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Abstract

Autoregressive generative models must some-
times continue from histories containing bind-
ings that are transformed by subsequent causal
operations, where extrapolative success may re-
flect fixed-coordinate memorization, generic re-
current capacity, or an inductive bias for trans-
ported structure. We introduce SHiPPO (Sylvester
HiPPO), a pathwise transported online-projection
memory prior that lifts HiPPO-style coefficient
memories to a moving channel frame. For any
fixed or realized right-transport path, SHiPPO
jointly transports the channel metric and approx-
imation family, so the coefficient state is ordi-
nary HiPPO in a tied moving frame and obeys
Sylvester dynamics. To instantiate this prior in
selective sequence layers, we derive a restricted
group-local realization with controller-compatible
right transport, exponential-adjusted updates, ex-
act block-affine scan, and a collapse criterion
for simultaneously reducible right-action families.
On Transport-MQAR, a finite-field multi-query
associative recall (MQAR) diagnostic for trans-
ported recall under length extrapolation, full-split
SHiPPO improves coordinate-wise recovery over
structural controls, while the Generic multi-input
multi-output (MIMO) control remains competi-
tive and stronger on exact recovery. We therefore
position SHiPPO as a structured memory prior
and diagnostic object for studying when autore-
gressive models generalize by transporting mem-
ories rather than memorizing fixed-coordinate as-
sociations.

1. Motivation and Contributions
Autoregressive generative models compress a revealed his-
tory into a causal state and then continue the sequence
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from that state. When the history contains bindings that
are transformed by later causal operations, successful gen-
eration requires more than recalling fixed key–value pairs:
the model must maintain the coordinate frame in which past
information should be read. This gives a controlled setting
for a foundational question about deep generative models:
whether apparent extrapolative success reflects memoriza-
tion of fixed-coordinate patterns, generic recurrent capacity,
or an inductive bias for structured generalization. We study
this question through recurrent memory priors, using “prior”
in the modeling-bias sense of selecting a structured family
of causal states rather than in the narrow Bayesian sense
(Mitchell, 1980; Gordon & desJardins, 1995; Fortuin, 2022).

Projection-based recurrent memory provides a useful start-
ing point because the hidden state has an explicit seman-
tics. The Legendre Memory Unit derives a continuous-time
memory from a Legendre representation of a sliding history
window, and HiPPO formulates online history compression
as projection onto a polynomial basis (Voelker et al., 2019;
Gu et al., 2020). In HiPPO, the recurrent ordinary differen-
tial equation (ODE) is not merely an architectural template:
it is the coefficient dynamics induced by an online approxi-
mation problem. This principle has shaped structured state-
space models (SSMs) and their variants, including S4 and
generalized-basis interpretations of HiPPO-style projections
(Gu et al., 2022a; 2023). However, ordinary HiPPO is one-
sided in an important sense: it stores temporal coefficients
of a vector-valued history in fixed channel coordinates. It
does not by itself say how a memory should evolve when the
relevant channel frame is causally transported by subsequent
observations.

Modern sequence backbones have moved far beyond inde-
pendent one-sided memories. S5 uses multi-input multi-
output (MIMO) state-space layers, H3 adds multiplicative
structure for recall and comparison, Mamba makes SSM pa-
rameters input-dependent, and structured state-space duality
(SSD), as used in Mamba-2, explains selective recurrences
(Smith et al., 2023; Fu et al., 2023; Gu & Dao, 2024; Dao
& Gu, 2024). Gated linear attention, DeltaNet, HGRN2,
Gated DeltaNet, and recent Mamba variants further show
that matrix-valued states, gates, token-dependent updates,
and MIMO recurrences are powerful ingredients for effi-
cient sequence modeling (Yang et al., 2024a;b; Qin et al.,
2024; Yang et al., 2025; Lahoti et al., 2026). At the same
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time, diagnostic and theoretical studies of state tracking, in-
put selectivity, and length generalization show that generic
recurrence or selectivity alone does not settle what structure
the model has learned (Merrill et al., 2024; Terzić et al.,
2025a; Huang et al., 2025). The question we ask is therefore
narrower than whether channel interaction is useful: can
channel interaction itself be given online-projection memory
semantics?

We introduce SHiPPO (Sylvester HiPPO), a pathwise
transported online-projection memory prior. Given an
online-memory basis and an admissible right-transport path,
SHiPPO transports the channel metric and the approxima-
tion family together. Conditional on any fixed or realized
transport path, the coefficient state is ordinary HiPPO in a
tied moving channel frame and satisfies Sylvester dynamics,

ĊS(t) = AL(t)CS(t) +BL(t)f(t)
⊤ + CS(t)AR(t).

The left operators AL and BL are inherited from the chosen
online approximation problem, while AR describes how
channel coordinates are transported along the realized his-
tory. If AR is produced by a causal controller, the full
input–output map may be nonlinear, but the projection state-
ment remains pathwise: after conditioning on the realized
controller trajectory, the inner optimization is still over the
coefficient matrix C, not over the transport path. This is the
main distinction from a generic matrix-valued recurrence or
a free encoder–decoder around HiPPO: the history encoder,
coefficient decoder, metric, and Sylvester gauge term are
tied by the same transport path.

The operator-level construction does not automatically yield
a lightweight selective SSM layer. To obtain an efficient
realization, we impose computational restrictions: channels
are partitioned into small transport groups, the left dynam-
ics remain diagonal in the state dimension and tied within
each group, and the right action is controller-compatible
and group-local. The resulting discrete recurrence has ex-
act block-affine prefix-scan closure for the chosen right ac-
tion. We also identify a simultaneous-reducibility collapse
criterion: if the right-generator family preserves a fixed
nontrivial channel decomposition, then the apparent trans-
port reduces, after static mixing, to independent scalar or
blockwise transported banks. This motivates non-reducible
right-action families in the scan-compatible realization.

We evaluate this prior on Transport-MQAR, a finite-field
diagnostic for transported associative recall under length
extrapolation. The diagnostic is intended to separate fixed-
coordinate memorization, generic recurrent capacity, and
transported coordinate recovery. Our empirical claim is
deliberately limited: SHiPPO full-split improves coordinate-
wise recovery over structural controls in this diagnostic,
and a controller-suffix intervention shows that the trained
predictor uses the right-action pathway; however, Generic

MIMO remains competitive, especially in exact recovery.
We therefore present SHiPPO as a structured memory prior
and diagnostic object, not as a general-purpose performance-
dominance claim for autoregressive modeling.

Contributions. First, we formulate SHiPPO as a trans-
ported online-projection memory prior for autoregressive
sequence models with transformed bindings. Second, we
prove that, conditional on any realized right-transport path,
SHiPPO is ordinary HiPPO in a tied moving channel frame
and obeys Sylvester coefficient dynamics. Third, we derive a
restricted scan-compatible selective realization with group-
local right transport and exact block-affine scan. Fourth,
we use Transport-MQAR and a controller-suffix interven-
tion to study when a transported-memory pathway helps
coordinate-wise extrapolative recovery, while explicitly sep-
arating this claim from generic capacity dominance.

2. SHiPPO: Pathwise Transported Projection
Memory

SHiPPO (Sylvester HiPPO) is the transported analogue of
HiPPO-style online projection memory (Gu et al., 2020;
2023). The point of the construction is not to postulate a
more expressive matrix recurrence, but to ask when a matrix-
valued state can still be interpreted as coefficients of an
online approximation problem. Throughout this section, fix
an admissible right-generator path AR ∈ L1([0, T ];Rd×d).
All identities below are conditional on this fixed or realized
path. If AR is produced by a causal controller in a trainable
autoregressive model, the full input–output map may be
nonlinear, but the projection statement remains pathwise:
after conditioning on the realized controller trajectory, the
inner optimization is only over the coefficient matrix C, not
over the transport path.

Setup and ordinary online projection. Let f : [0,∞) →
Rd be a d-channel signal. For each t > 0, let µt be a
measure on [0, t], and let Φt : [0, t] → RN be a basis with
invertible Gram matrix

G(t) :=

∫ t

0

Φt(τ)Φt(τ)
⊤ dµt(τ).

When dµt(τ) = wt(τ)dτ , define ψ(t, τ) = wt(τ)Φt(τ),
and assume the usual HiPPO closure condition

∂tψ(t, τ) = AL(t)ψ(t, τ) (τ < t),

BL(t) := ψ(t, t).

Ordinary vector-valued HiPPO approximates f |[0,t] by
C⊤Φt(τ). Its coefficient matrix CH(t) satisfies

G(t)CH(t) =

∫ t

0

Φt(τ)f(τ)
⊤ dµt(τ),
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and, in the orthonormalized case G(t) = IN , obeys the
one-sided coefficient ODE

ĊH(t) = AL(t)CH(t) +BL(t)f(t)
⊤.

Appendix A.2 recalls the variational derivation and the non-
orthonormal form.

Transported approximation problem. Let P (t, τ) ∈
GL(d) be the state transition associated with the chosen
right generator,

∂tP (t, τ) = P (t, τ)AR(t), P (τ, τ) = Id,

which exists and is invertible under the integrability assump-
tion on AR (Coddington & Levinson, 1955). Define the
transported channel metric

MP (t, τ) := P (t, τ)P (t, τ)⊤,

∥u∥2MP (t,τ) := u⊤MP (t, τ)u.

Definition 2.1 (SHiPPO online approximation problem).
For each t > 0, define the transported approximation family

GSH
t = { τ 7→ P (t, τ)−⊤C⊤Φt(τ) : C ∈ RN×d }.

Define

rt(C; τ) := f(τ)− P (t, τ)−⊤C⊤Φt(τ).

The SHiPPO coefficient matrix is

CS(t) := argmin
C∈RN×d

JSH
t (C),

JSH
t (C) :=

∫ t

0

∥rt(C; τ)∥2MP (t,τ) dµt(τ).

We write CS(t) = shippot(f).

The approximation family and the channel metric are trans-
ported together. This coupling is the source of the finite
coefficient closure: changing only the metric while keep-
ing the ordinary HiPPO family generally introduces a τ -
dependent linear operator on C, rather than the Gram matrix
G(t) appearing in ordinary HiPPO. Appendix A.6 gives the
stationary calculation and the τ -independent special case.

Conjugacy and Sylvester dynamics. For fixed t, define
(Ttu)(τ) := P (t, τ)⊤u(τ). Then Tt is an isometry from the
SHiPPO metric to the Euclidean HiPPO metric and maps
GSH
t bijectively onto the ordinary HiPPO family:∫ t

0

u⊤MP v dµt =

∫ t

0

(Ttu)⊤(Ttv) dµt,

shippot(f) = hippot(Ttf).

where the arguments (t, τ) are suppressed inside the inte-
grals. The final equality is an identity of coefficient matrices;
Appendix A.4 gives the full argument.

Theorem 2.2 (Normal equation and Sylvester coefficient
dynamics). The SHiPPO coefficient matrix satisfies

G(t)CS(t) =

∫ t

0

Φt(τ)f(τ)
⊤P (t, τ) dµt(τ).

If, in addition, G(t) = IN , dµt(τ) = wt(τ)dτ , the HiPPO
closure condition above holds, and the usual Leibniz-rule
regularity assumptions are satisfied, then, at differentiability
times,

CS(t) =

∫ t

0

ψ(t, τ)f(τ)⊤P (t, τ) dτ

and

ĊS(t) = AL(t)CS(t) +BL(t)f(t)
⊤ + CS(t)AR(t).

Proof sketch. By the conjugacy above, CS(t) is the
ordinary HiPPO coefficient matrix of (Ttf)(τ) =
P (t, τ)⊤f(τ), which yields the normal equation. In the
orthonormalized case, differentiate the integral representa-
tion using Leibniz’ rule, ∂tψ = ALψ, ∂tP = PAR, and
P (t, t) = Id. The boundary term gives BLf

⊤, while the in-
terior derivatives giveALCS and CSAR. Full first-variation
and regularity details are in Appendix A.5.

The ODE in Theorem 2.2 is a differential Sylvester equa-
tion (Behr et al., 2019; Simoncini, 2016). Its interpretation
is more specific than a generic two-sided recurrence: the
left operators AL and BL are inherited from the online
approximation problem, whereas AR is an external path
that transports channel coordinates. Thus any closed one-
sided projection-memory equation can be lifted pathwise by
adding the right-action term CSAR, while architectural re-
strictions onAR are introduced only for the scan-compatible
realization of Section 3.

Moving-frame interpretation and non-reduction.
SHiPPO reduces exactly to ordinary HiPPO when
AR ≡ 0, equivalently P (t, τ) ≡ Id. For a nontrivial
path, let V solve V̇ (t) = V (t)AR(t), V (0) = Id. Then
P (t, τ) = V (τ)−1V (t), and SHiPPO factors as

shippot(f) = hippot
(
τ 7→ V (τ)−⊤f(τ)

)
V (t).

The history encoder, coefficient decoder, metric, and
Sylvester gauge term are therefore tied by the same mov-
ing frame. This is not a static channel mixer, not an arbi-
trary encoder–decoder factorization, and not a claim that
every matrix-valued recurrence has projection semantics.
When AR is input-dependent, the factorization remains
valid pathwise for the realized trajectory, but it does not
yield a fixed input-independent encoder–HiPPO–decoder re-
duction. Appendix B provides the reduction, identity-metric,
and moving-frame details.
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3. Scan-Compatible Realization
Section 2 defines SHiPPO as an operator-level transported
projection memory. It does not, by itself, prescribe a
lightweight selective layer. In an autoregressive genera-
tive model, such a layer should support input-dependent
transitions, parallel training over long contexts, and recur-
rent decoding, as in modern selective SSMs and structured
state-space duality (Gu & Dao, 2024; Dao & Gu, 2024;
Lahoti et al., 2026). We therefore study a restricted scan-
compatible realization. The restrictions below are computa-
tional choices, not part of the abstract SHiPPO definition:
channels are partitioned into small transport groups, the
left dynamics are diagonal in the state dimension and tied
within each group, and the right transport is group-local and
controller-compatible.

Let the selective branch have width D, partitioned into G
groups of width P , so D = GP . We write one group and
omit the group index. The input is xt ∈ RP , the memory
is Ht ∈ RN×P , and the right action is Rt ∈ GL(P ). The
continuous-time restricted lift is

Ḣ(t) = Diag(a(t))H(t) + b(t)x(t)⊤ +H(t)AR(t), (1)

where a(t), b(t) ∈ RN and AR(t) ∈ RP×P . The left term
stores temporal coefficients; the right term transports chan-
nel coordinates inside the memory state. The factorized
source b(t)x(t)⊤ is the lightweight selective-cell instance,
but the scan algebra below also allows a general additive
source U(t) ∈ RN×P . A fully channelwise lift with row-
and channel-specific left decays does not generally close in
the small summary algebra below once Rt is non-diagonal;
Appendix C.1 gives the two-step obstruction.

Controller-compatible block-affine scan. The right
transport may be token-dependent, but exact finite scan
requires it to be fixed with respect to the main memory
variable being scanned. We encode this by a precomputed
causal controller path ξ1:T , obtained from the input or from
an auxiliary causal module independent of the main memory
recurrence.

Definition 3.1 (Controller-compatible right transport). A
right action Rt ∈ GL(P ) is controller-compatible if, condi-
tional on a precomputed causal controller path ξ1:T ,

Rt = R(ξt)

and Rt is independent of Ht−1. A transport of the form
Rt = R(ξt, Ht−1) is state-coupled and is not controller-
compatible unless that dependence is degenerate.

Conditional on such a controller path, the discrete recur-
rence has the affine two-sided form

Ht = LtHt−1Rt + Ut, (2)

with Lt ∈ RN×N , Rt ∈ GL(P ), and Ut ∈ RN×P fixed for
the step.
Proposition 3.2 (Exact block-affine scan). The summaries
of two consecutive steps compose as

(L2, R2, U2) ⋆ (L1, R1, U1)

= (L2L1, R1R2, L2U1R2 + U2).
(3)

Thus Eq. 2 admits an exact associative prefix scan (Blelloch,
1990; Martin & Cundy, 2018). If Rt depends directly on
Ht−1, the step map is generically nonlinear in Ht−1, so
this finite affine summary algebra is not closed without
augmenting the state or imposing special degeneracies.

The scan in Proposition 3.2 is exact for the implemented dis-
crete recurrence. It is not the original elementwise selective-
scan algebra of Mamba: the one-channel case P = 1 recov-
ers the scalar right-action limit, whereas nontrivial transport
uses a group-local block-affine scan.

Collapse under reducible right actions. Controller com-
patibility preserves computation but not necessarily nontriv-
ial transport. A token-dependent controller can still collapse
to independent banks if all right generators preserve a fixed
channel decomposition.
Proposition 3.3 (Fixed simultaneous-reducibility col-
lapse). Suppose the right-generator basis satisfies Gm =
QΛmQ

−1 for a fixed Q ∈ GL(P ), where every Λm is di-
agonal or block-diagonal with the same nontrivial block
partition. For any AR,t =

∑
m ρt,mGm, every dense ex-

ponential Rt = exp(∆tAR,t) and every fixed-order split
product formed from these generators is diagonal or block-
diagonal in the same basis. Under the static change of vari-
ables H̃t = HtQ, the recurrence Ht = LtHt−1Rt + Ut

decomposes into independent scalar or blockwise trans-
ported banks. If Ut = btx

⊤
t , then UtQ = bt(Q

⊤xt)
⊤, so

the same basis change can be absorbed into the group input
coordinates.

This is a sufficient degeneracy criterion, not a full classifi-
cation. It rules out the case where apparently adaptive right
transport only varies coefficients inside a simultaneously
reducible generator family. Noncommutativity alone is not
enough: noncommuting matrices may still share a fixed
block decomposition. For genuinely channel-interacting
transported memory, the implemented right-action family
should avoid such fixed common reductions.

Split-flow transport and discrete cell. In experiments
we instantiate the right generator with a small structured
library

AR,t = −Diag(dt) +
∑
m

θt,mΩm

+
∑
n

ηt,nNn +
∑
ℓ

ζt,ℓpℓq
⊤
ℓ .

(4)
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where dt ≥ 0, Ω⊤
m = −Ωm, andN2

n = 0. The diagonal part
is dissipative, skew terms generate rotations, nilpotent terms
generate shears, and optional low-rank terms add further
channel interaction. A dense backend uses the matrix expo-
nential Rt = exp(∆tAR,t), in the standard matrix-function
sense (Higham, 2008). A structured backend may instead
define Rt as a fixed-order Lie–Trotter product of cheap fac-
tor exponentials (Hairer et al., 2006). The scan is exact after
the chosen discrete right action has been fixed; approxima-
tion error arises only if one interprets a split backend as an
approximation to the dense frozen flow.

With Lt = exp(∆t Diag(at)), raw source Ut = btx
⊤
t , and

λt ∈ [0, 1], the implemented update is

Ût = (1− λt)∆tLtUt−1Rt + λt∆tUt,

Ht = LtHt−1Rt + Ût.
(5)

For the dense backend, Eq. 5 is a two-point exponential
source discretization of Eq. 1 under step-frozen at and AR,t.
For a split backend, it defines the exact discrete recurrence
for the implemented split action. IfAR,t ≡ 0, thenRt = IP
and the cell reduces to the corresponding one-sided diagonal-
left selective update; with P = 1 and λt = 1, this is the
usual one-channel exponential-Euler selective update. Ap-
pendix C gives the proofs, closed-form factor actions, and
source-quadrature details.

4. Transport-MQAR Diagnostic
We evaluate the scan-compatible SHiPPO realization as a
transported-memory prior, not as a fully optimized general-
purpose language model. The goal is to separate three ex-
planations for extrapolative recall in autoregressive models:
fixed-coordinate memorization, generic recurrent capacity,
and a structured prior for transported coordinate recovery.
Our main testbed is Transport-MQAR, a finite-field vari-
ant of multi-query associative recall (MQAR), a common
diagnostic for recall in efficient sequence models (Arora
et al., 2024; Huang et al., 2025). Unlike standard associative
recall, Transport-MQAR inserts causal operations between
bindings and queries, so a model must recover a value in
the current transported frame.

4.1. Diagnostic design and controls

Each example is generated over F31 with 256 keys and
four-coordinate values. A binding event stores a key–value
pair; an operation event applies an invertible right action
to all stored values; and a query event asks for the cur-
rently transported value of a key. The model consumes the
sequence causally and is trained with coordinate-wise cross-
entropy at query positions. We report coordinate accuracy,
the fraction of target coordinates predicted correctly, and
exact accuracy, the fraction of queries for which all four co-

ordinates are correct. The configured training length is 512,
and final evaluations use lengths 128, 512, 2048, 4096; the
out-of-distribution lengths are not used for model selection.
Appendices D.1–D.2 specify the generator, token layout,
nonreducible operation library, hyperparameters, and evalu-
ation protocol.

We compare SHiPPO full-split to controls that isolate dif-
ferent explanations. GRU and Transformer are same-width
sequence baselines (Cho et al., 2014; Vaswani et al., 2017).
Free enc/dec adds static input/output basis flexibility around
a no-right SHiPPO-style memory. No-right preserves the
matrix-state geometry but fixesRt = I , so it is a right-action
pathway ablation rather than a parameter-matched ablation.
Generic MIMO uses a controller-generated dense group-
local right action and tests generic channel-interacting re-
current capacity. Appendix D.3 gives the exact model ge-
ometry, including why Generic MIMO is not a full dense
NP × NP group transition, and Appendix D.6 reports
matched-capacity stress tests.

4.2. Main diagnostic result

Table 1 supports a narrow claim. SHiPPO full-split im-
proves coordinate-wise transported recovery over no-right
and static-basis controls at both the configured length and
the longest extrapolation length. At length 4096, for ex-
ample, coordinate accuracy rises from 0.102 for no-right
to 0.110 for full-split. This is consistent with the right-
action pathway helping recover coordinates in the trans-
ported frame.

The same table rules out a stronger performance claim.
Generic MIMO achieves the strongest exact accuracy in
the primary comparison, and the matched-capacity Generic
MIMO stress test in Appendix D.6 reaches Coord@4096=
0.110 and Exact@4096= 0.034, making it competitive with
full-split in raw diagnostic accuracy. We therefore do not
claim that SHiPPO is a uniformly stronger recurrent ar-
chitecture. The empirical claim is instead that Transport-
MQAR reveals a useful structured pathway: the transported
prior improves coordinate recovery relative to structural ab-
lations, while generic channel-interacting capacity remains
a strong baseline.

4.3. Controller-suffix intervention

To test whether the trained full-split model uses the addi-
tional controller coordinates associated with right transport,
we perform an evaluation-time counterfactual. In the re-
ported configuration, the full-split controller emits 5248
scalars per token, whereas the no-right controller emits 4224.
We split

θt = (θsharedt , θextrat ), θextrat ∈ R1024, (6)
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Table 1. Primary Transport-MQAR diagnostic. Means over n = 3 seeds are shown; full length sweeps and standard deviations are in
Appendix D.5. This table is a diagnostic, not a dominance benchmark.

Model Params Coord@512 Coord@4096 Exact@512 Exact@4096

GRU 0.50M 0.115 0.095 0.024 0.016
Transformer 0.89M 0.099 0.042 0.017 0.002
Free enc/dec 5.11M 0.119 0.092 0.021 0.009
No-right 4.98M 0.124 0.102 0.024 0.016
Generic MIMO 1.52M 0.125 0.103 0.047 0.036
SHiPPO full-split 6.03M 0.135 0.110 0.044 0.033

and zero θextrat at evaluation time while keeping all trained
weights fixed. No retraining is performed.

Table 2 shows that zeroing the suffix degrades both coor-
dinate and exact accuracy. At length 4096, exact accuracy
drops from 0.0329 to 0.0176. This intervention indicates
that the trained predictor depends on the additional con-
troller coordinates associated with the right-action pathway.
It does not, by itself, identify the learned transport geometry
or prove that the model implements the intended noncommu-
tative mechanism. Appendix D.7 reports controller norms
and full-length counterfactuals.

4.4. Empirical scope

The empirical evidence in this paper is synthetic and di-
agnostic. Transport-MQAR is useful because it separates
fixed-coordinate recall from transported coordinate recovery
under length extrapolation, but it is not a natural-language,
diffusion, flow, or scientific generative-modeling bench-
mark. Byte-level FineWeb-Edu training, RULER/lm-eval
adapters, and backend checks (Penedo et al., 2024; Hsieh
et al., 2024; Biderman et al., 2024) are reported in Appen-
dices D.10–D.12 only as stability and readiness notes. We
do not use them as benchmark evidence. The main empiri-
cal claim is restricted to Table 1, Table 2, and the supporting
Transport-MQAR diagnostics in Appendix D.

5. Limitations and Questions for Discussion
Technical scope. The strongest claim of SHiPPO is the
operator-level claim in Section 2: conditional on a fixed
or realized right-transport path, the state is an online pro-
jection coefficient matrix in a tied moving channel frame.
This does not imply that every matrix-valued recurrence,
MIMO transition, or independent encoder–decoder around
HiPPO has projection-memory semantics. The metric, ap-
proximation family, history encoder, coefficient decoder,
and Sylvester gauge term are tied by the same transport path.
The selective cell in Section 3 is narrower still: group-tied
diagonal left dynamics, controller-compatible group-local
right actions, and split-flow parameterization are computa-
tional restrictions introduced to preserve exact block-affine
scan and recurrent decoding. The resulting scan is exact

for the implemented discrete recurrence, but it is not the
original elementwise Mamba scan and it is not a production-
latency result; efficient selective SSMs are sensitive to the
precise transition and scan structure (Gu & Dao, 2024; Dao
& Gu, 2024). Direct channelwise lifts, state-coupled trans-
ports, non-diagonal left operators, augmented summaries,
and approximate scans remain open design directions rather
than consequences of the current realization.

Empirical scope. Our empirical evidence is synthetic and
diagnostic. Transport-MQAR is useful because it isolates
transported coordinate recovery under length extrapolation,
but it is not a natural-language, diffusion, flow, or scien-
tific generative modeling benchmark. The main empirical
result is therefore deliberately modest: full-split SHiPPO
improves coordinate accuracy over structural controls in
Table 1, and the controller-suffix intervention in Table 2
shows that the trained predictor depends on the right-action
controller pathway. These results do not identify the learned
transport geometry, prove a noncommutative algorithm in-
side the network, or show uniform dominance over generic
recurrence. In fact, Generic MIMO is stronger on exact
accuracy in the primary comparison and competitive under
capacity matching. This is consistent with recent work show-
ing that recall, state tracking, input selectivity, and length
generalization can depend sharply on the chosen recurrent
structure and diagnostic task (Merrill et al., 2024; Terzić
et al., 2025a; Huang et al., 2025). We also do not claim
language-modeling state of the art, optimized wall-clock per-
formance, or downstream generative-modeling superiority;
the byte-level language-modeling and external-benchmark
adapters in Appendix D.10 are readiness checks only.

Questions for discussion. We view this workshop version
as a place to sharpen the diagnostic and the claim boundary.
The first question is whether Transport-MQAR adequately
separates fixed-coordinate memorization, generic recurrent
capacity, and transported coordinate recovery, or whether
additional splits by operation depth, seen versus held-out
operation words, or finite-training-set memorization are
needed. The second is how to value a structured projec-
tion prior when a generic MIMO control is competitive in
raw accuracy: should the criterion be performance, sample
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Table 2. Evaluation-time controller-suffix intervention for SHiPPO full-split. “Change” is zeroed minus normal; means over n = 3 seeds
are shown.

Setting Coord@512 Exact@512 Coord@4096 Exact@4096

Full-split 0.1346 0.0439 0.1104 0.0329
Zeroed suffix 0.1250 0.0239 0.1044 0.0176
Change -0.0096 -0.0200 -0.0060 -0.0154

efficiency, interpretability of the recovered state, extrapo-
lation profile, or some combination? The third is whether
pathwise projection semantics survive in deep stacks with
residual streams, gating, normalization, and learned con-
trollers, or whether they should be treated mainly as an
initialization and architectural-bias story. The fourth is how
far the transported-memory idea can move beyond autore-
gressive recall diagnostics, for example to latent-variable,
flow, or diffusion models where the relevant “history” is not
a token prefix. The fifth is which real generative task would
best test the hypothesis that transported memory helps mod-
els generalize by updating structured bindings rather than
memorizing fixed-coordinate associations.

SHiPPO should therefore be read as a structured memory
prior and diagnostic proposal. Its role in this submission
is to expose a concrete mechanism and a controlled fail-
ure/success pattern for transported generalization, not to
close the question of which recurrent architecture is best for
deep generative models.
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Beck, M., Pöppel, K., Spanring, M., Auer, A., Prudnikova,
O., Kopp, M., Klambauer, G., Brandstetter, J., and
Hochreiter, S. xLSTM: Extended long short-term mem-
ory. In Advances in Neural Information Processing Sys-
tems, 2024. URL https://openreview.net/f
orum?id=ARAxPPIAhq.

Behr, M., Benner, P., and Heiland, J. Solution formulas for
differential sylvester and lyapunov equations. Calcolo,
56(51), 2019. doi: 10.1007/s10092-019-0348-x.

Biderman, S., Schoelkopf, H., Sutawika, L., Gao, L., Tow,
J., Abbasi, B., Aji, A. F., Ammanamanchi, P. S., Black,
S., Clive, J., DiPofi, A., Etxaniz, J., Fattori, B., Forde,
J. Z., Foster, C., Hsu, J., Jaiswal, M., Lee, W. Y., Li, H.,
Lovering, C., Muennighoff, N., Pavlick, E., Phang, J.,
Skowron, A., Tan, S., Tang, X., Wang, K. A., Winata,
G. I., Yvon, F., and Zou, A. Lessons from the trenches on
reproducible evaluation of language models, 2024. URL
https://arxiv.org/abs/2405.14782.

Blelloch, G. E. Prefix sums and their applications. Technical
Report CMU-CS-90-190, School of Computer Science,
Carnegie Mellon University, 1990. URL https://ww
w.cs.cmu.edu/˜scandal/papers/CMU-CS-9
0-190.html.
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A. Derivations for SHiPPO
This appendix supports the operator-level claims in Section 2. It recalls the ordinary vector-valued HiPPO variational
equations, derives the SHiPPO normal equation directly, proves the transport-isometry conjugacy and Sylvester dynamics,
and explains why modifying only the channel metric does not generally preserve finite HiPPO-style closure. The derivations
are pathwise: when the right generator is produced by a causal controller, all statements below are conditioned on the
realized controller trajectory.

A.1. Notation, assumptions, and pathwise semantics

Signals are column vectors in Rd. The basis Φt(τ) ∈ RN is also a column vector, and coefficient matrices are C ∈ RN×d,
so that C⊤Φt(τ) ∈ Rd. We use the Frobenius inner product ⟨A,B⟩F = tr(A⊤B). For each t, let µt be a measure on [0, t],
and define

G(t) =

∫ t

0

Φt(τ)Φt(τ)
⊤ dµt(τ). (7)

We assume that G(t) is invertible. When dµt(τ) = wt(τ)dτ , write ψ(t, τ) = wt(τ)Φt(τ), and assume the usual HiPPO
closure condition (Gu et al., 2020; 2023)

∂tψ(t, τ) = AL(t)ψ(t, τ) (τ < t), BL(t) = ψ(t, t). (8)

We also assume the regularity needed to exchange first variations and integrals and to apply Leibniz’ rule. Under weaker
hypotheses, the displayed ODEs are understood at differentiability times, or almost everywhere.

For SHiPPO, fix an admissible right-generator path AR ∈ L1([0, T ];Rd×d). Let P (t, τ) be the right state transition

∂tP (t, τ) = P (t, τ)AR(t), P (τ, τ) = Id. (9)

Standard linear ODE theory gives P (t, τ) ∈ GL(d) for 0 ≤ τ ≤ t ≤ T (Coddington & Levinson, 1955). SHiPPO is
defined relative to this chosen path. The inner projection minimizes over C only; learning or parameterizing AR is an outer
modeling choice.

A.2. Ordinary vector-valued HiPPO

For ordinary HiPPO, the approximation family is {τ 7→ C⊤Φt(τ) : C ∈ RN×d}, and the objective is

JH
t (C) =

∫ t

0

∥f(τ)− C⊤Φt(τ)∥22 dµt(τ). (10)

Proposition A.1 (Ordinary normal equation). Any minimizer CH(t) of Eq. 10 satisfies

G(t)CH(t) =

∫ t

0

Φt(τ)f(τ)
⊤ dµt(τ). (11)

If G(t) is invertible, the minimizer is unique.

Proof. Fix t, abbreviate Φ = Φt, and set e(τ ;C) = f(τ)− C⊤Φ(τ). For a perturbation C + ε∆, we have δe = −∆⊤Φ.
Hence

δJH
t (C; ∆) = 2

∫ t

0

(δe)⊤e dµt = −2

∫ t

0

(∆⊤Φ)⊤e dµt

= −2 tr

[
∆⊤

∫ t

0

Φ(τ)e(τ ;C)⊤ dµt(τ)

]
.

Stationarity for all ∆ gives
∫ t

0
Φe⊤dµt = 0. Expanding e⊤ = f⊤ − Φ⊤C yields Eq. 11. Since the quadratic has Hessian

G(t)⊗ Id, invertibility of G(t) gives strict convexity and uniqueness.

11
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Proposition A.2 (Ordinary coefficient dynamics). Assume G(t) = IN , dµt(τ) = wt(τ)dτ , and Eq. 8. Then

CH(t) =

∫ t

0

ψ(t, τ)f(τ)⊤ dτ, (12)

and
ĊH(t) = AL(t)CH(t) +BL(t)f(t)

⊤. (13)

Proof. With G(t) = IN , Proposition A.1 gives Eq. 12. Differentiating by Leibniz’ rule,

ĊH(t) = ψ(t, t)f(t)⊤ +

∫ t

0

∂tψ(t, τ)f(τ)
⊤ dτ

= BL(t)f(t)
⊤ +AL(t)

∫ t

0

ψ(t, τ)f(τ)⊤ dτ,

which is Eq. 13.

If G(t) ̸= IN , define bH(t) =
∫ t

0
Φt(τ)f(τ)

⊤dµt(τ). Then CH(t) = G(t)−1bH(t) and

ĊH(t) = G(t)−1ḃH(t)−G(t)−1Ġ(t)CH(t), (14)

whenever the derivatives exist. The main text uses the orthonormalized form because it exposes the clean HiPPO coefficient
ODE.

A.3. Stationarity of the SHiPPO objective

For the path P (t, τ), define the transported metric

MP (t, τ) = P (t, τ)P (t, τ)⊤. (15)

The SHiPPO objective at time t is

JSH
t (C) =

∫ t

0

∥∥f(τ)− P (t, τ)−⊤C⊤Φt(τ)
∥∥2
MP (t,τ)

dµt(τ). (16)

Proposition A.3 (SHiPPO normal equation). Any minimizer CS(t) of Eq. 16 satisfies

G(t)CS(t) =

∫ t

0

Φt(τ)f(τ)
⊤P (t, τ) dµt(τ). (17)

If G(t) is invertible, the minimizer is unique.

Proof. Fix t, and abbreviate P = P (t, τ), MP = PP⊤, and Φ = Φt(τ). Let eS(τ ;C) = f(τ) − P−⊤C⊤Φ. Under
C + ε∆, δeS = −P−⊤∆⊤Φ. Therefore

δJSH
t (C;∆) = 2

∫ t

0

(δeS)
⊤MP eS dµt

= −2

∫ t

0

(∆⊤Φ)⊤P−1MP eS dµt

= −2

∫ t

0

(∆⊤Φ)⊤P⊤eS dµt

= −2 tr

[
∆⊤

∫ t

0

Φ(τ)eS(τ ;C)
⊤P (t, τ) dµt(τ)

]
.

Stationarity for all ∆ gives
∫ t

0
Φe⊤SP dµt = 0. Since

eS(τ ;C)
⊤P (t, τ) = f(τ)⊤P (t, τ)− Φt(τ)

⊤C,

we obtain Eq. 17. Strict convexity follows from invertibility of G(t) and P (t, τ) ∈ GL(d), so the minimizer is unique.

12
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A.4. Transport isometry and conjugacy to ordinary HiPPO

For fixed t, define
(Ttu)(τ) = P (t, τ)⊤u(τ), (T −1

t u)(τ) = P (t, τ)−⊤u(τ). (18)

Let ⟨u, v⟩t,MP
=

∫ t

0
u(τ)⊤MP (t, τ)v(τ) dµt(τ) and let ⟨·, ·⟩t,I denote the Euclidean-channel inner product.

Proposition A.4 (Transport isometry and SHiPPO–HiPPO conjugacy). For all admissible u, v,

⟨u, v⟩t,MP
= ⟨Ttu, Ttv⟩t,I . (19)

Moreover, Tt maps the SHiPPO approximation family bijectively onto ordinary HiPPO’s approximation family, and

shippot(f) = hippot(Ttf). (20)

Proof. The isometry follows pointwise:
u⊤PP⊤v = (P⊤u)⊤(P⊤v).

For any coefficient matrix C,
Tt
(
P (t, ·)−⊤C⊤Φt(·)

)
= C⊤Φt(·).

Because P (t, τ) is invertible, this correspondence between approximation families is bijective. Minimizing ∥f − g∥t,MP

over transported approximants g is therefore equivalent, by Eq. 19, to minimizing ∥Ttf − g̃∥t,I over ordinary HiPPO
approximants g̃ = Ttg. The same coefficient matrix C indexes both families, giving Eq. 20.

Proposition A.4 gives a conceptual proof of Proposition A.3: apply Proposition A.1 to the transformed signal (Ttf)(τ) =
P (t, τ)⊤f(τ). It also explains why the metric and approximation family must be transported together: the construction is
an isometric change of frame for the online projection problem.

A.5. Proof of the Sylvester dynamics and pathwise lift

We now prove the dynamics stated in Theorem 2.2. The normal equation is Proposition A.3. Under the orthonormalized
assumptions G(t) = IN and dµt(τ) = wt(τ)dτ , it becomes

CS(t) =

∫ t

0

ψ(t, τ)f(τ)⊤P (t, τ) dτ. (21)

Differentiating Eq. 21 gives

ĊS(t) = ψ(t, t)f(t)⊤P (t, t) +

∫ t

0

∂tψ(t, τ)f(τ)
⊤P (t, τ) dτ

+

∫ t

0

ψ(t, τ)f(τ)⊤∂tP (t, τ) dτ.

Using P (t, t) = Id, ψ(t, t) = BL(t), the closure condition ∂tψ = ALψ, and the transport equation ∂tP = PAR, the three
terms become

BL(t)f(t)
⊤, AL(t)CS(t), CS(t)AR(t),

respectively. Hence
ĊS(t) = AL(t)CS(t) +BL(t)f(t)

⊤ + CS(t)AR(t). (22)

This is the differential Sylvester form used in the main text (Behr et al., 2019; Simoncini, 2016).

The same calculation proves the pathwise lift statement. Any one-sided coefficient equation derived from the projection
setup and satisfying

Ċ(t) = AL(t)C(t) +BL(t)f(t)
⊤

can be lifted, for any admissible realized right path AR, by replacing the ordinary normal equation with Eq. 17. The
left-memory term and boundary injection are unchanged, while differentiating the right transition contributes CS(t)AR(t).
This statement is about projection-derived coefficient equations, not arbitrary matrix ODEs.
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For non-orthonormal bases, define

bS(t) =

∫ t

0

Φt(τ)f(τ)
⊤P (t, τ) dµt(τ).

Then CS(t) = G(t)−1bS(t), and
ĊS(t) = G(t)−1ḃS(t)−G(t)−1Ġ(t)CS(t). (23)

Thus the clean Sylvester display is the orthonormalized presentation, matching the corresponding ordinary HiPPO form.

A.6. Why metric-only modification does not generally close

This subsection records the nearby construction that SHiPPO avoids. Keep the ordinary approximation family C⊤Φt(τ),
but replace the Euclidean channel metric by a symmetric positive definite matrix M(t, τ):

JM
t (C) =

∫ t

0

(
f(τ)− C⊤Φt(τ)

)⊤
M(t, τ)

(
f(τ)− C⊤Φt(τ)

)
dµt(τ). (24)

Proposition A.5 (Metric-only stationarity). Any minimizer CM (t) of Eq. 24 satisfies∫ t

0

Φt(τ)f(τ)
⊤M(t, τ) dµt(τ) =

∫ t

0

Φt(τ)Φt(τ)
⊤CM (t)M(t, τ) dµt(τ). (25)

Proof. Let e(τ ;C) = f(τ)− C⊤Φt(τ). Since δe = −∆⊤Φt and M(t, τ) is symmetric,

δJM
t (C;∆) = −2

∫ t

0

(∆⊤Φt(τ))
⊤M(t, τ)e(τ ;C) dµt(τ)

= −2 tr

[
∆⊤

∫ t

0

Φt(τ)(M(t, τ)e(τ ;C))⊤ dµt(τ)

]
.

Stationarity gives
∫ t

0
Φt(Me)⊤dµt = 0. Expanding e = f − C⊤Φt yields Eq. 25.

Equivalently, if

KM,t[C] :=

∫ t

0

Φt(τ)Φt(τ)
⊤CM(t, τ) dµt(τ), bM,t :=

∫ t

0

Φt(τ)f(τ)
⊤M(t, τ) dµt(τ),

then CM (t) solves KM,t[CM (t)] = bM,t. If M(t, τ) =M(t) is independent of τ , this reduces to

G(t)CM (t)M(t) =

(∫ t

0

Φt(τ)f(τ)
⊤dµt(τ)

)
M(t),

and invertibility of M(t) recovers the ordinary HiPPO normal equation. When M(t, τ) genuinely depends on τ , however,
KM,t does not factor as C 7→ G(t)CM(t). A finite closed coefficient ODE would then require solving a time-varying
operator equation or augmenting the state with additional metric-dependent moments.

SHiPPO avoids this obstruction by coupling the metric P (t, τ)P (t, τ)⊤ with the transported family P (t, τ)−⊤C⊤Φt(τ).
The factors cancel in the first variation, producing Eq. 17 and hence the Sylvester coefficient dynamics.

B. Moving-Frame Interpretation and Non-Reduction
This appendix supports the reduction and moving-frame claims at the end of Section 2. Fix an admissible path AR ∈
L1([0, T ];Rd×d). All statements are exact for this chosen path, and therefore apply pathwise when AR is produced by a
causal controller. The appendix is not about learning or optimizing AR; it only records the algebra forced by the transported
approximation problem. Since AR is assumed integrable, differential statements hold almost everywhere.
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B.1. Transport identities

For 0 ≤ τ ≤ t ≤ T , let P (t, τ) solve

∂tP (t, τ) = P (t, τ)AR(t), P (τ, τ) = Id. (26)

Standard linear ODE theory gives a unique absolutely continuous transition family (Coddington & Levinson, 1955).

Lemma B.1 (Invertibility and composition). For all 0 ≤ τ ≤ σ ≤ t ≤ T , P (t, τ) ∈ GL(d),

∂tP (t, τ)
−1 = −AR(t)P (t, τ)

−1, (27)

for a.e. t, and
P (t, τ) = P (σ, τ)P (t, σ). (28)

Moreover,

detP (t, τ) = exp

(∫ t

τ

trAR(s) ds

)
̸= 0. (29)

Proof. Let Y (t, τ) solve ∂tY = −AR(t)Y , Y (τ, τ) = Id. Then ∂t(PY ) = PARY −PARY = 0, so P (t, τ)Y (t, τ) = Id.
Since the matrices are square, P (t, τ) is invertible and Y = P−1, which gives Eq. 27. Liouville’s formula follows from
Jacobi’s identity applied after invertibility is established. For composition, fix τ ≤ σ and set Q(t) = P (σ, τ)P (t, σ). Then
Q and P (t, τ) satisfy Eq. 26 on [σ, T ] with the same initial value P (σ, τ); uniqueness gives Eq. 28.

The order in Eq. 28 reflects the right-action convention. If H(t) = H(τ)P (t, τ), then

H(t) = H(τ)P (σ, τ)P (t, σ).

The earlier segment is multiplied first and the later segment second.

B.2. Exact reduction to ordinary HiPPO

Proposition B.2 (Reduction criterion). The following are equivalent:

1. AR(t) = 0 for a.e. t ∈ [0, T ];

2. P (t, τ) = Id for all 0 ≤ τ ≤ t ≤ T .

In this case MP (t, τ) = Id, P (t, τ)−⊤C⊤Φt(τ) = C⊤Φt(τ), and Definition 2.1 reduces exactly to ordinary vector-valued
HiPPO (Gu et al., 2020; 2023).

Proof. If AR = 0 a.e., the integral form of Eq. 26 gives P (t, τ) = Id. Conversely, if P (t, τ) = Id for every τ ≤ t,
then taking τ = 0 and differentiating gives 0 = ∂tP (t, 0) = P (t, 0)AR(t) = AR(t) a.e. The final statement follows by
substituting P = Id into the transported metric and approximation family.

B.3. Identity metric is not identity transport

The transported metric is MP (t, τ) = P (t, τ)P (t, τ)⊤. The condition MP ≡ Id rules out dilation but not rotation of the
channel frame.

Proposition B.3 (Identity metric criterion). The following are equivalent:

1. MP (t, τ) = Id for all 0 ≤ τ ≤ t ≤ T ;

2. AR(t) +AR(t)
⊤ = 0 for a.e. t ∈ [0, T ].

Consequently, MP ≡ Id does not imply P ≡ Id unless the skew transport is also trivial.
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Proof. For fixed τ , absolute continuity gives, for a.e. t ≥ τ ,

∂tMP (t, τ) = P (t, τ)
(
AR(t) +AR(t)

⊤)P (t, τ)⊤. (30)

If AR +A⊤
R = 0 a.e., then ∂tMP = 0 and MP (τ, τ) = Id, so MP ≡ Id. Conversely, if MP (t, τ) = Id for all τ ≤ t, take

τ = 0 in Eq. 30. Since P (t, 0) is invertible by Lemma B.1, the middle factor must vanish a.e.

Even under MP ≡ Id, the SHiPPO family is still transported: τ 7→ P (t, τ)−⊤C⊤Φt(τ). Equivalently, by Proposition A.4,
SHiPPO is ordinary HiPPO applied to the moving-frame signal (Ttf)(τ) = P (t, τ)⊤f(τ), not to the original signal. For
instance, if

AR = ω
(
0 −1
1 0

)
, ω ̸= 0,

then A⊤
R = −AR, so MP ≡ I2, but

P (t, τ) =
(

cosω(t−τ) − sinω(t−τ)
sinω(t−τ) cosω(t−τ)

)
is nontrivial for generic t ̸= τ . The Sylvester term CSAR in Theorem 2.2 therefore remains present.

B.4. Moving-frame factorization

Let V : [0, T ] → GL(d) be the fundamental matrix

V̇ (t) = V (t)AR(t), V (0) = Id. (31)

Define the tied history encoder and coefficient decoder

(EV f)(τ) = V (τ)−⊤f(τ), DV,t(C) = CV (t). (32)

Lemma B.4 (Frame representation and fixed-mixing equivariance). For every 0 ≤ τ ≤ t ≤ T ,

P (t, τ) = V (τ)−1V (t), P (t, τ)⊤ = V (t)⊤V (τ)−⊤. (33)

Moreover, if Q ∈ GL(d) is independent of τ and (MQu)(τ) = Q⊤u(τ), then

hippot(MQu) = hippot(u)Q. (34)

Proof. The first identity follows because V (τ)−1V (t) satisfies Eq. 26 with initial value Id at t = τ . For Eq. 34, apply the
ordinary normal equation: G(t)Cu =

∫
Φtu

⊤dµt. Replacing u by Q⊤u multiplies the right-hand side by Q on the right,
and invertibility of G(t) gives the claim.

Proposition B.5 (Moving-frame factorization). For the chosen transport path,

shippot = DV,t ◦ hippot ◦EV . (35)

Equivalently,
shippot(f) = hippot(EV f)V (t). (36)

Proof. By Eq. 33, (Ttf)(τ) = P (t, τ)⊤f(τ) = V (t)⊤(EV f)(τ). Thus Tt = MV (t) ◦ EV . Combining Proposition A.4
with Eq. 34 yields

shippot(f) = hippot(Ttf) = hippot(EV f)V (t).

The encoder and decoder in Eq. 32 are tied by the same moving frame. Hence Eq. 35 is not an arbitrary free encoder–
HiPPO–decoder factorization. If the transport is generated by an input-dependent controller, the same identity holds after
conditioning on the realized trajectory, but the frame itself is input-dependent and therefore is not a fixed input-independent
reduction.
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B.5. Gauge equivalence of coefficient dynamics

Proposition B.6 (Gauge form of the Sylvester dynamics). Assume G(t) = IN and the HiPPO closure condition holds. Let
f̃(t) = V (t)−⊤f(t), and let C̃ be the ordinary HiPPO coefficient trajectory driven by f̃ :

˙̃
C = ALC̃ +BLf̃

⊤. (37)

Then CS = C̃V satisfies
ĊS = ALCS +BLf

⊤ + CSAR. (38)

Conversely, any solution of Eq. 38 gives an ordinary HiPPO trajectory C̃ = CSV
−1 driven by f̃ .

Proof. Differentiate CS = C̃V :

ĊS = (ALC̃ +BLf̃
⊤)V + C̃V AR = ALCS +BL(f̃

⊤V ) + CSAR.

Since f̃⊤V = (V −⊤f)⊤V = f⊤, this proves Eq. 38. Conversely, ∂tV −1 = −ARV
−1, so differentiating C̃ = CSV

−1

cancels the CSAR term and leaves ˙̃
C = ALC̃ +BLf

⊤V −1 = ALC̃ +BLf̃
⊤.

Propositions B.5 and B.6 show that the right-action term is exactly the gauge term induced by decoding ordinary HiPPO
coefficients from a moving frame. They also delimit the non-reduction claim. SHiPPO is not a static mixer: if V (t) ≡ V0,
then 0 = V̇ = V0AR, hence AR = 0 a.e. Nor is it a free encoder–decoder model: the encoder V (τ)−⊤, decoder V (t),
metric PP⊤, and Sylvester term are all determined by the same transport path.

C. Proofs for the Scan-Compatible Realization
This appendix supports Section 3. It proves the direct-lift obstruction, the block-affine scan closure, the simultaneous-
reducibility collapse criterion, and the discretization facts used in the scan-compatible SHiPPO cell. All results concern one
transport group, so we omit the group index and write Ht ∈ RN×P , Lt ∈ RN×N , Rt ∈ GL(P ), and Ut ∈ RN×P . These
group-local and controller-compatible restrictions are computational restrictions of the realization; they are not assumptions
in the abstract SHiPPO projection problem.

C.1. Direct channelwise lift obstruction

A tempting direct lift of a diagonal selective recurrence would keep a separate left decay for every row and channel:

H full
t = (Āt ⊙H full

t−1)Rt + Ut, Āt ∈ RN×P . (39)

Let āt,n ∈ RP be row n of Āt and define Dt,n = Diag(āt,n). Then row n evolves as

ht,n = ht−1,nDt,nRt + ut,n. (40)

After two steps,
h2,n = h0,nD1,nR1D2,nR2 + u1,nD2,nR2 + u2,n. (41)

For this family to close in the small summary algebra of Proposition 3.2, one would need a common right factor R⋆ and
rowwise diagonal matrices D̃n such that

D1,nR1D2,nR2 = D̃nR⋆ for all n. (42)

This is not true in general. For example, take P = 2, R2 = I , D1,n = I ,

R1 =

(
1 1
1 −1

)
, D2,1 = I, D2,2 = Diag(1, 2).

Then the first rows of R1D2,1 and R1D2,2 are (1, 1) and (1, 2), which cannot both be scalar multiples of a single row of R⋆.
Thus Eq. 42 fails. This does not make Eq. 39 invalid; exact scan could be recovered with larger rowwise P × P summaries.
The group-tied left dynamics in Section 3 are introduced to keep the summary algebra lightweight.
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C.2. Controller-compatible scan closure

Proof of Proposition 3.2. Conditional on a precomputed controller path, Lt, Rt, and Ut are fixed with respect to the main
memory variable. Each step is therefore an affine map Ft(H) = LtHRt + Ut. For two steps,

F2(F1(H)) = L2(L1HR1 + U1)R2 + U2 = (L2L1)H(R1R2) + L2U1R2 + U2.

Hence summaries compose as in Eq. 3. Associativity follows from associativity of function composition, giving a standard
prefix scan computation (Blelloch, 1990; Martin & Cundy, 2018).

Direct state coupling generically breaks this finite affine algebra. If Rt = R(ξt, Ht−1), then F (H) = LtHR(ξt, H)+Ut is
affine only under strong degeneracies. Indeed, affinity implies F (sH)−F (0) = s(F (H)−F (0)), hence LtHR(ξt, sH) =
LtHR(ξt, H) for all scalars s. Whenever LtH has full column rank, right multiplication is injective, forcing R(ξt, sH) =
R(ξt, H) along that ray. A concrete non-affine case is

R(H) = exp
(
κ⟨W,H⟩FM

)
= IP + κ⟨W,H⟩FM,

where M2 = 0 and κ ̸= 0. The update contains the quadratic term κ⟨W,H⟩FLtHM , so it cannot be represented by a finite
triple (L,R,U). State-coupled transports can still be defined pathwise, but not with this exact block-affine scan unless the
summary is enlarged or the coupling is degenerate.

C.3. Collapse under fixed simultaneous reduction

Proof of Proposition 3.3. Assume Gm = QΛmQ
−1 for a fixed Q ∈ GL(P ), with all Λm diagonal or block-diagonal in the

same fixed partition. Then

AR,t =
∑
m

ρt,mGm = Q
(∑

m

ρt,mΛm

)
Q−1 = QΛtQ

−1,

where Λt has the same diagonal or block-diagonal structure. For the dense exponential, Rt = exp(∆tAR,t) =
Q exp(∆tΛt)Q

−1, and the middle factor preserves the same fixed blocks. For a fixed-order split product, every fac-
tor satisfies exp(∆tρt,mGm) = Q exp(∆tρt,mΛm)Q−1; the product therefore has the same form and the same block
partition.

Set H̃t = HtQ, Ũt = UtQ, and R̃t = Q−1RtQ. Then

H̃t = LtH̃t−1R̃t + Ũt,

with R̃t diagonal or fixed-block diagonal. Thus the transformed columns split into independent scalar banks or independent
fixed blocks. If Ut = btx

⊤
t , then UtQ = bt(Q

⊤xt)
⊤, so the static basis change can be absorbed into the group input

coordinates. This proves the stated sufficient collapse criterion.

The proposition is intentionally one-sided. It identifies a common degeneracy, but it is not a classification of all possible
right-action degeneracies. Noncommutativity alone is also insufficient: noncommuting generators can still share a fixed
nontrivial invariant block decomposition.

C.4. Split-flow factor actions

The dense backend uses matrix exponentials in the standard sense (Higham, 2008). A split backend implements the right
action as a product of cheap invertible factors. For H ∈ RN×P :

1. If D = Diag(δ), then exp(D) = Diag(eδ), so H exp(D) is column scaling.

2. If Ωij = eje
⊤
i − eie

⊤
j , then Ω⊤

ij = −Ωij , and exp(ϕΩij) rotates only columns (i, j):

(H:,i, H:,j) 7→ (H:,i, H:,j)

(
cosϕ − sinϕ
sinϕ cosϕ

)
.
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3. If Nij = eie
⊤
j with i ̸= j, then N2

ij = 0 and exp(ηNij) = I + ηNij ; right multiplication adds η times column i to
column j.

4. If A = uv⊤ is rank one, then

exp(suv⊤) = I + φ(sv⊤u)suv⊤, φ(κ) =

{
(eκ − 1)/κ, κ ̸= 0,

1, κ = 0.

Hence H exp(suv⊤) = H + φ(sv⊤u)s(Hu)v⊤.

The inverse of each factor is obtained by negating the scalar parameter. For small |κ|, φ(κ) should be evaluated with an
expm1-style implementation.

C.5. Lie–Trotter split products

In this subsection, ∥ · ∥op denotes the Euclidean operator norm for right-action matrices, and ∥ · ∥F denotes the Frobenius
norm for memory and source matrices.

If A =
∑K

k=1Ak and R̃(∆) =
∏K

k=1 exp(∆Ak) in a fixed order, then standard Lie–Trotter splitting gives

∥R̃(∆)− exp(∆A)∥op ≤ C∆2 (43)

for bounded factors and sufficiently small ∆ (Hairer et al., 2006). A direct proof is obtained by expanding every factor as
I +∆Ak + O(∆2); the product has first-order term ∆

∑
k Ak, matching exp(∆A), and all remaining terms are O(∆2).

The scan algebra is nevertheless exact for the implemented discrete recurrence after Rt—dense or split—has been fixed.

C.6. Exponential-adjusted source update

We now justify Eq. 5. Freeze at and AR,t on one interval of length ∆t, set Dt = Diag(at), and consider

Ḣ(τ) = DtH(τ) + U(τ) +H(τ)AR,t.

For the dense backend, variation of constants gives

H(t) = LtH(t−∆t)Rt +

∫ ∆t

0

e(∆t−s)DtU(t−∆t + s)e(∆t−s)AR,t ds, (44)

where Lt = e∆tDt and Rt = e∆tAR,t . Let the Duhamel integrand be G(s). Its endpoint values are G(0) = LtUt−1Rt and
G(∆t) = Ut. The two-point quadrature∫ ∆t

0

G(s) ds ≈ (1− λt)∆tG(0) + λt∆tG(∆t)

therefore yields exactly the source term in Eq. 5:

Ût = (1− λt)∆tLtUt−1Rt + λt∆tUt.

If AR,t ≡ 0, then Rt = IP , and Eq. 5 reduces to the one-sided diagonal-left selective update. With P = 1 and λt = 1, this
is the usual one-channel exponential-Euler source update.

C.7. Source quadrature and split-backend replacement

The source rule above is a quadrature approximation to the dense frozen-flow Duhamel integral, not an approximation to the
scan algebra. For λt ∈ [0, 1], using the Frobenius norm on the N × P matrix-valued source integrand,∥∥∥∥∥

∫ ∆t

0

G(s) ds− ((1− λt)∆tG(0) + λt∆tG(∆t))

∥∥∥∥∥
F

≤ ∆2
t

2
sup

s∈[0,∆t]

∥G′(s)∥F . (45)
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If λt = 1/2 and G ∈ C2, the trapezoidal remainder is O(∆3
t ); the same order holds for λt = 1/2 + O(∆t). If a split

backend is used, the same algebraic cell is exact for the chosen split right action. Comparing it to the dense frozen flow adds
the replacement error

∥Lt(Ht−1 + βtUt−1)(R
split
t −Rden

t )∥F , βt = (1− λt)∆t,

which is controlled by Eq. 43 under bounded one-step inputs and bounded ∥Lt∥op. Thus split-flow approximation error
and source-quadrature error are separate; the block-affine scan remains exact for whichever discrete right action is actually
implemented.

D. Experimental Details and Additional Diagnostics
This appendix supports the empirical claims in Section 4. It records the Transport-MQAR generator, metrics, selection
protocol, model geometry, full result tables, controller counterfactuals, and limited readiness checks. The purpose is
reproducibility and scope control: the experiments test SHiPPO as a structured transported-memory prior and diagnostic
tool, not as a fully optimized language-modeling or latency-optimized backbone.

D.1. Transport-MQAR task, generator, and metrics

Transport-MQAR is a finite-field variant of multi-query associative recall (MQAR) (Arora et al., 2024). Examples define
key–value bindings over F31, values have p = 4 coordinates, and operation tokens apply invertible right actions to all
currently stored values. A query token asks for the current transported value of a key. Thus success cannot be explained by
fixed-coordinate recall alone: the model must recover the value in the frame induced by the intervening operations.

Table 3. Transport-MQAR generator configuration for the reported primary runs.

Field Value

Finite field F31

Target coordinates p = 4
Number of keys 256
Configured training length 512
Evaluation lengths 128, 512, 2048, 4096
Generator mode nonreducible
Event probabilities pop = 0.50, pbind = 0.22, pquery = 0.28
Ensure at least one query true
Number of operation generators 13
Evaluation examples 640 per length and seed unless noted otherwise
Training loss coordinate-wise cross-entropy at query positions
Reported metrics coordinate accuracy and exact all-coordinate accuracy

Algorithmically, the generator maintains a dictionary of key–value bindings. A binding event samples a key and a value
v ∈ F4

31, emits one key token followed by four coordinate-value tokens, and stores the value in the current frame. An
operation event emits an operation token and applies the corresponding invertible matrix to every stored value. A query
event emits a key-specific query token and supplies as target the current transported value associated with that key. Targets
are emitted only at query positions. If a sampled sequence contains no query and ensure query is enabled, the tail is
overwritten by a minimal bind/query sequence for a fixed key.
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Table 4. Transport-MQAR token layout for q = 31, p = 4, and 256 keys.

Field Value

Pad token 0
Key tokens 1, . . . , 256
Value-token offset 257
Value tokens 257 + j · 31 + a, j ∈ {0, 1, 2, 3}, a ∈ {0, . . . , 30}
Operation-token offset 381
Operation tokens 381, . . . , 393
Query-token offset 394
Query tokens 394, . . . , 649
Vocabulary size 650
Output coordinate classes 4 · 31 = 124

The nonreducible mode uses the following 13 matrices over F31, with all entries interpreted modulo 31:

rot 0 1


0 30 0 0
1 0 0 0
0 0 1 0
0 0 0 1

 shear 0 1


1 1 0 0
0 1 0 0
0 0 1 0
0 0 0 1


shear 1 0


1 0 0 0
1 1 0 0
0 0 1 0
0 0 0 1

 rot 1 2


1 0 0 0
0 0 30 0
0 1 0 0
0 0 0 1


shear 1 2


1 0 0 0
0 1 1 0
0 0 1 0
0 0 0 1

 shear 2 1


1 0 0 0
0 1 0 0
0 1 1 0
0 0 0 1


rot 2 3


1 0 0 0
0 1 0 0
0 0 0 30
0 0 1 0

 shear 2 3


1 0 0 0
0 1 0 0
0 0 1 1
0 0 0 1


shear 3 2


1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 1

 rot 0 3


0 0 0 30
0 1 0 0
0 0 1 0
1 0 0 0


shear 0 3


1 0 0 1
0 1 0 0
0 0 1 0
0 0 0 1

 shear 3 0


1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1


wrap diag


2 0 0 0
0 1 0 0
0 0 1 0
0 0 0 16


Coordinate accuracy is the fraction of target coordinates predicted correctly. Exact accuracy is the fraction of query targets
for which all four coordinates are correct. For q = 31, the random coordinate baseline is 1/q ≈ 0.0323. We emphasize
coordinate accuracy because it directly measures transported coordinate recovery; exact accuracy is a stricter joint criterion.

D.2. Experimental protocol and selection

Final out-of-distribution evaluation lengths are not used for model selection. For SHiPPO-family variants, hyperparameters
are selected using validation data at the configured training length only. Matched-capacity controls use a separate shared
stress-test budget, reported in the matched-control rows of Table 5; they are capacity stress tests rather than fully tuned
architecture baselines. All main Transport-MQAR results are means and sample standard deviations over n = 3 independent
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training seeds. We report standard deviations, not confidence intervals, because n = 3 is too small for reliable distributional
assumptions. Training uses AdamW (Loshchilov & Hutter, 2019) with gradient clipping as specified below.

Table 5. Training hyperparameters for the reported Transport-MQAR runs. For primary families, the seed column records the audited
configuration seed, not the full set of random seeds used for the n = 3 aggregation.

Run family Audit config seed Optimizer LR WD Batch Steps Eval every Clip

GRU primary 106 AdamW 5×10−4 0.01 16 5000 250 1.0
Transformer primary 107 AdamW 5×10−4 0.01 16 5000 250 1.0
Free enc/dec primary 109 AdamW 5×10−4 0.01 16 5000 250 1.0
No-right primary 101 AdamW 5×10−4 0.01 16 5000 250 1.0
Generic MIMO primary 108 AdamW 5×10−4 0.01 16 5000 250 1.0
SHiPPO full-split primary 105 AdamW 5×10−4 0.01 16 5000 250 1.0
GRU matched 0,1,2 AdamW 10−3 0.0 32 1000 100 1.0
Transformer matched 0,1,2 AdamW 10−3 0.0 32 1000 100 1.0
Generic MIMO matched 0,1,2 AdamW 10−3 0.0 32 1000 100 1.0

All audited Transport-MQAR configurations use dropout 0.0 and constant learning rate. We did not find an explicit scheduler,
warmup, autocast, or GradScaler path in the audited diagnostic runs. Linear modules in the critical-baseline implementation
use Xavier-uniform weights and zero biases; other modules follow their model-defined or framework-default initializations.
Runs were executed on NVIDIA A100 40GB graphics processing units (GPUs); long evaluations used smaller batches when
needed for memory. Because hardware and kernels were not optimized, wall-clock time is not used as a claim.

D.3. Model geometry and update equations

In a SHiPPO-family layer, the residual stream has width dmodel. A block expansion factor e gives recurrent cell width
Dcell = edmodel. The cell is partitioned into G = Dcell/Pg groups of width Pg. Each group has state Ht,g ∈ RN×Pg , so
the per-layer recurrent state size is GNPg = DcellN .

Table 6. Model geometry and parameter counts in the primary Transport-MQAR comparison.

Model dmodel e Dcell N Pg G State Role Params

GRU (Cho et al., 2014) 128 – – – – – 128 same-width recurrent baseline 0.50M
Transformer (Vaswani et al., 2017) 128 – – – – – 128 same-width attention baseline 0.89M
Free enc/dec 128 2 256 32 4 64 8192 static-basis control 5.11M
No-right 128 2 256 32 4 64 8192 right-action pathway ablation 4.98M
Generic MIMO 128 1 128 32 4 32 4096 dense-right recurrent control 1.52M
SHiPPO full-split 128 2 256 32 4 64 8192 main structured prior 6.03M

For each group, SHiPPO full-split uses

Ht,g = Lt,gHt−1,gRt,g + Ût,g, U raw
t,g = bt,gx

⊤
t,g, (46)

where Lt,g is diagonal on the left and Rt,g is a split-flow right action. The source convention is

Ût,g = (1− λt,g)∆t,gLt,gU
raw
t−1,gRt,g + λt,g∆t,gU

raw
t,g . (47)

The no-right ablation fixes Rt,g = I . Generic MIMO keeps the same group-local matrix-state form but replaces the
structured split-flow action by a controller-generated dense Pg × Pg right action,

Rt,g = exp(∆t,gAt,g).

It is therefore a dense-right recurrent capacity control, not a full dense (NPg)× (NPg) transition on the vectorized group
state.

The free encoder/decoder baseline wraps a no-right memory with static MLP input/output transformations. It tests static
basis flexibility, not pathwise transport of previously written memory. GRU and Transformer controls are same-width
sequence baselines and do not implement an N × Pg transported coefficient state.
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D.4. Implementation conventions

The scan-compatible recurrence is exact for the chosen discrete factors. A step summary (Lt, Rt, Vt) acts as

Ht = LtHt−1Rt + Vt, (48)

and summaries compose associatively as

(L2, R2, V2) ⋆ (L1, R1, V1) =
(
L2L1, R1R2, L2V1R2 + V2

)
. (49)

Forward scanning computes prefixes of this associative operation, while recurrent decoding applies the same recurrence
serially. Dense right actions use Rt = exp(∆tAR,t); split-flow actions use a fixed-order product of structured factors. In
either case, the scan is exact for the implemented discrete action. Controller outputs satisfy ∆t,g > 0 and λt,g ∈ [0, 1].
Direct dependence of Rt,g on the scanned main memory Ht−1,g is excluded in these experiments, matching the controller-
compatible condition in Section 3.

D.5. Full primary Transport-MQAR results

Tables 7 and 8 report the full length sweep behind Table 1. The main-text interpretation is based on these tables: full-split
improves coordinate accuracy relative to structural ablations, while Generic MIMO remains stronger on exact accuracy.

Table 7. Primary Transport-MQAR coordinate accuracy. Mean ± sample standard deviation over n = 3 seeds.

Model 128 512 2048 4096

GRU 0.1841± 0.0012 0.1150± 0.0021 0.0982± 0.0011 0.0952± 0.0017
Transformer 0.2357± 0.0145 0.0986± 0.0099 0.0506± 0.0032 0.0416± 0.0012
Free enc/dec 0.1897± 0.0030 0.1194± 0.0003 0.0990± 0.0041 0.0916± 0.0100
No-right 0.1950± 0.0030 0.1235± 0.0008 0.1053± 0.0004 0.1019± 0.0000
Generic MIMO 0.1966± 0.0041 0.1248± 0.0009 0.1066± 0.0006 0.1032± 0.0007
SHiPPO full-split 0.2115± 0.0028 0.1346± 0.0007 0.1140± 0.0002 0.1104± 0.0010

Table 8. Primary Transport-MQAR exact accuracy. Mean ± sample standard deviation over n = 3 seeds.

Model 128 512 2048 4096

GRU 0.0535± 0.0021 0.0239± 0.0026 0.0167± 0.0021 0.0159± 0.0024
Transformer 0.0648± 0.0120 0.0166± 0.0035 0.0043± 0.0010 0.0021± 0.0006
Free enc/dec 0.0446± 0.0023 0.0207± 0.0003 0.0120± 0.0023 0.0094± 0.0042
No-right 0.0501± 0.0022 0.0242± 0.0001 0.0170± 0.0004 0.0158± 0.0003
Generic MIMO 0.0851± 0.0020 0.0468± 0.0017 0.0375± 0.0019 0.0355± 0.0005
SHiPPO full-split 0.0795± 0.0021 0.0439± 0.0016 0.0342± 0.0018 0.0329± 0.0013

D.6. Capacity stress tests

Matched-capacity controls test whether generic scale closes the diagnostic gap under the separate stress-test budget reported
in the matched-control rows of Table 5. They are not primary same-width comparisons, not matched SHiPPO ablations, and
not exhaustive architecture-tuning results. The matched GRU and Transformer do not close the long-length coordinate gap
to full-split. The matched Generic MIMO control is competitive with full-split, reinforcing the main-text scope: SHiPPO is
not claimed to be a capacity-dominant recurrent architecture.

Table 9. Matched-capacity Transport-MQAR coordinate accuracy. Mean ± sample standard deviation over n = 3 seeds.

Model Params 128 512 2048 4096

GRU matched 6.45M 0.1937± 0.0036 0.1215± 0.0010 0.1042± 0.0003 0.1013± 0.0007
Transformer matched 5.02M 0.1208± 0.0063 0.0562± 0.0031 0.0386± 0.0004 0.0353± 0.0001
Generic MIMO matched 5.84M 0.2081± 0.0056 0.1326± 0.0005 0.1136± 0.0004 0.1102± 0.0002
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Table 10. Matched-capacity Transport-MQAR exact accuracy. Mean ± sample standard deviation over n = 3 seeds.

Model Params 128 512 2048 4096

GRU matched 6.45M 0.0535± 0.0013 0.0261± 0.0012 0.0193± 0.0008 0.0181± 0.0009
Transformer matched 5.02M 0.0193± 0.0029 0.0046± 0.0007 0.0011± 0.0001 0.0006± 0.0001
Generic MIMO matched 5.84M 0.0823± 0.0025 0.0450± 0.0012 0.0357± 0.0008 0.0341± 0.0006

D.7. Learned-controller audit and counterfactuals

The full-split and no-right cells share corresponding state-dict keys, but their controller output dimensions differ. In the
reported configuration, the full-split controller emits 5248 scalars per token, whereas no-right emits 4224. The additional
1024-dimensional suffix consists of split-flow right-generator controller coordinates absent from the no-right cell.

Table 11. Controller-head audit for full-split checkpoints.

Checkpoint Shared abs. mean Extra abs. mean Shared norm Extra norm Extra dim

seed 0 0.032498 0.030625 44.787 20.751 1024
seed 1 0.032236 0.031719 44.761 21.472 1024
seed 2 0.031746 0.032846 43.717 22.625 1024

Across seeds, the suffix is not driven to zero. We therefore run an evaluation counterfactual that zeros this suffix while
keeping all other trained weights fixed. No retraining is performed.

Table 12. Evaluation-time counterfactual for the full-split controller suffix. Means over three seeds.

Length Coord. normal Coord. zeroed ∆ coord. Exact normal Exact zeroed ∆ exact

128 0.2115 0.1936 -0.0179 0.0795 0.0436 -0.0359
512 0.1346 0.1250 -0.0096 0.0439 0.0239 -0.0200
2048 0.1140 0.1074 -0.0066 0.0342 0.0185 -0.0157
4096 0.1104 0.1044 -0.0060 0.0329 0.0176 -0.0154

This counterfactual shows dependence on the additional right-action controller coordinates. It does not identify the learned
transport geometry or prove that the model implements the intended noncommutative mechanism.

D.8. Group-local transport tradeoff

The scan-compatible realization is group-local: Rt,g transports memory coordinates only within group g. Increasing or
decreasing Pg changes the locality of the right action, the number of groups, controller output dimension, parameter
count, and optimization behavior. We performed exploratory seed-0 pilot sweeps over Pg, but these used separate pilot
configurations from the primary n = 3 comparison in Tables 6–8. We therefore do not report the pilot sweep as quantitative
evidence in this workshop version.

D.9. State-tracking stress tests

State tracking is a harder stress test. The nonreducible state-tracking results in Table 13 are near chance and are included
only as a documented failure mode under the current budget; they are not evidence for the main transported-recall claim.

Table 13. Nonreducible state-tracking stress-test summary.

Model Coord@128 Coord@512 Coord@2048

Full-split 0.044± 0.002 0.035± 0.000 0.033± 0.000
Generic MIMO 0.034± 0.000 0.032± 0.000 0.032± 0.000
No-right 0.045± 0.002 0.034± 0.000 0.033± 0.000
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D.10. FineWeb-Edu byte-level language-model stability pilot

We also ran a small byte-level language-model (byte-LM) stability pilot on FineWeb-Edu (Penedo et al., 2024). A 21.6M-
parameter SHiPPO byte-LM was trained for 1000 steps, corresponding to 4.096M training tokens. Training was NaN-free.
The saved checkpoint obtained independent evaluation negative log-likelihood (NLL) 2.396, perplexity (PPL) 10.98, and
token accuracy 0.337 over 204,800 tokens. This is a stability check, not a language-modeling benchmark.

Table 14. FineWeb-Edu 10k byte-level language-model stability pilot.

Run Params Train tokens Train loss Eval NLL Eval PPL Eval acc.

SHiPPO byte-LM 21.6M 4.096M 2.358 2.396 10.98 0.337

D.11. RULER and lm-eval readiness

The RULER adapter (Hsieh et al., 2024) supports prediction and contrastive scoring for the implemented SHiPPO byte-LM
interface. The lm-evaluation-harness adapter (Biderman et al., 2024) registers the model under shippo byte lm and
passes a small arc easy smoke test based on the AI2 Reasoning Challenge (AI2-ARC) (Clark et al., 2018) with --limit
2. These are adapter readiness checks, not benchmark results.

Table 15. RULER and lm-eval readiness checks. These are smoke tests, not benchmark results.

Check Status

RULER JSON Lines (JSONL) generation for NIAH/VT pass
SHiPPO JSON Lines (JSONL) prediction adapter pass
Continuation log-likelihood scorer pass
Contrastive scoring path pass
lm-eval model registration pass
arc easy, --limit 2 command-line interface (CLI) smoke test pass

D.12. Production backend and latency status

The current backend is a reference implementation of group-local block-affine scan. We do not claim production latency.
Fused kernels and matched wall-clock comparisons against optimized baselines are left for future work; the empirical
evidence concerns transported-memory diagnostics, not production throughput.

D.13. Reproducibility, assets, and anonymization

The anonymous submission records the algorithmic task specification, model geometry, training hyperparameters, evaluation
lengths, metric definitions, seed aggregation, and result tables needed to interpret the diagnostic claims. The implementation
scaffold contains generator, training, evaluation, controller-counterfactual, exploratory group-locality pilot, FineWeb-Edu
pilot, RULER adapter, and lm-evaluation-harness adapter scripts. To preserve anonymity and avoid turning this workshop
submission into a code-release artifact, the appendix does not list private machine paths or repository URLs. The empirical
claims above are tied to the tables in this appendix rather than to an external artifact.

Table 16. Existing assets used in stability and readiness checks.

Asset Use License / terms

FineWeb-Edu (Hugging Face FineWeb
Team, 2024)

byte-LM stability pilot ODC-By v1.0; CommonCrawl terms

RULER (NVIDIA, 2024; Hsieh et al., 2024) adapter smoke checks Apache-2.0
lm-evaluation-harness (EleutherAI, 2024;
Biderman et al., 2024)

evaluation adapter smoke
check

MIT

ARC-Easy / AI2-ARC (Clark et al., 2018) lm-eval smoke task CC-BY-SA-4.0
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E. Additional Related Work and Positioning
This appendix expands the main-text positioning by asking where a sequence model obtains its memory structure: from an
online approximation objective, a selective state-space parameterization, a diagnostic for recall or state tracking, or a generic
matrix-valued memory. The key distinction for SHiPPO is not the mere use of a matrix state or non-diagonal transition. It is
that the two-sided dynamics are derived from a pathwise transported online-projection problem, and the scan-compatible
cell of Section 3 is only one restricted implementation of that prior.

E.1. Online projection and memory priors

The closest predecessors are recurrent memories with explicit history-compression semantics. The Legendre Memory Unit
represents a sliding history window in a Legendre basis, while HiPPO derives online polynomial projection dynamics for
compressing the revealed signal (Voelker et al., 2019; Gu et al., 2020). Generalized orthogonal-basis views clarify how
HiPPO-style coefficient dynamics connect to trainable state-space model (SSM) layers (Gu et al., 2023). S4 incorporates
HiPPO-derived structure into deep state-space layers; Diagonal State Spaces (DSS) and S4D show how diagonal parameter-
ization and initialization can retain much of the practical benefit (Gu et al., 2022a; Gupta et al., 2022; Gu et al., 2022b).
Recent HiPPO-Zoo work revisits polynomial memories to expose adaptive, associative, and multiscale mechanisms in an
interpretable basis (Goffinet et al., 2026). SHiPPO is aligned with this objective-derived tradition, but the modification is not
a new basis or initialization: it transports the channel frame and metric of the approximation problem, yielding a Sylvester
right-action term.

E.2. Selective state-space models and recurrent generative backbones

Modern autoregressive sequence models often use efficient recurrent or linear-time blocks as alternatives or complements
to attention. S5 moves from many single-input single-output (SISO) systems to a multi-input multi-output (MIMO) SSM
layer, H3 introduces multiplicative SSM-based interactions for language modeling, Mamba makes SSM parameters input-
dependent, and structured state-space duality (SSD)/Mamba-2 exposes the structured semiseparable algebra behind selective
recurrences (Smith et al., 2023; Fu et al., 2023; Gu & Dao, 2024; Dao & Gu, 2024). Mamba-3 continues this direction
with improved discretization, complex dynamics, and MIMO updates (Lahoti et al., 2026). Gated Linear Attention (GLA),
DeltaNet, Gated DeltaNet, HGRN2, and Kimi Linear combine gates, delta-style memory updates, state expansion, or
chunkwise parallel algorithms for efficient language modeling (Yang et al., 2024a;b; 2025; Qin et al., 2024; Kimi Team,
2025). SHiPPO does not claim that selectivity, channel interaction, or MIMO recurrence is new. Its narrower question is
when channel interaction can be interpreted as pathwise transport of memory coordinates, rather than as an untied mixer,
gate, or controller.

E.3. Associative recall, state tracking, and length generalization

Associative recall and state-tracking diagnostics are useful because they expose differences that aggregate perplexity can
hide. MQAR-style tasks in Zoology probe recall behavior of efficient language-model backbones, and recent work analyzes
how Mamba’s input selectivity affects approximation, memorization, and associative-recall capacity (Arora et al., 2024;
Huang et al., 2025). Formal-language and state-tracking analyses show that SSMs, selective SSMs, and diagonal or gated
linear recurrences have architecture-dependent strengths and failure modes (Merrill et al., 2024; Sarrof et al., 2024; Terzić
et al., 2025a; Shakerinava et al., 2026). Structured-transition responses enrich the transition family while trying to preserve
efficient recurrence, for example with sparse transition structure, Householder products, or fixed-point routes from diagonal
to dense updates (Terzić et al., 2025b; Siems et al., 2025; Movahedi et al., 2025). Transport-MQAR is intended as a
diagnostic in this spirit: it separates fixed-coordinate recall from coordinate recovery after a causal sequence of right actions.
It should not be read as proof of general reasoning or as a substitute for natural generative benchmarks.

E.4. Matrix memories, fast weights, and objective-derived updates

Many efficient sequence models use matrix-valued states or outer-product updates. Linear attention can be viewed as
fast-weight programming; DeltaNet, GLA, and Gated DeltaNet use delta rules or gates to control finite-state associative
memories (Schlag et al., 2021; Yang et al., 2024b;a; 2025). xLSTM/mLSTM and HGRN2 increase recurrent capacity
through exponential gating, covariance-style matrix memory, or state expansion (Beck et al., 2024; Qin et al., 2024).
Test-time training (TTT), Longhorn, and MesaNet derive recurrent updates from online learning, amortized online learning,
or locally optimal in-context regression objectives, and M2RNN revisits nonlinear recurrent neural networks (RNNs) with
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Table 17. Positioning by where memory dynamics, channel interaction, or matrix-valued structure enters. SHiPPO’s central distinction is
the source of the right-action term: it is induced by a transported online-projection problem.

Family Where structure enters SHiPPO distinction

Online projection memories Basis choice and online approximation objec-
tive

Transports the projection family and channel metric,
producing Sylvester coefficient dynamics

Selective SSMs and linear-
time language models (LMs)

Token-dependent parameters, structured
scans, discretization, MIMO updates, and
gates

Uses selectivity only after choosing a transported
projection-memory ODE

Recall and state-tracking diag-
nostics

Synthetic tasks probing retrieval, finite-state
updates, and length generalization

Tests transported coordinate recovery rather than fixed-
coordinate recall alone

Fast-weight and matrix-
memory models

Associative-memory matrices, gates, delta
rules, or state expansion

Matrix axes have projection-coefficient and moving-
channel-frame semantics

Structured-transition models Sparse, product, unitary, low-rank, or dense
transitions for expressivity and efficient recur-
rence

Reducible right transports collapse to static mixing
plus independent banks

matrix-valued states at language-modeling scale (Sun et al., 2025; Liu et al., 2025; von Oswald et al., 2026; Mishra et al.,
2026). SHiPPO is close to this literature in state shape and objective-derived spirit, but not in semantics. The left axis is
an online approximation-coefficient axis; the right axis is a transported channel frame; and the two-sided update is the
discretized form of a transported projection equation.

E.5. Summary of distinctions

Table 17 summarizes the intended positioning. The collapse result in Appendix C gives an additional algebraic caution:
if the right-generator family is simultaneously reducible in a fixed basis, the apparent transport collapses to static mixing
followed by independent scalar or fixed-block banks. This is why SHiPPO emphasizes transported projection semantics and
non-reducible right-action families, rather than dense channel mixing alone.

27


