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Abstract

We study pure exploration problems where
the set of correct answers is possibly infi-
nite, e.g., the regression of any continuous
function of the means of the bandit. We
derive an instance-dependent lower bound
for these problems. By analyzing it, we
discuss why existing methods (i.e., Sticky
Track-and-Stop) for finite answer problems
fail at being asymptotically optimal in this
more general setting. Finally, we present
a framework, Sticky-Sequence Track-and-
Stop, which generalizes both Track-and-Stop
and Sticky Track-and-Stop, and that enjoys
asymptotic optimality. Due to its general-
ity, our analysis also highlights special cases
where existing methods enjoy optimality.

1 INTRODUCTION

In pure exploration problems, an agent sequentially
interacts with a set of K € N probability distributions
denoted by v = (V)¢ () € Q modeling the outcome
of K different experiments, where Q is an arbitrary set
of problems. The main goal of the agent is answering a
given question about these distributions as efficiently
as possible, i.e., using the least possible amount of
samples. Let X be an answer space for the question
at hand; then, for each possible v € Q, a set-valued
function (a.k.a. correspondence [Aubin, 1999]) maps
each possible instance v to a set of correct answers
X*(v) € X. The agent is then given a maximum
risk parameter 6 € (0,1) and has to return a correct
answer € X*(v) with probability at least 1—d, while
minimizing the number of interactions.

This framework models a broad range of settings, with
the most extensively studied being the Best-Arm Iden-
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tification (BAI) problem [Even-Dar et al., 2002]. Here,
the answer space is X = [K| and the unique correct an-
swer is described by the single-valued correspondence
X*(v) = argmaxyc k) pg, where p = (Nk)ke[K] de-
notes the means of the distributions in v.! In the
seminal work by Garivier and Kaufmann [2016], the
authors derived an information-theoretic lower bound
showing that, in the unstructured bandit setting, any
algorithm requires at least a certain number of samples
in order to identify the best arm with high probabil-
ity. Furthermore, the authors proposed the Track-and-
Stop (TaS) algorithm, which achieves optimal sam-
ple complexity rates in the high confidence regime of
6 — 0. The key idea behind TaS is to exploit ora-
cle weights, which are probability distributions over
arms that represents the optimal sampling strategy
for an algorithm with full knowledge of the instance
v. TaS mimics this oracle algorithm by tracking the
oracle weights of an empirical estimate of the instance
p. Subsequent work has extended these asymptotic
optimality results to BAI problems with additional
structure on the instance means p [Moulos, 2019, De-
genne et al., 2020a, Kocak and Garivier, 2020, Jour-
dan et al., 2021, Russac et al., 2021, Vannella et al.,
2023, Carlsson et al., 2024, Poiani et al., 2024, 2025,
Russo et al., 2025, Tuynman and Degenne, 2025, Laz-
zaro and Pike-Burke, 2025]. More generally, several
works have shown how to leverage these techniques to
build asymptotically optimal algorithms for arbitrarily
structured problems where there is a single correct an-
swer [Degenne et al., 2019, Ménard, 2019, Juneja and
Krishnasamy, 2019, Wang et al., 2021, Kaufmann and
Koolen, 2021]. For instance, asymptotically optimal
results are available for the broad class of sequential
partition identification problems, where each instance
v belongs to an element of a partition of the set of in-
stances Q, and the goal lies in identifying the index of
the partition that v belongs to. A key aspect of most
of these studies is that they rely on the well-behaved
nature of oracle weights as functions of the instance.

These properties no longer hold in the broader setting
of problems with multiple correct answers, where the

'For any n € N we denote by [n] the set {1,...,n}.
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correspondence X*(u) denoting the set of correct an-
swers is no longer single-valued. Asymptotic optimal-
ity for such problems has been studied by Degenne and
Koolen [2019] in the case in which the set of possible
answers X is finite.? Specifically, the statistical lower
bound is now expressed as a minimum over all the
multiple correct answers of the lower bound for single-
answer problems. Let Xp(v) C X*(v) denote the
subset of correct answers that attain this minimum.
Intuitively, when there are multiple correct answers,
some answers might be statistically easier to identify
than others. X'r(v) is precisely the set of the “easiest”
correct answers. However, the presence of multiple an-
swers in Xp(v) introduces topological challenges that
hinder the direct application of the Track-and-Stop al-
gorithm. Degenne and Koolen [2019] solve this issue
by introducing the Sticky-Track-and-Stop (Stiky-TaS)
algorithm, which first identifies a statistically conve-
nient correct answer, i.e., one that belongs to Xr(v),
and then sticks to it by tracking its corresponding or-
acle weights (which, for a fixed answer, exhibit the
“nice” properties required to prove asymptotic opti-
mality). Crucially, both the way Sticky-TaS selects an
answer and its ability to stick to it heavily depend on
the fact that |X| is finite.

In this work, we drop the assumption that |X| is fi-
nite and study the more general setting in which the
answer set X may be infinite. Our analysis adopts
an asymptotically optimal perspective, focusing on the
challenges that arise when the set of correct answers
X*(p) is infinite. This model captures fundamental
applications that are currently underexplored and not
yet fully understood in the bandit literature, such as
the problem of regressing a continuous function of the
bandit means. To give a concrete application exam-
ple, consider a pricing problem where each arm cor-
responds to posting a certain price, and the observed
reward is a Bernoulli variable indicating whether the
item was purchased. A company may wish to estimate,
up to accuracy € > 0, the revenue associated with the
optimal price, or the maximum revenue gap that ex-
ists between the optimal and the worst price. In these
cases, both the answer space and the space of correct
answers are infinite sets.

1.1 Contributions

We focus on what we call regular pure exploration
problems. Intuitively, these are problems in which al-
ternative models for an answer z € X are “stable” for
nearby answers 2’ (i.e., belonging to some neighbor-
hood of z). This definition (see Section 3.1 for the

2This formulation also models problems like e-best arm
identification, further explored in Kocdk and Garivier
[2021], Jourdan and Degenne [2022], Jourdan et al. [2023].

precise statement) imposes only minimal and natural
requirements. Indeed, it encompasses all cases where
the correspondence p = X*(u) is continuous (Theo-
rem 1). This continuity property is satisfied in funda-
mental problems such as the problem of regressing an
arbitrary continuous function of .

After introducing regular pure exploration problems,
we present an asymptotic lower bound on the number
of samples that are required to identify a correct an-
swer in X*(u) (Theorem 2). Then, in Section 4, we an-
alyze the properties of this lower bound. In particular,
we study continuity properties of the oracle weights,
the lower bound itself, and the mapping Xr(p), and
we analyze their algorithmic implications for infinite-
answer problems. We argue that the presence of in-
finite answers makes it impossible to select and track
the empirical oracle weights for a single correct answer
in Xp(v). This undermines the core argument behind
asymptotic optimality of Sticky-TaS.

We address this challenge in Section 5. In particu-
lar, we show that it is not necessary to select and
stick to a single correct answer. Instead, it suffices
to track a sequence of empirical oracle weights asso-
ciated with a sequence of answers that converges to
some (potentially unknown a priori) correct answer in
Xr(v). Building on this, we introduce a general frame-
work (Sticky-Sequence Track-and-Stop) which, when
equipped with a method for selecting a converging
sequence of answers, achieves asymptotic optimality
guarantees (Theorem 3).

The main challenge here is constructing a converging
sequence of answers by only exploiting a sequence of
sets that converges to the unknown set Xp(v). To
present challenges and connections with existing al-
gorithms (i.e., TaS and Sticky-TaS), we show how
this can be achieved according to different topological
properties of X and Xr(v), which we group in four
main scenarios. (i) If Xp(v) is single-valued for all
problems in Q, then both TaS and Sticky-TaS already
implement a converging sequence of answers, thereby
achieving optimality. (ii) When X C R, this property
is lost by TaS, but the total order on the reals en-
sures that the sequence of answers selected by Sticky-
TaS converges to some x € Xp(p). (iii) If |Xp(v)]
is finite but, for example, X C R?, then neither TaS
nor Sticky-TaS guarantees the convergence property.
However, this can be ensured by a simple rule that se-
lects the next answer as the closest to the previous one
within a suitable confidence region. (iv) In the gen-
eral case where the only information available is that
X C R?, we propose an algorithm that progressively
discretizes the answer space while guiding the selection
of answers according to the history of the previously
selected ones.
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Additional Related Works In pure exploration
literature, to the best of our knowledge, there exists
two works that deals with infinite answer problems
i.e., Deep et al. [2024], Osogami et al. [2025]. In par-
ticular, Deep et al. [2024] focus on unstructured K = 2
bandit problems with the goal of estimating an inter-
val of width at most € that contains p; — o with high
probability. Osogami et al. [2025], instead, study the
problem of estimating the value of the optimal arm, up
to an accuracy e, in unstructured bandit settings. Our
work is more general in the sense that we deal with
correct answer correspondences that comprehend the
ones considered in Deep et al. [2024], Osogami et al.
[2025]. Furthermore, structured bandits are also al-
lowed within our framework.

2 PRELIMINARIES

Mathematical Background We denote by A, the
n-dimensional simplex. Given X C R? and z € X,
we denote by B,(z) = {2’ € X : ||l — 2’| < p} the
ball of radius p around x and for a set A C X we
denote by B,(A) the union of B,(x) over all z € A.
Given a set X', we denote by cl(X) its closure. Now,
let X C R™ and ) C R™, we denote by C' : X = )
a set-valued function (i.e., correspondence) that maps
each element z € X to a (non-empty) subset C'(z) C Y
[Aubin, 1999]. The correspondence C' is upper hemi-
continuous if, for all z € X, and for every open set
V C Y such that C(x) C V, there exists a neighbour-
hood U of x such that C(z’) is a subset of V for all
2’ € U. Furthermore, C is lower hemicontinuous if,
for all x € X, and for every open set V C ) such that
C(z) NV # B, there exists a neighbourhood U of z
such that C(2') NV # ( for all 2’ € U. Finally, a cor-
respondence C' is continuous if it is upper and lower
hemicontinuous.

Learning Model The learner has K € N possible
choices, each associated with a probability distribution
v, over R. We denote by v = (v4)re[k] the vector of
distributions which we refer to as the bandit model.
Let p = (1x)ke[k) be the vector of means of the distri-
butions v, where each pu, = Eg.,, [R] is the expected
value under distribution v;. In this work, we consider
distributions that belong to a canonical exponential
family [Cappé et al., 2013].% Conveniently, since these
distributions are fully characterized by their means, we
may, with a slight abuse of notation, refer to p as the

3These distributions include, e.g., Gaussian distribu-
tions with known variance and Bernoulli distributions. We
refer the interested reader to Appendix H.2 for additional
details on canonical exponential families. For concentra-
tion purposes, we also require that these distributions are
sub-Gaussian.

bandit model. We denote by © the interval defining
the possible means for any arm . We make the stan-
dard assumption that the exponential family is regu-
lar and bounded, meaning that © is a closed interval
strictly contained in an open one (see, e.g., Degenne
et al. [2019], Poiani et al. [2025]). Furthermore, to
represent (possible) additional structure on the ban-
dit model, we assume knowledge of a set M C OF
defining the set of admissible bandits models that the
learner could face, i.e., u € M. We consider a possibly
infinite answer space X C R?. For each bandit model
1 € ©K the set of correct answers for p is represented
by a correspondence X* : ©X = X. The learner inter-
acts repeatedly with the bandit model. During each
round ¢ € N, it selects an action A; € [K] and observes
an outcome Ry ~ vga,. Let Fy = o((4s,Rs)i_;) be
the o-field generated by the observations up to time ¢.
A learning algorithm takes in input a risk parameter
0 € (0,1) and is composed of (i) a F;_j-measurable
sampling rule that selects the next action A; € [K],
(ii) a stopping rule 75, which is a stopping time with
respect to (Fi)ien, and (iii) a Fr,-measurable decision
rule that selects a final decision &,, € X. We say
that an algorithm is d-correct if P, (&5 ¢ X*(p)) <6
for all p € M. In words, J-correct algorithms pro-
vide, for each p € M, an answer &,, € X*(u)
among the correct ones with probability at least 1 — 4.
Among the class of d-correct algorithms, we look for
those minimizing the expected stopping time, that
is, By [1s] = D ke(x) Eu[Nk(7s)], where Ni(t) denotes
the (random) number of samples collected for action
k € [K] up to time ¢t. In the following, we will use
N (t) to denote the vector (Ni(t),..., Ng(t)) and fi(t)
to denote the empirical estimate of p at time ¢, i.e.,
(1) = Ni(t) 7' Yo, Re1{A; = k}.

Alternative Models For each z € X, the set of
alternative models —x is defined as =z = {A € M :
x ¢ X*(A)} (see, e.g., Degenne et al. [2019], De-
genne and Koolen [2019]). In words, —x is the set
that contains all the bandit models A for which x is
not a correct answer for X.* We generalize this con-
cept to any subset of answers & C X. Specifically,
X ={AeM: :Vee Xz ¢ XN} The set
—X extends the notion of alternative models to any
arbitrary collection of answers, as it requires that each
answer x € X is not correct for X. It directly follows
that -X C —x for any X such that x € X. This
generalization plays a crucial role in defining regular
pure exploration problems, which we introduce in Sec-
tion 3.1.

4W .l.o.g., we assume that -z # 0 for all z € X. Indeed,
if there exists Z € X such that - = (), then a J-correct
algorithm can trivially return Z for any pu € M without
even interacting with the environment.
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Divergences Finally, we introduce some diver-
gences that are commonly used in pure exploration
problems (see e.g., Degenne et al. [2019], Degenne and
Koolen [2019]). Intuitively, as we will see in the next
section, they are helpful in statistically identifying the
correct answers. Let d(p, q) be the KL divergence be-
tween distributions with means p and g, respectively.
Then, for p € OX, A C M and w € R, we define the
following:

D(pu,w,A) = inf > wrd(p, Ar)

ke[K]
D(p,A) = sup D(p,w,A)
WEAK
D(p) = sup D(p,2).
TeEX* (1)

Let us introduce Xrp(p) = argmax,cy«(,) D(p, ).
We will later see that Xp(p) represents the subset of
correct answers for p that are the “easiest” to identify.
Moreover, for any p € ©F and any set A C M, we
denote by w*(u, A) the argmax over w of D(u,w, A).
Finally, w*(p) = U, ex, (u) @" (1, ~2) denotes the or-
acle weights for p.

3 LOWER BOUND

3.1 Regular Pure Exploration Problems

We now define the class of reqular pure exploration
problems, which are characterized by a set of regu-
larity assumptions detailed below. All the problems
considered in this paper belong to this class.

Assumption 1 (Compactness). X is compact and
p B X* () is compact-valued.

Assumption 2 (Identifiability). For all p € M, there
exists T € X*(u) such that p ¢ cl(—).

Assumption 3 (Continuity of D(u,w,-B,(x)) to
D(p,w,x)). For all sufficiently small ¢ > 0, there
exists p > 0 such that, for all p € OF, w € Ak, z €
X, it holds that —=B,(z) # 0 and D(p,w,-B,(z)) —
D(p,w,—z) <e.

Assumption 1 imposes mild regularity conditions,
namely compactness, on both the answer space and
the correct answer correspondence X*(u). Assump-
tion 2, instead, is necessary for learnability. When this
assumption does not hold, the sample complexity is in-
finite, even in settings with a finite number of possible
answers. This follows directly from the lower bound by
Degenne and Koolen [2019] (see Appendix B.1 for fur-
ther discussion). Finally, at first glance, Assumption 3
may appear to be a purely technical condition. How-
ever, as our analysis reveals, for a subset X C X™*(u),
the quantity D(p,w, —uj(v) can be related to the com-
plexity of distinguishing p from all the models in M

for which none of the answers in X are correct. In-
tuitively, Assumption 3 implies that distinguishing p
from —z becomes arbitrarily similar to distinguishing
p from —B,(x) whenever p is small. In this sense, to
demonstrate that Assumption 3 holds, it suffices to
prove a form of “smoothness” in the alternative mod-
els when switching from -z to —B,(z), i.e., for all
A € —z, there exists A € —B,(x) such that A ~ A for
p — 0 (see Lemma 23). As one might expect, we can
show that Assumption 3 holds whenever p 2 X* (1)
is continuous (see Appendix B.2 for the proof).

Theorem 1 (Continuous Correspondence Implies As-
sumption 3). If p =2 X*(w) is continuous, and M and
X are compact sets, then, Assumption 3 holds.

Uniform vs Local Continuity It is important to
observe that we require Assumption 3 to hold uni-
formly over ©® x Ag x X. If Assumption 3 only re-
quired local continuity, then Theorem 1 would follow
almost directly from the reasoning presented earlier.
Showing uniform continuity is more challenging, as we
need to show the existence of a p for which the con-
ditions hold uniformly across all choices of A. At this
point, one might wonder why we relied on Assump-
tion 3 rather than directly assuming that X*(u) is
continuous. The key point is that Assumption 3 al-
lows us to fully generalize prior results for the finite-
answers setting. Indeed, Degenne and Koolen [2019]
allow X*(u) to be discontinuous in p. Nevertheless,
Assumption 3 always holds for problems with finite
possible answers (see Appendix A.2), showing that we
can properly generalize Degenne and Koolen [2019].

Examples We now give some examples of regu-
lar pure exploration problems. First, as anticipated
above, we can deal with arbitrary finite answer prob-
lems (Appendix A.2). Secondly, given ¢ > 0 and
any continuous function f : © — X (e.g., the max-
imum), we can consider the problem of estimating
f(p) up to an accuracy level e.° In this case we
have X*(p) = {z € X : ||f(1r) — 2]lcc < €}. In Ap-
pendix A.1 we prove that, Assumptions 1 to 3 holds
in these problems.® Furthermore, given two distinct
learning problems defined by the correspondences X}
and X3 for which Assumptions 1 to 3 hold, one can
prove that Assumptions 1 to 3 hold for the learn-
ing problem defined by the product correspondence
X7() = {(wr,a2) + o € X (p),wz € Xf(p)} (see
Appendix A.3). Thus, we can combine arbitrary finite

5Note that, thanks to this result, we are able to show
that regular exploration problems, under the assumption
of a compact domain, encompasses the problem studied in
Deep et al. [2024], Osogami et al. [2025].

SWe introduced the problem using the fo-norm, but
other norms could also be considered.
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answer problems with regression problems. Finally, we
show in Appendix A.4 that the problem of learning an
e-Nash equilibrium in two player stochastic zero-sum
games [e.g., Zhou et al., 2017, Maiti et al., 2023] can
be formulated as a regular pure exploration problem.

3.2 Sample Complexity Lower Bound
We now present the lower bound for infinite-answer
problems, whose proof is deferred to Appendix C.

Theorem 2 (Lower Bound). For any p € M, and
any 6-correct algorithm it holds that:

.. . E,[7s] 1

1 f B0 > T = —. 1

it =T W= 5 )
Theorem 2 provides an asymptotic lower

bound on E,[rs] that holds for any d-correct
algorithm. By explicitly writing D(p) =
SUD,e 1+ () SUPweA,, Mxe—a D per] W1k, Ak)

we see that the lower bound of Theorem 2 is expressed
as a max-min game, where the max player chooses
both a correct answer x within X*(u) and a strategy
w over the arm space, and the min player chooses
an alternative model A for which x is not a correct
answer. For this reason, answers in Xp(p) can be
regarded as the statistically easiest correct answers
to be identified (formally, we will prove that the sup
over X*(u) is actually attained and therefore Xp ()
is well defined). Finally, we mention that Theorem 2
nicely generalizes the lower bound for multiple (but
finite) correct answers of Degenne and Koolen [2019].
We note that the proof of the lower bound of Degenne
and Koolen [2019] was explicitly using the fact that
X*(u) is finite. Proving Theorem 2 thus required
ad-hoc arguments to extend the result to our setting.
For space constraints, we provide further details on
this point in Appendix C.

4 ON REGULAR PURE
EXPLORATION PROBLEMS

We now present properties of the divergences and
discuss their implication for existing algorithms, i.e.,
Track-and-Stop [Garivier and Kaufmann, 2016] and
Sticky Track-and-Stop [Degenne and Koolen, 2019].

Lemma 1 (Continuity). The following holds:

(i) The function (p,w,z) = D(p,w,—x) is continu-
ous over OK x Ax x X.

(i) The function (w,x) — D(p,—x) is continuous
over OK x X and (p,r) = w*(u,-x) is upper
hemicontinuous and compact-valued.

(iii) The function (p,w) — maXyex+(u) D(p, w, )
is continuous over OK x Ay and (p,w) =
argmax ¢y« () D(M, w, =x) is upper hemicontin-
uous and compact-valued.

(iv) The function pu — D(u) is continuous over OK.
Moreover, p = w*(p) and p = Xp(p) are upper
hemicontinuous and compact-valued over S.

It is well-known that results analogous to Lemma 1
play a crucial role in the design of optimal algorithms.
For instance, Degenne and Koolen [2019] exploited
similar results for the case of problems with finite sets
of answers.

Although properties (i7) and (%ii) play a crucial role
in designing optimal algorithms, their derivation is
relatively standard. In contrast, it is interesting to
consider properties (i) and (iv), for which we need to
make at least three important considerations. First,
proving point (i) requires novel arguments as, contrary
to Degenne and Koolen [2019], we have to guarantee
that D(p,w, ) is jointly continuous on the prod-
uct space ©F x Agx x X. The joint continuity is cru-
cial here, since it is then used to prove all the other
claims within Lemma 1. On a technical level, the main
idea to prove (i) is combining the joint continuity of
(p,w) = D(p,w,x) for all z € X (see [Degenne
and Koolen, 2019, Theorem 4]) together with Assump-
tion 3. To this end, it is important to highlight again
that Assumption 3 holds uniformly across the domain.
This allows us to prove joint continuity by using that
D(p,w, —x) is separately continuous in p and w for a
fixed x. Second, it is interesting to highlight that, in
point (iv), the continuity of g — D(u) and, more sur-
prisingly, the upper hemicontinuity of Xr(u) do not
require the continuity of g = X*(u) but only the
joint continuity of D(u,w,—x). Indeed, when study-
ing max,e x+ () D(p, —), if X*(p) is not continuous,
we cannot directly apply Berge’s maximum theorem
to prove the continuity of D(p). However, we can ob-
serve that max,cy«(u) D(@, ~2) = maxzex D(p, —x)
(Lemma 27) and then use Berge’s theorem (X is a con-
stant correspondence and thus trivially continuous).

4.1 Failure of Sticky Track-and-Stop with
infinite answers

We now discuss why the Sticky-TaS algorithm [De-
genne and Koolen, 2019] is not optimal in the infinite-
answer setting. In particular, while conditions similar
to those in Lemma 1 were sufficient to establish its op-
timality in the finite-answer case, they are no longer
sufficient when the answer space is infinite. This dis-
cussion will underscore the fundamental differences be-
tween the finite and infinite-answer settings.
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Figure 1: Even though the sets X; (in blue) are progressively shrinking toward Xr(u) (in

ts ts

), the answers selected

x; could oscillate between one of the two correct answers marked by the red crosses.

Algorithm 1 Sticky-TaS [Degenne and Koolen, 2019]

Require: Total order over X, exploration funct. g(t)

1: Sampling Rule

2. Cy={p" € M:D(p(t), N(t),n') <log(g(t))}

3 & = Uy ec, Xr()

4: Pick x; € A} according to the total order over X

5: Compute w(t) € argmax,ca, D(f(t),w, ~x¢)

6: Let w(t) be the projection of w(t) onto A% = AgN
[Eta 1]K

7. A; € argmax¢ (k) S wi(s) — Ni(t)

8: Stopping Rule

9: Stop if Btﬁ < MaXgex*(u(t)) D(ﬂ(ﬁ), N(t), ﬁil?)

10: Recommendation Rule
11 &y € argmax ey« (g D(0(t), N(t), 7z)

First, we first recall how Sticky-TaS works (pseu-
docode in Algorithm 1). During each round t € N,
the algorithm defines a confidence region C; around
£(t), using a suitable exploration function g : N — R.
Then, it computes a set of candidate answers X; using
models in C; and selects an answer z; € X; according
to a pre-specified total order over X. Once this is done,
it computes the empirical oracle weights for answer z;
and it applies the C-Tracking [Garivier and Kaufmann,
2016] sampling rule on the sequence {@&(s)}!_,, where
@(s) denotes the [, projection of w(s) onto A% and
e = (4(t + K?))~/2. The algorithm then stops using
the condition f;s < maxgex«(a)) D((t), N(t), )
and returns any answer that attains the argmax in
D(fu(t), N(t),~x). Here, fts is a calibrated thresh-
old [Kaufmann and Koolen, 2021] which ensures ¢-
correctness.

The upper hemicontinuity of g = Xp(p) (point (iv)
of Lemma 1) ensures that X; C B.(Xp(u)) for any
e > 0 and sufficiently large ¢ (indeed, C; will con-
centrate around g under a good event). This prop-
erty holds regardless of whether X is finite or infinite.
However, when X is finite, we can essentially identify
B (Xr(w)) with Xr(p) and, therefore, we can say that
X; = Xr(p) for sufficiently large ¢. Thus, Sticky TaS

sticks to a fixed x € A} thanks to the pre-specified
total order of X'. However, when X’ is not finite, one
can only ensure that Xy C B.(Xr(p)). As a conse-
quence, the algorithm can fail at sticking to a single
answer as the total order over X might select answers
that progressively disappear from X; (thus breaking
the optimality proof of Sticky-TaS). Furthermore, a
total order over X might even select answers in X} in
a way that prevents any sort of converging behavior
to a single answer in Xr(p). In Figure 1 we present
an example of this problem and in the next section we
show how to circumvent it.”

5 AN OPTIMAL FRAMEWORK

In order to address the upper hemicontinuity issue dis-
cussed above, the main idea is selecting a sequence
of candidate answers x; € X such that, under a
good event, x; progressively converges to some answer
T € Xp(p).® Indeed, we will show that this guarantees
asymptotically optimal rates. The rest of this section
is structured as follows. In Section 5.1, we introduce a
general framework (Sticky Sequence TaS) that works
with any converging selection rule (Definition 1), and
we present its theoretical guarantees. In Section 5.2,
we show how to implement converging selection rules.

5.1 Sticky Sequence Track-and-Stop

Sticky Sequence Track-and-Stop shares the same pseu-
docode of Sticky Track-and-Stop (i.e., Algorithm 1)
with one major difference. Specifically, rather than
using a pre-specified total order over X to select an
answer z; € X, (Line 4), it uses a convergent selection
rule, which is defined as follows.

"One might argue that, although z; is not converging,
the corresponding oracle weights w(t) could still lead to
optimality. In Appendix F we show with a theoretical ex-
ample and an experiment that this is not the case.

80ne might be tempted to solve the convergence issue
of x; by blindly discretizing the answer space, and then ap-
plying Sticky-TaS on the resulting finite answers problem.
In Appendix F, we argue that this naive method does not
attain asymptotic optimality.
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Definition 1 (Convergent selection rule). A selection
rule is said to be convergent if the sequence {4 }ten
it generates satisfies the following property: for every
€ > 0, there exists a time T, € N such that, for all
t > T., under the good event E(t) = ﬂz>h(t){u € Cs},
there exists T € Xp(p) : ||z, — Z|| < € Vs > h(t) =

VA

Intuitively, a convergent selection rule guarantees that,
under the good event, the sequence {z;}; stays close
to a correct answer T € Xp(p). This is not a property
guaranteed by any selection rule. For example, the
selection rule employed by Sticky-TasS is not a conver-
gent one when the answer set X is infinite, but it is
convergent when X is finite (we provide more details
on this in Section 5.2). We discuss in Section 5.2 how
to implement selection rules that satisfies Definition 1.
First, we prove that Sticky Sequence Track-and-Stop
is asymptotically optimal whenever {x; }; satisfies Def-
inition 1.
Track-and-Stop,
selection  rule,
optimal, i.e.,

Theorem 3. Sticky Sequence
equipped  with a  convergent
is  O-correct and asymptotically

. E,.[T. *
limsups_,q % <T*(w).

Proof Sketch of Theorem 3 First, we observe that
the stopping and recommendation rules lead to a -
correct algorithm for any sampling rule even when
the answer space is infinite, i.e., for any sampling
rule (A;)¢>1 we have that P, (&, ¢ X*(u)) < § for
all p € M (Lemma 28). This result follows from
standard concentration arguments. We now discuss
how to prove asymptotic optimality. The proof, as
usual in the literature, proceeds by analyzing the be-
havior of the algorithm under the sequence of events
{E(t)}+ defined above. Specifically, we show that (i)
Yoo Pu(E()°) is finite and (ii) there exists Tp(8) such
that £(t) C {rs < t} for any ¢t > Ty (), where Tp(0) is
such that Tp(0)/log(1/0) — T*(w) for 6 — 0. In-
deed, whenever these two conditions hold, one can
prove asymptotic optimality with standard arguments.
While (i) is well-known to be finite (see Degenne and
Koolen [2019]), the crucial part is proving (ii). To this
end, we recall that the algorithm stops as soon as it
holds maxzeXF(ﬂ(t)) D(ﬂ(t),N(t), —\.T) > ﬁt75~ NOW,
suppose that under the good event £(t) it holds:

( —x) >
max  D(a(0), N0, ~) 2 D). (2)
Let Ty(6) be the first ¢t € N such that tD(u) 2 Bis
is satisfied. Then, for ¢ > Ty(d), we have & C
{rs < t}. Furthermore, it is also possible to show
that Tp(6)/log(1/6) — T*(p) for 6 — 0. Thus, it
only remains to show that Equation (2) holds un-
der the good event £(t), which is the key step in

the analysis. To this end, we will use three main
ingredients. First, under event £(t), f1(t) ~ p and
w'(s) = p for all s > h(t). Second, C-tracking guar-
antees N (t) = 22:1 w(s) (Lemma 41). Finally, and
most importantly, x; converges to some Z € X™*(u).
These three key properties, along with the continuity
results from Lemma 1, allow us to prove that:

t
max D(p(t), N(t),—xz) = D <u, > w(s),wn)
zeX*(f(t))

where, (i) in the first step, we used N (t) ~ Zizl w(s),
p(t) =~ p, and £ € X*(u) (i), in the second one,
we moved the inf inside the summation and we used
the fact that D > 0 to get rid of the first h(t) steps,
and (iii) in the last one the convergence of z, to Z
and p'(s) &~ p for all s such that s > h(¢). Finally,
we note that D(p/(s),w(s), zs) = D(u(s)’) and thus
that D(p/(s),w(s), xs) 2 D(p), thus concluding the
proof.

We conclude by highlighting two important properties.

Generalization of existing algorithms It is im-
portant to highlight that Sticky Sequence Track-and-
Stop generalizes both TaS and Sticky-TaS. Precisely,
if a4 is chosen as a point in Xp(fi(t)), we obtain the
TaS algorithm. While if z; is selected according to a
pre-specified total order over X', then we obtain Sticky-
TaS. In other words, both TaS and Sticky-TaS are se-
lecting a sequence of answers z; and collecting data to
(eventually) identify z; as a correct answer. However,
as we discuss in the next section, the main point is
that these selection rules can fail to generate a con-
verging sequence, and therefore may fail to guarantee
optimality in general settings with infinite answers.

Importance of convergence The proof sketch
above critically relies on the fact that, for all s >
h(t), the points z; remain close to a fized element
T € Xp(p). If this was not the case, e.g., there ex-
ists Ty € Xp(p) such that T, ~ x¢ (this is always the
case for both TaS and Sticky-TaS), then we would not
be able to achieve the same result, as in step three we
are “forced” to select a single answer within Xp(p) for
all s > h(t).”

°In Theorem 4 (Appendix E.4), we provide guarantees
for the case in which the sequence of answers is not a con-
verging one. Given the previous remark, we note that The-
orem 4 provides theoretical guarantees on the performance
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5.2 Algorithms for Converging Sequences

In this section, we discuss how to develop selection
rules for the candidate answer x; that ensure that
{z:}+ is a converging sequence. Since, under the good
event, we have Xy C B.(Xp(p)), the problem reduces
to the following: given a sequence of sets {X;}; such
that X; — Xr(p), how can we select a sequence of
points z; € X; such that ; — Z for some T € Xp(u)?
We now discuss several solutions to this problem de-
pending on the different topological properties of X
and Xp(p). These different cases highlight (i) the chal-
lenges in building algorithms that satisfy Definition 1
and (ii) existing cases where existing methods, such as
TaS and Sticky-TaS are asymptotically optimal. We
remark that, in the last scenario that we cover at the
end of this section, we consider the general setup where
X is any subset of R?, hence providing a general pro-
cedure for building a convergent sequence.

When Xp(u) is single-valued First, when p &
Xr(p) is single-valued for all 4 € ©% one can eas-
ily pick any answer within A} to obtain a converg-
ing sequence. The underlying reason is that whenever
u = Xp(p) is single-valued, then p B2 Xp(p) can
be seen as a continuous function of p.'® Then, since,
under the good event, X; progressively converges to
Xr(w), we have that picking any element xz; € X} leads
to a converging sequence (Lemma 33). As a conse-
quence, Theorem 3 implies that both TaS and Sticky-
TaS are asymptotically optimal whenever |Xr(u)| is
unique. The optimality of TaS for multiple-answer
problems where X () is single-valued and | X| is finite
was proved also in Degenne and Koolen [2019]. Theo-
rem 3 extends the result to infinite-answer problems.

When X C R Next, we study the case where XY C R
(e.g., this is the case when the goal is to estimate the
optimal arm up an € > 0 accuracy). In this setting,
selecting any z; € A} clearly does not lead to a con-
verging sequence. Consider, for instance, the case z; €
Xr(fu(t)) (i.e., the way in which TaS selects candidate
answers) and |Xp(p)| = 2. Since, the map Xp(p) is
only upper hemicontinuous, it might be the case that
for models p' arbitrarily close to g, Xr(p') only con-
tains one of these two answers. As a consequence,
since x; € Xp(f(t)) and fu(t) ~ w, one might select
different answers at each step ¢, which implies that
{x}+ does not converge.'! However, a converging se-
quence can be obtained by picking x; € argmin, ¢y, =

of TaS and Sticky-TaS for all cases where they fail to gen-
erate a converging sequence.

0Tndeed, every upper hemicontinuous and single-valued
correspondence is a continuous function.

HThis was already spotted in Degenne and Koolen
[2019].

(alternatively, we could also take the max). It is
easy to see that, whenever X; C B.(Xp(p)), then
|z; —argming ¢ y,.(,,) 7| < € (Lemma 34). In this sense,
there exists a total order over X such that the result-
ing sequence is a converging one. As a consequence,
from Theorem 3, we have that Sticky-TaS is optimal
whenever X C R. However, as we will highlight in
the next paragraph, this simple fix fails in dimension
2 and higher.

When |Xp(p)| is finite Now, consider the case
where | X ()] is finite (but X is possibly infinite). For
the same arguments that we presented above, TaS fails
at being optimal in this case (e.g., if |Xr(p)| = 2, but
for points around p only one of these two answers is
correct). Nevertheless, we now argue that even Sticky-
TaS fails at generating a convergent sequence, i.e., we
cannot simply use a total order as above for picking an-
swers. Consider X C R? and Xr(p) = {x1,z2}. Then,
from the upper hemicontinuity of Xr (), we have that,
for sufficiently large ¢, on £(¢t), Xy C Be(z1) U Be(z2)
and B.(xz1)NBc(z2) = 0. Then, selecting z; using, e.g.,
the lexicographic order over R? might lead to oscillat-
ing behaviors between points in Be(z1) and B.(x3)."
To fix this issue, we can resort to the following selec-
tion rule: z; € argmin, ¢y, ||z — 2¢_1[/cc. We prove in
Lemma 35 that this leads to a converging sequence. In-
deed, since for sufficiently large ¢, X; € U, c () Be(®)
and Be(z1) NBc(z2) = 0, by staying close to the previ-
ously selected point, we know that the algorithms will
select points that are always within B.(Z) for some
T € Xr(p). Interestingly, unlike in the previous cases,
this procedure does not rely on exact knowledge of the
points to which the algorithm will converge.

All the other cases Finally, we consider the most
general case in which X C R?. Here, one might be
tempted to select again x; € argmin,cy, [z — 11|
in the hope of having again a convergent sequence.
Nevertheless, suppose that Xz (u) is, e.g., the bound-
ary of the unitary ball centered in some z € X.
Then, for sufficiently large ¢, we only have that X; C
B(Xr(w)). As a result, z; might “wander” indefi-
nitely around X (p) thus preventing convergence. To
solve this issue, we propose an algorithm that pro-
gressively discretizes the answer space X.'* The key
idea it to combine a progressive discretization of X,
using balls with a vanishing radius p; over time, with
a mechanism that incorporates the history of previ-
ously selected points. During each iteration, the al-

2Consider again Figure 1, and suppose that the only
answers in Xr(p) are the red crosses.

3For space constraints, its pseudocode can be found in
the appendix (Algorithm 2; Appendix E.3.4); here, we out-
line only the general idea.
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gorithm constructs and maintains a set H; which is
composed of tuples (Zs, ps)i_;. Specifically, each el-
ement (I, ps) represents a region B, (Zs) in the an-
swer space in which the algorithm is “conducting the
search” of an answer within Xr(p). More precisely,
for all s € [1,t], the elements in H; are such that
B, () N By, ,(Ts—1) N X # 0, and T, is the cen-
ter of a ball radius ps that belongs to a wuniquely
identified finite cover of X, which we denote by Ps.
Since ps < ps—1, this implies that, over time, the re-
gions B, (Z,) become progressively smaller. Given this
setup, the algorithm simply selects x; to be any ele-
ment within B,,(Z:) N ;. To guide the search toward
previously selected points, the set H; is recursively
constructed at each iteration as follows. The algorithm
first selects the point (Z,p) in H;—1 with smaller ra-
dius and for which it holds that B, (Zs)N&; # 0 for all
(Zs, ps) € Hi—1 such that ps < p (indeed, as iteration
progresses, previously selected balls might not contain
any candidate answers within the updated X;). Then,
the algorithm constructs H; starting from (z, p) in or-
der to satisfy B, (Zs) N By, ,(Zs—1) N Xy # 0. Such
a procedure can be proven to generate a converging
sequence (Lemma 38). The reason why this happens
is that, due to the upper hemicontinuity of Xz (u),
Xi € B(Xp(p)) for sufficiently large ¢. This implies
that, for sufficiently small ¢ and sufficiently large t,
balls of radius B.(Z) that belong to P, and that do
not intersect Xp(p) will not belong to H;. As a con-
sequence, the algorithm has found a region of radius €
that contains an element of Xr(p) and this region will
remain in H; under the good event.

6 FUTURE WORK

Our study paves the way for several future research av-
enues. For example, one might investigate what hap-
pens outside of regular pure exploration problems. Are
these problems learnable or is Assumption 3 necessary
for finite sample complexity? Furthermore, while our
algorithm is statistically optimal, we observe that it is
not computationally efficient. This limitation is some-
what expected, given that even Sticky-TaS [Degenne
and Koolen, 2019] (which deals with a narrower class
of problems) has analogous limitations. A promising
direction for future work is to investigate whether ef-
ficient algorithms can be developed for specific classes
of infinite-answer pure exploration problems (e.g., the
regression of a continuous function f(w)). Indeed,
despite Sticky-TaS being inefficient, there exist algo-
rithms that are both efficient and optimal for the e-
best arm identification problem [Jourdan et al., 2023].
Another possible approach is to focus on improving
computational complexity by relaxing asymptotic op-
timality guarantees and instead targeting [-optimal

algorithms, which are usually more efficient [Russo,
2016, Qin et al., 2017, Jourdan et al., 2022].
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A Examples of Regular Pure Exploration Problems

In this section, we present several general classes of problems for which Assumptions 1 to 3 hold. Specifically, the
first class of problems is that of regression of continuous functions (Appendix A.1), the second one encompasses
all finite-answers problems (Appendix A.2), and the third one consists of combinations of problems that meet
Assumptions 1 to 3 (Appendix A.3). The last class allows one to combine regression of continuous functions
together with finite-answers problems.

Some results of this section rely on Theorem 1, which is proved in Appendix B.

A.1 Regression of Continuous Functions

Consider a continuous function f : ©X — X and let ¢ > 0. Suppose that both 6% and X are compact
Euclidean sets. The goal of the learner is to compute an e-accurate estimate of f(p) with high-probability,
namely, P, (|| f(p) — 2+ |lcc > €) <6 for all p € M. Thus, X*(u) ={x € X : ||f(p) — 2| < €}.

Lemma 2. Assumption 1 holds, namely X is compact and p = X* () is compact-valued.
Proof. The set X is compact by assumption, and X*(u) = {z € X : ||f(pt) — 2|00 < €} is compact as well. O

We now continue by proving that Assumption 2 holds.

Lemma 3. Assumption 2 holds. Namely, for all u € M, there exists T € X*(u) such that p ¢ cl(—)

Proof. Let Q, = {p € M : ||f(p) — x||o < €}. We first prove that Q, Ncl(-z) = . We recall that a closure
of a generic set S contains all the points in S together with all the limit points. Now, for all 4 € -~z we have
I () — z|| > €, hence Q, N —x = @. It remains to prove that no limit point of -~z belongs to Q,. Suppose, by
contradiction, that w is a limit point of cl(—z) and that p € Q,. Then, then there exists a sequence p,, such
that wu,, € =z and w,, — p. However, by continuity of f we would have || f(tn) — #|lco = ||/ (1) — 2|00 < €, thus
showing that p,, is not in -z for sufficiently large n.

Now, for any p € M, let Z = f(p). Then, T € X*(u) since ||f(p) — Z|jeo = 0 < €. Furthermore, p ¢ cl(—7)
(since p € Qz and Qz Necl(—Z) = 0), which concludes the proof. O

Finally, we continue by proving Assumption 3. We prove that by simply showing that X*(u) is a continuous
correspondence.

Lemma 4. The correspondence p 1= X*(u) is continuous over K.

Proof. To prove this statement, we use a sufficient condition for the continuity of the composition of a corre-
spondence and a continuous function. In particular, we can use Theorem 7. Indeed the correspondence X*(u)
can be seen as X*(p) = Uyep,(0){f (1) +u}. Thus, X* : ©K = X is continuous. O

Lemma 5. Assumption 3 holds, namely for all ¢ > 0 sufficiently small, there exists p > 0 such that for all
neOK we Ak, xe X, it holds that —=B,(z) # 0 and D(p,w,-B,(z)) — D(p,w, —z) < e.

Proof. Apply Lemma 4 and Theorem 1. O

A.2 Finite Set of Answers

We show that Assumptions 1 to 3 hold in the setting where the answer space is finite Degenne and Koolen [2019].
Specifically, we consider M C ©X and let |X| < +00, and we consider an arbitrary correspondence X* : 0% = x
that models the set of correct answers for each bandit model. Without loss of generality, we only assume that
Assumption 2 holds. Otherwise, one cannot obtain finite sample-complexity results (see Appendix B.1). That
being said, we now prove that Assumption 1 and Assumption 3 hold.

Lemma 6. Assumption 1 holds; namely X is compact and X*(u) is compact-valued.

Proof. X is compact since it is finite. Therefore, X*(u) is compact as well since X*(u) C X. O
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Lemma 7. Assumption 3 holds; namely, for all € > 0 sufficiently small, there exists p > 0 such that for all
neEOK we Ak, x € X, it holds that =B, (x) # 0 and D(p,w,-B,(z)) — D(p,w, —z) <.

Proof. We first show that there exists p > 0 such that —=B,(z) # 0. Since X is finite, for any = € X, there
exists p; > 0 such that B,, () = {z}. Then, taking p = min,cy p,, we obtain that —=B,(z) = -z, Vo € X.
Furthermore, —z # () holds by design otherwise one could simply always return such z.

Now, taking p = min,ex p,, for all € > 0 it follows that:
D(Na w, jBp(x)) - D(Ha W, ﬁ33) =0<g¢

thus concluding the proof. O

A.3 Composition of Learning Problems

We now consider the composition of learning problems, where, for each bandit p € ©F the set of correct answer
X*(p) is the product correspondence of two correspondences X7 (u) x X3 (p), where X7 () C Xy, X5 (p) C Ao,
and X = X7 x X,. Specifically, we consider

X () = fo = (w1,22) € X s 2y € X7 () and 25 € X3 (1)} = & () x X (h).

For the sake of the example, consider the case where we want to estimate the minge(x) pur up to an e-factor,
together with the problem of finding an arm k that satisfies p > argmax;c(g) pr — €. This problem is a joint
combination of a regression problem together with a multiple (but finite) correct answers one. As we show in
this section, this sort of problem is regular.

Indeed, suppose that Assumption 1, Assumption 2 and Assumption 3 hold for the learning problems defined by
X7 and X3 independently. Furthermore, let =1, 2 be the alternative set correspondences related to A7 and XY,
respectively. Similarly, let — be the correspondence related to the product correspondence X*. Suppose that
—121 # 0 for all 1 € Xy and —9xo # O for all 25 € Xy, so that —z # () as well.

We now show that the learning problem defined by X* inherits Assumption 1, Assumption 2 and Assumption 3
directly from X} and A3

Lemma 8. Assumption 1 holds; namely, X is compact and X* is compact-valued.

Proof. Given two compact sets A, B, A x B is compact. Thus, since X}, X5 are compact, X = X} x X5 is compact
as well. Furthermore, since X*(u) = X7 (p) x X3 (u), and X7 (p), X5 () are compact, then X*(u) is compact
as well. 0

Lemma 9. Assumption 2 holds; namely for all p € M, there exists T € X*(u) such that p ¢ cl(—).

Proof. For all p € M, there exists T; € X7 (u) such that p ¢ cl(—1Z1), and, moreover, there exists To € X3 ()
such that p & cl(—2Z2).

Now, consider T = (Z1,Z2) € X* (). We verify that T ¢ cl(—Z). Specifically,
c(-z) =cl({AxeM:z¢ X*(n)})
=cd({AeM: 1, ¢ X () or Ty ¢ X5 (n)})
S (A E M3 € A ()} UINE M3 & X5 ()
= Cl(_‘l.’fl) U Cl(_‘z.’EQ),
where in the last step we used that, for any two sets A, B, cl(AU B) = cl(4) U cl(B).
Now, since p ¢ cl(—1Z1) and p € cl(—22), it follows that p ¢ cl(—Z), thus concluding the proof. O

Lemma 10. Assumption 3 holds; namely, for all € > 0 sufficiently small, there exists p > 0 such that =B, (x) # 0
and for all p € OF jw € Ak, x € X, it holds that D(p,w,—B,(x)) — D(p,w, ~x) < €.
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Proof. We first show that there exists p such that =B,(z) # 0, Yo € X. Given z = (z1, x2), we have:
“By(z) ={Ae M :Vz € B,(x), T ¢ X*(\)}
={AeM:VZ = (Z1,Z2) € By(x),T1 & X (A) or To & Xy (A)}
= {)\ eM:Vz, € Bp(xl),jl §é Xf()\)} U {)\ e M : Vi, € B,;(IQ),J_TQ ¢ XQ*()\)}
= (71Bp(21)) U (2B,(22)) -

Now, since Assumption 3 holds for A7, X5, there exists pi, po > 0 such that —1B,(x1), 72B,(x2) are both non
empty for all p < min{py, pa}.**

Now, we continue by analyzing the difference in the divergences. Proceeding as above, we have that:
= I U —12X9
By (x) = =18, (1) U ~2B)(x2).
Now, let € > 0, and set p = min{p1, p2}, where p; and py are such that:
D(IJ,,UJ, _‘18[)1 (1'1)) - D(/“’awa _‘1‘1:1) S € vu’ € @Kvw S AK7I1 S ‘Xl (3)
D(p,w, 2B, (22)) — D(p,w, ~ax2) < e Yp € OF we Ak, 9 € Xs (4)

Then, let p € OF w € Ax, 2 = (21,22) € X. For readability, since p,w are fixed, we omit them from the
notation D(:,-, ) in the rest of this proof. Suppose without loss of generality that D(—1z1) < D(—a22). It holds
that:

D(=B,(x)) — D(—x) = D(—1B,(z1) U —2B,(x2)) — D(—121 U ~272)
= D(=1B,(21) U=2B,(x2)) — min{D(—121), D(—272)}
= D(—1By(x1) U —2B,(22)) — D(—121)
< D(=1By(z1)) — D(—121)
< D(=1Bp, (z1)) — D(—121)
<e

where (i) in the first step we used the decomposition of — into —; and —g, (ii) in the second one, Lemma 46, (iii)
in the third one D(—121) < D(—9x2), (iv) in the forth one —1B,(x1) C —1B,(x1) U 2B,(z2), and (v) in the last
step Equation (3). O

A.4 e-Nash Equilibrium in Two-player Zero-sum Games

We now consider the problem of learning an e-Nash equilibrium point in a two player zero-sum stochastic matrix
game [Zhou et al., 2017, Maiti et al., 2023, 2024, Maiti, 2025]. Specifically, we consider the following setting.
We let ©F = M = [~1,1]"*" where n € N denotes the number of actions for each player and we suppose that
each distribution is e.g., Gaussian.'® Each point u € M denotes the mean of a stochastic payoff matrix whose
distributions are in the underlying canonical exponential family. At each round, the learner controls both the
min player and the max player by selecting an action (I, J;) € n x n, and it receives as payoff R; ~ v; j, where
v;,; is the distribution with mean p; ;. In the rest of this section, we slightly overload the notation and we denote
by x the min player and by y the max player. Let X = A, x A, be the answer space. Then, we define the
agent’s goal as follows:

X400) = { (0.9) © A2 (e )y~ minun)y < e 5)
where € > 0 is the desired accuracy parameter and (py); = >_;c(,, ¥jtti,; and (z"p); = D ie[n) Tillij-
We now show that this learning task is a regular pure exploration problem.

Notice that one could take also the maximum of p1, pz2, since =B,(x) is the union of the two —18,(z1) and =28, (z2).
5The following argument can easily be extended to the n x m setting and to other bounded domains outside the [-1,1]
interval provided that © is a closed interval strictly contained in an open one.
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Lemma 11. Assumption 1 holds; namely, X is compact and X* is compact valued.

Proof. Recall that X = A,, x A,,, which is clearly compact, and X*(u) is compact as well. O
Lemma 12. Assumption 2 holds; namely, for all p € M, there exists (Z,7) € X*(u) such that p ¢ cl(—=(Z,7)).

Proof. Fix p € M and consider (z*,y*) € A2 such that (z*,y*) is an exact Nash equilibrium for p (guaranteed
to exists for each payoff matrix p). At (z*,y*) it holds that (z*) " pe; < ()" py* < e/ py*. This, in turns,
implies that, (z*,y*) € X*(u). We now prove that p ¢ cl(—(z*, y*)). Recall that:

c(=(2%,y") = cl({A e M: (2%, y") € X7 (A)})
=cl ({)\ € M :max((z*)TA); — min(Ay*); > 6}) )

j€ln] i€(n]
and proceed by contradiction. Assume that p € cl(—=(z*,y*)). Then, there must exist a sequence {pn}, — p
such that p, # p and p, € cl(=(z*,y*)) Vn. However, if g, — p, the continuity of A — max;e, ((z*)TA); —
min;ep,) (Ay*)i, would imply that
*\ T

max((z*) " pn); — min(pny*)i — max((2*)" p); — min(uy*); = 0.
i€ln] i€ln] i€ln] i€fn]

However, for all n, max;e ) ((z*) " ptn); — mingepn) (#ny*)i > € > 0, thus leading to a contradiction. O

Lemma 13. Assumption 3 holds; namely, for all ¢ > 0 sufficiently small, there exists p > 0 such that
-B,((z,y)) # 0 and for all p € OF ,w € Ak, (z,y) € X, it holds that D(p,w, —B,((z,y)))—D(p, w, ~(z,y)) < e.

Proof. We this result using Theorem 1. Thus, we only need to prove the continuity of the correspondence
w2 X* (). We start by proving that Equation (5) is upper hemicontinuous.’® To do that, we note that X is
compact and we use Theorem 8, which states that X*(u) is upper hemicontinuous if its graph is closed. Thus,
we need to prove that

Gr(x™) = {(M (z,9)) € [=1,1]™" x AT : max(z " p); — min(py); < 6}

jJ€[n] i€[n]

is closed, i.e., that it contains all its limit points. Let (i, (Z, 7)) be any limit point of Gr(X™*). Then, there exists

{(#n; (@n;yn))}n such that (1) (pn, (Tn,yn)) € Gr(X™), (ii) (kn, (Tn,yn)) # (1, (2,7)) and (i) (tn, (Tn,yn)) —
(@, (Z,7)). Let us introduce some notation for brevity. Specifically, we define the following function (g, (z,y)) —

F(p, (z,y))

F(p, (z,y)) = max(z " p); — min(py);.
J€[n] i€[n]

Then, let F = F(i,(%,9)) and F, = (fn, (Tn,ys)). Now, suppose that F' = € > ¢, i.e., that (i1, (7,7)) ¢
Gr(X*(u))). For any n it holds that:

F=F—~F,+F,<|F—F,|+¢,

where we used that F}, < e since (ton, (Tn,yn)) € Gr(X™). Now, from the continuity of (u,z,y) — F,, we have
that F;, — F asn — +oo. One can now pick n such that |F'—F,| < (€—¢)/2, thus leading to I < (€—¢)/2+€ <,
hence contradicting the fact that F' = € > e. Thus, the graph is closed and Equation (5) is upper hemicontinuous.

We now continue by proving the lower hemicontinuity. We start with a preliminary consideration. Specifically,
we observe that X*(p) is a polytope with non-empty interior for all g € [—1,1]™*". Indeed, we have that:

240 = { () € A2 st ), — minGun) < e

j€[n] i€[n]
= {(m,y) € AZ : (gcTu)j — (py): <eVi,j € [n]2}

6Before reading the proof, the we reader might find useful to read Appendix B.
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Now, for a fixed p, each constraint is linear in z,y and A2 is in itself a polytope. We now prove that the interior
is non-empty. Here, it is sufficient to consider an exact Nash equilibrium point (z*,y*); at («*,y*) it holds that
() Tpe; < (%) Tpy* < ef py*, and thus F(u, (z*,y*)) = 0 < € and the interior is non-empty. Furthermore,
for a fixed u, F(w, (z,y)) is convex in (z,y). Indeed, we can rewrite F' as follows:

F(p, (z,y)) = max ((z"m); — (1y):) .

i,j€[n]?
which is a maximum over a finite set of linear function, which is known to be convex.

To prove the lower hemicontinuity, we need to show that, for any p € [~1,1]"*" and any open set V € A2
such that X*(u) NV # 0, there exists a neighbourhood U of p such that Vu' € U, X*(p/)NY # 0. Fix a
neighbourhood U of p or radius k (we will pick an appropriate & later in the proof), i.e., || — p'||coc < & for all
' € U. Then, for any (z,y) € A2 it holds that:

F(p', (z,y)) = max(a " p'); — min(p'y);

J€[n] i€[n]
= jné%(f(u’ — gt p); — min((u' = gt p)y);

< F(p, (x,y)) + 2k.

Thus, a necessary condition for having (z,y) € X*(w') is that F(u, (z,9)) + 2k < e.

Now, fix any point (z,y) € X*() NV and let (z*, y*) be an exact Nash equilibrium such that F(u, (z*,y*)) = 0.
Define (x4, Yo ) as a convex combination between (z,y) and (z*, y*) with parameter a € [0, 1]. Then, since X* ()
is a polytope, (Zq,ys) € X*(p) and, furthermore, since (x,y) € V and V is open, there exists o € (0,1) such
that (24, ys) € V as well. Now, consider F(u, (24, ys)). By the convexity of F, it holds that:

F(ps (2a,ya)) < (1= a)F(p, (2,9)) + Fp, (27, y7)) = (1 = ) F(p, (2,9)) < (1 - a)e.

Thus, we have that (za,y) € VN X*(u') for all ' € U if (1 — a)e+ 2 < e. Choosing k = ¢ concludes the

proof. O

Remark on the problem of learning ¢-Nash equilibrium In the proof of Lemma 13, for the lower
hemicontinuity of X*(u), we exploited the fact that the correspondence defines a polytope for each payoff matrix
p. This is true only if we define e-Nash strategies in which the sum of the regrets is less than e, which has the
advantage of canceling the value of the game x " py (which is bilinear) from the definition. The same trick would
not work for general-sum games, in which the sum of the regrets remains bilinear. We leave as future work to
handle such cases.

B On Regular Pure Exploration Problems

In this section, we show that Assumption 2 is necessary for finite sample complexity results (Appendix B.1), and
we show that Assumption 3 holds for continuous correspondences (Appendix B.2).

B.1 On Assumption 2

In this section, we discuss Assumption 2. As we anticipated in the main text, Assumption 2 is necessary for
obtaining finite sample-complexity results. Indeed, even for problems with finitely many possible answers, the
failure of Assumption 2 leads to infinite lower bounds on the sample complexity. This is a direct consequence of
Theorem 1 in Degenne and Koolen [2019].

Indeed, suppose that X is finite and that Assumption 2 does not hold. Then, there exists g € M such that
o € cl(—x) for all z € X*(f1). However, from Theorem 1 in Degenne and Koolen [2019], this would imply that:

o BlTs] (oY — Dr—1
hgn_g(r)lfsz (B)=D(p)"",

D(in) = inf A(figgy Akg)-
()= 2t S, 2 ol )
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However, since i € cl(—z) for all z € X*(fz), this would lead to D(fz) = 0, and hence T*(f1) = +00, thus leading
to a lower bound with infinite sample complexity.

The above claims are related to the following result, showing that D (g, ~X) > 0 holds if and only if g ¢ cl(=X).

Lemma 14 (Strictly positive divergence). Let p € M and XcCuX. Then, D(Mﬁ/f) > 0 holds if and only if
pécl(=X).

Proof. We prove the first direction by contradiction. Suppose that D(pu, -X ) > 0, that is
SUP e I0fy - 5 D ke () Whd(k, Ak) > 0 and suppose by contradiction that g € cl(=&). Then we can take a
sequence A/ such that A — p and, since Zke[K] wid(k, ) is continuous for all w € Ax and p € M, we obtain

> rer) Wrd (i, )\fc) = D ke Wrd(pn, ) = 0, which shows that D(p, -~X) = 0.

Now, we prove the second direction. Suppose that pu ¢ cl(ﬂP? ). Then, there exists ¢ > 0, such that, for all
A€ cd(=X), |t — AlJoo > €. Thus, for all A € cl(=X), there exists k € [K] such that |ur — A\g| > 0, and
consequently, d(p, Ax) > 0. It follows that:

1
inf _ Z d(pr, Ak) > 0,

D(/L, _":Yv) Z T
K xe-x ke[K]

which concludes the proof. O

B.2 On Assumption 3

In the following, we show that Assumption 3 holds under very mild conditions. Specifically, it is sufficient to
assume that (i) p &= X*(p) is a continuous and compact-valued correspondence, and (ii) that M and X are
compact sets.

The structure of this section is organized as follows. First, in Appendix B.2.1, we prove that there exists p > 0
such that Vo € X, -B,(z) # 0. As one can note, this is the first statement in Assumption 3. Secondly, in
Appendix B.2.2, we provide some intermediate and helper results that are used to prove the second part of
Assumption 3. Finally, in Appendix B.2.3, we prove the second part of Assumption 3, that is the fact that for
all € > 0, there exists p such that D(u,w, —B,(z)) — D(p,w, —z) < € holds uniformly across models, weights and
answers.

B.2.1 (Extended) Alternative Models are non-empty, that is —B,(z) # 0

We start by showing that, under the assumptions above there exists p > 0 such that —B,(z) # 0 for all z € X.
Lemma 15. There exists p > 0, such that, for all x € X, =B,(x) # 0.

Proof. Let & € X. By definition, —B,(Z) is empty if, for all u € M, there exists € B,(Z) such that € X*(p).
In the following, we show that this cannot happen for an appropriate value of p. This value is derived in the
following constructive way.

Consider the following function g : X — R defined as follows:

) = su inf T — I so-
9(x) Aeﬁliex*(x)” lloo

Then, by Theorem 5, since A = X*(\) is continuous and compact-valued, and since || — #||» is continuous,
we have that infzcx«(x) |2 — #|o is continuous as well. Furthermore, the inf is attained since it is an infimum
of a continuous function over a compact domain. Furthermore, the supremum is also attained since the inf is
continuous and M is compact. Finally, g(x) is continuous. This follows from the fact M is constant (and hence
a continuous correspondence of A) and compact-valued. Then, by further applying Theorem 5, we have proved
that © — g(x) is continuous.

Now, consider A, € argmaxyc g infzex+(a) |7 — Z[|co. We note that mingex+x,) [z — Z[|oc > 0. Indeed, that
minimum is 0 if and only if € X*(A;). Nevertheless, for all z € X, there exists A € —z, and, therefore,
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minge v« (x) |7 — [l > 0. Thus, we have that:

min ||z — Z|lec > min_ ||z — Z||e > 0.
TEX*(Ay) Fex+(X)

Now, consider = inf,cx g(x). Since g(x) is continuous, and since M is compact, then the inf is attained, and,
as a consequence 7 > 0.

The proof then follows by picking p = Z. Indeed, suppose that there exists Z € X such that =B,(zZ) = (. Then,
for all p € M, there exists z,, € X : ||Z — zp|lc0 < p and z, € X*(u). However, this would imply that:

ol

. . L B n
= < — < ||z — zx. <1
1= o) < min 17— Tlloe < 17 - 2xslleo < 5,
since 1 > 0 this leads to a contradiction, thus concluding the proof. O

B.2.2 Preliminary Results

In order to continue, we need some intermediate results. Before proceeding, we recall that, given a set S C S, ,
s € § is either a limit point of S or an isolated point. A point is isolated if s € S and there exists a neighborhood
U of s such that Y NS = {s}. On the other hand, a point s € S is a limit point of S if every neighbourhood U
of s contains at least one point of S different from s itself. When dealing with metric spaces, this is equivalent
to saying that there exists a sequence of points in S\ {s} whose limit is s.

That being said, we now consider the correspondence x £ cl(—x).

Lemma 16. The correspondence x =% cl(—x) is lower hemicontinuous and compact-valued over X.

Proof. First, we note that cl(—x) is compact-valued. The set is trivially bounded and closed. Thus, it is compact
by the Heine-Borel theorem.

We continue by proving that it is lower hemicontinuous. Consider an open set V and € X’ such that VNcl(—z) #
(). Then, since V is open and cl(—z) is compact, we have that there exists A € -z such that A € VNcl(—z). To
prove this, we proceed by contradiction. Assume that -z NV = (). Then, since there exists A € VN cl(—z), then
it must hold that A is a limit point of cl(—z), i.e., there exists {\, },,>1 such that A, # X, A, € =z and A,, — A.
Therefore, for all o > 0, there exists A € —2 and ||A — A|loo < a. But, then, since V is open and X € V, we can
take a sufficiently small so that A € V as well.

Now, consider A € =z and A € VN —z. In the following, we will prove that there exists a neighborhood By (x)
of z such that XA € =2’ for all 2’ € B, (x). Define k € R as follows:

1
k=— min |z— %[« >0,
2 FeX*(A)

where in the inequality step we used x ¢ X*(A). Now, consider 2’ € X such that ||z — 2’| < k. Then, it holds
that A € —2’. Indeed, suppose it is false. Then:

) - 1
min |z = Zlleo < 5llz = 2o <z = 2"]|co,

1
o =2l <k =5 <
2 zex*(x)

thus leading to a contradiction. Thus, A € —z’ and, by definition A € V. Thus, cl(—2') NV # @ and the
correspondence is lower hemicontinuous. O

In the following lemma, we begin by characterizing isolated points of the graph of the correspondence cl—. Before
that, we introduce some notation. Consider a correspondence ¢ : X = Y. Then, for any Z C X, let

Grz(¢) ={(z,y) € Z x Y :y € ¢(x)}.

In the following, we will provide some characterization of Grx (cl-)

Lemma 17. Let Gry(clm) = {(z,A) € X x M : X €cl(—z)} and (z,\) € Gry(clm) be an isolated point of
Gry(clm). Then X is an isolated point of cl(—x).
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Proof. Since (x,X) € Gry(cl-) is an isolated point of Gry (cl—), we have that, 35 > 0 such that, for all k € (0, 7],
B ((z,A)) N Gry(clm) = (z, A).

Thus, for all £ € (0,%] and all X such that [|A — Allos < &, A # A, we have that (x,A) ¢ Gry(cl-). It follows
that X ¢ cl(—z) as well. Thus, A is an isolated point of cl(—z), thus concluding the proof. O

Next, we characterize isolated points of cl(—z).

Lemma 18. Let x € X and let A € cl(—x) be an isolated point. Then X € —zx.

Proof. This follows trivially from the definition of isolated points. Indeed, by definition, cl(—z) is defined as the
union of =& together with all the limit points of —2. Since A is an isolated point, it is not a limit point. Thus,
A€ . O

B.2.3 Continuous Correspondences Imply Assumption 3

Given the preliminary results discussed so far, we now dive into proving the second part of Assumption 3, i.e.,
the fact that, for all € > 0 there exists p > 0 such that D(p, w, —B,(z)) — D(p, w, —z) < € holds uniformly across
O, Ax and X.

Proof Sketch The main idea behind the proof is showing that, for all n > 0, there exists p,, > 0 such that,
for all z € X, A € cl(—x), p € (0, p,], there exists A € =B, (z) such that [A — Al < 7 (Lemma 22). Indeed,
whenever this condition holds, Assumption 3 holds as well (Lemma 23). It is important to note that, for all
n > 0, p, needs to uniformly exists for all € X and X € cl(—z). That being said, the proof of the existence
of p, is constructive, and requires the following intermediate steps (Lemma 19, Lemma 20 and Lemma 21).
Specifically, we will show that it is sufficient to set p, as follows:

_ 1

pp=-min min _ max min_ ||z — Z||0o-
2 2€X A€cl(—z) AeEM: | A—Alloo <y FEX*(X)

In this sense, Lemma 19, Lemma 20 and Lemma 21 analyze this expression with a bottom-up approach whose
main goal is showing that the value of the optimization problem is strictly greater than 0. Once this is done,
Lemma 22 proves that for any X € cl(=z), there exists X € =B, () such that |A—X||o <7 for all p < p,, which,
in turn, will imply Assumption 3 via Lemma 23.

Now that the main steps of the proof have been highlighted, we present the following lemma that study the
optimization problem:

mEN = sup inf o 3. (6)
AEM A=A 0o <n ZEX*(X)

Specifically, the following result shows that both the supremum and the infimum are attained, and that g, is
continuous over X x M.

Lemma 19. Let n > 0. Consider g, : X x M — R defined as per Equation (6). Then, g, is continuous over
X x M. Furthermore, both the sup and the inf are attained.

Proof. First, consider inf;_y. 5 ||z — Z[|c. This infimum is attained for all A € © since it is an infimum over
a compact set of a continuous function. Furthermore, by Theorem 5, the function is continuous. Therefore, the
supremum is attained as well.

Finally, consider g,(z, ). Using the fact that the infimum is continuous and that {X € M : [A = Al < 7} is
a continuous correspondence of A (Lemma 4), we can apply Theorem 5, and we have that g, is continuous over
its domain, thus concluding the proof. O

We continue by optimizing g,(x, A) in its second argument, i.e.,:

() = Aegl({ Y gn(2, ).
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As above, we show that the infimum is attained, and that r,, is continuous over X. This proof requires an extended
version of the Berge’s maximum theorem that can handle correspondences which are only lower hemicontinuous
(see Theorem 6). Indeed, as we proved in Lemma 16, we only have a lower hemicontinuity result on the
correspondence x = cl(—x).

Lemma 20. Let n > 0. Let r, : X — R be defined as follows:

ry(z) = )\Eiclll(f—\:r) gn(z, A).

Then, ry(x) is continuous over X. Furthermore, the infimum is attained.

Proof. Let X=X, Y = M, ¢(x) = cl(—z) for all z € X, and

u(z,A\) = max min_ ||z — Z||.
AEM:A=A[loo<n EEX*(X)

We want to apply Theorem 6, which extends Berge’s maximum theorem for lower hemicontinous correspondences,
to prove the continuity of r,,. Before proceeding, we invite the reader to consult Appendix H.4 for useful definitions
that will be used within this proof.

Now, we first note that, due to Lemma 16, ¢(z) is lower hemicontinuous over X.

Thus, to apply Theorem 6, it remains to check that u is K-inf-compact and upper semicontinuous on Grx(¢).
First, we note that u is continuous on X x Y (Lemma 19), and hence upper semicontinuous. Furthermore, let
K C X be compact and consider Grg (¢). Then, let us analyze the level sets D, (o, Grg(¢)) for o € R. Then,
Du(a,Gri(¢)) € X x Y, which is compact, hence bounded. Thus, D, («a, Gri (¢)) is bounded as well. Moreover,
Du(a, Gri(¢)) is closed since it is the preimage of a closed set of a continuous function. We have thus proved
that v is K-inf-compact and upper semicontinuous on Grx(¢). From Theorem 6, r, is continuous over X

Finally, the supremum can be replaced by the maximum since the objective function is continuous and the
optimization domain is compact. O

Finally, we optimize r,(x) over the possible answers x € X'. The resulting value, i.e., k,, will be than used to
define p,. Specifically, in Lemma 22, we will set &, = p,/2. That being said, in the following lemma we show
that the infimum of r,(z) is attained at some point « € X. Furthermore, it also shows that x, > 0.

Lemma 21. Letn > 0, and let k,) = inf,cx ry(x). The infimum is attained, i.e., Ky, = mingex ry(x). Further-
more, ky, > 0.

Proof. First, we note that the infimum is attained. Indeed, from Lemma 20, r,, is continuous. The optimization
domain is compact, and, therefore, the infimum is attained.

Secondly, we want to prove that x, > 0. Given the definition of x,, and since the infimum is attained, this is
equivalent to proving that, for all z € X, r, () > 0. From Lemma 20, we know that the min over the cl(—z) is
attained, therefore, we want to prove that for all x € X', X € cl(—x), g,(x, X) > 0.

In other words, consider Gry(cl-) and let (z,A) € Gry(cl=). We need to prove that g, (z,A) > 0. We proceed
by cases.

o If (x,A) is an isolated point in Gry(cl—), then A is an isolated point in cl(—z) (by virtue of Lemma 17),
and, hence, A € -z (as guaranteed by Lemma 18). Thus, we have that:

r,A) > min ||z — Z|e > 0.
g(@N) = min o]

e If, on the other hand, (z,A) is a limit point, there are two sub-cases. Either X is an isolated point of cl(—x)
or it is a limit point of cl(—z). If A is an isolated point of cl(—z) we have that A € -z (thanks to Lemma 18),
and we can proceed as for isolated points of Gry (cl-).
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e If X is a limit point of both the graph and of cl(—z), there are two further cases. Either A € -, and we can
proceed as for isolated points of Gry(cl—), or A € cl(—z) and A ¢ —z. In this last case, however, since X is a
limit point of cl(—z), there exists a sequence {A, }nen such that (i) A, # X, ¥n € N, (ii)) A\, € -z, Vn € N,
and (iii) {A\,} — A. Therefore, from (ii)+(iii), we have that for n > 0, there exists n, such that, for all
n > ny, |[An — Alloo <n and A, € -z, Consider, e.g., A,,; then, we have that:

gz, A) = sup inf ||z — %o > inf ||z — Tl >0,

AEM:| A=A oo <n FEX*(X) EEX*(An,,)

thus leading to the desired result.

Therefore, all (x,A) € Gry(cl=), we have that g, (z,X) > 0 and therefore x, > 0. O

Now, we show that for all p € (0, k,], VZ € X, X € cl(—7) there exists A € ~B,(Z) such that [|A — Ao < 7. As
we shall see, combining this result with Lemma 23, leads to the desired result.

Lemma 22. For all n > 0 sufficiently small, there exists p, such that, for all p € (0, py,], it holds that:

VZ € X, €cl(=T), IAEByT) : A= Alloo < 7.

Proof. Consider any x € X and X € cl(=z). Let A, x be defined as:

Az € argmax min_ ||z — Z||.
XEM:|| A=A oo <n TEX*(A)
From Lemma 19, A, x is well-defined. Furthermore, by definition ||[Az x — Alloo < 7.

Take p,, = k,/2, and let p < p,. In the following, we prove that A, x € =B, (x).

—\Bp(l‘) ) _‘Bn,,/Q('r)
={0eM:VzeB, pz)i¢X*0)}
;) {xz,k}

where the last step can be proved by contradiction. Suppose it is false, i.e., there exists T € By, /2(x) such that

Z € X*(Az). Then, it holds that:

le -2l <2 <2 min o=l < 2z~ 2o < 1z~
T 2 T 2zex(Aun) 2
where in the last step we used s, > 0. This leads to a contradiction and concludes the proof. O

Now, we show that, when Lemma 22 holds, then Assumption 3 holds as well.

Lemma 23 (Sufficient condition for Assumption 3). If, for all € > 0, there exists p > 0, such that:
VZ € X, €cl(=7), IAE -By(T) : |A = Ao <&
then Assumption 3 holds.

Proof. Let (p,w) € ©K x Ag. Let A* € ArgMiny ¢ 1(—a) Dper] Wed(tk, Ax) and denote by 0> ¢ -B,(z) be

such that [[A* — 02 || < &7 Let A* and 6" be the natural parameters of the distributions related to means

"Note that A* is well defined. Indeed, cl(—x) is compact, since M is compact. Furthermore, the function that is being
optimized is continuous in A, and thus the min is attained.
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A* and 0", respectively. Then, it holds that:

D(p,w,~B,y(7)) — D(p,w, ~z) = inf > wpd(p, \e) ~ inf > wrd (s Ar)

AE=By(z) ke[K] €7 eIk
< )\ei%i(x) Z wrd (s Ale) — )\eicrll(liw) Z wd(fie, k) (Since —z C cl(—z))
ke[K] ke[K]
<Y w (d(uk, o) — d(ur, A;;)) (Since @*" € =B, (x) and by definition of A*)
ke[K]

< e, 07 ) — d(pge, A

_g%’ (hx, 05 ) — dlpk, Ak)

= s AL 02+ (B = X (e — A (Lemma 44)
€

< ;n?KX] ’Cg()\;; — )+ MG - X)) (Corollary 2 and © bounded)
€

< gn?KX] (CQM AL — 92‘ + M| — 6 D (Corollary 2 and © bounded)
€

(C1+ Co)MIIA" — 0 |

Here, since © is bounded and contained in an open interval, we have used (u— p') < M for any p, i’ € ©, where
M = max,ce p — min,ce p. Now, taking € < m, concludes the proof. O

Theorem 1 (Continuous Correspondence Implies Assumption 3). If u B3 X*(p) is continuous, and M and X
are compact sets, then, Assumption 3 holds.

Proof. Combine Lemma 23 together with Lemma 22. O

C Proof of the Lower Bound

In this section, we first provide a sketch of the proof that outlines all the underlying ideas and the differences
with respect to previous works, and then we present the formal arguments.

C.1 Proof Sketch of Theorem 2

The general idea behind the proof is inspired by the lower bound for multiple answers problems presented in
Degenne and Koolen [2019]. Specifically, in Degenne and Koolen [2019], the authors start by noticing that for
any T € N, using Markov’s inequality, one has that:

Eulrs] =T =Pu(rs <T) =T (1- |6+ > Pu({rs <T}and {&r, = z})
TEX* (1)
Then, the proof follows by upper bounding P,, ({75 < T} and {&,, = 2}) for each 2 € X*(p) using change-of-

measure arguments. As one can see, however, such an argument can actually be applied only when X*(u) is
finite and, thus, complications arise in our infinite answer setting.

To solve this issue and prove Theorem 2, we combine three distinct elements, that are:
(i) An exact covering of the set X*(u) using balls of radius p

(ii) A change-of measure arguments that are directly related to this cover and to our new extended notion of
alternative models over sets

(iii) A limit argument for p — 0
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As we now discuss, these three ingredients allows us to “reduce” the infinite answer problem to a finite answer
one.

First, we note that, since X*(u) is compact, it admits a finite cover {é’a}?:”l of n, € N elements using sets
X; which are inscribed in balls of radius p (Lemma 43). Now, the idea is to fix a cover and try to follow the
arguments of Degenne and Koolen [2019]. Specifically, we are going apply change of measure arguments by
directly exploiting the sets {/E}l Thus, for any T € N, using Markov’s inequality, one has that:

Eu[rs] > T (1 - Pu(rs <T)) > T (1 - <5+§:1}»H ({75 < T} and {,, € f}))) ,
=1

where in the second step we have used the d-correctness of the algorithm on regions that are complementary to
X ().

Let & = {{rs < T} and {&,, € X;}}. From here, the idea is to upper bound Py (&). Using change-of-measure
arguments (Lemma 25), we can relate this probability to the one of the same event but under models in —J?Z-,
i.e., models for which all answers within )?1 are not correct. In this sense, the definition of alternative sets over
sets of answers plays a crucial role, as it allows to obtain that, for all 5 > 0, some problem dependent constant
a, and some A € ﬁzﬁ»:

~ _/62
P (€:) < exp (TD(,~%) + ) Pa (&) + exp (%)

~ _62
< ex (TD X )5 exp [ —2- ),
< exp (w,~Xi) +5) 0+ p(2Ta
where in the second step, we explicitly use A € ﬂ/ﬁ. For that step, indeed, it is required that every answer within
X; is not a correct one for A. From here, one can use standard arguments from Degenne and Koolen [2019], and
obtain (Lemma 26) the following asymptotic result:

lim inf Eul7s] > ! o’ @)
5—0 log(1/d) max;en,] D(p, ~&;)

The proof of Theorem 2 then follows by analyzing Equation (7) as p — 0.

C.2 Proof of Theorem 2

We start the proof by introducing some preliminary results.

Lemma 24 (Minimax Results). Let u € ©F and A C M then

.D A:f E,\,d 7)\ 9
(b, ) = in mnax Fx pld(pn, Ak)]

where the infimum ranges over probability distributions on A supported on (at most) K points.

Proof. This result is a direct consequence of Lemma 2 in Degenne et al. [2019]. In Degenne et al. [2019] the
authors state the result for a set D(u, —~z), but it actually holds for any set A. O

We say that a distribution ¢ € Ag, supported on Al ...  A¥  is optimal for D(p, A) for a given A C M, if it
attains the infimum of Lemma 24, i.e., if

In particular, we are interested in the case in which A = -X , for some X such that -X # 0. In the following,
we will assume, as in Degenne and Koolen [2019], that the infimum in D(w, —X) is attained in =X. If not, one
can apply the following arguments to a sequence of e-optimal distributions and let € — 0.
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Given this consideration, we recall a relevant change of measure arguments that have been previously used in
BAI, i.e., Lemma 19 of Degenne and Koolen [2019]. Before doing that, we introduce some necessary notation.
For any model g € M and any k, we denote with ji; the natural parameter of a distribution of the exponential
family with mean . Further details on canonical exponential families are deferred to Appendix H.2.

Lemma 25 (Change of Measure). Fiz p € M and let X C X be a subset of answers such that -X # (.
Let AY,... ) A\E and q € Ak be an optimal distribution for D(u,—~X). Let ay = fij, — Zje[K] ¢, and & =
maxye (k) Wk~ Fir a sample size t and any event € € Fy. Then, for any B > 0 it holds that:

max Pyx (£) > exp {—tD(,u, ~X) — ,3} (P“(S) —exp { 5 }) .

ke[K) 2ta?
Proof. The proof is as in Degenne and Koolen [2019, Lemma 19]. O

Lemma 25 can be interpreted as follow. Whenever ¢t < D(p, -X )~L, then if € is likely under g than it must also
be likely under at least one A*.

At this point, we derive the following intermediate results. The proof scheme is inspired by Theorem 1 in
Degenne and Koolen [2019]. The key difference is that now we are applying those arguments to infinite answer
identification problems, where each X*(u) is an arbitrary compact set.

Lemma 26 (Intermediate Result). For every p € M and for any p > 0 sufficiently small, there exists a finite
set of answers {zj}?il and z; € X* () such that, if we define X; = B,(x;) N X* (), then X*(pn) = U?il X;
. Moreover, there exists .)?j in the cover such that D(u, —v'?j) > 0. Furthermore, for any d-correct algorithm it
holds that:

. Epulrs) - A
liminf —#-2=_ > min D(p, )~
5—0 1og(1/0) ~ jein,]:D(u,~7;)>0

Proof. Fix T > 0 (to be defined later), due to the Markov’s inequality, we have that:

Eulrs) > T(1 —Pu(1s <T)). (8)

Before analyzing P, (75 < T'), we recall that X*(p) is compact. Therefore, by Lemma 43, we know that,
for any p > 0, there exists a finite collection of compact subsets {X;};e[n,] such that X*(u) = U;V:pl X =

ij:,Jl (X* () N By(xj)) for some z; € X*(u). Furthermore, from Assumption 3, we also know that there exists
p sufficiently small such that, for all p < p, =B,(z) # 0 for all x € X. In the following, we thus consider any p
that satisfies this property.

Now, from Assumption 2 we know that there exist Z such that p ¢ cl(—z). We add the set X*(u) N B,(z) to
the aforementioned cover, thus obtaining a cover of size n, = N, + 1, such that each element of the cover is
of the kind X*(u) N B,(z;) for some x; € X*(u) and =B, (z;) # 0 for all j € [n,]. Furthermore, by applying
Lemma 14, we know there exists z; (i.e., Z) for some j € [n,] such that D(u, ﬁfj) > 0.'® As we shall see in a
few steps, this property will be used to invert max;e(,,] D(u, ﬂf])

Now, we analyze P,(7s < T). Let us introduce the event £ = {Z,, € X*(pu)} and the events £ = {75 <
T} N{Z,, € X;} for all j € [n,]."” Consider the following:

Pu(ts <T) =Pu(rs < TIE)PU(E) + Pulrs < TIE)PL(ET)
<P.({rs <T}NE) +4

<3 BL(E) +6, o)

®Indeed, since p ¢ cl(~&), it also holds that p ¢ X;.
9We note that &; is measurable since 4, is measurable with respect to Fr; and X; is a Borel set.
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where in the first step, we used the law of total probability; in the second one, we used the fact that the algorithm
is d-correct; and in the third one we applied a union bound.

At this point, consider all j € [n,], and analyze P,(&;). Let Al,...,AX and ¢ be an optimal distribution
according to D(p, = &;). Then, from Lemma 25, we have, for all § > 0:

52
Pu(€)) < exp (TD(, 2 8) +5) max Pas (€)) +ex (2T6042)

~ _52
< dexp (TD(/,L, -Xj) + ﬁ) + exp <2To72 ,
where, in the second step, we have used that Py« (£;) < d, since for all A* we have that A\* € —\X and thus
Pyx (£5) < & due to the d-correctness of the algorithm. Note that, for this step, the construction of the sets X] and
the notion of extended alternative model plays a crucial role. Indeed, since X = {)\ EM: Ve e X,z ¢ X ()}
and since algorithms are d-correct, then Py (&;) < Px(&,, € X, i) <6 forall A e —|X

We now follow the argument of Degenne and Koolen [2019]. For a fixed n € (0,1), we define®

T = (1—n)log(1/5) min _ D(p,~X;) 7",
k€[ny):D(p,~X;)>0

and take 8 = \/TD(u,ﬁ/'?j) log(1/0). Then

Ul
2/1—n

5 —
n°D(p,~X)
5 8(1—n)a ,

NS}

Pu(g)ﬁls

which goes to zero for all > 0 when § — 0.

If we plug this into Equation (8) and using Equation (9) we obtain that

EM[TzS] . -1
————>(1-n) min _ D(,u,—v"c' 1-6-> P,
log(l/é) k€[ny):D(p,~X;)>0 Z
>(1-mn) min D(u,—‘/fj)_l (1—5—np <(52 —1—5778?1(“71;3)))
k€[n,):D(p,~X;)>0

and thus, by taking the limit 6 — 0, we obtain:

Ey [7s] . P y—1
im ———=>(1—n min D(u,—~X;)" ",
6—0 log(1/9) ( ) k€[n,]:D(p,~X;)>0 ( 5)
which holds for all » > 0 and thus proves the result. O

We are now ready to prove Theorem 2.
Theorem 2 (Lower Bound). For any p € M, and any 0-correct algorithm it holds that:
E [7'5] 1

>T"(p) = D) (1)

lim inf

5—0 log(1/0)

Proof of Theorem 2. Let p > 0 be sufficiently small. Then, by Lemma 26, we know that there exists a finite set
of points {z;};e[n,] C A*(p) such that there exists an exact cover of X*(u) of the form X X () N By(zy)

and such that for at least one j we have D(p, -X;) > 0 and

E -
liminf ———— 7o) > min D(p, -X;)"!
6—0 log(1/0) ~ jen,)

2ONote that the minimum here is finite since for at least one element of the cover has positive value.
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First of all, we notice that T*(u) > minjep,,) D(u, ﬁ/fj)_l always holds.  Indeed, consider = €

argmaxs e v« (u) D(p,—Z) and consider any j such that € X;. Then, we have that:

D(p) = sup inf wrd (i, M)
welAp AT ke[K]

< sup inf_ Z wrd(pr, Ak)
WEAK AE-X) ke (K]

= D(ll’v_")?j)v

where in the inequality step we have used —Q?j C —x since x € fj.

Then, let j € argmax e, | D(u,~X;), and let Z be such that /’% = X*(pn) N B,(z) for some z € X*(p). Then,
we have that:

1 . 1 D(p,~&;) — D(p)

D(w) ~ jelny) D ~%;)  D(p)D(ps =)
< D(p,2B,(2)) — D(p)
D(p)D(p, ~5)
D, ~5,(%)) — D{gs, ~7)

(since —B,(Z) C —Q?j)

< = (since D(p) = D(p, —w))
D(p)D(p, ~X5)
<e,
where the last inequality comes from Assumption 3.2! Letting ¢ — 0 concludes the proof. O

D Continuity Results

In this section, we provide results on the continuity of the different divergences involved in an infinite answer
problem.

We begin with the following preliminary result.
Lemma 27. For all p € ©K it holds that:

D(p) = zerg%)({p) D(p,—z) = max D(p, —z).

Proof. Let x € X and « ¢ X*(u). Then, consider any w € A, we have that:

D - = 1 = (.

(p,w, ) 1€rlf$ Z wrd(pig, Ag) =0 (10)
ke[K]

Indeed, =z ={A € M : 2 ¢ X*(N\)}, and thus p € -z. Them, Equation (10) follows by d(u, ) = 0.

Observing that D(p, —x) > 0 for all © € X' (i.e, Assumption 1) concludes the proof. O

Lemma 1 (Continuity). The following holds:

(i) The function (p,w,x) — D(p,w,—x) is continuous over OF x Ax x X,

(ii) The function (p,x) — D(u, ~x) is continuous over OK x X and (u, x) = w*(u, —x) is upper hemicontinuous
and compact-valued.

(iii) The function (p,w) — maXgexs(u) D(p,w, ) is continuous over OF x Ag and (p,w) =
argmax, c y«(u) D(p,w,—x) is upper hemicontinuous and compact-valued.

2 Notice that, since Assumption 3 holds for any w € Ak, it holds also for the supremum over w. Indeed, D(u, ~B,(Z))—
D(p, ) < D(p, @, -B,(Z)) — D(p, @, ~%) for any @ that attains the supremum in D(pu, ~B,(Z)).
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(iv) The function p — D(u) is continuous over ©X. Moreover, p = w*(u) and p = Xp(u) are upper
hemicontinuous and compact-valued over S.

Proof. i) First, note that, for all # € X, the function (u,w) — D(u,w,—x) is jointly continuous over ©F x Ag.
This is due to Degenne and Koolen [2019, Lemma 27]. Then, it remains to show that (@, w,z) = D(p,w, )
is jointly continuous over ©F x Ag x X. Thus, for all p,w,z € OK x A x X and Ve > 0 there exists
K* = K 2 > 0such that, for all p/, 0’ 2" : [[pp — [0 < K, |lw — W'l < K%, [|2 — 2'||oo < K%, it holds that

|D(p/,w',—2") — D(p, w, —x)| < e. Define k* = min{&, 7}, where £ and & are as follows. First, & is such that:

D(fp, @, -Bx(z)) — D(j,0,~%) < 5 Vie X,pe 0 @eAk. (11)

NN e

Due to Assumption 3 such & is guaranteed to exists. Secondly, & = K, 4, is such that:

|D(/J’,7w/v —z) — D(p, w, ~z)| < V”‘, € Bk(u)awl € By (w). (12)

[\ e

Such & is guaranteed to exists due to the continuity of (u, w) — D(p,w, —x) for any fixed 2 € X due to Degenne
and Koolen [2019, Lemma 27].

Then, we analyze |D(p',w’,—2') — D(pu,w,—z)| by studying an upper bound on the sum of the following
terms: |D(p',w’,—2') — D(p',w’, —z)| and |D(p',w’, ~x) — D(p,w, —x)|. We start with the former. Suppose,
D(p',w',—-a’") > D(p/,w’, —x), then

|ID(p,w',—2') — D(p/, ', —x)| = D(p/, ', —2") — D(p/, ', 1)
(/J’/v wl7 _‘Bk(x)) - D(M/» wlv _‘SIJ)

IN
l\:)_\ g

IN

where the first inequality holds since 2’ C By« (z) C B

= (z) and thus -2’ D =Bz (z), and the second inequality
follows from Equation (11). Equivalently, if D(p',w’, -

x
) < D(p/,w’, —z) then

~

|D(l*l’/7wl7 ﬁ'CL‘/) - D(l"’la w/a ﬁx)l D(Hla w/a ﬁ-T) - D(l'l'lz w/7 jxl>
Dy, ', =B (2")) — D(p', ', —z")
€
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where the first inequality holds since 2 C B« (2') C Bi(2') and thus ~z 2 =Bz ('), and the second inequality
follows from Equation (11).

Similarly, for the second term, we have that:

|D(/J//7w/7 ﬁx) - D(N’vwa ﬁx)l <

)

[Ne e

by the fact that p' € By (), w’ € By« (w) and Equation (12). This concludes the proof of the first statement.
The other three statements follow from various applications of Berge’s maximum theorem (Theorem 5).
ii) D(p,w, ) is continuous over ©F x A x X and the maximization is over the simplex.

iii) The third claim is due to Berge’s maximum theorem. Indeed, X*(u) is continuous and compact-
valued and D(p,w, ) is continuous. Hence, (p,w) — maxyex+ () D(p,w,~x) is continuous and (u,w) =
argmax,e v+ (,) D(p, w, =) is upper hemicontinuous and compact-valued.

iv) Finally, the last claim follows by applying the Berge’s maximum theorem. We recall from Lemma 27
that D(pu) = maxgzex D(p, —x). Since D(p,—x) is continuous and g = X is constant and compact-valued
(Assumption 1), we obtain that xp(p) is upper hemicontinuous and compact-valued. Furthermore, since
maxye x+(u) D(1,w, ~x) is continuous and the simplex is a constant and compact set, we have that p = w*(u)
is upper hemicontinous and compact-valued. O

Corollary 1 (Uniform Continuity). Let C C ©F and H C X be compact sets. Then, we have that:
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o (w,pu,x) = D(p,w,~x) is uniformly continuous on C X Ax X H.

(p, ) = D(p, —x) is uniformly continuous on C x H.

(1, w) = maxyex+ () D(p, w, -w) is uniformly continuous on C X A.

o — D(p) is uniformly continuous on C

Proof. By Heine—Cantor, every continuous function is uniformly continuous on a compact domain. Then, apply
Lemma 1. O

E Algorithm Analysis

We structure this section as follows. First, in Appendix E.1, we prove the correctness of the stopping and
recommendation rules that we introduced in Section 5.1. Then, we present the analysis of Sticky Sequence TaS
for any answer selection rule that ensures convergence (Appendix E.2). Finally, in Appendix E.3, we show how
to build such converging sequences according to the properties of X and p = X* ().

E.1 Correctness and Expected Stopping Time

We first recall the stopping and recommendation rules. Specifically, the stopping rule is as follows:

75 = inf {t eN: max D (a(t),N(t),x)> 5,575} . (13)
zeX*(p(t))

Furthermore, it recommends:

&, € argmax D (f(t), N(t),x). (14)
vex-((t))

The following correctness analysis is based on concentration arguments that have been initially described by
Meénard [2019], where the author is working under the assumption of Gaussian distributions with unitary variance.
Specifically, the stopping threshold S; s is set to:

Bt,s = log <(:;> + K log <4log <(:;> + 1) + 6K log(log(t) + 3) + KC, (15)

where C' is a universal constant. All the results of this section can be extended (with a more complex notation)
to distributions in any canonical exponential family by modifying appropriately B s (see e.g., Kaufmann and
Koolen [2021]).

Lemma 28 (Correctness). For any sampling rule (A;)i>1, the stopping and recommendation rules in Equa-
tions (13)-(14) guarantee that:

By (ir, & X (1) < 6.

Proof. Tt holds that:

Py (275 ¢ X* (1)) =Py (Ht eN: max D(pa(t),N(t),x) > s and &y ¢ X*(u))
zeX*(f(t))

<P, (3t Nand x ¢ X*(w) : D (A(t), N(t), ~a) > fi.5)

<P, |3teN: Y Nut)d(fn(t), ur) > Brs
ke[K]

<5

)

where (i) in the first step we have used Equations (13)-(14), (ii) in the third one the fact that, since z ¢ X* (),
then p € -z, and (iii) in the last one Proposition 1 in Ménard [2019]. O



Pure Exploration with Infinite Answers

The following results will be used to control the expected stoppping time of the proposed algorithms. Lemma 29
is a standard result; we include a proof for completeness.

Lemma 29. Let {£(t)}+ be a sequence of Fy-measurable events. Suppose there exists To(6) € N such that, for
all t > Ty(8), E(t) C {7s < t}. Then, it holds that:

+oo
Eulrs] < To(6) + > Pu(E()°).

Proof. By standard probabilistic arguments, we have that:

“+o00 +oo 00
Eulrs] =D Pul(rs > 1) <To(d) + Y Pulrs > 1) <To(8) + > Pu(E(t)°),
t=0 t=To(5) t=0
which concludes the proof. U

E.2 Sticky-Sequence Track-and-Stop

In this section, we prove Theorem 3, i.e., we analyze Sticky-Sequence Track-and-Stop for any general answer
selection rule that satisfies the fact that {z;}; is converging to some = € Xr ().

The analysis will be carried out under the good event & = ﬂ';:h(t){u € C,} where h(t) = [/t] and Cs = {p' €
M :D(f(t), N(t), p') <log(g(t))} where g(t) = Ct1° for some constant C' € R. It is possible to show that, for
an appropriate value of C, it holds that >~ P, (E(t)¢) is finite (see Lemma 14 in Degenne and Koolen [2019]).
Next, we first recall the definition of converging sequence {z;};. Specifically, for all ¢ > 0, there exists T, € N
such that, for all ¢t > T, on £(t), there exists z € Xp(p) : ||zs — Z|| < € for all s > h(?).

Now that we clarified the setup, we first prove that, on £(t), C; is shrinking toward p. Note that this result
is independent from Definition 1 and only depends on the definition of C;, & and the forced exploration of the
algorithm (i.e., the cumulative tracking procedure, Lemma 41).

Lemma 30. For all € > 0, there exists T, such that, for allt > T, on E(t), ||u — p'||co < € holds Vu' € Cs and
all s > h(t).

Proof. For any p, p', let ch(p, p') = infxerr 35y (d(Ans i) + d( A, 1)

Consider T, > T, where T is such that \/h(T) + K2 —2K > 0 and let t > T,. We recall that, by definition, on
E(t), it holds that p € C; for all s > h(t). Thus, D(f(s), N(s), ) <log(g(s)) for all s > h(t). Furthermore, for
all u' € Cq, D(fu(s), N(s), ') <log(g(s)). Thus, on E(t), for all s > h(t) and ' € Cy, we have that:

D Nils) (dlfin(s), px) + d(fun(s), 17,)) < 21og(g(s)),
ke[K]

Using Lemma 41 together with the fact that ¢ is such that \/h(t) + K2 — 2K > 0 (since t > T)), we obtain that,

21 s
on E(t), ch(p, p') < %, V' € Cs.

2log(g(s))
Vst K2—2K
I — 1 ||o < €. Indeed, let us analyze ch(p, p'). Using the sub-gaussianity of the arms together with the fact

Now, observe that is decreasing in s. It follows that, for all € > 0, there exists s, such that Vs > s,
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that ch(p, p') < —228W() o obtain:2?

— Vs+K2-2K
2log(g(s)) /
_2989)) S h(p,
Vs+ K2 —-2K — (k1)
> inf e = p)® + (A — p13.)*
~ AERK 202
ke[K]
1 + 11} ’ + 14} ?
=Y <uk2ukﬂk) +(ﬂk2uku;€>
kE[K]
1
= 42 Z (1 — %)2
ke[K]
1
= @HH - Hlﬂg

1 7112
> @HH—N ll5-

Thus, we have that, on £(t), for s > h(t) and p’ € Cs:

= oo < 4| S22 108(9(5)
TV Vs + K2 2K
Let T, == max{T, inf{n eN: % < e}} Then, for all t > T., || — p'[|sc < € holds on £(t) for
\ Vr(n —
all u’ € Cy and s > h(t). O

At this point, we combine Lemma 30 with Lemma 1 and Corollary 1 to prove the following result. Lemma 31 will
be used to analyze the behavior of the algorithm in Lemma 32, which is at the core of our asymptotic optimality
result.

Lemma 31. If Definition 1 is satisfied, then, for all k > 0 there exists T, € N such that for allt > T, on E(t),
it holds that, for all s > h(t) and p’ € Cj:

|D(w) - D()| < ,

max D(p,w,—z)— max D(p/,w,—z)| <k VYwe Ag.
rEXF (1) zE€XFp(p')

Furthermore, there exists T € Xp(p) such that, on E(t):

}D(u,w,—@) —D(p ,w,—z5)| <k, YweAg,p' € Cs s> h(t).

Proof. First, from Corollary 1, we have that for all k > 0, there exists 8, such that, for all g’ : ||pt — p'||co < Biy:

‘D(u) —D(p)| < &,

max D(p,w,—z)— max D(p,w,-2)| <k YwecAg.
TEXF (1) (H ) zEXE(p') ('UI ) o K
Furthermore, from Lemma 30, we know that, for all ¢, there exists T such that, forallt > T,, on £(t), [u—p'|| < €
holds for all s > h(t) and p’ € Cy. Thus, picking € = ,,, we obtain that there exists T} such that, for all ¢t > T7,
the first claim holds.

Second, from Corollary 1 and the compactness of X (i.e., Assumption 1), we know that, for all k > 0, there
exists B, such that, for all g/ such that | — pt/|lc < Bk, and for all z, 2’ € X such that ||z — 2'||ec < Bx,, We
have that:

D(p,w,~x) = D(p/,w,—a')| <k, VYw e Ag.

22We recall that sub-gaussianity implies d(p, q) > (=g

- 202
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From Definition 1, for all € > 0, there exists T: such that, for all ¢ > T%, on £(¢), there exists Z € Xp(u) such
that ||Z — x| < € holds for all s > h(¢t). Furthermore, from Lemma 30, we know that, for all €, there exists T,
such that, for all ¢ > T¢, on £(¢), || — p'|| < € holds for all s > h(t) and p’ € Cy. Picking € < 3, and € < S,,,
we have that there exists T5 such that for all t > Th, the second claim holds. Taking T}, = maX{Tl, Tg} concludes
the proof. O

Next, the following Lemma analyzes the behavior of the algorithm in terms of the L.h.s. of the stopping rule in
Equation (13). Specifically, it relates the stopping rule to the characteristic time T ().

Lemma 32. Suppose that Definition 1 holds. Then, for all k > 0, there exists T,, € N such that, for all t > Ty,
on E(t), it holds that:

X t—[h()] e, -1 K1+ V1)
me;gﬁﬁwyD(uﬁhlV(ﬂ,ﬂx)Z‘Agggggﬂﬂ(u) =3k ———C

1
t
for some problem dependent constant Cy, > 0.

Proof. Let k > 0 and consider ¢ > T, such that the results of Lemma 31 holds.
Then, we have that:

1 1
- D(i(t), N(t), —z) = - D(p, N(t), ~x) — hy(2),
Lomax | D0, N(t),~a) = 3 max D(, N(t). =) = ()
where hq(t) is given by:
ha(t) =+ D(u, N(t),~z) — + D((t), N(t), ~)
= - max y ,".’L’ —_ - max ; ,"3’,’ .
! t zeXx(u) K t zex(a(t)) K

From Lemma 31, we obtain hq(t) < &, thus leading to:

max  D(f(t), N(t),—x) >

max D(p,N(t), ) — k.
peineax (1, N(t), ~z)

1
t TEX* (1)

1
t
Furthermore, for all z € X*(u), we have that:

S max D N(1), ) > D, N(t), )

t TEX (/J‘)
IJ’ wis x 2 t ’

s=1

Y

where ho(t) is given by:

ha(t) = 1 sup inf Z (Zwk(s) - Nk(t)> d(pr, A\x)
ke[K]

t TEX* (1) A€z

s=1
< M sup inf d( g, M)
t TEX* (1) A€z relK]
K(1 t
= 7( j \/>) CP"

where, in the first inequality, we used Lemma 41 and in the last one the fact that the exponential family is
regular and bounded. Thus, we obtained that, for all z € X*(u):

max  D(A(t), N(t),~z) > D (u,Zw(s),wc) P MC‘“

1
t zex*(a(t)

o~ | =
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Therefore, it also holds for Z € Xp(p) such that, on E(¢),

<K, YweAg,pu €Cys>h(t),

D1y, ~7) = D(',w, )

where the existence of such an Z is given in Lemma 31. Thus, focus on %D (p,, 2221 w(s), ﬁa’s):

where p/'(s) € Cs is such that w(s) € w*(p'(s), ~xs) and hs(t) is given by:

t

Z (D(“,(S)’W(S%ﬁxS) - D(l"’aw(s)’ﬁj)) <k,

s=h(t)

ha(t) = %

where in the inequality step we used Lemma 31. Finally, we have that:

t
1 t—h(t)), w, _
n Z QT (1)~ = ha(t),
s=h(t
where hy(t) is given by:
<
ha(t) =~ D D(w) = D(p'(s)) <,
s=h(t)
where the inequality step follows from Lemma 31, thus concluding the proof. O

Finally, Lemma 32 allows to prove the optimality of Sticky Sequence Track-and-Stop.

Theorem 3. Sticky Sequence Track-and-Stop, equipped with a convergent selection rule, is 6-correct and asymp-
totically optimal, i.e., imsups_,q lgEg([l/;) <T*(w).

Proof. Let k > 0. From Lemma 32, for t > T}, on £(t), it holds that:

max  D((0), N(0), ) > Pt g  KOEVD

1
— C 16
t weXx* () ’ t t i (16)

where C), is a problem-dependent constant.

Let v € (0 %")_1}, take k = x(y) < {5. Furthermore, consider 7', as the smallest integer n € N such that

)

h(n * _ K(14+vn
M) P ()=t < 2 and KUV, <

»@

. Then, for t > T, + T}(), Equation (16) implies:

1 . s N
S max D), N(),~) = T (1)~ — .
TEX* (1)

Applying Lemma 42 with @ = L = v and D = T*(p) !, we have that for ¢ > [Ty(v,v, 6, T* () ™) + T 4+ Te() 1+
we have that:

—_

¢ max D(f(t) N(t). ) >

bl

Prs
t
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which implies that, on the good event, the algorithm stops using at most [To(v,7,8, T*() ™) + Ty + Ty |
samples. Applying Lemma 29 we, thus, obtain:

t
Epulrs) < To(7,%,6, T (1)) + Ty + Ty + 3 Pu(€(5)%).
s=0
From Lemma 14 in Degenne and Koolen [2019], S20_ P, (E£(s)°) is finite. Thus, using the expression of
To(y,7,0, T*(p) 1) given by Lemma 42, we have that:

) E,.[75] 1
lim su ol < .
50" log(1/8) = T(n)~1 — 2y

Letting v — 0 concludes the proof. O

E.3 Algorithms for Converging Sequences
E.3.1 Sticky Sequence Track-and-Stop for the case in which |Xr(y)| is unique

We now show that Definition 1 holds whenever X'z () is finite by simply picking any z; € X;.

Lemma 33. Let {x;}; be such that x; € X; for allt € N. Then, if |Xr(n)| = 1 for all u € ©K | then Definition 1
holds, i.e., for all € > 0, there exists T, such that, for allt > T., on E(t), it holds that |z, —Z| < € for all s > h(t)

forz = Xp(p).

Proof. From Lemma 1, p 2 Xp(pu) is upper hemicontinuous. Furthermore, since Xr(p) is single-valued, then
B2 Xp(p) is a continuous function. Thus, for all € > 0, there exists 7. > 0 such that, for all ' € B, (u), we
have that || Xr(p) — Xr(p)]leo < €

Furthermore, from Lemma 30, for all K > 0, there exists T, € N such that, for allt > Ty, on &, ||p—p/||cc < & for
all u' € Cs and s > h(t). It then follows that, for k = 7., we have that || Xr(p)—Xr(p')||oo < € forall ' € Cy and
s > h(t). Then, since x5 € Xy and X, = Xp(p), we also have that, on E(t), ||2s—Xr(1) || < €, Vs > h(t),
which concludes the proof. O

p eCs

As for the case in which |Xp(u)| = 1, we note that Lemma 33 is actually slightly stronger than Definition 1 as
we know exactly the answer toward which we are converging.

E.3.2 Sticky Sequence Track-and-Stop for the case in which X C R

We show that Definition 1 holds when & C R and for x; € argmin, x, 7. In the following, we assume that x;
is attained within X;. If this is not the case, the inf will be for sure attained on the closure of X; (as cl(X}) is
a compact set). In this case, we can simply pick any x; € X; arbitrary close to argmin,c.(y,)  and the proof
follows by identical arguments.

Lemma 34. Let X C R. and {x}; be such that x; € argmin, .y, x for allt € N. Then, Definition 1 holds, i.e.,
for all e > 0, there exists T, such that, for all t > T, on E(t), it holds that |xs — | < € for all s > h(t) for
T € argming ¢y, () -

Proof. By upper hemicontinuity of Xr (), we have that, for all € > 0, there exists p. > 0 such that, if ||p—p/||0 <
e, then Xp (1) C B(Xr ().

Let T, be such that, for all ¢ > T¢, under £(t), it holds that ||u — p'[|cc < pe for all p’ € Cs and s > h(t). From
Lemma 30 we are guaranteed that such T, exists.

Then, it follows that, on |xs — Z| < € for all s > h(t) on the good event £(t). Indeed, (i) x5 < Z since p € Cy on
the good event, (ii) z5 > T — € since Xr(p') € B(Xp(p)) and T € argming, ¢ y,.(,,) 7- O

As a minor remark, we observe that Lemma 34 is actually slightly stronger than Definition 1 as we know exactly
the answer toward which we are converging.
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Algorithm 2 A general procedure for selecting answers.

Require: Radius function p : N — R, answer space X
Initialization: Pick any z, € Py : B,, (Z1) N Xy # 0. Set 21 € B, (Z1) N X1 Set Hy = {(Z1,p1)}
Selection Rule at step t:
Let S = {(z,p) € Hi—1 : V(Zs, ps) € Hi—1, ps > p and B, (Z,) N X, # 0}
Let § be the time corresponding to the element (Zs, ps) € S; with the smallest radius ps
Let ﬂt - (Z)
for s=5+1,...,tdo
Pick any Z, € P, such that B, (Zs) N By, ,(Zs—1) N Xy # 0
He = He U (Zs, ps)
end for
Pick any x; € B, (Z¢) N X%
: Update History Hy = {(z,p) € He—1:p > ps} UH;

—_ =
= O

E.3.3 Sticky Sequence Track-and-Stop for the case in which |Xp(u)| is finite

We show that Definition 1 holds when |Xz ()| is finite and z; € argmin, ¢ y, |2 — 2;_1[|cc. As above, we assume
that x; is attained within X;. Again, if this is not the case, the inf will be for sure attained on the closure of X;
and we can simply pick any z; € &} arbitrary close to argmin, ¢ x,) . The proof follows by identical arguments.

Lemma 35. Let {x:}; be such that x; € argmin, ¢y, ||© — 2¢_1||oo for allt € N. Suppose that |Xr ()| < M for
all p € ©K | then Definition 1 holds, i.e., for all € > 0, there exists T,, such that, for allt > T., under E(t), there
exists T € Xp(p), such that |T — xs]|eo < € for all s > h(t).

Proof. Let p be such that ||z1 — 23]|c > p for all x1,20 € Xp(pu), ©1 # x2. Then, since Xp(w) is upper
hemicontinuous (Lemma 1), there exists 1, > 0 such that, for all g’ : ||p—p'||cc <1, = Xp(p') C B,(Xr(p)).
Since |Xp(p)| < M, it follows that:

U XF(IJ’/) g U BP(:E)7

illp—plloo <np zeXr (@)

and, moreover, B,(x1) N B,(z2) = 0 for all 1,22 € Xp(p), 1 # 0.

Let t > fnp, where Tnp is such that, for all ¢t > fnpv on &(t), |p— oo <mp forall p’ € Cg and all s > h(t). Such
Tnp is guaranteed to exists due to Lemma 30. Then, on £(¢), || — p'||oc < 7, for all ' € C, and all s > h(t).

Now, we observe that, for ¢ > Tnp and s > h(t), on E(t), ||zs — Z]leo < p for some T € Xp(p), and, furthermore,
lzs — 2| > p for all x € Xp(p) \ . This is due to the fact that p € C; for all s > h(¢) (and, consequently,
Xr(p) € Xs), ||x1 — 22]|co > p for all 21,29 € Xp(p), and thanks to the fact that the selection rule of z; is such
that it always select the feasible solution which is closest to the previous point.

Thus, Definition 1 directly follows by considering any t > T, = max{i, Tp}. Indeed, by the reasoning above, we
have that there exists & € Xr(p) such that ||zs — Z|| < min{p, e} < € for all s > h(t) under the good event E(t).

O

E.3.4 Sticky Sequence Track and Stop with Adaptive Discretization

We now show that there exists a general algorithm for ensuring Definition 1 in arbitrary compact spaces. The
pseudocode of the selection rule for the answer x; can be found in Algorithm 2. Before detailing the algorithm
we introduce some notation.

Preliminary definitions We consider a radius function p : N — Ry such that p(t + 1) < p(t) and
lim; o p(t) = 0. Specifically, we choose p(t) = 27*. In the following, with some abuse of notation, we write
p(t) = p;. Note that, for any p, the corresponding time ¢ is uniquely identified by p; due to the fact that p(t) is
invertible.
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For the answer set X' and any t € N, we write write P, = {z;}.2} (or, with some abuse of notation, P,,) to

denote the centers of a cover of X that uses balls of radius p; centered in points x; € P.

Explanation of the algorithm Algorithm 2 works by combining the progressive discretization of X together
with a “history mechanism”.

In the first turn, the algorithm selects any point Z; € Py such that B, (Z1) N X, # 0 and it picks any answer
x1 € By, (Z1) N Ay, Then, it initializes a “history” H; = {(Z1,p1)}.

Assume now that a history H;_; of t — 1 tuples {(Zs, ps)}'Z} is given to the algorithm (we will explain shortly

how H; is defined and updated by the algorithm). The algorithm decides the answer x; to play as follows.
Among all elements of H;_1, the algorithm first selects an index §, which is the one with the smallest radius (i.e.,
the greatest index § <t — 1) that guarantees that the intersection of B, (Zs) and X; is non-empty for all s < 5
(Line 3 and Line 4). Intuitively, the region B,,(Zs) can be seen as an anchoring mechanism that constrains the
search for a good answer in Xr(u) towards previously selected points (for further explanation, see the remark of
5 below). When such (T3, ps) is selected, then the tuples (zg, ps) with s > § are discarded from the history set,
and H; is “repopulated” by picking some (Zs, ps) such that Z, is in the centers of the cover at time s and such
that B, (Zs) N B,, ,(ZTs—1) N X # 0 (Line 7). In Algorithm 2 the “repopulation” of H; is formalized trough H;
(Line 8 and Line 11).

Finally, Algorithm 2 simply selects any x; € B,, (%) N A; (Line 10).

Remark on 5 We observe that, for all s > 3, there exists an element in position s’ € {s + 1, s} such that
B, ()N &, = 0. We recall that:

e X, represents the set of candidate answers that correspond to models within a confidence region around fi;

e Algorithm 2 keeps in H; only elements of H;_; whose index is less than 3, i.e., for all s < &, it holds that

By, (zs) N &, # 0.

These two facts can be interpreted as a backtracking operation that is needed to guide the search of the algorithm
toward some Z € Xp(p). Indeed, for all s > 3, there is a point within the sequence {3,..., s} whose ball does
not intersect the set of candidate answers A; (which, on the good event, contains Xr(u)).

Remark on notation In the rest of this section, for the sake of clarity, we will use the following convention:

e T € X denotes the answer in Xr(p) towards which Algorithm 2 is converging (or, whenever needed, answers
in Xr(p));

e x; denotes the answer selected by Algorithm 2 at step ¢;

. :Egt) denotes the center of the cover of radius ps (i.e., T € Ps) within the history set at step ¢, i.e.,

(:Egt), ps) € Hi. Note that here, we are expanding the notation introduced above since the elements within
H; can change throughout the execution of the algorithm. This is to avoid potential ambiguities.

Given this convention, we observe that for all ¢ € N, the selection rule of Algorithm 2 can be rewritten as
x € By, (5;§t>) for some 5:?) € P,,. Similarly, the history set #H; can be rewritten as H; = {(xgt),ps)}izl.

Observe that, due to the backtracking operation highlighted above, in principle it can happen that xgt) #* xgtﬂ).

Proof of convergence In the following, we prove that Algorithm 2 generates a converging sequence. We first
give a proof outline and then we dive into the formal arguments.

The main idea is showing that for any n € N, and for sufficiently large ¢, under the good event £(t), there
exists an element (Z,, p,) that remains in H, for all s > h(t), i.e., T, = 7 for all s > h(t). This first result
(which is formally stated in Lemma 37) intuitively says that, when enough information has been collected, then
the algorithm is able to fix a region of arbitrary radius within its history set H;. As Lemma 38 then shows,
this is enough to ensure that the algorithm is converging to some Z € Xr(u). Indeed, we will show that the
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aforementioned Z,, is close to some Z € Xp(p), and, by the design of the algorithm (i.e., Line 8), the answer
selected at step s (i.e., xzs) will be close to Z,, for all s > h(t). By a triangular inequality argument, this implies
that x remains close to some T € Xz (1), thus leading to the desired convergence property.

Now, before moving to Lemma 37, we first prove a technical result which will be used within the proof of

Lemma 37.

Lemma 36. Consider p € M, n € N and p = p,,. Suppose that there exists x € P, such that B,(x) N Xr(p) = 0.
Then, it holds that:

7, = min min min ||z" — Z|| > 0.
ZEXF (1) TEP,: z'eB,(x)
B, ()N X (1) =0

where 1, is well defined and 1, > 0.

Proof. Consider
= inf inf inf |
e TEXF (1) T€EP,: z'€B,(x) H ||
By (2)NXF (1)=0

Then, fix any 2 € P, and & € Xp(p) and let ¢(7,z) = infyrep, (1) |2" — Z[|oo, where the inf can be replaced by
min (indeed, B,(x) is compact and the inner infinite-norm function is continuous).

Now, let € Xr(u) and consider:

inf 7, T).
B, o)
By (2)NXr (n)=0

We observe that, by assumption, the set over which we are optimizing is non-empty. Furthermore, it holds that:

inf T = i T = g(Z).
B BN= 0 =)
By (2)NXE (p)=0 B, (z)NXF (p)=0

Indeed, the cardinality of the set € P, : B,(x) N Xp(p) = 0 is finite since P, is finite. Furthermore, ¢(z) is
continuous in Z since it is a minimum over a finite set of continuous functions.

At this point, we note that the outer inf can be replaced by a min since that objective function is continuous in
Z and Xp(p) is compact. This shows that 7, is well defined.

It remains to prove that the value of the optimization problem is strictly greater than 0. Consider a triplet
(Z,x,z') that attains all the minimums of the optimization problem. Then, we need to prove that ||Z —2'| e > 0,
i.e., that  # a'. However, Z € Xp(p) and 2’ ¢ Xp(p) (since 2’ € B,(x) and B,(x)NXp(p) = 0), thus concluding
the proof. O

We are now ready to show that, under the good event, the algorithm is able to identify good regions in which it
will conduct the search.

Lemma 37. For all n € N, there exists T,, € N such that, for all t > T,,, under E(t), there exists T,, € P, and:
(Tnypn) € Hs, Vs > h(2), (17)
ie., for all s > h(t), T, = 7). Furthermore, under E(t), there exists T € X such that
T e Xp(p)NB,, (Tn). (18)
Proof. We start with some preliminary definitions.
Let n € N, and let us define the following set:

N(n)={jeN:j<nand 3z ecP, :B, (x) N Xp(p) =0} (19)
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The set N(n) represents the subset of [n] for which we can apply Lemma 36. Furthermore, let us define r,, as
follows:

rp = — min

2 jeN(n) i s

where 7, is as in Lemma 36.

Next, we recall that, by Lemma 30 and the upper hemicontinuity of X (i.e., Lemma 1), for all A > 0, there
exists T such that, for all ¢ > Ta, under £(t), Xy € Ba(Xp(w)) for all s > h(t).

In the following, we will show that picking A = 7, leads to the desired result. Specifically, we will consider
T, = max{T,, ,T,}), where T}, is such that Ph(t,) < pn- Here, the requirement that ¢ > T, is a technicality that
ensures that elements of the form (-, p,,) are already within the history set #y,(;). Indeed, at step h(t), the history
set Hp () only contains elements of the form (-, p) for p > pj(y). Intuitively, to ensure that (Zn (h(t ), pn) € Hi
for some a’c%h ® ¢ Pr) we need t > T,,. We now proceed with the crucial part of the proof, that is exploiting
t>1T,, .

Observe that, to prove Equation (17), we need to show that there exists an element (Z,, p,) that will not be
removed from H, in any s > h(t), i.e., 3Ty : Tp = 7 for all s > h(t). As discussed above, for t > T;,, there
is an element of the form (z SL (¢ )), pn) Within Hj . In the following, we prove that such an element will not be

eliminated from H, as the execution proceeds.

By definition of Algorithm 2, an element (x% )7 pn) can fail to belong to Hy1 if and only if there exists

Hs such that j <n and B, (7; ))ﬁXs+1—@

(@, p)) €

We proceed by contradiction. Suppose that there exists a (:7:;8), p;) € M, for which B, ( )ﬁ Xst1 = 0 for some
j < n. In the following, we will refer to the index j as the index of the element that tmggers the elimination of

(@5?, pn) from H 1. Now, we proceed by cases.

Case one: j ¢ N(n) If j ¢ N(n), then, we know by Equation (19) that B, (z; (s )) N Xp(p) # 0. Hence, since

on the good event Xr(p) C X; for all s > h(t),** we also have that B, (T S)) N X, # (), and, as a consequence,

the elimination condition of (5555), pn) from Hs1y cannot be triggered by the element in position j, thus leading

to the contradiction.

Case two: j € N(n) If j € N(n), instead, we prove that for ¢t > T}, B, (= S)) N Xp(p) # 0 and (as we have

shown in the previous case), this in turn implies that the elimination condition of (:rn ), pn) from M1 cannot

be triggered by the element in position j. To this end, the following argument shows that, for ¢ > 7. , all the
elements x € P, such that B, (x) N Xp(p) = 0 cannot satisfy B, (x) N Xy # 0 at any s > h(t), and therefore,
they cannot belong to H,. Specifically, suppose that there exists x € P, such that the following holds for
s> h(t):

(@) 0 X () = 0 (20)

B
By, (x) N X, # 0. (21)

ZRecall that g € Cs by definition of £(t).
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Then, under £(t), for all s > h(t), and any y € By, (x) N X, (such y exists due to Equation (21)), there exists
T € Xp(p) such that ||y — Z|| s <, (by definition of T, and ¢ > T, ). However:

Hy - i‘”oo <y

< Mp; (1 = %minieN(n) Np. and j € N(n))

< min min ||2” -z Def. of 1,

< o mn e =l (Det. of 1,,)
B,, ()X (14)=0

< min 2" — 7|« (x € Py, : By, (x) N Xp(p) =0, i.e., Equation (20))
x“eBp]. (x)

< ly = Z||oo- (y € By, (z))

Thus, we have shown that ||y — Z|lec < ||y — Z||cc Which leads to a contradiction. This concludes the proof of

Equation (17) since we have shown that for all s > h(t) all the conditions that can trigger the elimination of

(), pp) from Hyy1 cannot be triggered.

Now, concerning Equation (18), we observe that the proof of Equation (17) already used in its argument the
existence, for all j < n, of Xp(u)N B, (E;S)) # (). Thus it holds also for j = n and 7 =z, for all s > h(t). O

We are now ready to prove that Definition 1 is satisfied for the sequence {z;}; generated by Algorithm 2.

Lemma 38. Consider that {x.} is given by Algorithm 2. Then, Definition 1 holds, i.e., for all € > 0, there
exists T, € N such that, for allt > T,, on E(t), there exists T € Xp(p) such that |T — xs|lec < € for all s > h(t).

Proof. From Lemma 37 we know that, for all n € N, there exists Tn such that, for all ¢ > Tvm under £(t), there

exists Z,, € P, and (T, pn) € Hs, Vs > h(t). Let € > 0 and consider T, = T; where 7 is the smallest integer that
verifies pr—1 < €/4.

It follows that for all t > T, the following properties hold under &;:
%5 € Pa : (Ta, pn) € Hs Vs > h(t), and pp < /4. (22)
Observe that, as a direct consequence of Equation (22), we have that:
ps < pn Vs> h(t). (23)

Indeed, from Lemma 37, we have that (Zz, pn) € Hs for all s > h(t). Then, it follows by definition of Algorithm 2
that ps is related to some step 7 which is at most h(t) (since that element need to be in the history set already
at step h(t)). In other words, h(t) > 7.

Furthermore, from Lemma 37 and Z; as in Equation (22), we have that:
dz € Xp(p) Nz € B, (Tn). (24)
Now, by definition of Algorithm 2, z, € B,, (:Egs)) for all s > 1 for some z.°) € P,.. Let T be as in Equation (22)

and Z as in Equation (24). In the following, we will prove that under £(t), ||zs — Z||oo < € for all s > h(t), which
is exactly Definition 1. Specifically, we have that:

[2s = Zlloo < 125 = Zalloo + 1Za — Zllo

<lzs = Zalloo + pa (Equation (24))
< llzg = Zalloo + 7 (Def. of 1)
< lles = 2o + 125 = Zalloo +

< ps + 128 — Zalloo + 2 (Def. of x)
< i+ |12 = Tl + i (Equation (23))

< |12 - Zallo + g (Def. of 71)
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At this point, it remains to upper bound ||5ch) — Z#| 0o, which we analyze with a telescoping argument. Recall
that 7 < s for all s > h(t). Then,

128 — Zalloe < D128 — 289, loe,
j=n

where we introduced all the elements in the history H; from step 7 to s and we have used that, due to Lemma 37,
Tn = 55%5) for all s > h(t). Then, by construction (i.e., Line 7 in Algorithm 2), we have that B, (i‘§-5)) N
Ble(fSZ)l) # (). Thus, ||a‘:§s) — fgﬁlnoo < pj+ pj+1 < 2pj. It then follows that:
s +oo 1 1
1787 = Talloo <2 0y 2D 55 <2y =2pa1 <

j=n j=n

[\l e

Combining these results, we have obtained that ||zs; — Z||o < € under £(t) for sufficiently large ¢. This concludes
the proof. O

E.4 What happens when {z.} is not converging

In this section, we discuss what happens when the underlying sequence is not a converging one. Specifically, what
kind of theoretical guarantees can we obtain? Note that answering this question also provides the theoretical
guarantees of TaS and Sticky-TaS whenever they fail to generate a converging sequence. Indeed, as we discussed
in Section 5.1, our framework actually generalizes both TaS and Sticky-TaS (according to the rule with which
x; is selected).

On a theoretical level, the main result of this section is Theorem 4. Specifically, Theorem 4 shows that, when
the sequence z; is not a converging one, we are only able to guarantee a results of the following form:

. E,.[7s] . 1
limsup —2-2 < max min @ ——. 25
(Hop log(1/8) — weconv(w* () zeXx=(p) D(w@,w, ) (25)

The rest of this section is structured as follows. First, in Appendix E.4.1, we provide the formal statement and
the proof of Equation (25). The formal result is given in Theorem 4. Then, in Appendix E.4.2, we provide,
as curiosity, a theoretical example of an application for which we can quantify the gap between the result of
Theorem 3 and Theorem 4.

E.4.1 Theoretical Results

To prove Theorem 4, we first show a result that combines Lemma 1 and the good event.

Lemma 39. For all k > 0, there exists T, € N such that, for allt > T,, on E(t), it holds that, for all s > h(t),
and all p' € Cy:

max D(p,w,-x)— max D(p' w,—z)| <k, Yw e Ak,
TE€EXF (1) TEXF (1)

inf flw—w'fle <k, V' € w(p).

wEw* (1) |
Proof. Due to Lemma 1 and Corollary 1, we have that, for all k = k() > 0, there exists f,; such that:

||H’ - H’IHOO S 6l€ = max D(‘U,,w, _\CC) - max D(H’/7wa _|I) S 2] Vw € AK7

TEXF (1) TEXF (1)
b= 1o < B = wel lw = wlloc < K, Yo' € w™(p).

Recall that, as a consequence of Lemma 30, it holds that, for all € > 0, there exists T, : V¢t > T, then, on £(¢),
Il — ' ]|oo < € for all s > h(t) and p' € Cs.

Picking € = f3,; concluds the proof. O
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The following lemma analyzes the behavior of the framework when the sequence of answers is not a converging
one.

Lemma 40. Let k > 0 and let T, € N as in Lemma 39. Then, for t > Ty, under E(t), it holds that:

1 . (t —[r(®)])
- max D(p(t),N(t),x) > ————— min max D(p,w,x
t zex*(f(t)) (M( ) ( ) ) t weconv(w*(p)) z€X* () (“ )
1
—/Q(1+CM) ( +\/>) [La

where Cy, > 0 is a problem dependent constant.

Proof. Consider + max e x+(a)) D(f(t), N(t), ~z). By adding and subtracting 1 max,e x+ () D(p, N (t), ~x) we
have that

a)(( )D(M’ N(t)v _‘Z‘) - hl(t)

N(¥) ... N()
ha(t) = D2 ) - D(at), =2 -z).
0= g, D (5 e) - s, £ (500 52 e
Now, using Lemma 39 and noticing that u € Cy on £(t), we have that hy(t) < s, thus leading to:
1 1
- max D(p(t),N(t),-z) > — max D(p, N (t), ) — K.
pLomax | D((0), N(),~a) = ¢ max D(u,N(t), o)

We now continue by lower bounding % maxXye x+(u) D(p, N (t), 7). Specifically, for all x € X*(u), we have that:

1 1
- max D(/"'aN(t)v _\l’) Z 7D(/J'aN(t)a _\l’))
t zeX*(p) t
1.
-, )
eK
;)\lnf Z Z wi(s)d (o, M) + Z Ni(t Z wr(s) | d(pr, M)
e keK selt] keK sEt]
1 .
> z’\lgﬁf‘”keZK GZM wi(s)d (i, Ak) + = %lfa; Z Ny (t Z we(s) | d(pr, Ar)

— %D (u,Zw(S)ﬁ$> — ha(t)

where ho(t) is given by:

ha(t) = %;gfr <Z wr(s ) d( s Ak)

ke[K]
K(1
< K+ Vi) Vi) sup inf d(pg, M)
t @EX*(/.L)AETEIC K]
K(1 t
< (%\[)Cm

where in the last step we have used the fact that the exponential family is regular and bounded.

At this point, focus on 1D (u,ZZzlw(s),—\x) and let us analyze w(s). We know that, w(s) € w*(u}) for
some p. € Cy (indeed, =, is such that x5 € Xp(p’,)). Now, from Lemma 39, we know that, on £(t), there
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exists {@(s)}s>n(t) such that (i) [|@(s) — w(s)|lee < & and (ii) @(s) € w*(u). This is direct by taking w(s) €
argming, ¢y, () [|w(s) — wlloo. Therefore, we obtain:

t

t
1 1
;D <u’7 s§_1w(5)7_‘x> > ED H, E L«J(S),—\I

s=[h(t)]

R <“Wﬁx> +3D (e X @) -6, e
s=[h(t)]
S b= Lh(tﬂ D <H, Z;—_rh[(;l)gt;(s),—'x> — hs(t)

where hs(t) is given by:

ha(t) =7 min it Y37 (@ls) — wels)dm, M)

t z€X*(p) AE~T s=ht)] ke[K]

< i inf d(pg, A
_Kxergl*lgu))\lgﬂ (ki Av)

< kCh,

Therefore, for all € X*(u) we have that:

s, PN, 2 0D (2 ) - KD,
Hence:
%ze;?}%z(t))D(ﬂ(t)’N@’ ) 2 161121(%)((”) wl} (N’ W’ﬁx> — (4 C) = Mq"

At this point, we note that m Zz:[h(m w(s) is an average of points that belongs to w*(u). Thus, this
average belong to convex hull of w*(u). Consequently, we obtain:

1 A t— [h(t)] , K(1+ 1)

- D(p(t), N(t),~x) > ————— D -z) —k(l+Cy) — ———=C,,.

t xe;r}z(%g(t)) (A(8), N(t), ) 2 t chog%g*(u))xg?\f%)((u) (b0, 22) = {1+ Cu) t .
thus concluding the proof. O

Finally, we are able to prove to prove the following result, Theorem 4, on the performance of the presented
framework whenever {z;} is not a converging sequence.

Theorem 4. Suppose that p =2 Xp(p) is not single-valued. Then, the presented framework §-correct, and it
always holds that:

E 1
lim sup ﬂ < max min

1 —_—.
5—0 log(l/é) T weconv(w* () zEX* (1) D(u,w, —\33)

Proof. Let us define T*(p) as follows:

~ 1
T (n) = max min ——.
(/1/) weconv(w*(p)) z€X* (1) D([J,, w, ﬁl‘)

Let x > 0. From Lemma 40, we have that, for ¢ > T}, on £(¢):

: (t= (MO o - K(1+ Vi)
Lomax  D(A(), N(t),~a) > B SUT )t = k(14 C) = = (26)
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where C), is a problem-dependent constant.

Let v € (0, T*(f:)il}, and take k = k(y) < min (%, ﬁ) Furthermore, consider T, as the smallest n € N such
that @T*(u)_l < 7 and K(%\/E)C“ < 7. Then, for t > T, + Ty, Equation (26) implies that
1 -
- max D(p(t),N(t),~z) >T*(u)~ ! —~.
[ max  DE0,N(0), ) = T () -
Applying Lemma 42 with @ = L = v and D = T™*(u), we have that, for ¢t > To(y,~, 8, T*(p) 1) + Ty + Ty

max D(f(t), N(t),-x) > ,
max D(a(),N (), 7o) = fus

which implies that, on the good event, the algorithm stops at most at time [To (7,7, 6, T* ()™ H+T,+ Ty ]

Moreover, from Lemma 29, we obtain that:

—+o0
Epulrs] < To(v, 7,6, T (1) ™") + Ty + Tagyy + 14+ Y Pu(E(s)%).
s=0
From Lemma 19 in Garivier and Kaufmann [2016], :jg P.(E(s)°) is finite. Thus, using the expression of
To(7,7,6, T*(;)~ 1) given by Lemma 42, we have that:
E 1
lim sup ”[Té] < = .
50" log(1/0) ~ Te(p)-1 — 2y
Letting v — 0 concludes the proof. O

E.4.2 An example of the gap between Theorem 3 and Theorem 4

In the following, we provide a simple example where we can precisely evaluate the difference between Theorem 3
and Theorem 4.

Consider a problem with K = 2, pu = (u1, u2) with Bernoulli distributions over M = [, 1 — @, and the task is
to regress any of the two arms. Note that the task is non-trivial as it is intuitively more convenient to sample
the arm with less variance. In this case, the set of correct answers is X*(u) = {(«,4) : |p; — | < €}. Consider
a,e € (0,1/10) and p such that g1 = o and p2 = 1 — . By symmetry of the KL divergence at @ and 1 — «, we
have that the set of optimal weights are trivially (1,0) for the answer (u1,1) and (0,1) for the answer (u2,2).

In this case, thus, we have that:
1 1

TW=deate) di-ai-a—a

On the other hand, T* () actually evaluates to 27*(p) (i.e., as the worst weights over the convex hull are clearly
(0.5,0.5)).

F  On simple solutions

This section is dedicated to show why some simple solution to the infinite answer problems fails, i.e., they incur
in sub-optimal sample complexity.

More precisely:

e In Appendix F.1, we discuss why the intuitive approach of discretizing the answer space and to apply Sticky
Track-and-Stop on the resulting finite answer problem is not a good option to achieve statistical efficiency.

e In Appendix F.2, instead, we provide empirical evidence for the problem that Sticky Track-and-Stop faces
when applied to an infinite answer space. This complements the discussion that we presented in Section 4,
where we argued that the current proof of optimality of Sticky Track-and-Stop cannot be applied to the infi-
nite answer setting. Indeed, the presence of infinite answers undermine the core argument behind optimality
of Sticky Track-and-Stop (i.e., the fact that it can stick to a correct answer in Xp(u)).
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F.1 Why discretizing the answer space does not work

In this section, we comment upon a simple approach that one might want to take when solving infinite answer
problems on a compact, yet infinite, answer space. The simplest idea that one might have is to construct an
a-net over the answer space and to apply Sticky Track-and-Stop to the resulting finite-answer problem. This
solves the issue of sticking to a single-answer that we identified and discussed in Section 4. Nonetheless, as we
now show, this automatically implies a loss in the statistical efficiency.

F.1.1 A simple example that explains the failure

We highlight the limits of this approach with a simple example. Consider the case where K = 1 and the target is
the e-regression of p;. In the following, we simply write p since K = 1. Assume the distribution to be Gaussian
with variance 1/2 and let M = X = [—1,1] . Then, it is easy to verify that Theorem 2 leads to T*(u) = 6%, and
that this lower bound is only attained at Xz (u) = p.

Now, denote by X,, the points in the a-net and suppose that a < e. Then, for any p ¢ X,,, Sticky Track-and-Stop
applied on the discretized answer space cannot select the statistically convenient answer p € Xr (1) but can only
select answers within X,. This implies that the algorithm can only attain an asymptotic upper bound of the
form of ﬁ, therefore failing to achieve optimality.

F.1.2 Abstracting away from the example

We observe that the previous scenario is only a very simple example and that discretizing "blindly" with an
accuracy « can lead to more severe issues.

More generally, to apply an a-net and choose « so as to control the statistical error introduced by the discretiza-
tion, one would need a Lipschitz continuity bound on the function ﬁ, and then take the minimum of such
bound over all the possible p € M. This is highly non-trivial: even in D(p, —a) (for which we can only prove a
uniformly continuous result) the dependence in —x enters through the (possibly non-convex) constraints of the

underlying optimization problem.

Finally, any discretization must ensure that, for every pu € M, there exists some z € X, N X*(u) such that
w ¢ cl(—x). If this condition fails, Assumption 2 no longer holds in the resulting finite-answer problem, and the
upper bounds for the discretized version would have infinite sample complexity.

F.2 Empirical Failure of Sticky Track-and-Stop

In the following, we present a simple example which highlights the core issue of Sticky Track-and-Stop in an
infinite answer setting.

F.2.1 A simple example that explains the failure

Consider a bandit problem with K = 4 arms and Gaussian rewards with unitary variance. Let M = [~100, 100]*
and consider the problem of regressing up to an e-accuracy (e.g., ¢ = 0.1) either (u1, p2) or (us, ). Then,
X = [~100, 100]2 and

X)) ={(@y) eX:(lm -zl <enlpz—yl <€)V (lus —a| < el —yl <€)}
Here, it is easy to verify that, for all A such that ps < pg, Xp(A) directly evaluates to {(A1,A2)} U {(As, A1)}
with corresponding oracle weights (0.5,0.5,0,0) and (0,0,0.5,0.5).

Consider the instance p = (0, —75,0,75) and the total order that first minimizes/maximizes the x-axis. Then,
answers in X; have approximately the following shape [fiy &+ CIy, fis = Cly] and [z & Cl3, fig = Cl4]. Now, we
note that:

e These two sets are well-separated by assumption on the y-axis but almost overlapping on the x-axis.

e Answers of the first set are related to weights that samples the first two arms, while answers in the second
set leads to sampling arms 3 and 4.



Riccardo Poiani, Martino Bernasconi, Andrea Celli

Yy Yy Yy
75 75 u 75 &
0 T 0 xr 0 x
-75 -75 m -75 w
-75 0 75 -75 0 75 -75 0 75
1 1 1
t 23 t3

Figure 2: In blue we are visualizing how the set X; is (approximately) behaving. The plus signs in fuchsia represents
the empirical estimates of the first two arms and the last two arms that are generating X;. The crosses represents
the two unique answers in Xr(p). Finally, the black dot is the answer x; selected by Sticky Track-and-Stop as it first
maximizes the x-axis and then maximizes the y-axis. As a result, the algorithm oscillates between picking answers whose
oracle weights are different.

As a consequence, since Sticky-TaS is using the total order that first minimizes over the x-axis, it will switch
between picking answers in x; from the two sets, and the corresponding expected pull proportions for small §
lies on the convex hull of w* (). We have provided a visualization of this behavior in Figure 2.

F.2.2 Numerical Simulations

A part from the intuition that we provided above, we have also verified this issue of Sticky Track-and-Stop
numerically. We have run the experiments on 8 CPUs Intel(R) Core(TM) i5-8250U CPU @ 1.60GHz and 8 GB
of RAM. In the simulation, we used 6 = 1078%. We repeated the experiment 100 times and we compared the
results with the ones of Sticky Sequence Track-and-Stop. Since Xr(u) is finite, we implemented the version that
picks the next answer as z; € argmin, ¢y, ||z — 21 ||oo-

The results are presented in Figure 3. As one can see from Figure 3 (left), the empirical sample complexity
of Sticky Track-and-Stop is way higher than the one of Sticky Sequence Track-and-Stop, which, instead, is
approaching the lower bound at T*(u) log(1/6) (the red line in the plot). The issue, as we anticipated above, is
that Sticky Track-and-Stop ends up in playing in the convex hull of w*(u). To verify this, in Figure 3 (right),
we report the [ distance of the empirical pull proportions at the stopping time 75 from the closest w € w*(u);
more formally infy, e« [[IN(75)/7s — w|1. As one can see, Sticky Sequence Track-and-Stop ends up playing
in expectation with proportions that are very close to (0.5,0.5,0,0) or (0,0,0.5,0.5). Sticky Track-and-Stop, on
the other hand, will select answers in an oscillating fashion that leads to sub-optimal behavior.

F.2.3 Concluding Remarks

We conclude with two comments:

e The issue on the instance g that we considered might be solved by considering the total order that first
minimizes/maximizes over y. However, one could create an instance where pus = pu4 while py and us are
well-separated.

e We presented the problem in the simple setting of Gaussian distributions, for which an algorithm that
samples arms 1 and 2 in equal proportion would suffice. Nonetheless, in the Bernoulli case no such fixed-
proportion oracle exists and an adaptive algorithm becomes necessary (as sampling is more convenient where
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Figure 3: Empirical sample complexity of Sticky Track-and-Stop and Sticky Sequence Track-and-Stop on the presented
regression task (left) and empirical I; distance of the empirical pull proportions at stopping from the closest w € w*(u);
more formally inf,, e« () | IN (75)/75 — w||1 (right).

the variance is lower). Although the extension incurs additional mathematical complexity, our example can
be generalized to cover this Bernoulli scenario. Specifically, we can pick g1 and pg equal to a, for some
small «, and p3 = 0.5+ a and puy = 0.5 — a. Let € < a. Here, due to the symmetry of the KL divergence
around 0.5, we have that regressing arm 1 and 2 is equivalent to regressing 3 and 4. Moreover, answers in
X; will still have the property of splitting into two distinct regions over the y-axis and the total order used
by Sticky Track-and-Stop will lead to the same issue.

G Helper Lemmas

G.1 Tracking

The following lemma is a standard result related to the C-Tracking sampling rule. Tighter constant dependencies
can be obtained using more fine-grained analysis Degenne et al. [2020Db].

Lemma 41 (Lemma 7 in Garivier and Kaufmann [2016]). For all k € [K] and all t > 1 it holds that Ny(t) >
VE+ K2 — 2K and maxge(g) [ Ni(t) — 02, win(s)] < K(1+ 7).

G.2 Stopping time

Similarly, the following lemma is useful in controlling the stopping time of the proposed algorithms. This result
generalizes Lemma 1 in Ménard [2019].

Lemma 42. Consider D > 0. Consider o > 0 and L € R such that D — o — L > 0. There exists C, > 0 such
that, for:

log (1/6) + K log (41og(1/6) + 1)
D—-a-L

T > max {Ca, } = To(a, L, 6, D)

it holds that D — L > T8

Proof. Let Cy, be such that, for T > C, it holds that 6K log(log(T)+3)+KC < oT. Then, for T > Ty(e, L, 8, D),
we have that:

Brs  log (%) + Klog (4log (%) + 1) + 6K log(log(T) + 3) + KC
T T
< log (%) + K log (410g (%) + 1)
= T
<D-L.

+«

where (i) in the first step we have used the definition of 3,5, i.e., Equation (15), (ii) in the second one the
definition of Cy, and (iii) in the third one the definition of Ty(«, L, §, D). O
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H Mathematical Background

This section contains mathematical background that can be helpful throughout the document. Specifically,
Appendix H.1 shows that is possible to have an exact covering of a compact set. Appendix H.2 contains
useful information on canonical exponential families. Appendix H.3 provides simple results on the infimum of
optimization problems. Finally, Appendix H.4 presentes auxiliary results on correspondences and set-valued
analysis.

H.1 Set Theory

Lemma 43 (Exact covering of a compact set). Let X C R? be a compact set. For all p > 0, there exists n, € N
finite and {X;};0, such that X; C R? is compact, X = J;2, Xi, and for all i € [n,], Xi C B,(x;) for some
x;, € X.

Proof. Let By(z) = {y € R%: ||z — y||sc < p} be an open ball of radius p centered in p. Then, for all p > 0, it
holds that X C ([, » Bp(xi). Furthermore, since X is compact, every open cover of a compact set admits a finite
subcover, that is, there exists n, € N finite and a collection of points {;}., such that X C |2, B,(z;), where
each z; € X by construction. Thus, by taking the closure of each ball, we obtain, X C |J;; B,(z;). Finally, we
have that:

X = U (B,(z;) N X) = U X;.

To conclude the proof, we note that the intersections of compact euclidean subsets is compact. Hence, X; =
B,(z;) N X is compact. O

H.2 Canonical Exponential Family

In a canonical and one-parameter exponential family, distributions are indexed according to a parameter ¢ € @,
and each distribution v4 is absolutely continuous with respect to a reference measure p on R such that:
dvy,
—(z) = exp(xn — b ,
O (x) = exp(zn — b(n))

where b: ® — R is a twice differentiable convex function. Each distribution v, can be uniquely identified with
its mean p, which is given by b(n) Given an interval of open means (i.e., the family is regular), b is strictly
convex on that interval, and the distribution is non-degenerate, meaning that its variance is strictly positive.
The KL distribution between two distributions vy, v, with means p, 1/, is given by:

KL (v, vy) = d(p, 1) = b(n') — b(n) — b(n) (0 — 7).

Now, consider two bandits g and A. After ¢ rounds it holds that
APy ) Paw | Paw

=)
|

dPy Py, P,
= > Ne(t) (d(in(t), Ae) — d(fuw (1), )
ke[K]
- Z Ni(t) (d(,ulc,)\k) + (A — i) (e — ﬂk(’f))) ;
ke[K]

where ji, = b~1(juz) and A, = b=1(\) represents the natural parameter of the distributions with mean X, and
pu respectively. We also recall that >, o g Nie(t)(Ak — fie) (e — fir(t))) is a martingale. We also recall that in
the third equality above, we used the following property of canonical exponential family.

Lemma 44 (KL difference in canonical exponential families). Consider three distributions in a one-dimensional
exponential family with means a,b,c. Then, it holds that:

d(a,b) = d(a,c) + d(c,b) + (b — &)(c — a).
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Proof. For a proof, see e.g., Lemma E.6 in Poiani et al. [2025]. O

Finally, we show lipschitzianity properties of the KL divergence and natural parameters when dealing with
canonical exponential family. This result is well-known and we report a proof for completeness.

Lemma 45 (Local lipschitzianity of KL divergence and natural parameters). Consider u, A € ©, and denote by
it, A their parameter in the canonical exponential family. Then, it holds that:

A= 1| < CrynlA =gl

d(:uﬂ >\) S OQ,M,A(A - M)Z,

where,

1 C ..
Cl,u,A = m and Cg,u})\ = M max b(f)

Ml i (3 max 5] 26 2 gelmin{f A} max{fi,x}]

Proof. We first recall that b(-) is convex and twice differentiable. Therefore, we have that:

b(R) < b(i) + u(h— ) + (A — i) max 28
¢€min{ji, A}, max{fi,A}] 2

Plugging this result within d(u, \), we obtain:

AN <o  omax O (27)
E€min{ i, A}, max{fi,\}] 2

We now recall that b(ﬂ) = u. Suppose that g < A Then, by the mean value theorem of integration, we have
that:

A— ~ ~ A=
be) =L foree i\ = A—ji= L
A—[ b(¢)
Similarly, when A< i, we have:
-\ - ~ —\
be) =L "2 force N = p-r="1
P ho)
Chaining these results, we obtain:
- DAY
()\ _ ﬁ)2 § ( M)

N 2
(mmse[min{u,i},max{n,i}] b(b~ (5)))
Notice that, since © is an open interval, that min is well-defined and different from zero.
Plugging this upper bound within Equation 27, we can conclude the proof:

maXfE [min{i,A},max{ji,A}] b(f)

d(p, \) < (A= p)? o)
2 (mll’l§e[min{,])j\}7max{ﬂ75\}] b(f))

O

As a corollary of Lemma 45, we have that the parameter space and the KL divergence are Lipschitz on any
compact subset of the parameter space ©. Again, this result is well-known and we report a proof for completeness.
We remark that, since we assumed © to be strictly contained in an open interval, then, we enjoy this stronger
Lipschitzianity result.
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Corollary 2 (Lipschitzianity over a compact set). Let ©CObea compact set. Then, there exists constants
C1,C5 > 0 such that, for all p, A € O, it holds that:

=A< Cilp—Al and  d(p, ) < Co(A— p).

Furthermore, there exists Dy, Dy > 0 such that |fi — A| < Dy and d(p, \) < Ds.

Proof. Since O is compact, there exists fimin, fmin S-t- 4 € [fbmin, Pmax] for all p € 6. In particular, let
fhmin = minueé,u and fmax = max g H- Denote by ® = {b=(1) : Vit € [fmin, fmax) }- SiNCe [tmin, fhmax) 18
compact and 5_1(~) is a continuous function, ® is compact as well.

Now, from Lemma 44, we know that, for all u, A € é, it holds that:

A — il < A=l -
M i 73} max{ 7,03 0(8)
A — pf
~ inf, g b(€)
_ A=y
ming g b(&)
= C1|A =y

where the inf can be replaced with a min since the optimization set is compact and b() is continuous over ©.
This is due to the fact that © C © and © is an open interval. Hence, the exponential family is regular and the
function b(+) is C*°, see Theorem 5.8 in Lehmann and Casella [2006]. Notice, furthermore, that the regularity
of the exponential family also implies that b is strictly positive over the considered domain. Finally, taking
Dy := C1|ftmax — fmin| shows that |& — A| is bounded.

We now analyze divergence d(-,-) using similar arguments. From Lemma 44, we have that:

MAXe e (min{ 7,2}, max{fi,A}] b(ﬁ)(

d(p, A) < — A= p)?

Mg [y 7,3}, max(7,31) 2(€)
sup, . b ¢

< Mo Sy
inf, g b(£)
max, _z b

= — t5 ") (A —n)?®
min, g b(¢)
max,_g b()

S 569" (/f['max - //Lrnin) |A - /J/|
min, g b(¢)

= Co| A — pl.

Finally, taking Dy := Cs|ttmax — ftmin| Shows that d(u, A) is bounded. O

H.3 Results on the infimum

Here, we simply state that we can split the infimum by considering unions of the optimization sets.
Lemma 46. Consider X CR?, and f: X = R. Let Xq,Xs : X; UXy = X. Then, it holds that:

int 7o) = min { inf f(o). f )}

H.4 Correspondences

We start with some preliminary definitions.
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Let U be a topological space and let U € U s.t. U # (). A function f : U — R is inf-compact on U if the level
sets

DiA\U)={yeU: f(y) <A}

are compact for all A € R. Furthermore, it is upper semicontinuous if all the strict level sets
Dy(\U)={yeU: f(y) <A}

are opeim.

Next, consider a correspondence ¢ : X = Y. Then, for any Z C X let

Grz(¢) = {(z,y) € Zx Y 1y € ¢(x)}.

Consider a function f: X x Y — R. Then, f is K-inf-compact on Grx(¢), if all for all compact subsets K of X
it holds that f is inf-compact on Grg(¢).

We now state Berge’s Maximum Theorem [Berge, 1959].

Theorem 5 (Berge’s Maximum Theorem). Let X,Y be Haussdorf topological spaces. Let f : X xY — R
be a continuous function, and let ¢ : X = Y be a continuous and compact-valued correspondence. Then, let
fF: X >R and ¢*: X =2Y be defined as follows:

f(z) = nax f(z,y)

¢* (x) = argmax f(z,y).
yEP(x)

Then, f* is continuous over X and ¢* is upper hemicontinuous and compact-valued over X.

Next, we introduce the following result that extends Berge’s maximum theorem to non-compact and only lower
hemicontinuous correspondences.

Theorem 6 ([Feinberg et al., 2014, Theorem 1.2]). Let X be a compactly generated topological space and Y be
a Hausdorff topological space. Let ¢ : X =Y be a lower hemicontinuous correspondence, and let f: X x Y — R
be K-inf-compact and upper semi-continuous on Grx(¢). Then, let f*: X = R and ¢* : X = Y be defined as
follows:

f(x)= sup f(z,y)
y€o(x)

¢*(x) = argmax f(z,y).
yeo(x)

Then, f* is continuous and and ¢* is upper hemicontinuous and compact-valued.

We recall that, when dealing with topological subspaces X of R? with the inherited euclidean topology, then
X are metric topological spaces, and hence, Haussdorf and compactly generated. Therefore, Theorem 5 and
Theorem 6 can be applied.

Finally, we report the following results that we use to prove the continuity and compactness of (some) corre-
spondence within our analysis.

Theorem 7 ([Aubin, 1999, Proposition 1.4.14]). Let X C R™, Y C R" and Z C R"= be three sets and let
U : X = Z be a compact-valued continuous correspondence. Then let g : Graph(U) — Y be a continuous

function. Then the correspondence G : X = Y defined as G(x) = Uyep(){9(x,u)} is continuous and compact
valued.

Theorem 8 ([Aubin, 1999, Proposition 1.4.8]). The graph of an upper hemicontinuous set-valued map F : X2 Y
with closed domain and closed values is closed. The converse is true if we assume that Y is compact.
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