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Abstract

Multi-objective optimization (MOO) has become an influential framework in
many machine learning problems with multiple objectives such as learning with
multiple criteria and multi-task learning (MTL). In this paper, we propose a
new direction-oriented multi-objective formulation by regularizing the common
descent direction within a neighborhood of a direction that optimizes a lin-
ear combination of objectives such as the average loss in MTL or a weighted
loss that places higher emphasis on some tasks than the others. This formu-
lation includes GD and MGDA as special cases, enjoys the direction-oriented
benefit as in CAGrad, and facilitates the design of stochastic algorithms. To
solve this problem, we propose Stochastic Direction-oriented Multi-objective
Gradient descent (SDMGrad) with simple SGD type of updates, and its vari-
ant SDMGrad-OS with an efficient objective sampling. We develop a compre-
hensive convergence analysis for the proposed methods with different loop sizes
and regularization coefficients. We show that both SDMGrad and SDMGrad-
OS achieve improved sample complexities to find an e-accurate Pareto stationary
point while achieving a small e-level distance toward a conflict-avoidant (CA) di-
rection. For a constant-level CA distance, their sample complexities match the
best known O(e~?2) without bounded function value assumption. Extensive ex-
periments show that our methods achieve competitive or improved performance
compared to existing gradient manipulation approaches in a series of tasks on
multi-task supervised learning and reinforcement learning. Code is available at
https://github.com/ml-opt-lab/sdmgrad.

1 Introduction

In recent years, multi-objective optimization (MOO) has drawn intensive attention in a wide range
of applications such as online advertising [1]], hydrocarbon production [2]], autonomous driving [3]],
safe reinforcement learning [4], etc. In this paper, we focus on the stochastic MOO problem, which
takes the formulation of

erélﬂlé}, L(0) := (Eﬁ[l’l(9§ &l E¢ [L2(8;6)], -, Ee [Lk(0;6)]), (1)

where m is the parameter dimension, & > 2 is the number of objectives and L;(§) := E¢L;(8;&).
One important example of MOO in eq. (1)) is the multi-task learning (MTL) [5, 6], whose objective
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Algorithms Bs?;(;h Nonconvex fun]i?il(l)rrlld\?a?lue cosrrilg}le) )l:i:ty CA distance
SMG [I1]] O(e7?) X X O(e™) N/A
CR-MOGM [12] o(1) v v/ O(e?) N/A
MoCo [13] o) v v/ O(e7?) N/A
MoDo [14] o) v/ X O(e™?) 0(1)
SDMGrad (Theorem 0(1) v X O(e7?) 0(1)
SDMGrad-OS (Theorem o) v X O(e?) 0(1)
MoCo [13] o(1) v X O(e™19) O(e)
MoDo [14] O(1) v X O(e™®) O(e)
SDMGrad (Corollary l O(1) 4 X O(e7%) O(e)
SDMGrad-OS (Theorem[) |  O(1) v X O(e®) O(e)

Table 1: Comparison of different algorithms for stochastic MOO problem to achieve an e-accurate
Pareto stationary point. MoDo [14] is a concurrent work. Definition of CA distance can be found in
Deﬁnition O(+) omits logarithm factors.

function is often regarded as the average loss over K objectives.

* . T A 1 S
6" = arg min {L(9) =% ;Llw)}, 2)
where L;(0) is the loss function for task i. However, solving the MOO problem is challenging
because it can rarely find a common parameter # that minimizes all individual objective functions
simultaneously. As a result, a widely-adopted target is to find the Pareto stationary point at which
there is no common descent direction for all objective functions. In this context, a variety of gra-
dient manipulation methods have been proposed, including the multiple gradient descent algorithm
(MGDA) [7], PCGrad [8], CAGrad [9] and Nash-MTL [10]. Among them, MGDA updates the
model parameter § using a time-varying multi-gradient, which is a convex combination of gradients
for all objectives. CAGrad further improves MGDA by imposing a new constraint on the difference
between the common descent direction and the average gradient to ensure convergence to the min-
imum of the average loss of MTL. However, these approaches mainly focus on the deterministic
case, and their stochastic versions still remain under-explored.

Stochastic MOO has not been well understood except for several attempts recently. Inspired by
MGDA, [11] proposed stochastic multi-gradient (SMG), and established its convergence with con-
vex objectives. However, their analysis requires the batch size to increase linearly. In the more
practical nonconvex setting, [[12] proposed a correlation-reduced stochastic multi-objective gradient
manipulation (CR-MOGM) to address the non-convergence issue of MGDA, CAGrad and PCGrad
in the stochastic setting. However, their analysis requires a restrictive assumption on the bounded
function value. Toward this end, [13]] recently proposed a method named MoCo as a stochastic
counterpart of MGDA by introducing a tracking variable to approximate the stochastic gradient.
However, their analysis requires that the number T of iterations is big at an order of K'°, where
K is the number of objectives, and hence may be unsuitable for the scenario with many objectives.
Thus, it is highly demanding but still challenging to develop efficient stochastic MOO methods with
guaranteed convergence in the nonconvex setting under mild assumptions.

1.1 Our Contributions

Motivated by the limitations of existing methods, we propose Stochastic Direction-oriented Multi-
objective Gradient descent (SDMGrad), which is easy to implement, flexible with a new direction-
oriented objective formulation, and achieves a better convergence performance under milder as-
sumptions. Our specific contributions are summarized as follows.

New direction-oriented formulation. We propose a new MOO objective (see eq. (6)) by regu-
larizing the common descent direction d within a neighborhood of a direction dj that optimizes a



linear combination L (6) of objectives such as the average loss in MTL or a weighted loss that
places higher emphasis on some tasks than the others. This formulation is general to include gra-
dient descent (GD) and MGDA as special cases and takes a similar direction-oriented spirit as in
CAGrad [9]]. However, different from the objective in CAGrad [9] that enforces the gap between d
and dy to be small via constraint, our regularized objective is easier to design near-unbiased multi-
gradient, which is crucial in developing provably convergent stochastic MOO algorithms.

New stochastic MOO algorithms. The proposed SDMGrad is simple with efficient stochastic
gradient descent (SGD) type of updates on the weights of individual objectives in the multi-gradient
and on the model parameters with (near-)unbiased (multi-)gradient approximations at each iteration.
SDMGrad does not require either the linearly-growing batch sizes as in SMG or the extra tracking
variable for gradient estimation as in MoCo. Moreover, we also propose SDMGrad-OS (which
refers to SDMGrad with objective sampling) as an efficient and scalable counterpart of SDMGrad
in the setting with a large number of objectives. SDMGrad-OS samples a subset of data points and
objectives simultaneously in all updates and is particularly suitable in large-scale MTL scenarios.

Convergence analysis and improved complexity. We provide a comprehensive convergence anal-
ysis of SDMGrad for stochastic MOO with smooth nonconvex objective functions. For a constant-
level regularization parameter \ (which covers the MGDA case), when an e-level conflict-avoidant
(CA) distance (see Definition [2)) is required, the sample complexities (i.e., the number of samples
to achieve an e-accurate Pareto stationary point) of the proposed SDMGrad and SDMGrad-OS im-
prove those of MoCo [13]] and MoDo [14] by an order of e~% and ¢ 2 (see Table , respectively.
In addition, when there is no requirement on CA distance, the sample complexities of SDMGrad
and SDMGrad-OS are improved to O(e~2), matching the existing best result in the concurrent work
[14]. For an increasing A, we also show this convergent point reduces to a stationary point of the
linear combination Lo () of objectives.

Promising empirical performance. We conduct extensive experiments in multi-task supervised
learning and reinforcement learning on multiple datasets and show that SDMGrad can achieve com-
petitive or improved performance compared to existing state-of-the-art gradient manipulation meth-
ods such as MGDA, PCGrad, GradDrop, CAGrad, IMTL-G, MoCo, MoDo, Nash-MTL and FAMO,
and can strike a better performance balance on different tasks. SDMGrad-OS also exhibits a much
better efficiency than SDMGrad in the setting with a large number of tasks due to the efficient ob-
jective sampling.

2 Related Works

Multi-task learning. One important application of MOO is MTL, whose target is to learn multiple
tasks with possible correlation simultaneously. Due to this capability, MTL has received significant
attention in various applications in computer vision, natural language process, robotics, and rein-
forcement learning [5} 115} [16} [17]]. A group of studies have focused on how to design better MTL
model architectures. For example, [18L[19,20] enhance the MTL models by introducing task-specific
modules, an attention mechanism, and different activation functions for different tasks, respectively.
Another line of research aims to learn a bunch of smaller models of local tasks split from the original
problem, which are then aggregated into a single model via knowledge distillation [21]. Recent sev-
eral works [22| 23] have explored the connection between MTL and gradient-based meta-learning.
[24] and [25] highlight the importance of task grouping and unrelated tasks in MTL, respectively.
This paper focuses on a single model by learning multiple tasks simultaneously with novel model-
agnostic SDMGrad and SDMGrad-OS methods.

Gradient-based MOO. Various gradient manipulation methods have been developed to learn mul-
tiple tasks simultaneously. One popular class of approaches re-weight different objectives based on
uncertainty [26], gradient norm [27], and training difficulty [28]]. MOO-based approaches have re-
ceived more attention due to their principled designs and training stability. For example, [6] viewed
MTL as a MOO problem and proposed an MGDA-type method for optimization. A class of ap-
proaches has been proposed to address the gradient conflict problem. Among them, [8] proposed
PCGrad by projecting the gradient direction of each task on the norm plane of other tasks. Grad-
Drop randomly dropped out highly conflicted gradients [29], and RotoGrad rotated task gradients
to alleviate the conflict [30]. [9] proposed CAGrad by constraining the common direction direction
within a local region around the average gradient. These approaches mainly focus on the determin-



istic setting. In the stochastic case, [13]] proposed MoCo as a stochastic counterpart of MGDA, and
provided a comprehensive convergence and complexity analysis. More recently, a concurrent work
[14] analyzed a three-way trade-off among optimization, generalization, and conflict avoidance, pro-
viding an impact on designing the MOO algorithm. In addition, [31] found that scalarization SGD
could be incapable of fully exploring the Pareto front compared with MGDA-variant methods. In
this paper, we propose a new stochastic MOO method named SDMGrad, which benefits from a
direction-oriented regularization and an improved convergence and complexity performance.

Concurrent work. A concurrent work [14] proposed a multi-objective approach named MoDo,
which uses a similar double sampling strategy (see Section 4.2). However, there are still several
differences between this work and [14]]. First, our method benefits from a direction-oriented mech-
anism and is general to include MGDA and CAGrad as special cases, whereas MoDo [14]] does not
have such features. Second, MoDo takes a single-loop structure, whereas our SDMGrad features a
double-loop scheme with an improved sample complexity. Third, [14] focuses more on the trade-off
among optimization, generalization and conflict-avoidance, whereas our work focues more on the
optimization efficiency and performance balance in theory and in experiments.

3 Preliminaries
3.1 Pareto Stationarity in MOO

Differently from single-objective optimization, MOO aims to find points at which all objectives
cannot be further optimized. Consider two points 6§ and #’. It is claimed that # dominates 6’ if
L;(0) < L;(¢)foralli € [K]and L(6) # L(¢’). In the general nonconvex setting, MOO aims to
find a Pareto stationary point 6, at which there is no common descent direction for all objectives. In
other words, we say 6 is a Pareto stationary point if range(VL(6)) N (—R%X ) = () where R is
the positive orthant cone.

3.2 MGDA and Its Stochastic Variants

Deterministic MGDA. The deterministic MGDA algorithm was first studied by [7], which updates
the model parameter 6 along a multi-gradient d = Zfil wig:(0) = G(O)w*, where G(0) =
(91(0),92(0), ..., g (0)) are the gradients of different objectives, and w* = (w},w}, ..., wi )T
are the weights of different objectives obtained via solving the following problem.

w* € argmin [|G(O)w|? s.t. weW = {w e R¥|1Tw = 1,w > 0}, 3)

where W is the probability simplex. The deterministic MGDA and its variants such as PCGrad and
CAGrad have been well studied, but their stochastic counterparts have not been understood well.

Stochastic MOO algorithms. SMG [11] is the first stochastic variant of MGDA by replacing
the full gradient G(0) in eq. (3) by its stochastic gradient G(6;¢&) = (g1(0;¢), ..., g (6;&)), and
updates the model parameters 6 along the direction given by

de = G(0;§)wg s.t. wg € argmin |G (6; &)w|*.

However, this direct replacement can introduce biased multi-gradient estimation, and hence SMG
required to increase the batch sizes linearly with the iteration number. To address this limitation,
[13]] proposed MoCo by introducing an additional tracking variable y; ; as the stochastic estimate of
the gradient V L;(6), which is iteratively updated via

Yerr,i = Wy, (Yei — Be(yei — hei)),i = 1,2, ., K, 4)

where S, is the step size, IIy, denotes the projection on a bounded set V; = {y € R™|||y|| < Cy:}
for some constant C,, ;, and h;; denotes stochastic estimator of VL;(6) at t-th iteration. Then,
MoCo was shown to achieve an asymptotically unbiased multi-gradient, but with a relatively strong
assumption that the number 7' of iterations is much larger than the number K of objectives. Thus,
it is important but still challenging to develop provable and easy-to-implement stochastic MOO
algorithms with mild assumptions.



4 Our Method

We first provide a new direction-oriented MOO problem, and then introduce a new stochastic MOO
algorithm named SDMGrad and its variant SDMGrad-OS with objective sampling.

4.1 Direction-oriented Multi-objective Optimization

MOQO generally targets at finding a direction d to maximize the minimum decrease across all objec-
tives via solving the following problem.

_q1 .
pax min {E(Li(e) —Li(0 - ad))} ~ max min (9i,d), (5)

where the first-order Taylor approximation of L; is applied at € with a small stepsize «.

In some scenarios, the target is to not only find the above common descent direction but also optimize
a specific objective that is often a linear combination Ly(¢) = _, w;L;(#) for some w € W of
objectives. For instance, MTL often takes the averaged loss over tasks as the objective function, and
every element in w will be set as % In addition, it is quite possible that there is a preference for tasks.
In this case, motivated by the framework in [32]], we can regard w as a preference vector and tend to
approach a preferred stationary point along this direction. To address this problem, we propose the
following multi-objective problem formulation by adding an inner-product regularization \(go, d)
in eq. (5) such that the common descent direction d stays not far away from a target direction gy =

Zi w;9g;-

. 19
max min (gi,d) = 5ll41” + AMgo, d). ©6)
In the above eq. (6), the term —1||d||? is used to regularize the magnitude of the direction d and the

constant A\ controls the distance between the update vector d and the target direction gg.

Compared to CAGrad. We note that CAGrad also takes a direction-oriented objective but uses a
different constraint-enforced formulation as follows.

in (g, d) s.t. ||d— holl < c||h 7
max min (g;,d) st |ld = holl < cllho] 0

where hy is the average gradient and ¢ € [0, 1) is a constant. To optimize eq. , CAGrad involves

the evaluations of the product ||hgl|||gw || and the relation “‘lgi H with gy, := Y, w;g;, both of which

complicate the designs of unbiased stochastic gradient/multi-gradient in the w and 6 updates. As a
comparison, our formulation in eq. (6)), as shown later, admits very simple and provable stochastic
algorithmic designs, while still enjoying the direction-oriented benefit as in CAGrad.

To efficiently solve the problem in eq. @, we then substitute the relation that min,¢(x)(g:,d) =
minw€W<ZiK=1 giw;, d) = ming,ew (9w, d) into eq. @), and obtain an equivalent problem as

. Lo
max min (g, + Ago, d) — 1d|I".

By switching min and max in the above problem, which does not change the solution due to the
concavity in d and the convexity in w, we finally aim to solve min,cyy maxgegm (g + Ago, d) —
%]/d||?, where the solution to the min problem on w is

1
wi € arg;réiyv §H9w + Agoll?, ®)

and the solution to the max problem is d* = Guw; + Ago-

Connection with MGDA and GD. It can be seen from eq. (8] that the updating direction d* reduces
to that of MGDA whenwe set A = 0, and is consistent with that of GD for A large enough. This
consistency is also validated empirically in Appendix [A.2]by varying \.



4.2 Proposed SDMGrad Algorithm

The natural idea to solve the problem in eq. (8) is to use a simple SGD-type method. The detailed
steps are provided in algorithm[I] At each iteration ¢, we run S steps of projected SGD with warm-
start initialization and with a double-sampling-based stochastic gradient estimator, which is unbiased
by noting that

E¢ ¢ [G(9t§§)T(G(9t;§')wt,s + Ago (04 f/))] = G(at)T(G(at)wt,s + )\go(et))7

where £, ¢ are sampled data and go(6:) = G(6;)w denotes the orientated direction. After obtaining
the estimate w; s, SDMGrad updates the model parameters 6; based on the stochastic counterpart
G(0¢; Qwe,s + Ago(0;¢) of the direction d* = g,z + Ago with a stepsize of a;. It can be seen
that SDMGrad is simple to implement with efficient SGD type of updates on both w and @ without
introducing other auxiliary variables.

Algorithm 1 Stochastic Direction-oriented Multi-objective Gradient descent (SDMGrad)

Initialize: model parameters 6, and weights w

1:

2: fort=0,1,....,T — 1do

3: fors=0,1,....5—1do

4 Set wy o = wy—1,5 (Warm start) and sample data £, £’

5: Wi 41 = Ly (wt,s - ﬁt,s[G(ot; f)T(G(Qt; €l)wt,s + Ago(eﬁ 5/))])
6 end for

7 Sample data ¢ and 6;,1 = 0; — (G(Ot; Qwe,s + Ago(0s; {))

8: end for

4.3 SDMGrad with Objective Sampling (SDMGrad-OS)

Another advantage of SDMGrad is its simple extension via objective sampling to the more practical
setting with a large of objectives, e.g., in large-scale MTL. In this setting, we propose SDMGrad-
OS by replacing the gradient matrix G(6;;¢) in Algorithm |1| by a matrix H (6;; &) with randomly
sampled columns, which takes the form of

H(etyfas) = (h1(9t7§)7 h?(atvg)? (3} hK(9t7§>)7 (9)

where h;(0;;&) = gi(6:; &) with a probability of n/K or 0 otherwise, S corresponds to the ran-
domness by objective sampling, and n is the expected number of sampled objectives. Then, the
stochastic gradient in the w update is adapted to
2
(Gradient on w) %H(Ot; ST (H (04 ¢, S Y we s + Ao (045€',8")),

where ho(-) = H(-)w. Similarly, the updating direction d = £ H(0;; (, S)wy s + £ Aho(045 ¢, S).
In the practical implementation, we first use np.random.binomial to sample a 0-1 sequence s fol-
lowing a Bernoulli distribution with length K and probability n/K, and then compute the gradient
gi(0;€) of G(6;¢) only if the i*" entry of s equals to 1. This sampling strategy greatly speeds up
the training with a large number of objectives, as shown by the reinforcement learning experiments
in Section

5 Main results

5.1 Definitions and Assumptions

We first make some standard definitions and assumptions, as also adopted by existing MOO stud-
ies in [IL1, 12, [13]. Since we focus on the practical setting where the objectives are nonconvex,
algorithms are often expected to find an e-accurate Pareto stationary point, as defined below.

Definition 1. We say 8 € R™ is an e-accurate Pareto stationary point if E [ mingew || gw(0) Hz} <e
where W is the probability simplex.

MGDA-variant methods find a direction d(0) (e.g., d* = gux + Ago with w} given by eq. ) that
tends to optimize all objective functions simultaneously, which is called a conflict-avoidant (CA)



direction [[14]. Thus, it is important to measure the distance between a stochastic direction estimate
d(0) and the CA direction, which we call as CA distance, as defined below.

Definition 2. ||Ed(9)[ (0)] — d(0)]| denotes the CA distance.

The following assumption imposes the Lipschitz continuity on the objectives and their gradients.
Assumption 1. Forevery taski € [K], L;(0) is l;-Lipschitz continuous and NV L;(0) is l; 1-Lipschitz
continuous for any 0 € R™,

We next make an assumption on the bias and variance of the stochastic gradient g;(6; ).

Assumption 2. For every task i € [K], the gradient g;(0;&) is the unblased estimate of ¢;(6).
Moreover, the gradient variance is bounded by E¢|| g;(0;€) — g:(0)]|?] <

Assumption 3. Assume there exists a constant Cy > 0 such that ||G(9)|| < Cg.

The bounded gradient condition in Assumption [3] is necessary to ensure the boundedness of the
multi-gradient estimation error, as also adopted by [12} [13]].

5.2 Convergence Analysis with Nonconvex Objectives

We first upper-bound the CA distance for our proposed method.
Proposition 1. Suppose Assumptionsare satisfied. If we choose 3.5 = ¢/+/s and S > 1, then

2 +log(S)

IE¢ w516 [G(Or; Qwe, s + Ago(04; C)] — G(01)wy \ — Ago(6:)]| < \/(i + 2(:01) 75

where C1 = O(K(1 + \)) and c is a constant.

Proposition [I] shows that CA distance is decreasing with the number S of iterations on w updates.
Then, by selecting a properly large S, we obtain the following general convergence result.
Theorem 1 (SDMGrad). Suppose Assumption are satisfied. Set oy = o = O((1 +

AN)"LKT2T2), By = ¢/\/5, where ¢ is a constant, and S = ©((1 4+ X)~2T2). Then the outputs
of the proposed SDMGrad algorithm satisfy

T—
Z [1G(6)wf 5 + Ago(0)[*) = O((1 + N K 2T~ 2), (10)

t=0
where O omits the order of logT.

Theorem 1] establishes a general convergence guarantee for SDMGrad along the multi-gradient di-
rection d* = g1 + Ago. Building on Theorem I} we next show that with different choices of the
regularization parameter A, two types of convergence results can be obtained in the following two
corollaries.

Corollary 1 (Constant \). Under the same settmg as in Theorem([I] choosing a constant-level \ > 0,
we have STV E[||G(0:)wi ] = O(K2T™ %), where wi € arg minyew HG(0)w]|?. To achieve
an e-accurate Pareto stationary point, each objective requires O(K3¢=%) samples in ¢ (¢') and
O(Ke™2) samples in C, respectively. Meanwhile, the CA distance takes the order of O(e).

Corollary I covers the MGDA case when A = 0. In this setting, the sample complexity O(e~%)
improves those of MoCo [13] and MoDo [14] by an order of e~* and €2, respectively, while
achieving an e-level CA distance.

Corollary 2 (Increasing A). Under the same setting as in Theoremand choosing A\ = @(T% ), we
have + ST E[90(6:)]17] = O(K %T’%). To achieve an e-accurate stationary point, each objective
requires O(K?e=*) samples in & (¢') and O(Ke=2) samples in (, respectively. Meanwhile, the CA
distance takes the order of(a(\/?)



Corollary analyzes the case with an increasing A = @(T% ). We show that SDMGrad converges to
a stationary point of the objective Lo(#) = >, w;L;(#) with an improved sample complexity, but
with a worse constant-level CA distance. This justifies the flexibility of our framework that the A
can balance the worst local improvement of individual objectives and the target objective Lo(6).

Convergence under objective sampling. We provide a convergence analysis for SDMGrad-OS.
Theorem 2 (SDMGrad OS) Suppose Assumption (I are satisfied. Define v = —-, ay = a =
O((1+A2)"2y 2K~ 2T"%), B, = c¢/\/5 where c is a constant, and S = O((1 + )\2) 2y7272).
Then, by choosing a constant )\, the iterates of the proposed SDMGrad-OS algorithm satisfy

T—

Z [1G (0 )w; 2] = O(K 545 T %),

t=0

Theorem 2]establishes the convergence guarantee for our SDMGrad-OS algorithm, which achieves a
per-objective sample complexity of O(e~%) comparable to that of SDMGrad, but with a much better
efficiency due to the objective sampling, as also validated by the empirical comparison in Table 4]

5.3 Lower sample complexity but constant-level CA distance

Without the requirement on the e-level CA distance, we further improve the sample complexity of
our method to O(e~2), as shown in the following theorem.

Theorem 3. Suppose Assumptionsare satisfied. Set S =1, ay = a = @(K*%T*%), By =
B8 =0(K ’1T7%) and X\ as constant. The iterates of the proposed SDMGrad satisfy

T-1

*ZEW&MM O(KT~?).

Theorem 3| shows that to achieve an e-accurate Pareto stationary point, our method requires T' =
O(K?¢?). In this case, each objective requires a number O(K?¢~2) of samples in £(¢) and (.

Convergence under objective sampling. We next analyze the convergence of SDMGrad-OS.
Theorem 4. Suppose Assumptions are satisfied. Set S = 1, v = & o = a =

O(K—2y72T"2), B = B = O(K'y~'T~2) and X as a constant. The iterates of the proposed
SDMGrad-OS algorithm satisfy

T—1
T%Ewawm O(E~T™%).
t=

Theorem [ shows that to achieve an e-accurate Pareto stationary point, our algorithm requires T’ =
O(y?K?%e~?), and each objective requires a number O(y2K?e~2) of samples in £(£’) and ¢.

6 Experiments

In this section, we first describe the implementation details of our proposed methods. Then, we
demonstrate the effectiveness of the methods under a couple of multi-task supervised learning
and reinforcement settings. The experimental details and more empirical results such as the two-
objective toy example, consistency with GD and MGDA, and ablation studies over A can be found
in the Appendix [A]

6.1 Practical Implementation

Double sampling. In supervised learning, double sampling (i.e., drawing two samples simultane-
ously for gradient estimation) is employed, whereas in reinforcement learning, single sampling is
used because double sampling requires to visit the entire episode twice a time, which is much more
time-consuming.

Gradient normalization and rescale. During the training process, the gradient norms of tasks may
change over time. Thus, directly solving the objective in eq. may trigger numerical problems.



Inspired by CAGrad [9], we normalize the gradient of each task and rescale the final update d by

multiplying a factor of 1J1r 5, to stabilize the training.

Projected gradient descent. The computation of the projection to the probability simplex we use is
the Euclidean projection proposed by [33]], which involves solving a convex problem via quadratic
programming. The implementation used in our experiments follows the repository in [34]], which is
very efficient in practice.

Method Segmentation Depth MR| AmY% |
mloU T Pix Acct AbsErr| RelErmrr]
STL 74.01 93.16 0.0125 27.77
LS 75.18 93.49 0.0155 46.77 8.50  22.60
ST 70.95 91.73 0.0161 33.83 11.50  14.11
RLW [35] 74.57 93.41 0.0158 47.79 11.25 24.38
DWA [36] 75.24 93.52 0.0160 44.37 8.50 2145
UW [26] 72.02 92.85 0.0140 30.13 775 589
MGDA [7] 68.84 91.54 0.0309 33.50 12.00 44.14
PCGrad [8] 75.13 93.48 0.0154 42.07 8.75 18.29
GradDrop [29]  75.27 93.53 0.0157 47.54 775 2373
CAGrad [9] 75.16 93.48 0.0141 37.60 7.25 11.64
IMTL-G [37] 75.33 93.49 0.0135 38.41 5.25 11.10
MoCo [13] 75.42 93.55 0.0149 34.19 4.00 990
MoDo [14] 74.55 93.32 0.0159 41.51 10.75 18.89
Nash-MTL [10] 75.41 93.66 0.0129 35.02 275 682
FAMO [38] 74.54 93.29 0.0145 32.59 7.75 8.13
SDMGrad 74.53 93.52 0.0137 34.01 625 779

Table 2: Multi-task supervised learning on Cityscapes dataset.

6.2 Supervised Learning

For the supervised learning setting, we evaluate the performance on the Cityscapes [39]] and NYU-
v2 [40] datasets. The former dataset involves 2 pixel-wise tasks: 7-class semantic segmentation
and depth estimation, and the latter one involves 3 pixel-wise tasks: 13-class semantic segmenta-
tion, depth estimation and surface normal estimation. Following the experimental setup of [9]], we
embed a MTL method MTAN [36] into our SDMGrad method, which builds on SegNet [41] and
is empowered by a task-specific attention mechanism. We compare SDMGrad with Linear Scalar-
ization (LS) which minimizes the average loss, Scale-invariant (SI) which minimizes the average
logarithmic loss, RLW [35], DWA [36], UW [26], MGDA [7], PCGrad [8], GradDrop [29], CA-
Grad [9], IMTL-G [37], MoCo [13], MoDo [14], Nash-MTL [10]], and FAMO [38]]. Following
[42] 9, [13} [10} [38]), we compute two metrics reflecting the overall performance: (1) Am%, the
average per-task performance drop versus the single-task (STL) baseline b to assess method m:
Am% = % ZkK:l(—l)lk(Mmyk — My )/ My x 100, where K is the number of metrics, M
is the value of metric M, obtained by baseline b, and M,,, ;, obtained by the compared method m.
li, = 1 if the evaluation metric M}, on task k prefers a higher value and 0 otherwise. (2) Mean Rank
(MR): the average rank of each method across all tasks.

We search the hyperparameter A € {0.1,0.2,---,1.0} for our SDMGrad method and report the
results in Table [2| and Table [3} Each experiment is repeated 3 times with different random seeds
and the average is reported. It can be seen that our proposed method is able to obtain better or
comparable results than the baselines, and in addition, can strike a better performance balance on
multiple tasks than other baselines. For example, although MGDA achieves better results on Surface
Normal, it performs the worst on both Segmentation and Depth. As a comparison, our SDMGrad
method can achieve more balanced results on all tasks.

6.3 Reinforcement Learning

For the reinforcement learning setting, we evaluate the performance on the MT10 benchmarks,
which include 10 robot manipulation tasks under the Meta-World environment [43]]. Following the
experiment setup in [9} [13| [10]], we adopt Soft Actor-Critic (SAC) [44]] as the underlying training
algorithm. We compare SDMGrad with Multi-task SAC [43], Multi-headed SAC [43]], Multi-task
SAC + Task Encoder [43]], PCGrad [8]], CAGrad [9], MoCo [13]], Nash-MTL [10] and FAMO [38]].
We search A € {0.1,0.2,---,1.0} and provide the success rate and average training time (in sec-



Segmentation Depth Surface Normal

Method - S MR Am%
mloU1 Pix AccT AbsErr| RelErr ] Angle Distance | Within £° 1 ‘ ‘
Mean Median 1125 225 30
STL 38.30 63.76 0.6754 0.2780 25.01 19.21 30.14 5720 69.15
LS 39.29 65.33 0.5493 0.2263 28.15 2396 22.09 4750 61.08 1133 5.59
SI 38.45 64.27 0.5354 0.2201 27.60 23.37 22.53 4857 6232 1033 4.39
RLW [35] 37.17 63.77 0.5759 0.2410 28.27 24.18 2226 47.05 60.62 13.89 7.78
DWA[36] 39.11 65.31 0.5510 0.2285 27.61 23.18 24.17 50.18 62.39 10.11 3.57
UW [26] 36.87 63.17 0.5446 0.2260 27.04 22.61 23.54 49.05 63.65 9.89 4.05
MGDA[7] 30.47 59.90 0.6070 0.2555 24.88 1945 29.18 56.88 69.36 7.33 1.38
PCGrad [8] 38.06 64.64 0.5550 0.2325 2741 2280 23.86 49.83 63.14 1044 397
GradDrop [29]  39.39 65.12 0.5455 0.2279 2748 2296 23.38 49.44 62.87 944  3.58
CAGrad [9] 39.79 65.49 0.5486 0.2250 26.31 21.58 25.61 5236 6558 644 0.20
IMTL-G [37] 39.35 65.60 0.5426 0.2256 26.02 21.19 26.20 53.13 66.24 5.67 -0.76
MoCo [13] 40.30 66.07 0.5575 0.2135 26.67 21.83 25.61 51.78 64.85 6.33 0.16
MoDo [14] 35.28 62.62 0.5821 0.2405 25.65 2033 28.04 5486 67.37 8.89 049
Nash-MTL [10] 40.13 65.93 0.5261 0.2171 2526 20.08 28.40 5547 68.15 3.33 -4.04
FAMO [38] 38.88 64.90 0.5474 0.2194 25.06 19.57 2921 56.61 6898 422 -4.10
SDMGrad 40.47 65.90 0.5225 0.2084 25.07 19.99 28.54 5574 6853 233 484

Table 3: Multi-task supervised learning on NYU-v2 dataset.

onds) per episode in Table[d As shown, SDMGrad achieves the second best success rate among the
compared baselines.

We also validate the efficiency of the proposed objective sampling strategy against other acceleration
strategies including CAGrad-Fast [9]], Nash-MTL with updating once per {50, 100} iterations [38]].
Following [9], we choose the task sampling size n = 4. As shown in Table @ our SDMGrad-OS
with objective sampling achieves approximately 1.4x speedup on MT10, while achieving a success
rate comparable to that of SDMGrad. We also observe that although our SDMGrad-OS requires
more time than CAGrad-Fast [9] and Nash-MTL [38] (every 100), it reaches a higher or comparable
success rate.

Metaworld MT10
Method

success rate time

(mean + stderr)

SAC STL (upper bound) 0.90 £ 0.03 -
Multi-task SAC [43] 0.49 +0.07 -
Multi-task SAC + Task Encoder [43] 0.54 £ 0.05 -
Multi-headed SAC [43] 0.61 £0.04 -
Nash-MTL” [10] 0.91 +0.03 -
PCGrad [8] 0.72 £0.02 11.6
CAGrad [9] 0.83 £ 0.05 13.5
MoCo [13] 0.75 £ 0.05 11.5
Nash-MTL [38] 0.80 £ 0.13 87.4
FAMO [38] 0.83 £ 0.05 4.2
SDMGrad 0.84 £0.10 13.6
CAGrad-Fast [9] 0.82 £ 0.04 8.6
Nash-MTL [38] (every 50) 0.76 +0.10 9.7
Nash-MTL [38] (every 100) 0.80 £0.12 9.3
SDMGrad-OS 0.82 +0.08 9.7
SDMGrad-OS (S=1) 0.80 £0.12 6.8

Table 4: Multi-task reinforcement learning on Metaworld MT10 benchmarks. Nash-MTL* [10]
denotes the results reported in the original paper. Nash-MTL [38]] denotes the reproduced result.

7 Conclusion

In this paper, we propose a new and flexible direction-oriented multi-objective problem formula-
tion, as well as two simple and efficient MOO algorithms named SDMGrad and SDMGrad-OS.
We establish the convergence guarantee for both algorithms in various settings. Extensive experi-
ments validate the promise of our methods. We anticipate that our new problem formulation and the
proposed algorithms can be applied in other learning applications with multiple measures, and the
analysis can be of independent interest in analyzing other stochastic MOO algorithms.
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Supplementary Materials

A Experiments

A.1 Toy Example

To demonstrate our proposed method can achieve better or comparable performance under stochastic
settings, we provide an empirical study on the two-objective toy example used in CAGrad [9]. The
two objectives Ly (x) and L (x) shown in Figureare defined on x = (z1,72)" € R?,

Li(z) = fi(z)g1(x) + f2(z)h1 ()
Ly(x) = fi(z)g2(x) + fa()ha(w),

where the functions are given by

f1(z) = max(tanh(0.522),0)

f2(#) = max(tanh(—0.522),0)

g1(z) = log (max(\o.5(—x1 —7) — tanh(—a»)|, 0.000005)) +6
g2(x) =log (max(\0.5(—331 + 3) — tanh(—x2) + 2|, 0.00000S)) +6
hi(z) = ((—z1 + 7)? + 0.1(—z1 — 8)) /10 — 20

ha(z) = ((—z1 — 7)® + 0.1(—z1 — 8)?) /10 — 20.

(d) MGDA

5 r._‘ 5

(e) GD (f) PCGrad (g) CAGrad (h) SDMGrad(Ours)

Figure 1: A two-objective toy example.

‘We choose 3 initializations
2o € {(~8.5,7.5),(~8.5,5), (9,9)}

for different methods and visualize the optimization trajectories in Figure[T] The starting point of
every trajectory in Figure [Id-Figure [Th|is given by the @ symbol, and the color of every trajectory
changes gradually from red to . The gray line illustrates the Pareto front, and the x symbol
denotes the global optimum. To simulate the stochastic setting, we add zero-mean Gaussian noise
to the gradient of each objective for all the methods except MGDA. We adopt Adam optimizer with
learning rate of 0.002 and 70000 iterations for each run. As shown, GD can get stuck due to the
dominant gradient of a specific objective, which stops progressing towards the Pareto front. PCGrad
and CAGrad can also fail to converge to the Pareto front in certain circumstances.
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A.2 Consistency Verification

We conduct the experiment on the multi-task classification dataset Multi-Fashion+MNIST [45]].
Each image contained in this dataset is constructed by overlaying two images randomly sampled
from MNIST [46]] and FashionMNIST [47] respectively. We adopt shrinked Lenet [48] as the shared
base-encoder and a task-specific linear classification head for each task. We report the training losses
obtained from different methods over 3 independent runs in Figure[2] As illustrated, the performance
of SDMGrad with large ) is similar to GD, and the performance when X is small resembles MGDA.
With properly tuned A, lower average training loss can be obtained. Generally, the results confirm
the consistency of our formulation with the direction-oriented principle.

0.60
B Task 1 Loss 7] Task 2 Loss B Avg. Loss

Hilidl

MGDA  SDMGrad SDMGrad SDMGrad SDMGrad SDMGrad
A=0) (A=0.5) A=1) (A=05) (A =10)

0.55

0.50

o
'S
o

o
'S
o

Training Loss

0.3

a

0.3

o

0.25

Figure 2: Consistency verification on Multi-Fashion+MNIST dataset.

The Multi-Fashion+MNIST[43] includes images constructed from FashionMNIST[47] and
MNIST[46]]. First, select one image from each dataset randomly, then transform the two images
into a single image with one put in the top-left corner and the other in bottom-right corner. The
dataset contains 120000 training images and 20000 test images. We use SGD optimizer with learn-
ing rate 0.001 and train for 100 epochs with batch size 256. We use multi-step scheduler with scale
factor 0.1 to decay learning rate every 15 epochs. The projected gradient descent is performed with
learning rate of 10 and momentum of 0.5 and 20 gradient descent steps are applied.

A.3 Supervised Learning

We implement the methods based on the library released by [10]. Following [9,[13][10], we train
our method for 200 epochs, using Adam optimizer with learning rate 0.0001 for the first 100 epochs
and 0.00005 for the rest. The batch size for Cityscapes and NYU-v2 are 8 and 2 respectively. We
compute the averaged test performance over the last 10 epochs as final performance measure. The
inner projected gradient descent is performed with learning rate of 10 and momentum of 0.5 and
20 gradient descent steps are applied. The experiments on Cityscapes and NYU-v2 are run on RTX
3090 and Tesla V100 GPU, respectively. We also report additional experiment results over different
X and S = 1 in Table[Sland Table[dl

A.4 Reinforcement Learning

Following [9. [13] [10], we conduct the experiments based on MTRL codebase[49]. We train our
method for 2 million steps with batch size of 1280. The inner projected gradient descent is performed
with learning rate of 10 for MT10 benchmark and 20 gradient descent steps are applied. The method
is evaluated once every 10000 steps and the best average test performance over 10 random seeds over
the entire training process is reported. We search A € {0.1,0.2,--- , 1.0} for MT10 benchmark and
the highest success rate is achieved when A = 0.6. For our objective sampling strategy, the number
of sampled objectives is a random variable obeying binomial distribution whose expectation is 7.
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Segmentation Depth

Method Am% |
mloU1T Pix AccT AbsErr] RelEmr]
STL 74.01 93.16 0.0125 27.77
SDMGrad (A = 0.1) 72.56 92.68 0.0156 40.89 18.65
SDMGrad (A = 0.2) 74.79 93.30 0.0149 32.46 8.62
SDMGrad (A = 0.3) 74.53 93.52 0.0137 34.01 7.79
SDMGrad (A = 0.4) 75.10 93.48 0.0137 35.66 9.11
SDMGrad (A = 0.5) 74.63 93.46 0.0131 38.99 11.09
SDMGrad (A = 0.6) 74.42 93.22 0.0138 38.79 12.30
SDMGrad (A = 0.7) 75.06 93.42 0.0158 39.98 17.24
SDMGrad (A = 0.8) 74.99 93.40 0.0155 39.65 16.30
SDMGrad (A = 0.9) 75.60 93.50 0.0134 43.52 15.39
SDMGrad (A = 1.0) 74.50 93.47 0.0142 42.80 16.41
SDMGrad (A = 10) 74.17 93.13 0.0154 41.77 18.36
SDMGrad (A =0.3,S =1) 7541 93.62 0.0139 38.83 12.22

Table 5: Addtional supervised learning experiments on Cityscapes dataset.

Segmentation Depth Surface Normal
Method - S Am% |
mloU 1 Pix AcctT AbsErr| RelErmr] Angle Distance | Within #° 1
Mean Median 11.25 225 30

STL 38.30 63.76 0.6754 0.2780 25.01 19.21 30.14 5720 69.15
SDMGrad (A = 0.1) 40.23 66.01 0.5360 0.2268 25.03  19.99 2845 5580 68.65 -3.86
SDMGrad (A = 0.2) 39.23 65.67 0.5315 0.2189 2513 20.02 28.12 55771 68.46 -3.66
SDMGrad (A = 0.3) 40.47 65.90 0.5225 0.2084 25.07 19.99 28.54 5574 68.53 -4.84
SDMGrad (A = 0.4) 40.68 66.53 0.5248 0.2199 25.21 20.01 27.69 5572 68.58 -4.14
SDMGrad (A = 0.5) 41.08 66.82 0.5184 0.2116 25.65 20.68 26.70 5427 67.46 -3.33
SDMGrad (A = 0.6) 41.20 66.86 0.5258 0.2175 2585 21.03 26.47 53.51 6682 -2.39
SDMGrad (A = 0.7) 41.00 66.31 0.5224 0.2202 25.60 20.64 27.64 5430 67.15 -3.16
SDMGrad (A = 0.8) 39.88 66.13 0.5406 0.2266 2620 21.57 25.67 5233 65.65 -0.09
SDMGrad (A = 0.9) 41.03 67.16 0.5314 0.2271 25.89  20.97 2722 5358 6648 -2.17
SDMGrad (A = 1.0) 39.94 66.27 0.5224 0.2155 26.51 2195 25.15 51.54 6494 -0.06
SDMGrad (A = 10) 39.81 66.11 0.5352 0.2232 27.05 2257 2453 5024 6359 1.82
SDMGrad (A =0.3,5 =1) 39.63 65.43 0.5296 0.2140 25.66 20.83 27.18 5393 67.05 -2.34

Table 6: Addtional supervised learning experiments on NYU-v2 dataset.

To compare with CAGrad-Fast[9]], we choose n = 4 for MT10 benchmark. We cite the reported
success rates of all baseline methods in Table [d] but independently run each experiment 5 times to
calculate the average running time. All experiments on MT10 are run on RTX 2080Ti GPU. We also
report addtional experiments results over S = 1 on MT10 in Table[7}

Metaworld MT10

Method

success time

(mean = stderr)

SDMGrad 0.84 +0.10 13.6
SDMGrad (S=1) 0.83 £0.05 11.2
SDMGrad-0S 0.82 +0.08 9.7
SDMGrad-OS (S=1) 0.80+0.12 6.8

Table 7: Additonal reinforcement learning experiments on Metaworld MT10 benchmarks.

B Notations for Technical Proofs

In this part, we first summarize all the notations that we used in this paper in order to help readers
understand. First, in multi-objective optimization, we have K > 2 different objectives and each
of them has the loss function Ll(g) Let g; denote the gradient of objective ¢ and gy denotes the
target gradient. w = (wy,...,wx)? € RE and W denotes the probability simplex. Other useful
notations are listed as below:

K
. _ : al _ _ _ i
0* = arg Juin {LO(G) =% ;LZ(G)}, go = go(0) = G(O)w
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gw:Zwigi s.t. W:{w:Zwizl and w; >0}

wh = arg min g + Aol w = arg min g%, wi = arg min 2G(0)w?

1
o= in F(w) = in =||G(6 Ao (0|1
wix = arg min (w) argggvaHG( )w + Ago(04) |

Vi F(w) = G(0,)"(G(01)w + Ago(6:)), Va F(w) = G(04;€)" (G0, € )w + Ago(6:,€)). (11)

We use E[-] 4| 5 to denote taking expectation over A conditioning on B and O omits the order of log.

C Detailed proofs for convergence analysis with nonconvex Objectives

We now provide some auxiliary lemmas for proving Proposition[I]and Theorem ]
Lemma 1. Let d* be the solution of
1
(3 - slld 2 A 7d )
max igl[lirg]<g d) = 5lld]l” + Xgo. d)
then we have
d* = Guws + Ago-

In addition, wy, is the solution of
1
min — + Agoll*.
min =g + Agol

Proof. First, it can be seen that

1
max min (g;,d) — §Hd||2 + Xgo, d)

deR™ je[K]
= i iJi ldll* + Xgo, d
max min { E w;gi,d | 17 + XMgo, d)
_ - 2
= max m mln gu'd ||dH + Xgo, d). (12)

Noting that the problem is concave w.r.t. d and convex w.r.t w and using the Von Neumann-Fan
minimax theorem [50]], we can exchange the min and max problems without changing the solution.
Then, we can solve the following equivalent problem.

1 2
- 1
Iin, max gu’ 5 ]* + A(go, d) (13)

Then by fixing w, we have d* = g,, + Ago. Substituting this solution to the eq. and rearranging
the equation, we turn to solve the following problem.

1
in =g + Agol|*.
min = lgw + Agol|
Let w} be the solution of the above problem, and hence the final updating direction d* = g3 + Ago.
Then, the proof is complete.

Lemma 2. Suppose Assumption are satisfied. According to the definition of go(0) in eq. .
we have the following inequalities,

lgo(@)Il < Cy, Elllgo(8;€) — g0(0)II°] < Ko

Proof. Based on the definitions, we have
g0 (@) = IG(O)w]| < Cy,
where the inequality follows from the fact that ||w|| < 1 and Assumption Then, we have
Ee[lgo(6:) — 9o(0)II"] < Ec[|G(05€) — G(0)|°] < Ko

where 02 = max; 07 and the proof is complete. O

17



Lemma 3. Suppose Assumptionsare satisfied and recall that F(w) = 1||G(6;)w + Ago(6;)||*

is a convex function. Let wy = argmin,eyy %ng + Ago||? and set step size Brs = c/+/s where
¢ > 0 is a constant. Then for any S > 1, it holds that,

E[|[V.F(w)[] <G,

) 2 2+ log(S
E{IG(0:)ws + Ago(6) 2 — [GO)w5 + Ago(6)]2) <2 + 200,) 21095

c VS
where Oy = \/8(K08+C§)2+8)\2(K03+Cg2)2 = O(K + AK), V,F(w) =

G(04; &) (G (04 € )w + Ago (0 €)).

Proof. This lemma mostly follows from Theorem 2 in [51]. However, we did not take that

E[||V.,F(w)]|] is bounded by a constant as an assumption. Therefore, we first provide a bound
for it in our method. Based on the definition in Equation (1 . Vo F(w) = G0 6)T(G(0,; € )w +
Ago(0t;€")). According to the fact that E[X] < /E[X2], we have

E{IV.E(w)]] < VEIVWE(w)[2] = \/EIG(0:: €T (G(0:: €)w + Ago(6,:€))]?
(

)
< \/QE[HG(et, TG0, € )wl2 422 [ G (04 €) g0 (6::€)) 1), (14)
A B

where (i) follows from the Young’s inequality. Next, we provide bounds for E[A] and E[B], sepa-
rately:

E[A] SE[|(G(0:6)7 — C0)T + CO)T)(G0::€) — C(6:) + G0,
E[(G(0:)T — G0)T)C ) — G0)) + (GO0 — G(0)T)C0)
LGB (CO:E) — G6) + GO

(%41EH|G(9t; &7 =GO IPIIGO:) = GO + G016 — GO IPIGO)]?
+IGO)TIPING0:€) = GO + 1G0T G(0)]1%]

(2i7)
< 4K%05 +8Ko3Cl +4C, = 4(Koj + C})?, (15)

where (i) follows from Cauchy—Schwarz inequality and w € W where W is the simplex, (i)
follows from Young’s inequality and (#7) follows from Assumption and Assumption Then for
term B, we have,

E[B] =E[||(G(0:;6)" — G(0:)" + G(0:)) (g0 (0:: ) — go(6:) + go(6:))]|*]

(@)
<AE[|(G(0:: €)™ = G(0:)")(90(0::€") — go(0))I” + (G (61:6)" — G(0:)")g0(6e) 1
+ G0 (90(645€") = 90(0:))1 + [|G(6] ) g0(6:) 1]
Dircot + 8K02C2 4 4CH = 4(Ko? + C2)?, (16)

where (i) follows from Young’s inequality, (ii) follows from Assumption [3|and Lemma[2] Then
substituting eq. (I3)) and eq. (I6) into eq. (T4), we can obtain,

B[V Fw)[] < /8K 03 +C2)2 +8X2(Kof + C2)2 = Cy.

Meanwhile, since E[||V,,F(w)|]] < Ci, SUp,, , |lw — w’|| < 1 and by choosing step size 3, =
¢/+/s where ¢ > 0 is a constant, we can obtain the following inequality from Theorem 2 in [51]:

E[F(ws) ~ F(u})] < (= + ccl)ZHg(S)

Then after multiplying by 2 on both sides, the proof is complete. O

a7
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C.1 Proof of Proposition ]

CA distance. Now we show the upper bound for the distance to CA direction. Recall that we define
the CA distance as [|E¢ w, 416, [G(0:; Qwe,s + Ago(61: C)] — G(O)wy x — Ago(0:)]-

Proof. Based on the Jensen’s inequality, we have
B¢ w510, [G (823 Owe,s + Ago(B4; C)] — G(Be)wy x — Ago(6e) |
X 2
<Ew1 50+ [||EC[G(9t; C)U/t,s + )\90(9t; C)] - G(9t)wt,,\ - )\go(gt)H ]

2olell; we,s — G(0)wy \||°]
=E[||G(6:)wr,s + Ago(6:) — G(0:)wy \ — Ago(0:) %]
=E[[|G(0:)wr,s + Ago(0:)[|” + [|G(0:)w; 5 + Ago(6:) |
— 2E(G(01)wt,s + Ago(0:), G(Or)wy  + Ago(6:))]
=E[||G(0:)wr,s + Ago(0:) > + |G (0:)w; 5 + Ago(6:)1?]
—2E[(G(0)wy,s, G(0)wi \ + Ago(0r))] — 2E[(Ago(0:), G(Or)wy » + Ago(6r))]

(i)
<E[|G(0:)we.s + Ago(00)|1 + [[G(0)w; 5 + Ago(0:)]1?]

—2E[(G(0)w; x, G(0:)wy 5 + Ago(0:))] — 2E[{Ago(62), G(01)wy \ + Ago(6:))]
=E[[|G(0:)wi,s + Ago(0:)[I” + [|G(0:)wy 5 + Ago(6:)]1%]
—2E[(G(O)wy \ + Ago(01), G(01)wz \ + Ago(6:))]
=E[[|G(0:)wr,s + Ago(0:)[” — [|G(6:)w; 5 + Ago(6:)]1%]
(ziz)(i o 01)2 +\l/o§(5)

where (i) omits the subscript of taking expectation over w; s conditioning on ;, (i7) follows from
optimality condition that

(w, G(0) (G (0w x + Ago(0:))) = (wi 5, G(0) (G(Be)w; 5 + Ago(61)))- (19)

(18)

(#49) follows from Lemma [3| whenwe choose 8, s = c¢/+/s where c is a constant. Then take the
square root on both sides, the proof is complete. O

C.2 Proof of Theorem[]

Theorem 5 (Restatement of Theorem [T). Suppose Assumptions [I{3| are satisfied. Set o, = o =
O((1 4+ N 'K~2T"2), B, = ¢/\/s where ¢ is a constant, and S = O((1 + A\)"2T?). The
outputs of the proposed SDMGrad algorithm satisfy
Tl
1
7 2 ElIG@O)wi\ + Ago(0)]%] = O((1+N)K3T7%).
t=0

Proof. Recall that d = G(6y; )wy,s + Ago(6y; ¢). According to Assumption|[1] we have for any 4,

I a2
Li(041) + ALo(0r41) < Li(6,) + ALo(00) + c{ga(0r) + Ago(0r), —d) + =5 [1d]]*. (20)

where l§,1 =l;1 + Amax; l;; = ©(1 + X). Then we bound the second and third terms separately
on the right-hand side (RHS). First, for the second term, conditioning on #; and taking expectation,
we have

E[(gi(0:) + Ago(01), —G (8¢5 Q)we s — Ago(0t; €))|0:]
=E[(g:(0¢) + Ago(0:), =G (0r)wr.s — Ago(0:))[0:]
=E[(g:(0:) + Ago(01), G(0)wy \ — G(O)we,s) — (9i(01) + Ago(0r), G(0r)wy \ + Ago(0:))164]
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)
<E[(li +ACy)IG(O)wi  — G(O)we.sl10d] — E[|G(0)wy » + Ago(61)7]6:]

(i)
<@+ /\Cg)\/E[IIG(Gt)WZA = G(0)we,s[?10:) — E[[|G(0:)wy 5 + Ago(6:)]%]6:]

2+ 1og(95)
VS
where (i) follows from Cauchy-Schwarz inequality and optimality condition in eq. (T9), (i7) follows
from the fact that E[X] < /E[X?] and (4i%) follows from eq. .
Then for the third term,
E[|d]”] =E[||G(8:; Q)wr,s + Ago (e O)|°]
=E[|G(0s; Qwe,s — G(0)we,s + G(0:)wr,s + Ago(0e: ¢) — Ago(8e) + Ago(6:)[|]

) 2
< (Li+ )\Cg)\/(c + 2cCy) —E[|G(0)w; 5 + Ago(0:)]|%16¢] 2D

E[G(015¢) — GO0 |2) + B[ G812 + AXE l90(615) — go(00)
+4NE90(00) %]

(i)
< 4Kop +4C; + 4N Ko + 4X*C) (22)

Ca

where (%) follows from Young’s inequality, and (¢) follows from Assumption [3|and Lemma|2] Note
that Co = O(K + K \?). Then taking expectation on eq. , substituting eq. (21) and eq. (22) into
it, and unconditioning on 6,, we have

E[LZ (9t+1) + >\L0 (6t+1 )]

/

SE[L(6) + Mo0))] + B8, + Aao(6,). ~)] + A L[ a2

2 2 + log(S
<E[Li(6:) + ALo(8:)] + au(ls + )\C’g)\/ G+ 2001)\/0;()
* 2 l’/b 10[?
— aB[[|G(0r)wy 5 + Ago(02)I7] + -5 Co (23)

Then, choosing o; = «, and rearranging the above inequality, we have
aE[[|G(6:)wy \ + Ago(0:)|1*] <E[Li(6:) + ALo(8:) — Li(Br11) — ALo(8¢11)]

2+ 1log(S) = 1j,0?
0g(S5) 4l

all; + )\Cg)\/(i + 2¢Ch)

NG 2 "
Telescoping over ¢ € [T in the above inequality yields
Z (G (@)wix + Ago(8:) %]
t=0
1 . . li o
< rE[Li(00) — inf Li(0) + A(Lo(6h) — inf Lo(6))] + ——C2
2 2 +log(S)
. 219 e A e
+(ZZ+ACQ)\/(C+ CCI) \/g )
If we choose o« = O((1 + A) K27~ 2) and S = O((1 4+ A)~272), we have
T—
Z 1G(O)w + Ago(6:) 2] = O((1+ M) KST~H),
where O means the order of logT is omitted. The proof is complete. O
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C.3 Proof of Corollary/[l]
Proof. Since A > 0 and go(0;) = G(0;)w, we have
E[|G(0e)wi x + Ago(0)[%] = (1 + A)?E[G(01)w' ] = (1 + N)E[[|G (6:)wy[|*)

where w' = =5 (W}, \ + A1, W}, \ + Mg, ..., i, \ + MUk )" such that w’ € W. According
to parameter selection in Theorem [I]and by choosing a constant A, we have

1= NS
7 2 ElGO)wi|*) = O(K2T~%). (24)

To achieve an e-accurate Pareto stationary point, it requires T = o (Ke=?) and each objective re-
quires O(K3e=6) samples in & (¢') and O(Ke~2) samples in ¢, respectively. Meanwhile, according
to the choice of S and 7', we have the following result for CA distance,

1 510, (GO0, Qs + Ago(6e; Q)] = G(Or)wix = Ago(60)]] = 6<\/§> =0

Remark. Our algorithm with a constant A helps mitigate gradient conflict and it guarantees an
e—accurate Pareto stationary point and the CA distance takes the order of O(¢) simultaneously. [J

C.4 Proof of Corollary

Proof. According to the inequality |la + b — b||? < 2|ja + b]|? 2, we have
N llgo(0)lI* <2 G(0)wix + Ago(00) 1 + 2 G (61)wy I
<2|G(O)wi x + Ago(00) ]| +2C7

where the last inequality follows from Assumption [3} Then we take the expectation on the above
inequality and sum up it over ¢ € [T] such that

L T2 o5 T-1 c?
T ; E[[lgo(6:)]%] */\QT ; E[|G(0:)wy \ + Ago(6:)]1%] + /T

—O(AN 24+ 1)K2T"% + A72),

where the last inequality follows from Theoremm If we choose A\ = @(T% ), then we have

_1
Z llgo(6:)[?] = O(K 7T~ %).
=0
To achieve an e-accurate stationary point, it requires 7' = (5([( €~2) and each objective requires
O(K?%e*) samples in & (¢') and O (K e~2) samples in ¢, respectively. Meanwhile, according to the
choice of A, S and T', we have the following result for CA distance,

-~ 2
(B o1 GO0 Qe + AgolBe: Q)] — GO0 — dao80)] = Oy LA

Remark. With an increasing A, our algorithm approaches GD and it has a faster convergence rate
to the stationary point. However, the CA distance takes the order of O(v K). O

) = O(VK)

C.5 Proof of Theorem

Now we provide the convergence analysis with nonconvex objectives with objective sampling.
K

Theorem 6 (Restatement of Theorem . Suppose Assumptions are satisfied. Set v = -,
oy =a=0(1+X)"2y 2K 2T 2), B, = ¢/\/sand S = O((1 + \)~"2y~2T2). Then by
choosing a constant ), the iterates of the proposed SDMGrad-OS algorithm satisfy

T—

Z (IG(0)w ) = O(K2y>T~

t=0

[N

).
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Proof. Recall that updating direction for 0, is &’ = £ H(6;; ¢, S)wy s + £ \ho (645 ¢, S). Similarly,
we have

e
Li(0t11) + ALo(011) < Li(0:) + ALo(0:) + i (g:(0:) + Ago(6:), —d') + %Hd/ﬂz- (26)

Then for the inner product term on the RHS of eq. (26)), conditioning on 6; and taking expectation,
we have

E[(gi(0:)+Ago(0:), —d')|0:] = E[(g:(0:) + Ago(0:), =G (0:)we,s — Ago(6:))]0]

qu+x%x¢@+odnf+j§“%—Encwm@A+A%meML @

where the last inequality follows from eq. (ZI). Then following the same step as in eq. (2Z)), we can
bound the last term on the RHS of eq. (26) as

E[[|d'[I*] < 49*(1 4 A*)(nog + C2). (28)

Cs

Then taking expectation on eq. (26)), substituting eq. (27) and eq. (28) into it and unconditioning on
0;, we have

2+ log(S))

/ 2

% o linod
— E[G(0r)wy \ + Ago(04) | + -5 G

Then choosing a; = a, telescoping the above inequality over ¢ € [T, and rearranging the terms,
we have

T-1 /
3 EIGE i+ Ago(80) ) < ELL(60) — inf Li(6) + ALo(6o) — inf Lo(8))] + "2

t=0

2+ 1og(95)
VS

If We choose a = 0((1+ Az)*%V*%K*%T’l), and S = @((1 + A)72y727?), we can get
T t 0 E[||G(6:)w;  + Ago(8:)]?] = O((1 + A\2)K 22T~ 2). Furthermore, by choosing \ as
constant and followmg the same step as in Appendix [C.3] we have

- +Acg)(\/(i +200y) )

1Tl

i 1 1
= Y E[IG(O)w;|?] = O(K242T~2).
t=0

N

To achieve an e-accurate Pareto stationary point, it requires 1’ = (5(K ve=2). In this case, each
objective requires a similar number of samples O(K?>ve ) in ¢ (¢’) and O(K~ye=?) samples in ¢,
respectively. As far as we know, this is the first provable objective sampling strategy for stochastic
multi-objective optimization. O

D Lower sample complexity but higher CA distance

When we do not have requirements on CA distance, we can have a much lower sample complexity.
In Algorithm [I] the update process for w is to reduce the CA distance, which increases the sample
complexity. Thus, we will set S = 1 to make Algorithm [I| more sample-efficient. In addition, we
will use wy41 = w1 and B; instead of B; s in Algorithm [1|for simplicity. The following proof is
mostly motivated by Theorem 3 in [14].
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D.1 Proof of Theorem[3

Theorem 7 (Restatement of Theorem [3). Suppose Assumptions [I)[3| are satisfied and S = 1. Set
oy =a=0O(K 2T"2), 8, = 8= O(K~'T2) and \ as constant. The iterates of the proposed
SDMGrad algorithm satisfy,

T—1
1 N 1
T > ElGO)w;|?) = O(KT™2).
t=0
Proof. Now we define a new function, with a fixed weight w € W,
For this new function, we have

l/
U(Br41) <U(0:) + (G (Or)w + Ago(6r), —d) + 1at [l

I o?
=1"(0;) + a(G(0:)w + Ago(0:), —=G(0s; Qw1 — Ago(6y;€)) + %Hd”2
where { = max; l;1 + Al; 1. Then taking expectations over ¢ on both sides and rearranging the
inequality, we have

E[l'(0:11)] — E[I'(6:)] <auE[(G(0:)w + Ago(0:), =G (0 )we 1 — Ago(6:))] + lll & LE[||d)]

= — aE[(G(01)w + Ago(01), G(01)wer1 — G(Or)wy)]
Iy

— o E[(G(01)w + Ago(01), G(0)we + Ago(6:))] + at LE[||d|?)

= — aE[(G(01)w + Ago(01), G(01)wer1 — G(Or)wy)]
— thEKG(et)U} — G(@t)wt, G(Qt)wt + /\go(ﬁt»]

l/2
— QB[ G (0w + Ago(0,) 2] + S Edlf?)

<at E[(G(0e)w + Ago(6:))" G(00) | we — we ]

c
+ o E[{G(0:)wy — G(0:)w, G(0y)ws + Ago(64))]
D
— aB{IG(O0un + Ago(01) 2] + LB, (30)

where (i) follows from Cauchy-Schwarz inequlaity. Then we provide bound for term C and term D,
respectively. For term C,

E[[(G(0:)w + Ago(8:))" G(0:) | [|wr — we 1]
=BE[[[(G(0:)w + Ago(0:)) T GO G (0 €)T (G (61 € )ws + Ago (65 €"))]]
<BE[I(G (0w + Ago(0:)" G0 [|(1G(0:: ) (G (0 € )we || + MG (01 €)g0(6; ) ))]
<Bi(1+ N)?C2 (Koo + Cy)* = BiCs, (31

where C3 = O((1 + X\)?2K?). Then for term D, we first follow the non-expansive property of
projection onto the convex set,

lweer —wl® <flwe — B:G (60 €)T (GO € Ywe + Ago(6::€)) — w?
=|lw; — w||2 — 2B {wy — w, G(f)t;f)T(G(Qt;f/)wt + Ago(6::€7)))
+ BEIG (64 )T (G(04; € )we + Ago(0:: €))7
Then taking expectation on the above inequality, we can obtain,

Ef|jwer — wlf?] SE[||lwe — wl*] — 28E[(w; — w, G(04;€)" (G043 € )wi + Ago(04:€)))]
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+ BIE[||G(04:€) T (G(0s; € )wi + Ago (04 €)) 1]
<E[||w; — w||*] = 2BE[(w; — w, G(6:)" (G(8:)we + Ago(6:)))] + BZCT,

where the last inequality follows from Lemma[3] Then by rearranging the above inequality, we can
obtain,

E[(w; — w, G(6,)7 (G(6,)w, + Ago(6,)))] S;&Ewwt P~ fwe —wl? + 20z @)

Then substituting eq. (31) and eq. (32) into eq. (30), we can obtain,

E[l'(0r+1) = U'(60)] <ceiCs3 + ﬁE[Hwt —w|® = [wpsr —w|?] + atgﬁt Ct

l/ 2
— QB[ G(0)wr + Agol6) 2] + LTEE( ]

Oétﬂt

(1)
<aufiC3+ —- Ct

Efl|lwe — w]]* = wer — wll’] +

25t
2 1/10‘%
— o E[[|G(0:)wy + Ago(04)]]7] + 702 (33)

Then we take a; = o and B; = [ as constants, telescope and rearrange the above inequality,

T-1

1 1
7 2 ElICE e+ 2061 <[l (0) I (6r)] + sgrPllwe = wl* = wr — w]]
2 l/
+ B(Cs + %) 1%2
@ 1 1 9
<0(Q—T+aK+B—T+BK ), (34)

where (i) follows from that we choose ) as a constant. If we choose o = O(K 27T 2) and
B = O(K'T"%), we can get & S ['E[|G(6:)w; + Ago(6:)]|?] = O(KT~%). Furthermore,
following the same steps as in Appendix we have

LS sfjauil) = o7,
t=0

To achieve an e-accurate Pareto stationary point, it requires 7 = O(K?2e¢~2). In this case, each
objective requires a similar number of samples O(K2e~2) in £(¢') and ¢, respectively. O

Convergence under objective sampling. We next analyze the convergence of SDMGrad-OS.

Theorem 8 (Restatement of Theorem [). Suppose Assumptions [I)[3| are satisfied and S = 1. Set
TE = a = O(K~2y2T"2), B, = B = O(K~'y"'T~2) and \ as a constant. The
iterates of the proposed SDMGrad-OS algorithm satisfy,

1 T-1 )
7 2 ElG@)wi|*] = O(KAT%).
t=0

Proof. In SDMGrad-OS, the vector for updating 6, is d' = £H(;;¢, S)wep1 + Mpo(6y; ¢, S).
Using the same function defined in eq. (29), we have

/a2
U'(0111) <U'(0:) + e (G(Or)w + Ago(0:), —d) + %Hd/HQ-

Then by taking expectation over ¢ and S, we have

/2

E[l"(0:11) = 1'(0:)] <aE[(G(0r)w + Ago (1), =G (0r)wir1 + Ago(6:))] + Loy E[l|d'|1?)
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= E[(G(0r)w + Ago(0r), G(0r) (we — wy41))]
+ ozﬂE[(G(@t)wt — G(Ht)w, G(Gt)wt + )\go(et»]

~ B[, + Ao (61) 2] + BB
<aE[[[(G(0:)w + Ago(0:))" G (00)[[[|wi — w1 |l]
+ aﬂE[(G(@t)wt — G(Gt)w, G(Ht)wt + )\go(Qt»]

h

— E[||G(8:)w + Ago(6:)]|7] + ‘” AZLE(||d?) (35)

Then following the same steps in eq. (31)) and eq. (32), we can obtain,

B (6u41) ~ 1(60)] SahiCh + SB[ = wl = fhover — w] + “Prep
(2
—aE[|G(0)wi + Ago(64)]1?] + 5 L ¢y, (36)

where C? = 4v*(14A?) (nog+Cy)?, Cy = 4v*(14X?) (nog+C3), and C4 = 42 (14+X)2C2 (nog +
C,)?. Then we take oy = o and 3; = 3 as constants and telescope the above inequality,

T—1
1 9 1 , , 1 9 9
T ; E[|G(0)we + Ago(0)lI"] <—El'(60) — U'(07)] + %—TIE[HwO —w||” = [lwr — wl|]
cpE.
+B(C+ ) + 1“02
(QO(L +ayK + — + By K?), (37)
<O(—% +ay 6T v
where () follows from that we choose A as constant Similarly, if we choose o = ©(K ’%7’%T’%)
and 8 = O(K1y~1T-2), we can get % t 0 E[|G(0s)w; + Ago(6;)||2] = O(K~T~2). Fur-

thermore, followmg the same step as in Appendix [C.3] we have

% i E[||G(6:)w;||*] = O(K’VT_%)_
t=0

To achieve an e-accurate Pareto stationary point, it requires T = O(72K2e~2). In this case, each
objective requires a similar number of samples O(y2K?¢~2) in £(¢’) and ¢, respectively. O
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