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ABSTRACT

Offline multi-objective optimization (MOQO) aims to recover Pareto-optimal de-
signs given a finite, static dataset. Recent generative approaches, including dif-
fusion models, show strong performance under hypervolume, yet their behavior
under other established MOO metrics is less understood. We show that genera-
tive methods systematically underperform evolutionary alternatives with respect
to other metrics, such as generational distance. We relate this failure mode to the
offline-frontier shift, i.e., the displacement of the offline dataset from the Pareto
front, which acts as a fundamental limitation in offline MOO. We argue that over-
coming this limitation requires out-of-distribution sampling in objective space (via
an integral probability metric) and empirically observe that generative methods re-
main conservatively close to the offline objective distribution. Our results position
offline MOO as a distribution-shift-limited problem and provide a diagnostic lens
for understanding when and why generative optimization methods fail.

1 INTRODUCTION

Multi-objective optimization (MOO) aims to recover optimal trade-offs among competing objectives
and has been extensively studied in evolutionary computation (Zitzler & Thiele, |1999; Deb et al.,
2002; Ishibuchi et al.l 2015). In many real-world settings, objective evaluations are expensive or
unavailable, and optimization must be performed using only an offline dataset (Trabucco et al.,
2022; Xue et al.| [2024} (Chasparis et al.l |2016). Recent advances in generative modeling motivate
their use in offline MOO, enabling efficient sampling from high-dimensional spaces to produce
diverse, high-quality designs.

Despite their potential, the behavior and limitations of generative models in MOO are not well
understood. Prior evaluations have focused primarily on hypervolume (Xue et al.; 2024} |Yuan et al.,
2025)), offering limited insight into when and why generative models fail under other metrics. In this
work, we extend the evaluation of generative methods across additional metrics, with a focus on the
role of the offline dataset and out-of-distribution designs. Our evaluations witness the discrepancy
between the fact that generative models have been developed to reproduce the data distribution,
while offline optimization requires out-of-distribution exploration in objective space.
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Our contributions are:

* We show that, despite strong hypervolume performance, generative methods (Yuan et al.,
2025 |Annadani et al) [2025) underperform evolutionary methods on multiple bench-
marks (Xue et al., |2024) in terms of alternative metrics, including generational distance
and inverted generational distance (Section [5.I)).

* We introduce the offfine-frontier shift as a fundamental limiting factor (Lemma [l)) and

show that increasing shifts correspond to a stronger performance degradation for gener-
ative methods than for evolutionary alternatives (Figure[T]and Section[5.2).

* Qur empirical evaluations show that current generative methods tend to remain closer to
the offline distribution compared to evolutionary methods in terms of a probability distance

(Section5.1).

1.0 0.14
—e— Generative
0.8 (Ji‘ 012}/ .. Evolutionary
a
W Q
o 0.6 g
= [}
s} ® -
(9] (9]
0.4 s]
o g
7 =
0.2| mmm Offline distribution / =
—— Pareto front
0.0 0.2 0.4 0.6 0.8 1.0 0.48 0.51 0.54 0.57 0.60 0.63
Objective f Offline-Frontier Shift in s(Pof)

Figure 1: Left: offline-frontier shift (average projection distance; projections in gray). Right: error
increase, showing that larger shifts lead to stronger degradation, especially for generative methods.

2 PROBLEM

Offline MOO: Consider a design space X C R? and a sequence f1,..., fm : X — R of objective
functions. Given access only to an offline dataset x4, ..., x,, the goal of offline MOO is to find
Pareto-optimal solutions, i.e., candidates z* € X for which there is no other x € X with f;(z) <
fi(z*) foralli € {1,...,m} and f;(x) < f;(z*) forsome j € {1,...,m}.

In this work, we follow the standard assumptions that (a) the offline dataset x4, ..., x, is an inde-
pendently and identically distributed (i.i.d.) sample from a probability measure Qog on X, and (b)
the Pareto front (objective values of Pareto-optimal solutions) can be viewed as a manifold M.

Generative method: The goal of a generative method is to generate i.i.d. samples from a distribution
Qa1¢ that is close to the distribution Q)og of a given dataset x1, ..., Ty.

Problem of this work: We aim to diagnose possible improvements and distributional limitations of
recent generative methods for offline MOO.

Remark 1 (on methodological approach). Note that generative methods are developed for generating
samples from Q.1 close to Qogr, while their application to offline MOO requires identifying samples
possibly far from the pushforward distribution Pog := f,.(Qog) in the objective space with respect
to the objective mapping f(z) := (f1(), ..., fm(x)), see Figure[l]

3 RELATED WORK

A common approach to offline optimization is to train a surrogate model on offline data and optimize
it as a proxy for the unknown objective function (Xue et al., |2024; [Kim et al.l 2025). In single-
objective settings, surrogates enable gradient-based optimization (Trabucco et al.| [2021}; |Qi et al.,
2022} [Yuan et al., 2023} [Yu et al., 2021} |[Chen et al., |2023), while in evolutionary computation
they were first introduced for single-objective problems (Jones et al.l [1998) and later extended to
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multi-objective evolutionary algorithms (MOEAs) (Knowles| 2006} Jin, [2011; Wang et al., 2018;
Yang et al., [2019). Recent generative modeling approaches have shown strong promise for offline
optimization (Kumar & Levinel|[2020; Krishnamoorthy et al.,2023;|Mashkaria et al.,[2023)), but have
largely focused on single-objective problems. Only limited work addresses offline multi-objective
optimization, where flow- and diffusion-based models are used to guide sampling toward Pareto-
optimal regions (Yuan et al., [2025; |Annadani et al., 2025).

The offline setting is particularly relevant in real-world applications where function evaluations are
expensive or time-consuming, such as engineering design (Tanabe & Ishibuchi, [2020). In this con-
text, MOEAs are standard tools for electrical machine design in electrification and e-mobility (Chas-
paris et al., 2016 Bramerdorfer et al.| 2018;/Cavagnino et al.,[2018]). These problems are challenging
due to the coupling of multiple physical domains, including electromagnetics, thermal effects, struc-
tural integrity, acoustics, and manufacturing constraints, resulting in complex objective landscapes
that are typically evaluated via computationally intensive finite-element simulations (Silber et al.,
2018; Bramerdorfer et al.,[2016)) (see Appendix for details).

4 THE OFFLINE-FRONTIER SHIFT

We quantify the offline-frontier shift using the squared expected projection distance (Hastie & Stuet-
zle, [1989 projection geometry) between the objective space offline distribution P,g and the Pareto
front M:

$(Post) = Eymopy IV = (V). M
where I, denotes the orthogonal projection onto M.

Note that s(P) is a natural choice for measuring the quality of a distribution P in MOO, as it
converges to the squared generational distance GD*(Y,,, Z) := L S°" | min.c [ly; — 2|3 (Schiitze
et al.| 2012), where Z is a finite discretization of M; see Appendix @] for details. GD is well-
known in evolutionary computation (Lamont & van Veldhuizen, [1999; |Schiitze et al.,|[2012)).

Lemma 1. The objective space offline distribution P,g and the generated distribution Py satisfy
S(Palg) 2 S(Poff) _d]:<Palg7P0ff) (2)
for any integral probability metric dx generated by a function class F that contains the measurable
. 2
test function L4(y) = lly — I (y)]12

Proof. By the triangle inequality, we obtain
S(Poff) S(POH)+S<Pa1g) _S(Palg)
< 5(Paig) + |s(Post) — 5(Paig)|
= s(Paig) + ’Emaff [fM(Y)} —Ey~py, [@\A(Y)] ‘
(Paig)

$(Pag) + 5P [Ey g [£(1)] = Every, [£(V)]|
feF
= S(Palg) + d]-'(Pofh Palg)~

Subtracting d (P, Paig) from both sides gives the desired result. O

IN

Lemma/[I] shows that

1. the performance of any classical generative MOO method trained to match P,g is fundamentally
limited by the offline-frontier shift s(Pyg) alone;

2. performance improvements upon the offline distribution in MOO necessarily require out-of-
distribution sampling, as quantified by the distance dr(Pag, Pog) between the generated and
offline distributions;

3. the Maximum Mean Discrepancy (Gretton et al.,|[2012), i.e., integral probability metric induced
by the unit ball F of a reproducing kernel Hilbert space, is a natural measure of a generative
method’s improvement relative to the offline dataset.
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5 EXPERIMENTS

We perform comprehensive experiments on a standard benchmark for offline MOO, Off-MOO-
Bench (Xue et al.l 2024). The goal of our experimental evaluation is to characterize the perfor-
mance of generative methods across different MOO metrics, and to demonstrate that performance
differences become more pronounced as the offline-frontier shift increases. We compare genera-
tive methods, including flow matching (Yuan et al., [2025)) and diffusion (Annadani et al., |2025)),
to evolutionary methods. The evolutionary methods first train a surrogate model for the objective
functions (Trabucco et al.,[2021; Q1 et al., [ 2022; |Yuan et al.}[2023; Yu et al.,[2021; |Chen et al., [2023;
Yu et al., 20205 (Chen et al., 2018) and then use NSGA-II (Deb et al., [2002)) to search the design
space. Additional training details are provided in Appendix[A.5]

5.1 NOVEL MOO METRICS ON OFF-MOO-BENCH (XUE ET AL., {2024

Table 1: MOO metrics on selected ZDT and DTLZ tasks. Results are reported for the best-
performing evolutionary (Evo.) and generative (Gen.) methods. Each algorithm is run for 5 seeds
and evaluated on 256 designs. Boldface indicates the best value.

ZDTI1 ZDT2 ZDT3 DTLZI DTLZ2 DTLZ3 DZLZ4 DTLZ5
Hy(p ~Evo 4832000 557+005 550006 1064000 12443000 9.89+0.00 17.700.01 1076+ 0.00
Gen. 4.53+0.03 5.67+0.19 5.60+0.05 1064000 12.39+0.01 9.89+0.00 17.60+0.03 10.59 +0.02
GDs () EYo 0012000 005£003 017002 025:004 002001 038:0.16 0182004  0.000.00
Gen. 029+0.03 0.18+0.02 024002 040001 0.16£0.03 052+000 022£0.00 0.16£0.01
1GDs () Evo 0012000 0042001 012001 0082001 001000 0092002 0.06%0.01  0.000.00
Gen. 0.13+002 0.10+002 0.10+0.01 009003 0.12£002 0.18%002 020+004 00800l
MMD (1) EYo 1022002 101£0.04 095:0.16 080+0.06 041002 0332041 0374002 0.590.01
Gen. 0.71+008 086+005 092+0.06 0542002 002£0.05 000+000 004+008 023%0.13
We evaluate the performance of a solution
set using established MOO metrics: hy- ¢ e Evolutionary (ZDT)
pervolume (HV) (Zitzler & Thiele, [1999), 0.507 e Generative (ZDT)
generational distance plus (GD+) (Lamont 0.45 X EV0|uti0.na ry (DTLZ)
& van Veldhuizen, [1999; [shibuchi et all _ . x  Generative (DTLZ)
2015), and inverted generational distance plus :m” 0.40] * N
(IGD+) (Coello Coello & Reyes Sierra, 2004; & \x\\ .
Ishibuchi et al, 2015). Formal definitions are 2 0.35] \~\
provided in Appendix We report results £ Thix °
for both evolutionary and generative methods ' 0.30 X \\\- s *
on the ZDT and DTLZ tasks (Table [I). While 0.25 > . \\\
generative methods perform competitively with ' S
evoluFionary methods in terms of HV, they sys- 0.201 X .
tematically underperform with respect to both o2 03 o2 o5 G

GD+ and IGD+. We further show that gener-
ative methods behave more conservatively in
objective space, remaining closer to the em-
pirical offline distribution Poff, as quantified
by MMD(Palg,Pog) (Figure . Moreover,
we observe a correlation between distributional

Distance MMD(ISa|g, Pot)

Figure 2: Correlation of error and distributional
distance (MMD), averaged over subtasks.

distance (MMD) and GD error, indicating that performance improvements necessarily require out-
of-distribution sampling. Detailed results for HV, GD+, IGD+, and MMD are provided in Ap-

pendix [A.6
5.2 OFFLINE-FRONTIER SHIFT AS AN INHERENT LIMITATION

We empirically demonstrate that increasing the offline-frontier shift degrades performance, with the
effect significantly more pronounced for generative methods, as shown in Figure[I] and Table 2] To
induce progressively larger shifts between the offline dataset and the Pareto front, we apply non-
dominated sorting and iteratively remove 10,000 samples, starting from the first non-dominated
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fronts. For each shift level k, we then randomly sample a new offline dataset of 10,000 points

from the remaining data. Table [2| reports the resulting offline-frontier shifts S(Pfﬂ) alongside the
corresponding performance metrics.

Table 2: Offline-frontier shifts on modified ZDT tasks alongside MMD, error and error increase.
Results are averaged over evolutionary (Evo.) and generative (Gen.) methods. Each algorithm is
run for 5 seeds and evaluated on 256 designs. Boldface indicates the best value.

s(Pk) 0461 0.486 0513 0.545 0.585 0.632
Evo.  0.67£0.00 070£0.00 0.840.00 083000 0.85%0.00 0.94=0.00

MMD (1) Gep' 0.67£0.08 0.65+0.07 074%008 0.67%004 065007 0.59%002

Gbry  E0. OA1E000 0112000 0125000 0.12£0.00 015000 0.17%0.00
Gen.  033:001 034:001 035£001 037+001 040£0.02 046 0.07
Evo. 0.00 0.00 0.01 0.01 0.04 0.06

AGD+() - Gep. 0.00 0.01 0.02 0.04 0.07 0.13

6 DISCUSSION

Our results highlight limitations of current generative methods for offline MOO. While these models
achieve strong hypervolume performance, they remain conservative in objective space, as measured
by MMD, and have less ability to deviate into out-of-distribution regions compared to evolution-
ary alternatives. We find that this effect becomes more pronounced as the offline-frontier shift in-
creases. This behavior aligns with the training objectives of generative models, remaining close to
the offline data distribution. Consequently, a mismatch emerges between existing generative opti-
mization methods and the requirements of offline MOO, motivating future work on methods that
enable controlled extrapolation in objective space.
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A.1 REAL-WORLD APPLICATION

Electrical machine design is challenging due to the coupling of multiple physical domains, includ-
ing electromagnetics, thermal effects, structural integrity, acoustics, and manufacturing constraints,
resulting in complex objective landscapes that are typically evaluated via computationally intensive
finite-element simulations (Silber et al., 2018} [Bramerdorfer et al, [2016). The resulting structural
complexity is illustrated in Figure [3] which shows a typical cross-section of a permanent-magnet
synchronous machine for electric-vehicle applications. Traction-motor MOO problems commonly
involve roughly 15-25 design variables, spanning geometric parameters (e.g., slot, tooth, and yoke
dimensions, as well as magnet size and placement) and material selections (e.g., magnet grade and
electrical steel). Objectives typically balance electromagnetic losses and efficiency against thermal
limits (e.g., maximum winding or magnet temperatures) and noise, vibration, and harshness (NVH).
These objectives are often aggregated over representative driving profiles such as the Worldwide
harmonized Light vehicles Test Procedure (WLTP) cycle, for example by minimizing the total en-
ergy consumption or the cycle-integrated losses. Structural constraints include limits on permanent
plastic deformation of the rotor core at burst speed.

Figure 3: Cross-section of a permanent-magnet synchronous machine for electric-vehicles.
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A.2 MOO METRICS

Hypervolume (Zitzler & Thielel |1999) measures the volume of the objective space dominated by the
solution set A C R™ with respect to a reference point € R™:

V(A,r):= /\< U [a1,71] X [ag, 2] X -+ X [amﬂ“m]>7 3)

acA
where )\ denotes the Lebesgue measure in R™.

Generational distance (GD) (Lamont & van Veldhuizen, |1999; [Schiitze et al.,[2012)) is computed as
the average distance from a point in the solution set A to its closest point in the Pareto front Z:

GD(4, Z) Z d(a, Z)? )
|A| acA
where d(z,Y") := min,ey ||z — yl||2 denotes the distance between point x and set Y.

Analogously, the inverted generational distance (IGD) (Coello Coello & Reyes Sierra, [2004; [Schiitze
et al.,2012)) is computed as the average distance from a point in the Pareto front Z to its closest point

in the solution set A:
IGD(A, Z) := GD(Z, A) /|Z| > d(z, A)? (5)
z€Z

Ishibuchi et al.| (2015) propose the following modification of the standard GD and IGD:
d+ ,Y::'H h,,oH,
(2,Y) = min | max{h(z,y),0}|

©.9) x —y for GDT,
h(z,y) =
y—a forlGDT.

The maximum operator is applied component-wise and ensures that only positive deviations, corre-
sponding to improvements along each objective, are considered in the distance computation.

where

A.3 OFFLINE-FRONTIER SHIFT AS A GENERALIZATION OF THE GD

The offline-frontier shift s is a natural generalization of GD: it replaces finite subsets Z with (piece-
wise smooth) manifolds M, discrete minimum distances d(-, Z) with orthogonal projections IT x4,
and finite averages with expectations over probability distributions. We show that the squared GD
of the offline dataset converges to the offline-frontier shift evaluated at the associated empirical
distribution.

The offline dataset in objective space Y := {y1,...,yn} with y; := f(z;) is associated with the
empirical distribution

1 n
= E;éyw

and therefore,

s(Pot) =By, [ IV = TIn(V) 3] = Zn% M (9:)13-

In evolutionary MOO, the Hausdorff distance (Schiitze et al., 2012) provides a classical measure
of distance between the Pareto front and its approximation. We extend this notion to analyze how
well finite discretizations approximate the true Pareto manifold. In particular, we establish that the
squared GD converges to the offline-frontier shift evaluated at the associated empirical distribution
as the discretizations converge to the Pareto manifold in the Hausdorff sense (Lemma[2).

The Hausdorff distance dy; between two sets A, B C R™ is defined as
dy (A, B) = { inf [|a — b||s, inf [|b— } 6
#(A, B) := max 323523”“ P sup inf [|b - all2 ()

10
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Remark 2. A sequence of sets (Zy)ken, Zr C M, converges to M in Hausdorff distance if and
only if dyy(Zx, M) = sup inf |ly —z|] — 0 ask — oo.
yeEM z€Z},

Lemma 2 (Convergence of GD to expected projection distance). Let M C R™ be compact, and let
P be a probability measure over R™ such that

s(P) = Ex~p[|X — ILam(X)3] < o0,
where T pq(x) := argminge p || — yll2. Let Yy, = {y1, ..., yn} be i.i.d. samples from P, and let
(Zk)ken be a sequence of finite subsets Zj, C M with

dy(Zp, M) =0 ask — co.
Then, almost surely,
lim  GD?*(Y,, Zx) = s(P).
n—o00,k—o00
Proof. We prove the convergence by splitting the error into two parts:
a) Discretization error: Fix a sample y; € Y,,. For each k, define
i ; o
2, = arg min [ly; — zl2.
By compactness of M, the projection
I Y = i o
a(yi) := arg min [|y; — yll2
exists. Fix £ > 0. By Hausdorff convergence, there exists k' € N such that for all k¥ > &/,
inf |[TI ;) — <e.
nf [Mu(y) = 22 < =
Hence, for such k, there exists z}c € Z;, with
1T (yi) — 23]l <e.
By minimality of 2} and triangle inequality,
lyi = zill2 < llwi — zll2 < Ny = T (wa)ll2 + M (w:) = 2k ll2 < llyi = (i) ll2 +
On the other hand, since z,@ €Z, CM,

lyi = ()l < llyi — zillo-
Combining the inequalities gives

lys = Taa(a)ll2 < llys — 2ill2 < Nl = Wiz + <.
Since € > 0 was arbitrary, taking the limit e — 0 gives
Jim (lys = 252 = lly: = T (w2
—00

Applying this point-wise convergence to all y; € Y,, immediately gives

. 5N :
lim GD*(Yy, Z) = — D My = Tl = s(Pa),
i=1

k—oc0

ie., GD2(Yn7 -) converges to the empirical squared projection distance.

b) Sampling error: Define
Xi = lyi — (i) l3-
Then X1,..., X, areii.d. with E[X;] = s(P) < co. By the strong law of large numbers (SLLN),

5 _ Ly as
s(Pn):EZXi%s(P) as n — oo.
i=1

¢) Combination: Finally, by the triangle inequality,
[GD?(Ya, Zi) — s(P)| < |GD? (Y, Zi) — s(Po)| + [s(Py) — s(P))-

The first term vanishes as £ — oo (discretization error). The second term vanishes as n — oo
(sampling error). Hence, taking the joint limit n — oo, k — 0o, we get

GD?*(Y,, Zx) 22 s(P) asn — 0o,k — oo,

11
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A.4 INTEGRAL PROBABILITY METRICS

Given two probability measures P and () on a measurable space ) and a class of measurable func-
tions F, the induced integral probability metric IPM) d z is defined as

ar(P.Q) = sup [By~p[ (V)] ~ Ev~a [£(V)]] ™

The IPM d 7 induced by the unit ball F of a reproducing kernel Hilbert space is the Maximum Mean
Discrepency (MMD) (Gretton et al.,2012). With associated kernel & (-, -), the squared MMD is

MMD2(R Q) = ]Ez,r/NP [k(x, x/)] + ]Ey,y/~Q [k(ya y/)] - 2EINP,@/NQ [k(x, y)} (8)

Similar to the modification in the GD+ and IGD+, we only consider positive deviations in the dis-

tance computation MMD (Pyig, Poft ).

A.5 TRAINING DETAILS

Following the approach of (Xue et al., [2024), we consider two DNN-based architecture models:
multi-head and multiple-models. We train 1) multi-head models, including multi-head vanilla,
multi-head + GradNorm (Chen et al., 2018), and multi-head + PcGrad (Yu et al., |2020), and
2) multiple-models, including multiple-models vanilla, multiple-models + COM (Trabucco et al.,
2021), multiple-models + IOM (Qi et al., [2022)), multiple-models + RoMA (Yu et al. [2021)),
multiple-models + ICT (Yuan et al.} 2023)), and multiple-models + TriMentoring (Chen et al.,[2023)).

The multi-head model consists of a shared MLP feature extractor with two 2048-dimensional hid-
den layers and ReLU activations, followed by one task-specific head per objective (one 2048-
dimensional hidden layer and ReLU activation). Multiple-models trains an independent MLP for
each objective with the same architecture as the multi-head model. All models are trained on the
offline dataset using mean squared error (MSE) loss and the Adam optimizer with initial learning
rate 1 x 1072 and learning rate decay 0.98 per epoch. Training proceeds for 200 epochs with batch
size 128.

The flow matching model (Yuan et al.,[2025) uses a 4-layer MLP with SeL.U activations and hidden
layer size of 512. Training runs for 1000 epochs with early stopping and Adam optimizer. Following
the approach of /Annadani et al.|(2025)), we train a preference model and an unconditional diffusion
model. The unconditional diffusion model is an MLP with two 512-dimensional hidden layers and
sinusoidal time embedding, followed by ReLU activation and layer normalization. The model is
trained using AdamW with learning rate 5 x 10~ for up to 200 epochs. The preference model is
an MLP with three hidden layers: the first two hidden layers match the input dimensionality, while
the last hidden layer has 512 units. ReLU nonlinearity, layer normalization, and sinusoidal time
embeddings are applied similarly to the denoising model. The model is trained using Adam with
learning rate 1 x 10~° for up to 500 epochs.

12



Published as a conference paper at SciForDL 2nd edition

A.6 ADDITIONAL EXPERIMENTAL RESULTS

Table 3: HV results of ZDT tasks (7). Each algorithm is run for 5 seeds and evaluated on 256
designs. Bold numbers indicate the best performance.

ZDT1 ZDT2 ZDT3 ZDT4 ZDT6 Avg. Rank
D(best) 4.17+0.00 4.68+0.00 5.15%£0.00 546+0.00 4.61+0.00 10.0+52
MultiHead- Vallina 4.80+£0.05 557+£0.09 559+0.06 4.74+031 4.78+0.00 4.2+1.92
MultiHead-PcGrad 483+£0.03 556+0.09 551+003 425+£046 477+£0.02 5.6=+1.14
MultiHead-GradNorm 4.69+0.16 538+0.14 549+0.21 395+040 430+£0.83 104+1.95
MultipleModels-Vallina 480+0.05 557+0.09 559+0.06 4.74+031 478+0.00 4.2+1.92
MultipleModels-COM 483+£0.00 5.54+0.07 543+003 4.09+£020 473+0.05 64+3.13
MultipleModels-IOM 483+0.01 557+0.05 551+005 391+£027 475+0.01 58=+3.77
MultipleModels-RoMA 483+£0.01 557+005 551+0.05 391+£027 475+001 58+3.77
MultipleModels-ICT 483+£0.00 5.54+0.07 543+0.03 4.09+£020 4.73+0.05 64+3.13
MultipleModels-TriMentoring 483+0.00 554+0.07 543+0.03 4.09+£020 4.73+0.05 64+3.13
ParetoFlow-Vallina 4.19+0.06 5.67+0.19 5.18+0.07 491+0.14 453+£0.06 8.0+5.15

Diffusion-Guidance-Crowding 453+0.03 539+0.04 5.60+£0.05 501+008 4.82+0.01 5.0+4.64
Diffusion-Guidance-SubCrowding 4.53 +0.05 5.25+0.04 5.60+0.05 5.03+0.06 4.49+0.19 7.6+5.59

Table 4: HV results of DTLZ tasks (7). Each algorithm is run for 5 seeds and evaluated on 256
designs. Bold numbers indicate the best performance.

DTLZ1 DTLZ2 DTLZ3 DTLZ4 DTLZ5 DTLZ6 DTLZ7 Avg. Rank
D(best) 10.63£0.00 1243+0.00 990+0.00 17.50£0.00 10.69+0.00 10.69+0.00 9.04+0.00 9.0+3.79
MultiHead-Vallina 1056 £0.16 12.44£0.00 9.75+027 17.70£0.01 10.76+£0.00 10.95+0.01 10.60+0.02 4.86+5.05
MultiHead-PcGrad 10.64 £0.00 12.44+0.00 9.89+0.00 17.66+0.02 10.76%0.00 10.93+0.01 10.62+0.03 3.14+2.79
MultiHead-GradNorm 10.57£0.15 11.90£1.08 9.66+028 17.64+0.04 10.01+1.17 10.79+0.09 9.79+0.71 11.14 £ 1.86
MultipleModels-Vallina 10.56 £0.16 12.44£0.00 9.75+0.27 17.70£0.01 10.76 £0.00 10.95+0.01 10.60+0.02 4.86+5.05
MultipleModels-COM 10.64 £0.00 12.44+0.00 9.89x0.00 17.69+0.02 10.76%0.00 10.90+0.01 10.74+0.01 1.86+1.21
MultipleModels-IOM 10.64 £0.00 12.44+0.00 9.89+0.00 17.68+0.01 10.76%0.00 10.89+0.01 10.74+0.03 3.14+2.54
MultipleModels-RoMA 10.64 £0.00 12.44+0.00 9.89+0.00 17.68+0.01 10.76%0.00 10.89+0.01 10.74+0.03 3.14+2.54
MultipleModels-ICT 10.64 £0.00 12.44+0.00 9.89+0.00 17.69+0.02 10.76%0.00 10.90+0.01 10.74+0.01 1.86+1.21
MultipleModels-TriMentoring 10.64 £0.00 12.44+0.00 9.89+0.00 17.69+0.02 10.76+0.00 10.90+0.01 10.74+0.01 1.86+1.21
ParetoFlow-Vallina 10.60£0.02 12.27+0.04 9.82+0.04 1593+£0.01 10.59+0.02 10.71+0.05 8.87+0.09 11.14 £ 1.21
Diffusion-Guidance-Crowding 10.64 £0.00 1239+0.01 9.89+0.00 1502+0.98 10.55+0.03 10.53+£0.09 9.78+0.08  8.71 +5.09

Diffusion-Guidance-SubCrowding  10.64 £ 0.00 12.38 £0.01 9.88+0.00 17.60+0.03 10.57+0.02 10.80+0.03 9.59+0.12 8.86+3.58

Table 5: GD+ results of ZDT tasks (). Each algorithm is run for 5 seeds and evaluated on 256
designs. Boldface indicates the best-performing methods.

ZDTI ZDT2 ZDT3 ZDT4 ZDT6 Avg.
D(best) 0.38+0.00 043+0.00 0.38+0.00 0.05+0.00 0.06+0.00 0.26+0.17
MultiHead-Vallina 0.04+£0.02 0.05+0.03 0.17+0.02 0.68+0.08 0.10£0.00 0.21+0.24
MultiHead-PcGrad 0.01£0.00 0.08+0.05 026+0.01 079+0.24 0.14+£0.15 0.26+0.28
MultiHead-GradNorm 0.08+0.05 0.15£0.04 0.17%0.02 096+0.10 0.11+£0.05 0.29+0.33
MultipleModels-Vallina 0.04+£0.02 0.05+0.03 0.17+0.02 0.68+0.08 0.10£0.00 0.21+0.24
Evo. MultipleModels-COM 0.03+£0.01 0.10£0.03 029+0.01 090+0.11 0.17+0.17 0.30£0.31
MultipleModels-IOM 0.02+0.00 0.08+0.01 025+0.02 097+0.10 0.08+0.07 0.28+0.35
MultipleModels-RoMA 0.02+£0.00 0.08+0.01 025+0.02 097+0.10 0.08+0.07 0.28+0.35
MultipleModels-ICT 0.03+£0.01 0.10£0.03 0.29+0.01 090+0.11 0.17+0.17 0.30+0.31
MultipleModels-TriMentoring 0.03+£0.01 0.10£0.03 029001 090+0.11 0.17+0.17 0.30£0.31
ParetoFlow-Vallina 034+£0.02 044+0.01 036+002 039%+0.06 0.17+0.00 0.34+0.09
Gen. Diffusion-Guidance-Crowding 029+£0.03 0.18£0.02 024+0.02 056+0.01 0.51+£0.04 0.36£0.15

Diffusion-Guidance-SubCrowding  0.39+0.03 048+0.01 0.37+0.02 0.56+0.00 0.84+0.02 0.53+0.17
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Table 6: GD+ results of DTLZ tasks (). Each algorithm is run for 5 seeds and evaluated on 256
designs. Boldface indicates the best-performing methods.

DTLZ1 DTLZ2 DTLZ3 DTLZ4 DTLZ5 DTLZ6 DTLZ7 Avg.
D(best) 0.60+0.00 0.10£0.00 0.34+£0.00 0.18+0.00 0.13£0.00 0.76+0.00 0.48+0.00 0.37+0.23
MultiHead-Vallina 025+0.04 0.02+0.01 042+0.03 0.18+0.04 0.00+£0.00 0.46=+0.01 0.08+0.07 0.20+0.17
MultiHead-PcGrad 044003 0.07£0.03 044+£0.03 030£0.02 0.05£0.00 0.51£0.01 0.060.02 0.27+0.19
MultiHead-GradNorm 034+0.11 025+£028 038016 024+0.04 022+£020 0.59£0.05 0.22+£0.09 032+0.12
MultipleModels-Vallina 0.25+0.04 0.02£0.01 042%0.03 0.18+0.04 0.00£0.00 0.46=0.01 0.08+0.07 0.20=£0.17
Evo.  MultipleModels-COM 0.44+0.04 0.06+0.01 050%0.04 027+0.04 006+£0.02 0.55+0.02 0.15+0.01 0.29+0.19
MultipleModels-IOM 0.44+0.02 0.05+£0.01 047+0.01 025+0.03 0.06+£0.01 0.56+0.02 0.14+0.03 0.28+0.19
MultipleModels-RoMA 0.44+0.02 0.05+£0.01 047%0.01 025+0.03 0.06+0.01 0.56+0.02 0.14+0.03 0.28+0.19
MultipleModels-ICT 044+0.04 0.06+0.01 050+0.04 027+0.04 0.06+x0.02 0.55+£0.02 0.15£0.01 0.29+0.19
MultipleModels-TriMentoring 044+0.04 0.06+001 050+0.04 027+0.04 0.06+x0.02 0.55+£0.02 0.15£0.01 0.29+0.19
ParetoFlow-Vallina 045+0.02 0.16+0.03 0.53+0.04 0.22+0.00 0.16x0.01 0.75£0.05 0.50£0.03 0.40+0.21
Gen. Diffusion-Guidance-Crowding 040+0.01 022+0.02 052+0.00 022+0.02 024+0.04 0.60+0.02 035+0.02 0.36+0.14

Diffusion-Guidance-SubCrowding  0.42+0.01 0.27+0.01 0.52+£0.01 025+0.01 029+0.00 0.73£0.01 048+0.01 042+0.16

Table 7: IGD+ results of ZDT tasks (|). Each algorithm is run for 5 seeds and evaluated on 256
designs. Boldface indicates the best-performing methods.

ZDT1 ZDT2 ZDT3 ZDT4 ZDT6 Avg.
D(best) 0.36+0.00 044+0.00 036+0.00 0.05+0.00 0.07+0.00 0.26+0.16
MultiHead-Vallina 0.02+0.01 0.04+0.02 0.12+0.01 038+0.14 0.02+0.00 0.12+0.14
MultiHead-PcGrad 0.01+£0.01 0.04+£0.02 020+0.01 057+0.22 0.02+0.00 0.17+0.21
MultiHead-GradNorm 0.08+0.06 0.12+0.05 0.15+0.05 0.74+0.18 0.13+0.18 0.24+0.25
MultipleModels-Vallina 0.02+£0.01 0.04+£0.02 0.12+0.01 038+0.14 0.02+£0.00 0.12+0.14
Evo. MultipleModels-COM 0.02+£0.00 0.05+0.02 0.23+0.01 0.67+0.09 0.04£0.02 0.20+0.25
MultipleModels-IOM 0.01£0.00 0.04+0.01 0.20+0.02 0.76+0.12 0.03+£0.01 0.21+0.28
MultipleModels-RoMA 0.01£0.00 0.04+£0.01 020+0.02 076+0.12 0.03+£0.01 0.21£0.28
MultipleModels-ICT 0.02+£0.00 0.05%£0.02 0.23+0.01 0.67+0.09 0.04+0.02 0.20+0.25
MultipleModels-TriMentoring 0.02£0.00 0.05£0.02 023+0.01 0.67+0.09 0.04+0.02 0.20£0.25
ParetoFlow-Vallina 032+£0.01 039£0.02 033+0.03 030+0.06 0.10£0.03 0.29+0.10

Gen. Diffusion-Guidance-Crowding 0.13+£0.02 0.10£0.02 0.10+0.01 026+0.04 0.01+0.01 0.12+0.08
Diffusion-Guidance-SubCrowding  0.14 +0.01  0.17+0.02 0.11+0.01 025+0.04 022+0.10 0.18+0.05

Table 8: IGD+ results of DTLZ tasks (].). Each algorithm is run for 5 seeds and evaluated on 256
designs. Boldface indicates the best-performing methods.

DTLZ1 DTLZ2 DTLZ3 DTLZ4 DTLZ5 DTLZ6 DTLZ7 Avg.
D(best) 0.26£0.00 0.05+0.00 0.08%0.00 0.15£0.00 0.05+0.00 0.68+0.00 0.37+0.00 023+0.21
MultiHead- Vallina 0.10£0.01  0.01£0.00 0.16+0.02 0.06+0.01 0.00+0.00 040+0.02 0.02+0.00 0.11+0.13
MultiHead-PcGrad 0.10£0.03 0.01£0.00 0.09%0.02 0.10£0.01 0.00+0.00 045+0.01 0.02+0.01 0.11%0.14
MultiHead-GradNorm 0.08£0.01 0.18+0.30 0.14+£0.02 0.11£0.04 0.13+£0.22 051+£0.03 025+0.10 020%0.14
MultipleModels-Vallina 0.10£0.01  0.01£0.00 0.16+0.02 0.06+0.01 0.00+0.00 040+0.02 0.02+0.00 0.11+0.13
Evo.  MultipleModels-COM 0.11+£0.01 0.01£0.00 0.16+0.04 0.08+0.03 0.00£0.00 047+0.02 0.02+0.00 0.12+0.15
MultipleModels-IOM 0.12+£0.03 0.02£0.00 0.17+0.03 0.09+0.02 0.00£0.00 048+0.02 0.02+0.01 0.13+0.15
MultipleModels-RoMA 0.12+£0.03 0.02£0.00 0.17+0.03 0.09+0.02 0.00£0.00 048+0.02 0.02+0.01 0.13+0.15
MultipleModels-ICT 0.11£0.01 0.01+0.00 0.16+0.04 0.08£0.03 0.00+0.00 047+0.02 0.02+0.00 0.12+0.15
MultipleModels-TriMentoring 0.11£0.01 0.01+0.00 0.16+0.04 0.08£0.03 0.00+0.00 047+0.02 0.02+0.00 0.12+0.15
ParetoFlow-Vallina 0.11£0.05 0.12+0.02 0.19£0.05 0.29£0.00 0.11+0.01 0.56+0.03 0.37+0.01 025+0.16

Gen. Diffusion-Guidance-Crowding 0.09£0.03 0.17+0.03 0.18+0.02 0.30£0.05 0.08+0.01 0.24£0.05 0.19+0.02 0.18+0.07
Diffusion-Guidance-SubCrowding  0.10+0.03 0.12+0.02 0.18£0.05 0.20+0.04 0.11£0.02 042+0.07 023+0.03 0.19+0.10
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Table 9: MMD(I:’alg, poﬁ‘) results of ZDT tasks (7). Each algorithm is run for 5 seeds and evaluated
on 256 designs. Boldface marks the methods with the largest distance.

ZDT1 ZDT2 ZDT3 ZDT4 ZDT6 Avg.
MultiHead- Vallina 1.02+0.10 097+0.10 093+0.11 0.16+£0.09 0.00+0.00 0.62+0.44
MultiHead-PcGrad 0.99+0.06 095+0.13 0.53+0.05 0.08+0.09 0.00+0.00 0.51+042
MultiHead-GradNorm 092+£0.11 087+0.14 095+0.16 0.08+0.10 0.14+0.26 0.59+0.39
MultipleModels-Vallina 1.02+0.09 097+0.10 093+0.11 0.16+£0.09 0.00+0.00 0.62+0.44
MultipleModels-COM 099£0.02 099+0.08 043+0.02 0.21£0.02 0.05+0.09 0.53+0.39
MultipleModels-IOM 1.02+£0.02 1.01+£0.04 053+0.04 0.16+x0.08 0.10+£0.12 0.56+0.40
MultipleModels-RoMA 1.02+£0.02 1.01+£0.04 053+0.04 0.16+0.08 0.10+£0.12 0.56+0.40
MultipleModels-ICT 099£0.02 099+0.08 043+0.02 0.21£0.02 0.05+0.09 0.53+0.39
MultipleModels-TriMentoring 0.99+£0.02 099+0.08 043+0.02 0.21+£0.02 0.05+0.09 0.53+0.39
ParetoFlow-Vallina 0.70£0.05 0.67+0.01 0.73+0.04 0.00+£0.00 0.84+0.01 0.59+0.30
Diffusion-Guidance-Crowding 0.71+0.08 0.86+0.05 0.92+0.06 0.00£0.00 0.00+0.00 0.50=+0.41

Diffusion-Guidance-SubCrowding 0.39+0.07 0.18+0.10 0.36+£0.08 0.00+0.00 0.00+0.00 0.19+0.17

Table 10: MMD(P,ig, Pog) results of DTLZ tasks (1). Each algorithm is run for 5 seeds and
evaluated on 256 designs. Boldface marks the methods with the largest distance.

DTLZI DTLZ2 DTLZ3 DTLZ4 DTLZ5 DTLZ6 DTLZ7 Avg.
MultiHead-Vallina 0.80£0.06 0.41+0.02 032+023 037£0.02 0.59+0.01 0.74+0.02 0.84+0.10 0.58+0.20
MultiHead-PcGrad 046+0.05 0.33+£0.06 0.02+0.04 0.06+0.08 0.56+0.01 0.66+0.02 0.83+0.06 042028
MultiHead-GradNorm 0.66+0.16 0.15+0.14 033+041 0.14+0.18 042027 0.64+0.12 084+0.15 045%0.25
MultipleModels-Vallina 0.80£0.06 041£0.02 032+023 037£0.02 0.59£0.01 0.74+0.02 0.84+0.10 0.58£0.20
MultipleModels-COM 0.45+0.07 037+0.01 0.00+0.00 022+0.16 054+0.02 0.59+0.02 0.68+0.01 041+0.22
MultipleModels-IOM 0.45+£0.04 037+£0.02 0.00+£0.00 0.15£0.12 055+0.02 0.57+0.03 0.72+£0.02 0.40+0.23
MultipleModels-RoMA 045+0.04 037£0.02 0.00£0.00 0.15£0.12 0.55£0.02 0.57+0.03 0.72£0.02 0.40£0.23
MultipleModels-ICT 0.45+£0.07 037+0.01 0.00+£0.00 022£0.16 054+0.02 0.59+0.02 0.68+0.01 041+0.22
MultipleModels-TriMentoring 045+0.07 0.37+0.01 0.00+0.00 022+0.16 0.54%0.02 0.59+0.02 0.68+0.01 0.41£0.22
ParetoFlow-Vallina 048+0.04 0.02+0.05 0.00£0.00 0.00£0.00 0.23£0.13 0.51+0.08 0.33+0.09 0.22+0.21

Diffusion-Guidance-Crowding 0.54+0.02 0.00£0.00 0.00+0.00 0.04£0.08 0.00+£0.00 0.65+0.04 0.73£0.07 0.28+0.32
Diffusion-Guidance-SubCrowding  0.54 £0.02 0.00+0.00 0.00+0.00 0.00£0.00 0.00+0.00 0.33+0.03 0.30£0.05 0.17+0.21

Table 11: MOO metrics on ZDT and DTLZ tasks. Results are reported for the best-performing
evolutionary (Evo.) and generative (Gen.) methods. Each algorithm is run for 5 seeds and evaluated
on 256 designs. Boldface indicates the best value.

ZDT1 ZDT2 ZDT3 ZDT4 ZDT6 DTLZ1 DTLZ2 DTLZ3 DZLZ4 DTLZ5 DZLZ6 DTLZ7
HY (1) Evo. 4.83%0.00 557+0.05 559%006 4.74+031 478+0.00 10.64+0.00 12.44+0.00 9.89+0.00 17.70+0.01 10.76+0.00 10.95+0.01 10.74 +0.01
Gen. 4.53+0.03 567+0.19 560+0.05 5.03£0.06 4.82+0.01 10.64+0.00 1239+0.01 9.89£0.00 17.60+0.03 10.59£0.02 10.80+0.03 9.78 +0.08
GD+ (1) Evo. 0.01£0.00 0.05+0.03 0.17£0.02 0.68+0.08 0.08+0.07 0.25£0.04 0.02+£0.01 0.38+0.16 0.18+0.04 0.00+0.00 0.46+0.01 0.08 £ 0.07
Gen. 029003 0.18+£0.02 024+0.02 039£0.06 0.17+0.00 040+0.01 0.16+0.03 052£000 022£0.00 0.16£001 060+0.02 0.35+0.02
1GD+ (1) Evo. 0.01£0.00 0.04+0.01 0.12£001 038+0.14 0.02£0.00 0.08+0.01 0.01£0.00 0.09+0.02 0.06+0.01 0.00£0.00 040+0.02 0.02 £ 0.00
Gen. 0.13+0.02 0.10£0.02 0.10+0.01 0.25+0.04 0.01+0.01 0.09+0.03 0.12£0.02 0.18+0.02 020+0.04 0.08+0.01 024+0.05 0.19+0.02
MMD () Evo. 1.02£0.02 1.01+0.04 095£0.16 021+0.02 014026 0.80£0.06 041£0.02 033041 037+0.02 059001 0.74+£0.02 0.84 +0.10

Gen. 0.71+0.08 0.86+0.05 0.92+0.06 0.00£000 0.84+0.01 054+0.02 0.02+£005 0.00£000 004+0.08 023+0.13 0.65+0.04 0.73+0.07

15



	Introduction
	Problem
	Related Work
	The Offline-Frontier Shift
	Experiments
	Novel MOO metrics on Off-MOO-Bench
	Offline-frontier shift as an inherent limitation

	Discussion
	Appendix
	Real-world application
	MOO metrics
	Offline-frontier shift as a generalization of the GD
	Integral probability metrics
	Training details
	Additional experimental results


