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Abstract001

Prompt engineering is crucial for fully lever-002
aging large language models, yet existing003
prompt optimization methods often rely on a004
single refinement trajectory, leading to insta-005
bility, conflicting update signals, and ineffi-006
cient use of query budgets. We propose Multi-007
Agent Prompt Gradient Descent (MAPGD), a008
gradient-inspired framework that coordinates009
multiple complementary prompt editing sig-010
nals for robust and interpretable optimization.011
MAPGD decomposes prompt refinement into012
orthogonal dimensions (e.g., instruction clar-013
ity, example selection, format, and style) and014
aggregates textual pseudo-gradients via seman-015
tic embedding, conflict-aware clustering, and016
adaptive fusion. To improve robustness, we in-017
troduce HCGC, which enforces angular separa-018
tion between conflicting directions, and CAAW,019
which dynamically calibrates editing contribu-020
tions based on validation feedback. Experi-021
ments on diverse classification and reasoning022
benchmarks show that MAPGD achieves con-023
sistent gains in accuracy over strong baselines,024
while ablation results indicate that coordinated025
gradient fusion and adaptive weighting are crit-026
ical to stable optimization. Together, these find-027
ings suggest that MAPGD offers a robust and028
interpretable framework for automatic prompt029
optimization.030

1 Introduction031

Large Language Models (LLMs), trained on vast032

web-scale corpora, have demonstrated remarkable033

generalization capabilities across a wide range of034

natural language processing (NLP) tasks, including035

classification, reasoning, and generation (Achiam036

et al., 2023; Bubeck et al., 2023). A critical fac-037

tor underlying this performance is the design of038

prompts, which serve as the primary interface for039

steering model behavior. Despite their importance,040

prompts are still predominantly crafted through041

manual trial-and-error, requiring substantial hu-042

man effort (Jiang et al., 2022) and domain exper- 043

tise (Reynolds and McDonell, 2021; Zamfirescu- 044

Pereira et al., 2023). This reliance on manual de- 045

sign limits scalability and motivates the develop- 046

ment of automatic or semi-automatic prompt opti- 047

mization methods that are both effective and inter- 048

pretable. 049

Existing approaches to prompt optimization 050

largely fall into two categories. The first line of 051

work approximates gradient-based optimization 052

through auxiliary models or differentiable prompt 053

representations (Qin and Eisner, 2021; Deng et al., 054

2022). While theoretically appealing, these meth- 055

ods often assume access to internal model states 056

or parameters (Shin et al., 2020; Lester et al., 057

2021), making them impractical in real-world, API- 058

only settings. The second line of work formulates 059

prompt optimization as a discrete search or rein- 060

forcement learning problem, using feedback-driven 061

edits or Monte Carlo exploration (Zhang et al., 062

2022; Zhou et al., 2022). Although effective in 063

certain cases, these methods can suffer from high 064

computational cost, unstable optimization trajec- 065

tories, and limited interpretability. Collectively, 066

these limitations highlight the need for more ro- 067

bust, scalable, and transparent prompt optimization 068

frameworks. 069

To bridge this gap, Pryzant et al. (Pryzant et al., 070

2023) proposed ProTeGi, a non-parametric frame- 071

work that reinterprets prompt optimization as gra- 072

dient descent in natural language space. ProTeGi 073

generates textual pseudo-gradients from model er- 074

rors and iteratively refines prompts using beam 075

search and bandit-based selection, achieving strong 076

empirical performance. However, ProTeGi relies 077

on a single-agent optimization framework that ag- 078

gregates heterogeneous refinement signals into a 079

unified trajectory. Such entanglement may give rise 080

to implicit objective conflicts, thereby impairing 081

optimization stability and convergence quality. 082

A natural extension is to decompose prompt op- 083
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timization into multiple specialized perspectives.084

Multi-agent formulations enable parallel explo-085

ration of heterogeneous refinement dimensions,086

increasing signal diversity and reducing prema-087

ture convergence. However, introducing multiple088

agents also makes semantic conflicts inevitable: dif-089

ferent agents may propose mutually incompatible090

updates, such as simultaneously expanding illustra-091

tive examples while enforcing concise instructions.092

Without explicit coordination mechanisms, such093

conflicts can destabilize optimization and under-094

mine the benefits of multi-agent collaboration.095

In this work, we propose MAPGD, a unified096

framework that addresses these challenges by inte-097

grating multi-agent specialization with principled098

coordination mechanisms (Figure 1). As illustrated099

in Figure 1(a), MAPGD decomposes prompt op-100

timization into multiple orthogonal refinement di-101

mensions and assigns each to a specialized agent.102

Each agent independently analyzes model errors103

and produces textual pseudo-gradients that capture104

targeted improvement directions.105

However, pseudo-gradients produced by dif-106

ferent agents may encode semantically conflict-107

ing refinement intents. To explicitly disentangle108

such conflicts, MAPGD proposes Hypersphere-109

Constrained Gradient Clustering (HCGC), which110

embeds agent-generated gradients into a shared se-111

mantic space and separates incompatible optimiza-112

tion directions via angularly constrained clustering.113

This design promotes semantic consistency within114

clusters while preventing destructive interference115

across conflicting refinement signals.116

While HCGC addresses conflicts at the direc-117

tional level, agent contributions within the same se-118

mantic cluster may still vary in reliability. MAPGD119

therefore incorporates CAAW, which dynamically120

reweights agent channels based on validation per-121

formance. By emphasizing consistently effec-122

tive signals and attenuating noisy or unstable123

ones, CAAW enables robust aggregation of non-124

conflicting gradients, leading to stable and effective125

prompt refinement.126

In summary, our contributions are three-fold.127

(1) We propose MAPGD, a multi-agent pseudo-128

gradient framework for stable and interpretable129

prompt optimization.130

(2) We introduce HCGC and CAAW to disentan-131

gle conflicting refinement signals and adaptively132

aggregate reliable agent contributions.133

(3) We establish theoretical convergence guar-134

antees, showing that MAPGD preserves classical135

gradient descent behavior with almost sure conver- 136

gence to a local optimum at rate O(1/
√
T ). 137

2 Related Work 138

Prompt Learning and Optimization. Early 139

prompt engineering relied on manual design, which 140

is labor-intensive and difficult to scale. Automated 141

approaches have since been explored, including re- 142

inforcement learning (Deng et al., 2022), evolution- 143

ary search (Fernando et al., 2023), and Bayesian 144

optimization (Sahoo et al., 2025). Continuous 145

prompt tuning methods, such as prefix tuning (Li 146

and Liang, 2021) and soft prompts (Lester et al., 147

2021), optimize prompts in embedding space but 148

often sacrifice interpretability and require access 149

to model internals. MAPGD operates in natural 150

language space, preserving interpretability while 151

enabling feedback-driven optimization. 152

Gradient-Inspired Prompt Optimization. Re- 153

cent work has framed prompt optimization as a 154

gradient-like process in discrete language space. 155

ProTeGi (Pryzant et al., 2023) generates natural 156

language pseudo-gradients from model errors and 157

iteratively refines prompts via beam search and 158

bandit-based selection. However, as a single-agent 159

method, ProTeGi entangles heterogeneous refine- 160

ment objectives and lacks explicit mechanisms for 161

resolving conflicting optimization signals, which 162

can lead to unstable or suboptimal convergence. 163

This limitation motivates approaches that can dis- 164

entangle and coordinate diverse refinement direc- 165

tions. 166

Multi-Agent Collaboration. Multi-agent formu- 167

lations enable parallel exploration of diverse per- 168

spectives and have been widely studied in rein- 169

forcement learning and distributed AI. In NLP, 170

multi-agent debate (Liang et al., 2023; Du et al., 171

2023) and collaborative generation (Hong et al., 172

2024) demonstrate the benefits of role specializa- 173

tion. However, increased diversity makes semantic 174

conflicts inevitable, as different agents may pro- 175

pose incompatible updates. MAPGD adopts a 176

multi-agent design with specialized roles, while 177

explicitly addressing the resulting coordination and 178

conflict resolution challenges. 179

Geometric and Adaptive Coordination. Re- 180

solving semantic conflicts requires structured in- 181

ductive biases beyond heuristic fusion. In repre- 182

sentation learning, contrastive objectives and an- 183

gular margin constraints enforce intra-cluster com- 184

2



Task: Solve the math word problem step by step.
Instructions: 
1. Read the problem carefully
2. Identify what needs to be calculated
3. Show your work step by step
4. Provide the final numerical answer
Output Format: 
Show your reasoning process and end with: #### 
[final_answer]

CAAW

HCGC

Fused non-conflicting gradients

Use to fix Bandit selection

Task: Accurately solve the provided math word problem, 
ensuring each step is clearly explained.
Instructions:
1. Thoroughly read the problem, grasping the context 
and the interconnections between various elements.
2. Pinpoint all numerical values and their 
interrelationships. If the problem involves cumulative 
calculations (like summing up daily exercises), make sure 
to include this in your calculations.
………………

Select the best prompt Next iteration

Calculation Optimizer: I improve numerical accuracy by correcting 
computations and selecting more reliable calculation methods.

The prompt should explicitly enforce arithmetic verification to 
prevent calculation errors. …

      Problem Interpreter: I extract key variables and constraints to ensure 
correct understanding of math word problems.

The prompt should explicitly instruct how to resolve 
ambiguous phrasing. …

      Solution Formatter: I enforce clear solution structure, proper notation, 
and strict adherence to the required answer format.

The prompt should strictly enforce a final answer format to avoid 
evaluation failures. …

…

conflict

The prompt should avoid over-constraining interpretation 
and only state assumptions when necessary. … …

conflict

HCGC
Gradient
Semantically Conflicting Gradient

Semantic Cluster

Large angular separation (conflict)

θ

cos(θ) < τ

CAAW

 Validation feedback

 ⟳

    : validation performance signal

…

…

(b) Multi-Agent Gradient Generation and Conflicts

(a) Overall MAPGD Workflow (c) Hypersphere-Constrained 
      Gradient Clustering (d) Channel-Adaptive Agent Weighting

Init Prompt

Init Prompt

Figure 1: Overview of MAPGD. MAPGD performs prompt optimization through collaborative multi-agent pseudo-
gradients. Agent-generated gradients are embedded and clustered via HCGC to resolve semantic conflicts, and
adaptively weighted by CAAW according to validation performance. The resulting fused gradients iteratively refine
the prompt through candidate generation and selection.

pactness and inter-cluster separation (Wang and185

Isola, 2020; Liu et al., 2017; Wang et al., 2018;186

Deng et al., 2019). Chen et al. (Chen et al., 2021)187

further enhance large-margin contrastive learning188

via distance polarization regularization. Inspired189

by these advances, MAPGD introduces HCGC190

for geometry-aware gradient coordination, com-191

plemented by CAAW to adaptively calibrate agent192

contributions.193

Concurrent Work. Concurrent studies such as194

MAPRO (Zhang et al., 2025) and MA-SAPO (Seo195

et al., 2025) also explore multi-agent prompt op-196

timization under different assumptions, including197

explicit interaction structures or external memory198

components. These settings are not directly aligned199

with our budgeted, task-level optimization protocol.200

A detailed comparison is provided in Appendix E.201

In summary, MAPGD unifies prompt optimiza-202

tion, gradient-inspired refinement, multi-agent col-203

laboration, and geometry-aware coordination into204

an interpretable framework that explicitly addresses205

semantic conflicts.206

3 Methodology 207

3.1 Framework Overview 208

MAPGD formulates prompt optimization as a hy- 209

brid discrete–continuous gradient descent process 210

operating directly in natural language space. Un- 211

like continuous embedding-based approaches such 212

as prefix tuning or soft prompt optimization (Li 213

and Liang, 2021; Lester et al., 2021), MAPGD 214

preserves interpretability by explicitly manipulat- 215

ing textual prompts while still leveraging gradient- 216

inspired feedback signals for iterative refinement. 217

As illustrated in Figure 1, MAPGD frames prompt 218

optimization as a collaborative multi-agent process, 219

in which specialized agents focus on orthogonal 220

refinement dimensions and produce textual pseudo- 221

gradients that guide prompt updates. 222

Building on this formulation, MAPGD instanti- 223

ates the optimization procedure through an iterative 224

coordination loop. At each iteration, specialized 225

agents independently examine the current prompt 226

and available task feedback, and generate natural 227

language pseudo-gradients that reflect distinct re- 228

finement perspectives. These gradients are embed- 229
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ded into a shared semantic space, where poten-230

tial conflicts are explicitly identified and mitigated231

via geometry-aware clustering and adaptive fusion.232

The resulting fused gradients guide the generation233

of successor prompts, which are subsequently eval-234

uated and filtered under a budgeted selection mech-235

anism. Repeating this process yields an evolving236

optimization trajectory that systematically balances237

exploration across heterogeneous refinement direc-238

tions with exploitation of effective updates.239

Formally, the prompt optimization objective is240

defined as241

F (p) = E(x,y)∼D [ℓ(M(x; p), y)] , (1)242

where ℓ(·, ·) denotes a task-specific loss function243

and M(x; p) represents the model output condi-244

tioned on prompt p. The optimization goal is245

p∗ = argmin
p

F (p). (2)246

Since gradients in this discrete textual space are247

not directly accessible, MAPGD constructs natural248

language pseudo-gradients,249

∇F (p(t)) ≈ g(t), (3)250

which serve as semantic analogues of numerical251

gradients in classical optimization.252

3.2 Specialized Prompt Agents253

MAPGD employs multiple specialized agents, each254

responsible for a distinct and approximately or-255

thogonal dimension of prompt refinement. Typical256

agent roles include instruction clarity, example se-257

lection, output formatting, and stylistic refinement,258

optionally complemented by a generic agent for259

broad exploratory updates. At iteration t, the re-260

sulting pseudo-gradient set is261

G(t) = {g(t)1 , g
(t)
2 , . . . , g

(t)
K }.262

By decomposing prompt optimization into special-263

ized perspectives, MAPGD enables parallel explo-264

ration of heterogeneous refinement directions, alle-265

viating the limited signal diversity and premature266

convergence commonly observed in single-agent267

optimization.268

3.3 Hypersphere-Constrained Gradient269

Clustering270

Inspired by hyperspherical metric learning (Wang271

et al., 2018; Liu et al., 2017), HCGC resolves272

semantic conflicts among heterogeneous pseudo- 273

gradients by enforcing geometry-aware separation 274

on a normalized hypersphere. Instead of assum- 275

ing all agent proposals are mutually compatible, 276

HCGC explicitly detects semantic disagreement 277

and clusters gradients into coherent refinement di- 278

rections before fusion. 279

Gradient Embedding and Conflict Signal. 280

Given agent-generated pseudo-gradients G(t), each 281

g
(t)
k is encoded into a d-dimensional semantic vec- 282

tor v
(t)
k = ϕ(g

(t)
k ) and normalized onto the unit 283

hypersphere: 284

v̂
(t)
k =

v
(t)
k

∥v(t)k ∥
, v̂

(t)
k ∈ Sd−1. (4) 285

Semantic similarity is measured by cosine similar- 286

ity, 287

sim(v̂i, v̂j) = v̂⊤i v̂j = cos(∆(v̂i, v̂j)), (5) 288

where ∆(·, ·) denotes the angular distance on the 289

hypersphere. To make “conflict” explicit and mea- 290

surable, we define two gradients as being in seman- 291

tic conflict if their similarity falls below a threshold: 292

conflict(v̂i, v̂j) ⇔ v̂⊤i v̂j < θconflict. (6) 293

Intuitively, low cosine similarity indicates substan- 294

tially different (and potentially incompatible) re- 295

finement intents, motivating explicit separation in 296

clustering. 297

Clustering and Adaptive Cluster Cardinality. 298

We perform cosine K-means on the hypersphere 299

to group semantically coherent directions. Rather 300

than fixing the number of clusters, we adopt a 301

bounded adaptive strategy: 302

K(t) = min
(
|G(t)|, Kmax

)
, (7) 303

where |G(t)| is the number of gradients at itera- 304

tion t and Kmax is an upper bound. This prevents 305

over-fragmentation when gradients are few, while 306

allowing multiple distinct directions when agent 307

proposals are diverse. 308

Angular Margin Constraint. Initial clustering 309

may still yield weakly separated clusters when con- 310

flicting gradients coexist. HCGC therefore refines 311

assignments with an angular margin constraint. Let 312

ui be the centroid of v̂k’s assigned cluster and uj 313

any other centroid. Define α = ∆(v̂k, ui) and 314
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(a) Gradient clustering without 
angular margin constraint

(b) Hypersphere-constrained clustering
with angular margin

Figure 2: Effect of hypersphere-constrained angular
margin in HCGC. (a) Clustering without angular mar-
gin constraints may entangle semantically conflicting
pseudo-gradients, leading to ambiguous cluster bound-
aries. (b) Enforcing an angular margin on the unit hy-
persphere improves intra-cluster compactness and inter-
cluster separation, effectively isolating conflicting re-
finement directions.

β = ∆(v̂k, uj). While standard assignment re-315

quires α < β, HCGC strengthens it by a margin316

scale n ≥ 1:317

n · α < β, (8)318

equivalently,319

cos(n · α) > cos(β). (9)320

Gradients that violate the margin are reassigned to321

clusters where the constraint holds, yielding more322

compact and better-separated semantic groups.323

Fusion of Clustered Gradients. Finally, gradi-324

ents within each cluster are fused into a single rep-325

resentative refinement direction via LLM-guided326

synthesis. To avoid redundant updates, we apply a327

diversity filter to discard fused gradients overly sim-328

ilar to those already selected, controlled by θdiversity.329

3.4 Channel-Adaptive Agent Weighting330

Although HCGC resolves structural conflicts be-331

tween semantic gradient directions, gradients332

within the same cluster may still vary in reliability333

due to heterogeneous agent expertise and historical334

effectiveness. To account for this variability, we335

introduce CAAW, a reliability-aware coordination336

mechanism that adaptively calibrates agent contri-337

butions during gradient fusion. CAAW is inspired338

by channel-wise recalibration mechanisms in neu-339

ral representations (Hu et al., 2018), but operates340

at the level of agent-generated textual gradients.341

Adaptive Weight Estimation. Let s(t)k denote342

the validation performance gain attributed to gra-343

dient g(t)k at iteration t, estimated from historical344

agent performance statistics. CAAW converts these345

scalar signals into normalized reliability weights 346

via a softmax transformation: 347

w
(t)
k =

exp(λs
(t)
k )∑

j∈C exp(λs
(t)
j )

, (10) 348

where C denotes the set of gradients within the 349

same semantic cluster and λ controls the sharp- 350

ness of the weighting distribution. This formu- 351

lation assigns higher weights to agents that have 352

consistently produced effective refinements, while 353

down-weighting less reliable channels. 354

Weight-Conditioned LLM Fusion. Rather than 355

explicitly performing an arithmetic weighted sum 356

over textual gradients, CAAW injects the estimated 357

weights into the LLM-driven fusion operator as 358

conditioning signals. Concretely, the fusion opera- 359

tor 360

g
(t)
fused = Ψ

(
{g(t)k }k∈C

∣∣ {w(t)
k }k∈C

)
(11) 361

receives both the set of clustered gradients and 362

their corresponding reliability weights, which are 363

encoded in the fusion prompt to bias the synthe- 364

sis process toward more trustworthy agent sugges- 365

tions. In this way, agent weights influence the fused 366

gradient implicitly through prompt-level emphasis, 367

rather than through explicit numerical combination. 368

Stability Implications. By conditioning gradi- 369

ent fusion on adaptive reliability weights, CAAW 370

suppresses noisy or redundant updates while am- 371

plifying consistently effective refinement channels. 372

This weight-aware fusion mechanism reduces vari- 373

ance in the optimization trajectory and comple- 374

ments HCGC by addressing intra-cluster reliability 375

differences, thereby promoting stable convergence 376

toward semantically robust prompt candidates. 377

3.5 Candidate Generation and Selection 378

Fused gradients generate successor prompts 379

{p′1, . . . , p′n}. MAPGD applies lightweight filter- 380

ing and optional bandit-based evaluation (Audibert 381

and Bubeck, 2010) to keep the computation bud- 382

geted. Unlike prior work that depends heavily on 383

bandit selection, MAPGD attains robustness and 384

interpretability mainly via conflict-aware cluster- 385

ing and adaptive weighting across agents. Overall 386

algorithm can be found in Algorithm 1. 387

3.6 Theoretical Convergence 388

We provide a theoretical analysis of MAPGD in Ap- 389

pendix G. Here, we summarize the key assumptions 390
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Algorithm 1 MAPGD with HCGC and CAAW
Require: Initial prompt p0, train data Dtrain, dev

data Ddev, agents {Ai}Ni=1, iterations R, beam
width k

1: Initialize best prompt p(0)⋆ ← p0, beam B0 ←
{p0}; initialize each agent prompt Ai.p← p0

2: for t = 1 to R do
3: Mt ← SAMPLEMINIBATCH(Dtrain, b)
4: Gt ← GENEAGENTGRADS({Ai},Mt) ▷

Alg. 2
5: G̃t ← HCGC(Gt) ▷ Alg. 3
6: Ft ← CAAW(G̃t, Ddev) ▷ Alg. 4
7: Ct ← EXPANDPROMPTS(p

(t−1)
⋆ , Ft)

8: Bt, p
(t)
⋆ ← BANDITSELECT(Ct, Ddev, k)

9: SYNCAGENTS({Ai}, p(t)⋆ ) ▷ Alg. 5
10: if CONVERGED(p(t)⋆ ) then break
11: end if
12: end for
13: return Best prompt over {p(1)⋆ , . . . , p

(t)
⋆ }

and main implications to clarify how the proposed391

framework relates to classical stochastic optimiza-392

tion.393

Specifically, our analysis relies on three standard394

conditions: (i) bounded second moments of agent-395

generated pseudo-gradients, (ii) smoothness (or396

Lipschitz continuity) of the empirical loss function397

in the semantic embedding space, (iii) unbiased398

sampling induced by the bandit-based candidate399

selection mechanism. Under these assumptions,400

MAPGD admits an interpretation as a stochastic401

approximation process and achieves a sublinear402

convergence rate of O(1/
√
T ) in both convex and403

non-convex settings.404

Intuitively, the core components of MAPGD play405

complementary roles in ensuring stable optimiza-406

tion. HCGC aggregates semantically aligned refine-407

ment directions and mitigates conflicting updates,408

reducing variance in the fused pseudo-gradient.409

CAAW further emphasizes agents that have demon-410

strated consistent utility across iterations. Finally,411

bandit-based candidate selection maintains suffi-412

cient exploration while preventing systematic bias.413

Together, these mechanisms ensure that the overall414

optimization dynamics remain stable and progres-415

sively improve prompt quality over iterations.416

4 Experiments417

Experiments evaluate MAPGD in terms of effec-418

tiveness, efficiency, and robustness. For fair com-419

parison, we reproduce ProTeGi under identical set-420
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Figure 3: Test performance (F1 score) vs. API query
budget per prompt candidate across four benchmark
tasks (evaluated up to 50 queries for fair comparison
with ProTeGi).

tings and further conduct ablations and token con- 421

sumption analysis. A real-world text-generation 422

case study is also included (Appendix I) to demon- 423

strate applicability beyond benchmarks. 424

4.1 Experimental Details 425

Datasets. Following ProTeGi’s protocol, we eval- 426

uate on four classification benchmarks (Jailbreak, 427

Ethos, LIAR, Sarcasm) and three arithmetic reason- 428

ing datasets (GSM8K, AQUARAT, SVAMP). For 429

each dataset, we sample 50/150 instances for de- 430

v/test and report test F1 (classification) or accuracy 431

(reasoning). Dataset details are in Appendix A. 432
Setup. We use the January 2023 gpt-3.5-turbo 433

via Azure OpenAI unless stated otherwise (temper- 434

ature 0.0 for classification). Results are averaged 435

over three runs; F1 is computed by max-pooling 436

over the final prompt beam. All methods share iden- 437

tical initial prompts, data, and random seeds, with 438

a fixed budget of T=10 and default hyperparame- 439

ters. Unless stated otherwise, MAPGD follows Sec- 440

tion 3.3 with ϕ=all-MiniLM-L6-v2, θconflict=0.3, 441

clustering threshold 0.7, θdiversity=0.7, and UCB 442

selection with 80 evaluations; λ=1 (Appendix D). 443

All experiments in Section 4.2 use these modules 444

unless ablated. 445
Baselines. We primarily compare against Pro- 446

TeGi (Pryzant et al., 2023) under identical query 447

budgets and initialization, and additionally in- 448

clude MC search, RL-style edit methods, Auto- 449

GPT, and three reasoning baselines (InsZero, In- 450

stinct, PromptWizard). Full descriptions are in 451

Appendix B. 452

4.2 Experimental Results 453

Classification benchmarks. Figure 3 reports test 454

F1 under different per-candidate evaluation bud- 455
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Method GSM8k AQUARAT SVAMP

InsZero 74.2 54.3 79.5
Instinct 74.5 54.7 81.0

PromptWizard 90.0 58.2 82.3
MAPGD 93.5 60.3 84.1

Table 1: Arithmetic reasoning accuracy (%) on GSM8k,
AQUARAT, and SVAMP. Best results in bold.

gets (up to 50 queries, following ProTeGi for fair-456

ness). MAPGD consistently achieves the best per-457

formance across all four datasets, with most gains458

emerging within the first 30–40 evaluations. The459

improvements are most pronounced on conflict-460

prone tasks, suggesting that explicit conflict disen-461

tanglement and adaptive coordination are critical462

when refinement signals disagree: on Jailbreak,463

MAPGD reaches 0.880 at 50 queries (vs. 0.833464

for ProTeGi), and on LIAR it attains 0.710 (vs.465

0.660). We attribute these gains to HCGC, which466

clusters compatible pseudo-gradients before fusion467

to reduce semantic interference, and CAAW, which468

down-weights unreliable agents to prevent noisy469

edits from dominating early iterations, thereby im-470

proving budget efficiency. On the more saturated471

Ethos dataset, MAPGD still improves to 0.980472

(vs. 0.965), indicating that coordinated multi-agent473

feedback can extract residual refinements even near474

a performance ceiling. We follow the 50-query475

budget for strict comparability; extended-budget476

results are deferred to Appendix C.477

Arithmetic reasoning benchmarks. Table 1478

evaluates MAPGD on GSM8k, AQUARAT, and479

SVAMP, compared against InsZero, Instinct, and480

PromptWizard. MAPGD achieves consistent gains481

across all three datasets, most notably on GSM8k482

(93.5%), improving over the strongest baseline483

by +3.5 points. We hypothesize that the bene-484

fit on reasoning stems from the same coordina-485

tion principle: specialized agents propose com-486

plementary edits (e.g., step-by-step constraints,487

format strictness, and exemplar guidance), while488

HCGC/CAAW suppress incompatible or low-yield489

directions, leading to more stable chain-of-thought490

prompting. MAPGD also improves the best491

baseline on AQUARAT (60.3% vs. 58.2%) and492

SVAMP (84.1% vs. 82.3%), confirming transfer493

beyond classification.494

4.3 Ablation Study495

To isolate the sources of MAPGD’s gains, we con-496

duct a component-wise ablation by selectively dis-497

abling HCGC and CAAW. Table 2 reports four498

Table 2: Ablation study on core MAPGD components.
✓ indicates the component is enabled. Results are F1
score (mean over 3 runs).

Setting HCGC CAAW Jailbreak Ethos LIAR Sarcasm

I × × 0.82 0.91 0.62 0.83
II × ✓ 0.84 0.94 0.62 0.87
III ✓ × 0.85 0.95 0.63 0.88
IV ✓ ✓ 0.88 0.98 0.65 0.91

settings (I–IV), where Setting I removes both mod- 499

ules and serves as a minimal baseline. Enabling 500

either module leads to consistent improvements. In- 501

troducing HCGC (III vs. I) yields systematic gains, 502

confirming that geometry-aware clustering prior 503

to fusion is essential for reducing semantic inter- 504

ference among pseudo-gradients. CAAW alone 505

(II vs. I) also improves performance, indicating 506

that uniform averaging is suboptimal under vary- 507

ing agent reliability; adaptive reweighting based on 508

validation feedback enhances robustness. The com- 509

bined setting (IV) consistently outperforms either 510

component alone, suggesting strong complemen- 511

tarity: HCGC resolves directional incompatibility 512

via conflict disentanglement, whereas CAAW ad- 513

dresses reliability mismatch through adaptive credit 514

assignment. Gains are smaller on saturated datasets 515

(e.g., Ethos), consistent with ceiling effects, while 516

conflict-prone tasks benefit more from structured 517

coordination. 518

4.4 Robustness to Dataset Sampling Size 519

Following the standard ProTeGi evaluation proto- 520

col, our main results use 50 development and 150 521

test examples per dataset to ensure direct compa- 522

rability. To verify that MAPGD’s gains are not an 523

artifact of small evaluation sets, we additionally 524

evaluate larger subsamples on three representative 525

classification benchmarks. 526

Table 3 reports results under three sampling 527

regimes (50/150, 100/300, and 200/500). MAPGD 528

consistently outperforms ProTeGi and MC across 529

all datasets and sampling sizes, indicating that its 530

improvements persist as the evaluation set grows. 531

4.5 Token Consumption Analysis 532

Token efficiency is evaluated under the setup of 533

Section 4.1 by counting both input and output to- 534

kens per API call. We report total tokens, number 535

of calls, and performance-per-token. As shown in 536

Table 4, MAPGD attains higher F1 with fewer to- 537

kens and calls than ProTeGi, reducing per-iteration 538

token cost by ∼8% and improving performance- 539

per-token by >10%, suggesting reduced redundant 540
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Dataset Method 50/150 100/300 200/500

Jailbreak ProTeGi 0.82 0.83 0.81
MC 0.76 0.77 0.75
MAPGD 0.86 0.86 0.84

Ethos ProTeGi 0.93 0.94 0.94
MC 0.89 0.90 0.90
MAPGD 0.98 0.97 0.97

LIAR ProTeGi 0.65 0.62 0.63
MC 0.62 0.63 0.63
MAPGD 0.71 0.71 0.69

Table 3: Robustness to dataset sampling size (F1 score)
under three dev/test splits.

Metric ProTeGi MAPGD (full)

Total Tokens 256k 236k
Calls 962 643

Avg F1 0.83 0.87
F1 / Token (×10−6) 3.24 3.69

Table 4: Token consumption comparison between Pro-
TeGi and MAPGD (averaged over 3 runs). MAPGD
achieves lower token usage and higher efficiency.

Component ProTeGi (s) MAPGD (s)

Gradient generation 10.2 37.9
Embedding + HCGC – 24.4
Prompt expansion 33.7 28.7
Bandit selection 30.3 26.5
Other 85.2 84.0

Total 159.4 201.5

Table 5: Runtime breakdown (in seconds) comparing
ProTeGi and MAPGD.

queries via HCGC and CAAW.541

4.6 Computational Overhead Analysis542

We compare runtime overhead against ProTeGi un-543

der identical settings. MAPGD shares evaluation,544

prompt expansion, and bandit selection with Pro-545

TeGi, but adds multi-agent gradient generation and546

embedding-based clustering. As shown in Table 5,547

the extra overhead mainly comes from multi-agent548

gradient generation, which scales linearly with the549

number of agents. Embedding and HCGC incur550

an almost constant cost, and with four agents the551

overall overhead remains a small fraction of total552

runtime.553

4.7 Agent Number Sensitivity554

To motivate the use of four specialized agents, we555

vary the number of agents N ∈ {2, 4, 6} under556

the setup of Section 4.1. For N = 2, only the In-557

struction Specialist and Example Curator are used;558

for N = 6, two additional style/format agents are559

added. As shown in Figure 4, average F1 improves560

Jailbreak Ethos Liar Sarcasm
0.60

0.65

0.70

0.75

0.80

0.85

0.90

0.95

1.00

F1

Agents num
2
4
6

Figure 4: Agent number sensitivity analysis. Increasing
agents from 2 to 4 yields clear improvements, while
further increasing to 6 brings diminishing returns.

substantially from N = 2 to N = 4, while N = 6 561

yields only marginal gains with higher token cost, 562

indicating diminishing returns. Thus, N = 4 offers 563

the best effectiveness–efficiency trade-off. 564

4.8 Experimental Insights 565

MAPGD consistently outperforms single-agent 566

ProTeGi and other baselines, with the largest gains 567

on LIAR and Jailbreak where refinement signals 568

often conflict. Ablations show HCGC and CAAW 569

are complementary: removing either hurts perfor- 570

mance, and removing both approaches the single- 571

agent regime. MAPGD is also more token-efficient 572

than ProTeGi (fewer API calls, >10% higher 573

performance-per-token) and transfers well to arith- 574

metic reasoning, surpassing strong baselines on 575

GSM8k, AQUARAT, and SVAMP. Appendix H 576

provides a qualitative case study illustrating how 577

HCGC and CAAW resolve conflicting pseudo- 578

gradients. 579

5 Conclusion 580

This work introduces MAPGD, a coordinated 581

multi-agent framework for prompt optimization 582

that integrates HCGC and CAAW to resolve con- 583

flicting refinement directions and reduce the im- 584

pact of unreliable agents. Across classification and 585

arithmetic reasoning benchmarks, MAPGD consis- 586

tently improves over strong baselines while lower- 587

ing token consumption, and it admits a sublinear 588

convergence guarantee of O(1/
√
T ) under stan- 589

dard stochastic approximation assumptions (Ap- 590

pendix G). Overall, MAPGD provides an inter- 591

pretable, robust, and resource-efficient approach 592

to prompt optimization via structured multi-agent 593

collaboration. 594
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Limitations595

MAPGD relies on semantic embeddings to detect596

conflicts and cluster pseudo-gradients; under do-597

main shift or highly specialized jargon, similarity598

estimates may become unreliable and degrade co-599

ordination quality. The method also depends on600

reasonably informative agent feedback: if multi-601

ple agents are systematically misaligned, adaptive602

weighting may not fully suppress harmful edits. Fi-603

nally, compared to single-agent methods, MAPGD604

introduces extra overhead from multi-agent gen-605

eration and coordination (embedding/clustering),606

which may limit deployment under strict latency or607

budget constraints.608
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To ensure comparability with ProTeGi, we eval- 797

uate MAPGD on the same four benchmark NLP 798

classification tasks that span diverse domains and 799

languages: 800

• Jailbreak (Shen et al., 2024): a novel task 801

to determine whether a user input to an LLM 802

continuation API constitutes a jailbreak at- 803

tempt. Jailbreak attacks are defined as user 804

strategies that aim to make the model violate 805

its own safety policies, such as generating 806

harmful content or exposing hidden instruc- 807

tions. The dataset contains 1306 multilingual 808

examples with human-annotated jailbreak la- 809

bels. 810
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• Ethos (Mollas et al., 2022): an English hate811

speech detection dataset with 997 online com-812

ments annotated as hateful or non-hateful.813

• LIAR (Wang, 2021): a large-scale dataset for814

fake news detection, consisting of 4,000 short815

statements labeled with ground-truth veracity,816

along with context information.817

• Sarcasm (Farha and Magdy, 2020): an Arabic818

sarcasm detection dataset with 10,000 online819

comments, labeled for the presence or absence820

of sarcasm.821

Beyond classification, we further evaluate on822

three arithmetic reasoning datasets that require823

multi-step logical inference and symbolic manipu-824

lation:825

• GSM8k (Cobbe et al., 2021): a widely used826

benchmark of 8,500 grade-school math prob-827

lems that require step-by-step reasoning.828

• AQUARAT (Ling et al., 2017): a dataset of829

algebraic word problems designed to test sym-830

bolic reasoning and program induction.831

• SVAMP (Patel et al., 2021): a benchmark832

focusing on simple arithmetic word problems833

with diverse linguistic variations, serving as a834

testbed for robustness to paraphrasing.835

In addition, we include a real-world text gen-836

eration case study in the Appendix to highlight837

MAPGD’s applicability beyond controlled bench-838

marks.839

B Baselines Details840

To evaluate the effectiveness of MAPGD, we com-841

pare it against a set of non-parametric prompt opti-842

mization methods, following the setup of ProTeGi843

(Pryzant et al., 2023), and additionally include Pro-844

TeGi itself as a strong baseline. Specifically, we845

consider:846

• ProTeGi: the original prompt gradient de-847

scent framework, where a single agent iter-848

atively generates pseudo-gradients and can-849

didate prompts, with bandit-based selection.850

This serves as our primary baseline for com-851

parison.852

• Monte-Carlo (MC) (Zhou et al., 2022): an853

iterative but directionless Monte Carlo search854

over the prompt space. For fairness, we match 855

the number of samples per candidate to the 856

successors generated by MAPGD. 857

• Reinforcement Learning (RL) Recent ap- 858

proaches such as GrIPS (Prasad et al., 2022) 859

and TEMPERA (Zhang et al., 2022) formulate 860

prompt optimization as a reinforcement learn- 861

ing problem. In these methods, the prompt 862

text is first segmented into phrases, and the 863

search space is explored via phrase-level edit 864

operations, including addition, paraphrasing, 865

swapping, and deletion. 866

• AutoGPT: an open-source autonomous agent 867

system that improves prompts through self- 868

directed feedback loops. We configure Auto- 869

GPT with the same number of examples and 870

errors as MAPGD, running for the same num- 871

ber of optimization steps. 872

For arithmetic reasoning, we additionally com- 873

pare against three competitive baselines, all re- 874

ported with GPT-3.5-Turbo in a zero-shot setting: 875

• InsZero (Chen et al., 2023): a zero-shot 876

prompting method with instruction tuning. 877

• Instinct (Lin et al., 2024): an instruction- 878

following baseline that improves prompting 879

robustness. 880

• PromptWizard (Agarwal et al., 2024): a 881

state-of-the-art prompt synthesis framework 882

that iteratively enriches prompts with interme- 883

diate reasoning steps and examples. 884

This collection of baselines allows us to evaluate 885

MAPGD not only against single-agent gradient- 886

based optimization, but also against strong arith- 887

metic reasoning methods optimized for chain-of- 888

thought style prompting. 889

C Extended Evaluation Budgets Beyond 890

50 Queries 891

To verify whether our conclusions depend on the 892

50-query budget, we further extend the evaluation 893

budget to 60 and 70 queries on three representative 894

datasets (Jailbreak, LIAR, and Sarcasm). We keep 895

the same evaluation protocol and report results in 896

Table 6. Overall, the method ranking remains 897

unchanged, and the additional gains beyond 50 898

are marginal, suggesting that a 50-query budget is 899
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Dataset Budget ProTeGi MC MAPGD

Jailbreak 50 0.833 0.773 0.880
60 0.836 0.773 0.885
70 0.842 0.773 0.887

LIAR 50 0.660 0.630 0.710
60 0.672 0.630 0.720
70 0.681 0.630 0.725

Sarcasm 50 0.876 0.853 0.913
60 0.879 0.853 0.918
70 0.880 0.853 0.920

Table 6: Performance under extended evaluation bud-
gets (60/70 queries). Gains beyond 50 queries are small
and do not change the ranking among methods.

Table 7: Test accuracy of MAPGD under different
CAAW weighting parameter λ. Performance differ-
ences are minor, demonstrating robustness to λ.

λ LIAR Accuracy GSM8K Accuracy
0.5 0.709 0.927
1 0.717 0.935
2 0.711 0.933

sufficient to capture MAPGD’s performance while900

preserving fairness with prior work (e.g., ProTeGi).901

Across these datasets, MAPGD improves by902

only +0.007 (Jailbreak), +0.015 (LIAR), and903

+0.007 (Sarcasm) from 50 to 70 queries, confirm-904

ing a clear diminishing-return trend after approxi-905

mately 30–40 evaluations, while leaving the main906

conclusions unchanged.907

D CAAW Parameter Sensitivity908

The CAAW module uses a temperature parameter909

λ to control the emphasis on historically effective910

agents during gradient fusion. To evaluate the ro-911

bustness of MAPGD with respect to λ, we con-912

ducted experiments on two representative datasets:913

LIAR(binary) and GSM8K (mathematical reason-914

ing).915

We tested three values of λ: 0.5, 1, and 2. Ta-916

ble 7 summarizes the test accuracy for each setting.917

The results indicate that moderate variations of λ918

do not significantly affect the overall performance,919

supporting the choice of λ = 1 in the main experi-920

ments.921

As shown in Table 7, the test accuracy exhibits922

only minor variations across the three λ values,923

with a maximum difference of 0.008 on LIAR and924

0.008 on GSM8K. These variations are small rela-925

tive to the overall performance gains achieved by926

multi-agent gradient fusion, indicating that while927

λ influences the sharpness of agent weighting, 928

MAPGD’s performance remains stable for reason- 929

able choices around the default setting of λ = 1. 930

E Comparison with Recent Concurrent 931

Work 932

We are aware of two recent concurrent works 933

that are closely related in spirit to prompt opti- 934

mization with multi-agent components, namely 935

MAPRO (Zhang et al., 2025) and MA-SAPO (Seo 936

et al., 2025). While these works share a high-level 937

motivation with MAPGD, we did not include them 938

as baselines in our main experimental comparisons 939

due to comparability constraints in problem setting 940

and resource assumptions. 941

MAPRO (Zhang et al., 2025). MAPRO studies 942

prompt optimization within an explicit multi-agent 943

system (MAS): it jointly configures role prompts for 944

multiple agents and leverages the MAS interaction 945

topology (e.g., DAG-structured communication) to- 946

gether with node-/edge-level reward modeling and 947

global inference to select prompt combinations. In 948

contrast, MAPGD targets task-level prompt opti- 949

mization under a fixed query budget, where spe- 950

cialized agents propose pseudo-gradients that are 951

subsequently coordinated (via HCGC and CAAW) 952

to iteratively refine a single task prompt. Because 953

MAPRO’s formulation depends on an explicit 954

MAS graph, per-agent prompts, and interaction- 955

specific rewards, directly porting it to our bench- 956

mark protocol would require redesigning the envi- 957

ronment and supervision signals, making a head- 958

to-head comparison not directly aligned with our 959

evaluation setting. 960

MA-SAPO (Seo et al., 2025). MA-SAPO op- 961

timizes prompts through retrieved reasoning as- 962

sets: it constructs a searchable library of semi- 963

structured “reasoning cards” from labeled or scored 964

prompt–response data, and then performs analysis– 965

refinement guided by top-k retrieved assets at test 966

time. This introduces an additional external memo- 967

ry/resource assumption (i.e., an offline asset corpus 968

and its construction pipeline) that is orthogonal to 969

our training-free, black-box optimization protocol. 970

In our evaluation, we intentionally restrict methods 971

to operate under the same query budget without 972

relying on extra annotated corpora or a separately 973

curated retrieval memory. Under these constraints, 974

implementing MA-SAPO would either (i) require 975

additional data collection/annotation to build as- 976
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sets, or (ii) reuse task-specific optimization traces977

as assets, which changes the method definition and978

complicates fairness.979

Summary and future work. Overall, MAPRO980

and MA-SAPO represent complementary981

directions—MAS-level joint role-prompt con-982

figuration and retrieval-augmented prompt983

rewriting—whereas MAPGD focuses on multi-984

agent pseudo-gradient coordination for budgeted985

task-level prompt refinement. Integrating these986

paradigms into a unified and strictly comparable987

evaluation (e.g., extending MAPGD with optional988

retrieval memories or evaluating MAPRO-style989

joint prompting on explicit MAS benchmarks) is990

an important direction for future work.991

F Complexity and Parallelism992

The computational bottleneck of MAPGD with993

HCGC and CAAW (see Algorithm 1) lies in LLM994

calls for gradient generation, cluster fusion, and995

prompt expansion, whereas embedding, cluster-996

ing, similarity checks, and adaptive weighting in-997

volve comparatively lightweight vector operations.998

Multi-agent parallelization significantly reduces999

wall time, making the framework scalable for prac-1000

tical deployment. In the following, we analyze1001

the per-iteration computational and memory costs,1002

providing a detailed breakdown of the dominant1003

operations and their respective complexities.1004

Notation. Let N be the number of agents, m1005

the number of reasons per agent, giving G = Nm1006

atomic gradients. Embedding dimension d, clusters1007

K ≤ G, fused gradients |G̃|, expansion variants1008

per gradient s, MC paraphrases per variant nmc,1009

candidate prompts |C|, beam width k, bandit rounds1010

Tb with Keval arms and dev mini-batch size b.1011

Stage costs (time).1012

1. Agent gradient generation: Each of the N1013

agents generates m gradients using LLMs,1014

giving O(N) LLM calls. Parallelization re-1015

duces wall time to ≈ max tLLM.1016

2. HCGC embedding + conflict detection: Em-1017

bedding each gradient costs O(Gd); comput-1018

ing pairwise angular conflicts costs O(G2d).1019

For small G (e.g., G ∼ 16), this is negligible1020

compared with LLM calls.1021

3. HCGC clustering: KMeans clustering over1022

G gradients into K clusters with I iterations1023

costs O(GKId), again minor due to small G.1024

Algorithm 2 Multi-Agent Textual Gradient Gener-
ation
Require: Agents {Ai}, mini-batch Mt, task T ,

predictor Π, per-agent error cap e, feedback
count m

1: for all agent Ai in parallel do
2: (ŷ, y) pairs ←

T.INFERANDLABEL(Ai.p,Mt,Π)
3: Ei ← SELECTERRORS(ŷ, y, e)
4: if |Ei| = 0 then Ei ←

DIVERSESAMPLES(Mt, e)
5: end if
6: rawi ←

LLMGRADIENTPROMPT(Ai.role, Ai.p, Ei,m)
7: gi ← PARSEGRADIENTBLOCKS(rawi)

▷ Split by delimiters
8: end for
9: return Gt = {(Ai.role, gi)}Ni=1

4. HCGC fusion (LLM): Clusters with multiple 1025

gradients require one LLM call per cluster 1026

to fuse into a coherent gradient. Total LLM 1027

calls up to O(Kmerge), parallelizable across 1028

clusters. 1029

5. CAAW weighting and fusion: Per-cluster 1030

adaptive weighting is O(G) vector operations, 1031

negligible compared to LLM fusion. 1032

6. Prompt expansion + MC paraphrasing: Ap- 1033

plying each fused gradient: O(|G̃|) gradient 1034

applications. MC paraphrasing for each vari- 1035

ant: O(|G̃|snmc) LLM calls. 1036

7. Diversity filtering: Computing embeddings: 1037

O(|C|d); naive pairwise similarities: O(|C|2). 1038

For tens of candidate prompts, this remains 1039

negligible. 1040

8. Bandit evaluation: Probing Keval arms 1041

over mini-batches of size b for Tb rounds: 1042

O(KevalbTb), significantly cheaper than ex- 1043

haustive evaluation O(|C| |Ddev|). 1044

Space complexity. Text storage: O(|C|Lavg). 1045

Embeddings: O((G+ |C|)d), typically a few MB. 1046

Optional caches (unique prompts or intermediate 1047

LLM outputs) scale linearly with the number of 1048

prompts and clusters. 1049

G Theoretical Analysis 1050

In this section, we provide convergence guarantees 1051

for MAPGD under mild assumptions, following the 1052
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Algorithm 3 Hypersphere-Constrained Gradient
Clustering

Require: Agent gradients Gt
1: Embed and normalize: v̂k = ϕ(gk)/∥ϕ(gk)∥
2: Detect conflicts: Cconf ← {(i, j) :

cos−1(v̂⊤i v̂j) > θ}
3: Cluster gradients: {Sk}Kk=1 ←

KMEANS({v̂k},Kmax)
4: for k = 1 to K do
5: Apply angular margin: reassign gradients

violating cos(n ·∆(v̂i, ck)) > cos(∆(v̂i, cj))
6: Fuse cluster Sk via LLM: fk ←

LLMFUSE(Sk, Cconf)
7: end for
8: return Fused clusters: G̃t = {f1, . . . , fK}

Algorithm 4 Channel-Adaptive Agent Weighting
and Fusion

Require: Clustered gradients G̃t, dev data Ddev,
temperature λ

1: for all cluster G̃t do
2: Compute per-gradient validation gain si on

Ddev
3: Assign adaptive weight: wi =

exp(λsi)∑
j∈Sk

exp(λsj)

4: Fuse cluster gradients: fk =

Ψ
(∑

i∈Sk
wigi

)
5: end for
6: return Ft = {f1, . . . , fK}

stochastic approximation framework. Our goal is1053

to bridge the gap between the continuous optimiza-1054

tion theory of stochastic gradient descent (SGD)1055

and the discrete prompt optimization carried out1056

in MAPGD. We show that, despite operating in1057

a structured and discrete search space, MAPGD1058

achieves the same sublinear convergence rate of1059

O(1/
√
T ) in both convex and non-convex settings.1060

G.1 Assumptions1061

We begin with a set of assumptions standard in1062

stochastic optimization but reinterpreted in the con-1063

text of multi-agent prompt optimization.1064

• (A1) Alignment (Unbiasedness). For some1065

µ > 0, the stochastic semantic gradient g(t)1066

maintains alignment with the true gradient:1067

E
[
⟨g(t),∇F (p(t))⟩

∣∣∣ p(t)] ≥ µ∥∇F (p(t))∥2.1068

Algorithm 5 SynchronizeAgents

Require: Agents {Ai}Ni=1, current best prompt
p
(t)
⋆

1: for each agent Ai do
2: Ai.p← p

(t)
⋆ ▷ Set the agent’s current

prompt to the global best
3: RESETGRADIENTHISTORY(Ai) ▷

Optional: clear outdated gradient history
4: UPDATEPERFORMANCEMEM-

ORY(Ai, p
(t)
⋆ ) ▷ Record performance feedback

for the new prompt
5: end for
6: return Updated agents {Ai}

This reflects the role of semantic fusion: multi- 1069

agent aggregation reduces the chance of ad- 1070

versarial or noisy updates, ensuring progress 1071

along descent directions. 1072

• (A2) Bounded Second Moment. For con- 1073

stants ρ, σ2 ≥ 0, 1074

E
[
∥g(t)∥2

∣∣∣ p(t)] ≤ ρ∥∇F (p(t))∥2 + σ2. 1075

This captures the variance-control effect of 1076

the bandit-based selection mechanism, which 1077

prevents uncontrolled explosion of gradient 1078

magnitude. 1079

• (A3) Smoothness or Lipschitzness. For con- 1080

vex tasks, F is G-Lipschitz with domain diam- 1081

eter D. For non-convex tasks, F is L-smooth: 1082

∥∇F (u)−∇F (v)∥ ≤ L∥u− v∥. 1083

G.2 Supporting Lemmas 1084

We restate two standard lemmas, adapted to the 1085

MAPGD setting. 1086

Lemma 1 (Convex Projection Inequality). For 1087

convex F with feasible set P , the projected subgra- 1088

dient update 1089

p(t+1) = ΠP

(
p(t) − ηg(t)

)
1090

satisfies 1091

∥p(t+1) − p∗∥2 ≤ ∥p(t) − p∗∥2 − 2η⟨g(t), p(t) − p∗⟩
+ η2∥g(t)∥2.

1092

Lemma 2 (Non-Convex Descent Lemma). If F 1093

is L-smooth, then for update p(t+1) = p(t) − ηg(t), 1094

we have 1095

F (p(t+1)) ≤ F (p(t))−η⟨∇F (p(t)), g(t)⟩+L

2
η2∥g(t)∥2. 1096
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G.3 Main Results1097

Convex Convergence. Suppose F is convex, G-1098

Lipschitz, and P has diameter D. Let p̄T =1099
1
T

∑T
t=1 p

(t). Under (A1)–(A2) and step size η =1100
D

G
√
T

, we obtain:1101

E[F (p̄T )]− F (p∗) = O

(
1√
T

)
.1102

Proof sketch. By Lemma 1 and convexity:1103

F (p(t))− F (p∗) ≤ ⟨g(t), p(t) − p∗⟩.1104

Summing over t = 1, . . . , T and applying (A1)–1105

(A2), we bound the regret:1106

T∑
t=1

E[F (p(t))− F (p∗)] ≤ D2

2η
+

ηG2T

2
.1107

Using Jensen’s inequality for p̄T and optimizing η,1108

we conclude the O(1/
√
T ) rate.1109

Non-Convex Convergence. Suppose F is L-1110

smooth and (A1)–(A2) hold. With constant step1111

size η = Θ(1/
√
T ), we have1112

1

T

T∑
t=1

E
[
∥∇F (p(t))∥2

]
= O

(
1√
T

)
.1113

Proof sketch. Applying Lemma 2 and taking1114

conditional expectation:1115

E[F (p(t+1))] ≤ E[F (p(t))]− ηµE[∥∇F (p(t))∥2]1116

+ L
2 η

2
(
ρE[∥∇F (p(t))∥2] + σ2

)
.

(12)

1117

Summing over t = 1 . . . T gives1118

1

T

T∑
t=1

E
[
∥∇F (p(t))∥2

]
≤

2
(
F (p(1))− Finf

)
µTη

+
Lσ2

µ
η.

1119

Balancing terms with η = Θ(1/
√
T ) yields the1120

claimed rate.1121

G.4 Summary of Theoretical Guarantees1122

In this work, we bridge the gap between classical1123

stochastic optimization, which assumes continu-1124

ous parameter spaces, and the inherently discrete,1125

structured nature of prompt optimization. Our con-1126

vergence analysis for MAPGD does not require the1127

discrete prompt space to be continuous. Instead,1128

we show that the framework’s core mechanisms 1129

ensure that the optimization process satisfies the 1130

key conditions of stochastic approximation theory. 1131

The argument unfolds along three main dimen- 1132

sions: 1133

• Directional Alignment (A1): Although tex- 1134

tual pseudo-gradients are not true mathemati- 1135

cal gradients, HCGC aggregates semantically 1136

coherent suggestions from multiple agents 1137

into a fused gradient that statistically aligns 1138

with the true descent direction. 1139

• Variance Control (A2): Discrete prompt ed- 1140

its are prone to high variance, but the bandit- 1141

based candidate selection mechanism filters 1142

out unreliable or detrimental candidates. This 1143

effectively bounds the second moment of 1144

stochastic updates. 1145

• Smoothness Justification (A3): We assume 1146

the empirical loss function is Lipschitz or 1147

smooth in the semantic embedding space, 1148

even though the prompts themselves are dis- 1149

crete. 1150

Given that these conditions are met, MAPGD 1151

inherits the convergence guarantees of classical 1152

stochastic gradient descent. Consequently, despite 1153

operating in a discrete textual space, MAPGD 1154

achieves a robust sublinear convergence rate of 1155

O(1/
√
T ), providing a solid theoretical founda- 1156

tion for the observed empirical effectiveness of our 1157

multi-agent, geometry-aware approach to prompt 1158

optimization. 1159

H Qualitative Case Study: From 1160

Conflicting Pseudo-Gradients to 1161

Prompt Updates 1162

H.1 Case Setup 1163

We select a representative optimization step on 1164

the LIAR task where multiple specialized agents 1165

propose semantically conflicting pseudo-gradients. 1166

This step exhibits clear disagreement among agents 1167

while still leading to a measurable improvement 1168

in downstream validation behavior after gradient 1169

fusion. 1170
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Item Value

Task LIAR
Iteration t = 3
Agents 4
Raw Gradients 16
Illustrated Conflict Pairs 2
HCGC Clusters 3

1171

At this iteration, agents disagree on whether er-1172

rors primarily stem from ambiguous label seman-1173

tics, missing contextual cues, or insufficient deci-1174

sion boundary clarification, making it a suitable1175

case for qualitative inspection.1176

H.2 Raw Pseudo-Gradients from Specialized1177

Agents1178

We focus on two representative conflict pairs ex-1179

tracted from the same optimization step, which il-1180

lustrate structurally different failure diagnoses and1181

motivate the need for explicit conflict handling.1182

Conflict Pair 1: Format Clarity vs Example Di-1183

versity. Format Designer:1184

<START> The prompt instructs the model to an-1185
swer with ‘Yes’ or ‘No’, but it does not specify1186
what these labels represent. This ambiguity can1187
cause the model to misinterpret the classification1188
objective. <END>1189

Example Curator:1190

<START> The provided examples do not cover a1191
sufficiently diverse range of statements. Including1192
more varied and representative cases could help1193
the model generalize better. <END>1194

The cosine similarity between these two gra-1195

dients is 0.13 (angle = 1.44 rad), indicating1196

strong semantic disagreement. Importantly, the1197

conflict is not superficial: the format-oriented gra-1198

dient advocates tightening the input–output con-1199

tract through explicit label semantics, while the1200

example-oriented gradient pushes the prompt to-1201

ward structural expansion via additional demonstra-1202

tions. Applying both updates independently would1203

lead to incompatible prompt modifications—one1204

emphasizing deterministic label interpretation and1205

the other reallocating prompt capacity to example1206

coverage.1207

Conflict Pair 2: Example Coverage vs Definition1208

of “Lie”. Example Curator:1209

<START> The examples fail to illustrate borderline1210
or ambiguous cases, which may limit the model’s1211
ability to generalize across different claim types.1212
<END>1213

Instruction Specialist: 1214

<START> The prompt does not clearly define what 1215
constitutes a ‘lie’ versus an inaccurate or exagger- 1216
ated statement, leading to inconsistent decisions. 1217
<END> 1218

This pair exhibits a cosine similarity of 0.23 (an- 1219

gle = 1.34 rad), reflecting a fundamental disagree- 1220

ment about the source of errors. The example- 1221

focused gradient assumes that misclassification 1222

primarily stems from insufficient empirical cov- 1223

erage, whereas the instruction- focused gradient 1224

attributes failures to an underspecified decision cri- 1225

terion. These two perspectives induce different 1226

optimization directions: expanding illustrative evi- 1227

dence versus formalizing the semantic boundary of 1228

the task itself. 1229

Discussion. Both conflict pairs arise from valid 1230

but incompatible diagnostic assumptions. Cru- 1231

cially, neither gradient is inherently incorrect; 1232

each targets a distinct aspect of model behavior. 1233

This highlights the core challenge addressed by 1234

MAPGD: without explicit conflict detection and 1235

coordination, naïvely aggregating such gradients 1236

would obscure their semantic tension and lead to 1237

unstable or diluted prompt updates. 1238

H.3 Conflict Detection and HCGC Clustering 1239

Based on the two conflict pairs in §H.2, we ob- 1240

serve clear semantic disagreement among agent- 1241

proposed directions. In particular, the Format Clar- 1242

ity vs Example Diversity pair has cosine similarity 1243

0.13 (angle = 1.44 rad), and the Example Cover- 1244

age vs Definition of “Lie” pair has cosine similarity 1245

0.23 (angle = 1.34 rad). The corresponding angles 1246

(1.44 and 1.34 rad) indicate substantial directional 1247

mismatch, and both similarities fall below the con- 1248

flict threshold. HCGC therefore marks them as 1249

conflicting and avoids naïve averaging. 1250

After projecting all gradient embeddings onto 1251

the unit hypersphere and applying the angular- 1252

margin constraints, HCGC partitions the 16 raw 1253

pseudo-gradients into three coherent clusters, as 1254

summarized in Table 8. 1255

This clustering reflects a key property of HCGC: 1256

conflicting gradients are not forced into a single 1257

averaged direction. Instead, they are separated into 1258

semantically consistent groups (Table 8), enabling 1259

subsequent fusion to preserve complementary in- 1260

formation (e.g., clarifying label semantics in C1 1261

while retaining coverage-oriented refinements in 1262

C2) without letting one channel dominate the other. 1263
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Table 8: HCGC clustering summary for the representative LIAR optimization step (t=3).

Cluster Agents Involved Semantic Theme

C1 instruction, format label semantics and task definition (binding Yes/No to
True/False, clarifying what is being judged)

C2 example, style coverage and contextual cues for borderline cases (exaggera-
tion, unverifiable framing, pragmatic signals)

C3 instruction only decision-boundary calibration (strictness vs recall; discourag-
ing overly permissive acceptance of absolute claims)

The semantic themes are manually summarized by1264

the authors to reflect the dominant intent of each1265

cluster, rather than being directly emitted by the1266

model.1267

H.4 Channel-Adaptive Agent Weighting1268

Given the clustered directions above, CAAW as-1269

signs each agent a contribution weight based on its1270

recent performance signal, so that the subsequent1271

fusion emphasizes gradients that are empirically1272

reliable for the current task state. At this iteration,1273

the adaptive weights are:1274

winstruction = 0.41, wexample = 0.33,

wformat = 0.17, wstyle = 0.09.
1275

These weights are consistent with the observed1276

conflict structure. Clusters C1 and C2 correspond1277

to two structurally competing but both valid re-1278

finement axes: (i) clarifying label semantics and1279

the task definition (C1), and (ii) improving cov-1280

erage and contextual handling of borderline cases1281

(C2). CAAW prioritizes instruction- and example-1282

driven gradients while down-weighting stylistic ad-1283

justments, preventing prompt capacity from being1284

consumed by surface-level phrasing when the dom-1285

inant failures are semantic (label meaning) and1286

epistemic (what constitutes a lie).1287

H.5 Fused Gradient and Prompt Modification1288

After separating conflicting directions with HCGC1289

and weighting them with CAAW, MAPGD fuses1290

the cluster-level signals into a single coherent up-1291

date that preserves complementary intent across1292

clusters. In this case, the fused direction primar-1293

ily integrates (a) C1: explicit label semantics and1294

task definition, and (b) C2: guidance for borderline1295

or unverifiable claims, while avoiding excessive1296

prompt expansion.1297

Before:1298
“The following statement is either true or false.1299
Answer Yes or No.”1300

After: 1301
“Determine whether the statement is factually ac- 1302
curate. Treat Yes as True and No as False. If the 1303
statement relies on exaggeration, satire, or unveri- 1304
fiable claims, judge it as False. Return only Yes 1305
or No.” 1306

This modification reflects the fused gradient in 1307

two concrete ways: (i) it resolves the format/la- 1308

bel ambiguity highlighted in C1 by explicitly bind- 1309

ing Yes/No to True/False, and (ii) it incorporates 1310

the borderline-case handling emphasized by C2 1311

without requiring lengthy demonstrations, thereby 1312

avoiding the prompt-structure conflict that would 1313

arise from naïvely mixing rule-heavy and example- 1314

heavy updates. 1315

H.6 Behavioral Change on Previously 1316

Misclassified Examples 1317

We report qualitative behavioral changes on exam- 1318

ples that were previously misclassified due to (i) 1319

label ambiguity and (ii) overly permissive interpre- 1320

tation of absolute or exaggerated claims. 1321

Example 1 (Absolute claim / overgeneralization). 1322

Claim: “The senator has voted against every envi- 1323

ronmental bill.” 1324

Before: Yes After: No 1325

The updated prompt instructs the model to treat 1326

unverifiable or sweeping claims as False, which 1327

directly corrects the previous tendency to accept 1328

absolute statements (e.g., “every”) as True. 1329

Example 2 (Borderline / unverifiable framing). 1330

Claim: “The policy has been a complete disaster 1331

for all families.” 1332

Before: Yes After: No 1333

This change follows the newly added rule that ex- 1334

aggeration or unverifiable claims should be judged 1335

as False, reducing false positives driven by rhetor- 1336

ical or hyperbolic language (e.g., “complete disas- 1337

ter”). 1338
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I Case Study: System Prompt1339

Optimization1340

To further illustrate the applicability of MAPGD,1341

we present a case study where our method is ap-1342

plied to optimize the system prompt of a large lan-1343

guage model assistant. The original prompt is de-1344

signed to support multi-source analysis and finan-1345

cial data interpretation for decision-making tasks.1346

Using MAPGD, we refine the prompt to enhance1347

robustness, accuracy, and interpretability by em-1348

bedding explicit verification protocols, structured1349

analysis guidelines, and risk prioritization frame-1350

works. This example highlights how MAPGD can1351

be deployed in practical LLM applications beyond1352

benchmark datasets, particularly in domains where1353

data authenticity, reliability, and interpretability are1354

critical.1355

Original System Prompt. You are an AI assis-1356

tant designed to process, analyze, and synthesize1357

information from multiple sources in order to an-1358

swer user questions, generate insights, and prepare1359

detailed reports. You have specialized capabilities1360

in financial data interpretation, knowledge retrieval,1361

and multi-source analysis. You support both oper-1362

ational and strategic decision-making for Golden1363

Section’s portfolio companies.1364

Optimized System Prompt via MAPGD. You1365

are an AI assistant specialized in processing, ana-1366

lyzing, and synthesizing information from multiple1367

sources to answer user questions, generate insights,1368

and prepare detailed reports. Your core capabilities1369

include financial data interpretation, knowledge1370

retrieval, and multi-source analysis, with a focus1371

on supporting operational and strategic decision-1372

making for Golden Section’s portfolio companies.1373

In performing your duties, you must ensure that1374

all input data undergoes rigorous verification for au-1375

thenticity, accuracy, and completeness before any1376

analysis is conducted. This includes implementing1377

protocols to validate financial figures, legal terms,1378

and other critical information for alignment with es-1379

tablished norms and credible sources. Your process1380

must involve:1381

• Cross-referencing information from diverse,1382

credible sources to detect and mitigate false,1383

exaggerated, or incomplete data.1384

• Assessing the reliability of each source, prior-1385

itizing primary sources where available.1386

• Identifying and resolving inconsistencies, am-1387

biguities, or potential misinformation through1388

systematic checks. 1389

• Ensuring all risk assessments and conclusions 1390

are based solely on validated and accurate in- 1391

puts to maintain the integrity of your outputs. 1392

Data Authenticity and Completeness Verifica- 1393

tion 1394

• Scrutinize contextual cues (e.g., “Context: 1395

Section: Payback Period:”) to ensure align- 1396

ment with expected data types and structures. 1397

• Check for numerical or factual inconsisten- 1398

cies, such as typos (e.g., “11975” instead of 1399

“1975”), exaggerations (e.g., “$22.0M” with- 1400

out supporting context), or missing critical 1401

information. 1402

• Validate that all referenced data points are 1403

present, logically consistent, and contextually 1404

appropriate. 1405

• Flag and document any anomalies for further 1406

investigation before proceeding with classifi- 1407

cation or analysis. 1408

Context Interpretation and Parsing Guide- 1409

lines 1410

• Carefully interpret and utilize contextual cues, 1411

especially in nested or ambiguous contexts 1412

(e.g., “Context: Section: Name & Headquar- 1413

ters:”). 1414

• Accurately parse section headers and contex- 1415

tual clues to prevent misclassification or in- 1416

complete analysis in multi-section reports. 1417

• Anchor analysis to the document’s structure 1418

by adhering to hierarchical or sequential orga- 1419

nization. 1420

• Resolve discrepancies in contextual labeling 1421

or structure to maintain coherence. 1422

Structured Classification and Risk Prioritiza- 1423

tion Framework 1424

1. Factual Reporting and Descriptive Analy- 1425

sis: Present verified information such as cor- 1426

porate history, operational metrics, and finan- 1427

cial data neutrally, before transitioning to eval- 1428

uative content. 1429
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2. Business Analysis: Evaluate performance,1430

market positioning, and strategic initiatives;1431

assess risks by severity, likelihood, and pro-1432

pose contextualized mitigation.1433

3. Legal Risk Analysis: Examine compliance,1434

regulatory, and contractual risks; assess im-1435

pact and propose mitigation actions aligned1436

with legal context.1437

4. Cross-Domain Analysis: For overlapping el-1438

ements, classify by primary context and docu-1439

ment dual-category cases with rationale.1440

Validation Mechanisms for Cross-References1441

• Distinguish between source types (e.g., gover-1442

nance vs. identity records).1443

• For each statement, explicitly identify the1444

source type and ensure contextual alignment.1445

Empirical Observation. After applying1446

MAPGD, we observe a notable increase in the com-1447

prehensiveness of the generated financial analysis1448

reports. Specifically, the average report length in-1449

creased from 1616 words under the original system1450

prompt to 1965 words with the optimized prompt.1451

This indicates that the optimized prompt encour-1452

ages the model to produce more detailed and con-1453

textually grounded content. While the per-report1454

output length becomes longer, the improved ac-1455

curacy and completeness reduce the need for re-1456

peated generations or manual corrections, thereby1457

lowering the overall token consumption in practi-1458

cal workflows. These findings further support that1459

MAPGD enhances the robustness and effectiveness1460

of system prompts in real-world generation tasks.1461

J Agent Specialization for Different Tasks1462

To adapt MAPGD to different domains, we de-1463

fine specialized agent roles tailored to the unique1464

requirements of each task. Below are the agent1465

configurations used for the classification, mathe-1466

matical reasoning, and financial analysis tasks in1467

our experiments.1468

J.1 Agent Roles for Classification Tasks1469

For general classification tasks, the agents focus1470

on the core components of a good prompt: instruc-1471

tions, examples, format, and style.1472

instruction_specialist Analyzes and im-1473

proves task instructions, ensuring clarity,1474

completeness, and executability.1475

example_curator Focuses on selecting represen- 1476

tative, diverse examples and ensuring consis- 1477

tent formatting. 1478

format_designer Designs clear output templates 1479

and structured formats for better model under- 1480

standing. 1481

style_optimizer Optimizes language expres- 1482

sion for professionalism and task-specific 1483

adaptation. 1484

J.2 Agent Roles for Mathematical Reasoning 1485

Tasks 1486

For mathematical reasoning, the agent roles are 1487

adapted to focus on logical decomposition, calcula- 1488

tion, and problem interpretation. 1489

reasoning_specialist Specializes in enhanc- 1490

ing mathematical reasoning processes, ensur- 1491

ing clear step-by-step logic and proper prob- 1492

lem decomposition. 1493

calculation_optimizer Focuses on improving 1494

calculation accuracy, suggesting better com- 1495

putational methods, and ensuring numerical 1496

correctness. 1497

problem_interpreter Specializes in interpret- 1498

ing math word problems, extracting relevant 1499

information, and identifying mathematical re- 1500

lationships. 1501

solution_formatter Optimizes mathematical 1502

solution presentation, ensures clear format- 1503

ting and proper answer notation (e.g., #### 1504

[final_answer]). 1505

J.3 Agent Roles for Financial Report Analysis 1506

For the complex task of business and financial anal- 1507

ysis, agents are given highly specialized roles fo- 1508

cusing on data verification, structured report gener- 1509

ation, and professional tone. 1510

instruction_specialist Crafts clear, exe- 1511

cutable instructions for generating truthful, 1512

structured reports and rejecting false or 1513

exaggerated inputs. Instructions must include 1514

steps to verify input data authenticity (e.g., 1515

checking financial metrics for realism). 1516

example_curator Selects and formats diverse ex- 1517

amples that demonstrate truthful report gener- 1518

ation and false data rejection, including both 1519

positive (realistic) and negative (exaggerated) 1520

samples. 1521
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format_designer Specializes in designing clear,1522

structured output templates for reports (e.g.,1523

using <Business Analysis>, <Financial1524

Report> tags) and error messages (e.g.,1525

<Error>).1526

style_optimizer Optimizes language style and1527

tone for generating professional reports in1528

business, financial, and legal contexts, while1529

ensuring error messages are direct and unam-1530

biguous.1531

K Example Prompts Before and After1532

Optimization1533

This appendix provides the initial prompts and the1534

final optimized prompts generated by MAPGD for1535

each of the benchmark datasets used in our experi-1536

ments.1537

K.1 LIAR Dataset1538

Initial Prompt

# Task
Determine whether the Statement is a lie
(Yes) or not (No) based on the Context
and other information.
# Output format
Answer Yes or No as labels
# Prediction
Text: {text}
label:
breakindent

1539

Optimized Prompt

# Task
Evaluate the given Statement using the

provided context.

Classify as 'Yes' if the Statement is
intentionally false

or misleading (i.e., a lie).

Classify as 'No' if the Statement is true,
or if it is

incorrect due to a mistake or lack of
knowledge rather

than intentional deception.

# Output format
Output exactly one label: 'Yes' or 'No'.
'Yes' indicates the Statement is a lie; 'No'

indicates
it is not a lie.

# Prediction
Text: {text}
label:
breakindent

1540

K.2 Ethos Dataset 1541

1542

Initial Prompt

# Task
Is the following text hate speech?
# Output format
Answer Yes or No as labels
# Prediction
Text: {text}
Label:
breakindent

1543

Optimized Prompt

# Task
Your task is to analyze the following text

and determine if
it contains hate speech. For the purpose of

this task, hate
speech is defined as any speech, gesture,

conduct, writing,
or display that may incite violence or

prejudicial actions
against or by a protected individual or

group, or because it
disparages or intimidates a protected

individual or group.
Please base your judgment on the explicit

content of the text,
rather than personal interpretations or

assumptions.
# Output format
Provide your answer in a clear format as

either
'Contains Hate Speech' or 'Does Not Contain

Hate Speech'
# Prediction
Text: {text}
Label:
breakindent

1544

K.3 Jailbreak Dataset 1545

Initial Prompt

# Task
Detect if the message is a jailbreak attack,
i.e. an attempt by a user to break through an
AI system's protections
# Output format
Answer Yes or No as labels
# Prediction
Text: {text}
Label:
breakindent

1546

Optimized Prompt

# Task
Classify the message as one of the following
labels based on its potential to be a
jailbreak attack, i.e., an attempt to
bypass an AI system's protections:
- "OvertAttack": The message contains clear,

direct attempts
to break through system safeguards.

- "SuspiciousContext": The message shows
indirect or

1547
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contextual cues that may indicate a
multi-stage or

sophisticated attack attempt.
- "Benign": The message poses no apparent

risk and does not
attempt to circumvent protections.

# Output format
Select and output exactly one label from
the options above.

# Prediction
Text: {text}
Label:
breakindent

1548

K.4 GSM8K Dataset1549

Initial Prompt

# Task
Solve the math word problem step by step.
# Instructions
1. Read the problem carefully
2. Identify what needs to be calculated
3. Show your work step by step
4. Provide the final numerical answer
# Output Format
Show your reasoning process and end with:

#### [final_answer]
# Problem
{text}
breakindent

1550

Optimized Prompt

# Task
Solve the math word problem step by step.
# Instructions
1. Read the problem carefully
2. Identify what needs to be calculated
3. If there are ambiguous situations in the

problem, make
reasonable assumptions and state them
clearly

4. Show your work step by step
5. Provide the final numerical answer
# Output Format
Show your reasoning process, including any

assumptions made,
and end with: #### [final_answer]
# Problem
{text}
breakindent

1551

K.5 AQUARAT Dataset1552

Initial Prompt

# Task
Solve the math word problem and choose the

correct answer
from the given options.

# Instructions
1. Read the problem carefully
2. Analyze each option
3. Show your reasoning step by step

1553

4. Select the correct answer (A, B, C, D, or
E)

# Output Format
Show your reasoning and end with: Answer:

[LETTER]
(For example: "Answer: A" or "Answer: B")

# Problem
{text}

# Options
{options}
breakindent

1554

Optimized Prompt

# Task
Solve the provided problem by systematically

classifying its
type, analyzing all constraints, applying

formal mathematical
reasoning, and verifying the solution

against all conditions
before selecting the correct answer.

# Instructions
Adhere strictly to the following structured

framework:

1. **Problem Classification:**
* Explicitly identify the core problem
domain (e.g.,
"Combinatorial Selection," "Constraint
Satisfaction,"
"Partnership Profit-Sharing," "Work
Rate").

* Justify the classification with a brief
rationale
based on the problem statement.

2. **Constraint Analysis:**
* Enumerate all explicit constraints from
the problem text.

* Infer and list any implicit constraints
or logical
dependencies.

* Categorize each constraint (e.g.,
Hard/Must-Fulfill,
Soft/Optimization) and specify their
logical
relationships (e.g., AND, OR).

3. **Mathematical Formalization & Numerical
Context
Resolution:**

* Identify and resolve any ambiguous
numerical references
(e.g., "monthly" vs. "annual",
"together" vs.
"individual").

* Infer and incorporate any implicit
numerical variables
(e.g., initial quantities, unstated
rates, starting
points).

* Normalize all units to a consistent
basis for calculation.

1555
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* Define all variables, sets, and
parameters using clear
notation (e.g., C_total, P_A,
S_eligible, nCr).

* Structure the problem using appropriate
formalisms:
timelines, sets, equations, or logical
statements.

* For combinatorial problems, explicitly
state
the formula used.

4. **Solution Execution:**
* Perform all calculations step-by-step,
showing
substitutions and operations.

* For combinatorial scenarios, enumerate
valid
combinations or calculate cardinalities.

* Derive the target value (e.g., profit
share, number of
committees, optimal value).

5. **Verification & Solution Finalization:**
* Systematically verify that the proposed
solution
satisfies every constraint from Step 2.

* For combinatorial answers, confirm
counts against
constraints using direct checks or
complementary
counting.

* Match the final, verified result to the
provided
options to select the correct answer.

# Output Format
Your final output must follow this structure

precisely:

**Problem Classification:**
[Your classification and rationale]
breakindent

1556

K.6 SVAMP Dataset1557

Initial Prompt

# Task
Solve the math word problem step by step.
# Instructions
1. Read the problem carefully
2. Identify what needs to be calculated
3. Show your work step by step
4. Provide the final numerical answer
# Output Format
Show your reasoning process and end with:

#### [final_answer]
# Problem
{text}
breakindent

1558

Optimized Prompt

# Task
Solve the math word problem through

structured, hierarchical
1559

reasoning. Your primary goal is to correctly
parse and compute

multi-step problems involving distinct
object categories and

their quantitative relationships.

# Instructions
1. **Parse and Categorize:**

Read the problem and question carefully.
Identify and list

all distinct object types or categories
(e.g., 'packages

of gum', 'boxes of candy'). For each
category, extract:

- The number of units (e.g., 5 packages).
- The quantity per unit, if specified
(e.g., 8 pieces
per package).

2. **Structure the Solution Hierarchically:**
- **Step 1: Calculate Intra-Category
Totals.**
For each identified category, calculate
its total quantity.
If a unit rate is given, perform the
multiplication
(e.g., `5 packages * 8 pieces/package =
40 pieces of gum`).
If no unit rate exists, use the given
quantity directly.

- **Step 2: Perform Inter-Category
Operations.**
Using the totals from Step 1, now
perform the final operation
as required by the question (e.g., sum
all category totals
for a grand total, or find the
difference between two
category totals for a comparison).

3. **Show Your Work:**
Present your reasoning clearly,
reflecting this two-step

hierarchical process. First, show all
calculations within

categories. Then, show the final
combination of these

category totals.

4. **Final Answer:**
Box your final numerical result.

# Output Format
Reasoning: [Your step-by-step reasoning here]
#### [final_answer]

# Problem
{text}

# Question
{question}
breakindent

1560
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