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Abstract

Neural operators are a type of deep architecture that learns to solve (i.e. learns the nonlinear
solution operator of) partial differential equations (PDEs). The current state of the art for
these models does not provide explicit uncertainty quantification. This is arguably even more
of a problem for this kind of tasks than elsewhere in machine learning, because the dynamical
systems typically described by PDEs often exhibit subtle, multiscale structure that makes
errors hard to spot by humans. In this work, we first provide a mathematically detailed
Bayesian formulation of the “shallow” (linear) version of neural operators in the formalism
of Gaussian processes. We then extend this analytic treatment to general deep neural
operatorsusing-operators specifically, graph neural operators —using approximate methods
from Bayesian deep learning, enabling them to incorporate uncertainty quantification. As a
result, our approach is able to identify cases, and provide structured uncertainty estimates,
where the neural operator fails to predict well.

1 Introduction

Neural operators (Kovachki et al., [2023; [Li et al., [2020b; [2021a; 2020a; |2021b) are a-deeplearnins-arehiteeture
Wmdemgned for reconstructlon problems related to partial differential equations
(PDEs). They approximate mappings between infinite-dimensional vector spaces of functions, such that —
once trained — solutions of entire families of parametric PDEs can be represented by a single neural network.
However, the learning process is subject to several sources of uncertainty, which can result in a potentially
significant prediction error because of the nonlinear — and often nonintuitive — interactions of different stages
of the approximation. The goal of this paper is to develop methods for estimating this error at a practically
acceptable computational cost. This kind of functionality is urgently needed in this domain: Due to the
intricate and often not intuitive nature of the dynamical systems described by PDEs; it can be hard for the
human eye to detect prediction errors, even when they are large.

In this paper, we address this gap by developing an approximate Bayesian framework for neural operators
— from a theoretical, and a computational point of view. We begin with a brief review of neural operators.
Then, using linear, parametric PDEs as guiding examples, we show how their “shallow” (single-layer) base
case allows for an analytic Bayesian treatment using the formalism of Gaussian processes (Rasmussen &
Williams| (2006)). This linear case, while primarily of theoretical interest, provides valuable insights and
aims to make this model class more accessible to the Bayesian machine learning community. We then extend
the theoretical analysis to the nonlinear deep case. Here, analytic treatments are no longer possible, so
we fall back on approximations developed for Bayesian deep learning. Specifically, we focus on Laplace
approximations (MacKayl, [1992)) which are easy to add post-hoc even to pretrained networks, and add only
moderate computational cost relative to deep training without uncertainty quantification (Daxberger et al.|
2021). Our experiments in Section [5| demonstrate that the resulting method effectively captures structure
in the predictive error of graph neural operators, both in the over- and under-sampled regime. In SeetionBl
Section [2] we discuss some theoretical background, and develop a probabilistic framework for neural operators
We discuss related work in Section [4]
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Figure 1: Green’s functions in Equation @ for different values of \g = {3,4.5,7.5}. On the left, right-
hand-side functions f, g for the PDE in Equation and respective solutions uy, ug for the correspondent
Ao-value, computed through Equation .

2 Background

In this section, we examine how neural operators approximate solution operators for parametric PDEs
through functional observations. If we fix one input of the solution operator, neural operators can be
understood as effectively inverting the differential operator associated with the PDE. In this framework, the
process of learning the operator becomes equivalent to reconstructing the Green’s function, reducing the
problem to a task of function approximation. This perspective, developed in Section [2.1] forms the basis
for the Bayesian approach developed in Section [3:1} Subsequently, in Section 2:2] we outline the iterative

structure of neural operators, their training mmethodology—and-their—relationship-procedure, and how the

relate to Green’s functions.

2.1 PDEs And Green’s Function
One of the main fields of applications of neural operators are PBEs—Inthis—work—we-consider—thefamily

families of parametric PDEs of the form

(ﬁ;(u)(:z:) = f(z), €D

u(z) =0, x € 0D L

for some sufficiently well-behaved, bounded domain D C R? with boundary dD (e.g. open, bounded D with
Lipschitz boundary D), where U > u: D — R, FF > f: D — R, A € A, with U, F and A appropriate
function spaces. The precise nature of those function spaces is not important for the remainder of this work.
The function A parametrises the differential operator L.

Equation defines a solution operator
H:Ax F—=U, ()\,f)i—>u,\)f (2)

in the sense that H(A, f)(z) = ux, s(x) solves the PDE for the given functions A and f. Even though the

PDE is linear, H is (possibly highly) nonlinear. Inpartienlar—in—thissection—we-considerthe-ease—where-
is-fixedsso-the solution-operator can-bhe written as

G: f—u.
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Figure 2: Neural operator architecture NOg. Fach layer | computes a new function 1;, that contains the
neural network gy in the integrand. Layer parameters are shown on the corresponding arrows.

The-operator-Gtike-The operator H, is a map between function spaces. The idea behind neural operators
is to approximate the operator G—-{er—H »with a single neural network trained on function observations

{fi, ul}fvzl Thus, instead of approximating the solution of the PDE for only a fixed f or A, neural operators
directly infer the operator G—

H. Numerically, the functions f and u are observed on a discretisation grid of the function domains.

In this subsection we are interested the particular case where A is fixed, so the solution operator can be
written as

G: fu. ®)

This operator will be the one we want to approximate in the linear ("shallow") case in the next section. If the
differential operator £y is linear, the map G inherits that linearity. Considering the operator in Equation
is y-an important step to understand the learning process of neural operators. In fact, observe how G is
the inverse of the operator £,. FThe-In this simplified case where A is fixed, the neural operator is therefore
learning an operator, G, through function observations { f;, Uz}f\; that derive from the action of its inverse.
In other words, during training, the neural operator is implicitly learning to invert the differential operator
L. In particular, in the case where the differential operator is linear and admits a Green’s function GG, the
solution of Equation can be expressed through integration with the kernel G

mzéammMMy (4)

Hence, learning the operator G is here equivalent to learn the function -G, which means that an operator-

learning task can be reduced to that of functlon reconstructlon The-struetureof neural-operators—inits

In the general analysis of linear PDEs (we refer to e.g. (2010) for background on PDEs), the
Green’s function &Gy (x.y) represents the impulse response of the linear operator Ly, that is
&W—&.#MMMET y € D where ) denotes the Dirac delta distribution. Nete

: Despite £y being linear, the
QEWWW either arguments To visualize the-presented-these concepts,

we consider the one-dimensional boundary value problem

(—A=X1d) u(z) = f(z), z€]0,1],

u(0) = u(1) 5)

I
=
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that-admitsa-where in this case A\q € R is a (scalar) parameter, and Id is the identity operator. It’s Green’s
functionin—elosedHform;—, for \ nw VYn € N, is given b

Gro(29) = T ©)

where we abbreviated
A= H(y — z)sin(Aoz) sin(Ao(1 — y)) (7)
B := H(x —y)sin(Ao(1 — z)) sin(Aoy), (8)

and H denotes the Heaviside step function. Details of the Green’s function derivation are in Appendix

.__Equation (5| relates to Equation in the sense that the differential operator £y, = (—=A — M\31d) is
parametrlsed by )\0 W%Green s functions G X for different values of Ao, as-well-as

structure. A more thorough explanation of what follows can be found in the work by Kovachki et al.| (2023);
[Li et al] (20200} |2021a|; 20204}, 2021D).

Let g9 : D x D x R x R — R be a neural network with parameters 6. Define the neural operator NOg as a
composition of L € N layers

NOo: A x F — U,
(>‘7f) = (wL OwL—l O ... Owl)()‘af)7 (9)

where each layer
Yo: ®— @, £={1,...L}, (10)

is defined as a composition of (i) integrating the output of the previous layer against ¢zgg,, and (ii) combining
the integral with a linear component and an activation function o,

oegt)() = o (Wish(e) + [ aun (o, M0) A)a(0) o ) (11)

The space ® in Equation is a vector space of funetions-mappingfrem-real-valued functions on DteIR-

The-, and the final layer of the neural operator maps into U, so ¢r: ® — U. In Equation (L1), W, is a
learnable linear operator (represented by a matrix after discretization), and is the integral kernel in the

{-th layer. In practice, the integral cannot be computed in closed-form and a suitable quadrature formula
needs to be employed (which turns the integral into a weighted sum of evaluations of the integrand; see e.g.

|Dav1s & Rab1novv1tz| (2007)). The p&f&rﬁe%efsggg:mletw& 1O of NOg b e =
Hr—is © = {6, UW,}E . Loosely speaking, one can think

of this constructlon as a deep neural network (NOg) that iteratively approximates the solution uy s {see
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Eq&&&ieﬁ—@%with linear transformations W, and nonlinear activation functions g, and at every iteration

(layer) employs another neural network (¢zgg,). For a visualisation of NOg see Figure

; b - Hthat-isbased-on-theformalismof-Gausstan-proeesses—Although
the figure shows A\ entering in each layer, in practice the kernel may encode X in an initial “lifting” layer
while using a final “projection” layer to map the function output back to the physical domain.

Note how NOg approximates an operator. While, technically speaking, this means that its training and test
set consist of functions, in the numerical computation, these functions need to be observed on some grid.
Let {A1,..,An} X {f1,..., far} be a set of training inputs, each of which shall be observed on some mesh
X := {x1,...,2x}. In total, that makes NK x MK = NMK? training inputs. Without loss of generality,
and for the sake of simple notation, assume that the solution of the PDE and the respective inputs are
observed on the same mesh X. Thus, we observe N M solutions w11, ..., unps, i.e. NMK training outputs —
one set of evaluations at X for each solution u,,, associated with (A, fin), n=1,..., N,m =1,..., M. Each
of these outputs is a function that maps from D to R, thus u,,,(X) € RX. The relation between inputs and
outputs is

Unm = H(An, fm)~NOo(An, fm)- (12)

While this equation is between functions, once discretised, it becomes an equation between vectors. To be
able to optimise the parameters, we introduce the loss function

L:RE xRE - [0,00). (13)

The network parameters © are then computed by (approximately) solving the minimisation problem
©" = argmin > L(tnm (X),NOo (An, fin)(X)), (14)

where we used the above vectorised notation. This minimisation can be carried out with any of the optimisers

popular in deep learning (see e.g. (Le et al.l[2011)). Note that by approximating directly the solution operator
‘H, NOg simultaneously learns the entire family of PDEs parametrised by f, A without the need of re-training

the network for a new A or f. Considering that these new inputs samples can be out of distribution cases,
which are notoriously harder to predict (Hendrycks & Gimpel, 2017)), it is even more important to introduce
uncertainty quantification for these architectures.

2.2.1 The One-Layer (Shallow) Case
A special, shallow version of the neural operator arises by setting L =1, ¢ = Id, and W, = 0, with A = \?

fixed. In this simplified scenario, we focus on the operator G : f — u, yieldin,
shall
NOo(f) = N0 (7) = [ gu(a ) (w) d. (15)
D
where gg := is now the only learned integral kernel. If gy is a sufficiently accurate approximation of the
Green’s function G, in Equation (6), then Equation (15]) essentially recovers the classical solution integral
Gy (x dy. Hence, the structure of neural operators in its one-layer (shallow) case is inspired b

the Green’s solution formula for linear PDEs (Equation (4)). In the next section, we provide a Gaussian

rocess—based probabilistic perspective on this one-layer operator, which lays the groundwork for a more
eneral Bayesian treatment of multi-layer (deep) neural operators.
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3 Method

Here-In this section, we develop the Bayesian probabilistic framework for neural operators. Section

exploresfocuses on the special case of a one-layer networks-alewing-(shallow) network, where we can leverage

Gaussian process regression to obtain an analytic non-parametric Bayesian treatmentthrough—a—Gaussian
proeess—model. This setting provides not just a useable algorithm, but also an important conceptual base-

case that is not prominently discussed in previous works on neural operators (including non-Bayesian ones).
In Section [3:2] this “shallow” treatment is extended to the deep setting using a linearisation in form of the
Laplace approximation, which again provides a Gaussian posterior distribution, albeit an approximate one.

3.1 Bayesian Neural Operators and-In The Shallow Case With Gaussian precessesProcesses

Qﬁh}é%&%@%&ﬁ@fmmm&%Q—f—H%ﬁWe begin with the shallow neural operator NOS°% introduced in
uatlon 1.) In particular, we con51der the lznear PDE in Equatlon In thls e&seg—e&ﬁ—be&ppfefﬂﬂr&%eé

fefmu}&s—fer—}me’a{—P—BEsisettm the PDES solutlon 0 erator Q — U _can be a roxunated via,

NQghatlow o2 dy, where lays the role of the Green’s function G(z, Since the

considered hnear PDE admits an analytlc Green s function G (see Equation @ and since the only pa-
rameters of NOg are the ones of the neural network gy —(i.e. © = O-1es

eqmvale%) %lg@g@g\gvgmlwvgggg to learmng the functlon G—Fhefefefe—f%ehiﬁe%mg—tm&eaﬁfefeﬁm&&te

Formulating the Problem as GP Regression. In contrast to conventional GP regression, instead
of direet—observations—ef-Gdirectl observm values of G, we only have—&eeeﬁe@—%hfeﬂgh—the—ﬂﬁeg%

bserve integrals of G against

D J N o ot
various in ut functlons S emﬁcall for each training in ut functlon we observe

un(z) = /DG(ﬂf,y)fn(y)dy, n=1,....N,

/G y) dy.

Because A is a linear operator in G, a Gaussian likelihood involving these observations (including the limit
case of noise- free observatlons) W@W@%MM& GP prior and-—=

Concretely, suppose

G ~ GP(u. k), u | G ~ N(AG, 0%,

where p:R? - R is the prior mean function #p+R2xRZ—R—Assuming G ~AN{AG o2 yand

kg: R? x R2 — R is the covariance kernel parameterized by ¢. Because both the prior and the likelihood are
Gaussian with a linear observation model, the posterior distribution-over G-s-a-Gaussian-proeess-G remains

Gaussian (Tanskanen et all [2020; [Longi et al.l [2020)).
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Posterior Mean and Covariance. The resulting posterior distribution over G is again a GP with mean
and covariance:_

-1
E[G]= pu + A'kg (AA*k'9+02) (u— Ap),
B (16)
Cov(G) = ko — A'kg (ALK +02)  Ako,

where A —A* is the adjoint ef-A—With—thepesterior—distribution—ever—operator of A. To see why, note

that we have a standard linear-Gaussian model (u; = A G + 02), where observations u; are obtained

via the linear operator A acting on G at-hand—-we—ean—eompute-which yields a closed-form GP posterior
(Rasmussen & Williams, 2006).

Interpretation and Extensions. This Gaussian posterior enables the usual suite of GP-based inference
Ww&uncemamty estnnates on thepreehetrerr&mepeeteﬂere&mples—cmdrexp}ert—&ﬂthe

Green’s functions (e.g., symmetry G(x = G(y,x)) can be incor orated into the kernel k <Duvenaud|, 2014)
. Since the solution w is a linear function of G, %&%ﬁ%ﬁm@&eﬁeﬁ%ﬁ%ﬁh&m
w#once G is learned any new input functlon can be ma ed to a dlstrlbutlon over solutlons u*. That is,

eper&ter—e#solutron 0 erator of th PDE In Sectronm we demonstrate the use of thls GP a roach on
Equation (5

3.2 From GP-Te-NNGaussian Processes to Neural Networks: Last-Layer Laplace ApproximationOn
Neural Operators

While w

GP-based a roach frorn Sectlonlﬂ rov1dee an exact Bayesian treatment for the shallow one- layerﬂeﬁra}
i ¢ ) operator, it does not directly extend to deep neu-

ral operators which-eentain-whose non—hnearltres —Heweverbreak the linear Gaussian framework. Instead,
we can m%&wﬁm\mww%wmfmm Bayesian deep
learning to ebtain-an-appreximationte-a Wthe posterior distribution ever-the-weights-p(O4D)with
R(,@MEEQD {)\n,fm,unm} fern =1,. Nane]r L= 1, M%rneetheeefﬂpﬂt&treﬁef—thetrue

—are the trarnrn data and © are the network ararneters In particular, we use the La lace a mxzmatwn,
a relatively simple yet powerful approach to approximate the parameter’s posterior distribution with a
Gaussian (MacKayl 1992 Blundell et al.l 2015]).

Predictive Distribution. To make predictions with—the—approximate—posterior—¢{O)—at test inputs
(Ao fx), we need the predictive distribution

plus | NOo (., £.), D) = / Pl | NOo (A, £.))q(©) dO (17)

for—test—unetions—A=Fwhere O | D) is the approximate posterior. In general, computing
thls predictive distribution requires %%mw%wﬂ%%ﬁmw
roximation; for example, a local linearization of the neural network (Immer et al., |2020) svhich—results

%ma Gaussian predictive distribution fer-under a Gaussian likelihood. Alternatively—weecan—usea-A
simpler yet often effectlve alternatlve is to focus on a last-layer Laplace approxunatlon He}&tlvelyLﬁnrp}e
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Laplace Approximation. The Laplace approximation for neural networks requires-a-is built around the

maximum a-posteriori (MAP) estimate swhich-is-obtained-by-minimizins-theloss£{P+0)-of O. Denote the
regularized training loss as

Omap = arg ngn[,(D; 0) = arg n}_)inr(@) + Zﬁ()\n, fmy Unm, ©)., (18)

n,m

?h&emp%ﬁea%ﬂtl&%&\ﬁ}n—,uw%where l corresponds to the negatlve }eg—hkehheedklo hkehhood
_Ing(unm | NO@()\na fm)) g Og P

FHste-a-see 7(0) is the negative log-prior.
Then the MAP weights are
Onap = argm@inﬁ(D; 0).

Near © we approximate £(D;0) via a second-order Taylor expansion:

1 .
@@EMAP = arg m@inﬁ(D; @MAP)+§(6 — @MAP)T: arg m@in(VéET(g@ﬂ(—)MAer Zf(m,@*@hmp)),

n,m

A~~~

(19)
where-the-first-order-where the first-order term disappears at SxarOyap. Then the posterior approxima-
tion ¢(©) can be identified as a Gaussian centered at Oyap, with a covariance corresponding to the local
curvature:

4(8) := N(© | Oriar, (VAL(D; O)lo,,..) - (20)

Fhatistheeovarianeeis-Hence, the a roximate osterior is Gaussian centered at © with a covariance
given by the inverse Hessian of the i iz ot

%ﬁe%%@%}—&t—%h@—%m&ﬂe&—“*ﬁg—hﬁ%—@wwloss at that omt

i

Practical Advantages. Standard training of neural networks already identifies the local optimum Onaps
the—enty— __ Thus, the main additional cost is te—eempute—computing the Hessian V3L(D;0) at that
pointOyap, once. This-also—means—the-approximation—ean—be—computed—Moreover, this procedure can
be done post-hoepost hoc —fer-on a pre-trained networksnetwork, which implies that uncertainty quantifica-
tion in the form of a Laplace approximation comes only at a very small computational overhead while also
preserving the predictive power of the maximum a posteriori estimate.

A o i ] E ’ ) ] } "‘.f E f]’iE 135111?8] Epefﬁlf@f

Last-Layer Laplace in Neural Operators. To apply the Laplace method efficiently, one typically
decomposes the network into a fixed feature map corresponding to the first L — 1 layers and a last lin-
ear layer (Snoek et all 2015). ﬂﬁ&i&p&eﬁe&}aﬂfeefweﬁwﬂktﬁ%h&eas&eﬁ%he&fekﬁ%eemfeeeﬂﬁé&aw
I&ﬁl—ﬂ%@ibl}—eme&m the gra h neural operator b AAAAAAA |I considered in this work, the last
layer is i ‘ linear in its weights. This
&Wmmw@gwmmmbmm over
the mﬂeﬂem%pﬁ%ﬂftﬂﬁﬁse%&%%ow Hence, for a Gaussian likelihood the predictive
distribution in Equation (|17)) can be computed in closed form by using the approximate posterior ¢(0). Note
that thls predlctlve dlstrlbutlon is equlvalent to the one of a GP regression problem (Khan et al., 2019).

-shatlow-Conceptually, this connects the shallow GP approach
to the deep case, although we are now not approximating the posterior over the parameters of the Green
function, but over the weights of the last layer.

cristiadi-et-al(2020)Daxberseret-al2024)-showed-Recent work (Kristiadi et al 2020} Daxberger et al. [2021))

has shown that this approach achieves competitive performance on many common uncertainty quantification
benchmarks compared to more recent alternatives — despite the low computational overhead. In Seetion5|
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ﬁkSectlonEl, we demonstrate that the same methodology can be effectivel comblned w1th raph neural
operator architectures —to provide predictive uncertainties for PDE solutions.

4 Related work

The interplay of (parametric) partial differential equation models (see |Cohen & DeVore| (2015) for a review)
and deep learning has rapidly gained momentum in recent years. Broadly speaking, there are two approaches:
learning the solution of a given PDE on the one hand, and learning the parameter-to-solution operator of a
family of parametric PDEs on the other hand.

Conventional numerical PDE solvers (e.g. |Ames| (2014)) and physics-informed neural networks (PINNs)
(Raissi et al.,2019; [Sirignano & Spiliopoulos, [2018} |Zhu et al.,[2019) fall into the first category. In PINNS, the
PDE solution is modelled as a neural network. The differential equation is then translated into an appropriate
loss function, and an approximate PDE solution emerges from automatic differentiation and numerical
optimisation. While the physics-informed neural network formulation extends naturally to PDE inverse
problems (Raissi et all |2019; Zhu et al., 2019), it brings with it some practical issues like hyperparameter-
sensitivity and complicated loss landscapes (Wang et al. 2021; [Sun et all 2020). PINNs also need to be
retrained once the parametrisation of the PDE (A of f) changes.

As described in Section neural operators do not face this issue because they learn the parameter-
to-solution operator of a family of parametric PDEs (recall Equation ) Conceptualised by [Lu et al.
(2021), brought to the limelight by Bhattacharya et al| (2021); [Nelsen & Stuart| (2021)); [Li et al]| (2020bga;
2021alb)); [Patel et al| (2021)); Duvall et al.| (2021); [Kovachki et al.| (2023), neural operators have since been
extended into a range of architectures. These include graph neural operators (Li et al. , Fourier
neural operators (FNOs) 2021al)), multi-wavelet neural operators (Gupta et al., 2021)), and physics-
informed neural operators , which integrate data and PDE constraints to simultaneously
leverage observed data and governing equations in operator learning. For a comprehensive overview of
neural operator architectures, we refer to |Azizzadenesheli et al.| (2024). Work on universal approximation
results for neural operator architectures include Kovachki et al.| (2023; 2021); Lanthaler et al.| (2023). In this

work, we focus on graph neural operators (Li et al.l [2020b)) for the experimental studies.

Despite these advances, uneertainty—quantifieation—remains—underexplored—in—the—eontext—of-uncertainty
quantification remains relatively underexplored in neural operators Eﬁortsﬂfhthh—direetrothecent

efforts_include |Kumar et a1| (]2024[) which i

deﬂveé—&om—combme a Wavelet Neural Operator ﬂpt%%ghypmﬁ%ﬂrr@ﬁg&fwﬁh a_Gaussian
rocess prior by optimizing hyperparameters via negatlve log—marglnal llkellhOOdfﬁiﬂffﬂi‘b&HGﬁ—Qt—hef

s—, and Zou et al. 2024 who propose a

Ba esian extensmn of DeepONets, In addltlon lGarg & Chakrabortﬂ @022WVarlatlonal infer-

ence for uncertamty quantlﬁoatlon.

Bowlé-&Townsend{2022)foeus-ontearning—the-, while kernel- and GP based operator- learmn approaches
(Batlle et all|2024a; Magnani et al., 2024; (Chen et al.| 2021; Batlle et al [2024b; |Chen et al.| 2024

address function-space mappings. Finally, Boullé & Townsend| (2022) focus specifically on learning Green’s
funetion-associated-with-PDEs—functions for PDEs. Qur approach differs by providing an exact, GP-based
formulation for_the shallow (one-layer) operator under linear PDEs. and a post-hoc last:layer Laplace
approximation for_deep_graph_neural_operators. _Although Magnani ct al| (2024) also_employ Laplace
approximations, their focus is on Fourier neural operators rather than graph-based architectures.

Uncertainty quantification is particularly critical in low-data regimes, where generating training data is
computationally expensive due to the reliance on numerical PDE solutions. Bayesian methods offer a
principled framework to address this challenge, providing insights into the reliability of predictions even
when data is sparse. In the experiments below, we present an initial demonstration of the potential of
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uncertainty quantification for neural operators and discuss its potential implications for future developments
in this field.

‘ inferss : : ights Mﬁﬁ%&t@w&m
Bayesian treatments for neural networks include Variatlonal inference (]Graves Ll]; Blundell et al., [2015

Khan et all 2018 Zhang et al) [2018), Markov Chain Monte Carlo (Neal, [1996; Welling & Teh, 2011
Zhang et al], 020) and heuristic methods ([Gal & Ghahramam], |2016]; IMaddox et alL |2019]) @ypieailry

estimatereteﬂied—by;thehpreeedmgMost such a roaches require either re-training or specialized samplin
mechanisms, which can be computationally expensive and may alter the optimization process. The Laplace

approximation (MacKayl [1992 Kristiadi et ali 2020; Daxberger et als 2021) circumvents_these downsides

by a rox1mat1n the posterior around a\standardvgnon—Baye&aneomputaﬂen—h%eentﬁﬁt—etheefﬂethods

o a
re—tralned com utatlon As we demonstrate this makes 1t es ec1a11 appealing for neural operators

where training can be time- and resource-intensive.

5 Experiments

In this sectionwe-exploit-the-theoretieal-analysis-developed-+in—27-, we apply the theoretical framework from
m@mto construct Bayesian neural operators dehveriﬁgthat rovide uncertainty estimates. We use-the

ease—thefkextendreﬁﬁnethedrbe in with the shallow case, leveragin “the exact Gaussian process formulation
of Section and then roceed to the deep ease—We—reprod&ee#;h&expeﬂmentseen—neﬂrakoperatefs—as
50900 .

we can effectively detect wrong predictlons

5.1 Uncertainty Quantification in the Shallow Case with GP regression

r—> u reduces to estimatm G from integral observations

(o s = /D Gow) filw) dn)},.

Numerically, each right-hand side function and the correspondin solution u; are observed on an evenl
spaced grid X = {z),.. .z} As training p THE

@anctipvgsifvhwe use the first & venrly
e - 55 MQ@@WM

place a Gaus51an prior G QP(,u k) with a zero mean function p and a kernel function k: R? x R? — R

that factorizes into the product k((xo, xl) (yo, yl)) = k1 (z0, yo)kg(xl, yl) where k1 and ks are Matern kernels

with parameter v = 2.5 . eo W AN 013

The integral operator A in Equation (16]) is computed via numerical quadrature.
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Posterior mean
N = 3 observations s Ground truth

1 0.12

with f; shifted Legendre polynomials. The samples show the approximation’s variance, which decreases
when N increases.

Figure [3| shows samples from the resulting posterior over G for A\g = 4.5 when N =3 and N =8. Sam-
ples from the posterlor are used to visualize the posterlor variance. For H—%h&samp}es—eﬂﬁbﬁ

fmpfeelse—}freeﬁbfast—wr&b—]\f—&ebsefvaﬁeﬁsN = 3 the osterior variance is large 1ndlcat1n a h1 h
degree of uncertainty. As N increases to 8, the posterior variance is-significantlyreducedleadingto-a—more
acetrate-estimate-of-Gdiminishes significantly, vielding a closer approximation to the true Green s function.

Since learning G corresponds to learning the inverse of the differential operator in Equation (5], the posterior
distribution over G can be leveraged to obtain both an approximation of the solution and an associated error
estimate for a new PDE with right-hand side function f*.

5.2 Uncertainty Quantification in the Deep Case

Lotk oo highlight the i

Wmof uncertainty quantification in—the-eontext-offor graph neural operators, using

focusing on a second-order elliptic PDEas-a-—representative-example—Ourresults-demonstratethat Bayesian
. Our primary aim is to demonstrate how Bayesian graph neural operators can effeetively—identify regions

of uncertalnty in solutlon estlmates and mitigate predlctlon errors in low—samphng reglmes A}t—heﬁgh—ﬁﬂf

To recreate the results in [Li et al.| (2020b) we use their original code -for graph-based neural operatord"| usin

message-passing layers Klpf & ‘WelhngMQOlGJ;JGllmer et al], 2017) with 64 hidden dlmenswns and ReLU

@2@3@%

erformed via the Adam 0 tlmlzer We then apply our ast layer Laplace approxunatlon —wense the software

as outlined in Section ost hoc, via the library introduced by Daxberger et al.| (2021)). We-use-a-tast-layer
Laplace-approximation-with-This method constructs a full generalized Gauss-Newton-Gauss—Newton approx-

imation (]SchraudolphL 2002) of the Hessian —Fhere-are-two-sealar-hyperparametersrof the training loss at
the final-layer weights. Two scalar hyperparameters—the prior precision and the-ebservation—noise—Both

are—tuned—post—hoe via—observation noise —are tuned post hoc by optimizing the log marginal likelihood
{Hmmer-etadd-2024-Daxberger-etal 2024 (Immer et al. |2021} Daxberger et al.| [2021]).

We consider the second-order elliptic PDE examined in |Li et al. m (2020Db)), given by

-V (A@)Vu(z)) = f(z), ze€D
u(z) =0 x € 0D

Thttps://github.com/zongyi-li/graph-pde/graph-neural-operator
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(a) Ground truth (left) and approximation (right). (b) Error (left) and standard deviation (right).

Figure 4: The Bayesian neural operator applied to the 2D Darcy flow problem in a low-data regime. The
approximation is poor, and the predictive standard deviation highlights the areas of high error.

where D = [0,1]? is the unit square and f = 1. The PDE in Equation (21)) represents the steady state of a
two dimensional Darcy flow and arises in several physical applications. Note that even though the PDE is

linear, the parameter-to-solution operator F: A — U, )\ = u is not. The nenlinearsolution-operator-

F:A=U, A—=u

is—approximated—with—a—type—of-neural operator architecture bas 33 & S S
approximates F via a graph-based neural network (Kipf & Welling (2016)). In particular, for the computation

of the integral in Equation (]:[), the domain D is discretised into a graph-structured data on which the
message passing algorithm of |Gilmer et al.| (2017) is applied. In Section we examine the case where only
few data are available, while Section addresses a high data regime.

5.3 Low-data Regime

We begin by examining the case of sparse observation points on the unit square D = [0,1]? , a common
scenario in multi-scale dynamics described by PDEs, where data is often expensive to obtain. In such cases,
the limited data can lead to inaccurate approximations, making it essential to quantify the uncertainty
associated with predictions.

In particular, since the problem is relatively simple, we consider an extreme setting where we train on only
two training functions and subsample only two points from a 16 x 16 grid for each. Figure (4] shows on a
61 x 61 grid that in this setting the NO fails to predict the solution well. As a consequence, our method
exhibits low confidence (high predictive standard deviation) in the prediction, particularly in the areas of
higher error. For readability, the plots use different color scales. This is due to the slight underconfidence of
the Laplace approximation (in the scalar global parameter, not the local structure). Having measures such
as the predictive standard deviation to determine whether the prediction should be trusted is of big practical
benefit for many applications.

5.4 High-data Regime

The previous section examined a heavily under-sampled scenario, characterized by a limited amount of
training data. While this setup may appear simplified, under-sampling is a common challenge in practical
applications involving high-dimensional problems, where it is often infeasible to densely sample the domain
with pre-computed PDE solutions. In this section, for completeness, we explore the opposite end of the
spectrum—a highly over-sampled regime—and find that good and structured uncertainty quantification is
nevertheless useful here.

Figure [5] shows results on a dense 61 x 61 grid, analogous to the previous one, trained on 100 densely
evaluated 16 x 16 grid solutions. Note, that the model generalizes well from the smaller 16 x 16 grid used
during training to the larger 61 x 61 grid for testing, as previously shown by . Although the
prediction error is generally of good quality (i.e. relative prediction errors are mostly below 10%), the trained
network exhibits an artifact in one, sharply delineated region of the training domain. This is a common

12
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(a) Ground truth (left) and approximation (right). (b) Error (left) and standard deviation (right).

Figure 5: The Bayesian neural operator on the 2d Darcy flow problem in the high-data regime. The
approximation is close to the ground truth. The regions of relatively high error, as well as their magnitude,
are captured by the predictive standard deviation.

problem with the ReLU features in this architecture, which create piecewise linear predictive regions (Hein,
2019).

As the figure shows, the Laplace approximation is in fact able to identify and delineate this region well,
and produce an effective, well-calibrated warning about its presence. It is important to note that this kind
of functionality is only possible with the structured uncertainty produced by a Bayesian technique like the
Laplace approximation — i.e. by an approximate posterior measure, rather than a global worst-case error
bound.

6 Conclusions

We provided a theoretical Bayesian framework for neural operators. While these recently introduced ar-
chitectures have demonstrated competitive performance compared to other numerical methods and shown
promise in outperforming neural network-based approaches on large grids for certain tasks, they do not
come with explicit uncertainty quantification. We developed an explicit analytic Bayesian treatment for
the linear base-case, and illustrated how we can learn (the distribution over) solution operators through
non-parametric GP regression. We provided an effective and efficient approximate Bayesian treatment for
the full, deep case through the use of Laplace approximations. In experiments, our approach is able to
quantify predictive uncertainty both in the sparsely and densely sampled regime. In the former, it produces
structured uncertainty across the predictive domain. In the latter, it is able to precisely detect and delineate
regions where the predictive estimate fails to approximate the true solution well. The code used to produce
the results herein will be released with the final version of this paper.

If deep learning approaches to the simulation of dynamical systems are to fulfill their potential and be applied
to serious, large-scale partial differential equations (including safety-critical and scientific applications), then
uncertainty quantification as presented here has a crucial role to play in the prevention of accidental and
potentially dangerous prediction errors.
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A Appendix
A.1 Derivation of the Green’s function for the one-dimensional Dirichlet problem
We consider the one-dimensional boundary value problem

d2
_ 2 _ 2 _
Lyu (z) = (— AP Id) u(z) = @u(x) — ANu(z) = f(x), x€]0,1], (22)
u(0) = u(l) =0,
The Green’s function Gy, (z,y) solves, for each fixed y € [0, 1
Step 1: Solve the homogeneous equation away from x = y. For x the Dirac delta is zero, so
Gy, satisfies the homogeneous problem
d2

_EG)\U(xay) - )‘gG)\o(xvy) = 0.

Hence, for a fixed
A(y) sin()\o a:) + B(y) cos()\o x), x <y,

Gy, (z,y) =
(@) {C’(y) sin(Ao ) + D(y) cos(Aox), x> y.

Imposing the boundary condition Gy, (0 = (0 implies B = 0. Thus
A(y) sin()\o :c), x <y,

G (z,y) = 23
(@) {C(y) sin(Aoz) + D(y) cos(Agx), z>y. @)

The condition G, (1 = 0 then imposes
C(y) sin(Ag) + D(y) cos(Ng) = 0 (Condition 1).

Step 2: Enforce continuity at * = y. Because G, itself must be continuous at x = vy, we require
lim Gy, (z,y) = lm Gy, (z,9).
Ty~ z—yt

Step 3: Impose the jump condition on the derivative. By integrating £, [ Gy, ( z) = 6(x —
across a small interval around x = y we get

y+e yt+e
—/ N, (@ y) de = / §(x —y)dr = 1.
e e

—€ —€

Since.
y+e
i / /
/ Yo (@ y)de = G\ (y+e,y) — G\ (y—e,9),
y—e
we get —|GA (y+e,y) — G (y—¢ = 1, hence
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Step 4: Solve for the coefficients. Solving equation and Conditions 1,2,3 leads to the known

closed-form expression for \ nm:

1 sin(/\o x) sin()\o (1- y)), x <y,

G}\() ('T?y) = N e
Ao sin(Ag) sin(Aoy) sin(Ao (1 —2)), z>y.

piecewise definition in terms of the Heaviside

In the notation of Equation (6], one can equivalently write this
step function H.

Step 5: Verify the non-degeneracy condition. If \q = nx for some n € N, then sin(\q) = 0, and the

above formula becomes singular. Indeed, in that case, the homogeneous problem with boundary conditions
= u(1) = 0 has non-trivial solutions, which obstructs invertibility of £),. Thus, the Green’s function

and hence the unique solution) is well defined when \ nmw.

This completes the derivation. For further details on Green’s functions and partial differential equations, we
refer e.g. toStakgold & Holst| (2011)); Evans| (2010).
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