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Abstract

We study dynamic regret in online convex optimization, where the objective is
to achieve low cumulative loss relative to an arbitrary benchmark sequence. By
observing that competing with an arbitrary sequence of comparators w1, ..., ur
in W C R can be reframed as competing with a fixed comparator function
u: [1,T] — W, we cast dynamic regret minimization as a static regret problem in
a function space. By carefully constructing a suitable function space in the form of
a Reproducing Kernel Hilbert Space (RKHS), our reduction enables us to recover
the optimal Ry (uy,...,ur) = O(\/>, [lus — ue—1||T) dynamic regret guaran-
tee in the setting of linear losses, and yields new scale-free and directionally-
adaptive dynamic regret guarantees. Moreover, unlike prior dynamic-to-static
reductions—which are valid only for linear losses—our reduction holds for any
sequence of losses, allowing us to recover O(||ul|3; + degr(A) InT') bounds when
the losses have meaningful curvature, where deg () is a measure of complexity of
the RKHS. Despite working in an infinite-dimensional space, the resulting reduc-
tion leads to algorithms that are computable in practice, due to the reproducing
property of RKHSs.

1 Introduction

This paper introduces new techniques for Online Convex Optimization (OCO), a framework for
designing and analyzing algorithms which learn on-the-fly from a stream of data [10, 11, 18, 39, 59].
Formally, consider T" rounds of interaction between a learner and the environment. In each round,
the learner chooses w; € W from a convex set VW C R%, the environment reveals a convex loss
function ¢; : YW — R, and the learner incurs a loss of ¢;(w;). The classic objective in this setting is
to minimize the learner’s regret relative to any fixed benchmark v € W:

R (u) = 32y (be(we) = Lo(u)) -

*Equal contribution.
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Figure 1: Transformation from a sequence of comparators to a function. Many functions may implement the
transformation. In Section 4 we will see that under mild assumptions on the chosen function space H we can
always find a function u € H such that u(t) = u for all ¢ and ||ul|3,. = O(31_, |lut — w1 ).

In this paper, we study the more general problem of minimizing the learner’s regret relative to any
sequence of benchmarks uq,...,ur € W [21, 22, 59]:

R (ur, ... ur) == Y, (G (we) — € (uy)) .

This objective is typically referred to as dynamic regret, to distinguish it from the special case where
the comparator sequence is fixed u; = --- = ur (referred to as static regret). Intuitively, dynamic
regret captures a notion of non-stationarity in learning problems. Problem instances where u; =

- = up model classic problem settings, wherein there is a fixed “solution” whose performance
we want to emulate, while a time-varying comparator sequence models problem settings where the
learner needs to continuously adapt to a changing environment in which the solution is time-varying.
The complexity of a given comparator sequence is typically characterized by its path-length:

Pr =30l —wea | -

Clearly, if the path-length is large there is no hope to obtain low dynamic regret. The goal is thus
to obtain performance guarantees that gracefully adapt to the level of non-stationarity. For instance,
in the setting of G-Lipschitz losses and a bounded domain D = sup, ¢y [|* — y||, the minimax
optimal dynamic regret guarantee is of the order of O(G+/(D? + DPr)T), which scales naturally
with the complexity of the benchmark sequence and recovers the optimal O(GD+/T) static regret
guarantee when the comparator is fixed. In unbounded domains (e.g., W = RY) these bounds
would be vacuous, so the guarantee should instead be adaptive to M := maxy ||us||. In this case
an analogous guarantee of O(G+/(M? + MPr)T) can be achieved at the expense of additional
logarithmic terms. Throughout the paper we focus on the unbounded setting.

Contributions.  In this work we introduce a new framework for reducing dynamic regret mini-
mization to static regret minimization. Our key insight is that competing with a sequence u1, ..., ur
in W can be equivalently framed as competing with some fixed function u(-) such that u(t) = u; for
all t. In this view, we effectively transform dynamic regret minimization over a domain YW C R? into
a static regret minimization problem over a domain of functions, depicted graphically in Figure 1.

The choice of the function space is crucial, as it controls the trade-offs of the resulting algorithm.
To complete the construction, we carefully design a rich family of function spaces which embed
the comparator sequence in a way that (1) optimizes the inherent trade-offs of the function class to
achieve optimal dynamic regret guarantees and (2) ensures that the resulting algorithm is computable
in practice, despite being stated as an infinite-dimensional optimization problem. Indeed, the family
we design is an instance of a Reproducing Kernel Hilbert Space (RKHS), a well-studied class of
functions endowed with the familiar structure of a Hilbert space. The reduction to learning in an
RKHS is particularly natural in the context of online learning—the vast majority of modern online
learning theory is developed for static regret minimization in Hilbert spaces, so our reduction enables
the use of the familiar online learning toolkit while also allowing us to draw upon deep connections
between dynamic regret minimization, kernel methods, and signal processing theory.

In the linear losses setting, our construction enables us to achieve the optimal dynamic regret guar-
antees of O(y/M PrT) up to poly-logarithmic terms. Notably, the resulting algorithm is naturally
horizon independent, and is easily extended to a scale-free version. These are the first algorithms



that obtain the optimal v/ Pr dependence without prior knowledge of the horizon T natively, without
resorting to the doubling trick. Our reduction also enables us to derive new directionally-adaptive

guarantees, which scale as O(\/deg )( Hu||Hd + Zt 1 (g0, ur)’ )), where ||u\|§_ld and deg () are

measures of the complexity of the comparator function and complexity of the function class H re-
spectively.

Interestingly, because our reduction only involves viewing the comparator sequence through a dif-
ferent lens, it holds for any sequence of loss functions, contrasting prior works which are valid
only for linear losses [26, 55]. We show that this allows us to account for loss curvature and ob-
tain O(\ ||UH§{ + degr(A) log T') dynamic regret in the context of strongly-convex, exp-concave, and
improper linear regression settings.

Related Works.  Our work is most directly related to a recent thread of research in the linear
loss setting initiated by Zhang et al. [55]. Their strategy approaches dynamic regret from a signal
processmg perspective, wherein the comparator sequence is stacked into a high-dimensional “signal”
U = vec (uy,...,ur) € R¥, and 1-dimensional static regret algorithms are employed to learn the
coefficients of a basis of features which decompose that signal, leading to O(y/M PyT') dynamic
regret via a carefully chosen dictionary of features. Jacobsen and Orabona [26] generalize this
perspective by designing static regret algorithms that are applied directly in this high-dimensional
space, and derive the O(v/M PrT) bound by choosing a suitable dual-norm pair in this space, such
that ||| = O(y/Pr). Our work further extends this perspective by interpreting the comparator
sequence as samples of a function in an RKHS H, and designing algorithms which obtain suitable
static regret guarantees in function space. The reduction of Jacobsen and Orabona [26] can in fact
be understood as a special case of our framework by choosing the discrete RKHS H associated with
the Dirac kernel.

More broadly, the concept of dynamic regret was originally introduced by Herbster and Warmuth
[21, 22]. Later, Zinkevich [59] showed that OGD naturally obtains (’)(PT\/T ) dynamic regret and
Yang et al. [52] showed that O(v/DPrT) can be achieved when prior knowledge of Pr is avail-
able. The first to achieve the O(v/DPrT) rate without prior knowledge of Pr was Zhang et al.
[53], who also proved a matching lower bound, and the analogous bound of O(v/M PrT) has
been achieved up to logarithmic terms in unbounded settings [23, 24, 33, 55]. There have also
been several refinements to the result, replacing the 7" factor with data-dependent quantities such as
ZZ;I llge||” or Yoesup, |y (x) — 1 ()] [9, 14, 19]. Going beyond linear losses, various improve-
ments in adaptivity can be obtained when the losses are smooth or exp-concave, such as replacing the
T factor with ), £ (us) or >, sup,, | V& (w) — V/;_1(w)]||* [56-58]. In the squared loss setting
4(w) = % (ys—w)?, minimax optimal rates of Ry (31, . . ., Jr) = O(C2/*T1/3) have been obtained
where Cr = 2312 |+ — yr—1| is the path-length of the benchmark predictions [3-5, 29, 44, 54].

2 Preliminaries

Notations. Hilbert spaces are denoted by upper case calligraphic letters. Given a Hilbert space H,
we denote the associated inner product by (-, -),,. We denote L(#, V) the space of linear operators
from H to W. L(H,W) is itself a Hilbert space when equipped with the Hilbert-Schmidt inner
product, (A, B) g = Tr (A*B), where A* € L(W,H) is the adjoint of A. The subdifferential set
of a function f at x is denoted by 9f(x). We will occasionally abuse notation and write V f(x)
to mean an arbitrary element of Jf(x). We Will denote by [T] the set {1,2,...,T}. The Fourier
transform of a function @ is denoted F[Q fR _Q”i‘wdw and, when clear from context,

: Q(JL‘)

we will generally abbreviate F'[Q](x)

Reproducing Kernel Hilbert Spaces. Let 74 = {h: T — R} be a Hilbert space of functions
a on compact set 7. The space H is a RKHS [1] if there exists a positive definite function & :
T x T — R such that k(-,z) € H for all x € T, that has the reproducing property, i.e., we
have f(x) = (f,k(-,x)), forall f € H and x € T. The function k is called the kernel function
associated with #H and the function ¢(x) = k(-, z) is called the feature map. It is known that the
kernel function uniquely characterizes the RKHS H. A kernel is universal if it can approximate any



Algorithm 1: Kernelized Online Learning

Input: Domain W C RY, feature map ¢ : 7 — H, algorithm A defined on L(H, W)
fort=1:Tdo

Receive W; € L(H,W) from A and play w; = Wip(t) € W

Observe loss function 4, : W — R and incur loss £;(w;)

Send £;: W s £,(W¢(t)) to A as the t auxiliary loss
end

real-valued continuous function on 7 to arbitrary accuracy. Many of the standard kernel functions
are universal, including the Gaussian RBF kernel, the Matérn kernel, and inverse multiquadratic
kernel. All kernels considered in this work are universal kernels. For a detailed introduction to
kernel methods, see, e.g., Berlinet and Thomas-Agnan [6], Paulsen and Raghupathi [42], Scholkopf
and Smola [45], Wendland [51].

We will often be interested in functions taking values in YW C R?. In this case the usual RKHS ma-
chinery extends in a straight-forward way via a coordinate-wise extension. Indeed, we can represent
w:T — R%asatuple w = (wy,...,wy) such that w; € H for each i.> This naturally leads to an
operator-based version of the reproducing property:

w(t) = (wi(t), ..., wa(t)) = ((w1,8(t))gy -, (wa, B(t))5, ) = W(t) €W

where W € L(H,W). The space L(H, W) is itself a Hilbert space when equipped with the Hilbert-
Schmidt norm, and under the coordinate-wise extension above we have ||WH12{S = ||w||3_ld =

Zle ||w;||%,. Moreover, observe that when d = 1 this setup simply reduces back to the usual
setup, wherein ||W||;q = |lw(l,, and w(t) = (w, ¢(t)),

For notational clarity we will refer to functions w(-) € # and their values w(t) € W with lower-
case letters, and their representation W € L(H, VW) using the upper-case. We will typically use the
notation w; in place of w(t) when referring to the evaluations of w(t) at discrete time-points t € [T].

3 An Equivalence Between Static and Dynamic Regret

In this section, we present the main tool that we will use to develop dynamic regret guarantees
for online learning. The key idea is to interpret the comparator sequence uq,...,ur € W as the
evaluations of a function u(-) at the discrete time-points ¢ € [T, allowing us to re-frame dynamic
regret minimization as a static regret minimization in function space.

Note that most existing work in online learning revolves around learning in Hilbert spaces, not gen-
eral function spaces, so if we hope to leverage these existing tools we should embed the comparator
sequence in a Hilbert space of functions. In particular, our approach will be to embed the compara-
tor sequence in a Hilbert space H of functions representable by a reproducing kernel k(s,t) and
feature map ¢ : 7 — H. Note that this is always possible by selecting a universal kernel on 7. Our
reduction is conceptually shown in Algorithm 1 and the following theorem shows that the dynamic
regret w.r.t. comparator sequence ui,...,ur in W is equivalent to static regret w.r.t. a function

u(-) € H on the auxiliary loss sequence £;: W — £,(Wo(t)).
Theorem 1 (Dynamic Regret via Kernelized Static Regret). Let T be a compact set, VW C R?,
let H be an RKHS with associated feature map ¢ : T — H, and for any W € L(H, W) let

(W) = L(Wo(t)). Let Wh, ..., Wr be an arbitrary sequence in L(H, VW) and suppose that on
each round we play w, = Wi(t) € W. Then, for any comparator sequence uy, .. .,ur in W and
U € L(H, W) satisfying uy = Up(t) for all t,

T T
RT(ul, . 7’ILT) = Z(ft(wt — Et ut Z ft Wt — Et )) = RT(U) .
t=1 t=1

Note that the reduction holds for any operator U € L(H,V) which interpolates the comparator
sequence, u; = U@(t) Vt. Hence, we can always let u(-) € H be the minimum norm function in A
which interpolates these points, and take U to be its representation in L(?, ). In fact, since k is a

2This connection can be made more formally via Riesz representation theorem, see Appendix A for details.



universal kernel, we can assume that u(-) € 7 approximates any continuous functionon 7 C [1, 7]
to arbitrary accuracy, so the assumption that u(-) lives in an RKHS # does not actually restrict the
functions that we can compare against in a significant way. We will see a concrete example of an
RKHS H which reconstructs arbitrary comparator sequences in later sections (e.g., Theorem 4).

Our reduction bears a strong resemblance to the reduction recently proposed by Jacobsen and
Orabona [26], which works by embedding the comparator sequence in R%” by simply “stacking”
the comparator sequence into one long vector, i = vec (u1,...,ur) € R4, In fact, we show in
Appendix B that our framework precisely recovers the reduction in Jacobsen and Orabona [26] by
choosing the discrete RKHS H associated with the Dirac kernel. However, notice in particular that
this means that their reduction is inherently tied to finite-dimensional features, whereas ours enables
infinite-dimensional features. As we will see in Section 4, this distinction is key to obtaining the
optimal path-length dependencies in a horizon-independent manner. Moreover, note that the regret
equality in Jacobsen and Orabona [26] holds only in the context of linear losses, £;(w) — (g:, w),
whereas in our framework the regret equality holds for any sequence of losses /1, ..., ¢7. We will
see that this distinction is important in Section 5—for example, our reduction allows us to preserve
the curvature of the losses needed to obtain O( ||u||§_[ +det(A) In T') bounds when the original losses
¢, are strongly convex or exp-concave, where dog (A) is a measure of complexity of the RKHS.

4 Linear Losses

We first consider the setting of online linear optimization. In this setting, on round ¢ the learner
receives linear loss /¢ (w) = (g¢, w),,. so recalling the reduction in the previous section defines the

auxiliary loss as £;: W € L(H, W) — (W ¢(t)) € R, we have

(W) = (g W)y = (9 @ &(1), Wi = (Ge. W) »

where Gy = g4 ® ¢(t) € L(H, W) is the rank one operator such that (g, ® ¢(t))(h) = ($(t), h)y, gt
for any h € H. As such, it is important that the base algorithm facilitates an application of the
kernel trick to avoid explicitly evaluating the feature map ¢(¢), which may be infinite-dimensional
in general. To help make things concrete and provide intuitions, the following example shows that
many of the common algorithms based on Follow the Regularized Leader (FTRL) with a radially-
symmetric regularizer w — W;(||w||) are amenable to the kernel trick. This class captures many of
the fundamental regularizers in online learning, such as quadratic regularizers and the “linearithmic”
[41] regularizers ¥ (||w||) ~ [Jw]||/tlog(]lw] /a + 1) associated with the comparator-adaptive
regret guarantees that the key result of this section (Proposition 1) will be derived from.

Example 1. (Kernel Trick for Kernelized FTRL) Let g1, - . ., gr be a sequence in VW and let Gy =
g @ (t) € L(H, W) forallt. Let6, = — 5"\ G, v, = 30 L HGtHI%IS’ let Uy (-; Vi) be a convex
function with differentiable Fenchel conjugate V¥, and consider the following FTRL update:

. . 0
W, = argmin (0, W) + Uo(|Wllyg; Vi) = Vol (|0lus s Vi) = —
WEL(H,W) 1041l 115

(%) (19l  V2) -

Then, V; = Zi;ll ||gs||$,v k(t,t) (Lemma 10), ||9,5||f{S = Zi;}:l k(s,s") (gs: 9s' )y (Lemma 9),
and on round t, Algorithm I plays

t—1

(03) (16115 : V) > k(s t)gs -

10¢ ]l s pos

wy = Wip(t) = —

The example shows that many common instances of FTRL can be kernelized without explicit com-
putation of the feature map. The example also demonstrates an important consideration when apply-
ing static regret decompositions of this nature: the update described above would require O(t) time
and memory to implement in general, while existing algorithms for dynamic regret can often be im-
plemented using O(InT") computation and memory [23, 53, 55, 58]. Luckily, there is already a deep
and well-developed literature on efficient approximations for kernel methods that can be leveraged
to translate the algorithms developed from the kernelized OCO point-of-view into more practically
implementable algorithms [see, e.g., 31, 47]. Since these extensions are already well-understood
and since implementating these details would not yield any new insights in the current paper, we
will not consider them further here, focusing instead on the theoretical development.



Now that we have seen how to translate an algorithm’s updates to the kernelized setting, we turn now
to how to translate its static regret guarantees into dynamic regret guarantees. The following result
shows that an algorithm’s kernelized static regret guarantee translates in a straight-forward way to a
dynamic regret guarantee in the original problem. The proof is immediate by applying Theorem 1

and computing ||G¢||s = |9t @ 6(t)|lus = ll9¢lly /k(t, t) by Lemma 10.

Theorem 2. Let A be an online learning algorithm defined on Hilbert space V. Suppose that for
any sequence of convex loss functions hy, ... hr onV, A obtains a bound on the static regret

of the form Rp(U) < Br(|U||lv, [V (W)]lv, - .., IVhe(Wr)|lv) for any comparator U € V
and some function B : Rzgl — R, where Vhy(W;) € Ohi(Wy) for all t. If we apply A in
V = L(H, W) with |||\, = ||‘|lug then for any sequence ui,...,ur in W and U € L(H, W)
satisfying u; = U(t) for all t, Algorithm 1 with A guarantees

RT(uh cee aUT) < Br (HU”HSa H!hHW V k(la 1)7 BRI ||gTHW V k(Tv T)) )

where g, € 0¢i(wy) for all t, and k(-, -) is the reproducing kernel associated to the space H.

The value of the lemma is that it enables us to immediately translate static regret guarantees from
OLO to guarantees in our RKHS formulation of dynamic regret, wherein the complexity of the
comparator sequence is measured by the RKHS norm ||U|| ;g = [|u||5,«. For instance, if we simply
apply the standard (sub)gradient descent guarantee to Theorem 2 we get

2 T
Re(ui, ... ur) = Rp(U) < | 2“7;“ + EZIIgtIIivk:(t,t)_
t=1

Optimally tuning 7 yields R (u1, ..., ur) < |lullyq \/Zthl llg:|I3, k(t, t), so achieving the op-
timal O (\/PTT) has effectively been reduced to the problem of designing a kernel such that?

lullya = \/Zle ||U1H3{ = O(+/Pr) while controlling (¢, t). We will see in Section 4.1 that this

can be accomplished by using a carefully chosen translation-invariant kernel.

In the above argument, the optimal choice of 77 would require prior knowledge of ||u||,,a and cannot
be chosen in general. Luckily, there are static regret algorithms which can adapt to the comparator
norm automatically to obtain the optimal trade-off up to logarithmic terms [16, 23, 35, 36, 40]. For
our purposes we will refer to an algorithm .4 defined on Hilbert space V as parameter-free if for any
sequence G-Lipschitz loss functions h1, ..., hr and any U € V, A guarantees

Rp(U) = O (HUHV /s ||vm<wt>||$,) | 0

There are many existing algorithms which satisfy this property; we provide a concrete example
and its updates in our framework for completeness in Appendix C.2. Using such an algorithm in
Algorithm 1 immediately yields the following regret guarantee.

Proposition 1. Let A be a static regret algorithm for Hilbert spaces satisfying Equation (1). For

any G > 0, any sequence of G-Lipschitz losses {1, . .., {p, and any sequence uy, ... ,up in W, and
U € L(H, W) satisfying us = Up(t), Algorithm I applied with A guarantees
= ~ T 2
e G (Y ) § @

where gy € 00y (wy) for all t.

4.1 Controlling the Trade-offs Induced by

Proposition 1 demonstrates a clear trade-off between the RKHS norm ||u||,, and the associated
kernel k(t,t) induced by the choice of function space: smaller the RKHS norms correspond to
larger function spaces, hence higher values of k(¢,¢). In order to obtain the optimal O(v/PrT)
dynamic regret, we need to design a kernel such that ||U||zg = ||ull;a = O(VPr) and k(t,t) is

3Here and in the following the O notation will hide polylogarithmic factors.



controlled for all . Throughout this section, we will assume for simplicity that d = 1 but note that
the extension to d > 1 is straightforward via the coordinate-wise extension in Section 2.

Recall that a translation invariant kernel over R is characterized by the Fourier transform of its spec-
tral density @) [51], where () is a real non-negative integrable function. In particular, a translation
invariant kernel and its associated norm are

()12

T, .
Qw)

where we use the short-hand notation § = F/[g] to denote the Fourier transorm of a function g(-).
The intuition behind focusing on translation-invariant kernels is that the associated norm provides
a natural connection to the /M Pr dependencies we would like like to achieve. Indeed, observe
that with spectral density Q(w) ~ 1/w, we would have via Parseval’s identity and the fact that

~

Flf'(z)](w) = 2miw f (w) that

k(t,t’):@(t—t’):/RQ(w)e_%i“(t_t/)dw, Hf||§_[:/R

a3, %/Rwﬂ(w)@dw < /RIVU(t)HU(t)\dt < suplu()] |Vl 1, )

which is the continuous-time analogue of M Pr. The key challenge is to choose an integrable Q(w)

which suitably trades off the comparator norm ||u||3d and the magnitude of the associated kernel
entries k(t,¢). Unfortunately, these trade-offs are non-trivial using standard translation-invariant
kernels, as shown in the following example.

Example 2 (Existing kernels lead to sub-optimal trade-offs [51]). At first glance, the spline kernel
seems like a natural candidate since it has ||ul|3, = |[Vu|3. = O(X, |lur — ue—1 %) (Theorem 8).
However, the spline kernel also has k(t,t) = t, leading to a suboptimal rate in Proposition 1. On the
other hand, for the classical translation invariant kernels such as the Gaussian or the Matern ker-
nels, we have k(t,t) = O(1) but ||ul|3, = ||ul|32 + 3,1 cnl|V"u||? for ¢, positive and summable.
In this case, note that k(t,t) has the good rate but ||u||3, > ||ul|3. and ||ul|7. = ¢*T already for
constant comparators on [0, T], u(t) = cly 1(t), ¢ > 0, precluding the optimal rate.

Given the above, we next turn our attention to designing a new kernel that will achieve the desired
trade-offs. Since we need to find a delicate balance in the trade-off of ||u||,, and k(t,t) to achieve
optimal rates, in the first part of the section we first derive a result that identifies general sufficient
conditions to bound the RKHS norm of a translation invariant kernel in terms of the continuous path-
length || Vul||;. = [|Vu(t)|dt (Theorem 3). Then, in Proposition 2, we design an explicit kernel
satisfying such conditions, leading to a trade-off of O(\/||Vu| . T). Finally, in Theorem 4 we
show that under mild conditions (which are satisfied by the kernel in the Proposition 2), it is always
possible to find an u(-) € H such that u(t) = u, for all ¢t and ||Vul . = O, [Jur — ue—1lly)s
so achieving dynamic regret scaling with [|u[|,, = O(||Vu|| 1) recovers the usual path-length. The
proof of the following theorem can be found in Appendix E.1

Theorem 3. Let Q : R — Ry be an integrable stricily positive even function on R\ {0} and
such that R(z) = 2m/(z(1 + (x/27)?*™)Q(z)) is also integrable for some m € N, m > 1. Let
k be defined in terms of Q as in Eq. (3). Then k is a translation invariant universal kernel with
k(t,t) < ||Q| L forallt € R. The RKHS H associated to k contains the space of finitely supported
functions with bounded derivatives up to order 2m, and moreover, for any T > 0 and any 2m-times
differentiable function f that is supported on [0,T + 1],

£, < @) IV Flles If = V2" fllpe,

where c(T') := || F[R]| 1 ((—1—1,7+1)) If R is monotonically decreasing on (0, 00), then,

= R(z)

@ 2
e(T) < iI;% 2 (T + 1)2/ R(z)xdx + —/ dx , VI >0
@ 0 T Ja

With this in hand, the following proposition provides an example of spectral density ) which will

leads to the desired dependency ||u||§_[ = O(||Vul| 1), up to poly-logarithmic terms. Proof can be
found in Appendix E.4.



Proposition 2. Let Q) : R — R be defined as
B 1/4 loglogm
jw| (1 +|w[2/472)7 log(m + |w|~%) log” log(m + |w|~2)

Qw)

Then we can apply Theorem 3 with m = 1: the function k defined in terms of Q as in Eq. (3) is a
translation invariant kernel with k(t,t) < 872, Vt € R, the associated RKHS norm satisfies

IfI3e < IV Al = V2l (14 T) (1 +T))?,
for any f that is 2-times differentiable and supported in [0, T + 1], where T > 2 and ¢ < (2me)?.

A notable property of the kernel characterized by Proposition 2 is that it is horizon independent,
requiring no upper bound on 7" to control || f ||§_£ and k(¢,t). This is a non-trivial property to guaran-
tee using existing methods without resorting to the doubling trick, which is well-known to perform
poorly in practice. The intuitions behind the choice of Q(w) follow from the discussion above: we
would like to set Q(w) ~ 1/|w]| so that ||u|,, relates to the path-length via Equation (4), but this
would not be a valid choice because Q(w) = 1/|w| is not integrable. Proposition 2 adds a small bit
of additional regularization to ensure that ()(w) is integrable while remaining close to 1/|w|. We
provide additional intuition on the choice of regularization in Appendix D.

A subtlety that we have glossed over thus far is that the continuous path-length, |Vu| . =
J IVu(t)||y, dt, does not necessarily compare favorably to the classic discrete path-length Pp =

¢ llue — ug—1||,y, since the function may vary wildly between the interpolated points. The next
theorem shows that we can always find a function such that||Vul||,, = O(Pr). Proof can be found
in Appendix E.2.

Theorem 4. Let vy, ...,vr € R? and let H be the RKHS associated to kernel k contain finitely
supported functions with bounded derivatives up to order 2m, with m € N, m > 1. Then there
exists a function u € H supported on [0, T + 1], such that u(t) = vy forall t € [T] and

T
IVullpr < Clloslw +C Xy e = vieallw, - [Ju = V2| o < C"maxJue]yy, -
with C, C' depending only on m and given in explicitly in the proof.

The theorem demonstrates that the continuous path-length can be bound by the usual discrete
path-length under mild assumptions on the RKHS that are satisfied by the translation invariant
kernel with spectral density ) chosen according to Theorem 3. Based on this observation, we
immediately see that the RKHS characterized by the kernel in Proposition 2 satisfies the con-

dition of the theorem, and has RKHS norm satisfying ||u||§_t = (5(HVUHL1 ||u — VQUHLOC) =
OM? + M, lus — ui—1] ) where M = max; ||uq|| -

Optimal Path-length Dependencies.  Applying our reduction Proposition 1 with the transla-
tion invariant kernel characterized by Proposition 2, followed by Theorem 4 to bound ||Vul|,, =

O(v/M? + M Pr) immediately yields the following dynamic regret guarantee for OLO.
Theorem 5. Let G > 0 and apply the algorithm characterized in Proposition 1 with the kernel with

spectral density described by Proposition 2. Then for any T' > 3, and any sequence g1,...,9r
satisfying ||g¢|,y, < G and sequence uy, ..., ur in W C R the dynamic regret is bounded as

Re(un,...ur) = O(y/ (M2 + MPr) S ol ).

where M = max; |uq||,,, and Pr = ZtT:Q e — w1l

As observed in Section 4, the kernel that produces this result is horizon independent, so the algorithm
described above requires no prior knowledge of 7. This is in fact the first dynamic regret algorithm
we are aware of that achieves the optimal \/Pr dependence in the absence of prior knowledge of
T without resorting to a doubling trick. Likewise, in Appendix C.3 we show that these guarantees
extend immediately to scale-free guarantees using the gradient-clipping argument of [12]. These
are the first scale-free dynamic regret guarantees that we are aware of that achieve the optimal \/Pr
dependencies.



5 Curved Losses

An advantage of our reduction over the dynamic-to-static reduction of Jacobsen and Orabona [26] is
that, by preserving the curvature of the losses, our reduction allows us to apply (quasi)second-order
methods like Online Newton Step (ONS) [20].

Exp-concave Losses The following proposition shows that exp-concave losses retain the crucial
property required to apply ONS under our reduction (proof in Appendix F).

Proposition 3. Let {, : W — R be a B-exp-concave function, let H be an RKHS with feature map

o(t) € H, and define £,(W) = L;(W p(t)) for W € L(H,W). Then for any X,Y € L(H, W),
BX) — BY) < (VE(X), X — Y )y = S(VEX), X )2

Note that this is precisely the curvature assumption that is required to run Kernelized ONS
(KONS) [7, 8]. Hence, applying our reduction Theorem 1 with KONS to the loss sequence

l1, ..., 07 leads immediately to the following dynamic regret guarantee, adapted from Calandriello
et al. [8, Theorem 1].
Theorem 6. Let (1, ..., 1 be a sequence of 3-exp-concave losses. For any sequence u, . ..,ur €

Wand U € L(H, W) satisfying uy = U(t) for all t, Algorithm 1 applied with KONS guarantees
A In (28G?kmaxT) )
BGan]aX /8 ’

where G > ||[V4y(w)|| for all w € W, kmax = max, k(t,t), degr(A) = Tr (K7 (Kr + X)), and
K = ((VEi(wi), VEi(w;))y, ki, 7))} =, € RT*T.

(i, ur) = O(N U + e

In the previous section, we observed a direct trade-off between the complexity of the comparator—
measured in terms of ||u||,,—and a term measuring the complexity of the RKHS, max; k(t,t). Here
we again see a trade-off in measures of complexity, but now the complexity of the RKHS is charac-
terized by the effective dimension deg (). Loosely speaking, the effective dimension represents the
number of “non-negligable directions” spanned by the features ¢(1),. .., ¢(T"), characterized by the
number of eigenvectors of Kr associated with non-negligable eigenvalues relative to A.

Strongly-convex Losses Interestingly, for strongly-convex losses it can be shown that an analo-
gous curvature condition to Proposition 3 holds under our reduction as well, leading to an analogous
result to Theorem 6. Indeed, the main difference is that in the strongly-convex setting, one uses the

feature covariance A\ + Zizl ¢(t) ® ¢(t) to define a weighted norm while KONS the covariance

matrix of the product kernel associated with features QNS(t) = g; ® ¢(t). Applying a similar argument
then leads to a guarantee which is analogous to Theorem 6 (see Appendix F.1 for more details).

Online Linear Regression Similar results also apply in the context of online regression. In that
setting, at the start of round ¢ the learner first observes a context x; € T, then predicts a g; € R, and
incurs a loss £;(7) = 3 (y: — )2 In this setting, our reduction recovers kernelized online regression,
by letting 5 = (f, ¢(2xt)> where f € L(H,R) and ¢(x:) € H is the feature map associated with
‘H. Applying the Kernelized Vovk-Azoury-Warmuth forecaster [2, 27, 50] guarantees regret of the
same form as above. The result follows from Jézéquel et al. [27, Proposition 1 and Proposition 2].

Proposition 4. Let W = R and for all t let {,(y) = 3(y: — §)®. Then for any sequence
(1,91), -+, (@, y7) in T x W and any benchmark sequence 41, ...,yr in R and uw € H sat-
isfying y; = (u, @(x¢)) for all t, the Kernelized VAW Forecaster guarantees

a eTk?
(@) = (i) < Ml + desr (Vo Log (e + 5222,

t=1

where kpyax = max; k(t,t) and y2,,, = max; y2.

It is known that the dependence on deg (A) for kernel ridge regression is optimal [30], demonstrating
that these trade-offs are unimprovable in the context of dynamic regret as well.



In each of the results above, the main trade-off is between the comparator norm \ Hu||§_t and the
effective dimension deg(A). As an illustrative example, the following shows that the linear spline
kernel can achieve non-trivial squared path-length guarantees, which were recently shown to be
unattainable in the OLO setting [26].

Example 3. The linear spline kernel k(s,t) = min(s,t) has well-known RKHS norm of ||u||§_t =
HVUH%Z = [|Vu(t)|*dt. Moreover, in Appendix F2 we show that we can bound ||Vul|;, <

O\t — Ui—113y) := Cl and that the effective dimension is degt(\) = O(T /') (Theorems 8
and 9 respectively). Optimally tuning X leads to Rr (91, . . ., 9r) = O(T?/3(C)?/3) which matches
the minimax optimal rate for forecasting in the class of discrete Sobolev sequences of bounded
variation [3, 44]. Note that A can be tuned without data-dependent prior knowledge using mixture-
of-experts and a simple clipping argument [25, 34].

In the special case of the 1-dimensional squared loss ¢;(y) = % (y; — y)?, it is possible to achieve

Rr(i,. ... ir) = O(TY3CH?) where Cp = 3,|i — f+—1] is the (unsquared) path-length of the
benchmark predictions, and this bound is minimax optimal among the class of discrete TV-bounded
sequences, which is more general than the Sobolev class in the example above [3, 54]. Designing a
kernel with a suitable effective dimension to achieve this trade-off has proven non-trivial and is left
as a direction for future work.

6 Directional Adaptivity

An exciting benefit of reducing to static regret is that we can leverage more “exotic” static regret
guarantees to uncover new and interesting trade-offs in dynamic regret, essentially for free. For
example, in recent years there has been an interest in algorithms which adapt to the directional
covariance between the comparator and the losses [13, 15, 16, 37, 49], to guarantee

Rr(w) = O(\dLL, (g wiy).

These bounds recover the usual O [|ull,y />, [lg ||$,V*) bounds in the worst case, but could be

significantly smaller if the comparator tends to be orthogonal to the losses. Passing from dynamic
regret to static regret via Theorem 1, the following proposition shows that guarantees of this form
translate into dynamic regret guarantees which naturally decouple the comparator variability ||U|| ;¢
from the a per-round directional variance penalty ZtT: 1 (g4, ut)‘z,v The full statement and proof of
this result can be found in Appendix G.

Proposition 5. Let (1, ..., 01 be an arbitrary sequence of G-Lipschitz convex loss functions over
W. There exists an algorithm such that for any sequence of uy,...,ur in W and U € L(H, W)
satisfying uy = U(t) for all t, the dynamic regret Rr(uy, ..., ur) is bounded by

& (Lacr )+ don ) [0+ L2) 015+ 5y ] (e DB,

where g; € 0l (wy), L% = G?max, k(t,t), Kr = ((gt,gs>wk(t7s))t7se[zp], and deg(N\) =
Tr(Kr (M + K7)71).

7 Discussion

In this paper we developed a general reduction from dynamic regret to static regret based on em-
bedding the comparator sequence as a function in an RKHS. We showed that the optimal +/Pr
path-length dependence of can be obtained via a carefully designed translation-invariant kernel. We
also developed new scale-free and directionally-adaptive guarantees for online linear optimization

and ||u||§_[ + dot(A) In T bounds for losses with curvature.

There are many promising directions for future work. As noted in Section 4, if implemented naively,
the algorithms described here could be prohibitively expensive to run in practice. Future work should
study how to best leverage kernel approximation techniques or sparse dictionary methods to achieve
the standard O(dInT) per-round computation without ruining the desired regret bounds. We also
anticipate many interesting directions for future work by investigating the rich intersections between
online learning, kernel methods, and signal processing that our reduction brings to light.
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A Additional Functional Analysis Background

In this section we briefly recall some additional definitions and background from functional analysis,
which will be useful for understanding the proofs of our results but were not relevant for the main
text.

Additional Notations. The dual space of a normed space H is the space of bounded linear func-

tionals H* = L(#,R), and the associated norm is the dual norm ||g|, , = supy, =1 g(h) for any

g € H*. An operator T : H — W is Hilbert-Schmidt if for any orthonormal basis {h;}, of H we

have ||TH12{S =3, |\Thz||$,\, < oo. The space L(H, W) is itself a Hilbert space with inner product
Yy PIHS = 2 ivBhi>w-

A Brief Review of Reproducing Kernel Hilbert Spaces. A linear functional ¢ € L(H,R) is
bounded if there exists a constant M such that |p(z)| < M ||z||,, for all h € H. A reproducing
kernel Hilbert space (RKHS) is a Hilbert space H of functions h : X — R for which the evaluation
Sunctional §, : h — h(x) is bounded for all z € X. For any such space, Riesz representation
theorem tells us that for any € X there is a unique k, € H such that §.(h) = (h, k;),, for all
h € H. The function k(z,z") = k,(x') is called the reproducing kernel associated with . The
reproducing kernel is often expressed in terms of the feature map ¢(x) = k, € H as k(x,2’) =

(0(x), ()3

We will often be interested in functions taking values in YW C R?. In this case the preceding
discussion can be extended in a straightforward way by considering a coordinate-wise extension.
In particular, observe that in this setting an operator W € L(H, V) can be represented as a tuple
(W1,...,Wy) such that W; € L(H,R) = H* for each i € [d]. Riesz representation theorem then
tells us that there is a w; € H such that W;(h) = (w;, h),, for any h € H, so using the reproducing
property we have W;(é(t)) = (w;, ¢(t)),, = w;(t). Hence, each W € L(H, V) is identified by a
tuple (W1, ..., Wy) € H? and we can write

w(t) = ((w1, )y - (wa, 6(t))3, ) = (Wi((1)), .., Wa(8(t))) = W(t) € W.

Note the that space L(H,W) is itself a Hilbert space when equipped with the Hilbert-Schmidt
norm, which in the coordinate-wise extension above can be expressed as ||VVH§IS = ||w||§{d =

Zf: 1 JJw; ||§_[ This can be seen by definition of the Hilbert-Schmidt norm: let {%; }, be an orthonor-
mal basis of H, then

IWlis = D IWhillyy = S IWi k), - Wahi)) Iy

= Y ll(Gwr g a3y

d d
= ZZ (wj,hlﬁ{ = ZZ (wﬁhzﬁ{

2 2
Jwillzg = llwli3a

i
d

—

J

where the last line uses Parseval’s identity.

B Recovering Jacobsen and Orabona [26]

In this section we demonstrate that the reduction in Jacobsen and Orabona [26] is equivalent to
the special case of our framework. Note that we assume linear losses in this section because the
reduction of Jacobsen and Orabona [26] is only defined for linear losses (or by linearizing the losses
4 via convexity).

Let e; € R be the ¢™ standard basis vector and consider Algorithm 1 with H = R”, (4, B)yq =
Tr (A" B), kernel feature map ¢(t) = e, € R”, and linear losses W — (G, W)y for Gy =
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gi®e; = gie; € R¥T Then for any sequence uy, ..., ur inR4 letU = (ug ... urp) € RT
and observe that we can write u; = U¢(t). Moreover,

T

Z Gt Ut) ZZ 9, U(t) ZTY ZZTT((gt¢(t)T)TU)

t=1 t=1

= Z<gt¢ ET: (G, U

t=1 t=1

~

Similarly, suppose A is an online learning algorithm and let W, = (wt(l) . wt(T)) € RIXT

denote its output on round ¢. Suppose on round ¢ we play w; = Wio(t) = wt(t). Then

T T
> g wr) = Z 96, Wi (t)) = Tr (¢ugy Wi) = (gr9(t) " = (G, Wh)y
t=1 t=1 t=1

Thus,

T T
~A
RT(ul,...,uT): E (gt,wt—ut g GtaWt HS :RT(U)
t=1 t=1

To see why this is precisely equivalent to the reduction of Jacobsen and Orabona [26], observe
that their reduction is simply phrased in terms of the “flattened” versions of each of the above
quantities, and can be interpreted as working in the finite-dimensnional RKHS over # = R?” with
(z,9)5 = (x,y) being the canonical inner product on R*". In particular, they instead define

0
Uy wt(l) :

u=vec(U)=| 1 | € R @ = vec (W;) = IS RIT, G, = vec (Gy) =| gt |€ R,
ur wt(T) 0

and run an algorithm A defined on H = RT against the losses g;. As shown in their Proposition 1,

under this setup it holds that Z?:l (ge, wp —ug) = ZZ;I (g¢, wy — u), from which it immediately
follows that

Theorem 1

Jacobsen and Orabona [26, Proposition 1]
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C Proofs for Section 4 (Linear Losses)

C.1 Proof of Theorem 2

Theorem 2. Let A be an online learning algorithm defined on Hilbert space V. Suppose that for
any sequence of convex loss functions hy,...,hp on V, A obtains a bound on the static regret

of the form Ry (U) < Br(|U|v, [INri (W) |lv, - .., INhe (Wr)||v) for any comparator U € V
and some function By : RLI1 — R, where Vhy(W,) € Ohy(W,) for all t. If we apply A in
V = L(HW) with ||-||y, = ||lug then for any sequence uy,...,ur in W and U € L(H,W)
satisfying u; = U(t) for all t, Algorithm 1 with A guarantees

RT(uh cee 7UT) < Br (HU”HSv H91HW V k(la 1)7 BRI ||gTHW V k(Tv T)) )

where g, € Ol (wy) for all t, and k(-, -) is the reproducing kernel associated to the space H.

Proof. We note that L(H, W) is a separable Hilbert space for separable # and VV. Moreover, 0, is
differentiable, with derivative

V(W) = VE(We(t) @ ¢(t) € L(H,W),

where ® is the tensor product. Then applying algorithm A to the loss sequence (Et)t we obtain

Ry (U) < o([IUNLaewy, VO (wr) © () Laewys - -5 [V (wr) © S(T)l| Liaew)) -
The proof is concluded by noting that Ry (uy, . . ., ur) = Rp(U) by Theorem 1, and that
Ve (wi) @ ¢@) ey = IV (we)llw |9() |,

since u®v € L(U, V) is arank one operator and so [[u®@v|| s, vy = ||ull||v]|v, forany u,v € U,V
and U, V Hilbert spaces. Finally, note that ||¢(¢)||3, = (¢(t), #(t)) = k(t,t) . O

Remark 1. Note that the result of Theorem 2 applies more generally to algorithms that use dual-
weighted-norm pairs (||| s; » ||| ,y=1), Since this amounts to transforming the decision space W

1 1 . .. .
MzW, the losses Gy — M ™2 Gy, and preserving the original inner product structure. We expect
the theorem should also generalize to arbitrary dual-norm pairs on W, but this will require some
additional care to interpret the norm ||-|| . ;-

C.2 A Concrete Example of Proposition 1

Algorithm 2: Kernelized Instance of Jacobsen and Cutkosky [23, Algorithm 4]

Input: Lipschitz bound G > [|g;||,,, for all ¢, Value € > 0
Initialize: w; = 0, Gy = G max; \/k(t,t), V1 = 4G2, 51 =0

___eGo S2 ) . 6V

Define: U(S,V) = Wlog?(OV/Gg) {exp (SGV) 1} if 5 < &
7 £G 5 _ 6V .

T iog?(V/G3) [eXp ( 385 G—O) - 1} otherwise

fort=1:Tdo
Play wy, receive subgradient g,

Set Vigr = Vi + llgell3y k(2 1)
2 t—1
Set St2+1 = St2 + k(t’t) ||gt||W + 225:1 k($7t) <gt7gs>W

Update W1 = M\Ij(st+l7 ‘/t+1)

St+1

end

There are many examples of algorithms which would produce the static regret guarantee stated in
Proposition 1. In this section, we briefly provide an example which attains the result of the stated
form, and provide the full regret guarantee and update in our framework.
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Let us consider the algorithm characterized by Jacobsen and Cutkosky [23, Theorem 1] in an un-
constrained setting. Their algorithm can be understood as a particular instance of FTRL, and so we
can develop its kernelized version using the same reasoning as Example 1. Indeed, applying their
algorithm in the space L(#, W) with inner product (-, -) ;4 against losses G; = g; ® ¢(t) leads to

updates of the form
t
—S Gy
Wt+1 = 257_1\11 < a‘/;f-‘rl) )
HS

t
Gs
HZS:I HS
where Vi = 4G3 + 3!, HG§||I2{S and ¥(S,V) defined in Algorithm 2. Moreover, we have
Vier = 4G} + 0, llgoly k(s ) and |20, G| = 320 (91,95 k(i ) via Lemma 10 and
Lemma 9 respectively, and so in the context of our reduction Algorithm 1 the updates are
Wi4+1 = Wt+1¢)(t + 1)
t
—> 1 Gso(t+1
— Zs—tl QS( ) \I/ ( , ‘/t-i,—l)
HES:I GS HS
- 22:1 k(s, t)gs : . 2 : 2
= el (ST R ) (95095000 4G3 + S k(s9) lgally |
\/Zi,j:l k(4. 5) (9i: 95) i,j=1 s=1
leading to the procedure described in Algorithm 2. Notice that, as mentioned in Section 4, this naive
implementation requires O(¢) time and memory to update on round ¢ due to having to re-weight the
sum 3! _, k(s,t)gs and compute Zi;ll k(s,t) (g¢, gs)yy» S0 in practice one would ideally imple-

ment additional measures to reduce the complexity, such as implementing Nystrom projections or
choosing a suitably sparse kernel.

t

>,

s=1

t

>,

s=1

HS

Now applying Algorithm 2 with Theorem 2, we immediately get the following regret guarantee from
Jacobsen and Cutkosky [23, Theorem 1].

Proposition 6. Let (1, ..., {r be G-Lipschitz convex loss functions and let g, € 0 (wy) for all t.
Foranyuy,...,ur inWandU € L(H, W) satisfying us = U(t) for all t, Algorithm 2 guarantees

RT(Ul, . ,’LLT) = ﬁT(U)

U U
§4Goe+6||U|HSmax{\/VT+lln (””HS+1>’GOm (””HS+1>},
arT41 arT+1

T 2
where VT+1 = 4G(2) + Zt:l Hgt||w k(t, t) and ar4q1 = \/VT+1 lo€g§€VT+1/Gg)'

C.3 Scale-free Guarantees

Now that we have seen how to obtain the optimal path-length dependencies on Lipschitz losses, we
can extend these guarantees to be scale-free by simply changing the base algorithm. In particular,
there are algorithms which are adaptive to both the comparator norm and the effective Lipschitz
constant, Ly = max¢[r) || V€ (w¢)||,,,. Algorithms which scale with L rather than a given upper
bound G > Lg are referred to as scale-free. We first consider the setting in which the domain is
constrained W = {w € R* : ||w|,,, < D}.*

Proposition 7. There exists an algorithm which guarantees that for any sequence uq, ..., ur in
W= {w e R?: lwlly,, < D},

T
Rr(ur,.. ur) = O | Le(max|lully, + D) + [|U]|ys L2+ gl k() |

t=1

where L; = max, Hgt“W'

“More generally, this assumption amounts to assuming prior knowledge on a bound D > [lwt ||y for all ¢,
which the learner can leverage by projecting to the same set, regardless of any boundedness of the underlying
problem’s domain.
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The result follows by constraining ||w;|,,, < D and applying the gradient-clipping argument of
Cutkosky [12].° Indeed, if we’ve constrained our iterates to satisfy |lw; l,y < D, then we can

replace the gradients g, the the clipped gradients §; = ¢¢ min {1 m’?;;:””g*”‘&} to get

T T
RT(uh--.,UT):Z@hwf Z — G, Wy — Ut)yy
t=1 =1
< Rp(ui,...,ur) + max lgellyy (D + max [[utllyy)

following the same telescoping argument as Cutkosky [12]. With this in hand, we can sim-
ply apply our reduction Algorithm 1 with the losses Gy = ¢ ® ¢(t), which we now have an

a priori bound on at the start of round ¢: Hé\t « < maxse ||gs|ly VEE) = Et < L.
H

Hence, even without prior knowledge of a G > |g/|,y, we can obtain Rr(ui,...,ur) <
~ 2 T 2
G (101 /im0 + S el .0

To see why this is difficult using existing techniques, note that nearly all existing algorithms which
achieve the optimal v/ Pr dependence do so by designing an algorithm which guarantees dynamic
regret of the form

Rr(ug,...,ur) = 16) (};T + 7)G2T> ,

from which G+/PrT regret is obtained by tuning 7.° The tuning step is done by run-
ning several instances of the base algorithm in parallel for each n in some set S =
{2i JGVT A1/G:i=0,1,... }, and combining the outputs—typically using a mixture-of-experts

algorithm like Hedge. Note however that the set S requires prior knowledge of the Lipschitz con-
stant G. There is no straightforward way to adapt to this argument without resorting to unsatisfying
doubling strategies, which are well-known to perform poorly in practice. Instead, using our frame-
work we avoid these issues entirely by simply applying a scale-free static regret guarantee to get the

a L7 ||U||lus VT dependence, and then designing a kernel which ensures ||U||;;g < M Pr.

More generally, when the domain W is not uniformly bounded, it is still possible to achieve a

scale-free bound at the expense of an Ly max; Hut||$’,v penalty, again using the same argument as
[12]. One simply starts by replacing the comparator sequence w1, . .., ur with a new one satisfying

uy = Hyy, uy, where W, = {w eW: |lwl,, < \/22;11 ||95||W}- Then one can show that

T T T
Rr(us,...,ur) :Z<gtawt*ut>w :Z@t,wt — Uy WJrZ Gty Ur — Ut)yy
t=1 t=1 t=1
< O (Re(n,...,ir) + Gmax )

Applying the same clipping argument as above and observing that Py = Do MUy = wp—1]lyy, <
O(Pr + max; |lu|,,,) we get the following result.

Proposition 8. There exists an algorithm such that for any u1, . . . ,ur in W C R%,

T
Ra(us, .. ur) = O | Lrmax [[uely + 1Ulgs | S el k(1)

t=1

where L = maxy ||g¢|,y, k(¢ 1).

>Note that constraining the final outputs w; is straight-forward in our framework; one can simply apply a
standard unconstrained-to-constrained reduction in W [14, 16] prior to applying our dynamic-to-static reduc-
tion.

The exception being Zhang et al. [55], which uses a similar high-dimensional embedding as [26], but
neither works obtain the optimal v/ Pr while being scale-free.
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D Intuitions on the Spectral Density Q(w)

In this section we provide some additional high-level intuitions that motivate the choice of Q(w) in
Proposition 2.

Recall that we would like to choose Q(w) ~ 1/|w]|, since this choice yields a continuous-time

analogue of the M Pr dependence that we want to achieve: ||UH3-¢ < max|u(t)| |[Vul| ;.. The key
issue is that this choice of Q(w) is not integrable, diverging as w — 0 and w — oo. We fix these
issues by adding a small amount of additional regularization, setting

Q(w) x Ro (UJ)ROO (w)

wl
where Roo(w) ~ 1/(1 + |w|?)'/* is a tapering function that ensures integrability in the asymptotic
regime, and Ro(w) ~ 1/log(1 + 1/+/|w])log?(log(1 4 1/1/|w|)) ensures that Q is well-behaved
near zero. It is clear that R, (w) ensures integrability in the asymptotic regime since when w is large
we have Q(w) ~ Roo(w)/|w| < 1/|w|?, which is integrable away from zero. On the other hand,
near zero Ro.(w) &~ 1 and we have
Ry(w 1
Q(w)% O( )% —1/2 2 —1/2
Wl |w]log(|w|~1/2) log® log(Jw|~*/2)

which after a change of variables ¢ = log(w™~'/?) integrates near zero as

€ € oo 1
Q(w)dw = 2/ Q(w)dw =~ / ———dt =0(1)
—€ 0 1

oa(1/e) tlog?(t)

)

)

for an appropriately chosen .

E Proofs for Section 4.1 (Controlling the Trade-offs Induced by )

E.1 Proof of Theorem 3

Theorem 3. Let Q : R — Ry be an integrable strictly positive even function on R \ {0} and
such that R(z) := 27 /(x(1 + (z/27)*™)Q(x)) is also integrable for some m € N, m > 1. Let
k be defined in terms of Q as in Eq. (3). Then k is a translation invariant universal kernel with
k(t,t) < ||Q| L for allt € R. The RKHS H associated to k contains the space of finitely supported
Sfunctions with bounded derivatives up to order 2m, and moreover, for any T' > 0 and any 2m-times
differentiable function f that is supported on [0,T + 1],

£, < D) IV Flles If = V2" fllpe,
where ¢(T) := ||F[R]|| 1 (—~7—1,7+1)). If R is monotonically decreasing on (0, cc), then,

o(T) < inf 2n(T +1)2 / R(z)zde + > / h()
a>0 0 T Ja x

dz , v >0

Proof. Consider a function f that is supported on [0, 7] for some 7 > 0. To bound the norm above
in terms of the L' norm we use the fact that for any u, v, w € L*(R) & L'(R) we have F[V*u] =
(2m’)kﬂ, for k € N, F[u * v] = uv, where « is the convolution operator, and that by the Plancherel
theorem we have [ u(w)v(w)dt = [, u(t)v(t)dt and so, in particular, [, U(w)v(w)w(w)dt =
Jg u(t)(vxw)(t)dt. Moreover, note that, by construction R is an integrable real odd function, so its
Fourier transform R is an odd purely imaginary function. So, we have

= [ [T (0 Fy Ry

iy / TI0 ((f — V2" ) % R)(t)de
0

iy / VD ((f — V2™ f) w R) (1)t

<Vl (f = V2™ F) % Rl pos ((—r.01)»
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where in the last two steps we used the fact that f is bounded in [0, 7] and the Holder inequality.
Since also V™ f is supported on [0, 7], we have

I =92 ) % Rl ro = sw / F(8) — VLR — b))t

[—7,0]
< ||f — V2" f|| poe &) | B £1 (=770 -

The last step is finding a bound that is easy to compute for ¢(7) := ||§|| L1([—7,7])- We start noting
that since R is odd

R(t) :== / R(x)e*™ "t dy = 22’/ R(z) sin(2mizt)dz,
R 0

and, in particular also R is an odd function. The characterization we propose for ¢(7) is a direct
consequence of the fact that the sine transform of R is non-negative (also known as Polya criterion,
which we recall in Lemma 3 and is applicable since R is positive and decreasing on (0, 00)). Now,

by expanding the definition of R and using the non-negativity of the sine transform, we have

/:'E(ﬂldf:Q/Tlﬁ(t)ldtﬂf /OOO R(z) sin(2rat)dz

_ / / ) sin(2rat)dadt — 2 / Rlx ( /O Tsin(27rxt)dt> da

sin(rmx)? N
—9 /0 R(z) 02 o

™

dt

To conclude, let @ > 0, since |sin( )| < min(|z|,1) forany z € R

/ Rz sm Trw)? / Rz sm2 (rmx) dx + / R(x Sll’lz(Tﬂ'{L‘) A
T T
R
<mnr / R(z)xdx + — / (z)
The stated result then follows by choosing 7 = T" + 1. O

E.2 Proof of Theorem 4

Before proving Theorem 4 we need two auxiliary results

Lemma 1. Given m € N with m > 1 and T > 0 there exists a function by that is 2m-times
differentiable and that is identically equal to 0 on R\ (0, T + 1) and that is identically equal to 1 on
the interval [1,T). Moreover; for any 2m-times differentiable function f, with derivatives in L?(S)
forp € [1,00] and interval S C R, we have

& (8(2m + 3/2))k+1
IVE(for) e s) < 2m+3/2 0<}?§k V" fllze(sno,r41))-
Proof. Consider the function
2I'(3/2 + 2m)

B(z) = (1 —42)3™,

VAL (1+ 2m)
where I is the gamma function. Then B is supported on (—1/2,1/2), integrates to 1, and is 2m-
times differentiable everywhere. Its Fourier transform (see [46], Thm. 4.15) is

R 2m+1/2
Bw) = T3/2+ 2Ty ool ()

where J,, is the Bessel J function of order v [46]. Since J, is analytic on [0, 00) for v > 0 and
J,(2) = O(]z|") when |z| — 0 and also J,,(z) = O(z~/?) for z — oo, then B is in L' N L>° and
analytic. We build by as follows

br(t) /Ot Bz —1/2) — B(x — T — 1/2)dz
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B() B(t-1)-B(t-1-T) brit) = [{B(x~}) — B(x— 1~ T)ax

2.01 104
1.75 151
1.50 104 0.81
1.25
05 061
1.00 0.04
0.75 —o0s ] 0.4 1
0.50
-1.0 021
0.25 15
0:007 T T T T T =201 T T T T T T 00 T T T T T T T
-1.0  -05 0.0 05 1.0 0o 1 2 3 4 5 6 o 1 2 3 4 5 6

Figure 2: Plots demonstrating the functions used in the construction of by (t) form = 1and T = 5.
The function B(z) is a simple bump function, designed such that [, B(z)dz = 1, shown on the
left. The center demonstrates how we can combine translations of B(z) to get a function with two
bumps which will eventually cancel out when integrated over [0, T + 1], leading to the function by
shown on the right.

This function by construction is 2m-times differentiable everywhere, moreover it is identically equal
to 0 on R\ (0, 7+1) and identically equal to 1 on [0, T'|. To help with intuitions, we show an example
of the functions B(z), B(z — 3) — B(x — 5 —T), and by (t) form = 1 and T' = 5 in Figure 2. The
Fourier transform of br is

~ 1

br(w) = 5——Bw)e ™ (1 - e ™).

Now we define u(t) := f(¢)br(t). By construction, u is equal to fr on [1, T since b is identically
1 on this interval, let Z := S N [0,T + 1], we have

k

Z (i) vhka—hbT

h=0

l
k .
h
g2, 19" vy 32 (3 )92l

IV¥ull pocs) = IVl o (z) =

L (Z)

IN

Now, given the Fourier transform of ZT,

2m+h—1/2

IV"br L < (2m)"|w"br 1 < T(3/2 +2m) ™2™ S 4 o ()| 1

r2m—h+3/2

Using the fact that |.J,(2)| < min(2¥277/T'(1 +v),v~1/3) (see [38], Eq. 10.14.2, 10.14.4) for any
z > 0, for any o > 0, we have

|J2m+1/2(7T|W|)|d _s a|J2m+1/2(7T$)|d g > |Jamt1/2(m2))
o ol 2maarh W2 T amgaph T2 | T s

[ 2m+1/22—2m—1/2 00 (9 1/2 —-1/3
§2/ Y dac+2/ emt 12y,
g x2m I'(2m +3/2) o x2m+3/2—h

9—2m+1/2 \h 20~ (2m—h+1/2)
~ hT(2m +3/2) * (2m — h+1/2)(2m + 1/2)1/3"

dxr

Optimizing in «, we obtain

2m+1/2—h

o232 Ty (el < 27252 (2m  3/2) " R
leading to

22h+2 2(8m + 6)h+1/2

h TS
Vb7~ < mr(2m+3/2)2 172 < C2m—h+3/2
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this leads to

l
k .
9 ul1o(s) < g 19"l 3 () 970 l~ce
h=0

= 0<5<k
2(8m + 6)1/2 8m +6\" \
< —amisz 1+ - (0ax, V" fllze(z)-

To conclude, note that

2(8m +6)'/2 (| L 8m+6 ¥ _ 8 @m 4 3/
m2m+3/2 = m2m+3/2

™

O

Lemma 2. Let f be such that its Fourier transform fand its weak derivative Vfare both L?, then
2 2172 11/2

Proof. Foranyt > 0,
Ifllzrw)y < Ifllzr=e) + N2 m\[=t.6))-
Now by the Holder inequality we have

IF ey = If - Ulerqeey < MFlzqesm ILlzqos = V282 v
where 1(z) is the constant function 1. Similarly,
Il oyt = I fz- 1zl o myj—ea) < [1fzllzz@y e 11/Z 2@\ —t,) = V 2/t f2ll L2 R\ (1,10
since ||1/9:||2L2(R\[_t g = 2 [ 1/a*dx = 2/t. This leads to
Iflle®) < V2(VE| fllzz + 1/VE| fl|r2).

Optimizing on ¢ we obtain,

1/2 1/2
1£1oe < 2V2I LN Fal 35

The first case is concluded by applying the Plancherel theorem for which || ||z = Hf” 12 and
Ifx]lL2 = || F[fz]| L2 and by the fact that F'[f(x)z](w) = i/(27)V f(w). O
Theorem 4. Let vy, ...,vr € R? and let H be the RKHS associated to kernel k contain finitely

supported functions with bounded derivatives up to order 2m, with m € N, m > 1. Then there
exists a function u € H supported on [0, T + 1], such that u(t) = vy for all t € [T] and

IVl < Cllurlbw +C S o = vealw,  [lu=V2"ul] . < € max oy
with C, C' depending only on m and given in explicitly in the proof.

Proof. We will build u as follows

u(t) = f(t)br(t),
where br is a m + 1-times differentiable function that is supported on [0, T 4 1] and that is equal to
1on [1,T], while f is a function that interpolates vy, i.e. f(t) = v, fort € {1,...,T}. We build f
as follows. Consider the following function, that is a product of two sinc functions

() = sin(mx) 281n(7m:/2)7

T T
S satisfies S(0) = 1and S(¢t) =0ont € Z \ {0}. Now we can build f as follows

F&) = wS(t—0).
£=0
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By construction, for all ¢ € {1,...,T} the following holds
= ZWS(t — f) = ng(st:z = ;.
=0 =0

Note that, by construction f is a band-limited function with band [—3/4, 3/4] that interpolates the
given points.

Step 1. Bounding ||V f|| 1. Now we bound pointwise |V f(z)| with |v(2) — v(z — 1)|. The Fourier
transform f of u is equal to

= 3 05 w) = g(w)S(w),
=1

where g(w) = ZeT:1 vee?™ % and where S is Fourier Transform of S. Note that S is band-limited,
i.e., Sisequalto0onR\ [-3/4,3/4]. In particular,

S(w) = |w—3/4] — |w—1/4] — |w + 1/4]| + |w + 3/4], VweR.
Now passing by the Fourier transform of V f, we obtain

1— eQTriw _ W(l +W2)

FVfJw) = g@)Sww =Lw) Mw), Lw) =975 Mw):=5w)

1 — e2miw :

Note that M (w) is bounded, continuous and supported in [—3/4,3/4], since S is supported in

[—3/4,3/4] and ;”(1;: ~) is bounded and analytic on such interval. So we have
V(@) = FUFV)@) = F [L@)M(w)] = L+ M) (@),

where * is the convolution operator and M = F~! []/\/[\ ]. L = F~![L]. Now note that

N 1 _ e2miw T e2mitw T e2mi(f+1)w
Lw) = 0@) o =D v ~ 2
=1
_ i(v Y ) 627Ti€w o 627riw
2 ¢~ V1) 1 o2

Since the inverse Fourier transform of 2™ /(1 + w?) is e~1*~¢l for any a € R, we have
1 1 — e ZT —2r|z—£| 27|z —1|
. — 7| — —27|xz—
L([L’) =F [g(w)w} =7 2 /Uf — Uy 1 + vime .

By Young’s inequality for the convolution, we have that || fxg||z1 < ||f||z:]|g]| 1 for any integrable
functions f, g, so in our case

IVl = 1L x Mg < || Ll [ M]]x

T
<l M|z Y lve = ve-alllle™™ s+ w Mz o]l lle” "M o
=2
To conclude we have ||e=271*=l|| .1 = |le=27I#l|| ;1 = 1/7 and we need to bound the L' norm of

M. Note that M (w) admits a weak derivative, since it is the product of a bounded analytic function
on the support and S that admits a weak derivative that is the following

V5(w) = sign(w — 3/4) — sign(w — 1/4) — sign(w + 1/4) + sign(w + 3/4).
In particular, we have for every w € R

— ~  w(l + w?
|M(w)| = S(W)ﬁ < 1i_g/a,3/4) (W)
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wl4+w?) 5 0 wl+w?)

VM (w)| = |VS(w )W + S(W)% 1 —ozriw | = 2 X 1_3/4,3/4)(w)

Using Lemma 2 we can bound | M || 1 as follows,
1/2 /2 _
1Ml < 7||MH 2loM|| s
obtaining

T
IV fllzrmy < 2lonlw +2 lloe = veallw. )
t=2
Step 2. Bounding ||V* f||~. Letk € Nand k > 1. Since Z( ) := S(w/4) is equal to 1 on [—1, 1]

and it is supported on [—3, 3], we have that f ( ) = Z (w)f ( ). So, by using the properties of the
Fourier transform of convolutlons we have that for all ¢t € R,

F(t) = FTHA@) = FTHZA@) = (F 2= FUA) = (25 1)),
where Z(t) = 45(4t) for all t € R is the inverse Fourier transform of Z. So we have
IV  fllzoe = IVM(Z % Pl = I(V*Z)  fllze < IVEZ 2| fllze-

Now, we have

T

< (max lvellw) suleS (t=0)l. (6)
teR

[fllze = sup
teR —1

T
Z ’UgS(t - f)
(=1

Since |S(t)| < 1/(1 + 2t2) for any t € R, we have

T
1 1
su St —0) <su = < 4.
te[ﬁ;'( )l—teﬂ%%lw(t—@? %1—&—%2_

To conclude this section, using Lemma 2 and since F[V*Z] = w*Z/(2mi)*

2V2 s 1/2 koVIL/2 < 324k 4 4k
Z V(w®Z —_— < 3.
[ < G 2LV DL < e <
So, for any £ € N (including 0, since we have Eq. (6))
V¥ fllee < IV*Z) ]l fllz < 12 max [ve]w (7)

Step 3. Building b7 and computing the final norms. Lemma 1 constructs a function by that is
2m-times differentiable and that is identically equal to 0 on R \ (0,7 + 1) and that is identically
equal to 1 on [1, 7], moreover it proves that for any 2m-times differentiable function that has the
derivatives LP(.S) integrable for some p € [0, o] and some interval S C R, we have

IVF(for)llLe(s) < Crm Jnax, IV Fll Lo (snjo.141))-

Define u(t) := f(t)br(t). By construction « is equal to fr on [0, T since by is identically 1 on this
interval, and so in particular

u(l) = f(Obr(0) = f(6) =ve, VEEAL,..., T},
moreover u(t) = f(t)br(t) = 0fort € R\ (0,7 + 1). By applying the result above, together with
Eq. (7)
lu = V2 ullpee < Jlullzoe + [IV* ull e < 12(1+ Com,m) max[fue -
Applying the same lemma, with Eq. (5) we have
IV7ull gy < 261 mlorllw +2C1,m 3z o = vt llw-
This completes the proof. O
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E.3 Proof of Lemma 3

Here, we recall a classical result about the positivity of the sine transform of a positive decreasing
function (see e.g. [48] Eq. 4).

Lemma 3. Let R be an integrable, positive and strictly decreasing on (0, 00). Then, for any t > 0
we have

/ R(z) sin(2rat)dx > 0.
0

Proof. Since sin(27(z + 1/2)) = —sin(2nz) foreach z € [4,j 4+ 1/2] and j € N, we have

J+1
/ R(x)sin(2nat)de = Z/ R(x)sin(2nat)dx
% Z/ ( 9) sin(270)do
=0

S Y N RSV RN
jZO/O [R(t) R(f) sin(270)do

207

~+ | =

where the last step is due to the fact that R is decreasing, so R((j+6)/t)— R((j+0)/t+1/2t) >0
forany j € N, 0 € [0,1/2] and that sin(2760) > 0 on the integration interval 6 € [0, 1/2]. O

E.4 Proof of Proposition 2

Proposition 2. Let Q) : R — R be defined as
1/4 loglogm
jw| (14 |w[2/472)% log(m + |w|~%) log”log(m + |w|~2)

Then we can apply Theorem 3 with m = 1: the function k defined in terms of Q as in Eq. (3) is a
translation invariant kernel with k(t,t) < 872, Vt € R; the associated RKHS norm satisfies

1£15 < IVl lf = V2 flloe (n(l+T)Inln(1 +T))?,
for any f that is 2-times differentiable and supported in [0, T + 1], where T > 2 and ¢ < (2me)?.

Qw) =

Proof. Step 1. Characterization of (). The function @ is even, strictly positive and analytic on
R\ {0}. To study its integrability define the auxiliary function S : [0, c0) — [0, 00) as
loglog 7

S(z) = 2loglog(m +1/2%)"

S is concave, strictly increasing, on (0, 00) and with S(0) = 0 and lim,_,, S(z) = 1/2. So its
derivative S’ corresponding to

s/2 loglogm
z (14 m2z%) log(m + z=*) log®log(m + 2—3)’

S'(z) =

is positive and strictly decreasing on (0, c0) and since 0 < s < 2m, the function (-)*/?™ is concave,
and we have (1 + (|w|/27)%™)*/?™ > 25w =1 (1 + (|w|/27)*%), so
Qw) 1+ 7fwl® 1+ 7|wl|® 2m(da)—s

L :=sup = sup <2 mmgup— 1 = T
wer S'(|w])  wer (14 (Jwl|/2m)2m)s/2m wer 1+ (|w]/2m)?

®)

So00 < Q(w) < LS'(Jw]|) for any w € R, and since S’ is positive and integrable, then @ is integrable
too and we have
Z—00

/ Qw)dw < 2L /00 S'(2)dz = 2L( lim S(z) — S(0)) = L.
R 0
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To conclude this first step, since () is integrable it admits a Fourier transform @, and since it is
also positive k(t t') := Q(t — ') for t,t’ € R is a translation invariant kernel. In particular,
k(t,t) = [z Q(w)dw < L, for any ¢ € R.

Step 2. Characterization of R and explicit bound for || F'[R]||;1[—7 7. The second condition to
apply Theorem 3, concerns the function R defined as

2

B = 0+ wma
Note that R is an odd function, since x is odd, while both 1+ (5% )*™ and Q(x) are even. Moreover,
R is analytic on R\ {0} since Q(x) is analytic on the same domain and 2(1+ (x/27)?™) is analytic
on the whole axis. Expanding the definition of ) in R, we obtain
Co log(m + |w|~*) log* (log(m + |w]~*))

(1+ (w/2m)2m) "5 ’
where Cyy = 47 /(sloglog 7). From which we observe that R is also positive and strictly decreasing
on (0,00) since, log(m + |z|~*), log(log(m + |z|%))% and 1/(1 + (w/27)2™)*%" ) are strictly
positive and strictly decreasing on (0,00). So we can apply the bound on ||F[R]||z1 (-7 7)) in
Theorem 3, obtaining, for any a > 0

@ 2 [ R
o) = IFRlosrimy < 2077 [ Riayodo + 2 [ B0 gy,
0 «@

R(w) =

To bound such integrals, we first simplify R. Let 8, > 0, since the following functions are
bounded, non-negative, with a unique critical point that is a maximum, by equating their derivative
to zero we obtain

log' "7 (z)

log® (log(z)) 2 9 L+ 14y -1
= (2 ] — Yy v
PG 10g1+'y(z) ( /’Y) € ) sup Zﬁ ( ﬁ ) € )

zZ>m
so we have for any x > 0,
Co log(m + 27*) log(log(m + 27%))?

Rlz)= (14 (2/27)2m)
_ log?(log(m +x~°)) log" ™ (r + 27°)  Co(m +2%)°
log” (7 + 27%) (m+a=*)% (14 (z/2m)2m) %5
T4+ x75)8
<o)

(1 + (2/2m)2m)"
where C1(8,7) = (2/7)? (HV)H%_3 7Cy < 16Cy/(e342B1H7) < y~287177C). Now we can

control the integral of interest by using the bound above. First, we will split it in two regions of
interest. For the first term, letting 8 < 1,
78 4 8

T2 aR dr < T?7C i d
e i e

< T°C1(8,7) / (78 + &F)adz
0

rlth o~ B
2 + 2— 68)

= Cl(ﬂ77) T2O{2 <

For the second term we have

s\B
/ R(z d <C'167 / (m+27%) _
« 1 + x/zﬂ')2m) 2m

78 4+ aPs
1+x2m s/(2ﬂ-)2m s)

=
/2”wﬁ+a Bsd:v C’lﬂfy/ 7 +a=Ps

x2m+1 a 27T)2m—s dzx

dzr

(7‘(”6 +a” )log( ) ( 7)

_ @ (n” +a7%)/(2m — s).
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So ¢(T) is bounded by
o(T) < 27T%a? (ﬂ'ﬁ N a~Ps ) 2(r? + a*F) log(2X) 218 + 2755
=2 \2 25 R B 2m = s)
By choosing « = 1/T, 8 = 1/1og(T), v = 1/ log(log(T)), we have
Ta=1, a8 = 71/ 1os(T) _ e, BT = (log(T))l/log(log(T)) =e,
and, since s > 1 (by assumption), 2m — s > 1 (by definition of m) and T" > 3 (by assumption), we
have

¢(T) < Cylog(T) log? log(T) (

2m2e N 2melts N 2(m + e*) log(27T) 21 4 e®
2 2—s T m(2m — s)

272 2 2e) log(2 2
< Cylog?(T) log®log(T) (7;6 +2me? + (7 + 2¢) log(2m) c )

+=+2
m ™

< (47%e?)?log®(T) log®log(T). O

F Proofs for Section 5 (Curved Losses)

Proposition 3. Let {; : W — R be a -exp-concave function, let H be an RKHS with feature map
o(t) € H, and define £,(W) = L;(W p(t)) for W € L(H,W). Then for any X,Y € L(H, W),

BX) —T(Y) < (VE(X), X ¥ ) g~ (VX)X =Yg

Proof. Letx = X¢(t) and y = Y ¢(t). By definition and S-exp-concavity of ¢;, we have

-2 vtz - v

- D wh @), (X - V)e
= (V0(2) ® 6(0) (X ~ Vs — 5 (VEala) ©6(0), (X ~ V)
Observing that V(X ) = V¢,(z) © ¢(t) € L(H, W) completes the proof. O

E(X) - Zt(y) = Lli(x) = Le(y) < (Vl(x), 2 —y)

= (Vli(2), (X = Y)o(t))yy

F.1 Strongly-convex Losses

In this section we show how to apply our static-to-dynamic reduction in the context of strongly-
convex losses. Interestingly, the algorithm ends up being essentially the same as the Kernelized-
ONS algorithm of [27], but with a weighted norm defined in terms of the feature covariance operator,
X =AM+p Zi:l #(s) ® ¢(s). The following lemma shows how to connect the instantaneous
regret on round ¢ to the kernelized linear losses ¢g; ® ¢(t) and is analogous to Proposition 3.
Proposition 9. Let /; : W — R be a B-strongly-convex function, let H be an RKHS with associated
feature map ¢(t) € H, and define (W §(t)) for W € L(H, W). Then for any X,Y € L(H, W),

X~ B < (LX), X =¥) = DX - ¥)(6(0) @ 6(0)), X~ V)s,

where ¢(t) @ ¢(t) : H — H is the operator with action (¢(t) @ ¢(t))h = ((t), h) 4, 4(1).

Proof. Letx = X ¢(t) and y = Y ¢(t), and observe that by 5-strong-convexity of ¢; in VW we have

B(X) = BY) = 0(@) — 6ly) < (Vl2). 2 )y — 5 2yl

_8
2

= (Vl(2), (X =Y)o(t),y — 5 (X

B
2

Y)o(t), (X = Y)o(t))yy

Y (Veu(2) @ $(1), X — Vs — 5 (X = V)o(t) @ 9(1), (X = V)

= (Vi) X =YY = X = Y)00) 8 600, (X~ Vhyy |

where (%) uses Lemma 8 and the last line observes that V¢, (z) ® ¢(t) = V&, (X). O
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Using this result it is straight-forward to see that the usual ONS arguments work in this setting.
For instance, by running mirror descent with regularizer ¢, (W) = 3 (WX, W)y where 3, =

M+ 22:1 o(t) ® ¢(t), we have the following regret guarantee.

Theorem 7. (K-ONS for Strongly-convex Losses) Let 1, . .., {1 be a sequence of B-strongly convex
losses. Let A > 0 and for all t, define Xy = X[+ 8 Y."_, ¢(s) @ ¢(s) and ||WH; = (W, W)yg

SJor W € L(H,W). Suppose that on each round A updates

. 1
Wi = argmin (Gy, W)yg + 3 (|[W — WtHQEt ,

WEL(H,W)

starting from Wy = 0 € L(H,W). Then for any uy,...,ur in Wand U € L(H, W) satisfying

u(t) = Uo(t) for all t, Algorithm 1 applied with A guarantees

G2
Rr(uy, ..., ur) < S ||U|Ag + —sdet (A/B) In (e +

2p

where K1 = ((¢(s), ¢(t))3) s ter) and degg(N) = Tr (Kp (M + Kr) ™).

Proof. Applying Theorem 1 followed by Proposition 9, we have

RT(ul,...,uT RT th Wt —ft )
d B
<D (G Wi = Uys — 5 (W = U)(6(1) @ 6(1)), Wi — U)g
(@) &
< Z % U - Wt\lzg,, - % U — WmHét - g (W = U)(o(t) @ 9(1)),

~
Il
-

1
<Gt7 W, — Wt+1>HS - 5 ||Wt+1 - Wt”;t

+
[M]=

t=1

—~
=
=

VA
[M]=
DO =

1

o
Il

A G2

5||U||HS+Z ()13
DX e, & e Mmax(K)
<= = €P Amax (ST )
< 5 [Ullas + 5 den (A/5)In (e—i— > )

where (a) applies the standard bound for online mirror descent, (b

=

SIX =Y, = 500 = ¥)(6(0) © 6(0), (X~ ¥)hg = 5 (X —V)Zi1, X — Vg
X -V,

and uses Fenchel-Young inequality to bound

1 1 -1
(G, Wi = Wasidys = 5 Wern = Wally, < 5 [|Goss ?

eﬁ)\max (KT) )

T
2 1 2 1 2 2
10 = Willg, , = 51U = Weallg, + 37 5 louly l6@)12-
t=1

observes that

1 2 2
=5 lgelw lle@®lis

Wi —U)yg

and (c) uses a mild generalization of the usual log-determinant lemma (Lemmas 6 and 7) and defines

defines K7 = ((¢(s), p())3,)s,te(1]-

O

Note that in the static regret setting, it is possible to avoid the dependence on the comparator norm
entirely and pay only the logarithmic penalty—we do not expect such an improvement to be possible
here since it would violate known Q(Pr) lower bounds for strongly-convex losses [52].
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F.2 Additional Details for Example 3

In this section we provide some extra details showing that for the RKHS # associated with kernel
k(t, s) = min(s, £), we can bound ||u]|?, = | Vul|?, = 0(\/2 = ut,luiv) (Theorem 8) and
deg(X) = O(T/V/X) (Theorem 9). We begin with the bound on the continuous squared path-lenth
[Veullze.

Theorem 8. Let H be the RKHS associated to the kernel k(s,t) = min(s,t) on [0,T]. Then for

any vy, ...,vp € R? there exists a function u € H such that u(t) = v; for all t € [T and
T
2
[ullz, = [Vull72 < O llve = vl + Cllonlfy,
t=2
with C < %

Proof. We assume without loss of generality that v; € R since the result extends immediately to
R? via the coordinate-wise extension mentioned in Section 2. For brevity we will define v; = 0 for

t ¢ {1,...,T} so that we can write Z?:ﬂ“t —v P+ |on? =X v — v A
Note that the RKHS associated with kernel k(s,t) =  min(s,t) is H =
{felL?:f e€L?f(0)=0}, with associated norm |[|f|;, = [[Vfl,. = [IVf(z)*dx

(see, e.g., Example 23 of Berlinet and Thomas-Agnan [6] with m = 1). Now suppose we define

T
u(t) = Z visine(t — 1)
i=1

where sinc(z) = sin(nz)/mxz. Then u and v are square integrable and u(0) = 0, so u € H.
Moreover, the norm associated with  is ||f||3_[ = [|Vf(2)|?dx = HVinQ, so we need only show
that the constructed function u(t) has ||Vu||iz <O, v — vi—1]?).

Denote v(t) = ), v;0(t—4) = v, and observe that we can write u(t) = ZiTzl v(1)sinc(t—1)
sinc)(t), so using the fact that the Fourier transform of sinc is the rectangle function 1;_

= (
(W) =

I{w €[5, 3]} (see, e.g., Kammler [28]), we have ti(w) = v % sinc(w) = 3(w)1[_1,1y(w). Thus,

33

Va2, = /R|Vu(t)|2dt:Aw2\ﬂ(w)|2dw:/2 W25 (w) [2daw

via Parseval’s identity. We proceed by relating v(w) to the DFT of the difference sequence, Av(t) =
v — v;—1 and then applying Parseval’s inequality for sequences to get [|Av(w)|> < 3, |Av(t)]? =
Doilve —ves .
Observe that the DFT of the difference sequence is
A\v(w) — Z(Ut _ vtil)e—Qﬂiwt _ (1 _ e—27riw) the—friwt _ (1 _ e—2wiw)@\(w).
t t
Thus,

2 % ~
IVul2, = / WP [B(w)|2dw

Nl=

w2

= | |Au(w)%d
| e Averas
Now observe that using the identity 1 — cos(z) = 2sin’(x/2) we have
|1 o 627riw|2 —(1— e*‘ﬂ'iw)(l o em’w) —9_ 677m'w o e‘n’iw

(
=2(1 — cos(w)) = 4sin®*(w/2),

[SIE
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then, using w?/ sin®(w/2) < 5 on [—3, ] we have

3 w? —~
Ivalz = [ Wmmﬁdw

< 5/ | w)Pdw = = Z\Av
ZZ'W_U“”Q
t

where the last line applies Parseval’s identity for sequences.

Nl=

O

Next, the following theorem shows that the effective dimension of the linear spline kernel is indeed
O(T/VN).

Theorem 9. Let K1 € RT*T be the matrix with entries [Kr);; = min(i, j). Then

7wl

2VN

Proof. By Lemma 12, the inverse of a matrix Kp with entries [K7];; = min(¢, §) is the tri-diagonal
matrix of the form

der(N) := Tr (Kp(M + K7) ') <

9 1 0 0 0
102 -1 0 0
Clo o1 2 0
Kil=|0o o -1 2 0 ©)
o 0 0 0 .. 1

The eigenvalues of matrices of this form are well-known [17, 32, 43] and have a closed form expres-

sion:
2km km
Me(Ept)=2(1—cos o | | = 4sin?
iy =2 (1= o (s ) ) = 4o (7).

where the second equality uses the identity 1 — cos(z) = 2sin®(x/2). Moreover, using the fact

that sin(z) is concave on [0, 7/2] we can bound sin(z) > 2, so the eigenvalues of K;' can be

bounded as

4 27.2 2
Me(K 1) = 4sin? ( ) ok i

km g4 TR F
2T+1) = w2 (2T +1)2 — T2

Thus, via direct calculation of the effective dimension deg(A\) = Tr (Kp(M + Kp)™t) =

A (K1)
Zk W) +/\,wehave

T T

Z Me(K) _Z 1 ET: 1
A (Kr) + A <1+ A/ A(Kr) 1+ AM(K7 )

k=
1 T o T Y2 1
_;1+Ak2/T2_/0 14 2x2$ )\/O 1+u2u

—~

© T arctan( )ﬁ (2 T
= — arctan(z —
VA T2V
b
where (a) makes a change of variables = = T'/v/Au, (b) uses the fact that fab I +1u2 du = arctan(z)
and (c) uses |arctan(x)| < 7/2 for all . O
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G Proofs for Section 6 (Directional Adaptivity)

In this section we provide the full statement and proof of Proposition 5.
Proposition 10. Let {1, ..., ¢ be a sequence of G-Lipschitz losses and for all t, let g € 00y (wy)
and define Gy = g; ® ¢(t) € L(H, W), Go = G\/max; k(t,t) and ¥y = (A + G3)I + 22;11 G ®

Gy." Let (|-ll;,1Ill,..) be a dual-norm pair characterized by [|W||, = +/(W,5W)yg. Let
€ > 0, and for all t let V;, = 4G3 + 22;11 |Gt||f* o = W‘m and set P, (W) =

kaHWHt minngl/Go |:1n(93/:71t+1) +77Vt} de.

Suppose on each round we set Wy = arg minyer,(3,w) <ZZ;11 G, W> + (W) and we play
wy = Wio(t). Then for uy, ..., up in W and U € L(H, W) satisfying uy = Up(t) for all t,

T
6)\11121)( K
(4 @) U+ <gt,ut>ﬂ i (o Pl
t=1

Rp(U) = O | €Go + 4| der(N)

where K = ({gt, 9s) k(t, 5))t,se1), and degg () = Tr (KT(/\I + KT)’l)

Proof. The result follows as a special case of Theorem 10 with sequence of non-decreasing norms

characterized by [|[W{|, = /(W,%;W),, and Lipschitz constant Gy = Gy/max; k(t,t) >

HVE(Wt) H for all ¢. First, observe that
(Gr,Uhis = (96 @ 0(1), Ui = (96, UB()) 3y = (98 ey

hence from the static regret guarantee of Theorem 10, we get

T
2
DG,
t=1

Rr(U) = O | eGo + 1U |71

I
(G}

T T
€Go + ((A + G UG + > (G, U>%s> S IGHE,
t=1

t=1

T T
O [ eGo + <<A+ N D <gt,ut>2) STIGHE,
t=1

t=1

Moreover, observing that

t—1 -1 t -1
IGI7, = <Gt, (()\ +GHI+> G® Gs> Gt> < <Gt, </\I +) G.® Gs> Gt> ,

s=1 s=1

we have via Lemma 7 that

T
eAmax (K
STIGH?, < deg(A) In (e n /\(T)> 7
t=1
where Krp is the gram matrix with entries [Krli;; = (gs,9;) k(¢,j) and deg(A) =
_ T (K
Tr (Kp(M 4+ Kr)™') =30y )\+Ij\(k(IT()T)'
Hence the dynamic regret Ry (uy, . . ., ur) = Ry(U) can be bound above by
T
~ AII]E),X K
O [ eGo+ | des(N) |(A+ G [UIIFs + > (gt,ut>2] In <1 + )ET))
t=1

"Here, the tensor product Gy ® G is the map such that for V. € L(H, W), (G: ® G)(V) =
(Gt,V)ys Gt € L(H,W). Note that 3; is a self-adjoint operator.
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G.1 Directional Adaptivity via Varying-norms

For completeness we provide a mild generalization of the static regret algorithm of [23] to leverage
an arbitrary sequence of increasing norms. A similar technique has been used to get full-matrix
parameter-free rates by [13].

The analysis remains mostly the same as Jacobsen and Cutkosky [23], but their analysis of the
stability term bounds — Dy, (w¢y1|w;) via a lemma that assumes that ¢, (w) = W (||w||,) for w €
R?. To obtain a full-matrix version of their result, we would instead like to have W (||wl|,,), where
[|-|| o; is @ weighted norm w.r.t. to the inner product (-, -),,, on an arbitrary Hilbert space V. In what
follows, we drop the dependence on W for brevity and simply write (-, -).

We first state and prove the main result of this section. The proof will rely on a few technical
lemmas, which we state and prove at the end of the section in Appendix G.1.1.

Theorem 10. Letr W be a Hilbert space and let (-,-) denote the associated inner product, let

o . e an arbitrary sequence of non-decreasing norms on W, and let |||, :=
) 7 b bi decreasi W, and let ||,
() < Wll; for all t. Let {y,... Ly be convex functions over W satisfying ||ge|l, ., < G

t—1 2
forall t and g; € Oly(wy). Let e, X > 0, Vi = 4G* + 37 lgslly .o v = W,

and set Yy(w) = BfOHw”t min, [W + th} dx, and on each round update w;i1 =

1
G

arg mingeyy <EZ:1 Js, w> + Y1 (w). Then for all u € W,

Rr(u) = O | Ge + ||ul| \/VTIH<W+1>VG1H<W+1>

€ €
where (5() hides constant and log(log) factors (but not log factors).

Proof. Begin by applying the standard FTRL regret template (see, e.g., Orabona [39, Lemma 7.1]):
T T
Rr(u) = Z (g6, we —u) < Y (u) + ZFt(wt) — Frp1(wigr) + (g, we)
t=1

t=1

where F;(w) = <Zi;11 Jss w> + 4 (w). Observe that the summation can be written as

T
ZFt(wt) — Fip1(werr) + {ge, we)
=1

I
M=

(g6, we — wigr) + Fy(we) — Fy(wigr) + (Y — Yeg1) (W)

~
Il

1

—
S
~

T
D (gt we = wepn) + (VE(we), wi = wiea) = D, (W [we) + (Y — g1 (wer)

—
S
N
o~
Il
—

[M]=

(gt, wr — wir1) — Dr, (wegr|we) + (e — Pey1) (werr)

-
Il
—

—~

M=

c

9tll; o lwe — wegall; — Dy, (wega|we) — (Y1 — ) (wes1),

o~
Il

1
where (a) uses the definition of Bregman divergence to write f(a) — f(b) = (Vf(a),a —b) —
Dy (bla), (b) uses the fact that w; = argmin,,cw Fi(w), hence (VF;(w), wy — wyy1) < 0 by the
first-order optimality condition, and (c) uses the fact that Bregman divergences are invariant to linear
terms, so from the definition of F} we have D, (-|-) = Dy, (-|-). Moreover, since |||, , ..., ||| is
a non-decreasing sequence of norms, we can bound the terms

(Yrp1 = ) (w) = Ve ([Jwllyy) = Celllwlly) = Ve (Jwlly) — Te((lwl],),

=AF (lwlly)
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so overall the regret is bounded by

T
Rr(u) < ¢y () + Y gl lwe = wigall, = Dy, (wega|ws) = AF (Jwegall,) -
t=1 =~
From here, the rest of the proof follows using the same arguments as [23], but using our Lemma 5
to bound Dy, (wp1|wy) > 5 [|wy — weiq 12 W, (||w]|,) instead of their Lemma 7. O

G.1.1 A Stability Lemma for Weighted Norms

In this section generalize the stability lemma of Jacobsen and Cutkosky [23] to weighted norms

llzll,; = v/{x, Mz). This is the main technical detail needed for the proof of Theorem 10 that
is not covered by the proof of their static regret algorithm. Throughout this section we assume
the domain W is a Hilbert space with associated inner product (-, -). The following helper lemma
follows via a straight-forward but somewhat tedious computation.

Lemma 4. Let g : W — R be a convex function and let f(x) = \/g(x). Then for x € W s.t.
g(x) > 0 we have
Vy(z)

where ® denotes the tensor product.

an 2 gy~ Vo9@)  Vg(x) ® V()
VI 55 ifxp

Using this, we have the following Hessian bounds for elliptically-symmetric functions:
Lemma 5. Let M € L(H,H) be a positive definite linear operator and assume M is self-adjoint

wrt. (-, -). Let||z|,, = \/(x, Mx) be the weighted norm induced by M and let y)(w) = U (||w]|,,)
for some convex function ¥ : R — R. Then for any w € W bounded away from 0 and any u € W,

Y SO 2 R
(. 90t) > min {0 ol 22 |

Moreover, if W'(-) is concave and non-negative, then for any w € W bounded away from 0 and
ue W,

(u, V2 (w)u) > O (wl ) ull3 -

Proof. The proof follows a similar argument to Orabona and Pal [41, Lemma 23]. Let us first
compute the gradients of f(z) = ||z||,, = \/(z, Mz). Let g(z) = (x, Mx) and observe that if M
is self-adjoint w.r.t. (-, ), we have Vg(x) = 2Mz and V2g(z) = 2M. Hence, applying Lemma 4
we have

2Mw Muw
Vf(w) = =
2 lwliay llwlly
2M AMw ® Mw M Mw® Mw
VQf(w) = 9 - 3 = - 3
lwll 5y 4wl 1wl s [[wl[y
Using this, we have
!/ Mw !/
Vip(w) = VU([lwlly) = Vlwlly O ([[wl]l) = W\p (lwllp),
M

and
V2¢(w) =V (V ||wHM lIj::(HwHJ\/[))
= V2 [|wl g O ([[w]l 1) + " ([[w0]] 1) (V 0]y @ ¥ [J0]] o)
M Mw & Mw Mw Mw
— (] ) - Mwe M) g,y A0 E M)
[wlly ol )%,
iz } g g
_ ( (M <wL|M>>(Mw®Mw)+ (I
]2, w3, s
=3 =7
= B(Mw ® Mw) 4+ yM.
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Hence, for any © € VW we have
(u, V2p(w)u) = {u, (BMw & Muw +vM)u)
= B (u, Mw)® + 7 ||uly,

Now decompose v = w + v for some v such that (Mw, v) = 0; such a v always exists for positive
definite M. Then

2 2 4 2 2
(u, V2p(w)u) = B (v +w, Mw)” + 7 [lv +wlly, = Bllwly, + 7 llwly + vl

V(o) Vol o YOl (e
- - oty + Z0as) (2, 4 o
<||w||i4 ol b g, (el )
W (] )
ol
| Wl
> win { 0ol ), O (g + i)

[[wl] s

. Y (llwllpr)
= min {\I/”(HwHM), — M HU”?W )
l[wll 5

where the last step uses the fact that w and v are orthogonal w.r.t. M.

2 2
= W ([[wll ) lwlla, + 1013

For the second statement of the lemma, we need only show that ¥ (||w|| ,,)/ |w|l,; = ¥”(Jw]|,,)-
This is indeed the case by concavity and non-negativity of ¥/(-):

Y(llwlla) o ¥70) + ¥ ([wlla)([wllar — 0)

lwllar [[wl] s

> W (Jlwlly) - 0

H Supporting Lemmas

The following lemma is a straight-forward generalization of the usual log-determinant lemma (see,
e.g., [10, Lemma 11.11]), taking a bit of extra care to handle determinants of potentially infinite-
dimensional linear operators.

Lemma 6. Let H be a Hilbert space and for all t let v, € H. Suppose vy @ vy : H — H defines

a bounded linear operator for all t and suppose Ay = Ay_1 + vy ® vy for any t > 1, starting from

A(] = 1. Then

_ Det (At—l)
Arlp) =1 — —— 2=y
<Ut, ¢ Ut> Det (At>

Proof. Observe that for any ¢, we have A, = A; 1 + v; ® vy, so re-arranging terms, factoring, and
taking determinants of both sides we have

Det (A) Det (I — A7 'vy ®@ vy) = Det (Ay—1). (10)

Note that each of these determinants are well-defined in terms of the Fredholm determinant: each of
the three terms above is a trace-class perturbation of the identity operator. Moreover, observe that
A; (v, ® vy) is a rank-one operator having single eigenvalue equal to A = <vt, Ay 1vt>. Indeed, for

any w € H we have A, ! (v; @ vg)(w) = (vg, w) A; vy, hence, for w = A, 'v; we have
A7 (v @) (w) = Ap Mo @ v) (A7 M op) = (o, Ay Moy ) Ay Moy = A

Therefore, from the standard rank-one perturbation identity for the determinant we have
Det (I — Ay 'vy ®v¢) = 1 — (vy, A "0y ), so re-arranging Equation (10) yields
Det (At—l)

-1 o
<’Ut,At ’l)t> =1 7]:)61] (At) .
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Lemma 7. Let H be a Hilbert space. For all t let Gy € H be a bounded linear operator and define
Sy =M + 22:1 Gs ® G for X\ > 0. Then

T
ax (K
> (G, 871Gr) < der(A\) In <e+w>
t=1

where K = ({g¢,9s) k(t, 5))¢,seir) and deg(X) = Tr (KT()\I + KT)_l).

Proof. First apply Lemma 6 with v, = G;/+/X followed by the elementary inequality 1 — z <
In (1/x) to get

Mﬂ

T
> (G, 871 Gy) =

t=1 t

% <Gt, (Si/A) " Gt>

Il
—

Det (S;_1/A)
Det (St/)\)

2 (DDtt(S(S/X))

=1In (Det <1+ W))
)
- M(Kr)

where the last line uses the well-known fact that the gram matrix K7 = ({g¢, gs) k(t, 5))¢,se[r) and

1—

I
] =

o
I

1

M=

the empirical covariance operator Z? 1 G+ ® Gy have the same eigenvalues Moreover, following
Jézéquel et al. [27, Proposition 2] we can use the inequality In (1 +z) < 7 +x( +In(l1+2a))to

expose a dependence on the effective dimension deg (A) = Tr (K7 (A + K1)~ ') as follows:

Lemma 8. Let H be a separable RKHS with associated feature map ¢(t) € H and let x € H satisfy
x(t) = X P(t) for some X € L(H,W). Then

x5y = (X (6(t) ® 6(t)), X)ys ,

where ¢(t) @ ¢(t) : H — H is the linear operator with action (¢(t) @ ¢(t))h = (p(t), h)4, (1)

35



Proof. Let hy, ho, ... be an orthonormal basis of . By definition of the Hilbert-Schmidt inner
product, we have

(X(o(t) ® ¢(t)), X) g = Z (X(6(t) ® ¢(t))hi, X hi)yy

—Z (Xo(t), Xhi)yy
—Z 1w (XX (), hi)y

W 6(t), X Xp(1))5, = (Xb(t), X (1)),
= (z,2)yy = [2ll3y

where X* : W — H is the adjoint of X and (x) uses Parseval’s identity. O

Lemma 9. Let W C R and let H be an RKHS with associated feature map ¢. For all t € [T,
let Gy = g1 ® ¢(t) € L(H, W) denote the rank-one operator mapping G¢(h) = (¢(t), h) g € W.
Then for any t,

¢ 2

>,

s=1

t
=3 k(s.5) (90 90 )y

HS

Proof. Let hq, ha, ... be an orthonormal basis of 7{. Observe that for any h € H, (Zzzl GS) (h) =
Zi:l (¢(s), h) gs. Hence, by definition of the Hilbert-Schmidt norm,

DS > (S 00 3 6 )

HS i s=1 s'=1

w

= Z Z <¢(8), h1>7_£ <¢)(5l)7 hz>7—[ <gsa g{s>W

1 8,8’

_Z gsvgs WZ (Sl)vhi>H

s,s’

= Z gs7gs’>w k(Sa Sl)7

where the last line observes that for orthonormal basis h; we have . (#(s), hi)5, (P(s), hi)y

(6(5), $())py = K(s, ). 0

The following theorem shows how to compute the norm of G; = g; ® ¢(t), which is the auxiliary
loss for OLO under our framework. Here we state the result in terms of g, € W* for generality,
but note that in the main text we implicitly invoke Riesz representation theorem to write g € W,

Gy € L(H, W), and |G| = |lgellyy VE(2,1).

Lemma 10. Let H be a RKHS with associated feature map ¢(t) and let VW be a Hilbert space. Let
{; : W — R be a differentiable function and for any W € L(H, W) let ly(W) = £,(Wd(t)). Then
for any W & L(H,W), g € 06:(W(1)), and G = g @ $(t) € 0b(W),

2 2
1Gillias = [1gelly . Bt ),

where k(s,t) = (¢(s), (1)) is the kernel associated with H and |-\ , is the dual norm of ||-|| .

Proof. We have via Lemma 11 that

Gy = g, ® @(t) € Dl (W) C L(H, W)*,
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where g; € 0:(W¢(t)) C W*. By Riesz representation theorem, we can identify a g; € W such
that for any w € W, g;(w) = (g:,w),,, and likewise we can identify G; € L(H,W)* with a

rank-one operator G; € L(H, W) with action é\t(h) = (¢(t), h), g:- Hence, we have by definition
of the Hilbert-Schmidt norm that for any orthonormal basis {h;}, of #,

IGIEs =D G hill3y

= 3 (00 hiY3 Gy

2
= llgellw . 1) 15

where the last line again uses Riesz representation theorem to write ||g;|,, = |/g¢|l,) , and then

uses » . (o(t), h1>3{ = ||¢(t)||i£ by Parseval’s identity. Moreover, since ¢(t) are the features of an
RKHS with kernel &, we have

6(D) 17, = (6(1), (1)), = k(t,1) - 0

Lemma 11. Let H be a RKHS with feature map ¢(t) € H, and let W be a Hilbert space. Let

;- W = R be a convex function and let L,(W) = £,(W(t)) for W € L(H, W). Then for any
W e L(H, W) and any g, € 00;(W $(t)) C W*,

Gr = g: @ B(t) € 0L (W) € L(H W),
where Gy € L(H,W)* is the functional with action G,(W) = (g;, Wo(t))y, for all W €
L(H,W).
Proof. Let W € L(H, W), w, = W¢(t) € W, and let g, € 0(w,) C W*. Define G, =
gt @ ¢(t) € L(H,W)* the functional on L(H, W) with action
Gi(W) = (9, Wo(t)),, YW € L(H,W).
Now observe that for g, € 9¢;(w;), for any w € VW we have
Ci(w) = Ge(we) + (g, w — we)yy = Le(WP(1)) + (g, w0 — W(E))yy
hence for any V' € L(H, W) we can take w = V¢(¢t) to get
L(Vo(t) = L(We(t) + (g0, Vo(t) = Wo(t))yy = b(We(t) + (ge, (V = W)o(t)y
that is,
G(V) > (W) + Go(V — W).
0 Gy = g1 ® ¢(t) € OL(W) C L(H, W)*. O
For completeness, the following lemma provides the inverse of a matrix with entries K;; =

min(i, 7). A similar result can be seen in the proof of Jacobsen and Orabona [26, Lemma 4], where
a variant of the matrix K appears as an intermediate calculation.

Lemma 12. Let K € RT*T be a matrix with entries K; j = min(i, j). Then K 1 is a tri-diagonal
matrix of the form

2 -1 0 0 0 0
-1 2 -1 0 0 0
0 -1 2 -1 0 0
k-1_]0 0o -1 2 0 0
0 0 0 0 2 -1
0 0 0 0 -1 1



Proof. Tt can easily be checked that K has Cholesky decomposition K = U U where U is the
upper-triangular matrix of 1’s. Hence, K~! = U~}(U")~!. Moreover, the inverse of U is the
first-order finite-differences operator with entries

1 ifi=7j
Yij=4q—-1 ifj=i+1.
0 otherwise

Indeed, (UX);; = Zle UikXk; = —Ui j—1 + U;; = 1 for i = j and zero otherwise. Computing
K~! = ¥%7 yields the tri-diagonal matrix of the stated form. O
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The claims in the abstract and introduction accurately summarize our con-
tributions: we present a reduction from dynamic regret minimization to static regret min-
imization in an RKHS. We design a class of function spaces which allow us to obtain
optimal regret guarantees Section 4.1 and our result easily generalizes to scale-free updates
using well-known clipping techniques (Appendix C.3). We show that our approach enables
us to leverage loss curvature to obtain ||u||?_l + degr(A) log(T") dynamic regret in Section 5.
Finally, we show how to obtain directionally adaptive dynamic regret guarantees in Sec-
tion 6.

Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

e The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these
goals are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We discuss the computational difficulties inherent to the RKHS approach
approach in Section 4, and provide direction to well-known ways to address these issues
from the RKHS literature. In Section 5 we discuss that we were unable to find a kernel with
effective dimension which will enable the optimal 7'/ 3P:,21 % for the class of TV bounded
sequences. We detail explicitly which specific classes of loss functions our results hold
for (Lipschitz convex losses in Sections 4 and 6, exp-concave losses, strongly-convex, and
regression losses in Section 5).

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means
that the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations” section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The au-
thors should reflect on how these assumptions might be violated in practice and what
the implications would be.

¢ The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the ap-
proach. For example, a facial recognition algorithm may perform poorly when image
resolution is low or images are taken in low lighting. Or a speech-to-text system might
not be used reliably to provide closed captions for online lectures because it fails to
handle technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.
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* If applicable, the authors should discuss possible limitations of their approach to ad-
dress problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: For each theoretical result, we explicitly state all necessary assumptions and
provide complete proofs in the main text or appendix. The arguments are self-contained or
discussed earlier in the relevant section.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theo-
rems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a
short proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be comple-
mented by formal proofs provided in appendix or supplemental material.

¢ Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclu-
sions of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA|

Justification: We do not include experimental results in this work, as the current focus is
on proving the theoretical guarantees and exploring potential applications.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

* If the contribution is a dataset and/or model, the authors should describe the steps
taken to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture
fully might suffice, or if the contribution is a specific model and empirical evaluation,
it may be necessary to either make it possible for others to replicate the model with
the same dataset, or provide access to the model. In general. releasing code and data
is often one good way to accomplish this, but reproducibility can also be provided via
detailed instructions for how to replicate the results, access to a hosted model (e.g., in
the case of a large language model), releasing of a model checkpoint, or other means
that are appropriate to the research performed.

* While NeurIPS does not require releasing code, the conference does require all sub-
missions to provide some reasonable avenue for reproducibility, which may depend
on the nature of the contribution. For example
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(a) If the contribution is primarily a new algorithm, the paper should make it clear
how to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to re-
produce the model (e.g., with an open-source dataset or instructions for how to
construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case au-
thors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]

Justification: Since this paper does not include experimental results, there is no data or
code provided for reproduction.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not
be possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]

Justification: As this paper does not include experimental results, there are no training or
test details provided.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of
detail that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
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7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropri-
ate information about the statistical significance of the experiments?

Answer: [NA|

Justification: As this paper does not include experimental results, no error bars or statistical
significance are reported.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer ~’Yes” if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

¢ The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

¢ Itis OK to report 1-sigma error bars, but one should state it. The authors should prefer-
ably report a 2-sigma error bar than state that they have a 96% Cl, if the hypothesis of
Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA|

Justification: As the paper does not include experimental results, there is no information
provided regarding computational resources.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments
that didn’t make it into the paper).

9. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research conducted in this paper fully conforms to the NeurIPS Code
of Ethics. There are no ethical concerns related to data collection, experiments, or other
aspects of the work, as it focuses purely on theoretical analysis.

Guidelines:
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¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA|

Justification: This paper focuses on theoretical advancements in online learning algorithms
and does not have direct societal applications. As such, it does not explicitly discuss poten-
tial positive or negative societal impacts. The work is foundational in nature and does not
involve technologies that could be misused or present ethical concerns in its current form.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

e If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact spe-
cific groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitiga-
tion strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: This paper focuses on theoretical algorithmic advancements in online learning
and does not involve the release of models, data, or other resources that could pose risks
for misuse. Therefore, no safeguards are necessary, as there is no high-risk data or models
associated with the work.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by re-
quiring that users adhere to usage guidelines or restrictions to access the model or
implementing safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.
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12.

13.

14.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]

Justification: This paper does not use any external assets such as code, data, or models. All
work presented is original and theoretical, and no third-party assets were incorporated.

Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the pack-
age should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the li-
cense of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?

Answer: [NA]
Justification: This paper does not introduce any new assets such as datasets, code, or mod-

els. The work is purely theoretical, and no new assets were created or released as part of
this research.

Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can
either create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the pa-
per include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.
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15.

16.

* Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should
be included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, cura-
tion, or other labor should be paid at least the minimum wage in the country of the
data collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA|
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equiva-
lent) may be required for any human subjects research. If you obtained IRB approval,
you should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity
(if applicable), such as the institution conducting the review.

Declaration of LLLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used

only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA|

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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