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Abstract

We propose a novel method for simulating condi-
tioned diffusion processes (diffusion bridges) in
Euclidean spaces. By training a neural network
to approximate bridge dynamics, our approach
eliminates the need for computationally intensive
Markov Chain Monte Carlo (MCMC) methods
or score modeling. Compared to existing meth-
ods, it offers greater robustness across various
diffusion specifications and conditioning scenar-
ios. This applies in particular to rare events and
multimodal distributions, which pose challenges
for score-learning- and MCMC-based approaches.
We introduce a flexible variational family, par-
tially specified by a neural network, for approxi-
mating the diffusion bridge path measure. Once
trained, it enables efficient sampling of indepen-
dent bridges at a cost comparable to sampling the
unconditioned (forward) process.

1. Introduction

Diffusion processes play a fundamental role in various fields
such as mathematics, physics, evolutionary biology, and, re-
cently, generative models. In particular, diffusion processes
conditioned to hit a specific point at a fixed future time,
which are often referred to as diffusion bridges, are of great
interest in situations where observations constrain the dy-
namics of a stochastic process. For example, in generative
modeling, stochastic imputation between two given images,
also known as the image translation task, uses diffusion
bridges to model dynamics (Zhou et al., 2024; Zheng et al.,
2025). In the area of stochastic shape analysis and computa-
tional anatomy, random evolutions of biological shapes of
organisms are modeled as non-linear diffusion bridges, and
simulating such bridges is critical to solving inference and
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registration problems (Arnaudon et al., 2022; Baker et al.,
2024b; Yang et al., 2025). Additionally, diffusion bridges
play a crucial role in Bayesian inference and parameter esti-
mations based on discrete-time observations. (Delyon & Hu,
2006; van der Meulen & Schauer, 2017; 2018; Pieschner &
Fuchs, 2020)

Simulation of diffusion bridges in either Euclidean space or
manifolds is nontrivial since, in general, there is no closed-
form expression for transition densities, which is key to con-
structing the conditioned dynamics via Doob’s h-transform
(Rogers & Williams, 2000). This task has gained a great
deal of attention in the past decades (Beskos et al., 2006;
Delyon & Hu, 2006; Schauer et al., 2017; Whitaker et al.,
2016; Bierkens et al., 2021; Mider et al., 2021; Heng et al.,
2022; Chau et al., 2024; Baker et al., 2024a). Among them,
one common approach is to use a proposed bridge process
(called guided proposal) as an approximation to the true
bridge. Then either MCMC or Sequential Monte Carlo
(SMC) methods are deployed to sample the true bridge
via the tractable likelihood ratio between the true and pro-
posed bridges. Another solution is to use the score-matching
technique (Hyvarinen, 2005; Vincent, 2011) to directly ap-
proximate the intractable score of the transition probability
using gradient-based optimization. Here, a neural network is
trained with samples from the unconditioned process (Heng
et al., 2022) or adjoint process (Baker et al., 2024a), and
plugged into numerical solving schemes, for example, Euler-
Maruyama. Several recent studies deal with the extension
of bridge simulation techniques beyond Euclidean spaces to
manifolds (Sommer et al., 2017; Jensen & Sommer, 2023;
Grong et al., 2024; Corstanje et al., 2024). All of these rely
on either a type of guided proposal or score matching.

Both guided-proposal-based and score-learning-based
bridge simulation methods have certain limitations: the
guided proposal requires a careful choice of a certain “aux-
iliary process”. (Mider et al., 2021) provided various strate-
gies, but it is fair to say that guided proposals are mostly use-
ful when combined with MCMC or Sequential Monte Carlo
(SMC) methods. In case of a strongly nonlinear diffusion
or high-dimensional diffusion, the simulation of bridges us-
ing guided proposals combined with MCMC (most notably
the preconditioned Crank-Nicolson (pCN) scheme (Cotter
et al., 2013)) or SMC may be computationally demanding.
On the other hand, score-matching relies on sampling un-
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conditioned processes, and it performs poorly for bridgelliptic diffusions and later extend to partially observed
conditioned on rare events, as the unconditioned proceds/po-elliptic diffusions in (Bierkens et al., 2020).

rarely explores those regions, resulting in inaccurate estk
mation. Additionally, the canonical score-matching loss
requires the inversion of > with  denoting the diffu-
sion coef cient of the process. This rules out hypo-elliptic
diffusions, where ~ is singular. It also poses computa-
tional challenges for high-dimensional diffusions, further
exacerbating the dif culty of obtaining stable and accurate
minimization of the loss.

nother class of methods approximate the intractable tran-
sition density using machine learning or kernel-based tech-
niques. (Heng et al., 2022) applied score-matching to de ne
a variational objective for learning the additional drift in
the reversed diffusion bridge. (Baker et al., 2024a) pro-
posed learning the additional drift directly in the forward
bridge via sampling from an adjoint process. (Chau et al.,
2024) leveraged Gaussian kernel approximations for drift
To address these issues, we introduce a new bridge simastimation.

ulation method calledheural guided diffusion bridgelt . S e
. . : . The method we propose is a combination of existing ideas.
consists of the guided proposal introduced in (Schaue|rt used the guided proposals from (Schauer et al., 2017)

et al., 2017) with an additional correction drift term that o "

) ’ . to construct a conditioned process, but learns an additional

is parametrized by a learnable neural network. The family, . ) ; o
. . drift term parametrized by a neural network using variational

of laws on path space induced by such improved proposals

. . o X L inference.

provides a rich variational family for approximating the law

of the diffusion bridge. Once the variational approximation Diffusion Schrodinger bridge: The diffusion bridge prob-

has been learned, independent samples can be generated &m addressed in this paper may appear similar to the diffu-

cost similar to that of sampling the unconditioned (forward)sion Schodinger bridge (DSB) problem due to their names,

process. The contributions of this paper are as follows:  but they are fundamentally different. A diffusion bridge is a

process conditioned to start and end at speci ¢ points, often

+ We propose a simple diffusion bridge simulation used for simulating individual s.ample paths under endpoint
method inspired by the guided proposal framework constraints. In contrast, a delnger bn_dge connects two
avoiding the need for score modelling or intensivemargmalldlstrlbutlons over time by nding the most likely

MCMC or SMC updates. Once the network has beerstochastic process (relative to a reference diffusion) that

trained, obtaining independent samples from the varimatches these marginals. While both modify the original

ational approximation is trivial and computationally dynamics, the diffusion bridge imposes hard constraints on
cheap; endpoints, whereas the Sélinger bridge enforces them

in distribution. Although DSB has gained attention for ap-

» Unlike score-learning-based simulation methodsplications in generative modelling (Thornton et al., 2022;

which rely on unconditional samples for learning, our De Bortoli et al., 2021; Shi et al., 2024; Tang et al., 2024),

method is grounded to learn directly from conditional it is important to recognize the distinctions between these
samples. This results in greater training ef ciency, esproblems.

pecially for learning the bridges that are conditioned

Neural SDE: Neural SDEs generalize neural ODEs (Chen
on rare events.

etal., 2018) by introducing stochasticity, enabling the model-

« We validate the method through numerical experi-?ng qf systems with inherently r_ando_m dynamics. Re_search
ments ranging from one-dimensional linear to high-" this area can be broadly divided into two categories: 1)
dimensional nonlinear cases, offering qualitative andM0deling terminal state data (Tzen & Raginsky, 2019a;b),
quantitative analyses. Advantages and disadvantagé¥'d (2) modeling entire trajectories (Li et al., 2020; Kidger
compared to the guided proposal (Mider et al., 2021t al., 2021). Our approach falls into the latter category,
and two score-learning-based methods, (Heng et alleveraging trainable drift terms and end-point constraints to
2022) and (Baker et al., 2024a), are included. capture full trajectory dynamics.

2 Related Work 3. Preliminaries: Recap on Guided Proposals
Diffusion bridge simulation: This topic has received con- 3-1- Problem Statement
siderable attention over the past two decades and itis hardet ( :F:P) be a probability space with Itration
to give a short complete overview. Early contributions arefg g, p:11» W ady-dimensionalP-Wiener processb :
(Clark, 1990; Chib et al., 2004; Delyon & Hu, 2006; Beskos [0;T] ,’:Qd I Riand :[0;T] RY! RY 9 the drift-
etal., 2006; Lin et al., 2010; Golightly & Wilkinson, 2010). 5nd diffusion coef cients. Ad-dimensionafF .g-adapted

The approach of guided proposals that we use here was intrgssion processK with the law of P is de ned as the
duced in (Schauer et al., 2017) for fully observed uniformly

2
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strong solution to the stochastic differential equation (SDE)Here,y is considered as the parameter that gets assigned

dX = b(t; X )dt + (X )dW;; Xo = X0 2 R%: (1)

The coef cientsh; are assumed to be Lipschitz continuous

and of linear growth to guarantee the existence of a stron

solution X; (Pksendal, 2014, Chapter 5.2). In addition,

the prior densityp(T;y j 0;xp) andv is the observation.
Therefore, is the posterior distribution of and(3) shows

that sampling of the conditioned process can be done by
gst sampling the endpoint from distribution , followed

y sampling a bridge connecting andxr .

we impose the standing assumption tiaadmits smooth Throughout the paper, we will considetv j y) =

transition densitiep with respect to the Lebesgue measure

on(R%; B(RY)), whereB(R?) ig the Borel algebra oR{.
Thatis,P(Xt 2 AjXs=x)= ,p(ty]js;x) (dy) for
0 s<t T,A R%.

Notation 3.1. Let P ;P? andP be measures of ;F),
we denote the laws of on ([0; T]; RY) underP ; P’ and

P byL ;L?andL respectively. For notational ease, the
expectations undd? ; P? andP (and similarlyL ;L? and

L ) are denoted b ; E? andE respectively. The process
X underL ;L? andL is sometimes denoted by ; X?
andX respectively. For any measugon( ;F), we
always denote its restriction & by Q;.

The following proposition combines Proposition 4.4 and

(viLy; ) , whereL 2 R® d with d® d andL of
full (row) rank. Here, (x; ; ) denotes the density of
theN (; ) -distribution, evaluated at. For example, for
a two-dimensional diffusioy = y; y. ~ observing
only the rst componenty; correspondsté. = 1 O
asLy = y;. In our simulation experiments, we will assume
2|, for a small value of, which is close to observing
without error. Taking strictly positive stabilizes numerical
computations.

3.2. Guided Proposal

If pwere known in closed form, then the conditioned process
could be directly sampled from Equation (2). This is rarely

Example 4.6 in (Pieper-Sethmacher et al., 2025). It showghe case. For this reason, Ktbe an auxiliary diffusion

how the dynamics oK change under observing certain

events at timd' .

Proposition 3.2. Fixt< T . Lety 2 RY andq( j y) be a

probability densify function with respect to a nite measure
Leth(t;x) = o p(T;yitx)a(vjy) (dy), and de ne

the measur®; onFy by dP;{ = Egéﬁégdﬂ Then under

the new measurg, the proces¥X solves the SDE

dX¢ = B'(EX ) dt+ (i Xs)dWY;
b’(s;x) = b(s;x) + a(s; x)r(s;x); Xo = Xo:

)

wherer (s;X) = r « logh(s; x), a(s; x) =
andW? is aP?-Wiener process.

(s;:x) 7 (s:%)

Furthermore, for any bounded and measurable funcgion

and0 t; th <T,
E?[9(X1, ;5 X1, )]
g (3)
= Elg(Xt,; 15 X, ) 1 X1 =yl (dy);
R
where is the measure de ned ofR?; B(RY)) via
T;yj0;x0)q(Vj d

L P(TiY ] O:x)q(v]y) (dy)’

Remark3.3. A Bayesian interpretation of Equation (4) can
be obtained by considering the following hierarchical model

(5a)
(Sb)

viy avijy);
y p(T;yj0;Xo):

process tiat admits transition densiteeia closed form. Let

A(tx)= g B(T;yjtx)a(vjy) (dy). Dene
7 !
_ At Xy) @+ An :
t — h(O,XO) 0 h (S,Xs)ds ’ (6)

whereA is the in nitesimal generafor of the proceXs i.e.
fopanyf in its domainAf (x) = P b(tx)@f (t;x) +
3 i @ (EX)@f (tx). Lett < T . Under weak condi-
tions (see e.g. (Palmowski & Rolski, 2002, Lemma 3.1)),
E[E({] = 1. Usingh we can de ne the guided proposal.

De nition 3.4. (Schauer et al., 2017) If we de ne the
change of measudP; = E.dP;, then, undeP, , the pro-
cessX solves the SDE

dXs = b (s;Xs)ds+ (s;Xs)dWy; @
b (s;x) = b(s;x) + a(s;x)H(s;x);  Xo = Xo;
wheres 2 [0;t], Ht;x) = r x logh(t;x) andW is aP; -
Wiener process. The processunder the lawP; is known
as the guided proposal.

Intuitively, X is constructed to resemble the true condi-
tioned procesX ? by replacing by r. Crucially, as its drift
and diffusion coef cients are known in closed form, the
guided proposal can be sampled using ef cient numerical
SDE solvers such as Euler-Maruyama.

The de nition of the guided process can be extended to
[0; T] by continuity. WhereaB; P, fort<T the mea-
sures will typically be singular in the limit" T. Neverthe-
less,P{ P, may still hold under this limiting operation
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and this is what matters for our purposes. In (Schauer et al2.4)):
2017) and (Bierkens et al., 2020), precise conditions are
given under whickP2  P;. In the case of condition- di(t)y= LMB()dt L(T)=L; (15a)
ing on the eventLX t = vg-so there is no noise onthe  dmY(t)= L(t)a(t)L™ (t)dt; MY(T)= :; (15b)
observation- this is subtle. We postpone a short discussion _ . -0-

on this to Section 3.4 to argue that all numerical examples duy="L@O Odt u(m)=0: (15¢)
considered in Section 5 will not break down in case the

noise level on the observation,tends to zero. We then get Ramark3.6. A simple choice ofX is a scaled Brownian
the following theorem from (Bierkens et al., 2020, Theoremmotion, i.eX, = W ,.If ~ is invertible, then
2.6) that states the change of laws framto L~.

vV X

Theorem 3.5. If certain assumptions (Bierkens et al., 2020, rylogp(T;vjs;x)=(~~") lﬁ.

Assumptions 2.4, 2.5) hold, then

(16)

Therefore, the guided proposal has driffs;x) +

? .

dL (X)= h(onO) T(X); @ (X T(E0E) v )T 9). If (six) =~

dL h(0; xo) this reduces to the guiding term proposed in (Delyon & Hu,
where 2006).

Z !
+ A h . .
+(X) = exp (@ . ) (s:XJds : (9) 34 Choice of Linear Process
0

The linear process is de ned by the triplet of functions
(;B; ~). Inchoosing this triplet, two considerations are of

3.3. Guided Proposal Induced by Linear Process importance:

The choice of the auxiliary proce3s, which determines o

i and hence the guided process, offers some exibility, as 1- In case of conditioning on the evefritX r = vg—so
long as the conclusion of Theorem 3.5 applies. We now N0 extrinsic noise on the observation- the triplet needs
specialize to the case where the procEssolves a lin- to satisfy certain “matphlng conditions” (see (Bierkens
ear SDE, as in this cagecan be obtained by solving a etal., 2020, Assumption 2.4)) to ensite P . For
nite-dimensional system of ordinary differential equations uniformly elliptic diffusions, this only affects-. In

(ODES). Speci cally, we assumg solves casel = lq, so the conditioning is on the full state,
should be chosen such trefT) = a(T; xt1). Hence,

for this setting, we can always ensure absolute conti-
(10) nuity. For the partially observed case, it is necessary
to assume that is of the forma(t; x) = s(t; Lx ) for
some matrix values mag In that case, it suf ces

dXi = Bt X)) dt + ~(t) dW,;
Bt x)= (t)+ B(t)x; Xo= Xo:

Let A denote the in nitesimal generator of the process
Sinceh solves(@ + A)h = 0, we can replacé@+ A)h
by (A A)Rh. This gives
z t
t(X) = exp G(s;Xs)ds 5 t T,  (11)
D° E
G(six) = Bs;x)  B(s;x);Hs;X)
h i
%tr [a(s;x) &) H(s) (F)(s;x) : (12)

Here,H (s) is the negative Hessian tdgh(s; x), which

turns out to be independent »fa(s) = (~ ~ )(s). Under

the choice ofy(v j y) = (v;Ly; ) andX, H andrare
given by

F(t) = L7 ()M (t)L(t); (13)

HEx)= L7 (OME)(v  u(t) L()x);  (14)

whereM (t) = (MY(t)) !andL, MY andu satisfy the sys-

tem of backward ODEs (See (Mider et al., 2021, Theorem

4

to choosea such thatLa(T)L> = Ls(T;v)L>. In
case the diffusivity does not depend on the state, a
natural choice is to take =  to guarantee absolute
continuity.

For hypo-elliptic diffusions, the restrictions are a bit
more delicate. On top of conditions enit is also re-
quired to match certain properties in the drift by choice
of B. With the exception of the FitzHugh-Nagumo
(FHN) model studied in Section 5.3, in all examples
that we consider in Section 5 we have ensured these
properties are satis ed. The numerical simulation re-
sults for FHN model presented in (Bierkens et al.,
2020) strongly suggest that the conditions posed in
that paper are actually more stringent than needed for
absolute continuity. For this reason, we chose the aux-
iliary process just as in (Bierkens et al., 2020).

. Clearly, the closeb to b and a to a, the more the

guided proposal resembles the true conditioned pro-
cess. This can for instance be seen flom 1 (X) =
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Ry (A A)h

0 (s; Xs)ds, which vanishes if the coef -

en by Girsanov's theorem, the procéds = W,
t

cients are equal. As proposed in (Mider et al., 2021), , # (s; Xs)ds is aP -Wiener process. We now de ne a
a practical approach is to compute the rst-order Tay-new diffusion procesX underP :

lor expansion at the point one conditions on, i.e.
(1) = bt;v);B(t)x = Jp(t;v)(x V), wheredy

is the Jacobian di(t; x) with respect toc. Compared

to simply taking a scaled Brownian motion, this choice

can result in a guided proposal that better mimics true

conditioned paths.

3.5. Strategies for Improving upon Guided Proposals

Although the guided proposal takes the conditioning into

'De nition 4.2. The neural guided diffusion bridge is a
diffusion process that is de ned as the strong solution to the

dX
b (s;x)

b (tX)dt+ (tX)dW, ;

b (sX)+ (X% (5%); (19)

Xo = Xo;

whereb (s;x) = b(s;x)+ a(s; x)t{(s; X) is de ned in Equa-
tion (7).

account, its sample paths may severely deviate from trug nique strong solutioX to Equation (19) is guaranteed
conditioned paths. This may speci cally be the case fory q to Assumption 4.1.

strong nonlinearity in the drift or diffusivity. There are
different ways of dealing with this.

« If we write the guided path as functional of the driving

Wiener process, one can update the driving Wiener in
crements using the pCN within a Metropolis-Hastings

algorithm. Details are provided in Appendix A.1, see
also the discussion in (Mider et al., 2021).
« Devising better choices f@&, and-~.

* Adding an extra term to the drift of the guided pro-
posal by a change of measure, where a neural netwo

further elaborate on it in the upcoming section.

4. Methodology
4.1. Neural Guided Diffusion Bridge

For a speci c diffusion process, it may be hard to specify

the mapsB, and~, which may lead to a guided pro-

posal whose realizations look rather different from the ac-

r
parametrizes this term. We take this approach here an

We propose to construgt as a learnable neural network,
whose goal is to approximate the difference of drift coef -
cients. Wher# >(r 1), the discrepancy betweéh
andP? vanishes. Lipschitz continuity of the neural net can
be achieved by employing suf ciently smooth activation
functions and weight normalization. Gradient clipping can
prevent extreme growth on In our numerical experiments,
we use either tanh or LipSwish (Chen et al., 2019) activa-
tions and gradient clipping by the norm & to ful Il such
conditions.

o learn the magt , we propose a loss function derived
gom a variational approximation where the set of mea-
suresfP ; 2 gprovides a variational class for approxi-
matingP?. The following theorem shows that minimizing

7! Dke (P jjP?) is equivalent to minimizing. as de ned
below.

Theorem 4.3. If we de ne the loss function by
Z

L()=E %k# (s:Xs)k?  G(s;Xs) ds; (20)

0

tual conditioned paths. For this reason, we propose to adjusfen

the dynamics of the guided proposal by adding a learnable

bounded term (s; x)# (s;x) to the drift. Speci cally, let
# :[0;T] RY ! RY be a function parameterized by
2 ,where denotes the parameter space. De ne:
YA t Z t
{i =exp # (55 Xs)dW, k# (s;Xs)k?ds
0

0
17)

NI =

We impose the following assumption én:

Assumption 4.1. The map# is bounded and 7! # (s;Xx)
is Lipschitz continuous, uniformly is 2 [0; T].

The Lipschitz continuity ensurds; is a martingale with
E[{t] = 1. Dene a new probability measure on
( ;F7)by

dP = {rdP (18)

A(0; Xo) .
h(0;x0)’

with G(s; X) as de ned in Equatior{12).

D (P jiP) = L() log (21)

The proof is given in Appendix A.2. Note that under,
the law of X depends on and therefore the dependence
of L on is via both# and the samples frod under -
parameterized® . If oy is a local minimizer ofL and

L( opt) = log :ggigg then op is a global minimizer.
This impliesDg (P o jiP?) = 0 from which we obtain

o P?. (Heng et al., 2022) applied a similar varia-
tional formulation. However, contrary to our approach, in
this work the drift of the bridge proposal is learned from
unconditional forward samples. Not surprisingly, this can

be inef cient when conditioning on a rare event.
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It can be seen that is low bounded byog >} In gen-  Algorithm 1 Neural guided bridge training

eral, h is not known in closed form, but in some simple Input: Discrete time gridl' := ftygm=o:1::m , initial
settings it is. In such settings, we can directly inspect the  number of iteration&

value of the lower bound and assess whether the trained neu-Solve Equation (15) off backwards, obtain and store
ral network is optimal. In Section 5.1, we provide examples f H (t,,)g.f <(tm; )g using Equations (13) and (14).

for such sanity checks. repeat
forn=1;:::;N do
4.2. Reparameterization and Numerical Samplew (M = fwtrE”)g onT.
Implementation Solve Equation (19) off withw (" = fw, (g,
OptimizingL by gradient descent requires sampling from obtainf xtin)g.
a parameterized distributidd and backpropagating the end for

gradients through the sampling. To estimate the gradient, Approximatel ( ) by Equation (23).
We use the reparameterization trick proposed in (Kingma  Backpropagate L( ) and updatét by gradient de-
& Welling, 2022). Speci cally, the existence of a strong scent.
solutionX to Equation (19) means that there is a measur- until Iteration count K
able map : Q(0;T];R%) ! C ([0;T];RY), such that
X = (W ). Here, we have dropped the dependence o6. Experiments
on the initial conditiorxg as itis xed throughout. The ]
objective Equation (20) can be then rewritten as: 5.1. Linear Processes
Z-. \INe c:?nsider (E)r;e-dimdensionlatlJI Iifr:ear plrogesses with ana-
_ 1 ) 2 ) ] ytically tractable conditional drifts, including Brownian
L()=E , ék# (t  (Wok® Gt (W) dt  potion with constant drift and the Ornstein-Uhlenbeck pro-
(22) cess. For these models, the lower bound @f L( ) can

Choose a nite discrete time grifl = ftqOm=0:1.::M » be explicitly computed, serving as a benchmark to assess
withto = 0;ty = T. LetX, ;W, be the evaluations whether the neural network reaches this bound. Additional
of X ;W att = t, respectivelyf Xtén)g;fwtin)g;n = details are provided in Appendix B.2.

1:::iN be collections of samples of; W, , and  Brownian bridge: Consider a one-dimensional Brownian

xto(”) = (Wto(")) = Xp. Then Equation (22) can be motion with constant driftdX; = dt + dW;. As its
approximated by the Monte Carlo approximation: transition densityp(t;X; j S;Xs) is Gaussian, the fully-
observed process conditioned o+ = vg, satis es the
SDE:
1 XXy 2
L) = SKH (tm 15 (w(V))K aX?= = Dldt+ dw: (24)
N n=1 m=1 2 ‘ T t
G(t L w (n) ))0 t 23) We construct the guided proposal using the auxiliary process
m 1, tm 1 ' Xt = W . Itis easy to see thaf solves the SDE:
. (n) n)y :: . — \ X'[ . .
In practicex,,” = (w,,") isimplemented as a numeri- dX; =+ -——"+ # (£X;) di+ dW (25)

cal SDE solvef (w, ™ty 1;x,").) that takes the previ-

ous stefltn 1;%,\",) as additional arguments. s, #isgivenby# _(t;x)= = . Additionally, the lower
also depends on, the gradient with respect toneeds to be °’,’,i‘(o %o) , ,

computed recursively. Leveraging automatic differentiation®ound oL, log ga=y, is analytically tractable since the
frameworks, all gradients can be ef ciently recorded in antransition densitiep of X are Gaussian. In Figure 6a, we
acyclic computational graph during the forward integration track how the training varies over iterations under different
enabling the backpropagation for updatingWhile the  settings of and , which leads to different lower bounds. It
complexity of backpropagation scales linearly withand  can be seen that all the trainings converge to corresponding
quadratically withd—a property inherent to gradient-based theoretical lower bounds. Figure 2 compares the trained map
optimization methods—our approach remains highly ef -# with the optimal mag# . The neural network matches
cient for moderate-dimensional problems and provides &he optimal map in regions well supported by the training
robust foundation for further scalability improvements. Fur-data, but the approximation error grows outside these re-
ther details about the gradient computation can be foundions—a common limitation of neural network training.
in Appendix A.3 and the numerical algorithm is shown asFigure 3 shows the empirical marginal densities of the neu-
Algorithm 1 ral bridge alongside the analytical densities obtained from

By comparingX with X ?, it is clear that the optimal map
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independent simulations of Equations (24) and (25). Therocess, which we refer to as “normal” events; (2) rare
learned and analytical distributions are in close agreemengvents; and (3) events that cause trajectories to exhibit multi-
ple modes, where the marginal probability at certain times is
multimodal. We compare our method to (a) théded pro-
posal(Schauer et al., 2017); (lridge simulation via score
dX, = ( Xy)dt+  dW; (26) matching(Heng et al., 2022); and (d)ridge simulation
using adjoint processg8aker et al., 2024a). The topleft
panel of Figure 1 shows realisations of forward samples

Ornstein-Uhlenbeck bridge: We now consider the
Ornstein-Uhlenbeck (OU) process:

which requires &; x -dependent __ to correct the guided

opt

proposal. Upon choosing: = W, the neural bridge  of the process. The other panels show performance of the
satis es the SDE: neural guided bridge upon conditioning on various events,

v X that we detail below. Further details on these experiments
dX, = ( X,)+ L # (6X,) dt+ dW: P

are presented in Appendix B.3.
(27)

As with Brownian motion, the OU process has Gaussian

transition densities and is therefore analytically tractable.

Using this property, we derive the optimal mig , and the

corresponding lower bound dn given in Equations (46)

and (47). We vary the parameters , and and plot

the resulting training-loss curves alongside the analytical

lower bound in Figure 6b; in every case the loss converges 5y ynconditioned (b) Normal event

to its respective bound. Figure 4 compares the outputs of

the trained network with the optimal map, and Figure 5

shows the empirical marginal densities of the learned neural

bridge with those of the analytical bridge obtained from

independent simulations of Equations (27) and (44).

From the above two experiments, we conclude that the
neural network is able to learn the optimal drift with the (c) Rare event (d) Multi-modality
proposed loss function and that the neural guided bridggig e 1 Top left (a): 30 realisations from the unconditioned cell
is very close to the true bridge in terms of KL divergence jtfusion model (Cf. Equation (28)). Top right (k30 realisations
(re ected by the very small differences between trainingfrom the learned conditional process on a “normal event:
losses and analytical lower bounds). In the remaining nu2:0  0:1 ~ ; Bottom left (c): 30 realisations from the learned
merical examples no closed form expression is available foggngitional process on a rare event  1:0  0:1 ” ; Bottom
h(0; xo) and therefore performance can only be assesseﬁbht (d): 30 realisations from the learned conditional process on
qualitatively. eventv = 1:0 1.0 that causes multi-modality. Except
5.2. Cell Diffusion Model in panel (d_), all processes start frop = 0:1 0:1” and
run up to timeT = 4:0. In (d), the process starts frory =
(Wang et al., 2011) introduced a model for cell differentia- 1:0 1.0~ and runs up to tim& = 5:0.
tion which serves as a test case for diffusion bridge simu- . . .
lation in (Heng et al., 2022; Baker et al., 2024a). Cellular'” all the experiments in the following we take= 0:1.

expression levelX; = X1 Xg» aregovermedbythe Normal event: We setxo = 0:1  0:17,T = 4 and

2—dimen§ional SDE: 3 v= 20 01 . From the topleft panel in Figure 1
X1 2 4 X it is clear that this corresponds to a normal event: balls
dxX, = 42 “ X 2 TXE, “'5 i+ dw,: (28) aroundv at timeT get non-negligible mass under the un-
t= xX&, 5 4 t; (28) g glig

2 4+;><;‘2 * e, X2 conditioned process. In Figure 1b, we show 30 sample
) ) ) i ) paths obtained from sampling the trained neural bridge and
driven by a 2-dimensional Wiener process The highly  rigyre 7 shows a comparison to the three baseline meth-
nonlinear drift makes this a challenging case. The guidedyqs mentioned above. Since the true conditional process
neural bridge is constructed as an OU process: is analytically intractable, we generat#@0, 000 samples
dXi=f1 Xigdt+ dwWi; (29) from the forward (unconditional) process Equation (28), and
obtainedl72samples that satistfd X + vk 0:01, and
withli= 1 1. We study three representative fully- only show rst 30 samples in the gure. Those samples can
observed cases that result in distinct dynamics for the condbe treated as samples close to true bridges. Overall, all four
tional processes: (1) events that are likely under the forwardnethods successfully recover the true dynamics. The perfor-

7
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mance of all four methods considered is comparable.Notdescribed by the SDE:

that the adjoint bridge sample paths appear slightly more ( L . " 3 #)

dispersed. ax.= 2 T
‘T 1

Rare event: We setxg 01 0:1”~ andT = 4 as (30)

before but now we take = 1.0  0:1 ~,whichisarare e condition the process by the value of its rst component
event. Unlike the “normal event” case, the true dynamicsyy settingL = 1 0 and hence condition on the event
cannot be recovered by forward sampling from the unconditX + = v 2 R. We construct the guided proposal as pro-
tioned process, as it is highly improbable that paths end uposed in (Bierkens et al., 2020) using the Taylor expansion
in a small ball around. In Figure 1c, we show 30 sample x3 2y3 3y2x atx = v. Thus, X satis es the SDE

paths obtained from sampling the trained neural bridge and @ # "

Figure 7 shows a comparison to the three baseline method _ 1 3v° EY <+ 2’+s dt + 0 dW
mentioned above. All methods except the adjoint forward ™~ ' ~ ! !
approach capture the correct trajectory dynamics, consistent (31)
with ndings in (Baker et al., 2024a). Among the remaining Supposef ;s; ; ; g = f0:1;0;1:5;0:8;0:3g. We ex-

three, trajectories from the neural bridge align more closelyamine the conditional behaviour ¥f within t 2 [0; 2:0]

with those from the guided proposal than those from scorginder two scenarios: (1) conditioning on a normal event
matching. In the score matching method, samples:of v = 1:0; and (2) conditioning on a rare event 1:1. As
show higher variance prior = 3:5, suggesting less ac- the score-matching and adjoint-process methods have not
curate score estimates. This is expected, as score matchiBgen proposed in the setting of a partially observed state,
learns its drift from samples of the unconditioned processye only compare our method to the guided proposal.

which rarely reaches small balls arouwndeading to poor

approximation quality. Normal event: Figure 11 compares sample trajectories

generated by the neural bridge and guided proposal. As
Multi-modality: In both of the previous cases, each com-a reference, paths obtained by unconditional sampling are
ponent's marginal distribution at timg8; T] is unimodal.  added, where any path not ending close to the endpoint has
However, with some special initial conditions, multimodal- been rejected_ Both methods capture the key features of
ity can arise, which poses a challenging task where ongnhe conditioned dynamics, closely matching the reference
would like to recover all modes. Specically, l&fo =  trajectories. However, the neural bridge achieves this using
1.0 1.0, T =5:0andv = 1.0 1.0 . In independently drawn samples after training, whereas the
Figure 1d, we show 30 sample paths obtained from samplinguided proposal requires a long MCMC chain. The simi-
the trained neural bridge and Figure 7 shows a comparisolarity between the neural bridge and the guided proposal
to the three baseline methods mentioned above. Both theon rms that the neural bridge effectively approximates the
adjoint bridge and score matching fail to model the dynameonditioned distribution, indicating accurate modeling of
ics accurately. In contrast, the neural bridge and guidedhe dynamics under normal event conditioning.

proposal yield similar marg!nal distributions. However, Rare event: In Figure 12 we redo the experiment under
good performance of the guided proposal may take man?fonditioning on a rare event. Both the neural bridge and the

MCMC iterations, or possibly the use of multiple (mteraCt_t%uided proposal successfully capture the bimodal structure

!ng) chains. Once trained, the neural bridge can ger_u_aralg the trajectories, as re ected by the two distinct clusters
independent samples, at a cost comparable to unconditione

. . . S : . inthe Xy, paths, particularly evident aftéer 0:5. How-
forward simulations, while maintaining sampling quality - .
X ever, the guided proposal matches the reference distribution
close to that of the guided proposal.

more closely, especially in the concentration and spread of
Across all three tasks, the neural bridge shows strong adaptajectories beyond time= 1:5.

ability and achieves performance comparable to the guided . .

proposal, with the added bene t of faster independent sanp-4- Stochastic Landmark Matching

pling. In contrast, the other two methods exhibit limitations Finally, we present a high-dimensional stochastic nonlinear

under speci ¢ settings. conditioning task: stochastic landmark matching, see for
. instance (Arnaudon et al., 2022). We consider a stochastic
5.3. FitzHugh-Nagumo Model model that describes the evolutionroflistinct landmarks

. d . .
We consider the FitzHugh-Nagumo model, which is a pro-In R of a closed _nonlntersectlng curve_IR?. The state
t timet, X, consists of the concatenation of each of the

totype of an excitable system, considered for example it

: i ._n landmark locations at time Hence X; takes values in
Ditlevsen & Samson, 2019; Bierkens et al., 2020). It is . )
( ) RI" . The stochastic landmark model de ned in (Arnaudon

et al., 2022), for ease of exposition considered without mo-
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oud=1) Celld=2) FHN d=2) Landmark @ = 20)

Methods #Params Time #Params Time #Params Time #Params Time
Adjoint forward (Baker et al., 2024a) 21;969 16268s 22,114 26506s N/A N/A 114,744 54380s
Score matching (Heng et al., 2022) 26;353 65555 26;498 103385 N/A N/A 26,766  35305s
Neural guided bridge (ours) 921 4412s 2; 306 9479s 3;362 11377s 15;188 12248s

Table 1.Benchmarks with two other deep-learning based methods. Neither adjoint forward nor score matching is available for the FHN
partially observed conditioning case (denoted as “N/A", not applicable in the table). All the experiments are conducted with the parameters
described in Appendix B.

mentum variables, de nes the procd3&;t 2 [0;T]) as  5000pCN iterations and plotted the nal iteration. From
the solution to the SDE this, one can see that these iterations provide another way to
_ _ _ RN improve upon the guided proposal in the top row. The other
dX¢ = Q(Xe)dWe; Q(X)j = k(XX )la: (32)  columns repeat the same experiment with different Wiener
process initializations. Due to the high-dimension of the
problem, repeated simulation required for pCN steps may
be computationally expensive.

Herelq is thed-dimensional identity matrixyv is adn-
dimensional Wiener process amkdis a kernel function
RY RY! R.Inour numerical experiments we chose the
Gaussian kernéd(s;y) = 1 exp kX2 gkz _The kernel We benchmarkgd our method on the four test cases described
parameters are chosen to be= 0:3; = 05 to ensure above, comparing it to two other_ deep Iea_rnlng-based ap-
@roaches in Table 1. The comparison considers the number

a strong correlation between a wide range of landmarks. LT .
Note that the diffusion coef cienD is state-dependent. of network parameters and total training time, with all meth-

To demonstrate the necessity of constructing such a statg(-js trained using the same number of gradient descent steps
dependent diffusion coef cient, consider the process and batch sizes. Our method outperforms both alternatives

solving the SDE in terms of model size and training ef ciency.

6. Conclusions and Limitations

We propose the neural guided diffusion bridge, a novel
where the diffusion constant is constant. As a result, thenethod for simulating diffusion bridges that enhances
system becomes linear. The processes de ned by Equguided proposals through variational inference, eliminat-
tion (32) and Equation (33) are fundamentally different. Ining the need for MCMC or SMC. This approach enables
particular, Equation (32) guarantees that! X, gener- €ef cientindependent sampling with comparable quality in
ates a stochastic ow of diffeomorphisms (Sommer et al.challenging tasks where existing score-learning-based meth-
2021). This diffeomorphic setting preserves the shape stru@ds struggle. Extensive experiments, including both quanti-
ture during evolution, whereas the linear process de ned byiative and qualitative evaluations, validate the effectiveness
Equation (33) does not. As illustrated in Figure 13, a vi-of our method. However, as the framework is formulated
sual comparison (using identical driving Wiener processesyariationally and optimized by minimizinBx. (P jjP?),
reveals that the linear process disrupts the shape topologyexhibits mode-seeking behaviour, potentially limiting its
leading to overlaps and intersections. The diffusion procesgbility to explore all modes compared to running multiple
de ned by Equation (33) can however be used as auxiliaryMCMC chains. Despite this limitation, our method provides
process in the construction of guided proposals. We opteél computationally ef cient alternative to guided proposals,
for this choice in our numerical experiments. particularly in generating independent samples from the

. . . conditioned process.
In our numerical experiments, we chose one ellipse as the

starting point and another ellipse as the endpoint of théur approach focuses on better approximating the drift of
bridge. Each ellipse is discretized by 50 landmarks, leadinghe conditioned process while keeping the guiding term that
to the dimension oK being 100. We tooH = 1:0. In ensures the process hitsaat timeT relatively simple. In
the leftmost column of Figure 14 we X a Wiener process future Work, an interesting direction to obtain improved re-
and show on the top- and middle row the guided proposa$ults consists in trying to jointly leas and the parameters
and neural bridge using this Wiener process. We observe@f the linear process{ B, ). Also, as the gradient updat-
that due to the very simple choice of auxiliary process, thdng relies on backpropagating through the whole numeri-
guided proposal has dif culty reaching the nal state. In cal SDE solvers, techniques such as the stochastic adjoint
fact, we had to increasé to 2e 3 for not running into ~ Sensitivity method (Li et al., 2020) and adjoint matching
numerical instabilities. Here, one can see that the additiondPomingo-Enrich et al., 2025) can be introduced to improve
learning by the neural bridge gives much better performancéhe ef ciency of the computation. Another venue of future
In the bottom row, we used the guided proposal with the'esearch consists of extending our approach to conditioning
same Wiener process as initialization, augmented by runningn partial observations at multiple future times.

dXi = Q(V)dWi; (33)

9



Neural Guided Diffusion Bridges

Acknowledgements Bradbury, J., Frostig, R., Hawkins, P., Johnson, M. J., Leary,

) C., Maclaurin, D., Necula, G., Paszke, A., VanderPlas, J.,
The authors thank anonymous reviewers and Thorben Wanderman-Milne, S., and Zhang, Q. JAX: Composable

Pieper-Sethmacher (TU Delft) for their valuable comments transformations of Python+NumPy programs, 2018. URL
and suggestions, which have helped to improve the clarity http:/github.com/jax-ml/jax

and quality of this work. The work presented in this paper

was supported by the Villum Foundation Grant 40582, andchau, H., Kirkby, J. L., Nguyen, D. H., Nguyen, D.,
the Novo Nordisk Foundation grant NNF180C0052000. Nguyen, N., and Nguyen, T. An ef cient method to
simulate diffusion bridges.Statistics and Computing
34(4):131, 2024. ISSN 0960-3174, 1573-1375. doi:
10.1007/s11222-024-10439-z.

This paper presents work whose goal is to advance the elcbhen R. T. Rubanova. Y. Bettencourt. J.. and Duvenaud
of Machine Learning and Statistics. There are many poten- D. K Neu’ral ordinary,diff;arential equat'ion’s. Advances '

tial societal consequences o_f our work, none of which we in neural information processing systemmlume 31,
feel must be speci cally highlighted here. 2018

Impact statement

Chen, R. T., Behrmann, J., Duvenaud, D. K., and Jacobsen,
J.-H. Residual ows for invertible generative modeling. In
Arnaudon, A., van der Meulen, F., Schauer, M., and Advances in Neural Information Processing Systerak
Sommer, S. Diffusion bridges for stochastic hamilto- ume 32, 2019. URIhttps://openreview.net/
nian systems and shape evolutiorSlAM Journal on forum?id=HkgS1BBx8r

Imaging Sciencesl5(1):293-323, March 2022. ISSN i ) L
1936-4954. doi: 10.1137/21M1406283. URLp: Chib, S., Pitt, M. K a_nd Sh'epha.rd, N. Likelihood qued
/larxiv.org/abs/2002.00885 . Inference for Diffusion Driven jodels. OFRC Working

Papers Series 2004fe17, Oxford Financial Research Cen-
Baker, E. L., Schauer, M., and Sommer, S. Score match- tre, 2004. URLhttps://ideas.repec.org/p/

References

ing for bridges without time-reversalsarXiv preprint sbs/wpsefe/2004fel7.html
arXiv:2407.15455 2024a.  URL http://arxiv. Clark. J.  The simulati f vinned diffusi |
org/abs/1712.03807 _ ark, J. e simulation of pinned diffusions. In

29th IEEE Conference on Decision and Contrpp.
Baker, E. L., Yang, G., Severinsen, M. L., Hipsley, C. A.,, 1418-1420 vol.3, 1990. doi: 10.1109/CDC.1990.
and Sommer, S. Conditioning non-linear and in nite- 203845. URLhttps://ieeexplore.ieee.org/
dimensional diffusion processes. Tine Thirty-eighth document/203845/?arnumber=203845

Annual Conference on Neural Information Processing .

Systems2024b. URLhttps://openreview.net/ Corstanje, M". Van o!er Meule_n_, k. Schaue_r, M., and Som-

forum?id=Ev4an20uEM . mer, S. Simulating conditioned diffusions on mani-
folds. arXiv preprint arXiv:2403.054092024. URL

Beskos, A., Papaspiliopoulos, O., Roberts, G. O., http://arxiv.org/abs/2403.05409

and Fearnhead, P. Exact and computationally ef: .
cient likelihood-based estimation fc?r discretgly Cotter, S. L., Roberts, G. O Stuart,_ A.' M., and Wh'te' D.
Mcmc methods for functions: Modifying old algorithms

g?ast?srgggl dgfgjcs}gn. prost::rsi::s.]é) uzg?;tgtiég? I,\?/Icgt/s:) d- to make them fasteStatistical Scienge28(3):424-446,
y: 2013. ISSN 08834237, 21688745.

ology) 68(3):333-382, 2006. ISSN 1467-9868.

doi: 10.1111/j.1467-9868.2006.00552.x. URL De Bortoli, V., Thornton, J., Heng, J., and Doucet, A. Diffu-
https://onlinelibrary.wiley.com/doi/ sion schodinger bridge with applications to score-based
abs/10.1111/j.1467-9868.2006.00552.x . generative modeling. IAdvances in Neural Information

Bierkens, J., Van Der Meulen, F., and Schauer, M. Simu- Processing Systerneolume 34, pp. 17695-17709, 2021.

lation of elliptic and hypo-elliptic conditional diffusions. Delyon, B. and Hu, Y. Simulation of conditioned diffu-
Advances in Applied Probabilitp2(1):173—-212, 2020. sion and application to parameter estimatiStochastic
ISSN 0001-8678, 1475-6064. doi: 10.1017/apr.2019.54. Processes and their Application$16(11):1660-1675,

Bierkens, J., Grazzi, S., Van Der Meulen, F., and Schauer, 2006.

M. A piecewise deterministic monte carlo method for Ditlevsen, S. and Samson, A. Hypoelliptic diffusions: Filter-

diffusion bridges. Statistics and Computin@1(3):37, ing and inference from complete and partial observations.
2021. ISSN 0960-3174, 1573-1375. doi: 10.1007/ Journal of the Royal Statistical Society Series B: Statisti-
$11222-021-10008-8. cal Methodology81(2):361—-384, 2019.

10



Neural Guided Diffusion Bridges

Domingo-Enrich, C., Drozdzal, M., Karrer, B., and Chen,dksendal, B.Stochastic Differential Equations: An Intro-
R. T. Q. Adjoint matching: Fine-tuning ow and diffu- duction with Applications Springer, 6th edition, 2014.
sion generative models with memoryless stochastic op- ISBN 3540047581.
timal control. InThe Thirteenth International Confer-
ence on Learning Representatio2625. URLhttps:
/lopenreview.net/forum?id=xQBRrtQM8u

Palmowski, Z. and Rolski, T. A technique for exponential
change of measure for markov processes, 2002.

Pieper-Sethmacher, T., van der Meulen, F., and van der
Vaart, A. On a class of exponential changes of measure
for stochastic pdesStochastic Processes and their Appli-

Grong, E., Habermann, K., and Sommer, S. Score match- ¢ations 185:104630, 2025.
ing for sub-riemannian bridge samplinarXiv preprint
arXiv:2404.152582024. URLhttp://arxiv.org/
abs/2404.15258

Golightly, A. and Wilkinson, D. JLearning and Inference
in Computational Systems BiolagylIT Press, 2010.

Pieschner, S. and Fuchs, C. Bayesian inference for diffusion
processes: using higher-order approximations for transi-
tion densitiesRoyal Society Open Scien@10):200270,

Heng, J., De Bortoli, V., Doucet, A., and Thornton, 2020. ISSN 2054-5703. doi: 10.1098/rs0s.200270.

J. Simulating diffusion bridges with score matching.Rogers, L. C. G. and Williams, D Diffusions, Markov
arxiv preprint arxiv:2111.072432022. URL http: processes, and martingalesdltalculus volume 2. Cam-
/larxiv.org/abs/2111.07243 bridge university press, 2000.

Hyvarinen, A. Estimation of non-normalized statistical Schauer, M., van der Meulen, F., and van Zanten, H.
models by score matchingournal of Machine Learning Guided proposals for simulating multi-dimensional dif-
Researchpp. 15, 2005. fusion bridges. Bernoulli, 23(4A), November 2017.

ISSN 1350-7265. doi: 10.3150/16-BEJ833. URL

Jensen, M. H. and Sommer, S. Simulation of conditioned http://arxiv.org/abs/1311.3606
semimartingales on riemannian manifoldsXiv preprint
arXiv:2105.131902023. URLhttp://arxiv.org/
abs/2105.13190

Shi, Y., De Bortoli, V., Campbell, A., and Doucet, A. Diffu-
sion schodinger bridge matching. lAdvances in Neural
Information Processing Systemwelume 36, 2024.

Kidger, P., Foster, J., Li, X., and Lyons, T. J. Neural sdes a
in nite-dimensional gans. Ihnternational conference on
machine learningpp. 5453-5463. PMLR, 2021.

SSommer, S., Arnaudon, A., Kuhnel, L., and Joshi, S. Bridge
simulation and metric estimation on landmark manifolds.
arXiv preprint arXiv:1705.109432017. URLhttp:

Kingma, D. P. and Ba, J. Adam: A method for stochastic op- //@rxiv.org/abs/1705.10943
timization. arXiv preprint arXiv:1412.69802017. URL

) Sommer, S., Schauer, M., and Meulen, F. Stochastic ows
http://arxiv.org/abs/1412.6980

and shape bridges. Btatistics of Stochastic Differential
Equations on Manifolds and Strati ed Spaces (hybrid
meeting) number 48 in Oberwolfach Reports, pp. 18-21.
Mathematisches Forschungsinstitut Oberwolfach, 2021.
doi: 10.4171/OWR/2021/48.

Kingma, D. P. and Welling, M. Auto-encoding variational
bayes. arXiv preprint arXiv:1312.61142022. URL
http://arxiv.org/abs/1312.6114

Li, X., Wong, T.-K. L., Chen, R. T., and Duvenaud, D. Tang, Z., Hang, T., Gu, S., Chen, D., and Guo, B. Sim-
Scalable gradients for stochastic differential equations. pli ed diffusion schiddinger bridge. arXiv preprint

In In_ternational Conference on Arti cial Intelligence and arxiv:2403.146232024. URLhttp://arxiv.org/
Statistics pp. 3870-3882. PMLR, 2020. abs/2403.14623

Lin, M., Chen, R., and Mykland, P. On generating monteThornton, J., Hutchinson, M., Mathieu, E., De Bor-
carlo samples of continuous diffusion bridgésurnal of toli, V., Teh, Y. W., and Doucet, A. Rieman-
the American Statistical ASSOCiati,OmS(490):820—838, nian diffusion Sch'j)dinger br|dge arXiv preprint
2010. arXiv:2207.030242022. URLhttp://arxiv.org/

. , abs/2207.03024
Mider, M., Schauer, M., and van der Meulen, F. Continuous-

discrete smoothing of diffusionsElectronic Journal Tzen, B. and Raginsky, M. Neural stochastic differential
of Statistics 15(2):4295 — 4342, 2021. doi: 10.1214/ equations: Deep latent gaussian models in the diffusion

21-EJS1894. URInhttps://doi.org/10.1214/
21-EJS1894 .

11

limit. arXiv preprint arXiv:1905.098832019a. URL
http://arxiv.org/abs/1905.09883



Neural Guided Diffusion Bridges

Tzen, B. and Raginsky, M. Theoretical guarantees for sam-
pling and inference in generative models with latent diffu-
sions. InConference on Learning Theqmgp. 3084—-3114.
PMLR, 2019b.

van der Meulen, F. and Schauer, M. Bayesian estima-
tion of discretely observed multi-dimensional diffusion
processes using guided proposal€lectronic Jour-
nal of Statistics 11(1), 2017. ISSN 1935-7524. doi:
10.1214/17-EJS1290.

van der Meulen, F. and Schauer, M. Bayesian estimation
of incompletely observed diffusion§tochastics90(5):
641-662, 2018.

Vincent, P. A connection between score matching and
denoising autoencodersNeural Computation23(7):
1661-1674, 2011. ISSN 0899-7667, 1530-888X. doi:
10.1162/NECQa.00142.

Wang, J., Zhang, K., Xu, L., and Wang, E. Quantifying
the waddington landscape and biological paths for devel-
opment and differentiatiorProceedings of the National
Academy of Sciences08(20):8257-8262, 2011. ISSN
0027-8424, 1091-6490. doi: 10.1073/pnas.1017017108.

Whitaker, G. A., Golightly, A., Boys, R. J., and Sherlock,
C. Improved bridge constructs for stochastic differen-
tial equations Statistics and Computing(27):885-900,
2016.

Yang, G., Baker, E. L., Severinsen, M. L., Hipsley, C. A,
and Sommer, S. In nite-dimensional diffusion bridge
simulation via operator learning. [fhe 28th Interna-
tional Conference on Arti cial Intelligence and Statistics
2025. URLhttps://openreview.net/forum?
id=RZryinonfr

Zheng, K., He, G., Chen, J., Bao, F., and Zhu, J. Dif-
fusion bridge implicit models. IMrhe Thirteenth In-
ternational Conference on Learning Representatjons
2025. URLhttps://openreview.net/forum?
id=eghAocvgBk

Zhou, L., Lou, A, Khanna, S., and Ermon, S. De-
noising diffusion bridge models. Iihe Twelfth In-
ternational Conference on Learning Representatjons
2024. URLhttps://openreview.net/forum?
id=FKksTayvGo .

12



Neural Guided Diffusion Bridges

A. Theoretical Details
A.1. Preconditioned Crank-Nicolson

Algorithm 2 is a special case of Algorithm 4.1 of (Mider et al., 2021).

Algorithm 2 Preconditioned Crank-Nicolson scheme for guided proposals

1: Input: Discrete time gridl’ := ftmOm=0:1.=m , tuning parameter 2 [0; 1), number of required samplé&s
2: Solve Equation (15) ofr, obtainf H'(t)g; f H{tm; )g using Equations (13) and (14).

3: Samplew = fw;, gonT.

4: Solve Equation (7) oit withw = fw;,_ g, obtainy = fy;_g.

5: repeat

6: Sample newimbovations: fz,gonT independently.

7. Setw = w+ 1 2z

8:  Solve Equation (7) oif withz = fz_ g, obtainy = fy, g.

9:  ComputeA = ( y )=( y) withfy, gandfy;, gusing Equation (11).

10: DrawU U (0;1).
11: if U <A then

12: y y andw w
13:  endif
14:  Savey.

15: until Sample counts K .

A.2. Proof of Theorem 4.3

Proof. Consider the KL divergence betweBn andP’:

oy dL 3 dL dL
Dk (P jjP?)= E log a’ (X) =E log al dL? (X)
dL do’?
= E log I(X) E log L (X)
By Girsanov's theorem,
dL dpP
E log T(X) =E Hlogﬁ
Z. (2T #
=E #(X)dW, = k# (t; X)k3dt
" 0 2 0
Z. (2T #
= E # (X )dW, + > k# (t; X )k2dt
0 0
147 i

E =  k# (XKt ;
2 0

(34a)

(35a)

(35b)

where the stochastic integral vanishes because of the martingale property 6fititedtal. The rst equality follows from

Equation (18). By Equation (8)

" #
dL? _ T Ai(0; Xo) .
E log L (X) =E . G(t; X )dt +log h(0: xo)
Substituting Equation (35b) and Equation (36) into Equation (34a) gives
Zq
oy 1 ) 2 ] f(0; xo) _ n(0; Xo)
Dk (P jjP) = E . Ek# (t; Xk G(t;X¢) dt log h(0 xo) L() log h(0: xo)

with L( ) as de ned in Equation (20).
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A.3. SDE Gradients

We now derive the gradient of Equation (23) with respect,ton a xed Wiener realizatiow (") = fwtm(”)g. As discussed,
%" = (w ") isimplemented as a numerical SDE solfefw, " tm 1%, );m  1that takes the previous step
(tm 13 xtnﬂn)l) as additional arguments. A@in)l also depends on, the gradient with respect toneeds to be computed

recursively. Speci cally, witmtnﬂ“) =fq, =f (wtrﬁn);tm 1;xt£”)1)

1 1
oSk (tn o w K3 = Sk (tm 1if 1)k3 (38a)
=[r # (tm ufm ODT# (tm 1fm 1) (38b)
#(t f #(t i f T
- @ (m C(l:!) m 1) + @ (éfl ;Lm 1) r f;m 1 # (tm 1;f m 1) (380)
;m
. . T
Ofn alm 3, OMo il 1) Gl 1y @m Ly 0, i (tn ifm 1) (380
,m m
2 0 0 1 13¢
. . X2 !l . ‘
— 4@#(tm 1,f m 1) + @#(tm 1,f 'm 1) @@fm 1 + @ @f] A @fl A5 # (tm l;f m 1);
@ @f;m 1 @ =1 j=i+l @f;j 1 @
(38¢e)
Similiarly, the gradient ofs with respect to can also be computed recusively:
0 0 1 1
@Gtn 1:fm 1) H@m 1 XMW1 @f; @f;
Gt 1 (W)= * @=% -+ @ LA LA (39)
" ‘ @fm 1 @ ., _.0f. @
The gradient of( ) can be approximated by:
RPN 1 (n) 1.2 (n)
r L() r Ek# (tm 1 (W, " NDks 1 G(tm 1; (W, ') t (40)
n=1 m=1

The realization of depends on the chosen numerical integrator. We choose Euler-Maruyama as the integrator used for all
the experiments conducted in Section 5. Under this schenis;

(n

)1+(b+ ar+ # )(tm 1;xt£”)1)+ (tm 1;xt(”)1)wt(”); (41)

m m

f (th(”);tm 1;xtn(1”)1): X,

with thfn) N (0;(tm tm 1)l4). The derivatives can be computed accordingly:

.o (n)
@f'm (n) @#(tm 1’Xtm 1)
‘ t X 42a
@ (m L Aty 1) @ ( )
@fm  _ @b+ ar+ # ) m @ o
@fm 1 I W(tm Xy )t s (X, )W (42b)

The automatic differentiation can save all the intermediate Equation (42a) and Equation (42b), which enables to compute
r L().

B. Experiment Details

B.1. Code Implementation

The codebase for reproducing all the experiments conducted in the paper is availatijes:itigithub.com/
bookdiver/neuralbridge
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B.2. Linear Processes

Brownian bridges: If dX; = dt+ dW;, then

(v x (T 12

1
logh(t;x) =1 T;vitx)= Zlog2 *T t 4
ogh(t;x) =log p(T;vjt;x) 209( ( ) 22T 1) (43)
If dX = dW;, thenlogh(t; x) is obtained by taking = 0 in the preceding display.
i thi . MOXo) — (v x T)? (v x)?
Therefore, in this case we can compute the lower bound on thell¢ss: log CEDRE 7T . Moreover,

the optimal mag# , is given by#  (t;x) = (@ logh(t;x) @logh(t;x))= -.

In the numerical experiment, we took= 10 °. The map# is modeled by a fully connected neural network with 3 hidden
layers and 20 hidden dimensions for each layer. The model is trained with 25,000 independently sampled full trajectories of
X . The batch size was taken to Ne= 50 and the time step sizé = 0:002 leading to in totaM = 500 time steps. The
network was trained using the Adam (Kingma & Ba, 2017) optimizer with learningra@s.

Figure 2 Evaluations of trained neural networks(t; x ) against the optimal magé ,(t; x) under different settings of , where the
background colour intensities indicate the absolute g#or # ,j. In each panel, 10 independent samples from the guided proposal are
shown in grey to indicate the sampling regions where one expects the error to be smallest.

Figure 3.Comparison of marginal distributions at different time slices of the learned neural bridge (n.b.) and analytical true Brownian
bridge (t.b.) under the setting=1:0; =1:0, conditioned orv = 0:0. The purple bars show the absolute error (abs. error) of each bin
between the learned neural bridge and the histograms obtained by forward sampling from the true bridge process, which are expected to
be low when two distributions are close in terms of their shapes. The histograms are made from 50,000 independent trajectory samples.

Ornstein-Uhlenbeck bridge: When conditioning Equation (26) an the conditioned procesé” satis es the SDE

2e (T t) h i

X=Xt T—may (v ) e TOX ) dt+ dwg; (44)
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