2||2 + |Jwy |2 siny — sin 91 — sm922) Wo

(w1 || 21

Note that we have (m — 611)vy + (7 — 012)vy is parallel to (m — 021 )v) + (7 — O22)v2, and one
should note that if za + yb + zc = 0, pa + gb + rc = 0 for some p, ¢, € R and a, b, ¢ are not
parallel to each other, then % = % =Z.
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wy projection w1 projection

U1

U (x-axis)

U2

Figure 5: vy, vg, and the projections of w; and wy in the x — y plane.

This implies that

T — 011 T — 019

T—0n m— 0
mllwi |2 + [Jwall2 siny — sinfy; — sin O19
(=) llwi]l2
(7 =) w22
7||wall2 + |Jwi||2 siny — sin 6y — sin fg

This implies that 7w |2 + [|w2]|2 siny — sin 11 — sin B2 > 0 and 7||wa|2 + ||wi |2 siny —
sin 091 — sin 99 > 0.

If the projection of w; lies outside the angle between v; and vo as shown in Figure 6. And thus

we have a | (m — 011)v1 + (7 — O12)va | — bwy — cwe = 0, for some a, b, c € R

However, the projections of —w;, —ws, and (7 — 611)v; + (7 — 612)v2 all lie on the same side
of the vector vy. Therefore, the planar coordinates of % cannot be 0. And thus the projection of w;

lies inside the angle between v and vs.

When the projection of w; lies inside the angle between v; and v9, if we prove the vector
((m — 611)v1 + (7 — 612)v2) lies inside the angle between wq and © as shown in Figure 7, then dd%
can’t be 0 since a((m — 611)v1 + (7 — b12)v2) — bwy — cwy can’t be O for any a, b, ¢ € R, in such
case. Next we are going to prove that the vector ((m — 611)v1 + (7 — 012)v2) lie inside the angle

between w; and v.
Lemma 22 The vector (m — 011)v1 + (7 — 012)vs lies inside the angle between w; and .

Proof Fix ¢ € (0, §). Let e; and ep be orthogonal planer unit vectors such that ey is parallel to the
x-axis and ey is parallel to the y-axis. For simplicity, we let u = (m — 011)v1 + (7 — 012)va. We
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w9 projection wy projection

¥ (X-axis)

—w projection —ws projection

Figure 6: vy, v9, and the projections of w; and wy in the x — y plane.

wo projection

Cil
wy projection

(7T — 911)1}1 =+ (7T — 912)1)2

¥ (X-axis)

—wy projection .-

—wy projection

Figure 7: v, vg, and the projections of w; and wo in the x — y plane.

only need to prove that Z(u,vy) > Z(wy,v1),v2 = cosa - vy + sin %Uf‘ Note that

(7r — 912) sin «v
(7r — 911) + (7r — 912) cosa’

tan Z(u,v1) =
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we only need to prove tan Z(u,v1) > tan Z(wy,v1) = tan(§ — ¢1). We only need to prove

(7T - 912) sin ar cos <§ - ¢1> > |:(7F — (911) + (7r — 012) cos a] sin (g — ¢1>.

Move (7 — 612) term to the left hand side, we have only need to prove

(7r - 012) sin (g + ¢1> > (77 — 911) sin <§ — gb1>. (63)
d(;l [(71‘ — «912) sin (% + qbl) — (7T — 911) sin (% — qbl)}

O e
(e () 2 0)

Since we have
sin® 01 = 1 — cos? 015 = 1 — sin? 51 cos® (% + q§1> > sin® 051 sin® <% + ¢1),
we have that
. ) L/
sin f19 > sin 31 sin (5 + d)l).
Similarly, we have that

sin 617 > sin 7 sin (% — qﬁl).

And thus we have that

diq[(#—&g) sin (%-Hﬁl) - W_Hll) (% ﬂ

<7r - 012) cos <% + <z51) — sin ( + ¢1> ( - 611> cos (% — q§1> — sin <% — qbl)
T (5 ) o (3 0)  Gen (3 ) s (5 )
Note that we have that

cos (2 + </51> + cos <% — qﬁl) = 2cos (

Vv

Y]

5 )cos¢1,
sin (% + q§1> + sin (% — qbl) = 2sin (§> cos ¢1,

SN Y o)

And thus
d

a0 [(ﬂ — 012) sin (% + ¢1> = (m = f11) sin <% a ‘bl)}
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s (s (3) - (3)
s (3) -0 (3))
(

The last inequality follows from the fact that ¢1 € (0,5) and o € (0, 7/2). [

0.

By Lemma 22, we have that the three vectors ((m — 611)v; + (7 — 912)1)2) —wi, and —wy lies

exactly on the same side of the vector w;. And thus the planer coordinate of “’1 can’t be 0 as shown
in Figure 7.
B.2.5. SYMMETRY REDUCTION FOR THE OUT-OF-PLANE CASE
Lemma 23 (A scalar separation lemma) Let
O<t<m< ﬁ
2
Define
2(m —2m) 2(m —2m)
A_(m) = ————, Ay(m) = ——————
2m — sin 2m 2m + sin2m
and

X = X(t;m) =t+A_(m)(t—cos® m tant), Y =Y({t;m) =t+A (m) (7H—Sin2 m cott).

If A > 0 satisfies

Atant
AX = il + arctan %
2 tan“m

then v
AX > —.
A
Proof With m fixed, put a = m — sinm cosm, b = m + sinm cos m,

P(t) =t — cos’ mtant, Q(t) =t +sin® m cot t.

The quantities a, b, P(t), Q(t) recur throughout the proof. Then a,b > 0,

™ —2m T —2m

A*(m): ; AJr(m): 3
a b
P(t t

X =t+(m—2m) (), Y:t+(7r—2m)Ql()).
a
Also X > 0and Y > 0, since
P(t) >t —cos’ttant =t —sintcost > 0, Q(t) > 0.

We first record the elementary comparisons needed below. Since

P'(t) =1 — cos*msec*t > 0, Q'(t) =1—sin?mesc®t <0
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on 0 < t < m, and since P(m) = a, Q(m) = b, we have 0 < P(t) < a and Q(t) > b. Next,
differentiating P(t)Q(t) gives

d tan?m — tan®t P(t)
Pt)Qt) = ————— t) —
dt( HQ() 1+ tan?m [ ®) tanZt]
tan?m — tan®t tant — ¢ + t tan¢
= 5 5 > 0.
1+ tan“m tan“t

Thus P(t)Q(t) < ab. We shall also use t(P(t)/a + Q(t)/b) < 2m. To prove it, differentiate
t(P(t)/a+Q(t)/b):

d P(t) Q) 2t — cos? m(tant +tsec?t) 2t + sin? m(cott — tcsc?t)
al'\"a T )7 p * b '

(64)
The numerator 2t —cos® m(tant+t sec? t) in (64) is positive because it is larger than ¢ —sin ¢ cos t >
0. For the numerator 2t + sin? m(cot t — t csc? t), note that cot ¢ — ¢ csc? t < 0, and therefore

sintcost —tcos2t
2t + sin® m(cot t — tesc?t) > 2t + cott — tesc? t =

> 0. 65
sin® ¢ (65)
The positivity of the two numerators in (64), with the second one bounded in (65), shows that
the derivative in (64) is positive. Comparing ¢(P(t)/a + Q(t)/b) with its value at t = m gives
t(P(t)/a+ Q(t)/b) < 2m.

The inequalities P(t)Q(t) < ab and t(P(t)/a + Q(t)/b) < 2m imply

(m—m)* = XY = (7 —m)” - <t+(7r—2m)P((f)>
-<t+(7r—2m)Qét)>

—m? 2
0]
+ (m —2m)? (1_13(222(@) > 0.

Therefore v XY <71 —m.

We need one sharper comparison. Since ab— P(t)Q(t) > 0 and aQ(t) — bP(t) > ab—bP(t) =
b(a — P(t)) > 0, we claim that

t(aQ(t) —bP(t)) =
ab— PO 2 (66)
Because b = m + % sin 2m < /2, it is enough to prove
t(aQ(t) — bP(t))
b—POQH) "
or equivalently
b(ab— P(t)Q(t)) — t(aQ(t) — bP(t)) > 0. (67)
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Expanding b(ab — P(t)Q(t)) — t(aQ(t) — bP(t)) in (67) gives
b(ab — P()Q(t)) — t(aQ(t) — bP(t)) = bm? — at? — 2msin® mt cot t. (68)
At t = m, the right-hand side of (68) is zero. Its derivative with respect to t is

2t [m sin?m % — a] . (69)
sin

For 0 < u < 7/2, the function u + (u — sinu cosu)/(usin? u) is strictly increasing, since

d [u—sinucosu cosu |tanwu sinu 2
o . 9 = . 3 + -2 >0
du usin® u sinu | u u
by Wilker’s inequality. Since ¢ < m, the bracketed factor m sin? m (¢ — sint cost)/(tsin?t) — a in
(69) is strictly less than m sin® m % a = 0. Thus the derivative in (69) is negative on
(0, m). Since the right-hand side of (68) equals zero at ¢t = m, it is positive for 0 < ¢ < m. Hence
(66) follows.

We now prove

tan?2 X
VXY + arctan ( anm > <. (70)
tant Y

If VXY < /2, (70) follows because the arctangent term is strictly smaller than 7 /2. Hence assume
VXY > 7/2. From vXY <7 —m,wegetm <t — VXY < 7/2. Forany u € (0,7/2) with
u # m, strict convexity of tan gives the strict tangent-line bound

tanu > tanm + sec? m (u —m).
Taking u = 7 — v/ XY and using sec? m = 1 + tan®m gives
tan(r — VXY) > tanm + (1 + tan® m) (7 — VXY —m).
It remains to prove

tan?m /X

=< 2 — VXY —m).
ot Vv <tanm + (1 + tan”m)(w XY —m) (71)

After multiplying (71) by cos? m and using v XY = Y+/X/Y, (71) is equivalent to

| X
?(Y+sin2mcott) <7 —m 4+ sinmcosm.

ButY +sin?mcott = m%(t + sin? m cot t), so it suffices to show

X(t + sin® m cot t)2 <Y (m + sinm cosm)?. (72)
We prove (72) in the present case v XY > 7/2. With ¢, m fixed, for u > m — 2m, set

P(t t
X#:t—l—uc(t), Y#:t—i-uQé).
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At p = m — 2m, these are exactly the original quantities X and Y. Hence (72) is the same as
Yn—meQ - X7r—2mQ(t)2 > 0.
The expression Y,,b? — X,,Q(t)? is affine in p, and

Q(t)(ab — P(H)Q(1))

a

i (Yub2 - XMQ(t)Z) =

0.
du =

Thus this affine expression is strictly increasing in . If (72) were false, then its value at y = 7 — 2m
would satisfy
Yr_omb® — Xr_omQ(t)% < 0.

Since the same affine expression tends to 400 as u — o0, it would have exactly one zero after
m — 2m. Denote this zero by .. Then p, > 7 — 2m, and

X,.Q(t)? =Y, b

Solving this equality gives
ta  Q(t)? —b?

"= Q) ab— PH)Q()

At this value,

b th aQ(t) — bP(t)
XYy = =V, = = by =t 2
QM T Q) ab— P(t)Q(t)
The bound (66) says that t(aQ(t) —bP(t))/(ab— P(t)Q(t)) < m/2. Since both X, and Y, increase
with p, the inequality p, > 7™ — 2m would imply

VXY < \/X,.Y,.
< ™
2 9
contradicting the present case. Therefore (72) holds, equivalently X Q(¢)? < Y'b?, and hence

tan? X
amm, 2 < tan(m — VXY).
tant Y

Because 0 < m — vV XY < 7/2, the preceding strict tangent inequality gives

tan®m | X
VXY + arctan amm 2 < .
tant Y

Using arctanr + arctan(1/r) = w/2 for r > 0, the inequality (70) is equivalent to

an“m V X

tant Y
<E+arctan et L .
vXY > tan?
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Therefore

T tant Y
3 -+ arctan (tan2m X)
> X

Y/X

(73)

For fixed ¢, m, the function

T 2
- + arctan(r tant/ tan“m
P 2 ( / ), r >0,
r

is strictly decreasing, because its derivative is

rtant/tan?m
1+(r tant/ tan? m)2

— (5 + arctan(r tant/ tan? m))

< 0.
r2

The hypothesis of the lemma says that the value of this function at r = A equals X, while
(73) says that its value at r = /Y /X is larger than X. Hence A > /Y/X. Consequently,
AX > VXY > Y/A, which proves the claim.

Lemma 24 (Out-of-plane symmetry) Let u1,us,us be the basis in (46). Assume wi,wy # 0
satisfy (43), lie in span{ui,us}, and do not both lie in the teacher plane. Then, after possibly
replacing ug by —us, there exist r > 0 and k € (0,7/2) such that

wy = r(cos Kuy + sin K ug), wg = r(cos kuy — sin Kk ug).

Equivalently, in the coordinates (47), one has 31 + P2 = 7, ¢p1 = ¢2 = 0, and ||w1||2 = ||w2]|2-

Proof [Proof of lemma 24]

Choose coordinates so that the first coordinate is the angular bisector direction, the second
coordinate lies in the teacher plane, and the third coordinate is orthogonal to the teacher plane. Then

v1 = (cos(r/2),sin(r/2),0),
vg = (cos(a/2), —sin(a/2),0).

Since w1, wy lie in the perpendicular plane of the angular bisector, write w; = (x4, 0, 2;), r; = ||w;]|2,
and v = Z(wy,wsy). Then w; - v1 = w; - v, s0 H;1 = B;2; denote this common angle by ;. The
system (43) reduces to

(m — 0;)(v1 + v2) + (2sin6; — wr; — sinyr;)w; — (7 — 7)rjw; =0, {i,7} ={1,2}. (74)

The case z1 = z2 = 0 is excluded by the hypothesis that the two directions do not both lie in the
teacher plane. We next rule out the one-zero cases. Suppose z; = 0 and z3 # 0. Then ¢ {0, 7},
since parallel or antiparallel unit directions would force zo = 0. Taking the third coordinate of (74)
for ¢ = 1 gives

—(m —y)raza =0,
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a contradiction. The case z5 = 0 and z; # 0 is identical. Hence z1zo # 0, and we are in the
genuinely out-of-plane case.

First 0 < v < 7. If v were O or m, then w; and wy would be parallel or antiparallel. Since
2129 # 0, this direction is not the bisector direction, and the v1 + vo component in (74) could not be
cancelled. Thus 0 < v < 7.

Taking the two-dimensional determinant in the first and third coordinates with w; in (74) for
1 = 1, and with w9 in (74) for i = 2, gives

2 cos %(7‘(‘ —01)z1 + (m — y)ra(z122 — z129) = 0,
2 cos %(W —09)z9 — (m — y)r1(w122 — z122) = 0. (75)

All coefficients except the displayed signed factors are positive, so z; and zo have opposite signs.
Choose the sign of the third coordinate so that z; > 0 and zo < 0. Then for some p, g € (0, 7),

w1 = (cosp, 0, sinp), we = (cos q,0, —singq).

Under this parametrization, the signed determinant x1z9 — 2122 in (75) equals — sin(p + ¢). The
first identity in (75) shows that x129 — z122 < 0. Hence p + ¢ € (0, ), and therefore v = p + gq.

The angles with the two teachers satisfy cos 61 = cos § cosp and cos 63 = cos § cos q. Taking
inner products of (74) with w; when ¢ = 1, and with w9 when ¢ = 2, gives

mry + (sin(p +q)+ (m—p—q)cos(p+ q))rg = 2(sin01 + (m — 61) cos 91),
(sin(p+ q) + (r —p — q) cos(p + q))r1 + 7ry = 2(sin by + (7 — b2) cos ba). (76)

Projecting (74) onto the tangent directions of w; and w9 gives
(m —p—q)sin(p + q)re = 2cos %(7‘( — 61) sinp,
(m—p—q)sin(p+ q)r1 = 2cos %(7‘( — 03) sing. (77)
Eliminating 71, ro from (76) and (77) gives
(m —p—q)sin(p+ q) (sin 61 + (7 — 61) cos 6;)
= (sin(p + q) + (7 — p — q) cos(p + q)) cos %(ﬂ' —61)sinp

+ 7 cos %(7? — 09) sing, (78)

(m —p—q)sin(p+ q) (sin b + (7 — b2) cos b2)

= T cos %(ﬂ' —601)sinp
+ (sin(p + q) + (7 — p — q) cos(p + q)) cos %(7? — 69) sing. (79)

We claim that (78) and (79) force p = ¢. Suppose instead that p # ¢, and by symmetry assume
p > q. Then
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Also

01 —6 p—gq
0
< 2 < 2 7

because the map r — arccos(cos(«/2) cos ) has derivative strictly between 0 and 1 on (0, 7). Since
cos 01 + cos 2 = cos(a/2)(cosp + cosq) > 0, we have (01 + 02)/2 < /2.

Adding and subtracting the identities cos ; = cos(a/2) cos p and cos 2 = cos(a/2) cos q, we
obtain

cos b1 + 0> cos O — 0 = cosgcosp—i_qcosp_q
2 2 2 2 2 (80)
sin O + 0 sin 01 — 62 = cosgsinp—i_q s.inzﬂ
2 2 2 2 2
Hence
01 + 6o h—6  ptq p—q
tan tan = tan tan .
2 2 2 2
Since 0 < (01 + 62)/2 < m/2, this gives
01 + 0o 7T tan %
T — 5 = 5 + arctan (tan p# on ]72;(] . 81
Subtracting (79) from (78), and then substituting
:p+q+p—q :p+q_p—q
p 5 T T q 5 T o
01 +0 0 — 02 01 +0 01— 09
91 - 9 + 2 ’ 92 — 2 - 2 ’

gives the following identity:

(m —p—q)sin(p + q) [2COS 01 ;‘ 02 sin 61 ; 0o
( 91+92> 01 +0y . O — 05
—2|7- sin sin
2 ) 5
01+ 02 01 — 92}
Ccos
2 2

— ((91 — 92) COS

01 + 0 p+q . p—q
- oS sin

:cos%(sin(p—i-q)+(7T—p—q)cos(p+q)—7r) {2 <7r 5 5

—((91—92)Sinp;q piq].

coS
2

Using (80) in this identity and collecting the terms containing ™ — (61 + 62)/2, we get

01 + 62 . p+q pP—q
<7T 5 )(p+qs1n(p+q))cos,2tan 5
. p+ . 61— 0
:smpzq[(p—l—q—sm(p—i—q)) 12 2
+2(r—p—q) <61;02—0082p;qtan91;02>].
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Therefore

01 + 0 p+q PQ[9192+ 2(m —p—q)

m™— —— = tan cot
2 2 2 2 p+q—sin(p+q)

6, — 0 6, — 06
x(122—0082p;_qtan 12 2)]

Adding (78) and (79), and making the same substitution, gives

(82)

0 0 0, — 0
(ﬂ—p—q)sin(p—i-q)[Qsin 1—; 2 cos 12 2

+2 7r—91+92 (:0591—~_62<30891_6?2
2 2 2

01+ 6 61— 6
+(91—92)Sin L+ 2Sin ! 2}
2 2
01+ 6 -
:cosg(sin(p—i—q)—|—(7r—p—q)cos(p+q)+7r)[2<7T_ 1‘; 2>sinp;'qcosp2q
—(01—92)cosp+qsinz%].
Using (80) again and collecting ™ — (61 + 62)/2, we obtain
01+6 . . p+
(77—122)(p+q+sm(p+q))smp qcot%
61— 06
= cos q[(p—l—q—l—sin(p—l—q)) 12 2
01— 06 01— 6
+2(7r—p—q)< 12 2—ksiHQP—;qcot 12 2>]
Thus
bh+6  p+q,  p—q|0—0; 2(r —p—gq)
— = cot tan :
2 2 2 2 P+ q+sin(p + q)
(83)
X b1 — 024—5111227—i_(]cot01_62
2 2 2 '
Apply lemma 23 with
6, — t p+q
P 92’ m:p+q’ 4o an
2 2 tanp g

2

The inequalities above verify the range assumptions. Comparing (82) with (81) gives exactly the
hypothesis of lemma 23:

tan 274 70; — 0, 2(m —p—q) b —0 o opta, O—0
tan 254 | 2 p+q—sin(p+q) 2 2 2
T (tan 229/ tan 259) tan & 92)
= — +arctan
2 pt
2 ( tan? 254
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Therefore the lemma gives

01+ 0y  tanZ52 [0 — 6y 2(r—p—q)
—
2 tan 259 | 2 p+q+sin(p+q)
01— 06 0, —0
x( 12 2—i—sinzp—;qcot 12 2)}
. pHyq p—q[91—92 2(m —p—q)
= cot tan -
2 2 2 p+q+sin(p+q)
0, — _
x (A2 92—f—sir12p+qco‘591 02 ,
2 2 2

which contradicts (83). Thus p > ¢ is impossible; by symmetry g > p is impossible as well. Hence
p=4q.

We have shown w; = (cosp, 0,sinp), wy = (cosp,0,—sinp), and 0 < p < 7/2. It remains
only to compare the lengths. Now 6; = 05 and v = 2p. Taking the third coordinate in (74) for i = 1
and ¢ = 2 gives

0:2sin91—7rr1—|—((w—v)—sinv)Tm (84)

0=2sinf; — wry + ((7T —7) — sinv)rl.
Subtracting the two equations in (84) yields (27 — v — sin~y)(r1 — r2) = 0. The coefficient is
positive for 0 < v < m, so r; = ro. Thus w; and w9 are mirror images across the teacher plane.

Finally compare w; = (cosp, 0,sinp) and we = (cosp, 0, — sin p) with the spherical coordi-
nates used in the main text,

w; = (cos ¢; sin B4, sin ¢; sin B;, cos f;).
Because both directions have zero second coordinate and positive first coordinate, ¢; = ¢ = 0. The
third coordinates then give

™

T
Bl_g_pa 62_§+pa

and hence 31 + B2 = m. This proves the lemma.
[ |

Lemma 25 (Out-of-plane stationary points) Ler wq,ws # 0 lie in span{uy,ug} but not both in
the teacher plane. Then (w1, w2) is a stationary point if and only if, after possibly replacing ug by
—ug, there existr > 0 and k € (0,7/2) such that

wy = r(cos kU + sin K ug), wy = r(cos kU — sin Kk ug).

Every such stationary point is a saddle.

B.2.6. PROOF OF LEMMA 25
Proof By lemma 24, after possibly replacing us by —us, the out-of-plane solution has the form

w1 = r(cos Kk uy + sin Kk ug), wy = (oS KUy — sin K uz)
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for some r > 0 and k € (0,7/2). Let § denote the common angle between each student direction
and each teacher direction. Then o
cos = cos K cos 5" (85)

Recalling that v = 2k, from (43) we have
(7 — 0)(v1 +v2) + (28in 0 — wr — sin(2k)r) @y — (7 — 2k)rwg = 0. (86)

By the above equation, observing that the coordinate orthogonal to the zy-plane (the plane spanned
by v1 and v9) equals zero, we have

7r 4+ sin(2k)r — 2sin 6 = wr — 2xkr.

Hence 9 in 0
sin
e 87
" sin 2k + 2k (87
With this substitution, (86) becomes
2sin 6

(7T — 9)(1)1 + UQ) — 2(7T — 2/-?) (u_)l + 'U_JQ) =0.

sin 2k + 2K
Note that ||y + v2||3 = 4 cos® § and (w; + W) - (v1 + v2) = 4 cos § cos k. Taking the dot product
of the above equation with (v; + v2), we obtain
@ 2sin 6
-0 —— (T —2K)—— =0. 88

(m — ) cos 5 (m —2kK) Snom on G5 (88)
And next we are going to show that the Hessian of the loss function has a negative eigenvalue at this
point.

Let
in(0
hi(w,v) = —sm( w’v)Hv”Q (I oW+ Ny, wnT )
2 ||wl|2
1
ho(w,v) = 5 ((w — )] 4 Py 0"+ m,wa>,

by Theorem 5 in [33], we have

L 1
ke I+h1 (w1, ws) Zhl (w1, v5),
1

’L 1
I—l-hl wg,wl Zhl w2,U]

aw%
0L
——F— = ha(w1, w2).
8’[1)18’[1)2 ( ’ )
V1 — V2 . . . .
Letu := ﬁ and use (u, —u) as the perturbation direction. We will prove that
v1 — V2|2

(u, —u) <V2L(w1, w2)> (u,—u)" < 0.
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Since [[v1 — v2l]2 = 2sin §, we have

. o . o
u-vy =sin—, u-vy= —sin—.
2 2

By symmetry, u is orthogonal to the angular bisector and wy, we lie in the perpendicular plane, so

w-wWy =u-wy =0, u- Ty, w =0 fori#j.

~ sin(a/2) ~ sin(a/2)
Y B L TV
_ sin(a/2) ~ sin(a/2)
Uy =g U e = g

Next we will calculate the terms of quadratic form u " V2L (w1, wo)u separately.
We start with the identity term.

1 1 1 1
ul (51)u+ (=) (51) (~u) = llull3 + lul =1

For the h1(w;, w;) terms with i # j, using v = 2k, |lw1 |2 = [Jwz[|2, and u L w;, u L Ay, a, s
we obtain
T sin yllws||2 5111(2/-1)
h
u 1(11}1,11)2)11, 27T||’UJ || || ||2
s1n(2r€)

and similarly (—u) " hy (w2, w1)(—u) = 252
For the —h (w;, v;) terms, each fixed ¢ € {1,2} and j € {1, 2} gives

( Gind + sinQ‘(a/Q) ) ,

sin 0

T Slna 2 _ 2
uhlw-,v‘u:7<u + (U Ny g ):7
( 2 J) 27TszH2 || ||2 ( v]w) 27‘—Hw1H2

For the hz(w;, w;) terms, using u L w; and u L 7y, 4,, We have

1 ™ — 2K
T T

h _ — — =

u' ho(wy, wa)(—u) = o —(m=7)u (—u) or '
and symmetrically (—U)ThQ(w27 wy)u = ﬂ23ﬁ'

In summary, we have

(=) P2 Ly ), ~) T = w7 (3 D+ ()T

+u hl(wl, wa)u +

(—u)

u) " ha (w2, wi)(—u)
) " (w1, v2)(—u)
— uThl(wg, V1)U — (—U)Thl(w27 v2)(—u)
+ uThg(wl, wa)(—u) + (—

in(2 1 2
:1+2xsm( k) <Sin9+sm.(a/))
27 27 ||wa |2 sin 6

I)
(=
—u hl(wl, v1)u — (—u

u ThQ('lUQ, wl)
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9y T — 2/4;'
2T
Note that we have
2 in(2 2
sing — sin(2k) + /@7
7w [|2 ™

and thus we have

sin(2k)  sin(2k) + 2k sin(2k) + 2k sin?(a/2)

=142x —
@ + 27 s s sin? 6
T — 2K
T
. . 2
_ _sin(2k) + 2k sin ((2)4/2) <o.
T sin” 6

And thus we have (u, —u)V2L(wy, w2)(u, —u) " < 0, which implies that there is a negative eigen-
value of the Hessian matrix at the critical point, so the critical point is a saddle point. |

Lemma 26 (In-plane stationary points) Ler

2 « « .« 2/, a « «
r+:f<<7r——)cos—+sm—), r,:—<sm———cos—).
T 2 2 2 ™ 2 2 2

If wi, wy # 0 lie in span{vy, v}, then the stationary points are exactly the global minima (v1,v2)
up to permutation and the collapsed saddle configurations along +v with total radii vy or r—. Every
non-global in-plane stationary point is a saddle.

B.2.7. PROOF OF LEMMA 26

Proof By (44) and (45), we have

(7I' — 911)7)1 + (71' - 012)1)2

0 0 011 —0
—|—<2sin 11-; 12 o 112 12

— (7 = y)[Jwall2w2 = 0, (89)
(m — 091)v1 + (7 — O22)v2
n <2 sin 021 + 022 cos 021 — 022

—wMﬂb—ﬂnwwﬁle

ﬂmﬂzsmﬂmmﬁwz

2 2
— (7 =) |lw1|]2w1 = 0. (90)
Constructing the 2 dimensional space as e; = ¥ and ey = sz’ll__;fuz . Let

v1 = (cos(a/2),sin(w/2)),
vy = (cos(a/2), —sin(a/2)),
w1 = (cosBy,sinb),
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wg = (cos f,sin hs),
where 0; € [0,27),7 = 1,2. By (89) and (90), we have

(271' — 911 — 012) COS%

0 0 6011 — 0
+<2sin 11; 12 cos 112 12

— (71' — ’y)H’LUQHQ C0892 = 0,
(912 —911)Sin%

0 0 011 — 0
+<28m 11-2F 12 o 112 12

— (m = )||wz]|2sinfy = 0,

— 7l|wi|]2 — sin’wagHg) cos 0y

— 7l|wi|]2 — sinfwagHg> sin 0y

(271' — 921 — 922) COS%

0 0 )
+<2sin 21;- 22 o2 - 292

— (m —)||wi]|2 cos 61 = 0,

— 7||wal|2 — sin’wang) cos 02

(022 — 621) sin%

0 0 01 — 0
+<2sin 21;— 22 ¢ 72 . 292

— (m —y)||Jwi ]2 sin by = 0.

— 7||wa||2 — sin’y||w1||2) sin 0

If v # 0 and  # m, the four equations are:

oD

92)

(93)

4

(m —611) + (m — 012) cosa = (mry + rosiny — sin 617 — sinfy2) cos 011 + (7 — ) cos Oa1 72,

95)

(m—011)cosa+ (m — b12) = (mr1 + rasiny — sin 1 — sinf12) cos 012 + (7 — ) cos Oaara,

(96)

(m — 621) + (m — O22) cos @ = (mrg + 11 sin~y — sin 6y — sin fag) cos Oo1 + (7 — ) cos O1171,

o7

(m — 021) cosa + (m — ba2) = (mrg + 71 8iny — sin b1 — sin fag) cos O + (7 — 7) cos O1271,

with

011 = min(27 — |01 — /2|, |01 — a/2]),
012 = min(2w — |01 + /2], 01 + «/2]),
021 = min(2m — |a/2 — 0], |a /2 — 62]),

( )
(

a2 = min(2m — |a/2 4 0], |a/2 + 62]),
Y= min |91 — 92‘,27‘(’ — |01 — 92|),
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and 011, 012,021, 022,y € [0, 7]. By combining equations (95) and (96), we can derive a system of
linear equations to solve for the unknowns r1 and r5. We assume that 611 # 619; if this condition
fails, the two equations become linearly dependent and the system becomes underdetermined.

mcos O] + (sin’ycos 011 + (m — ) cos Ggl)rg = by,

7 cos 01971 + (Sin’)/ cos b2 + (m — 7y) cos 022)7“2 = by,
where

by = (m — 011) + (7w — O12) cos a + (sin O11 + sin O12) cos 11,
by = (m — 611) cosa + (m — O12) + (sin b1 + sin fy2) cos bya.

Note that we have

7 cos 011 ( sin~y cos 12 + (m — ) cos 922) — 7T COos ng(sinfycos 011 + (m — ) cos 921)

=n(mr—7) ( cos 011 cos 022 — cos 012 cos 921).

And solving the linear system, we can get the values of 1 and r5:

_ bl(sinq/cos 012 + (m — ) cos 922) — bg(sinvcos 011 + (m — ) cos 921)

r1 3

m(m =) ( cos 011 cos O30 — cos 12 cos 921)
7 cos B11bg — 7 cos H12b;

T =
2 w(m =) ( cos 011 cos Oa9 — cos 015 cos 021)

b1 COS 912 — bQ COS 011

(m—7) ( cos 051 cos 19 — cos Oa9 cos 611) '
Similarly, we can solve for r; and r2 from equations (97) and (98):

T cos a9 + (sinfycos 021 + (m — ) cos 011)r1 =cy,

7 cos Oyor9 + (sin'ycos 022 + (m — ) cos 012)r1 = ¢a,
where

c1 = (m—021) + (7 — O22) cos a + (sin O21 + sin Oa2) cos oy,

¢ = (m — 021) cosa + (m — Oa2) + (sin O21 + sin Oa2) cos Hao.

The determinant again equals 7(7w — ) ( cos 011 cos Oz — cos B2 cos 021). Solving the linear
system, we can get the values of r; and r3:

7 (1 cos Bag — ca cos b))

e w(m — ) ( cos 011 cos 029 — cos 015 cos 921)
((7r —091) + (m — 622) cos a) cos a9 — ((7T —091) cosa + (m — 022)) cos o1
(m—") ( cos 011 cos 029 — cos 013 cos 021) ’
. cl(sinfycos 092 + (m — ) cos 612) — CQ(SiH’}/COS 091 + (m — ) cos 611)
2 — .

m(m — ) ( cos 011 cos B9 — cos B13 cos 921)
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By equating the two expressions for 1 obtained from previous steps and multiplying both sides
by w(m — ) ( cos 011 cos Oa9 — cos 015 cos 621), we can get the following equation:

E1(01,65) = ((77 —611) + (m — 012) cos a + (sin 611 + sin f12) cos 011)
(sm7 cos b2 + (m — 7y) cos 022)
((7r 611) cos a + (m — 612) + (sin 011 + sin Hy2) cos 012>
(sm'ycos 011 + (m — ) cos 021>
7r(( (m—691) + 7T—(922)COSOé) cos 029
— ((m — 621) cos a + (m — 622)) cos 621)
=0.

By equating the two expressions for ry obtained from previous steps and multiplying both sides by
m(m — ) ( cos 011 cos B9 — cos 015 cos 921), we can get the following equation:

E5(01,09) = (sinq/cos 021 + (m — ) cos 911)
. ((77 — 091) cos a + (1 — O22) + (sin b1 + sin fa2) cos 922>
— (sin’ycos 99 + (m — ) cos 012>
. <(7r — 091) + (m — 022) cos a + (sin fa1 + sin fa2) cos 921)
+ 7r<((7r —011) + (7 — 012) cosa) cos 019
— ((77 —611)cosa + (m — 012)) COS 011)
= 0.

To find critical points in the plane spanned by v; and va, we solve the system FE(61,602) = 0
and F5 (61, 02) = 0 simultaneously. We plot E; (1, 62)? + E2(01, 62)? as a function of #; and 6,
marking in red all points where E1(61,62)? 4+ E2(61,62)? < 10~%. From our earlier analysis, when
01 = 60, the two equations become linearly dependent. Therefore, we mark the line §; — 62 = 2km
for k € Z in cyan and exclude these points when identifying critical points in the plane spanned by
v1 and v2. And we will additionally find the critical points when #; and 6, theoretically. Hence the
only possible critical points when 61 = 65 are (61,62) = (0,0) and (61, 62) = (7, 7).

Lemma 27 Let wy, wy € span{vy, vy} and (wy,ws) is a critical point. If v = 0, then we have
By 0 v, [Jwil] [[wa] *2 (m—3) 5 in
W) =Wy =7 w1 ||2 + ||w = ™ cos — + sin
1 2 ’ 11|12 2112 2 9 9
or

0y =W 5, llwrlla + walls = = sin S - cos &
= = — = — m-— — —_ .
w1 w9 v, w1 |2 wa |2 . S 5 B COS 9
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H(61,6,; @) = (E1)? + (E2)?, a=1.000 rad
H surface H heatmap
B

- b= ’
4 61=6;+2n

.

® He0
T .

10

10710

100 /
80
-4 -2 0 2 4

-
61

~

-4

Figure 8: Graphical illustration of the critical points in the plane spanned by v; and vs, where red
points show solutions satisfying E1 (61, 02)% 4+ Ea(01,62)? < 10~* with o = 1. From our
theoretical analysis when 0; = 65, the only possible critical points are (61, 62) = (0,0)
and (01,02) = (m,m). The graph shows all critical points except those on the line
01 — 0y = 2k for k € Z. Therefore, the complete set of critical points includes (61, 62) =
(0, 0), (91, 92) = (7‘(‘, 7'('), (91, 92) = (0, 7T), (91, 92) = (71', O), ((91, 92) = (%, —%), and
(61,02) = (5, 9).

U1

Area 2
Area 3 Area 1
Area 4 o

Figure 9: Four areas formed by two intersecting lines with vectors v; and v9 and angle «

If v = m, we have

wp =v, W2 =—7,

o a .o«
w2 = = ((ﬂ' — 5) cos o + sin 5),

2/ . a0 « a
|wall2 = ;(smg - §COS 5)7

or

w, = —v, Wg = —7,

2/ . o « a
||will2 = —| sing — 5 cos 5),
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[|ws | _2 ( —g)cosg—ksing
22 =\ )y 2)

Proof [Proof of Lemma 27] If v = 0, then wy = we, 011 = 612, 021 = #22. (89) and (90) turn to

911 + 912 911 - 612
COS 9

(7T — 911)’1}1 + (’/T — 912)1)2 + <2 sin — 7T(H’UJ1H2 + Hw2H2)>U_Jl = 0.

99)

Case 1: v = 0 and w lies in Area 1 in Figure 9. We have 01 + 615 = «. Without loss of
generosity, we assume 61 < 015. Let 612 — 611 = p, then @y = (cos §,sin ). We have

(2m — ) cos% + (25111300512) — 7 (Jlw]l2 + Hwﬂb)) cosg =0, (100)
psin% + <2 sin%cos%9 — 7 (Jlwi ]2 + szH2)> sing = 0. (101)

If p # 0, by (101), we have 2sin g cos & — 7 (||wy |2 + ||wa||2) # 0. Then, we can get

— in & P _ p
(27— a)cos S <2 sin § cos £ 7r(||w1||2 + ||w2||2)> cos &

3

2 —<2sin‘§cosg—7T(Hw1\|2+\|wg\|2)> sin §

= cotg.
2

psin

Then, we have (7 — §) cot § = 5 cot 5. Let g(z) = z cot z, z € (0, 7). Then

. . 1 .
p (cosx —xsinx)sinz —xcosx -cosx  5sin2r —x
g (z) = = <0
2 2
sin” x sin” x

_ P
Thus, we have (1 — §) cot § = § cot Jim,
Recall that a € (0, 5], we have (m — §)cos § > (m — §) cos § > sin § > sin §, which contradicts

with (7 — §) cos § < sin §. Hence, we have p = 0. Back to (100), we have

£ < lim g(x) = 1. Then, we have (7 — §) cos § <sin §.
)

hwalla + llwslls = = ( (= &) cos & + sin &

w2 1022—7r ™ 2Cos2 sm2 .

Case 2: v = 0 and wq lies in Area 2, 3,4 in Figure 9. By (99), we have w; lies in Area 3. Then,
we have 011 + 012 = 2m — «. Without loss of generosity, we have 011 < 012. Let 10 — 011 = p, we
have w1 = (—cos §,sin £). From (99), we have

o —
acos% - <2sin 7r2 a cosg — 7 (JJwi]]2 + ]w2]2)> cos%9 =0, (102)

o —
psin% + (2 sin W2 @ Cosg — 7 ([lwi ]2 + ngHg)) sing =0.
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If p # 0, then 2sin 2Z-% cos & — 7 (||w1 |2 + [lwa||2) # 0. Thus, we have

o cos & <2sin2”2acos§ —7(flwillz + ||w2||2)> cos &
sin® . _ .
psiy —<2sm 210 cos b — 7 (f|lwi |2 + ||w2||2)> sin §
— —cot 2. (103)
2
Then, we get o cot § = —pcot &, which implies § > 7. However, @ lies between the —v; and —vs

and we have p < a < I, which contradicts with g > g Hence, we have p = 0. Back to (102),we
have

lwtlla + llealla = = ( sin & — & cos &
w12 w9 Q—ﬂ_ SlIl2 2COS2 .

Then, we consider the case v # 0 in the following discussion.

Case 3: v = 7 and w; is located in Area 1 and w- is located in Area 3 in Figure 9. Without
loss of generality, we assume 61 < 5. Then, we have

0 = 01+, 911=%f91, 912:§+91,
011 + 912 = Q, 912 — 911 = 291,

(0% «

921:02—5291—{—7(—5,
(0% «
922227T—92—§=7T—91—§,

o1 + bo2 = 27 — v, O — 01 = —201.

Then, (91), (92), (93) and (94) reduces to

(21 — «) COS% + <2 sin % cos bty — 7T||w1||2> costh =0, (104)
e . .
204 sin 3 + <2 sin 3 cos By — 7r||w1||2) sinfd; =0, (105)
! .«
acos 5 — <2 sin 5 cos 01 — ﬂ]w2]2) cosf; =0, (106)
.« .« :
— 20 sin 5 <2 sin 5 cos 01 — 7er2]2> sinf; = 0. (107)

If 6, = 0, (104) and (106) turn into
(21 — «) COS% + <2 sin% - 7T||w1||2> =0,
ozcos% - <2sing - ﬂ]w2]2> =0.

Thus, we have
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Then we consider the case 01 # 0. (105)+ (107) yields

7([|[wall2 = [Jwi|2) sin 1 = 0.

Recall that 0 < |01| < § < T, we have |lw1][2 = ||wa]]2. Then, (104)+ (106) yields

0= (27r—a)cos%+acos% = 2%005%,

which contradicts with o € (0, 5.

Case 4: v = 7w and w is located in Area 2 and ws is located in Area 4 in Figure 9.

0y =61 +m,

(6% (6%
011 =01 — —, O1p="0,+—
11 1 27 12 1 27

011 + 012 = 261, 012 — 611 = «,

(0% «
921:277'—024-5:71'_91"‘57
(0% «
022:277'—02—5:77—91—57

021 + 022 = 27 — 201, Og2 — 021 = —a.

Then, (91), (92), (93) and (94) reduces to

(2m — 261) cos% + <2 sin 01 COS% - 7r||w1||2> costh =0,

asin% + <2sin01 cos% - 7er1H2) sinf; =0,

204 COS% — <2 sin 0 cos% — 7r||w2||2> cosf; =0,

- asin% - <2 sin 01 cos% - 7r||w2||2> sinf; = 0.
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(108)

We have

(109)

(110)

(111)

(112)

By (110), we have 6; # 0. (110)+(112) yileds 7(||wz||2 — ||wi1]|2)sin; = 0, which implies
lwil]2 = [Jwa]|2. Taking sum of (109) and (111), wehave 27 cos § = 0, which contradicts with

ac (0,3].

Lemma 28 Let wy,wy € span{vy,va}, and suppose that (w1, ws) satisfies one of the following

cases.

e both w1 and wo are in Area 2;
e both w1 and wo are in Area 4;
e w1 is in Area 2 and wo is in Area 3;

e wy is in Area 3 and wo is in Area 4.
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Then (w1, w2) cannot be a critical point.

Proof [Proof of Lemma 28] Without loss of generality, we assume 6; < 6. Let (w1, w2) be a critical
point. If both w; and ws lies in Area 2, then we have o = 619 — 011,021 = v + 011, 020 = v + O12.
By (12) and (14), we have

_doyy
0= dt
1
= : <<7T - 011) Sin2 011 + (7T — 012)((308(912 — 911) — cos 015 cos 011)
2| ws |2
— (7 — 9)||wz]]2(cos (’y + 6011) — cosy cos 011)>
1
= oo ((77 — 011) sin® 011 + (7 — 612) sin 611 sin b1z + (7 — 7)||wa |2 Sin’ysin011>,
27 [Jwi |2
(113)
_ dby2
0= dt
1
=" ((ﬂ' —011)(cos(612 — 611) — cos b1 cos B13) + (1 — B12) sin? B9
2| w1 |2
— (7 — ) ||wz]|2(cos ('y + 012) — cosy cos 012)>
1
= s ((77 — 011) sin 611 sinf12 + (7 — 012) sin® O1a + (7 — )| w22 sinfysinelg).
2m||lwa |2
(114)
Thus, we have
0= (7T — 911) sin2 011 + (7T — 912) sin 611 sin 612 + (7T — ’}’)H?UQHQ Sin’ysineu
=sinbq7 - ((TF —011)sin 011 + (7 — 012) sinb12 + (7 — 7)||wal|2 sinv), (115)
0= (7‘1’ — 911) sin 611 sin 612 + (71' — 912) sin? 012 + (71' — ’y)”wgﬂg sin 7y sin 619
= sin 6y - ((7‘(‘ — 911) sin 611 + (71' — 912) sin 619 + (7‘(‘ — ’y)HwQHQ sin’y) . (116)

If 611 > 0, then the right side of (115) is positive, which implies #1; = 0. Similarly, by (116), we
have 015 = 0, which contradicts with a > 0.

If wq lies in Area 2 and wo lies in Area 3, (115) still holds, which implies 611 = 0. Then we
have 012 = «, 032 = 2m — a — 7. Then we have cos fa9 = cos(y + «) = cos(y + 012) and (116)
also holds, which implies 615 = 0. We thus arrive at a contradiction.

Using the same argument, we can show that if w; lies in Area 4 and wy lies in Area 4 or Area 3,
then (wy, w2) cannot be a critical point. [

By Lemma 28, only five cases remain to be considered:

e wj lies in Area 1 and wo lies in Area 1;
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e wi lies in Area 2 and ws lies in Area 1;
e wq lies in Area 1 and wo, lies in Area 3;
e wi lies in Area 2 and ws lies in Area 4;

e wi lies in Area 3 and ws, lies in Area 3.

Next we are going to discuss each case one by one.
Case 1: v # 0, 7 and w1, wy are both lie in Area 1 in Figure 9
If v # 0 and v # 7, by (91) and (92), we have

(27T — 911 — 912) COS % sin 91 — (912 — 911) sin % COS (91

= 117

lezllz (1 — ) sin(0; — 6) 17
and by (93) and (94), we have
2m — 91 — 0O 2sin 0y — (029 — O31) sin < cos O
||w1||2 _ ( T 21 22) COS 3 Sln' 2 ( 22 21) Sin 5 COS U2 (118)
(m —)sin(02 — 01)
Plugging (118) and (117) to (91) and (93), we have
0= (271' - 911 - 912) COS% . (7[' - ")/) sin(01 — 92)

0 0 01— 0

+ 2sin ;r 2 cos 21 5 2 cos ) - (m — ) sin(0; — 02)
o . L«
+ 7 cos 01 <(27r — 021 — B92) cos 5 sin 0y — (622 — 6921) sin 5 cos 02)
— (sinycosy + (m — ) cos b)
. <(27r — 611 — 612) cos % sinfy — (f12 — 011) sin % cos 91>, (119)
0= (27 — 091 — O92) cos% < (m — ) sin(61 — 62)

0 0 021 — 0

+ 2sin -2 ;— 22 cos 2 5 22 cos 6y - (m — ) sin(f; — 62)
a . L«
— T cos O <(27r — 611 — 612) cos 5 sin 01 — (612 — 611) sin 5 cos 01>
+ (sinycos by + (m — ) cos b1)
. <(27T — 921 — 622) COS % sin (92 — (922 — 921) sin % COS (92) . (120)

Without loss of generality, we assume 61 > 6. Then, We have §; — 62 = . Let 61 + 02 = p,
we have

91: ) 92:;7 01_92:77
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o a+p+ry
9 = — 9 = —
12 2+ 1 5 )
11 +6i2=0a, 0O12—011=p+7,
o oa—p+
9 = ——6 e —
21 7+2 1 5 )
o a+p—ry
9 = — — 0 =
2= 5 v+ 01 5 )
Oo1 + b2 = v, O — 021 =p—1. (121)

Let (1 — §)cos § = Aandsin § = B. Back to (119), we get

O:2(77—7)51117-A+2(7r—'y)sinfyc032p—i2_7 - B

p—v_B>
2

wcosp;7<281n]);Y-A+(p7)cos

— (sinvcosp—Fv +(7T—’7)COSp;’Y>

-<QSin]H_2’y-A—(p+7)cosp—i2_’y-B>
= <2(7T — ) siny + w(sinp — sin~y) — sinysin(p + )
- (W—V)(sinp+sin’y)> -A

+ ((2(7r — ) + (p+7)) sin~y cos? Pty

+(—77(19—7)+(W—v)(erv))COSp;VCOSp;V) - B

= (2(7r — ) siny — sinysin(p + y) + ysinp

- (27r—'y)sin'y> A

+ ((2774—]9—’y)sin’ycost—;Jy

P+ p—7
2y — yp — 72 5 -B
+( Ty —Yp — Y )cos 9 cos 5 >

= <’y(sinp — siny) — sinysin(p + ’y)) - A

1+ cos(p+ )

—|—<(27T—|—p—’y)sinfy- 5

+(2777_71)_72)008]9—12-7(308]?;7) -B

= <7(sinp —sin7y)
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— sin~y(sinp cosy + cosp sin’y)) <A

. 1 + cospcos sin psin
+ ((27r+p—’y) Slnfy( 2}? T p2 fy)
+(27r'y7p72)cosp—|2dycosp;7>o3 (122)

Similarly, Back to (120), we have

0=2(mr—~)siny- A+ 2(x —v)sin'ycosM% - B

—ﬂcosp;7<23in]9;y-A—(p—i—’y)cosp;’y-B)

+ (sinvcosp;fy +(W—7)cosp;7>

~<2sinp;7-A(p7)cosp;7-B>

= < — y(siny 4 sinp) + siny(sin p cosy — cos psin ’y)) <A

1+ cospcosy sinpsin’y)
2 2

+ ((27r —p—7)siny(

+
+ (277 + 7p — 72) cos 2

Y p—7
—|-B 12
5 cos 5 ) (123)

(122)+(123) yields

0= (—2ysiny — 2sin®ycosp) - A

I
<(27T — ) sin~y(1 + cospcos ) —psinpsin27>
- B,

_ (124)
+ (477 — 29?) cos Pty cos =7
2 2
1
and (122)-(123) yields
0= (2ysinp — 2sinpsinycosvy) - A
111
psiny(1 + cospcosy) — (2 — ) sin psin®

+< p+y P—1 )'B (125)

— 2ypcos 5 cos ————

2

v

By (124) and (125), we have I - IV = II - II1. By simple calculation, we have
1 . 3 . . 4 .
51 IV = (2 — 7)(y sin” y sin p sin” 7y sin p cos p)
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- p(%iﬁ%ﬁ— sin® 5 cospm
+ sin® Zp — A2 W
sin” v cosy cos” p — v~ siny cos y— 8 S cosp
—~2 sin’ycosp—\vs‘ml‘yuegsig>
= (21 — ) (7ysin® y sin p + sin® 7y sin p cos p)

-p <fy sin? ¥ sin? p+ sin® ycosp + sin® 7y cos Y cos? p
— % siny(cos +cosp)>, (126)

1
§II I = (27 — ) (Wsimg— sin? 5 cos ysin p

~+y sin mpcosp — sin? 0 cos? 7 sin p cos p

+~2 cos~ysinp —M
+ 2 sinp cos pW)
+ p(—sin? v sin? p + sin® 5 cos 7y sin® p)

=27 —7) (’y sin® y sin p — sin? 4 cos v sin p — sin? y cos? y sin p cos p

+ ~%sin p(cosy + Cosp)>
+ p(—vsin? y sin? p + sin® 5 cos y sin? p). (127)
Then, we have
0 :%(II - 1-1V) (128)
=27 — 1) < — sin” 7y cos y sin p — sin’ 7 sin p cos p + 72 sin p(cos y + cosp)>
+p ( sin® vy cos p 4 sin® y cos v — 2 sin y(cos v + cosp))

=27 — 1) ( sinp(v*(cosy + cosp) — sin® y(cosy + COSp)))
+ p( sin y(sin® y(cosy + cos p) — v*(cosy + cosp)))

=(cosy + cosp) ((271 — ) sinp(y* — sin? 7) — psiny(y? — sin® 'y))

2

=(cosy + cosp)((27r —y)sinp — psin'y) (v* — sin? ).

If cos y4cos p = 0, then |y| = [p| = T. Notice that § > [p| = 7§, which contradicts with o« < 7. By
assumption, v # 0, then 72 — sin® v # 0. We can get (27 — ) sin p — psiny = 0. We will show that
p = 0.1If not, then siny = (2m — v)*2 > 0, which implies 7 > 0. Then [p| = |26 — | < 7. Let

g(z) = #22 3 € (0, ). we have ¢/(z) = “‘)Siﬁ Let h(xz) = zcosx —sinx, x € (0, n]. Then
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h/(z) = —xsinz < 0. Thus h(z) < h(0) = 0 and ¢'(z) = h;f) < 0.Recall |p| <y < a<m, we
have

siny  sinp  sin|p| S sin -~y
- - — )

2r—y p | gl
which contradicts with 2 — v > «y and siny > 0. Then, we get p = 0 and back to (122), we have

0=—4(mr— %) cos % siny(y + sin+y)

+4(m— ;)sm 2(’y+81n7)(1+cos7)
‘ ' Ca o a v, 14 cosy
:4(7+sm7)8m751ﬂ2< (7 5) 2+(7r_2)'sinv)

:4(fy+sinfy)sin’ysin%( (*) u(%))

where u(x) = (7 — x) cot z. Noticing u(3) = u(§) > 0, which impies v > 0. When z € (0, §),

we have u/(z) = —(r= x). SMTCOST () which implies v = a. Hence, w; = v and @ = v9. Back
to (118) and (117), we have |wi]|2 = [Jwe|l2 = 1, which implies wy = v; and wy = vs.

Case 2: w lies in Area 2 and w- lies in Area 1 in Figure 9
With 615 = 01 + OL/Q and 011 = 01 — Oé/2,

cos 1o — cosacosfli; = —sinasin 1,

cos acos 019 — cos 11 = — sin arsin O19.
With 699 = 05/2 + 65 and 091 = 05/2 — 6,

cos 29 — cos accos fo1 = sin acsin a1,

cos a cos 99 — cos By = — sin v sin Oys.

In the interior of this case, §; > 05, so the representative of the angle between w; and wy is
0 < vy =61 — 02 < w. We use this representative throughout the interior analysis below. And we
have that

cos 011 cos Ha9 — cos 012 cos O

1
COS(911 — 922) + COS(@H + 922)} —3 [608(912 — 921) + COS(912 + 921)]

N =N =

| cos (61 — a/2) — (/2 + 6)) + cos (01 — a/2) + (a/2 + 92))]

% [cos (61 + /2) — (/2 — 6)) + cos (61 + /2) + ()2 — 92))}
cos(0; — 02 — a) + cos(61 + 02)} - = {cos(@l + 02) + cos(61 — b2 + a)}

cos(y — ) + cos(0; + 92)] — % [COS(91 + 62) + cos(y + a)}

NN NCRR NCR

cos(y — a) — cos(y + 04)}
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= sin o sin 7.
Recall that
E1(61,85) = ((w — 011) + (7 — O13) cos a + (sin By + sin 017) cos 911)
(sm'ycos 012 + (m — ) cos 022>
((7r 611) cos a + (m — B12) + (sinf11 + sin O12) cos 012>
(sm’ycos 011 + (m — ) cos 921>
7r(( (m —691) + 7T—922)COSOZ) cos fa9

— ((7‘(’ —0a1)cosa + (m — 922)) cos 621)
= 0.

Consider that
((7r —011) + (m — 612) cos a + (sin 611 + sin H12) cos 911> cos 019

— ((7[' —011)cosa + (m — 012) + (sin by + sin b;2) cos 912> cos 011
= (7r — 911) (cos 012 — cos o cos 011) + (7T — 012)(cosacos 019 — cos 011)

= — sina((w — 611)sin b1 + (7 — 12) sin 912>.
Likewise, we have that
((7‘(’ —011) + (m — 612) cos a + (sin fq7 + sin 612) cos 911) cos 099

— ((7r —611) cosa + (m — 012) + (sinfq1 + sin H12) cos 912> cos 091

= (7r — 911) (cos 029 — cos o cos 921) + (77 — 912)(cosacos 029 — cos 021)

+ (sin#11 + sinf12) ( cos 011 cos B29 — cos B2 cos 921)
= sinoz((ﬂ — 611)sinfa; — (m — 612) sin Oz + (sin O17 + sin b12) sin’y).

Finally, we have that

((77 —091) + (m — 022) cos a) cos Oyg — ((7r —091)cosa + (m — 922)) cos O91

= (m — 691) ( cos 099 — cOS o cos 921) + (7 — 022) ( cos o cos o9y — cos 921)

= sina((ﬂ — 091) sinfa; — (7 — fa2) sin 922).
And thus we have that
E1(01, 92) = —sinvy - Sina<(7r — 911) sin 611 + (71' — 012) sin 012)

+(r—7)- SiIlOé((T(' — 011)sinfa; — (m — O12) sinfag + (sin B11 + sin by2) sin'y)
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— - sina((w — 091) sinfa; — (m — fa2) sin 922).
The same argument also works for E2(6;,602). We have that
E5(601,05) = —sin~y - sina((ﬁ — 621) sin By — (m — O92) sin 022)
+(r—7)- sina((w — 091)sin b1 + (7 — O92) sin O12 + (sin Oa1 + sin ba2) sinfy)
-7 sina((ﬂ' — 011)sin 611 + (7 — O12) sin 012>.
And thus we have that
0= —sinvy- ((77 —011)sinf11 + (m — 12) sin 912)
+(mr—7)- ((77 — 011)sin a1 — (7 — O12) sin fag + (sin f17 + sin b12) sin 'y)
— - <(7T — 091) sinfy; — (m — Ba2) sin 922),
0= —sinvy- ((77 — 091) sinfa; — (m — fa2) sin 922)
+ (m—7) - <(7r — 621)sin b1 + (m — O22) sinf12 + (sin O21 + sin fa2) sin 7)
— - <(7r —011)sinf11 + (m — 012) sin 912),
By v =011 — 022 + o, 021 = a — 029 and 012 = 011 + o, we have that
0= —sin(@i1 — oz + @) - ((7r — O11)sinbyy + (1 — 011 — @) sin(0y + a))

+ (m — 6011 + 022 — ) x
((w — 911) sin(a — f2) — (7 — f11 — @) sin fan
+ (sinfyy + sin(611 + o)) sin(f1 — b + a))
- ((7r — v+ o) sin(a — o) — (1 — Ba9) sin 922), (129)
and that
0= —sin(611 — s + ) - ((ﬂ — 4 Oa9) Sin(cr — Ba) — (7 — a2) sin 922)
+ (m— 611 + 022 — )X
((77 — o) sin b1y + (1 — B22) sin(1 + @)
+ (sin(ar — o) -+ sinfoz) sin(1 — b + a))
7 ((w — 911)sinbi + (7 — 611 — @) sin(611 + a)). (130)

For simplicity, we denote x := 611,y := 022. Grouping the terms that multiply sin(z — y + «), and
using

(r—2z+4+y—a)(sinz +sin(z + ) — ((r — z)sinz + (7 — 2 — a)sin(z + @))

64



GRADIENT DESCENT ON TwO RELU NEURONS:GLOBAL LANDSCAPE AND BIFURCATION DYNAMICS

= (y — a)sinz + ysin(z + a),
and

(m— 24y —a)(sin(a—y) +siny) — ((r — a+y)sin(a —y) — (1 — y) siny)
= —zsin(a —y) + (27 —z — a)siny,

we have that
0= (ﬂ—x—i-y—a)((w—x)sin(a—y)—(Tr—:r—a)siny)
- 77((77 —a+y)sin(a—y) — (1 —y) siny)
+sin(z — y + ) ((y — a)sinz + ysin(z + a)),
0= (W—x+y—a)((w—a+y)sinx—|—(7r—y)sin(x—|—a))
- 7T((7T —z)sinz + (7 — z — a) sin(x + a))
+ sin(z —y+oz)(—a:sin(a —y)+ 2r —x— a)siny).
It is useful to first collect the scalar coefficients. Direct expansion gives

(r—z+y—a)(r—z)—n(r—a+y)=—nx—z(r —a+y)+ 2’
=z(—2r+a—y+ux),

Tr—y)—(r—z+y—a)r—zrz—a)=(rz+a—-y)(r—z—a)+r(zr+a—y)
—(@ta-y)@r—z-a)

(r—z+y—a)(rn—a+y)—7n(rn—2)=2r—z)(y —a)+ (y — @)
=W-a)2r—z+y—a),

2

(r—z+y—a)(r—y)—n(r—z—a)=ay— (1 —z —a)y —y*
=ylx 4+ a—1y).

Using these identities in the previous display gives
O=z(2r+a—-y+a)sinfla—y)+(x+a—y)2r—z—a)siny
+ sin(z —y + «) ((y —a)sinz + ysin(z + a)),
0=(y—a)2r—z+y—a)sinz +y(x+ o —y)sin(r + a)
+ sin(z —y+a)(—xsin(a —y)+(2r—z— a)siny).
This can be written as
0= —011(2m — ) sinfa; + v - (27 — O12) sin g + sin -y - («922 sin @19 — 09 sin 911>,

0= —091(2m — 7y) sin 11 + O227ysin Oy + siny - ((27T — 012) sin O3 — 017 sin 021>.
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We now give an analytic argument showing that the preceding displayed system has no solution
in the interior of Case 2. Let

a:911, b:921, s=a+b.

Then
012 = a+ «, O = o — b, v =s.

In the interior of this case,
O<a<m—a, 0<b<a, 0<s<m.
Since the same four products occur several times in the two critical equations, write
U = asinb, V =bsina, M = (27 — a — a)sin(a — b), N = (o —b)sin(a + «).
Substituting these identities into the first equation in the preceding displayed system gives
0=—a(2m —s)sinb+ s(27 —a — o) sin(a — b) + sins((a —b)sin(a + «) — bsin a)
=—27 —s)U+ sM +sins N —sins V.

Thus
(2 — s)U +sinsV = sM +sins N.

Similarly, substituting into the second equation in the preceding displayed system gives

0=—-b(27 — s)sina + s(a — b)sin(a + «) + sins((27r —a— «)sin(a — b) — asin b)
=—(27m —s)V +sN +sinsM —sinsU,
and therefore
sinsU + (2 — s)V =sins M + sN.
Thus the two equations are equivalently

(2 — s)U +sinsV = sM +sins N,
sinsU + (2 — s)V =sins M + sN. (131)

Adding and subtracting the two equations in (131) gives

(2 —s+sins)(U+V) = (s +sins)(M + N),
(2r —s—sins)(U —V) = (s —sins)(M — N). (132)

We first record two consequences of (132). Letr = a«—b. Since s = a+b, wehavea = s—b =
s —a +r. Consequently, a + a = s + r and 27 — a — o = 27 — s — r. Recalling the definitions
of M and N, this gives M = (27 — s — r)sinr and N = rsin(s + r). Since s +r =a + a < T,
and hence 0 < 7 < s + 7 < m, the function ¢ — sint/t is strictly decreasing on (0, 7). Moreover
2r —s—1r > s+ rbecause s + r < wm. Hence M = (2r — s — r)sinr > rsin(s +r) = N.
Since 0 < s < m, both 2m — s — sins and s — sin s are positive. The second identity in (132)
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therefore implies U > V/, namely asinb > bsin a. Equivalently, sinb/b > sina/a, and the strict
monotonicity of ¢ — sint/t on (0, 7) gives

a>b. (133)

Next we show that b > «/2. Recall from (118) that

(21 — 021 — O22) cos(a/2) sin By — (O29 — Oo1) sin(a/2) cos b
(m — ) sin(62 — 01) '

In Case 2, we have 037 = b, 025 = o — b, and, from the angular parametrization of Area 1,
021 = a/2 — 05. Let £ = a/2 — b. Then £ = 6,. Moreover,

w2 =

s:a+b:(91—%>+<%—92>=91—92=%

so 05 — 01 = —s. Hence
2T — f91 — 029 = 27 — «,
022—921:(a—b)—b:2(%—b> — 2,
sinfy = sin &, cos By = cosé,
(m —~y)sin(fy — 01) = (7 — s)sin(—s) = —(m — s) sin s.
Substituting these identities into (118), we obtain

(2m — ) cos(r/2) sin € — 2€ sin(v/2) cos €
—(m — s)sins '

w1 |2 =

The denominator —(7 — ) sin s is negative. The numerator
(27 — a) cos(ar/2) sin§ — 2€ sin(a/2) cos
has the same sign as £, and is zero when £ = 0. Indeed, it factors as
cos& ((2m — a) cos(a/2) tan & — 2€ sin(/2)),

and for 0 < |¢] < /2 < /4 we have |tan&| > ||, while (2 — a) cos(a/2) > 2sin(a/2) for
a € (0,7/2]. If £ = 0, then the displayed formula for ||w;||2 would give |Jwi||2 = 0, impossible.
Since ||wy ||2 > 0 and the denominator in the displayed formula for ||w1]|2 is negative, the numerator
must be negative. Hence £ < 0, and therefore

b> (134)

@
5"
Combining (133) and (134), we have 0 < r = o — b < b < a. In particular, since s = a + b, the

inequality r < b < a gives r < s/2. Moreover, using a = s —b = s — a + r, and the interior
condition a < ™ — «, we obtain s — o + r < ™ — «, which is equivalent to r < ™ — 5. Hence

O<r=a-b<b<a, b<§, r<min{g,7r—s}. (135)
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For this fixed s € (0, 7) and for 0 < x < s/2, define

Ru(z) = (s —x)sinz — xsin(s — )

(s —z)sinz + zsin(s — z)’
For 0 < x < min{s/2, ™ — s}, define

(2m — s — x)sinx — xsin(s + x)

Qs(z) =

(27 — s —x)sinx + zsin(s + )’
Then U = asinb = (s — b)sinband V = bsina = bsin(s — b), and hence

U—-V _ (s—1b)sinb—bsin(s —b)
U+V  (s—0b)sinb+bsin(s —b)

Ry (b).

Similarly, since M = (2r — s — r)sinr and N = rsin(s + r), we get

M—-N  (2r—s—r)sinr —rsin(s+r)
M+ N (27 —s—r)sinr + rsin(s + )

= Qs(r).

Therefore, (U —V)/(U+V) = Rs(b) and (M —N)/(M+N) = Qs(r). Dividing the two identities
in (132), we get
s—sins 2m —s+sins

Rq(b) = AsQs(r), A = (136)

s+sins 2r—s—sins’

By continuous extension at = 0, R5(0) = (s —sins)/(s + sins) and Q5(0) = (27 — s —
sins)/(2m — s+ sin s), we have A; = R4(0)/Qs(0).

We now prove two comparison estimates. First,

i

R,(0), O<a< g (137)
Fort € (0, ), let A(t) = log(t/sint). Fix z € (0,s/2). Then0 < z < s —x < m, so A(x) and
A(s—x) are well-defined. From the definition of R, and the identity tanh(3 logy) = (y—1)/(y+1)
fory > 0,

Rs(z) <

(s —x)sinz — xsin(s — x)

Rs = . :
(z) (s —x)sinx + xsin(s — )
— tanh [ L1og BT T)S0TY
2 xsin(s — )

The logarithm in this formula is

A(s —x) — A(x) = log A log

sin(s — x) sin
(s —z)sinz

— log > _L)SMT
©8 xsin(s — x)

Ry(z) = tanh <A(S —2) = A(”)> .

Thus

2
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Since A(z) > 0 for z € (0, 7), monotonicity of tanh gives

Ru(a) < tah (A(sz— x)) _s—a—sin(s—1)

s —x +sin(s — x)

Therefore, in order to prove (137), it is enough to prove

s—x —sin(s — x) <577 s —sins
s—x+sin(s—x) - s s+sins

After dividing both sides by the positive factor s — x, this is exactly the monotonicity statement
F(s—x) < F(s), where F'(t) := (t —sint)/(t(t + sint)) for t € (0, 7). Thus it remains to show
that F' is increasing on (0, 7). By the quotient rule,

F(t) = (1 — cost)t(t +sint) — (t —sint)(2t + sint + tcost)
(t(t + sint) )
sin?t 4 2tsint — t2(1 4 2cost)
- _ . (138)
(t(t +sint))

The expansion in the numerator of (138) is

(1 —cost)t(t +sint) — (t —sint)(2t +sint + tcost)
= 1%+ tsint — t>cost — tsintcost

—2t? —tsint — t? cost + 2t sint + sin® ¢ + tsint cost
=sin?t + 2tsint — t2(1 + 2 cos t).

It remains to show that the numerator in (138) is nonnegative. This numerator vanishes at ¢ = 0, and
its derivative is

d
7 (sm t+ 2tsint —t (1+2cost)> = 2sintcost + 2sint 4 2t cost

—2t(1 + 2cost) + 2t%sint
= 2t?sint + 2sintcost + 2sint — 2t — 2t cost
=2 (#*sint — (1 + cost)(t — sint)).

Since t — sint = fg(l —cosu)du < t(1 — cost), we obtain
(1+cost)(t —sint) < t(1 — cos*t) = tsin®t < t?sint.

Thus the derivative of the numerator in (138) is nonnegative. Hence the numerator in (138) is
nonnegative, and consequently F’(t) > 0. Therefore

Rs(z) < (s—z)F(s—xz) < (s—x)F(s) = Rs(0),

which proves (137).

69



GRADIENT DESCENT ON TwO RELU NEURONS:GLOBAL LANDSCAPE AND BIFURCATION DYNAMICS

Next we prove the second comparison estimate:

S —X

Qs($) >

Fort € (0,7), let B(t) = log((2mr —t)/sint). Fix € (0, min{s/2, 7 — s}). Then 0 < z < 7 and
0<s+z<m,s0A(x)and B(s + z) are well-defined. From the definition of )5 and the identity
tanh(3logy) = (y — 1)/(y + 1) fory > 0,

. (S
. Qs(0), 0<SL’<H11I1{§,7T—5}. (139)

Qs(x) = tanh <; log (27T —S— -f) Sinx>

xsin(s + )

The logarithm in this formula is

2T —s—x x (2mr — s —x)sinz
B ~Az) =1 - —1
(s +2) (w) = log sin(s + z) Csinz 8 2 sin(s + x)
Thus 3 A
Qs(w) = tanh ( (s + x2) — (x)) .
We claim that
s—x
B(s+x)— A(z) > B(s). (140)
s

For this fixed s, let H,(x) be the left-hand side of (140) minus its right-hand side. Here we use the
continuous extension

t
A(0) := lim log — = 0.
(0) t—1>1(])ﬂ+ Ogsint

With this convention, H(0) = B(s) — A(0) — B(s) = 0. For x > 0,

S —Xx

Hi(z) = B(s+z) — A(z) — . B(s).
Since A’(z) = 1/ — cotx and B'(s + z) = & log 5211@1_;3 = —5—L— — cot(s + ), we have
! / / B(S)
H,(x) =B'(s+xz)— A'(z) + .

_ Bk <i —cotx) - <cot(s+x)+l>-

s 2r—s—x
On (0, 7),
d (1 tt ! L >0
— [ - —co = — — —
dt \ 't sin?t 12 '

d tt+ ! ! + ! <0
— [ co =— :
dt 2 —t sin?t (27 —t)?

Since z < s/2 and s < s + x < 7, these two monotonicity facts imply

Lotz <2 —cot? f(s+2) + — < cots +
Z —cotx <= —cot— cot(s+z)+ ——— <cots .
x ~ s 2’ or—s—x o — s
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Therefore

B 2 1
Hl(z) > (s) _ 2 cot2) — (cots+ .
s s 2 2m —s

Using cot(s/2) = 1/sin s + cot s, this lower bound is nonnegative provided that

S

B(s) >2—

- . (141)
sins 2w —s
We prove (141). Since (2 — s)/sin s > 1, the elementary inequality logz > 2(z — 1)/(z + 1) for
z > 1, gives

2r —s S 2(2m — s —sins)

B(s) =1
(s) = log sins — 2m—s+4sins
Thus it is enough to show
2(2W—3—§1ns)>2_ .s s
2mr —s+4sins sins 2w —s

After multiplying by the positive quantity (27 — s) sin s(27 — s + sin s), this is equivalent to
s((2m — s)? —sin? s) > 4(27 — s) sin® s. (142)
If0 < s < 1, thensins < s and (27 — 5)/s > 2m — 1 > 2 + /5. This implies
(2m — 5)% — 52 > 4(27 — s)s,
and therefore
s((2m — s)? — sin? s) > s((2m — 5)? — 82) > 4(21 — s)s? > 4(271 — 5) sin? s.
If 1 < s <, then sin? s < 1. Thus it suffices to prove
s((2mr—s)? —1) —4(2m — 5) > 0.

The function

t—t((2r —t)? — 1) —4(2m — t)
has second derivative 6t — 87 < 0 on [1, 7]. It is therefore concave on [1, 7], so its minimum on this
interval is attained at an endpoint. The endpoint values are

4 =3r+1)>0,  7w(x®—5)>0.

Therefore (142) holds in all cases. This proves (141), and hence H.(z) > 0. Since H4(0) = 0, (140)
follows.

Also, 0 < s < 7 gives B(s) > 0, Rs(0) > 0, Q5(0) > 0, and As > 0. Finally, since tanh is
increasing and concave on R, and tanh(0) = 0, (140) gives

Qu(z) > tanh (8‘“3 B S)) > 577 (Bés)> — 50,0,

(
s 2 S
which proves (139).
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We now apply (137) with x = b and (139) with x = r. By (135), 0 < r < b, and by the
continuous-extension identity after (136), A; = Rs(0)/Qs(0). Hence

b _ _
* P Ry0) < 22T R, (0) = AT

Rs(b) < Qs(0) < AsQs(r).

S

This contradicts (136), which states that Rs(b) = A;Qs(r). Therefore there is no critical point
in the interior of Case 2. The argument above is the interior analysis of this open case; boundary
configurations belong to the neighboring area cases, or to lemma 27 when v = 0 or v = 7. The
boundary point a = 0, b = « corresponds to w; = v1, Wo = v2, Which is one of the listed solutions.

Case 3: v #£ 0, wq lies at the Area 1 and w- lies at the Area 3 in Figure 9
Without loss of generality, we assume 6, € [0, «/2]. If the projection of wy lies inside the angle

U1
wy projection

(m —011)v1 + (1 — O12)v2

¥ (x-axis)

.
s
pes
s
oo
.o
-* .
- -
prs -
-
.o
.
e
pes
-
pes

V2

Figure 10: w1, v2, and the projections of w; and ws in the = — y plane.

between —w; projection and the negative direction of the x-axis, as shown in Figure 10, then —w>
lies strictly below w;. We now make this statement algebraic in coordinates. For any planar vector

§= (fa:a&y)a set
A, (§) = (01)2&y — (01)y&e-

Since w; = (cos 01, sin 6), for a unit direction u(¢p) = (cos ¢, sin ¢) we have
Ag, (u(¢)) = cos 0 sin ¢ — sin 6y cos ¢ = sin(¢ — 61).

Thus Ay, (§) < 0 means that the direction £ lies below w; in the oriented plane. In the present
subregion, 0> + 7 < 61, and hence

A@l(—'(IJQ) = sin ((«92 + 7T) — 91) < 0.

The teacher vector
A1 = (71' — 011)211 + (7'(' — 912)1)2
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also lies below w1, or is parallel to it on the boundary. Indeed, in Area 1 we have 6; € [0, «/2], so

« [0
0i11=——-10 0190 = — + 04.
=3 1 12 2+1

Let h = /2 and p = ;. Then
. (07 . «Q
”4151 (Al) = (7T — (911) sin <§ — 91) + (7T — 912) sin (—5 — 91)

= (r —h+p)sin(h —p) — (7 — h — p)sin(h + p)
= 2psinhcosp — 2(m — h) cos hsin p.

When p = 0, this signed area is zero. When p > 0,

t
A, (A1) = 2pcosp (sinh — (m—h)cosh anp> <0,
p

because tanp/p > 1 and, for h € (0, 7/4],

V2

3
(W—h)COShZZﬂ'7>1>SiDh.

Therefore Ay, (A1) < 0, while Ay, (—w2) < 0. According to

dw, 1 _ T
— . iy — O19)vs — (1 —
P 27r”w1|]2( W1 W, )((Tr 11)vy + (7 12)vg — (7 'y)w2>,

and since m — v > 0, the vector A; — (7 — y)wy = A1 + (7 — v)(—w2) has strictly negative signed
area with ;. It cannot be parallel to @y, and therefore (I — w1, )(A; — (7 — v)ws) # 0. Hence
dw; /dt # 0, contradicting the critical point condition. Thus the projection of ws lies outside the
angle between —w; projection and the negative direction of the z-axis. Equivalently, the excluded
subregion is precisely the one in which 1 — s > 7: indeed, in the lower representative of Area 3,
this subregion is

—r < 92 < 91 — 7.

The boundary case 02 = 61 — 7 corresponds to v = 7, which was already handled above. Thus, in
Case 3, the same-side argument eliminates exactly the complementary-arc subcase 61 — 02 > 7; the
remaining analysis is restricted to 6; — 03 < 7.

Let us spell out the resulting angular interval for #>. Since w» lies in Area 3, and we are using
the representative of its angle on the lower side of the negative x-axis, we first have

o
—7r§92§§—7r.

The direction of —w, has angle 6y — 7, while the negative x-axis has angle —7. Therefore, the angle
between —w; and the negative x-axis corresponds exactly to

-1 <l <6 —m.

The previous paragraph shows that ws cannot lie in this subregion at a critical point. Hence the only
remaining part of Area 3 is

91—7T§92§%—7T.
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Thus 02 € [#; — 7, /2 — 7). In particular,
W—%gel—ﬂggw.

Since the angle ~ is the representative in [0, 7], the shorter angle is #; — 6 in this remaining subcase.
The complementary formula 27 — (61 — 62) would apply only in the excluded subregion where
01 — 05 > . Hence here

v =01 —0s.
Moreover, note that we have 617 = «/2 — 01, 012 = /2 + 01, 021 = 27w — /2 + 03, and
029 = —a/2 — 605 in this case, which yields the relations

012 + 022 = 7, 011 + 021 =2 — 7,

012 = oo — 011, 021 = 2T — v — Bao.

Ey(61,02) = sin'y(((ﬂ —611) + (m — 012) cos a) cos 012
— ((7r —611)cosa+ (m — 912)) cos 911)

+ (7 — 7)(((7T — 011) + (7 — 012) cos ) cos g
- ((77 —011)cosa+ (m — 912)) cos o1

+ (sin 611 + sin 12)(cos 611 cos O — cos 012 cos 921)>
— 7'('(((71' —091) + (m — 622) cos a) cos o9

— ((m — 021) cosa + (7 — 622)) cos 021).

Using 912 = — 911,

((7’[‘ — (911) + (71' — 912) COS Oé) cos 019 — ((7‘(‘ — (911) cos & + (7'[' — (912)) cos 011

= (m — 6011)(cos B12 — cosacos b11) + (m — O12)(cos acos B2 — cosby1)

= (m— 911)(cos(a —611) — cos acos 911) + (m — 912)(cosacos 012 — cos(a — 912))
= (m — 011)(sinasinfy1) 4 (7 — 612)(—sin asin 0;2)

= sina((ﬂ — 611)sinfy; — (m — O12) sin 012).

Using 031 = 27 — o — fag (s0 cos fa1 = cos(a + 022)),

((7‘(‘ —611) + (m — 612) cos a) cos fgg — ((7T —611)cosa + (m — 1912)) cos B9
= (m — 611)(cos O3 — cos acos ba1) + (m — B12)(cos accos Oag — cos Oa1)

= (7 — 011)(cos f22 — cos o cos(a + 022)) + (m— 612)(cosacos 029 — cos(a + 922))
= (m—011)(—sinasinfa) + (7 — 612)(sin asin o)
=5

lna( - (7T - 911) Sin921 + (7'(' - 912) sin 922).
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Using 021 = 2m — o — Bag (s0 cos fa1 = cos(a + 622)),

((7r — 021) + (m — O22) cos a) cos fgg — ((7r —0a1) cosa + (m — (922)) cos B9

= (7 — 621)(cos O3 — cos acos ba1) + (m — B22)(cos avcos Oag — cos Ba7)

=(m— 021)(605 a9 — cos a cos(a + 922)) + (m — 922)(cosacos f29 — cos(a + 922))
= ( )(—sinasinfa1) + (7 — O22)(sin acsin fa2)
s

= ina( — (’7‘(’ — 021) sin 691 + (7T — 922) sin 922).
Finally, using 012 = — 911 and 921 =2r — o — 922,

cos 011 cos Oa9 — cos 012 cos Oy

= cos 611 cos O — cos(a — 611) cos(a + ba2)

= cos 011 cos fag — (cos avcos 011 + sin asin 611)(cos a cos B3 — sin o sin Oa)

= sin? a( cos 011 cos fz2 + sin 011 sin 022) + sin « cos a( cos 011 sin O99 — sin 611 cos 922)
= sin® « cos(011 — b22) — sinacos asin(f11 — 622)

= sin asin (a — (611 — 922)) = sin a:sin ((a —611) + 922)

= sin asin(f12 + f22) = sinasin .
And thus

Eq(61,62)

- = Sin'y((w — 011) sin 911 — (ﬂ' — 912) sin 912)
sin &

+ (7T — ’)/)( — (7T — 011) sin 691 + (71’ — 912) sin 699 + (Sin 011 + sin 912) sin’y)
— 71'((71’ — 922) sin 922 — (7‘(‘ — 921) sin 921).

We now show that this expression can vanish only at the angular bisectors. Put

(0%
h:§7 pzela q:02+77-

Since we assumed w; lies in Area 1 with 6, € [0, «/2], we immediately have
0<p<h
The preceding geometric reduction gave
0y € [6h — 7, /2 —].
Adding 7 to this interval gives

q:92—|—7r S [91,0&/2] = [p,h].

Hence, in the present subcase,
0<p<qg<h

Moreover,
011 =h—p, 012 = h +p, o1 =7 —h+q, O =m—h—gq,
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and
y=01—0s =7~ (q—p)
Letd =¢—p. Then0 < § < ¢,siny =sind, and 7 — v = §. Also,

sin f1 = sin(h — q), sin O = sin(h + q).

Define
Ap = (7'(' — 011) sin 911 — (7I' — 912) sin 912,
By = —(m — 011) sin a1 + (m — 012) sin b + (sin b1 + sin f12) sin 6,
Cq = (Tr — 022) sin 922 — (7T — 921) sin 921.
Then
El (917 02) :
— = =sind A, + 0B, , — .
sin « sind Ay +0Bpq =m0,

We first compute A,,. Since 011 = h — p and 612 = h + p,

Ap=(m—h+p)sin(h —p) — (m —h —p)sin(h +p)
= 2psinhcosp — 2(w — h) cos hsin p.

Thus Ay = 0, and for p > 0,

t
A, =2pcosp (sinh — (m — h) cos hanp) <0,
p

because tan p/p > 1 and, for h € (0, 7/4],

V2

(m —h)cosh > sm o v2 >1>sinh.
4 2
Hence
A, <0.

Next, using the same substitutions,

By, =—(m—h+p)sin(h —q) + (7 — h — p)sin(h + q) + 2sin h cos psin §

=2(m — h)coshsing — 2psin hcos g + 2sin h cospsin d,
while

Cyq = (h+q)sin(h+q) — (h —q)sin(h — q)
= 2¢sin h cosq + 2h cos hsinq.

Since 0 < p < g < h < /4, we have

0 <gq, q(m — h) < wh, sind < wcosgq.
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Therefore,

0By g < 26(m — h)coshsing + 25 sin hcos psin d
< 2q(m — h) cos hsinq + 2¢gsin hsin §
< 2mhcoshsing + 2mwgsin hcosq
= nCy.

If ¢ > 0, then C; > 0, and the last comparison is strict. Combining this with (143) and (144), we

obtain
Ey(01,62)

: <0
sin«

for every ¢ > 0. Hence E'; = 0 forces ¢ = 0. Since 0 < p < ¢, this also gives p = 0. Consequently,
0, =0, 0y = —m,

i.e. wp = ¥ and w9 = —v. Thus the only possible critical point in Case 3 lies on the two angle
bisectors.

Case 4: v #£ 0, w lies at the Area 2 and w- lies at the Area 4 in Figure 9

We first rule out the complementary-arc subcase 1 — 62 > 7. This exclusion is geometric and
has to be checked with the present pair of regions. Since w; lies in Area 2 and wy lies in Area 4, we
use the angular representatives

@ < ! LY < @
= T— = -+ = -
2 == 2’ 2 =77~ 2

If 6, — 05 > 7, then 2 + ™ < 6. Hence the direction of —ws, whose angle is 6> + m, lies between
the direction of v and the direction of wy:

% <O+ 7 <.

Therefore —ws. lies strictly on one side of w;. More precisely, for a planar vector £ = (&, &), define
Ay (§) = (01)2&y — (01)y&e-

Since wy = (cos 0, sin 6), for a unit direction u(¢p) = (cos ¢, sin ¢) we have

A, (u(p)) = cos by sin ¢ — sin 0y cos ¢ = sin(¢p — 61).

Thus
.qujl (—71)2) = sin ((92 + 7T) — 01) < 0.

The teacher part lies on the same side. Indeed, set
A1 = (71' — 911)’01 + (7‘1’ — 012)1}2.

Since in Area 2 we have 617 = 0; — «/2 and 612 = 01 + «/2,
. a . [0
"4151 (Al) = (7T — 911) sin <§ — 91) + (7T — 912) sin (—5 — 91)
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—(’R’ — 911)8111911 — (7T — 012) sin A2 < 0.
The last inequality is strict because
0<0h <7m—a, a<bpp <,

and the two nonnegative terms above cannot vanish simultaneously. Thus both A; and —ws have
strictly negative signed area with w;. Since m — v > 0 in the subcase 6; — 6> > 7, the vector

Ay = (1 = w2 = A1 + (1 = 7)(~w2)
also has strictly negative signed area with w;. It cannot be parallel to w;, and hence
(I — 11_)1151_)(141 — (7T — ’y)wg) #0.

This contradicts the critical point condition dw; /d¢ = 0. Therefore no critical point in Case 4 can
satisfy #; — 6> > . We may now return to the original calculation and work only in the subcase
0, — 03 < 7. In this subcase v = #; — 62, and therefore

012 = 011 + a, 021 = 022 + a, v =611 + 021 = 012 + O2o.

Write F as the sum of the sin y part, the (7 — ) part, and the — part, and use the cancellations
of the terms with (sin 011 + sin 612) cos 611 cos 612. Then

Eq(61,0) = sin'y(((ﬂ —011) + (7 — 012) cos a) cos 012
— ((7r —611)cosa+ (m — 912)) cos 911)

+ (7 — 7)(((77 — 011) + (7 — 012) cos ) cos g
- ((77 —011)cosa+ (m — 912)) cos a1

+ (sin 611 + sin 12)(cos 611 cos O — cos 012 cos 921)>
- 77(((71' —091) + (m — 022) cos a) cos a9
— ((7r — 1) cosa + (m — 922)) cos 021>.
Using 612 = 611 + «,

((7T —011) + (m — 612) cos a) cos O — ((7r —611)cosa + (m — 012)) cos 011

= (m — 611)(cos B12 — cos acos b11) + (m — O12)(cos acos B12 — cosbB11)

= (m — 611)(cos(011 + a) — cosacosby1) + (m — 612)(cos acos B2 — cos(f12 — )
= (m — 611)(—sin 911 sina) + (m — 012)(—sin asin 0;2)
= — sina(( )sinf1 + (m — 012) sin 912)

Using 699 = 091 —

((7r —011) + (m — 612) cos a) cos 09 — ((7’[’ —611)cosa + (m — (912)) cos o1
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= (7 — 911)(008 029 — cos a cos 921) + (7 — 612) ( cos a cos fog — cos 621)

=(m— 911)(608(«921 — @) — cos acos 921) + (7 — 912)(cosacos O29 — cos(fag + a))
= (7 — 911)(5111 051 sin a) + (7 — 912)(sinasin 922)

=s

1na((7r — 011)sinfa1 + (7 — 612) sin 022).
Using 699 = 091 —

((7T —091) + (7 — 622) cos a) cos fgg — ((7r —091) cosa + (m — 022)) cos 091
= (m — 021)(cos O3 — cos acos ba1) + (m — B22)(cos avcos Bag — cos Ba7)
= (m — 021)(cos(f21 — ) — cosaccos ba1) + (m — ba2)(cos acos Oag — cos(bag + a))
= (7 — 021)(sin f21 sin ) + (71 — fa2)(sin casin Ha9)
= sina((w — 091) sin a1 + (m — Oa2) sin 022).
Finally, using 615 = 611 + « and 021 = 029 + a,

cos 011 cos Oa9 — cos 013 cos O

= cos 011 cos baa — cos(011 + a) cos(f2 + )

= cos 011 cos gy — (cos 011 cos 05 cos® o — cos 017 sin fas sin v cos o

— sin A1 cos Oy sin av cos « + sin A1 sin Oy sin® a)

= sin? a( cos 011 cos O29 — sin 0171 sin 922) 4+ sin o cos a( cos 611 sin Oa9 + sin #11 cos 022)
= sina( sin avcos(f11 + 022) + cos asin(fq1 + 022))

= sinasin(011 + 22 + ) = sinasiny.
And thus
E1(01,02)

sinae siny (7 — 611) sin 11 + (7 — 012) sin 612)

+ (m—7) ((71 — 611) sinfa1 + (m — O12) sin by + (sin O11 + sin b12) sin’y)
— 7['((7'(' — 921) sin 021 + (71' — 022) sin 922).

And thus we have that

Ey(01,62)

- = sinv(@n sin 611 + 012 sin 019 — v(sin 011 + sin 912))
S &«

+ <(7r —y)(m—6b11) —7w(m— 921)) sin fo1
+ <(7T —y)(m = bO12) — m(m — 922)) sin f29.
Under this parametrization,
b2 = 011 + a, 21 = 022 + a, v = b1 + 021 = 012 + O2a.
Equivalently,

o1 = v — b1, oo = v — O12.
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Therefore,
(m =) (7 —b011) = 7(m — Oa1) = (7 — y) (7 — 611) — 7(7m — (v — O11))
= —(2m — )11,
(m =) (m = 012) — (7w — O22) = —(27 — v)b12.
Hence
M = sin7<611 sinfy1 + 012 sin f12 — y(sinf11 + sin 912)>
sin a

— (27T —7) (011 sin fa1 + 612 sin 922).
Since 0 < v < 7, we have siny > 0 and 27 — v > 0. Moreover,
0<6 <, 0 <612 <, 0< 6y <7, 0 <6 <9.
Thus
0118in 6011 + O12sin 612 — y(sin b1 +sinby2) = —(y — 611) sinby; — (7 — O12) sin b2 < 0,

and also
011 sin fy1 + B128in H59 > 0.
Consequently E7(60,602) < 0.
We now inspect the equality case. If F1 (6, 602) = 0, then both non-positive contributions above

must vanish. From
911 sin 921 + 912 sin 922 =0

and the non-negativity of all terms, we get 611 sin 21 = 0 and #12sin 29 = 0. Here 31 > o > 0
and 091 < m, so sinfy; > 0. Also 012 > a > 0. Therefore

911 = 0, sin 922 =0.
Since 0 < 090 < v < m, this gives #o2 = 0. Therefore
b2 = «, o1 = «, V=

Hence w; = v; and wy = vo. This is the only possible solution in Case 4, and substituting back into
(118) and (117) gives [|w1]2 = [Jwz[[2 = 1, so w1 = v1 and wa = va.
Case 5: w; and wo are both lie in Area 3 in Figure 9

Without loss of generality, we assume 61 < 5. Recall §; — 61 = ~, Let 61 + 62 = p, we have

P—7 P+
1 9 2 9 1 2 7>
a p—vy-—a«
9 :9——:7
11 1 9 9 )
« —p—«
912:27T—91—§:27T+%,

011+ 012 =21 —«, 0O12—011 =21+7v—Dp,
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« pt+v—«
9 :9—— =
21 1 2+’Y 5 )
922:%_91_%_7:%_1#’

021 + 022 =2 —a, O — 021 =21 —p— 1.

Let 5 cos § = A,sin § = B. By (119) and (120), we have

2 b —7

0= —2(m—~)siny- A+ 2cos -(m—~)siny- B

+7rcosp;7<2A-sinp—|2_7—(27r—p—’y)cosp—{2—7-B>

- (Sin’YCOSp V—i—(7r—’y)cos][%)- <2A-sinp;7—(27r+fy—p)cosp;7 -B>

= <— 2(m —7y)siny + 7(sinp + siny) — sinysin(p —y) — (7 — ) (sinp — sin*y)) A

p—7
2

+ ((2(7r —79)+ 27+ v —p)) sin y cos?

+(—7T(27T—p—’}/)+(7T—’y)(27r—|—’)/—p))'COSP—;’Y‘COSp;v) - B

v(sinp + sin~y) — sinysin(p — ’y)) -A

1+4cos(p—7)

COSp + Ccos7y
5 +(m—72)'>'3

2

1+ cospcosy sinpsinvy
(5 + =)+ =7

cosp—i—cos*y) B
2

(145)

0= —2A-(77—fy)sinv—l—ZB-cos2p+7(w—7)sin7

—7rcosp42—7<2A-sinp;7—(27r+’y—p)cosp;73>

+(sinvcosp+7+(ﬂ—7)cosp;7)- (2A-sinp;7—(2w—p—7)cosp;7B)

= <— 2(m — ) siny — w(sinp — siny) + sinysin(p + ) + (7 — y)(sinp + sin*y)) -A

+ ((2(7r — ) — (27 — p — 7)) sin~y cos® ]%

+ —
+(77(277—1—’}/—]3)—(ﬂ—’y)(27r—p—fy))cosp2rycosp2fy> - B

_ <—’Vsinp—i-VSiDV+SiDVSiD(p+’Y)> A
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1+ cos(p+7)
2

+(47r’y—p*y—72)cos])—;’ycosp_’y> -B

+<@—7ﬁmv 5

= <—'ysinp—i—'ysin'y—l—sin'y(sinpcosv—l—cospsin'y))> A

1+ cospcosry sinpsinfy)

+<@7ﬁmv(

2 2
COsS p + cos
+ (4my —py — ’72)])27) - B. (146)
(145)4(146) yields
0 = (2ysiny + 2cospsin®~y) - A
I
((27r — ) siny(1 + cos pcosy) + (27 — p) sin psin? fy) B (147)
+ (277 — v%)(cos p + cos ) ’
1l
and (145)—(146) yields
0= (2ysinp — 2sinpsinycosy) - A
1T
N ((27r — p)siny(1 + cospcosy) + (27 — 7) sin psin? 'y> B (148)
+ (py — 277y)(cos p + cos ) '

v

By, (147) and (148), we have I - IV = II - I1I. Substituting p with 27 — p, we reduce to case 3. Then,
we have 27 — p = 0,7 = «. Revisiting equation (147), we see that the left-hand side is positive,
which leads to a contradiction.

So far, we have identified all the critical points in the plane spanned by v; and vy, which are as
follows:

wy = 1, ||w1||2 + ||well2 = 72r<(7r — §)cos g + sin%‘).

o Wy =

* Wy =we = —70, ||will2 + |Jwe|l2 = i(sing - 3‘008‘5).

* Wy =0, Wy = —70, |Jwy]|2 = ?T((W —9)cos +sin‘2">, lwa|l2 = 72T<sing - 3‘0083).
* W = —0, Wy =1, ||wi]|2 = i(sin‘; — § cos g‘), |lwa|l2 = 72r<(7r— %) cos § +sin§>.
Wy = w1, Wy = v, wiflz = [lwaf2 = 1.

* W = v, W = vy, ||wi|2 = ||wa]l2 = 1.
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In the following, we will show that all of these critical points are either saddle points or global
minima, thereby completing the proof of the proposition.

Recall that

U1 — U2

Ul = UV, U 3y .5 Ud (149)

==
Jvr — walo”

is a orthonormal basis of R%. Let eg;_1 = (u;,04), e2; = (0g,u;),7 = 1,2, ...,d. Then {ei}?il is
a orthonormal basis of R??. Let H (wy,w-) denote the Hessian matrix expressed in this basis. It is
sufficient to prove that H has a negative eigenvalue.

wil|2 + [Jwall2 = 2((7‘(’ — §)cos § + sin ‘;) or Wy = Wy = —7,

™

[will2 + [Jwzl2 = fr(sin‘g — % cos ‘;)

By lemma 14, we have

L Lt by on, ) — B, 1) — (w1, )
—— == wi,we) — hi(wy,v1) — hy(wy, v
ou? 5ld + ha(w, w (w1, v1 1(w1, vo
1 sin(av/2) T T sin(a/2) T T
ey P e ol _smars) (g
5 d 27TH?U1H2<d VU + UgUy 27THw1H2 d— VU + Uy
_ (1 B sin(a/Q))Id N sin(a/2) T sin(a/2) ],
2 w2 7||lwe |2 7 [lwe [|2
%L
02— gkt hi(w2,w1) — hi(wa,v1) — hi(we, v2)
wj 2
1 sin(a/2) T T sin(a/2) T T
Ry e ol e/l
5 d 27r||w2|]2<d VU + UgUyg 27T||w2||2 d— VU + ugug
_ <1 B Sin(oz/2)> N Sin(a/2)z717T _ sin(a/2) usul,
2 wllwalle |lwz2 7|lwzl[2
0*L 1
Ty i
D019 2 (w1, wa) 5 ld;
0*’L 1
—— =h -1
8w28w1 2(w27u]1) 2 d
(150)
Then we have
o 1 i
1 b
a9 1
H = 1 by 7
aqg 1
i 1 by
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where
gl 1 e 1 2/
2 2 rljwil2 2 mllwzfe
1 i 2 1 i 2
ai:,_%7 bi:,_%7 3<i<d. (151)
2 mlwie 2 7wz

We will prove that

a9 1
1 b

has a negative eigenvalue, which implies H has a negative eigenvalue. It is suffice to prove that
asgby < 1. Notice that ay < % and by < % If asbs > 1, then as < 0 and by < 0. We have

™
>0 = > —
as w2 Tein(a/2)’
T
b 0= _—
2> lwall2 > 4sin(a/2)
Notice that
( ) L o} 1 a\ . 4 sin?
sin—| (m— =)cos— +sin— | = =7 — = ] sina + sin” —
2 2 2 2 2 2 2
(*) 1 « n a\?
— RN — .a —
2\" 7 9 2
s
= — -
2
(%) 72
< T (152)

where (*) comes from sin o < « for all & > 0 and (%) comes from o < g Then, we can get

T
w12 + [Jwall2 > m
2 « « e
> 7r((Tr— 2)cos2+sm2>,

>2 sin & ( a)cosa
—(sin- —(m— = — .
s 2 2 2

which contradicts with the assumption of sum of the weight norm.

Case 2: Wy = 0, Wy = —0, ||lwi|z = 2 ((77 — %) cos§ —|—sin3‘>, |wall2 = ﬁ(sing -

B

5 cos g‘) . By lemma 14, we have

L (1 sin(a/Q))I n sin(a/Q)z_}ﬁ—r sin(a/2)  +

PL (1 B ol
ow?  \2  wlwillz |2 rllunlls 2
82L2 _ (1 B Sin(a/2)>Id N sin(a/2)mT B Sin(a/2)u2u;,
Owy 2 7ljwsl2 7l|wa|2 llwa|2

84



GRADIENT DESCENT ON TwO RELU NEURONS:GLOBAL LANDSCAPE AND BIFURCATION DYNAMICS

0’L
=2 -,
6w18w2
L
—F— =0. 153
8w18w2 ( )
Then Hessian matrix has negative eigenvalues —52(2/2) apg —sin(@/2),
w1 |2 m[wal2
Case 3: w1 = —0, wy = —0, |Jwil]2 = i(sing‘ — § cos 3‘), lwa|l2 = i((w — 2)cos g +
sin ;‘) . The proof is similar to case 2. |

Appendix C. Proofs for training dynamics

C.1. Phase 1: the students remain close to the bisector

We will show that with small initialization, two student weights will both keep close to the bisector

of the v1 and vo. Recall that we use the Gaussian initialization such that w;(0) ~ N(0, 0%1),

1,2.

7 =

Lemma 29 Suppose d = Q(log(n/d)). Then, with probability at least 1 — 6, the initialization

satisfies

%g\/g < Jwi(0)]|2 < 20/d, < Z(w(0),7) <

T
3

The proof follows from Lemma 3 of [40].

Remark 30 The only randomness comes from the initialization. Once the initialization is fixed,
the rest of the proof is deterministic. For simplicity, we condition on this high-probability event

throughout the proof.
ket e sin§ — 5 cos §
C(a) zzz(w—i)_ - .
Lemma 31 Fori =1, 2, we have
dl[will2

C(a)

1 1
(llwillz + llwall2) < <1 glwill: < 1.

2 dt
Proof It suffices to prove the claim for ¢ = 1, since the case ¢ = 2 is identical. By (9),

d||w 1 . .
Hdtl||2 = %((smﬁu + sin012) + (7 — 611) cos Oy

sin~y 4 (m — ) cosy
27

1
+ (7 — 612) cos O12) — 5”“11”2 - Jwall2

85
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l

—

1
011) + 1(012) — §||w1||2 =17 |lwa]|2
1
2

IN

2= 2w
— -||w
5 lWill2

N ORI

1
— 5”’[1)1”2. (155)

For the lower bound, we similarly have

d|jw 1
Hdl||2 = 1(611) + 1(612) — S llwil2 = L(v)[[wall2
t 2
1 1
2 C(a) = Sllwillz = 5llwal2. (156)
Here the last inequality follows from lemma 10 and [(~y) < 1/2. [

Corollary 32 Forallt > 0andi = 1,2,

[wi(®)l2 < [lwi(0)l2 + ¢ < 20Vd + .

Corollary 33 If ||w;(0)||2 < 2 fori = 1,2, then
Jwi(t)2 <2, V>0, i=1,2.

Proof By Equation (154),

dljwi(t)]l2 1 1 .
0 <y Ll = ~ 5 (i)l —2). i=1.2

Gronwall’s inequality gives

Jwi®)ll =2 < (Jei(0)]}2 = 2)e* < 0.

Corollary 34 For o € (0, 5], we have
Proof Recall that

Since a € (0, 5], we have
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By lemma 9 and the strict monotonicity of / on (0, ),

O:l(ﬂ')<l<ﬂ'—%><l(0):%.

Therefore 0 < C'(a) < 1. [ |

Cl(a)
200v/d’

C(a)
then forall 0 <t < oo

Corollary 35 Ifo <

Cla) _ dfwi®)]l2
10 — dt

<1, i=12.

Proof The upper bound in Equation (154) gives
Al _
dt

Moreover, by corollary 32 and the assumptions on ¢ and ¢,

Cl) , ,_ Cle)
(Ol <20Vd+t< L 4rt< L =12
Jwi®lls < 20V +1 < S0 < S8

Therefore, applying the lower bound in Equation (154), we obtain

dffwi(?)]|2 1
DLt ST AN I
o 2 C@) = S(llwlz + [lwe]]2)
1 /C(a)  C(a)
> R it S T St
2 O(a) 2( 50 50
49
= %C(Q)
_ Clo)
- 10
Cl(a)
Corollary 36 Ifo < 00V’ then
2
C@? [, (C@| @ .,
1000 100 9 50
Proof Let
.. Cla)
“7 100
By the previous corollary, for every 0 < t < t,,
Al | €@,

dt - 10’
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Integrating from O to ¢,, gives

C(a) b> C(a)?

. > . °
lwita)ll = [wi(0)] + —5 1000

For the upper bound, corollary 32 and the assumption on o give

Cla)  Cla) Cla)
1\l §2 o § = .
|wilta)| < 20Vd +t 00 100 =

C C
Corollary 37 If o < S0, then for all 0 < t < S,
C(a) < w1 (®)]]2 < 10 ‘
107 flwa(t)[l2 = Cla)
Proof By the initialization bound and the previous corollary, for ¢ = 1, 2,
1 C
5a\/3+ 1(00‘)75 < wi(t)||2 < 20Vd + t.
Hence, using 0 < C(«a) < 1,
|lw1(t)]|2 < 20v/d +t < 10
lw2(®)ll2 ~ Lovd+ €l = Cla)
The lower bound follows by the same argument with w; and ws interchanged:
C
Jwr(®)ll2 - bovd+ St Cla)
lwa()ll2 = 20vd+t ~ 10

Lemma 38 Vi € {1,2} and Vw; € S%!, we have

<z7, (I — wyw; ) ((77 — ;1)1 + (7 — 9i2)02>> > 0.

Moreover,

<1), (I — ﬂ)iﬂ);) <(7T - Hﬂ)vl + (71' — 0i2)7}2)> =0 <~ W; =V or W; = —0.
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Proof Let
g(wi) = <7), (I — ﬂ}iw;r)((ﬁ — Hﬂ)vl —+ (71' — 92‘2)212)>
= <1_J, (7T — 92'1)’1)1 + (7T — 9i2)1}2>

— (v, w;) <(7r — 0;1) (v, w;) + (1 — 0;2) (v, wi)>

= cos % ((ﬂ' —0q) + (7 — 0i2)>
_cos 21C(J)rscc2?s 2 ((ﬂ — 0;1) cos0;1 + (m — 6;2) cos 61»2) )

Let 0;1 + 6,0 = x,0;1 — 60;o = y. Recall that 0;; = l(ﬁji, Ul), 00 = Z(ﬁ)i, UQ). Without loss of
generality, we assume ;7 > 6;2. By the triangular inequality, we have « < x < 27 — a,0 <y <

(157)

a< 5. Ifa<x <, wehave
o o
(27T—x)cos,2——smx27700525—1 > 5—1 > 0,
where the second inequality using the fact that o € (0, 5. If 7 < o < 27 — o, we can also get

(27 — ) cos? Y sing > (21 — z) cos? % > 0.

Then, we have (2 — 2) cos? ¢ > sinz for all z € [, 2 — @]. By (157), we have

2 cos & - g(w;) = 2cos? %(277 —x)

r+y r—y
<cos 5 -+ cos 5 )

.((Trx+y)cosx;y+(wxgy)cos$;y>

= 2 cos? g(27T—x) - 2COS§COS%

. <(27r—x)cosxcosg—i—ysin;sing).

2

=227 — x) (cos2 % — cos? g cos? g)
9 . X z .
— 2ysin = cos = sin Z cos =
YR COR g P %y

*)

> 2(2r — ) <Cos2 % — cos? % cos? g)
— 2y sin = cos = sin = cos =
YR g COR g P 0%,

a5y
= 2(2m — 2% 6in2 Y
(2m — ) cos 5 Sin” 5
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Yy
— ysinx sin Z cos =

2 2
= 2sing<(27r — ) cos? %sin%

—sinx~gcosy
2 2

*)
22siny (27?—:5)0082g-gcosg
2 2 2

2
—sinx-ycosy
2

2
—2sin? - Lcos Z
2 2 2
. ((27r — ) cos? % — sin x)
>0, (158)

where (*) comes from the fact thatsin § > £ cos 4,Vy € [0, §]. Itis obvious that g(v) = 0, g(—v) =
0. Vice versa, if g(w;) = 0, by (158), each inequality must hold. (*) holds implies y = 0 and (x)
holds implies x = « or x = 27 — «, which is equivalent to w = v or w = —7. |

Lemma 39 Ve > 0,Vi € {1,2}, there exists § > 0 such that if |w; — || > € and Z(w;,v) < 2T,
then

<Uv (I —wyw,) <(7f — Oi)vr + (7 — 9i2)®2)> >4,

Proof Let
g(w;) = <v, (I — wiwf) ((71' —6;1)v1 + (7 — 0i2)02)>. (159)

The constant obtained below is independent of the ambient dimension. Indeed, the formula (157)
shows that g depends only on the two angles (6;1, 6;2), or equivalently on

z = 0;1 + 0;2, y =bi1 — bio.
The feasible angle pairs form a compact subset of the fixed two-dimensional region
a<z<2r—a, |yl<a

Moreover, the additional conditions also depend only on the same angle pair. Indeed,

V1 + v2
2 cos(a/2)’

v =

and hence
cos 6;1 + cos b0

2 cos(a/2)

<u_)i’6> =
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Therefore both
|@; — o||* = 2 — 2(w;, 0)

and
Z(w;,v) = arccos(w;, V)

are continuous functions of (6;1, 6;2). Hence the additional conditions
||1Di_ﬁH > €, 4(151'7@) <4

cut out a closed subset of this same compact region.

If this closed subset is empty, then the implication in the statement is vacuous, and any positive
0 works. Otherwise, by lemma 38, the only zeros of g are ¥ and —v. The first one is excluded by
||w; —v|| > €, and the second one is excluded by Z(w;,v) < 2w /3. Therefore g has a strictly positive
minimum on this compact two-dimensional set. This minimum is the desired § = (&) > 0. B

Lemma 40 For any Ty > 0 and € > 0, there exists cg = oo(e,T1) > 0 such that, for every o < oy,
there exist times t1,to < T satisfying

Hwi(ti) - 17”2 <e, 1=12. (160)

Proof We argue by contradiction. Suppose that the claim fails. Then there exist 77 > Oand e > 0
such that, for every g > 0, one can choose o < o for which at least one student remains outside
the e-neighborhood of v throughout [0, 71]. By symmetry, we may assume that

|@1(t) — )2 >e, 0<t<Ty. (161)

For each i € {1, 2}, define
g(u_Ji) = <1_}, (I — ’u_)ﬂZ)ZT)((?T — 91‘1)’01 + (7T - 92'2)’1)2)>,
where 0;; = Z(w;, v;) for j = 1,2. By lemma 39, there exists § = ¢(¢) > 0 such that

g(w1(t)) =0

whenever ||w;(t) — |2 > € and Z(wy(t),v) < 27/3.
Set

5 5 : Cla) na
By, = —— =— T, = T, s 0
@ T = i (Ba + 1) mm{ 17100 7 2

91
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For the chosen o < oy, define

1
By (t) = 5[l (2) — 3|2 =1 — cos L(wy(t), D). (162)

Whenever ||wa(t)||2/]|wi(t)]|2 < 10/C(«), we have

ey /o5 don
da — \ ' 7 ar

1
= <1T21 -7, m(f — @y ) (7 — 611)v1 + (7 — O12)v0 — (7 — 7)w2)> (163)

1 T = w2, N
=———¢q(w1) + v, ([ —wiwy )w
27TleH2g( 1) I Hw1H2< ( 1 1) 2>
1
< ———g(w1) + Ba. (164)

Let

dFE;
= >0: —
T {s >0 ¥

> o}.
t=s

If T = @, then dE; /dt < 0 for all ¢ > 0, so the integral estimate below applies directly on [0, T}].
Thus, we assume 7 # @ and set 7 := inf 7. The initial ratio satisfies ||w(0)||2/|lw2(0)]2 < 4 <
10/C(cv). Since ||wy(0)|2 < 20Vd < Ty exp(—8m(By +1)/6), (164) yields

dFq 0 87T(Ba + 1)
e <o e 4B,
& |, = "o P < 5 *

< 6 8m(Bs+1)
- 27 o

— —4(By+1) + B, < 0.

+ Ba

Hence 7 > 0. We first show that 7 > T. Suppose instead that 7 < T. Then % < 0on[0,7), and
hence E(s) < E1(0) for all s < 7. By (162) and the initialization event, this implies

L1 (s),8) < £(1(0),0) < %77 0<s<r

Together with (161), lemma 39 gives g(w;(s)) > 6 for all 0 < s < 7. Moreover, since s < 7 < T,

|wi(s)]l2 < 20Vd+ s < 200Vd+ T < 2T, <10, i=1,2, (165)
The bound above will be used to control the negative drift term. Separately, since o < gg < 2%(()0\‘/)3
and s < T, < %, the assumptions of corollary 37 are satisfied. Hence,
10
lwi(s)ll2 0<s<T.. (166)

[wa(s)]2 — C(a)’
Therefore, by (164),

dEy 0

- B
dt + Pa

=s  2mlwi(s)]2
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0
<
27N,

4+ By =—-2(By+1)+ By <0. (167)

Letting s — 7~ contradicts the definition of 7. Thus 7 > Ti.

Consequently, dd% < 0on [0,7%]. The same argument as above shows that, for all 0 < ¢ < T},

2

é(wl(t)vqj) < ?7

g(w1(t)) = 0.
Combining (164) with corollary 32, we obtain

By _ 0
dt = 27||wi(t)||2
1)
<———r——+
21 (20Vd + 1)

+ B,
B.. (168)

Hence,

E\(0) — E\(T.) > /OT* (WSM - Ba> dt

:ilog <1+ ) — BT,

T
2 20’\/&

5 T
> —1lo — B, T,
= o 8 (200\/&>

> 4(By + 1) — BT,
> 4(By+1) — B > 2. (169)

This is impossible because 0 < F(t) < 2 for all ¢. Therefore, the contradiction proves the desired
claim. [ |

Corollary 41 (Explicit initial alignment time) On the initialization event in lemma 29, for every
€ > 0, there exist constants

K = K(a,e) >0, Co = Calaye) >0, Co = Cu(a,e) >0,
and o9 = oo(a, e,d) > 0 such that, for every 0 < o < oy, the time
Tinit = KoVd

satisfies
caoVd < |Jwi(t)]] < CoaoVd, 0<t< Ty, i=1,2,

and
||w; (Tinit) — 0] < e, i=1,2.
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Proof Let 0. = 0-(«v,e) > 0 be the constant from lemma 39 applied with tolerance /2. Thus

g(w;) > 6
whenever )
lo ol >3, @0 < 5
Set 5
= Gty

Choose K = K(a,¢) > 0 so large that

e K
—log |1+ — .
2W0g<+4>>3

We then choose o small enough so that

Cle) Kao\/;i < ﬂ

og < 5 9
= 200vd 100

and
2

4

1) K K
BQKUO\/gﬁ 2—5 [log <1+ 2) — log (1 + >] , BaKdo\/gg c .
T

8
For every 0 < o < oy, corollary 37 applies on [0, K a\/g] by (171). In particular,

Cla) _ (] _ 10

< < , 0<t< KoVd.
10 |w2(t)]] — C(a)

Also, by the initialization event in lemma 29,

1
50’\/& < JJwi(0)]| < 20Vd, i=1,2.

(170)

(171)

(172)

(173)

Since the norm derivative is bounded by an absolute constant on this interval, for 0 < ¢ < K U\/(Tl,

lwi ()] < JJwi(0)|| +t < (24 K)O’\/&.

Reducing o further, we may assume

(2 + K)opVd < min {CELO‘) 4;;%} .

Hence, on [0, Ko+/d),

Cla
w1 (8)]| + [Jwa ()] < 2(2 + K)oVd < (2)
The lower bound in Equation (154) then gives
d 1 3C ()

—llwi(®)]] = C(a)

0.
dt =

— 5 (ler Ol + ez (0)]l) = =
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Therefore

1
wi ()] = [lw; (0)]] > 50\/&, 0<t< KoV

Hence the stated norm estimate holds with

1

5, Ca:2+K

Cq —

It remains to prove the alignment at the endpoint. Suppose first that student 7 stays outside the
¢/2-neighborhood of v on the entire interval:
€

Jwi(t) — o] = 0<t< KoV (174)

l\')

Define ]
Ei(t) = ini(t) — )%,

The computation leading to (164) is symmetric in the two students. Hence, for ¢+ = 1, 2, whenever

(173) holds,
d 1
—Ei(t) < —
dt 2w ()]

The initial event gives Z(w;(0),v) < 27/3. We claim that, under (174),

9(w;(t)) + Ba- (175)

Z(w(t),7) < — 0<t<KoVd.

To see this, first note that (174), the initial angle bound, and lemma 39 give g(w;(0)) > .. Moreover

Oc
AT B,

Jw; (0)]| < 20Vd < (2 + K)opVd <

Thus (175) gives 4 E;(0) < 0.

If there is no time in [0, Kov/d] at which dF;/dt > 0, then E; is decreasing on the whole
interval, and the claimed angle bound follows. Otherwise, let 7 be the first such time. The previous
paragraph shows that 7 > 0. For every ¢t < 7, the function E; is decreasing, and therefore the angle
to ¥ cannot exceed its initial value. By continuity, the same angle bound holds at ¢ = 7. Together
with (174) and lemma 39, this gives g(w;(7)) > J.. Since

; <2+ K)ovd < ——,
lwi(n)ll < 2+ K)ovd < ¢
(175) gives
iE(t) < - s + B, < —B,<0
dt”" T 2wflwi(r)) T T T

contradicting the definition of 7. Hence no such 7 exists, F; is decreasing on the whole interval, and
the claimed angle bound follows. Therefore g(w;(t)) > d. on this interval. Combining this with
(175), (173), and ||w;(t)|| < 20+/d + t, we obtain

d e

<-—— " 4B,
21(20V/d + t)
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Integrating from 0 to K ov/d gives

Kovd 5
El(O) - EZ(KO'\/g) Z / <E - Ba> dt

0 2m(20v/d + t)

_ % log (1 + K) — BoKoVd
27 2
O K

> ¢ -

> 27rlog<l—|— 4> > 3,

where the penultimate inequality uses (172). This is impossible because 0 < F;(t) < 2. Hence for
each ¢ there exists t; < K o+/d such that

_ _ €
() — ol < ¢
Finally, (175) and g(w;) > 0 imply
d
%EZ(t) < B,

whenever (173) holds. Therefore, using (172),
Ei(KoVd) < Ei(t;) + Bo(KoVd — t;)

2
< % + B,KoVd
2

€
< —.
— 4
Thus
| w;(Kovd) — o] = \/2E;(KoVd) < e.
This proves the corollary. n
Theorem 42 For any € > 0 and any 0 < t < %%{1’52}, there exists oy = oo(e,t) > 0 such

that, for every o < oy,

las(t) — o] <&, i=1,2.

Proof Set B, :=5/C(«). Apply corollary 41 with tolerance /2. This gives constants K > 0 and
o1 > 0 such that, for every 0 < o < o1, the time

Tinit = KoVd

satisfies .
| @i (Tinit) — 0| < 2 i=1,2.
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Choose

0p = min < o1, ,
0 { YKV 200Vd
Then 1y < tforevery 0 < o < gg. Let

1 .
Ei(s) = §||u71(5) — z7||2, 1=1,2.

Then, for every 0 < s < t, the assumptions of corollary 37 hold, since s < ¢ < C(«)/100 and
o < C(a)/(200v/d). Hence (164) and its symmetric counterpart for i = 2 apply throughout [0, ¢].
In particular, by lemma 38,

dE; 1

—— <59

ds 27 ||w; |
< By, 1=1,2. (176)

(wi) + B,

Therefore,

2
€
< § + B,t
g2 5 C(a)e?
< -+ 5=
=8 " C(a) 100
Tale
105 <3¢ =1 (77)
Since E;(t) = 1||w;(t) — ||, it follows that ||w;(t) — v|| < e for i = 1,2. [ |
Recall that uq = 7, us = val 2
1 U2H2

Lemma 43 Let ry = wy — v. When ||r1||2 — 0, we have
!
(I — 711111)]—) ((7‘1’ — 911)1]1 + (7‘(‘ — 912)112) = 2sin 5(7"1, 62>€2

— 2<7T — (;) cos% 11+ o(]|r1]]2)-

Letr; = w; — 0,7 = 1,2 and ||r||2 = max{||r1]|2, [|2]]2}-

Corollary 44 When ||r1||2 — 0, we have

<w1 — 0, (I — Wy, ) ((W —b11)v1 + (7 — 912)U2>> < —2<(7T - %) COS% — sin g) [RAE
o([[r1113)-
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Proof [Proof of lemma 43 and corollary 44] Let 1 = w; — v, then r; = o(1). We have
1= [lwll3 = llrs + )13 = 14 2(r1,0) + |13, (178)
which implies (r1,7) = o(||r1]|2). By Taylor expansion, we have

arccos({w1,v1)) = arccos((ry,v1) + (v, v1))
1

= arccos((v,v1)) — —=——=——=={(r1,v1) + 0o({r1,v1))
1- <U, U1>2

« 1
= — _ . 1

5~ gl +olln 79

Similarly, we have
(i, 02)) = & = ——(r1,v2) + o 2) (180)
arccos((wi, vg = B sin% 1,02 ol|[T1(2)-

Then, we have
(m—011)v1 + (1 — O12)v2 = (7r — arccos((wy, v1>))vl + (7T — arccos((wy, v2>))v2

« 1
:<ﬂ_2+s<mwn+dwmﬁ)n
+

in &
11’12

« 1
<7T — 5 + @(n,vﬁ + 0(”7“1”2))1)2

1
:2<w3> cosg-17+ - a((rl,v1>vl+<rl,vz>v2)

S11 b

I

+o(||r1]l2)v,
I—wyw] =1—(ri+0)(r+0)"
=I1—00" —ro —or] +o(|ri2). (181)

Recall that we have

_ U1 — U2 U1 — V2
€1 =v, €= =

HU1—U2||2 QSin%’

o i o « e
U1 = COS —eq + sin —eg, V9 = COos —ej — Sin —es.
2 27 2 2

Then, we have

1
(I—o0")-1= S g (I—o0")- <<r1, v1) ((cos %el + sin %eQ)
o .«
+ <7"1’U2>(COS 561 — sin 2(32))
1
T sing (I—wv') 'Sin%(<7’1,v1> — (r1,v2)) ez
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= 281H%<T1,62>625
o 1= 2<7r - g) cos %ﬁ + o([|[r1]]2),

(6%
1_)7“;— 1= 2<7T — 2) <7’1,?_}>’l_) + 0(”7‘1”2)
= o([|r1]]2),

where the last equality arises from the fact that (r1,9) = —3||r1|3 = o(||r1]|2). Thus, we have

e
(I — 7111152—) ((7‘1’ — 911)1]1 + (7‘(‘ — 912)112) = 2sin 5(7‘1, €2>62
(6% (6
- 2(7T — 2) CO8 5 71 + o(||71]]2)-

Moreover, we have
<’LT)1 -, (I — wlﬂ)]—) <(7T — 911)’01 + (7‘(’ — 012)1}2>>

_ <T17 (I — wyw] ) ((71' —011)v1 + (7 — 912)”2) >

e o «
= 2sin §<T1,62>2 — 2<7r — 2) cos EHTIH% + 0(”7’1”%)

e a a
< 2<Sln2 —(r—5)cos 2) 113 + o(|lr1]13)-

|
Lemma 45 When ||r||2 — 0, we have
(1= 0,1 = 010] ywn ) = ~trisra = bl + o)
Proof Let ||r||2 = max{||r1|2, |r2]l2} — 0. By Equation (178), we have {r;,v) = —||r;]|3/2 =

o(||ill2) = o(||Ir|l2),% = 1, 2. Then, we can get
(I = 00" Jws = |Jwall2( — 00 ") (@ +12) = [lwal2r2 + o([[7][2),

cwe = [lwzll2 - (0,0 +12) - 1 = |lwall2r1 + o(||7]|2),

v
ory - wy = |lwall2(r1, r2 + 0)v = o(||7]|2).

Thus, by (181), we have
(I — wyw] Ywy = |lwa|l2(r2 — 1) + o(||7]2)-
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Moreover, we have

(=0t = oDy ) = (ot = ) + o) )

= —(r1,r1 — r2)|wall2 + o(||73)-

Corollary 46 There exists ¢g > 0 such that for any € < e, if |w1 — |2 < € and ||wa — V]2 < ¢,

we have
3 leY « e
<U_11 -, (I — ’LZ)l’LIJir) <(7T — 911)111 + (7T — 912)U2>> < —5 <(7T — 5) cos 5 — sin 2> HT1||3,
(182)
<u_J1 -, (I — u_)lu_J;r)w2> > —<7’1,7“1 — 7“2)”’[1)2”2. (183)

Proof The first inequality is a direct result of corollary 44. For the second inequality, since
w; = U + r; are unit vectors,

1 1
(r1,w1) :§H7”1H%, <7~711,1172>:1—§H7“1—7"2H%-

Therefore,
<u‘11 -0, - 1171@1T)w2>

1
:(%mwrww+4wn%m—m%)w@mz—vhm—mme.

Theorem 47 Let T, = %, and let €q be the constant in corollary 46. For any 0 < € < g¢ and

0 < Ty <C(a)min{l, 52}/200, there exists og > 0 such that for any o < oy,

lwi(t) — o <&, i=1,2 VI <t<Th

Proof By theorem 42, there exists o3 = o1(¢,11) > 0 such that, for every o < o071,
HIZ)Z'(Tl)—T)”Q <e, 1=1,2

Choose

o0 = min {on, SO
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Let r;(t) := w;(t) — v and
1

Ez(t) = 5‘

lri(t)||3, i=1,2.
Define the first exit time
7 :=1inf {t > T : 3i € {1,2} such that ||r;(t)||2 = €} .
If = > T,, the claim follows. It remains to rule out the case 7 < T,.
Suppose, for contradiction, that 7 < T,,. Without loss of generality,
lr1(m)ll2 = & = [[ra(7)l]2-

By corollary 32, fori =1, 2,

, Cla) | Cla) _ C(a)
Jwi(T) 2 < 200Vd + 7 < o0 T 100 = 50 (184)

Since 7 is the first exit time and € < ¢, the bounds in corollary 46 apply at ¢ = 7. Hence

<r1(7), (I — ﬁq(T)wl(T)T) ((7‘[‘ — 911(7'))111 + (7r — 912(7))v2>> < —;AaHrl(T)H%,

<nv»u—vaMﬂUwv§z—vmmmv%wmwMMﬂm
> 2y () Bl

where
A, = (7’[‘ - g) cosg - sing.
2 2 2

The last inequality uses ||[71(7)||2 > ||r2(7)]|2. By (163), at time ¢ = 7 we have

dE, lri()I3 (3
dt |, = 27flwr(7)[2 g A+ 2m[[wa(7)ll2 (185)
SIVNfW%<_3Aa+2wc«w>'
2rfwi ()2 \ 2 50

The function

_Z Z _sin=
T 5 cos2 S 5

is decreasing on (0, 7/2]. Therefore A, > A/, and since 0 < C'(a) < 1,

3 27C () 3 (3w ™ . T 2m
——Ay+—— < —— | — — —sin— | + —= . 1
27 50 T 2 ( g Py 4) 50 <0 (186)

Hence % < 0. Since Ey (1) = 2 /2, there exists h > 0 such that
T

2

Ei(r —h) > By(r) = %

Thus ||r1 (7 — h)||2 > ¢, contradicting the definition of 7 as the first exit time. Therefore 7 > T,,
which proves the theorem. |
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Lemma 48 (Finite-time radial lower bound under angular confinement) Ler T,, = C(«)/100
and

C()?
My = .
1000
For every finite Ty > T,, there exists craq = €rad(, T2) > 0 such that the following holds. Suppose
that, on an interval [T, T) C [Ty, T),

Hwi(t) - EH < €rad; 1=1,2,
and that cla)
«
ma < un(To)] < 22 i=1,2
50
Then .
lwi®ll > 5% Ta<t<T, i=12
Proof Let
A(t) = |[[wr ()] = llwa(t)]]]-
Also set
« a fa
re =2l (g) _ (7r— 5) cos 5 +s1n§.
2 s
Since ; ) ,
A4, _(r-a/sin(e/) _,
do 2
we have , .
o> 1 €os 7 +smz - 1
™ 2

Together with 0 < C(«) < 1, this implies

1 Cle)
Na = 5 (TS W ma> > 0.

By continuity of the map
w = [(L(w,v1)) + 1(£L(w, v2))

at v, after decreasing ¢,,4 if necessary, we have

r

101 (1)) +1(0i2(t)) > 5 i=1,2, (187)

whenever ||w;(t) — 0|| < &;aq. Moreover, in the same neighborhood this map is Lipschitz, so for
some constant L, > 0,

[1(611) 4 1(612) — 1(B21) — 1(022)| < Lo([lwy — 3| + [Jwz — 0]).

We decrease €,,q once more so that
2LaT2€rad S N
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Subtracting the two norm equations (9)—(10) gives

d 1

@(llwlll — |lwall) = 1(611) + 1(612) — 1(f21) — 1(622) + (l(’v) - 2) (llwr ]| = flwall)-

Since I(y) < 1/2, the upper-Dini derivative of A satisfies
DTA(t) < Lo (|lw1(t) — o[l + [[w2(t) — 9]]) < 2Laraa.
Thus, forevery T, <t < T,
Cla
A(t) § A(Ta) + 2LaT25rad S 5(0) + No-

We now prove the lower bound by a barrier argument. Suppose that the claim fails, and let
T € [Tq, T be the first time at which ||w;(7)|| = m/2 for some 7. Then

Mme

me  C(a)
D - T =5 T

2 50
by (C.1). Using the norm equation for ||w;||, (187), and [(vy) < 1/2, we obtainatt = 7

[wi (T =

Jws—i(7)[| <

d 1
g\lwi(t)\\ =1(0a) +1(0i2) — §Hwi(7')|’ — (7)) [Jws—i(7) |
t=1
rs me 1 (ms  Cla)

> s e 2Dt AR

=921 2<2+50+77“>

T — Mg C(a)

4 200 >0

Here the last inequality follows from r; — m, — C'(a))/50 > 0, which is exactly the positivity of 7.
This contradicts the definition of 7 as the first downward hitting time of m,,/2. Hence no such 7
exists, which proves the claim. |

Theorem 49 For any € > 0 and any T}, Ts satisfying 0 < Ty < C(a) min{1,£2}/200 < T, there
exists oo > 0 such that for any o < oy,

Jwi(t) — o) <e, i=1,2, V1 <t<T.

Proof Let T, := C(a)/100 and K, := 8000/C(a)?. We also write

A, = (7r — %) COS% —sin%.

Let € be the constant in corollary 46. If Ty > Ty, let £,,4 = €rad(, T2) be the constant in lemma 48;
otherwise set £.,q = 1. Put

€4 = min{e, €0, Erad }-
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Choose

K. T
0<z—:1<€*exp<— 02‘2),

and define

: 2
Ty := min {T1, Clo) H;;r(l){l,el}} .

By theorem 47, there exists o7 > 0 such that, for every o < o1,
lwi(t) — o] <e1, i=1,2, VIp <t<T,. (188)

If 75 < T,, then (188) proves the claim because Ty < T} and €; < €. Hence we may assume
T > T,.

Choose g < o1 small enough so that 7p < C(«)/(200v/d) and ||w;(0)|| < 2 fori = 1,2. Then
corollary 33 gives

Let

Let
7= {o= T maslont) o) = 2.},
=1,

If 7. = &, then the conclusion is immediate. Otherwise, let 7 := inf T,.. We prove that 7 > T5.

Suppose, for contradiction, that 7 < Ty. For t € [T, 7], the bounds in corollary 46 apply. Also,
corollary 36 and lemma 48 give, for T, <t < 7,

Cla)* .
()] = , =1,2. 18
[[ws ()| = 2000 ? (189)
If F(t) > E5(t), then the same estimate as in (185), together with (189) and ||ws(t)]] < 2, gives
dE, 1 3 , )
= — SAallri ()1 + 27 |r (¢ t
dt — 27T||w1(t)”( 5 Aallr ()17 + 2r|r ()7 flws )H)
2000 ,
< ——5 4 t
= 27C()? 7|lri ()]
< K Eq(t). (190)

Similarly, if E5(t) > E;(t), then 42 < K, B (t). Thus, for
M (t) = max{E(t), Ea(t)},
we can compare M as follows. On any subinterval where M (t) = F(t), we have

d 4y

il (e—KatM(t)) _ e_K"‘t < 5

— K.Ei(t) | <0.
4 1)) <
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On any subinterval where M (t) = Es(t), the same argument gives

d K _ —Kat
a(e K M(t) =e = <

dEy

— K, FE5(t) | <0.
% 2()>_0

At the switching times, where the maximizer changes between E; and Fs, the function M is
continuous. Therefore the above inequalities can be concatenated over [T}, t], and for every T, <
t<T,

< (191)
This contradicts the definition of 7, since M (7) = €2/2. Hence 7 > T, and therefore
lwi(t) —v]| <ex<e, i=1,2, VI1 <t<Ts.
|
Corollary 50 Foranye > 0and 0 < T} < %10’52} < Ty, there exists oy > 0 such that for any

O'SO'O,

10:; () — %| < &,|sin (1) —sin%] <e, i=1,2=12VT <t<T.

Proof Fix ¢ > 0 and let ¢; := (7, v;) = cos § for j = 1,2. Since « € (0, 5], we have ¢; € (—1,1),
and hence = +— arccos x is Lipschitz in a neighborhood of c¢;. More precisely, there exist p > 0 and
L > 0 such that

| arccos x — arccosy| < Llz — y|

whenever |z — ¢;| < pand |y — ¢;| < p. Choose

. p €
0 < l,e, =, — ».
<77_m1n{ ’872’2L}

Let

. C(a) min{1 772}
/. )
7] = min {Tl, 200 .

Since n < eand 0 < C(a) < 1, we have

C(a) min{1, n?} < min{1, &%}
200 - 200

< Ts.
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Therefore, by theorem 49, there exists og > 0 such that for any o < oy,
lw;(t) —v|| <n, i=1,2, VI] <t<Th.
Thus, forall 77 <t <Tsand,j =1, 2,
[(@i(t), v;) = (0,v5)| < |wi(t) — T <n < p.

Since 0;;(t) = arccos((w;(t), v;)) and arccos((v,v;)) = §, the Lipschitz bound gives

0ij(t) — ‘2)“ = | arccos({w@i(t), v;)) — arccos((v, v;))]

< L|(@i(t) - v,v;)|
< Lljwi(t) = 7] < e.

Finally,
0;:() — 2 0.:(t)+ 2
Sineij(t)_sm‘ = 2|sin ”(; 2 cos ZJ(; 2
< 1045(t) % <e

Lemma 51 For any € > 0 and any finite time T > 0, there exists oy > 0 such that for any
0 <o <oy,

lwi @) = lwa®)[|| <&, VO<t<T. (192)

Proof Choose 0 < £7 < 1 small enough so that

T/

C(a) min{1,&3} <
200

By theorem 49, there exists o7 > 0 such that for all o < o7,

9e1e’/? <& and tg:= T.
Choose o9 < min{oy,e1/(100v/d)}. Let
A(t) = [Jlwr (8)]] = [lwz(B)]I]-
For 0 <t < tg, corollary 32 gives
A(t) < Jlwr @) + [lwa @)
< 4oVd + 2ty
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ca, Cd
- 25 100 —
It remains to consider ¢ € [to, T]. By (193), fori = 1,2,

€1 < €. (194)

[wi(t) — o] <er.
Hence, by the triangle inequality,
[ (t) — w2 (B)|| < [[@1(2) — ol + [lw2(t) — 0] < 2e1.
Since w; (t) and ws(t) are unit vectors,

Ji1(¢) — ma()] = 25in 20

For 0 <z < /2, we use sinx > x/2. Therefore,
")/(t) SQH@l(t)—ﬂ)Q(t)” <dey, to<t<T.
We also record a Lipschitz estimate for the teacher forcing. Since
(m—0)sind
27 ’
we have |I'(0)| < 1/2 for all § € [0, w]. Moreover, the angle map is 1-Lipschitz:
|‘91j — 02j| = ‘A(wl,vj) — Z(U_)Q,Uj)’ < Z(ﬂ}l,’d)g) =.

() = -

Hence
2 1
Z} (1(61) = 1(62))| < 5 Z 015 — 0251 <.
]:
Using (9) and (10), we obtain, fortg <t < T,

> (161 - 1820) + (10) = 3 ) (]~ el

DTA(t) <

§4€1+§A(t). (195)
Gronwall’s inequality for upper-Dini derivatives then yields, for tg < ¢ < T,
A(t) < e(t—to)/QA(tO) + 851(6(t—t0)/2 - 1)
< eT?(A(to) + 8¢1)

<9672 <. (196)

|

um:“ﬁm“m,qumwwwmk%wwfm%%mR%Mm

ws, = 750. We have dt‘ = 0, which implies VL(wgaadle) = 0. Let {u; = 0,us =

ﬁ, ug, Uy, . . . , Ug} be an orthogonal basis of R?. Under this basis, we assume w; = > Zijuj.
j=1
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Lemma 52 For any € > 0 and any finite time T > 0, there exists og > 0 such that for any
0 <o <oy,
|2171(t) — 22,1(t)| <eg, Vo<t<T.

Proof Choose 0 < £7 < 1 small enough so that

C(a) min{1,e2} -

T.
200

E1+€%<E and tp =

Choose og < 51/(100\/3). For 0 < t < tg, corollary 32 gives

21,1 (t) — 22,1(D)] < |z1,1(8)] + [22,1(2)]
< flwr ()| + lw2(2)]|
< 4oVd + 2t

< C(a)e?

< 2 - ¢ 1
< o 100 <er+ef<e (197)

We now consider tg < ¢t < T'. By theorem 49 and lemma 51, after decreasing o if necessary, for
every 0 < o < og we have

|lw;(t) — o] <e1, i=1,2, \le(t)u — sz(t)u] <e, Vtg<t<T.

Since u1 = v and z;1(t) = (w;(t), v), we have

The directional bound gives

and hence
i1(t
I A 1GNP
2wl
Therefore,
21t z2a(t) ’< el
Jwi@®)]]  flw2(®)]| ~ 2

Since 0 < £1/(100v/d) and 1 < 1, the initialization bound gives ||w;(0)|| < 20v/d < £1/50 < 2.
Hence corollary 33 implies ||w;(t)|| < 2 forall ¢ > 0. Also,

2271(15)
[wa (D)

\ — V(a(t), )| < 1.
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We obtain
1200) = 22200 = [lun(0] (25 = 80 ) + (o @] = a0l f“fffn\
< Jun(0)] [ 25 = P o 0l - Tl 225
.
32-51+51
=2 te<e

Theorem 53 For every p > 0, there exist ty = to(c, p) > 0 and o9 = oo(c, p,d) > 0 such that,
forevery 0 < o < oy, if

=inf{t > 0: |w(t) — wsaadte| < p},

then t3 < tg.

Proof Recall that
(7r— %) cos § +sin §

rs =
7r
Choose 0 < €7 < 1 small enough so that
C(a)e? 7y 9 4e? 9
9 < =, 2( (10 < p-. 198
T 00 2 W)+ 1=z ) < (198)
Set
P Claey
i 200
Choose T such that )
1
T > max t*,i,rs+ .
20070 &

By theorem 49, corollary 50, lemma 51, and lemma 52, after choosing g > 0 sufficiently small, for
every 0 < o < og we have, forallt, <t <T,

[wi(t) — o <en,

o
0,(t) — 5‘ <el

sin 0;;(t) — sin%’ <&, =12 (199
211 (t) = z21()] <e1, [[lhor(®)] = w2 ()| < e1.
We also assume og < min{1/(1000v/d),7s/(8v/d)}. Then the initialization bound and corollary 33
imply
Jwi(t)]| <2, i=1,2, Vt>0.

From corollary 32,

T
210 (t)] < Hlwa(t)]] € 20Vd o+t < 2 4t <o = 921,
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where the last inequality follows from (198). Define
T ={te[te,T]: |211(t) — 1| <9e1}.
We first show that 7 is nonempty. Suppose otherwise. Since 21 1(t«) < rs — 9¢1, continuity implies
re —z11(t) > 91, Vi, <t<T.

On this interval, (199) gives

Hence 23 1(t) > 0, and

O [ a2
2100~ o] ““)‘ | 2(“”’”@@)” ||w1<t>||‘

The teacher part in the z1 1-equation satisfies

1

o ((271’ — 011 — 912) COS% + (Sin 011 + sin 912)<7I)1, Q_}>>

> 1y — 261 — €3,

Indeed, this follows from

2
Q . e o €
‘6’1]' — 5’ < €1, ‘smelj —sm§‘ < e, (w1,0) >1— 51,

and the identity
1
s = oo ((277— a)cos% +251n%) .
Also, v —siny > 0 and 221(t) > 0, so the first coupling term below is nonnegative. The last
coupling term is bounded below by —&%, because siny/(27) < 1 and the preceding display gives

the needed absolute bound. Using Equation (5), we then have

dzy1(t 1 o . . o
1(1’1() = % ((271’ — 611 — 912) COS 5 + (Sln 911 + sin 912)<w1, U>)

1 — sin
— 2171(t) — *(2’2,1@) — 2171(15)) + uzm(t)
2 2T
siny [[wa(®) ]
+ (Zz,l(t) - z1,1(t)
2m [[wi ()]
>, — 261 —5% —z11(t) — %1 —5%
5
= (re —2z11(t)) — 561~ 2¢]
2 £1.
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Therefore,

21,1(T) > z11(ts) + e1(T — ts)
> 1T —erte — |21,1(ts)]

Syl (20\/&+t*)

200
>ro+1 L L 1
, R S
= 200 500 200
>Trg,

contradicting the assumption that 7" is empty. Thus 7 # &. Since 21,1 is continuous, 7 is a closed
subset of the compact interval [¢,, 7], and hence it has a minimum. Let 7 := min7. Then 7 < T
and

|z11(7) — 7] < 9e1.

Together with (199), this gives

22,1(7) = 7| < |221(7) = 212 (7)| + [21,1(7) — 7]
§ 1051.

Hence |2; 1(7) — 1| < 10eq fori =1, 2.

By (199),
2
<U_JZ(T)”I_}> = zz71(7_) >1-— %, 1= 172
> = 7 (7)?
Therefore,
Zj:l 2i,j(T) 1 < 1
zi1(7)? (1 )2 1—ef’
and hence

d 2
6 .
E :Zi,j(T)z < 1712%,1(7)2, i=1,2.
Jj=2
Since z;1(7) < |lw;(7)|| < 2, we obtain

2 2 d

lw(r) = weadaiel® = Y (zin (1) = 75)° + DY 2i(r)?

i=1 i=1 j=2

2 52
< Z; <(zi,1(7) —re)? + 11522’71(7)2)

4 2
<2 <(1051)2 + 1 2>

< p2.

Thus ||w(7) — Wsaddle|] < p, s0 t3 < 7 < T'. Taking to = T proves the theorem. |
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C.2. Phase 2: saddle avoidance

Theorem 54 (Generic saddle avoidance) For Lebesgue-almost every initialization, the gradient-
flow trajectory (3) is defined for all finite time, does not reach a zero student weight, and does not
converge to a saddle point. Consequently, by theorem 3, it converges to a global minimum.

C.2.1. PROOF OF THEOREM 54

Proof We verify the hypotheses of the standard stable-manifold argument for gradient flows. It
suffices to consider the open set

Q= {(w1,ws) € (RY)?:wy #0, wy #0}.
The complement of {2 has Lebesgue measure zero. On (2, the closed-form ReLU kernel

ulla|lv .
— H|227|l|2 (sm Ouv + (M — by ) cos ewv)’

El¢((u, 2))((v, )]
shows that L is C? in a neighborhood of every nonzero stationary point. The apparent singularities
at collinear pairs are removable at the C*? level: the bracket equals 7 — F6% + O(6?) as 6 — 0 and
equals O((m — 6)3) as @ — . Thus the gradient-flow vector field is C* near each saddle listed in
theorem 3.

We also need to exclude finite-time exits from 2. We claim that the set of initializations in €2
whose maximal classical trajectory reaches 0f2 in finite time has Lebesgue measure zero. It is enough
to treat the face {w; = 0,wy # 0}, the other face being identical. Write w; = ru with r > 0,
u € S9!, and write wy = Ra with R > 0and a € S* 1. With [(§) = ((7 — 6) cos 0 +sin ) /(27),
define the residual correlation

Uy (w) = 1(ZL(u,v1)) + 1(L(w,v2)) — RI(ZL(u,a)).

The radial and angular equations near r = 0 are

. 1 . 1
7= Wy, (u) — 57“, U= ;ngqlllm (u),

where the second identity is the spherical-gradient form of (7). After the time change d7 = dt/r, the
equations extend to the blown-up boundary » = 0 as the definable C'* system

1
r = r(\Ile, (u) — 57‘), u' = Va1 Uy, (u), wh = 7.

If a trajectory reaches » = 0 in finite original time, then in the rescaled time it converges to the
boundary critical set

C_ = {7“ =0: ng71 \I/w2 (u) =0, \I/w2 (’U,) < 0}.

The case Wy, (u) = 0 gives only 7' = —r%/2 + o(r?) and therefore [ r(7)dr = oo, so it cannot
give a finite-time collision. At each point of C_, the angular critical point is not a local maximum of
U,,. Indeed, all relevant directions lie in span{vy, v, a}. In this at-most three-dimensional span,
a scalar second-variation check on great circles through the critical point gives a tangent direction
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e for which, with u(y) = cos @ u + sin g e, the function 1) () = U,,, (u(y)) satisfies )" (0) > 0
whenever ¢ (0) = 0 and 1(0) < 0. The check uses only

l,(@):_(ﬂ'—;isine7 /(9) =

sinf — (m —6)cos 6

or ’

after ordering the signed angles to v, v2, a, the equation ¢)'(0) = 0 eliminates the coefficient R.
This gives

1
" (0) = —1(0) + ;(sin 61 + sin 6z — Rsinb,),

and the ordered critical equation makes the sine term nonnegative whenever ¢/(0) < 0; degenerate
collinear cases follow by taking limits. Thus the desingularized flow has an expanding tangent
direction along C_. The local center-stable manifold theorem, applied on the finite smooth strat-
ification of this definable boundary critical set, shows that its stable set has codimension at least
one in the blown-up coordinates. Blowing down (7, u, w2) — (ru,w2) and taking a countable chart
cover preserves Lebesgue null sets. Hence finite-time collisions with 02 occur only for a null set of
initializations.

The trajectory is also precompact. Indeed, writing f,(x) = ¢({(w1, z)) + ¢((wa, z)), we have

1 *
5(\!101\!3 +[|w2]|3) < Efu(2)? < 2Ef*(2)® + 4L(w1, w2),

where the first inequality uses the nonnegativity of the student cross term, and the second is the
triangle inequality in L?. Since L decreases along gradient flow, every trajectory in ) stays in a
compact sublevel set. The same closed-form expression makes L definable on this compact set, so
the Kurdyka—Iojasiewicz convergence theorem for bounded definable gradient flows [11] implies
that the trajectory converges to a stationary point.

It remains to exclude convergence to nonglobal stationary points for almost every initialization.
The closed-form stationary equations are definable, so the nonglobal stationary set admits a finite
smooth stratification. By theorem 3, these strata are exactly the in-plane saddle families and the
scalar-parameterized out-of-plane saddle family. Along each stratum the gradient is identically zero,
so tangent directions lie in the kernel of the Hessian. The proofs of lemmas 25 and 26 show that
every nonglobal stationary point has a strictly negative Hessian direction transverse to its critical
stratum. Equivalently, the linearized gradient flow has a strictly expanding normal direction.

The local center-stable manifold theorem therefore gives, near each saddle stratum, a center-
stable set of codimension at least one containing all trajectories that converge to that stratum. These
local sets have Lebesgue measure zero, and a countable cover of the saddle strata gives a countable
union. Pulling these sets back by the time-n flow maps, n € N, still gives measure-zero sets because
the flow maps are local C'! diffeomorphisms on 2. Hence the set of initializations whose trajectories
converge to a saddle has Lebesgue measure zero.

For every remaining initialization, the limiting stationary point is not a saddle. The landscape
classification then leaves only the two global minima, (v, v2) and (ve, v1). [
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C.3. Phase 2: escape directions near the bisector saddle

Lemma 55 (Hessian eigenspaces at the bisector saddle) A7 wgaqqie = (750, 750), the negative
eigenspace of V2 L(Wsaddie) is

span{(va, —va), (uj, —uj) : 3 < j < d}.

The planar antisymmetric eigenvalue is —2 sin(c/2)/(mrs), while each out-of-plane antisymmetric
eigenvalue is — sin(a/2) /(mrs). The positive eigenspace is

span{(v,0), (va,va), (uj,u;) : 3 < j < d},

and the kernel is span{ (v, —v)}.

C.3.1. PROOF OF LEMMA 55

Let wg be the vector lies on the angular bisector of the two teacher vectors v; and v, and with

norm |lwsll2 = (ﬂ_%)ms;%)ﬂm(%). Let the saddle point be wgaqqle = (ws, ws), and let w(t) =

(w1 (t), w2(t)) be the student vectors.

We start with the following equation:

lde_wsaddlng = (w —w d7w>
9 dt saddles dt

(
<w — Wsaddle» _va(w)>
(W — Weaddle, —H (W — Wsaddie) + o(||w — Wsaddiel2))

= _<w — Wsaddle> H(w - wsaddle)> + O(H’LU - wsaddle”%)a

where H is the Hessian matrix of the loss function with respect to the student vectors. And we
need to calculate the Hessian matrix H of the loss function with respect to the student vectors. By
Theorem 5 in [33], we have that the Hessian matrix is given by

A B
_ 72 _
H =V L(ws,ws) = <B A> ,

where A and B are given by

1 sin(a /2
A=—-1-— sin(a/2) (I—T)’DT—FUAUZ),
2 Ty
1
B == 5[,
where U = % is the normalized mean of the teacher vectors, vao = ﬁ is the normalized

vector orthogonal to ¥, and 7, = (r=2) COSS?HSIH(E).

By linear algebra, the eigenvalues of the matrix (g i) are given by the eigenvalues of the

matrix A + B and A — B. In addition, the eigenvectors of the matrix (g lj) are given by
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where x is the eigenvector of A 4+ B, and (_XX) where x is the eigenvector of A — B. The

eigenvalues of the matrix A + B are given by

i 2
A2,..d—2=1~— M, with d — 2 eigenvectors x L span{v, va },
s
25si 2
Adg—1=1-— M, with 1 eigenvector va,
Ty

Aq = 1, with 1 eigenvector v.

The eigenvalues of the matrix A — B are given by

sin(a/2 . .
Adt1,d+42,...2d—2 = —M, with d — 2 eigenvectors x L span{v,va},
mrs
2sin(a/2 . .
Aod—1 = —M, with 1 eigenvector v,
T

Aog = 0, with 1 eigenvector .

In the notation of the main text, » = v = uq and &« = vaA = us. We order the orthonormal Hessian
eigenbasis as follows:

71( ), 1<j<d-—2 1( ) 1(“)
e; = U4 7’[1,- , < < — 2, e :7u7u , e :71}71}’
j ﬂ j+25 Uj+2 J d—1 \/§ 2, U2 d \/5
1 .
edrj = —=(ujy2, —ujr2), 1<j<d-2,

S

1 r,
€2d—-1 = E(UQ, —ug), €24 = E(vv —10).

Let {ei}?il be the orthonormal Hessian eigenbasis at wg,qqle, With eigenvalues \;, and write

2d
w(t) = Weaddle = Y _ Ti(t)e;.
i=1
We define the nonnegative- and negative-eigenspace components by

Vit)= > wmte, V()= Y wi(t)es

X >0 A <0

Let tin be the first time at which ||w(tin) — Wsaddle|l2 = €. We use two stopping times measured
from t¢;,,: Aty is the rebalancing time, when the nonnegative-eigenspace component has become
comparable to the negative-eigenspace component, and Aty is the escape time, when the trajectory
first reaches radius €1 from the saddle. More precisely,

Aty =1inf{r > 0: [|Vi(tin + 7)[|2 < CI|V_(tin + 7)]|2},
Aty = inf{T >0: Hw(tin + 7') — wsadd]eHQ = 61}.
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ey Coordinate Meanings

r: angular bisector of the teacher function

y: in-plane direction perpendicular to z in span{vi, v}
z: any direction orthogonal to span{vi, v}

Escaping Eigen-Directions at the Saddle Point

w

2sin(a/2

S gy, 3= 2002
Trs

- il /9
Z — (i, —wi) (22 3), A= _sinfa/2)

iTs

Figure 11: Hessian eigendirections at the positive-bisector saddle. The unstable directions split the
two weights antisymmetrically.

Proposition 56 Let Aty(e,e1,00) = min{Aty, Ata}. Then P(Aty < +00) = 1.

Theorem 57 (Escape time near the bisector saddle) Let V_(t) and V. (t) be the projections of
w(t) — Wsaddle Onto the negative and nonnegative Hessian eigenspaces at Wgaddle, respectively.
There exist constants C' > 1 and €9 > 0, depending only on «, such that the following holds. Let
0 < e,e1 < egqsatisfy Ce < e1. Let ty, be the first time such that

Hw(tin) - wsaddleHZ =¢&,

and define
Aty = inf{T >0: Hw(tm + 7') — wsadd]eHQ = 61}.
I [V (tin)ll2 < ClIV-(tin) |2, then .
Aty =, log =
€
IV (tin)ll2 > ClIV-(tin) |2, ler

Aty =inf{7 > 0: ||Vi(tin + 7)|l2 < ClIV_(tin + 7)||2}-

Then Aty < Aty and
€1
Hw(tin + Atl) - wsaddle”Z ‘

Aty — Aty =, log
Here the implicit constants depend only on «.
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Proof [Proof of theorem 57] We use the Hessian eigenbasis from appendix C.3.1. The zero eigendi-
rection is tangent to the saddle family, so the transverse estimates below only use the strictly positive
and negative eigenspaces. Thus, within this proof, V. denotes the strictly positive component. Write

2d
x(t) = w(t)~weaade = Y wi(tei,  IVA@IE= D @@ IV-@IF= Y =)™
1=1

A >0 i:Ai<0
(200)
By Taylor expansion of the gradient at wgaddie,
dﬁf) = —VL(w(t)) = = V2L(wsaddie) (w(t) — wsadare) + o([|w(t) — wsadde]2)
2d
== (Nmilt) + ri(x(t))ei. (201)
i=1

Set
ts = tin, |w(ts) — Wsaddiel|2 = €.

For the spectral constants, define

AT = max \; AT = min )\ A, = INax \;
max i:A; >0 v min i:A; >0 v max i:A; <0 v
A= min )\ Amin = min | \; A = max |X].
min =N <00 i 1§z’§2d—1| il fax 1§z‘§2d| d

The constant C' in the theorem will be chosen large. In the proof it is useful to use an auxiliary
balancing threshold Cy,, < C. Choose C' large enough that the denominator below is positive.
Define

- 2 hax
51 o _)\min + C‘n’n?a
l)\+ _ 2)\$ax ’
4 'min C2

We then choose C},,; so that
max{1,C} < Cpa < C,  C>1+CE,.
This is possible after increasing C, since C stays bounded as C' — oo. Finally set

)\ .
C" = &7
2(Cbal + 1)d

and decrease € to make the Taylor remainder small in the energy estimates. More explicitly, if
S+:{’i:>\i>0}, 57:{i1>\¢<0},

then, whenever ||x(t)|]2 < &g,

23 ai(O)ri(x ()] < OV () 2lx ()]l

€S
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These are the only Taylor remainders used below when differentiating ||V, ()||3 and | V_(#)]|3.

Case 1. Suppose that
[V (ts3)ll2 < Charl[V-(t3)|l2-

This comparability persists until the escape time. To see this, write
F(t) = V2 ()3 = CRallV-(1)3-
We also use the elementary bound
%@l < IVe@ll2 + IV-(D)ll2,

which follows directly from the definitions in (200). We show that F' cannot cross from nonpositive
to positive. Let s < t3 + Ato be any boundary time with F'(s) = 0. Then

IVi(8)ll2 = Coal[V-(s)]l2-

Using (201), we get

() =—=2 ) Aiwi(s)® +2C% D Aiwi(s)?

Z€S+ 1E€ES_
-2 Z x;(s)ri(x(s)) + 202, Z xi(s)ri(x(s)).
€S+ 1€S_

The first line is the linearized Hessian contribution. Since the positive eigenvalues are at least Apin
and the negative eigenvalues are at most — Ay, the crossing relation gives

-2 Z Aixi(s 24 2Cbal Z Aizi(s 2 < —4min|| V5 (s )H%

€S+ 1€S_

The second line is the Taylor remainder. By the preceding remainder bound and the equality
IV (s)|l2 = Chal||V=(s)]|2, its absolute value is at most

C" Vi (s)ll2llx(3) 2 + CEuC" IV=-(5)ll2llx(5) |2 < Amin] V2 (5) 3.

Hence
F'(s) < —3Amin|[Vi(s)]3 < 0,

so every boundary point points back into the region F' < 0. Since F'(¢3) < 0, this rules out a crossing
from F' < 0 to F' > 0, including the case F'(t3) = 0. Hence, throughout t5 < t < t3 + Ats,

IVE@®ll2 < CoarlV-(®)ll2, V=13 < x5 < (1 + CR) V-3

For the negative component, (201) gives, for ¢ € [ts, t3 + Ats],

%HV )3 = -2 Z Nizi(t)* —2 Z z;()ri(x(t))

i€S_ 1€S_
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On the same interval, the comparability above and the Taylor remainder bound give

2 Z 2 (t)ri(x ()| < C"(1 + Coa) | V- (1) |I3.

€S

Also, for every ¢ € [t3,t3 + Ata], since A . < \; < A, < Oforallie S_,

2(Ama) V- ()13 < =2 ) Nii()® < 2(=A5,) V- ()13
€S-

Thus we may take

a_ = 2(—/\;1&)() - C”(l + Cbal)v b_ = 2(—>\_ + C”(l + Cbal)'

min)

Combining the last two estimates with the decomposition of %HV_ (t)||3, we get, for every t €
[t37 t3 + AtQ]v

d _
ZIV-0l2 = 220 V-5 = C"(1+ Co) [V- ()13 = a-[V-(#)]]3,

IV-(®)1I3 + C"(1 + Coa)) V- ()13 = b-[[V-(2)II3.

— min)

d 2
—||V_(t <2(=AX

These constants satisfy 0 < a_— < b_. Indeed, since — A, > Amin and C” (14 Cha1) = Amin/(2d),

)\min > 0.

a— > 2\min — 2d

Moreover,
b —a_ = Q(Ar;ax - )\I;in) + 20//(1 + Cbal) > 0.

All constants used here depend only on «a: the eigenvalue bounds A\ AE Amin are fixed by the

max’ “‘min’
Hessian at the saddle; C},,) is chosen from these spectral constants; C” is then defined from A,

and Chp,1. Thus a_ and b_ also depend only on . We have proved that, for every ¢ € [t3, t5 + Ats],
d
aV-0)lz < L IV-@)llz < b-[IV-()][3. (202)
Integrating gives
V= (t3)lI3e ) < Vo ()15 < V- (ts)[15e" 1),

Applying the norm comparison at ¢t = t3 and at t = t3 + Ato, we obtain

1 2 1 (1+C2 )e?
—log ———— < Aty < — log ———Pall"l 203
The only radius gap used in the last display is
g1 > (1+CZ)e. (204)
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Since 1 + CZ,, depends only on o, C > 1+ CZ |, and &1 > Ce, (204) holds. Therefore
Aty =<, log e
£

in the comparable case.

For the remaining two cases we use one common observation. Suppose that
Vi (t3)ll2 > Chall V- (t3)]]2-
Introduce the auxiliary balancing time

Atpa = inf{7 > 0: |[Vi(t3 + 7)|l2 < Cpal||V-(t3 + 7)ll2},
Aty = inf{T >0: Hw(tg + 7') — wsaddleHQ = 61}.

We first show that Aty < Ats. Suppose, to the contrary, that Aty < Atya). Then
HV+(t)H2 > CbalHV_(t)”Q, t3 <t <t3+ AtQ.

We will show that the endpoint instead satisfies ||V, (t3 + Ata)[l2 < C||V_(ts + Aty)]|2, which
contradicts C' < Ch,. For any t € [t3, t3 + Ata], the decomposition (201) gives

d
EHVJr |]2——2Z)\:cz —QZmZtnxt

ZES+ i€S+

The Taylor remainder bound gives
2| > zi(t)ri(x(t)| < C" Ve (®)ll2]lx(t)]]2-
1€S54
On this interval, the contradiction assumption gives || V_(¢)||2 < Cy_} ||V (t)]|2. Hence

le()ll2 < [V @)ll2 + [V=()ll2 < (1 + CoplI Vi (@)ll2 < 20V (B)]]2-

Combining these estimates, for every ¢ € [ts, t3 + Ats],

d
VOl < =225, IV 015 + 2C7 Ve ()13
< AallVa @13 <0, (205)
where the last inequality uses
Ao
2C" = ———— < Amin < AT,
(Cbal+ 1)d — — min*

Here the first inequality follows from (Ch, + 1)d > 1, and the second follows from the definition
Amin = minj<j<og—1 |Ai]. It follows that

IVe@®ll2 < [Ve(ta)llz, T € [ts, 3 + Ata].
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Next we compare the loss. Using the coordinate definition (200), Taylor’s theorem at wgyqqdie gives
1
L(w(t)) — L(wsaadie) = (VL (wsaadie), X(t)) + 5 (x(2), V2 L(wsaaae)x (1)) + RL(t),

where Ry, (t) = o(||x(t)||3). The linear term is zero because V L(wgaqdle) = 0. Also, since {e; }24,
is an orthonormal Hessian eigenbasis with A& L(wsaddie)€i = i€,

(x(t), V?L(wsaadie)x Z)\ z;(t

Thus
L(w(t)) wsaddle = Z Ai xl + RL( )

After decreasing ¢, we may assume that, whenever ||x(t)||2 < €o,

. 1
RLO] < min { 5N e N 5 } (VO3 + V- OIB)

On the interval ¢ € [t3, t3 + Ats], we are still under the temporary assumption Ate < Aty,). By the
definition of Aty,, the trajectory has not yet entered the balanced region, so

Vi@l > Coarl[V-(#)]l2-

Since Cha > 1, this gives ||[V_(t)||2 < ||V4(2)||2. Therefore
L(w(t)) = L(wsaddie) < 2)‘+ax||v+( )3 + Al Vi ()13
<225 VA3
< 2)‘$ax||v+(t3)”%
< 2)\I—l_1aXHX(t3)H2 - 2)‘max

On the other hand, for every t € [t3, t3 + Ats],
1 _
L{w(?)) = L(wsadaie) = 5 Ml Ve @115 + QAmIHHV—(t)Ilg
1 _
- 4 mmHV'F( )HQ + 2)‘m1nHV_(t)Hg
1
= 4 mln”v-i-( )HQ + )\mlnHV—(t)H%

At the escape time t3 + Ato, the definition of Aty and 1 > Ce give the first relation below. The
loss comparison above gives the second:

Vi (s + At2) |5 + V- (ts + Ata) |3 = f > C2&?, (206)
e Vi (ts + At2) 13 + Ao Vo (B3 + At2) |13 < 2087 (207)

4 min
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By (206),
1
e’ < o] IV (ts + Ata) |15 + V- (t3 + At2)][5) -

Substituting this upper bound for £2 into (207) gives

1 _
o[V (83 + Ato) |5+ Ay [V (ts + Ato) I3
2Ar_‘r—1ax 2 2
< =25 (Vi (ts + Ata) I3 + [V (ts + Ata)3) -

Rearranging,

1 oA b
(0 22 ) it 4 At < (g + 2338 ) IVt D)

By the definition of C, this is
IV (ts + Ato) 15 < CP|[V-(t3 + Ats)[3.
Hence

Vi (ts + Ato)||2 < C|[V_(t3 + Ata) |2
< Cpal|| V- (t3 + Ata)|[2,

contradicting the assumption Aty < Atyp,). Therefore

Atbal < A152-

Case 2. Suppose that the initial ratio lies between the auxiliary threshold and the theorem threshold:
Coal[[V-(3)[l2 < [[Vi-(t3)[l2 < ClIV-(t3) ]2,
Then the ratio is already bounded by a constant depending only on a.. On any time interval where
Chal[V=(t)ll2 < [V (®)[l2 < ClIV=(D)]]2,

The V. -estimate is the same calculation as (205). The V_-estimate is the same calculation as (202),
with the factor 1 4 CY,,; replaced by 1 + C'. Hence there are constants ., Gumid, bmig > 0, depending
only on «, such that

4

SV (@)I3 < buiallV- (O]

d
al!‘@(t)llg < —eVE@OI3, amiall V-3 <

Thus the ratio )
_IVE®IE

RO = vl

satisfies
R'(t) < —(cy + amiq) R(t)

122



GRADIENT DESCENT ON TwO RELU NEURONS:GLOBAL LANDSCAPE AND BIFURCATION DYNAMICS

as long as CZ,; < R(t) < C?. Since R(t3) < C?, the ratio cannot cross above C'? before reaching
C’gal. Hence the estimate applies up to Atp,, and

A< — " 10s & —0.)
bal > (6] = .
T 7 e+ amia © Chan :

The same exponential bounds show that ||[V_(t3 + Atpal)||2 is comparable to ||[V_(t3)||2, with
constants depending only on «. Since ||x(¢3)||2 = € and the initial ratio lies between Ch,y) and C,
we have ||[V_(t3)||2 <q €. At t3 + Atpal, the defining relation ||V (t3 + Atpal)|l2 = Chall| V- (t3 +
Atpar)ll2 then gives

Ebal := ||X(t3 + Atpar)|l2 < €.

It remains to apply the comparable case from this new starting time. To avoid changing the meaning
of the original Ats, write the remaining escape time as

Aty = inf{r > 0 : [[w(ts + Atpa + ) — Weaadie]l2 = €1}
Since Aty < Atg, the original escape time decomposes as
Aty = Aty + Ato.
There are two subcases. First suppose that
e1 > (1+ C2)evar,
which is (204) with € replaced by ey,,). The comparable case, applied with initial radius 4, gives
€1

th =, log .
€bal

Since C has already been fixed as a constant depending only on «, the comparison ey, =<, € gives

€1
=1
Ebal

log og%1 + Oq(1).

Together with Aty = O, (1), this gives
Aty =, log £
€

It remains to consider the complementary subcase
2
1 < (1+ Cia)epar
The comparison €, <, € then gives

€
C <~ <0a(1),
so log(e1/¢) <4 1. We next bound Ato from above. At time t3 + Aty,), the ratio is exactly Ch,), SO
the comparable-case argument applies from this new starting time. The upper bound in (203), with
initial radius ey,5), gives
—~ 1 1+ C32 )e?
a— €hal
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In the present subcase £1 < (1 + CZ,))epal, and o < €1 because t3 + Atpa < t3 + Atg and
t3 + Atg is the first time the /rgdius reaches 1. Hence the logarithm above is bounded by a constant
depending only on «. Thus Aty = O, (1), and therefore

Aty = Atpa + &2 = Oa(l).

For the lower bound, the spectral constant A\, defined above controls the linear part in (201).
The Taylor expansion there has remainder vector 7(x(t)) = (r;(x(t)))?%, = o(||x(t)||2). After
decreasing g, we may assume

lr(x(E)ll2 < [[x(#)l2 whenever [[x(t)[l2 < o
Thus, as long as ||x(t)||2 < ep,
[X(®)l2 < Amax[Ix(#)[l2 + [I7(x(£))[l2 < (Amax + DIx(E)]]2-

By the coordinate definition in (200), x(t) is the displacement from wg,qq1e in the Hessian eigenbasis.
Thus, at any time with x(¢) # 0, Cauchy—Schwarz gives
d (x(t),x(t))

—lx@®)]2 = xS [1%(8)]]2-

Therefore d
aI\X(t)Hz < (Amax + D[[x(?)]]2.

We can take M, = A\nax + 1 and obtain

d
g IXOll2 < Mallx(®)]]2-
Integrating this differential inequality on [t3, t3 + Ata] gives
e1 = |[x(t3 + Ata)[|2 < [|x(t3)[|l2eM212 = gtz

Hence

1 €1
Aty > — log —.
2_Ma 08 €

Thus the same conclusion holds in the complementary subcase. This proves the first assertion of the
theorem for the whole range ||V (t3)[|2 < C||V_(%3)]|2.

Case 3. Finally suppose that ||V (t3)]|2 > C||[V_(t3)||2, and let At; be the time defined in the
theorem, with threshold C'. Since Ch,) < C and Aty < Ato, continuity gives

Aty < Aty < Ats.

On the interval from t3 + Atq to t3 + Aty,, the ratio lies between Cl,, and C. Hence the same
bounded-ratio estimate gives

Atbaul - Atl = Oa(l)u

(208)
[x(t3 + Atpal)ll2 <a [|x(t3 + At1)][2.
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Write .
Aty = inf{T >0: ”w(tg + Atpa + T) — wsaddleHZ = 51}.

Then —
Aty — Aty = (Atpa — Aty) + Ato. (209)

The comparable case, applied from ¢35 + Aty gives

€1
|1x(t3 + Atpar)|l2”

We now combine (208), (209), and (210). The norm comparison in (208) implies

&2 =, log

(210)

€1 log €1
B lxts + Aol ° x(ts + A1) 2

+ Oq(1).

The time comparison in (208) contributes only the additive term Aty — At = O, (1) in (209).

Therefore
€1

Hw(t?) + Atl) - wsaddle”Q .
This completes the proof. |

Atg — Atl =a log

C.4. Phase 2: homogeneous exclusion of out-of-plane saddles

By the definition of the gradient flow and z; ; as the u;-coordinate of the i-th student weight, we have

dz11 1 a sin 011 + sin 01 [lwa]|2

L. 2 — 01 — 0 SR e —(r—
dt <( R T g 10 (7P )
dzo 4 o sin A1 + sin 6oy . || 1||2

= _— (27— 09 — 0 _ = 7 — (7 —
dt 27‘[‘( ™ 21 22)COS 2 ( HU)QHQ ™ Sln’YH 2”2)'22’1 (7T 7)21’1 )
dz1 9 1 o sin 017 + sin 01 H a2
22 (00— 0 SV TSV —(r—
a 27r( 12 11 Sln2 ( w1l H 1l )21,2 (m—7)222 |,
dZQ 2 1 « sin 921 + sin 022 . H’LU ||2

2 = — (0o — 6 Sl T SMb22 —(r—
dt 27r< = a)sing (T, T ) e (e )
dz; 1 ( S1n911 + sin 01 || 2”2)z (7 — )z )

= — - 1, —(m—=7)22,; |,

dt2r ' fwalla Mwr ]l 7
dzg 1 ( sin fo1 + sin Oy || 1ll2 >

Jo_ o 29 — (T —)z1.4 ). (211)
& "2\l Muglly) 4~ 7 =2

Lemma 58 (Planar split sign preservation) If z; 2(0) > 0 > 222(0), then

z12(t) > 0 > z22(1) forallt > 0.

Proof Let 7 be the first time at which either 21 2 or 29 2 vanishes. If 7 < oo, uniqueness for the ODE
rules out z1 2(7) = 222(7) = 0, since this would force 21 2(0) = 222(0) = 0. If 21 2(7) = 0 and
22,2(7) < 0, then (211) gives 21 2(7) = —(m — 7y)22,2(7)/(27) > 0, so z; 2 could not have reached
zero from the positive side. The case 22 2(7) = 0 < 21 2(7) is identical. Hence no such first time
exists. |
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Lemma 59 (Homogeneous coordinate domination) Under assumption 60, let C,op, be a constant
for which
12,5 (0)] < Chom|2i2(0)] (i€ {1,2}, 3<j<d)

holds. Then, for every j > 3 and everyt > 0,
21,5 (t) = 22, ()] < Chom|21,2(t) — 22,2(1)]-

Proof We first fix the sign convention used in the rest of the proof. The two student neurons are
exchangeable, so after relabeling the neurons we may assume

21’2(0) >0> 2’2,2(0).

Then lemma 58 gives
2172(t> >0> ZQyQ(t) for all ¢t > 0.

Next fix 7 > 3. The orientation of the basis vector u; is arbitrary. Replacing u; by —u; sends
(21,5, 22,5) to (=215, —22,5), leaves (211) unchanged, and leaves the desired absolute-value estimate
unchanged. Hence the sign pattern 21 ;(0) > 0 > 25 ;(0) and its reflected pattern are the same case.
In the rest of the proof for this fixed j, we assume

217]‘(0) >0 > 227]‘(0).

Under this convention, the sign of the transverse pair is preserved. Indeed, if 21 ; were the
first of the two coordinates to vanish while 2z ; < 0, then the last two lines of (211) would give
Z1; = —(m —)z2,;/(2m) > 0, so z;1 ; could not cross from positive to nonpositive. The same
argument gives 2y ;(t) < 0 forall ¢ > 0.

By lemma 58, 21 2(t) > 0 > 299(¢) forall ¢ > 0. Set
aj(t) = Chomz1,2(t) = 21,j(1),  bj(t) = Cromz2,2(t) — 22,5(t)-

The initialization gives a;(0) > 0 and b;(0) < 0. We claim that these signs are preserved. Suppose
first that a; reaches zero before either sign condition fails. Since z12 > 0 > 29, the teacher
geometry gives 012 > 611 and 023 < 621. Using (211), at the first time with a; = 0 and b; < 0,

. 1 .«
a; = % [Chom(am — 911) s 5 — (7'(' — ’y)bj} > 0.

Thus a; cannot cross from positive to nonpositive. Similarly, at the first time with b; = 0 and a; > 0,

_

. e
bj or [Chom(am — 921) S 5 — (71' — ’}/)CLJ} < 0,

so b; cannot cross from negative to nonnegative.

Therefore 0 < 21,;(t) < Chom#1,2(t) and Chom22,2(t) < 22,(t) < 0. Since both coordinate
pairs have opposite signs,

|21,5(t) — 22,5 ()] = 21,j(t) — 22,j(t) < Chom (212(t) — 22,2(t)) = Chom|z1,2(t) — z22(t)]-
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Assumption 60 (Homogeneous initialization) In the basis extending u; = v and ug = va, write
w;(0) = >_; 2,;(0)u;. The planar splitting coordinates have opposite signs, z1,2(0)z2,2(0) < 0,
and every out-of-plane coordinate is dominated by the corresponding planar splitting coordinate:
for some absolute constant C > 0,

2:,5(0)/zi2(0) < C,  ie{l,2}, 3<j<d

Theorem 61 (Homogeneous initialization excludes out-of-plane saddles) Under assumption 60,
the gradient flow satisfies

[21,5(8) = 22,5 ()] < Cl212(t) = 22,2(8)]

forevery j > 3 andt > 0. Consequently, the trajectory remains a positive distance away from the
out-of-plane saddle family.

C.4.1. PROOF OF THEOREM 61
Under assumption 60, let Cyom, be a constant for which
’zld(o)‘ < Ch0m|zi,2(0)‘ (Z € {172}7 3 S] < d)

holds. The coordinate estimate is lemma 59. It remains to separate the resulting cone from the
out-of-plane saddle family. If d = 2, this family is empty. Assume d > 3.

Let
p 1/2
w(t) = (wi(t),wa(t),  pw®) =lz12 — 20, awt) = | D |21 — 22,407
j=3
By lemma 59, the trajectory lies in the cone
q(w(t)) < ChomVd — 2p(w(t)).
On the other hand, every out-of-plane saddle has the form
Wi =r(coskur +sinkg),  Wop=r(coskus —sinkg), &L spanfor, v},

as in theorem 3 and lemma 25. Hence p(W) = 0 and ¢(W) = 2rsin k. For fixed «, the scalar
characterization of the out-of-plane saddles gives

o = inf .
m inf qW) >0

The closed cone ¢ < ChomVd — 2 p is therefore a positive Euclidean distance from the closed set
{p =0, ¢ > m}. This distance is a constant c,, ¢, 4 > 0. Since the trajectory stays in the cone,

dist(w(t),S1) > Ca,cpomd ~ forallt > 0.
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Theorem 62 Let G = {(v1,v2), (v2,v1)}. Fix € > 0, and let tyeach global be the first time such that
dist(w(t),G) < €. Suppose there is a finite time tese < treach global SUCh that, on [tesc, treach global),
the trajectory stays a fixed positive distance from every nonglobal stationary point. Then there exists
Carad(€) > 0 such that ||V, L(w(t))||2 > carad(€) for all t € [tesc, treach global). Moreover,

L(w(tesc)) '

treach gl()bal teSC — 2
Cgrad (6)

Proof [Proof of theorem 62]

By the landscape classification in theorem 3, the only stationary points outside G are saddles.
The assumed positive distance from those saddles, together with the condition dist(w(t),G) > € for
t < treach global, giVes a compact region on which ||V, L||2 has a positive minimum. Denote this
minimum by Cgraq(€).

Along gradient flow, %L(w(t)) = —||VwL(w(t))||3. Integrating from tesc t0 treach global ZIVeES

L(w(tesc)) > L(w(tesc)) — L(w(treach global))
treach global 9
-/ 9 (we)) I3 at

> Cgrad (6)2 (treach global — tesc) .

This proves the stated bound. n

C.5. Phase 2: a quantitative escape theorem under structured initialization
C.5.1. PROOF OF THEOREM 6
Theorem 63 (Structured logarithmic escape) Fix « € (0,7/2] and 0 < m < M < oco. Set

2sin(a/2)
Mo = )
s

where 14 is the positive-bisector saddle radius. Use the teacher-adapted basis from (46), extended to
an orthonormal basis of R?. There are constants po > 0,00 >0, Dy < oo, and gy = gp(a) > 0
such that the following holds. Let d > Dg and let o satisfy

o < oy, ovVd < po.
For each time write
wi(t) = 2z 1(t)ur + 2 2(t)uz + 0i(t), 0;(t) L spanf{uy,us}.

Assume the initial data satisfy

0 0
movd < 211(0) ;ZQ’I( ) < MoVd, mo < 212(0) — 222(0) < Mo,

21,1(0) — 22.1(0)]
2

1/2 < Mo.

21,2(0) > 0> 222(0), + ([lo1 (0)3 + flo2(0)13)
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For every 0 < € < g, define
_ . 2 2 2 2 2
T. =inf {t > 0: 212(t)" + 22.2(t)* + [lo1(t) 3 + [lo2()[|5 > £°} -

Then T is finite and, for a constant C' = Cy . 1, independent of o and d,

1 1 1
T, — [(—1) log—l—logd” <C.
js o 2

Proof [Proof of theorems 6 and 63] All constants in this proof are independent of ¢ and d. We use
the following convention. A constant written as C,, may depend only on a.. A constant written as
Ca,m,m may depend only on a,, m, M. A constant written as C, M e, May also depend on the
two fixed saddle-tube radii. Constants with bootstrap parameters in the subscript, such as Cy, ¢ k1,
may depend on those displayed parameters in addition to «. The same symbol may change from line
to line, but its allowed dependencies are always those shown in the subscript. Inside a lemma proof,
an unsubscripted C has the dependency class stated in that lemma, unless the line displays a smaller
dependency such as C,,. When a numerical constant is needed, we write it explicitly, as in 1/8, 7/8,
or 2. The constants pg, 09, %, and Dy in theorem 6 are chosen so that o+/d and ¢ are small, d is
large, and ¢ is bounded below by e~*¢. Since o € (0, 7/2], the positivity of j,, is immediate. For
the upper bound,

fo < 1 <= 2sin(a/2) < (7 — «/2) cos(a/2) + sin(a/2)
< tan(a/2) <7 — a/2.

The inequality tan(«/2) < m—a/2 holds because /2 € (0, /4] and the function x — 7—z—tan
is positive on this interval.

For the rest of the proof write, on every stopped interval under discussion,

wi(t) = zi1(H)ur + zi2(t)uz +0i(t),  0i(t) L span{us, ua},

and set ) + )
Z1,1 221

R(t) = 20 F 2200)

N lel(t) — 2271(t)

o) = 2102210,

a(t) = z12(t) — z2,2(¢),

Y ()% = [lor(®)3 + lo2(1)]13,
NJ_(t)2 = Zl’g(t)2 + 22,2(25)2 + Y(t)Q.

Write Ry = R(0), do0 = 0(0), ap = a(0), and Yy = Y(0). The component equations are those
in (211). When (215) applies, it gives z; 1 > 7TR/8 > 0. When (247) or (269) applies, it gives
zi1 > 15/8 > 0. Thus, in every part of the proof where (211) is used, the two student directions
remain in the positive radial sector, and hence v < 7. If 21 2 = 0 and 222 < 0, then

. ™=
G2 =5 —22>0,
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and if 29 9 = 0 and 212 > 0, then

. 7T
222 = — 271_721’2 < 0.

Hence a first time with 21 2 = 0 and 23 » < 0 cannot occur, and a first time with 209 = 0 and 212 > 0
cannot occur. The corner z1 2 = 22 9 = 0 also cannot be reached at a first finite time. Indeed, at that
corner the two angle differences 612 — 611 and f20 — 027 vanish, and the third and fourth equations in
(211) have zero right-hand side. By uniqueness for the locally Lipschitz ODE in the positive radial
sector, a trajectory that reaches this corner at a finite time must have had z1 2 = 222 = 0 on the
preceding interval, contradicting the strict initial signs. Since 21 2(0) > 0 > 222(0), for every time
considered in the proof

z12(t) > 0> 299(t), a(t) = |z12(t)| + |22,2(1)], |z1,2(t) + z22(t)| < a(t).

We first prove the estimates used before the trajectory enters the saddle chart as a separate lemma.
This also isolates the Taylor calculations for the teacher angles.

Lemma 64 (Thin-cone Taylor and transport estimates) There are constants 19 = no(a) > 0
and C,, > 0 such that, whenever

CH_};;_W < 1o, O0<R< %s,
one has )
R = (= )| +18 < Ca % (212)
%log 2811;(]3[/2)‘_0 <1+£+ 22Y2>, (213)
and
d

: 2
a(YQ—I-S)l/QS [W+Ca< +@+a ;Y )}(Yz—i-ﬁ)l/2 for every £ > 0.
(214)

Proof We justify (212)—(214) now. In the cone, the comparison between z; 1, ||w;
follows. Since z;1 = R+ 0, |22 < a, and ||o;||2 <Y, if gy < 1/8, then

TR<R—Io) <20 <RA1SI < oR

9, and R is as

7
§R <z < | will2 = (zfl + Zig + Jloi||?)*/? (215)
9 5
< zig +|zi2| + loill2 S R+ [0 +a+Y < éR—I—noR < R

The comparison bounds in (215) give the cone comparability used in the Taylor estimates. For each

i,

zi1 cos(a/2) + z 2 sin(a/2)
(271 + 205 + [loill3)*/2

zi1 cos(a/2) — z 2 sin(a/2)
(271 + 275 + llosl13)1/2

cos ;1 =

)

cos ;0 =
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We now expand these quantities. By (215),

2 2
24 .

0< 12,2 4 H0;H2 SCU(%.
Zi1 Zi1

Thus, after decreasing 79 once, Taylor’s theorem applied to = — (1 + x)_l/ 2

such that, for 0 < z < Canp,

gives a constant C,

T

(14z)" Y2 -1+ 2) < Cpr?.
Applying this with x = 21‘2,2/21'2,1 + ||oz|\%/z?1 gives

(225 + lloill3)?

2\ %4 Zil

2 2
_ 1 (22 ol
(L4 225/221 + |loil13/221) 1/2—1+<; +52

Here we used (215) to replace powers of z; 1 in the error by powers of R. Hence there is a constant
C\, such that

cos ;1 — cos(a/2) — Z—l sin(a/2) + 5 o =
i, i1 i1

<c. <‘Zi,2|(zz’2,2 +lloil3) N (225 + ||0i||3)2> 7

i 2) (2 |13
2 cos(a/2) <2 o ||2> ‘

R3 R4
9 (216)
J N [ z 12
cos iy — cos(a/2) + S sin(a/2) + cos(a/2) 1272 + ||0;||2
o 2 Zilo Fia
<C ‘2172|(Zi2,2 + ||OZ”%) (Zzg + ||OZ||%)2
- R3 + Rl .

We shall use the following Taylor bound, valid for = close to cos(a/2):

arccosr — — + & cos(a/2) cos(a/2)

2" Tonla2) T 2smd(ayy & @ 2

< Culz —cos(a/2)2.  (217)

Substituting the first-order part of the two formulas for cos 6;; and cos 6;2 from (216) into (217)
gives the rough angle estimates

2 2
o Zio zz‘2+HOZ”2
0;1 — = = < Cy—=
71 9 + Zi1 > Lo R2 9
| 22, + ||os |3 218)
o Zi2 1,2 ill2
Oip — = — —=| < Cyp—
2 2 Zi1 - R?

To prove the estimate for ;5 — 6,1 — 22; 2/2; 1, write the angle difference directly as

2i2/%i1 2) _ i 9
Oio — 01 = / di arccos cos(@/2) — wsin(a/ 1)/2 dx.
T (14 /)

—2i2/%i1
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First compute the inner derivative:
—1/2
y | ST AT
T (cos(a/2) — wsin(a/2)) (142 + 5=

Zi1
loi][3 o
= —sin(a/2) (1 +a2 4 1% 2)

2
Zi1

o\ 32
— z(cos(a/2) — wsin(r/2)) (1 + 2% + HO;H2>
Zi1
sin(a/2)(1 + Hong/zfl) + x cos(a/2)
o 3/2
(1+ 22+ oil/22, )

The numerator sin(a/2)(1 + ||o; |3/ ZiQ, 1) + z cos(c/2) follows from the explicit cancellation

. 2 (1 > lloill3
sin(a/2) [ 1+ 27+ —5—
i1

) + z(cos(a/2) — xsin(a/2))

. lloill3
sin(a/2) | 1+ 2 + x cos(a/2).

i1
The square-root factor from differentiating arccos is
Lt 2%+ [loill3/22

_ —(cos(ar/2) — xsin(a/2))?

1422+ [loill3/27,

_ (cos(a/2) — rsin(a/2))?
1422 + [loil3/274

sin®(ar/2) + 22 sin(a/2) cos(a/2) + % cos?(ar/2) + ||0i13/22,
1422+ Jloil|3/ 23,
_ (sin(a/2) + z cos(a/2))”
IR A
loll3 /22,

L2+ Jloill3/27

Thus

iarecos cos(a/2) — 1:sin(a/21)/2
T
(1+ 22+ llill3/ 22, )
sin(a/2)(1 + ||02-||§/zzl) + z cos(a/2)

(142 + Joul/22,) ((sin(a/2) + wcos(a/2))” + o/, )

For |z| < 2|z;2|/%.1, the cone condition gives || + ||oi||2/2zi1 < Camo. After decreasing ng if
needed, )
sin(a/2) + x cos(a/2) > 5 sin(a/2),
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i1

1+2°+ o (sin(a/2) + z cos(a/2))” + > 2s1n(a/2),

o\ I/
((sin(a/2) + zcos(/2))? + HO;H2) < Cy.

Zi1

Therefore

arccos

dr

cos(a/2) — xsin(a/2) 1‘
1/2
(1+ 22+ llillg/22,)

0; 2
sin(a/2) + x cos(a/2) + sin(a/2) I 2H2

Zi1

1422 + (sin(a/2) + w cos(a/2))” + —

Zi1 Zi1

< (Cy,

12
< ¢, ol
Zi1

lout3 )"
+ Cy |sin(a/2) + x cos(a/2) — <(sin(a/2) —i—:ccos(oz/Q))? + 0; 2>

Zi1

1/2
+ C, ( H ZH2> <(sin(a/2) + :1:(308(04/2))2 + ”0;”%)

Zz 1 Zi1

< o ol

loill3/ 24

1/2
((sin(a/Q) + 2 cos(a/2))? + HOZH%/,ZZQI) / + sin(a/2) + x cos(/2)
HOzH
+ O, < > 2
Zi1
H0z||
< C, ( = 2.
1
/%2/%1
24 2/7311
‘ZZ,Q‘/Zz,l 2
g/ o 224 1oz g, (219)
_lzi,2|/zi,1 1

2
Z
zigl® | |zi2llloll3 |zi21 (225 + lloil3)
<C <C
<Co|“fg+ g <C, e

+Cy

Therefore

221 2

Oio — 0;1 — — arccos

Zi,1

cos(a/2) —wsin(a/2) 1 de
(L+ 22 +logl|5/27,)"/
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For the sum 6;1 + 6,9, the first-order terms in the two cosine expansions cancel, so the second-order
terms must be kept. To make this explicit, write (216) as

2 2
. 2 zs .
Zi,1 2 Zil Zi1

2 2
. 2 zs .
Zi,1 2 Zi1 Zi1

where the two remainders satisfy

(220)

il (=8 + lloill3) (225 + llol)”
R3 * R4 '

|Ei1| + |Ei2| < Cq (

Adding the two displayed identities cancels & sin(a/2)z;2/2;,1 and gives

2 12
(cos ;1 — cos(a/2)) 4 (cosBio — cos(a/2)) + cos(a/2) (’?22 n HZ;HQ) ‘
i1
’ (221)

i1
<c. (\Zm!(ZZQ + [loill3) N (279 + ||0z'|!§)2> ‘

R3 R4

The squared estimate follows from the same decomposition. Squaring the two lines and adding gives
2

Zi2

2

(cos B;1 — cos(a/2))? + (cos Bz — cos(a/2))? — 2sin®(a/2) 2,

2 2 2
_ g |cos(e/2) (Zia  floill3
2 Zi2,1 zZl

i 2 212 112
+2 sin(a/Q)@ _ cos(a/2) < 2»2 n H0;||2> B
Zi1 2 Z7y 22
2 2
. Zj cos(a/2) [ % 0
+2 |—sin(a/2) W2 _ (7/) < ;2 n I ;HQ) o +Ei21 +Ei22'
Zi1 2 Z7y 22

The first term on the right is bounded by C’a(zi%Q + ||0s]|3)?/ R*. The terms involving E;;, E;2 are
bounded by (220), using z; 1 ~ R from (215) and the cone smallness. Therefore

2
Ziv

2

(cos 01 — cos(a/2))* + (cos Bz — cos(a/2))? — 2sin*(a/2)

|zi2|(275 + lloill3) (225 + lloill3)?
< Cq = + .

22

~
[y

(222)

R4
Substituting (221) and (222) into (217) gives

_ cos(a/2) [loill3

0.1 40 <C |zi2|(2 + lloill3) | (25 + llos]13)?
i iz —a Sin(a/2) z.2 = e R3 + R4 )
) b2+ lloill3 .
Zi9 + |0i]|5
’91'1 + 09 — 04’ < CQMTZ.
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For the sine term, use (218). Since Taylor’s theorem gives | sin(a/2+y) —sin(a/2) —y cos(a/2)| <
COly29

sin i —sin(a/2) + % cos(a/z)’ < CQW7
sin iz — sin(a/2) — % Cos(a/Q)‘ < CQW'
Therefore . 2
|sin ;1 + sin 65 — 2sin(a/2)| < C, %i,2 ;L’Oin’
lwils = 26l = ,w”+ 10;”31 st lolf,
7 )
and hence

sin 0;1 + sin 6;9 2sin(a/2) <C 222 + HOzH%

_ < (224)
[|wll2 Zi1 ‘RS

The dependence on o; begins through ||0;]|3/22,, so these constants do not depend on d.

On the positive bisector sheet 212 = 222 = 0 and 01 = 0z = 0, the first two lines of (211), in
the first two component coordinates, give

211 =421 =15 — R, R=r,—R, 5=0

for all small 6. Hence the equations for R — (r¢ — R) and § have no pure § term. In the first two
lines of (211), the terms containing ~y are — sin y(||wz||2/||w1l|2)z1,1 — (m — 7)22,1 in the equation
for 211, and —siny(|lwy||2/||w2|l2)22,1 — (7 — 7)z1,1 in the equation for 23 ;. After expanding
—(m — fy)zﬂ = —mzj1 +7%j,1 and putting —7z; 1 — wz;1 with the terms that do not contain -, the
parts that still contain ~y are

lwall221,1 w2221

Yz2,1 — sinvy ; Yz1,1 — sinvy
w12 w2 |2

To bound #, first apply (215). For each i = 1, 2,

H < ’1 oz |zl el
szHz 2 [|will2 l|wil2
~Nwillz = zia | Jzi2l + lloill2
[|wil|2 [|wil|2
2 2
ziy + lloill3 a+Y a+Y
<2 C <C .
- R2 + R — R
Hence v
[ronts ~ ol <] s ], <%
willz [lwall2fly = [[1lwill2 w2 |2 5 R (225)
N<C H _ W < Cﬂ.
Jwill2  [lwall2 | R
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The inequality v < C|lwi/||will2 — wa/||wzl|2|l2 in (225) holds after decreasing 79, because
[wi/[[wilz —wa/[[wa|l2]l2 < Cno gives v < 7/2, and on [0, 7/2] one has v < (7/2)[[w1/[[w1 |2 —
’LUQ/HH)QHQHQ. Also

2tg + lloill3

2 2
Z:; 9+ ||0;
lwill2 — 2i1| = i2 T lloill

oy - Mwellzzia ] | z2a(lwille = 210 = 211 (lwslls = 224)
’ ||w1||2 HU}1H2
2o+ 250+ o1l + lloall3 a’?+Y?
<C <C .
R R
Interchanging the two indices in the displayed fraction gives
2 2
Y
oy — Monleza) a7+ Y7
llwal[2 R

For the part of the first two lines of (211) that does not contain -y, namely

n6; n6;
(27T —0;1 — 912) COS(O(/Q) + wzu —Tzi1 — MZj1,
[[will2
(223) and (224) give, fori = 1,2 and {j} = {1,2} \ {i},

e g
(27 — 051 — 0;2) cos(a/2) + szl —mzi1 —wzj1 — 2m(rs — R)
1

(226)
2 2
2, + los
<o At loil}

because 21,1 + 22,1 = 2R and

(2m — «) cos(a/2) + 2sin(a/2) — 27 R = 27 (rs — R)

This calculation shows again that no term depending only on 4 appears in the first two lines of (211)
For the expression yz2 1 — siny||wall221,1/||w1||2,
[wall221,1

[|w1 |2

Y22, — siny

Wal|221,1 . wa||221,1
< 1l ‘22,1 _ lwallozas + |y - SHWI*H H

w12 w12
<Ca+YM C(a+y>3R
R 2R ) R ) (227)
SC(a+Y)“;;/+C(a+Y)(“;f)
§0a2+Y2

R2 7

because a + Y < ngR < nors/2 by the hypotheses and (a + Y)? < 2(a? + Y2). Interchanging the
indices gives the same type of bound for vz1 1 — siny|lw1 [|222,1/||wa]|2:

. w1 ||222,1 w1 ||222,1 . w1 ||222,1
721,1—Slﬂ7w < |vl|z11 lfon 2221 +W—Slnvlw
[lwa |2 w2 |2 w22
2 2
<Ca +Y

R2
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using (225) and the exchanged estimate after (227). Therefore (226) and (227) give

. a?+Y?
211 = (s = R)| < Ca—pp—,
. a2 +Y?
|221 — (rs — R)| < CQT

Here there is no term proportional only to §, because the identities R =rs— Randé = 0hold on
the whole positive bisector sheet. Thus

. 211 + 221 a’ +Y?
R—(TS—R)‘ == 2—(7"5—R>’ SC&T’
0 Y (228)
: 21,1 — 22,1 a“*+Y
=" =%
For a = 212 — 22,2, subtracting the third and fourth lines of (211) gives
. 1
a=—
2
((912 — 911) — (022 — 921)) sin(a/2)
B1+B (229)
(B )
2
B, — B
+ 172(21,2 +222) |,
where ) ]
S1n 911 + Sln@lg . ||w2||2
B = — 7T —siny ,
[Jwl2 [[wll2
sin fo1 + sin fa . llwi |2
By = — T — sy .
[[wall2 [[wall2

We now compute the leading part of the right side of (229). The difference estimate (219) gives

2 Y2
‘((912 — 911) — (922 — (921)) sin(a/2) — 281n(0¢/2) (zif - Zj) S Ca a(a Ri; 7),
(230)
i 2sin(a/2 ald ala® +Y?
‘((912 — (911) — (922 — 021)) sm(a/2) — ](%/)a S Ca ( ]|%2’ + ( R3 )> )
where we used
212 222 R(z12 — 222) — 0(212 + 22,2)
21,1 22,1 N R2 — 52 ’ (231)
a2 e al o sad]
21,1 22,1 R| — R2

137



GRADIENT DESCENT ON TwO RELU NEURONS:GLOBAL LANDSCAPE AND BIFURCATION DYNAMICS

For the coefficient involving B; and B>, the sine-ratio estimate (224) gives

2 sin(a/2 225+ o1l
by - (280002 _ g sl ool
21,1 l|lw][2 R
2sin(a/2 255+ ||o2]/3
’Bg— < sin(a/2) —ﬂ—sin’wa1H2>‘ <0, 2,2 ! 2||2.
22,1 [wall2 R
Also,
L1 2 ) 2R 2 el |1 1) 208 el
21,1 22,1 R| |R2-62 R| - R¥ 21,1 22,1  R2-42 - T RY (232)
Y
siny] < Y <o lwrllz | Jlwell2 <C
R [wallz  [Jwi]l2
Therefore 9 9
B+ B 2 si 2 0 Y
g_Fﬂ-_fy_M Sca 1_'_%4_@—’_3 ,
2 R R R
6] a2 +Y? (233)
|B1 — Ba| < Cq 1+ﬁ+ 7 .
Since |z1,2 + 22,2| < a, substituting (230) and (233) into (229) gives
. 2sin(a/2 5| a®+Y?
'a_W(R/ )a’ < Cpa <1+L%2|+ iE ) . (234)
Dividing (234) by a > 0 gives (213).
The last two lines of (211), written for coordinates 3, . .., d, give
) 1 . 1
01 = —(B10o1 — (m — 7y)02), 09 = —(Bgoa — (m — 7y)o1).
2 2w
Therefore
1d 1
5572 = 5 (Billotl}3 + Ballozll§ = 2(x = 7) (01, 02) )
1 | (2sin(a/2) 6]  a?+Y?
S%[(R—w+0<1+RQ+ IE (||01||%+||02||%)
(235)

+ (=) (loull3 + mn%)]

sin(a/2) 5]  a?+Y? 9
_— 1+ = Y-
< R +C< + R2 + iR

In deriving the second inequality in (235), we used —2(01,02) < |lo1]|3 + [jo2]|3and 0 < v < 7
The terms —7Y? and (m — )Y 2 leave only a nonpositive remainder, so they may be dropped in the

upper bound. Thus (235) gives

d sin(a/2) 6]  a?+Y? 9
—Y?<o| /L2 1+ — Y=,
dt - TR +C< * R? + R3
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For ¢ > 0,
%(Y2 +&)Y? = Q(Yflf;m
< W + C(l + 52 L& ;3Y2> e 2:25)1/2 (236)
< sin7(To}42/2) . C(l . |}§2 N a2 ;3}/2) (V2 4 £)1/2,
This proves (214); we use it for fixed £ > 0 and then let £ | 0 after integration. |

Lemma 65 (Cone transport to a fixed positive scale) There is a constant ., = n,(a) > 0 with
the following property. For initial data satisfying the bounds in theorem 63, assume in addition that

ao + Yo + [do| < niRyo.

Let t, be the first time when R(t,) = r4/2. Then t, is finite and there is a constant Cy, pm pr > 1 such
that
- ~Ha —Ha Mo 2
O L waoRy " < a(t) < CampraoRy™, Y (t) < CamarYoRy ",

|5(t*)| < Ca,m,M ((7 + a(t*)zAa(RO)) ’

where

RN

1, 1%
1+logRi0, 7

1
Aa(Ro) = { Ly
« 2

Proof Choose 7, > 0 small enough depending only on . Let 7 be the first time when either
R=rs/2o0r

a+Y +[0]

B

On [0, 7], the stopped definition gives 0 < R < rs/2 and (a +Y + |d])/R < no, so lemma 64
applies. After decreasing 7 if needed,

RZTS—R—CHSZ%S, RS’I“S/Z

so R is strictly increasing and dt < CdR for0 <t < 7.

For fixed « and the initial data ag, Yo, do, Ro, define the comparison quantity, for x € [Ro, 7s/2],
by

du.

x 2 R, 2 Y2 Rp)Ha
Do) = |ao] + [ T2 To (/)
Ry
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Since ag + Yo + |00 < n«Rp and 0 < po < 1, we first compute the integral that controls the error
terms in the transport estimates:

/“/2 ag (u/Ro) ' + Y (u/Ro)"

du
Ro u?
rs/2 rs/2
= ag Ry / w3 du + Y5 Ry / ute =3 du (237)
RO RO

a(2) 02 2
<C—=+C—= <(Cni.
< R% R% M

Next, for x € [Ry,75/2],

1/z ag(u/Ro)*He du

2

Ro u
_ a%Rama /m W22 gy,
x Ro
Ca2/(Rox), fia < 3,
< Ca%Ral log(z/Ry)/x, o = %,
Cad Ry e g2Ha=2, [ta > 3,
< Cn?.

Here the middle case uses (Ro/x)log(x/Rg) < C, and the last case uses (Rp/x)? 2 < 1.
Similarly,

T V2 Lo 2 p—Ha T 2
1 Yo (u/Bo)™ (u/fo) du = Yoty © / w2 du < C*YO < Cn?.
Ro Uu x Ro ROZ]}'
Therefore
D 1 2o 4 Y
o) 811 [ B I
x x U
rs/2 D(u rs/2 rs/2 2 2pa 4 Y2 Lo
/ (2 70 / / di; aj(v/Ro) 4; o (v/Ro) do (238)
Ro U ~ Ry U v
rg/2 2 2pa 4 Y2 Lo
Sn*+/ 0(v/Ro) ;; o (v/Ro) dv < C,.
Ro

Before setting up the bootstrap, note that if Yy = 0, then the equations for the out-of-plane vectors
01, 02 form a homogeneous linear system with locally bounded coefficients on the stopped cone
interval. By uniqueness, Y (¢) = 0 on that interval. Thus the Y bootstrap below is automatic when
Yy = 0; when Yy > 0, it has positive initial slack. Choose a large fixed K. Let 7 be the first time
before 7 when one of

a(t) < Kag <J§§t)>“a . Y(t) < KY <J§§t)>ua/2,

0 0
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or
[6(t)] < K*D(R(t))

fails, with the convention 7 = 7 if no such failure occurs. These inequalities hold at £ = 0. On
[0, 7], (212) and dt < C dR give

RO a3 (u/Ro)* + Y& (u/Ro)H=

du < CK*D(R(t)). (239)

u2

5(t)] < [60] + CK? /

Ro

After increasing K, this improves the ¢ bootstrap. We also compare the time integral with the R
integral. From the estimate for R and the lower bound R > r,/4,

2 2
ﬂ B 1 < Ca +Y ,
dR r¢—R| ™~ R2
/t ds /R“) du_ | _ o [ af(u/Ro)*= + Y3 (u/Ro)* , ~ (240)
0 R(S) Ro U(T‘S _U) o Ro u3
<C.
Moreover,
R(t) 1
[t L RO ¢ (241)
Ro w(rs—w) 7 0
Using (240) and (241) in (213) gives
t R(t /2D
loga()—ualog()‘SC—l—CKS/ #du
a0 Ho Bo U (242)
rs/2 2 2L Y2 Mo
n CKQ/ aj(u/Ro) 4;) o (u/Ro) du < C,
Ro U
where we used (237) and (238), and where 7). is chosen small after K is fixed. Thus
R(t Mo R(t Ho
e Cag (R(o)> < a(t) < e%ag (R(o)> : (243)
Applying (214) gives the following explicit bound. If Yy > 0, then
T 2 2
o T < [{[S000/2) g (1, B0 0l £ VY,
Yo o | mR(s) R(s)? R(s)3 (244)
fro . R(t)
< —log —% .
=3 og Ro +C
If Yy = 0, then the linear equations for 01, 03 give Y (¢) = 0 on the same interval. Hence in all cases
t Ma/2
Y (t) <Yy (?) . (245)
0

Increasing K once more improves the a and Y bootstrap bounds. Also,

a(t) +Y(t) + [6(t)] R(t)\ ! R(t)\ "=/

< Cny < Mo,
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so the cone cannot fail before R = r,/2. Hence 7 = t., and ¢, is finite. At R(t.) = rs/2, (243) and
(245) give the two estimates for a(t,) and Y (¢..).

It remains to estimate §(t.). From (212), (243), and (245),

/r5/2 a2(u) Ro)2He + Y2(u/ Ro)Pe du) | (246)

2
Ro U

0(t.)] < C <|5o +
The integral in (246) that contains YO2 satisfies
rs/2 y2
Y@ Ry / w2 du < C2 < Co.
Ro Ry

The integral in (246) that contains ag satisfies

o Ca? /Ry, fla < 3,
agRy e / w2 du < § CaZRy! (1 + log R%)) . Ha =3,
o Ca2Ry?=, fa > 5,
< C (0 + a(t)*Aa(Ro)) -
Together with |dp| < Mo, this proves the claimed bound for §(t.). [

The initialization bounds in theorem 63 give
ag + Yo + |do| < Con, M R
Ry Vd
Thus, after fixing 7, in lemma 65, the hypothesis ag + Yy + |do| < 1. Rp holds for all d > Dy, after
increasing Dy if needed, and the preceding lemma applies to the present trajectory.

Choose ¢y = co(a) > 0 inside the coordinate range of the saddle segment. After ¢y is fixed,
choose the local saddle-chart radius. Then choose 0 < i, < &, with €j, also smaller than ¢y /4, the
local saddle-chart radius, and r,/+/2. We take &;, small enough depending only on « and ¢ so that
the local saddle chart below applies in the e;,-neighborhood of

Ceo = {((rs + ur, (rs — )ur) : |c] < eo}.

Shrink €y = eo(«), if needed, so that for every 0 < £ < gy one can later choose 7 > ¢ while
keeping the fixed constant multiple of 7 inside the local saddle-chart smallness range and inside
|0] < co/2. LetUe,, denote this neighborhood, and define

tin = inf{t > 0 : dist((w1(t), wa(t)),Cey) < Ein}-
For all t < t,, the cone phase has R(t) < r5/2. For any ¢ € [—co, co],

I(R(#) +6(t)ur — (rs + Jua 3 + [I(R() = 6(t)ur — (rs — c)ual[3

~—

\V] ‘m\gw

= 2(R(t) —75)* + 2(8(t) — ¢)* >

The remaining u2 and out-of-plane coordinates only increase the distance to C,,. Since €i, < 75/ V2,
this shows t;,, > t..
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Lemma 66 (From R = ry/2 toU., ) Under the conclusions obtained at t., the trajectory reaches
U.,, after a bounded amount of time. Moreover, the estimates displayed in (255) and the following
bounds for a(tin), Y (tin), and 6(tin) hold with constants of the form Co, 1 M e,,, and these constants
are independent of o and d.

Proof We now consider the part of the trajectory that starts at ¢, where R(t.) = rs/2, and ends
when the trajectory first enters U, . The preceding estimates show that

a(ty) + Y (te) + |6(ts)] — 0, R(t,) =1s/2.
Indeed, the assumptions ag < Mo and movd < Ry < Mo+V/d give

a(ty) < Co(oVd) ™M < CloVd)He — 0,

Y (t.) < Co(oVd)™/* < C(av/d)! /2 - 0.

In both inequalities we used d > 2, hence o < o+v/d. The bound for § (t.) also tends to zero. If

Lo # 1/2, then
a(ty)? < Co*(oVd)~2He < C(oVd)* 2 — 0.

If 1 = 1/2, then

a(ty)?*Ao(Ro) < Co?Ry* (1 + log ;)
0

o 1 1
<OC—(1+1o <C \/Zi<1+lo >—>0.
o \/ﬁ( ga d)_ 7 gax/g

For this part of the trajectory, we work on the stopped region where

%§R§2rs, a+Y+|6!§min{%s,l}-

Let 7, be the first time after ¢, when either R ¢ [r5/4,2rs] or a +Y + [0| > min{rs/8, 1}, with
Tir = 00 if no such time occurs. On this region, for ¢ = 1, 2,

17
"< R—1§| <2y <R+ 5] < 2,
8 8 (247)
Ts Irg
3 < zin < will2 < zig + |zi2] + JJoil]2 < e

Thus every factor z; 1, ||w;l|2, 1/2i,1, and 1/||w;||2 is bounded by a constant depending only on .
The angle estimates then take the following form. For¢ =1, 2,

2z;
Oio — 01 — Z,lf < Colzizl(z]2 + lloill3),
2y
051 + 02 — ] < Ca(ziQ,Q + lloill3),
|sin 61 + sin O;2 — 2sin(a/2)| < Ca(zﬁQ + [Jo:||3), (248)

llwill2 = zi1] < C(225 + [loill3),
sin 6;1 + sin 6;9

l|wil|2

52 = 2sin(a/2)| < Calely + o)
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The first two lines are (219) and (223) with the powers of R replaced by constants depending only
on «. The sine bound follows from the sine expansion used in (224). The norm bound follows from

lwill2 — 21 = 2+ lloills
' Y lwille + 2

and the final line of (248) follows from the sine bound and the norm bound. All constants remain
dimension-free because the bounds in (247) are dimension-free. Also,

H Wi el =z Jzel il iy 2 s
lwill2 2 [[wil|2 [[will2
lwilla flwall2 ]
sy — Mall2zin | | z2a(lwnllz = 210) = z1a([wall2 = 22.1) (249)
’ [[wsll2 [[ws |2
< C(a® +Y?),
211 — M < C(CL2 + YZ).
[[wal|2
From the first two lines of (211), for {4, 7} = {1, 2}, we have
. 1 sin #;1 + sin 6;
Zil = = |:(27T —0;1 — 912) COS(OZ/Q) + M%J — 7'['(21'71 + Zj71)
2w [[will2
1 o] 20
. wj|[22i,1 .
+ — |yziq —siny—L—= | i,7} ={1,2}.
ot I}y J,1 Y sz”g { j} { }

The second square-bracketed expression in (250), vz 1 — siny||w;||22;,1/||wil|2, comes from the
two terms — siny(||w;||2/||ws||2) 2,1 and — (7 — ¥)z;1 in the i-th one of the first two lines of (211),
after expanding — (7 — v)z;1 = —mzj1 + 72;,1 and keeping —mz; 1 — 7z;1 in the first bracket of
(250). Writing it this way leaves the factor z; 1 — ||w;l|22i,1/||w;l|2 visible, and (249) bounds this
factor by C(a? + Y?). For (i, j) = (1, 2), we therefore get

| P i R T
: |[wall221,1
+ |y — siny| ——=— ’s1
[Jw |2 (251)
<Cla+Y)a®2+YH +Cla+Y)?
< Ol +Y?),

because a + Y < 1 on the stopped region and (a + Y)? < 2(a? 4 Y2). For (4, j) = (2, 1), the same
calculation gives

yorn —siny Lz o | Jwnlloes
7 walla |~ ’ | wal|2
w [|22
= siny 02220
[wa|l2
< C(a* +Y?),
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using (249).
Substituting (248), (251), and its (i, 7) = (2, 1) analogue into (250) gives
1
Zi1— — [(2m — ) cos(a/2) 4+ 2sin(a/2) — w(z1.1 + 2 < Cu(a®> +Y?),
1 gz [2m — acos(a/2) + 2sinfo2) ~m(eas + 2] < Cala? YD),

21— (rs — R)| < Cola® +Y?).

In particular, ' .
|R—(rs — R)| + 16| < C(a® +Y?).

To prove the bounds for || and (d/dt)(Y? 4 €)'/2, first note that the definition of B; and (247) give

‘ sin 9,1| + ‘ sin 912’

[|wil|2

losle o) =2 ey

|Bi| < <
[|wi |2

+ 7+ |siny]

Also, (248) gives |012 — 011 < C|z1 2] and |22 — 021| < C|z22|. Therefore the exact identity (229)
gives
|a] < O (|z1,2] + |222] + (IB1] + [B2| + 1)a + [B1 — Ba| |z12 + 22,2])
<Ca,

where we used (253) and |z; 2 + 22.2| < a. The equations for 01, 02 and (253) give

1d 1
§£Y2 = o (Billo1l3 + Balloall3 — 2(m — 7){o1, 02))

< C(llo1]13 + llo2l3) = CY2.
Therefore, for every £ > 0,

d <9 1/2 (glt} ? 2 1/2
Y“ + = < Y“ + .

Therefore, whenever R > r,/2 and a + Y + |d] is small enough for (247) to hold, we have

|R— (rs = R)| + 18] < C(a® + Y +13%),

la] < Ca, (254)
d
%(w +OV2<C?+6)"Y%  forevery £ > 0.
Choose a fixed time length, depending only on « and €y, such that the scalar solution R=r,—R
starting from R = r,/2 is within &, /4 of r, at that time. We first work for times between ¢, and
the earlier of ¢ and ¢, plus this fixed time length. For those times, the last two inequalities in (254)
give, for every such stopped time,

a(t) < eCtta(t,),
(Y ()2 + )2 < CUtI)(Y (1) + €)1/,
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Letting ¢ | 0 in the second estimate and using that the chosen transfer time length is fixed,
a(t) +Y(t) < Cla(ts) + Y (),
¢
< 2 2
|Mm_c<Wu»5me>+wm>m), 055)

R(E) = B0 < € [ e~ (a(u)? + ¥ (w)? + 5(w)]?) du,

t
where Ry,;s denotes the scalar bisector solution, defined by Rpis = rs — Ry and Ryis(ts) = rs/2.
The bound for § follows because (254) implies |§| < C|§| + C(a? + Y?2) for those stopped times, so

5(t)| +C teC“*“) (a(u)? + Y (u)?) du

ta

‘5(t)| < eC(tft*)

< C(!d(t*)] —l—/t (a(u)* + Y (u)?) du).

We use the following elementary form of the variation-of-constants formula: if Z'(s) = —Z(s)+F(s)
on [t.,t], then
t
Z(t) = e U Z(t,) + / e~ P (u) du. (256)
tu
Here the first inequality in (254) and the definition of Ry;g give
d
E(R — Ryis) = —(R — Ryis) + ER (257)

with |Eg| < C(a® +Y? 4 |6|?). Applying (256) to (257), with Z = R — Ry and F = Eg, and
using R(t.) = Rpis(t«) = r5/2, gives
t
IR(t) — Ruis(t)] < C | e 9 (a(u)? + Y (u)? + [6(u)]?) du.
ta
The scalar bisector solution is within &;;,, /4 of 4 at the chosen transfer time. Since the chosen transfer
time is fixed, (255) and the bounds at ¢, give

a(t) + Y (8) +16(6)] + [R(t) — Ruis(t)|

< O (alts) + Y (1) + 10(t)] + alt.)? + YV (1.)? + [5(2.)). 28

The right side of (258) is smaller than ¢;,, /4 for every stopped time before the chosen transfer time
and for all sufficiently small o, by the estimates in lemma 65. It is also smaller than a fixed fraction
of min{r,/8,1}, and the R — Ry, estimate obtained from (256) keeps R within /4 of the scalar
bisector solution on the chosen fixed interval. Since the scalar bisector solution started at 7 /2
remains in [r/2, 7], neither boundary in the definition of 7, is reached before the chosen fixed
transfer time. Thus the stopped estimates above apply on the whole transfer interval. Therefore the
distance to C,, is less than €, at the chosen transfer time, so the trajectory enters U, . Also,

OSt*si(r—s—Ro)sz
Ts \ 2
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for all sufficiently small o, by R > r4/4 before t,. Hence ti, < oo and 0 < tin — ts < Com Mey, -
Moreover,
C7la(ty) < altn) < Calty),  Y(tm) < CY(ty). (259)

Combining this with (243) at R(t.) = 7s/2, and changing C'if needed, gives
C tagRy M < a(tin) < CagRy™e. (260)

For every time between t, and the end of the chosen fixed transfer interval, (255) and the estimates
in lemma 65 give

a(t) +Y () +16(t)] < C (a(ts) + Y () +[8(t:)] + a(ts)” + Y (t.)?) <1

for all sufficiently small o. Thus the term C|3]? in (254) is bounded by C'|5|. Applying the inequality
to (6(t)2 + €)'/2 and then letting £ | 0 gives

st < (15er + (o + ¥ () du

(261)
<C (0 + a(tin)QAa(Ro)) .
Also,
2 2 p—Ha
Y (tin) < Yo REM < Co.
a(tin) (I(]RO (262)
_ t; _
a(tin) < CagRy"™ — 0, altin) > C~'RyM — oo
o
Finally,
1
(0 + a(tin)*Aa(Ro)) log pron) — 0. (263)
Indeed, ag > mo and Ry — 0 give a(tin) > co for all sufficiently small o, and hence
log(1/a(tin)) < Clog(1/0).
If p1o # 1/2, then
atin)? < Co?7 e,
and the preceding display follows. If i, = 1/2, then
2 21 1 1
a(tin)“Aa(Ro) < Co*Ry " (1 +logR— <Coll4log— |,
0 g
and the product with log(1/a(tiy,)) still tends to zero. [

It remains to estimate the time after the trajectory enters U, . The definition of V| and a gives

(z1,2(t) + z22())* | a(t)?
2 2

Ny (t)* =

The local-passage argument below first checks that the theorem’s stopping time is not reached before
tin. After that check, 77 is the first time after ¢;, at which N, (¢) > . The distance used to define
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the entry time is related to the same coordinates as follows: if |§(¢)| < co/2, the closest point on C,,
has parameter 6(¢), and

dist((wy(t), wa(t)),Cer)* = 2(R(t) — r5)* + N (t)*. (264)

Lemma 67 (Local saddle estimates) There is a constant C,, . such that the estimates used in the
local chart are

i — paal < Coe (IR=7s| + 18] +a+Y)a+Y?), (265)
d
7Y < (pta + Cac(|R—rs| + 0] +a+ Y)Y, (266)
0] < Cae (I0|(|R—7s| +a+Y) +a®> +Y?), (267)
and .
R— (rs — R) = ER, |ER| < Car (a®> + Y2+ [0|(a+Y)). (268)

Proof We now derive (265)—(268). The estimates are used only when |R —rg|+ |0| +a+Y < rs/8.
Hence

3 5
1’ <rs—|R—1s| — 0] <zin <rs+|R—1s|+ 0] < il

11
+ [loill2 < < s

(269)

3
1 < zi1 < will2 < zig + |22

In particular, every occurrence of z; 1, ||wj||2, 1/ 1, and 1/||w;]|2 is bounded by a constant depending
only on a. Hence the angle calculations (219), (223), and (224) become

22"2
Oiz — bi1 — z-li < Calzizl(2]2 + lloill3),
2y
01 + 02 — ] < Ca(ZiZ,Q + llodll3), (270)

sin 0i1 + sin 97;2

[wil2 zi,1 — 2sin(a/2)| < CQ(Z?,Q + [loi13)-
(A

These estimates are dimension-free because o; enters only through ||o;||3.

We first prove (267) and (268). Using (250), the last two lines of (270), and the bound (251) for
V22,1 — siny[lwall2z1,1/[|wi ]2, we get

1
Zig1 — or (2 — a) cos(a/2) + 2sin(a/2) — m(211 + 221)] | < Cala® +Y?),
T
%0 — (rs — R)| < Cala®> +Y?),  i=1,2.
271)
Therefore ' '
R— (7’5 — R)’ = Zl’l—;& _ (Ts _ R)‘ < C’a(a2 +Y2),
6] = z”;i < Cola® +Y?).
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These two inequalities imply (267) and (268).
For a = 212 — 22,2, we use the exact identity (229). The first line of (270) gives

‘((012 —011) — (Ba2 — 0a1)) sin(e/2) — 2sin(/2) <?’2 - ?72> ‘ < Cy (a® 4 aY?).
1,1 2,1

The fraction in the leading term satisfies

212 222 R(z2 —222) —6(212 + 222)

21,1 22,1 R2 — 52 ’

Z12 R22 G

< C(|R —rs| + |0])a.

Z11 R21  Ts

Since a +Y < r4/8 in the local chart, after decreasing the chart radius if needed we have a < 1 and
Y < 1. Therefore
ad+aY?<a®>+Y2
Thus 2sin(a/2)
sin(a
012 — 011) — (622 — 0O sin(a/2) — ————a
’(( 12 11) — (022 21)) (a/2) e 272)

<Co((|[R—rs| + 10| +a+Y)a+Y?).
Next, from the definition of B; and (270),

2sin(a/2 . willg L.
’Bi— << /2 _ o gin s sl )‘ < Calyt loil),  {id} = {1,2).
Zin [|wi |2

Using |1/z11 + 1/221 — 2/rs| < C(|R —rg| +10]), [1/211 — 1/221] < C|d], |y] < Cla+Y),
and [|w1l]2/(|wz|l2 + |lwal|2/[Jw1]|2 < C, we obtain

By + By 2sin(a/2) }
A - R < Cu(|R =1 + 8] + a4 Y),
o T (IR~ 7] + 18] + 0 +Y) o)
|B1 — B2| < Co(|6| +a+Y).
Substituting (272) and (273) into (229), and using |21 2 + 22,2| < a, gives
1 |2si 2 2 si 2
i@ o [ sina/2) , 2sin(a/ )a} ‘ < Cal(|R =7y + 16| +a+Y)a+Y?),
2w Ts Ts (274)
|a — paal < Cal(|R = 75| + 6] +a+Y)a+Y?),
which proves (265).
For Y2 = ||01||3 + ||02/|3, summing the last two lines of (211) over coordinates 3, . . ., d gives

1d 1
SV = — (Billoil3 + Balloall3 — 27 — 7)o, 02)) .

The estimates used to prove (273) also give

T's

B - (231“(0‘/2)4)’ <CuR—ryl+ 8| +a+Y), i=1,2
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Since —2(01,02) < [loa][3 + [lo2[|3 and |7] < C(a +Y),
liyz < 1 [(28111(04/2)

Ts

— 7+ Co(|R — 7| + [6] +a+Y)) Y24 (r+Cola+Y))Y?
- "2—0‘1/2 + Oo(|R = 1| + |0] + a+ Y)Y,

Multiplying by 2 proves (266). |

Lemma 68 (Local saddle passage) There is a constant Co M e, SUch that, for all sufficiently
small o,

1
Ta — tin — — log < Oa,m,M,ain,E‘
122¢%

a(tin)
Proof First note that the stopping time in the theorem is not reached before ¢;,. Since 21 2(t) >
0 > z22(t) on the times considered, N, () < a(t) + Y (t). On [0,t.], (243) and (245) give
Supg<i<¢, N1 (t) — 0. By lemma 66, ti, > t.. On [ts,tin], (255) and the estimates at ¢, give
supt:<;<tin N, (t) — 0. Hence, for all sufficiently small o, N (¢) < ¢ for every 0 < ¢t < t;,, and
the first time in the theorem may be searched for over ¢ > ;.

Choose fixed numbers 0 < n— < 74 so that 4n_ < € < n4. We choose 7, only after cg, the
local saddle-chart radius, and £;, have been fixed, and we make it small enough that a fixed constant
multiple of 74 keeps |R — r5| + || + a + Y inside the smallness range required in lemma 67 and
keeps |d| < ¢g/2. Forn € [n—,n4], set

a(t)

. (t
anlnf{tztln\/i:n .

We prove that, uniformly for n € [n—, n4],

1
H,—ty, — —lo
n in Lo g a(tin)
For fixed 7, let 7, be the first time when a/v/2 = 0, or |R — 5| + |§] + a + Y leaves the smallness
range in lemma 67, or |§| = ¢y/2, or one of the bootstrap bounds (275)—(277) fails. First choose a
large constant K g. Given K g, choose K larger than the Gronwall constant C,, . . Given K and
K3, choose Ky large enough. On [ti,, 7| bootstrap

< Coz,m,M,z—:in,e-

Y (t)? < Kyoa(t), (275)
15(t)] < K5 (0 + a(tin)*Aa(Ro) + a(t)?) (276)

and .
RO =rd<ne [ IR@ = nldi< K 77)

These inequalities hold initially after choosing e;,, small and then taking o small. Under (275)—(277),
the local estimate (265) gives

Y2
> o= C(R=ri| +13] +a+Y) - C—
> fio — C (4 + Ks (0 + a(tin)*Aa(Ro) + a*) + a + Y + Kyo) (278)
o
=2
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after decreasing 1, and taking ¢ small. Hence

0> %“a (279)

and a is increasing on the stopped interval. Therefore

2 1oe A

t— tin S — 10g = og )

fo altin) a(tin)
t 9 a(t)

/ a(u) du < — dv < Ca(t) < C,
tin Ko Ja(tsy)
t 9 a(t)
/ a(u)?du < — vdv < Ca(t)?, (280)

t /'La a(tin)

in

t t
/ Y (u)? du < KyU/ a(u) du < CKyoalt),

tln tln

/ u<C’\/Kyo'/ _I/degc\E.
Also

Y1) < /Eyoal) = a(t) f(i;’ < a(t) (fg") < ab), 281

for all sufficiently small o, where the final inequality uses the bound a(ti,) /0 — 00 in (262). Using
(267), (277), and (280) gives

|6<t>rSexp< /tli(lR()rsHa(HY( >>du> {5<m|+c/m P4V (1)) du
< Coorir <a + alt)?Aa(Ro) + /t t (a(u)? + Y (w)?) du)

< Ca,E,KR (U + a(tin)QAa(Ro) + a(t)2) .
(282)
Choosing K larger than the constant Cy ¢ -, in (282) makes (282) stronger than the bootstrap
bound (276). Next, (268), (282), and (281) give

|B(t) —7s| = e_(t_tin)/2|R(tin) — 7]
+C </t e =0/2 [a(u)? 4+ Y (w)? + |6(u)|(a(u) + Y (u))] du> (283)

< em W2 R(t,) — 1] 4+ O (a(t)? + oa(t) + (o + a(tin)*Aa(Ro)) alt)) .
The final inequality in (283) uses
Y (u)? < Kyoa(u),
|6(w)|(a(u) + Y (u)) < C (0 + altin)*Aa(Ro) + a(u)?) a(w),
which follows from (282) and (281). Since (279) gives fj e~t=w/2q(u)2du < Ca(t)? and

f;n e~ =%)/2q(u) du < Ca(t), the final bound in (283) follows. After choosing e, and 7. small,
and then taking o small, this improves the pointwise and integral bounds for R — ;.
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It remains to prove that the bootstrap bound (275), namely Y (¢)2 < Ky ca(t), also improves.
For £ > 0, (266) and (265) give

d 4y (t)?
Slog(Y (0 +) =
< (o + CUR() = i+ 15(0] +a(t) + Y (1) s
< ha + CUR() = ol + (0] + alt) + ¥ (1), 284
2
G 108a(0) > 10 = CUR(E) =l +18(0)] + ale) + Y () ~ O
2 2
< 1og Y(’;)(t)*f < C(IR() = o] + 18(1)| + a(t) + Y (8)) + c};((’?) |

The integral of C(|R — 4| + |d] + a + Y') in (284) is bounded because
t
[ 17— du < K.
tin
t
/ a(u) du < C,
tin
t
/ Y (u)du < Cy/o,
¢

/: 15(u)| du < K5 (0 + altm)Aa(Ro)) (¢t — t) + K /: a(u)? du

<C+CK;s (U + a(tin)QAa(Rg)) log a(;l) <C,

where (263) gives the final bound. The integral of C'Y (¢)2/a(t) in (284) satisfies

LY (u)? 1
/ (u) du < Kyo(t —tin) < CKyolog—— — 0. (285)
tin CL(U) a(tin)
Integrating (284), using (285), and letting & | 0 gives
2 2
a(t) a(tin)

and the choice of Ky closes the final bootstrap. The estimates above also exclude the non-bootstrap
stopping events. The bound (282) and the choices of &;, and 7 keep |(¢)| < ¢o/2. The improved
pointwise bound for R — rg, the inequality Y (t) < a(t) from (281), and a(t) < /274 before H,,
keep |R — rs| 4+ |0| + a + Y inside the local smallness range. Finally, (278) gives @ > (pq/2)a, so
the level a/+/2 = 1) is reached in finite time if no earlier stopping event occurs. Therefore the first
stopping event is H,, and 7, = H,,.
On [tin, H,,_ ), the definition of V| and the closed estimates give

(212(1) + 222(1)* | a(t)?

2 2
< 2% 4 Cony < €%,

N (t)? = +Y(t)?
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after choosing 77— small and then taking o small. Indeed, a(t) < v/2n_ before H,,_, so (z12(t) +
222(t))2/2 + a(t)?/2 < 2n2. Also (286) gives Y ()2 < Coa(t) < Cony. Thus

N, (t) <€
forall ¢t € [tin, H;,_), and hence H,, < T.. At H,

+

a(Hy, )

NJ_(HTI+) > \/5 =n4 > &

so 1: < H,, . Therefore
H, <T.<H,.

With the bootstrap closed, (265) and (286) give

d Y (t)?
77 logalt) = pa OR

The right side of (287) has uniformly bounded integral on [ti,, H,)] by (277), (280), (282), and (285).
Since a(H,,) = v/2n, and 7 stays in the fixed interval [n_, 7],

< C(|R(t) — 15| +6(8)| + alt) + Y () + C (287)

1 2
|H77 —tin — — IOg \(Cn) < Oa
alt:
He in (288)
‘H t L 1 ! <C
— lin — — 10, S .
% At
The sandwich H,, < T. < H,,, and (2838) give
1
T, — tin — — log <C. (289)
27 a(tin)
|

Before t., the cone estimate gives R > rg/4, hence 0 < ¢, < 2 for all sufficiently small o. Also,
lemma 66 gives 0 < ti, —tx < Com, M, Therefore 0 < ti, < Co Mg, - Also, (260) gives, after
increasing Co m, M ¢, if needed,

-1 —Ha Mo
C aOR()M < a(tin) < Ca7m7M,aina0R0“ )

a,m,M,sin

and combining this with lemma 68 gives, since ¢, was fixed in terms of « and ¢,

1
T. — —log

<ComMe- 290
Lo CLORE“Q =~ m,M,e ( )

Finally, from mo < ag < Mo and mov/d < Ry < Mo+/d,

1 1
log ——— — <10g + ta log(a\/ﬁ)> < Ca,m,M,
1 1 Ha
1 —( (1 = pa) log = + =2 1ogd ) | < Comr-
OgaoRg“a (( pa)log — + =~ log ) < Ca,m,M
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Dividing by p proves

1 1 1
T. — |:<_1> ]og—l—logdH < Cam,Mge-
/I/a O_ 2 b b b

This is the asserted escape-time estimate. |
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