
Revisiting Judge Decoding from First Principles via Training-Free
Distributional Divergence

Anonymous ACL submission

Abstract

Judge Decoding accelerates LLM inference001
by relaxing the strict verification of Specula-002
tive Decoding, yet it typically relies on expen-003
sive and noisy supervision. In this work, we004
revisit this paradigm from first principles, re-005
vealing that the “criticality” scores learned via006
costly supervision are intrinsically encoded in007
the draft-target distributional divergence. We008
theoretically prove a structural correspondence009
between learned linear judges and Kullback-010
Leibler (KL) divergence, demonstrating they011
rely on the same underlying logit primitives.012
Guided by this, we propose a simple, training-013
free verification mechanism based on KL diver-014
gence. Extensive experiments across reasoning015
and coding benchmarks show that our method016
matches or outperforms complex trained judges017
(e.g., AutoJudge), offering superior robustness018
to domain shifts and eliminating the supervi-019
sion bottleneck entirely.020

1 Introduction021

Large Language Models (LLMs) have demon-022

strated remarkable capabilities in reasoning and023

generation (OpenAI et al., 2024; DeepSeek-AI024

et al., 2025; Grattafiori et al., 2024; Yang et al.,025

2025), yet their deployment is severely constrained026

by the high latency and memory bandwidth costs of027

autoregressive decoding (Pope et al., 2023; Ivanov028

et al., 2021; Naveed et al., 2025). To mitigate this,029

Speculative Decoding (SD) has emerged as a stan-030

dard acceleration paradigm (Leviathan et al., 2023;031

Chen et al., 2023; Xia et al., 2024; Sun et al., 2025).032

By leveraging a smaller draft model to propose can-033

didate token sequences that are verified in parallel034

by the larger target model, SD converts memory-035

bound sequential generation into compute-bound036

efficient parallel verification.037

Standard SD, however, adheres to a strict loss-038

less criterion. It rejects any draft token that does039

not strictly align with the target model’s distribu-040

tion. This verification is often overly conserva- 041

tive, rejecting semantically equivalent tokens (e.g., 042

“6+1=7” vs. “6 plus 1 equals 7”) and limiting po- 043

tential speedups. To address this, recent research 044

has pivoted towards Judge Decoding (Bachmann 045

et al., 2025), a lossy variant that employs a learned 046

classifier (a “judge”) to assess the semantic validity 047

of draft tokens. These methods rely on expensive 048

supervision (detailed in Section 3), including man- 049

ual annotation (Bachmann et al., 2025) or heuristic 050

mining (Garipov et al., 2025; Yoon et al., 2025; 051

Fu et al., 2025), to teach a classifier to distinguish 052

between “critical” errors and harmless deviations.

Marissa hikes 12 miles. She walks 4 miles in 1 hour, then 2 
miles in 1 hour. What speed must she walk for the rest of the 
hike to average 4 mph overall?

… Compute the time for the 
first 6 miles: Time = 4 / 1 …

KL Divergence 3.5781 
AutoJudge Score 0.6818

≠

Question

Target Verify

… Compute the time for the 
first 6 miles: Time = 4 / 4 …

Efficiently Draft

… 4 miles/h for the entire
12-mile trail. Average Speed 

≠

Target Verify

… 4 miles/h for the entire
12-mile trail. Average speed 

Efficiently Draft

KL Divergence 0.0469 
AutoJudge Score 0.1881

Case 1

Case 2

Figure 1: Relationship between AutoJudge score and
token-level KL divergence. Higher AutoJudge scores
indicate more critical tokens, which coincide with larger
KL divergence and stronger target–draft disagreement
(Case 1: inconsistent key numbers). Conversely, low
scores correspond to small KL divergence and minor,
non-semantic deviations (Case 2: capitalization only).

053

Despite the empirical success of judge decoding, 054

the underlying nature of the “criticality” captured 055

by these methods remains opaque. In this work, 056

we investigate the relationship between the learned 057
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scoring mechanism of the classifier and the intrinsic058

distributional statistics of the draft and target mod-059

els, uncovering a fundamental connection that prior060

works have overlooked. As illustrated in Figure 1,061

taking AutoJudge (Garipov et al., 2025) as a rep-062

resentative instance, we observe that its assigned063

criticality scores exhibit a high degree of align-064

ment with the token-level Kullback-Leibler (KL)065

divergence. In Case 1, where the draft model in-066

troduces a factual error by miscalculating the time067

(predicting “4/4” instead of the correct “4/1”), this068

discrepancy manifests as a sharp distributional shift069

between the draft and target models, resulting in070

both a high AutoJudge score and a large KL diver-071

gence. Conversely, in Case 2, a non-semantic capi-072

talization difference triggers neither a high judge073

score nor a significant distributional divergence.074

These observations motivate a first-principle075

hypothesis: the “criticality” learned by com-076

plex judges is already inherently encoded in the077

draft–target distributional divergence. We argue078

that the scoring function acquired through costly079

supervision (e.g., in AutoJudge) is essentially a080

proxy for intrinsic model disagreement. By bridg-081

ing learned scoring mechanisms with these intrin-082

sic statistics, we propose that a simple, training-083

free distributional check can effectively substitute084

for judges that rely on complex supervision sig-085

nal mining. We ground this proposal theoretically086

by proving that learned judges and intrinsic diver-087

gence share identical logit primitives (linear vs.088

quadratic), suggesting that the efficacy of expen-089

sive supervision can be achieved through purely090

statistical means while naturally avoiding the gen-091

eralization fragility of task-specific training. Our092

contributions are summarized as follows:093

1. We empirically revisit judge decoding and find094

that supervision-trained criticality scores are095

strongly aligned with draft–target distributional096

disagreement at the token level, suggesting the097

“criticality” signal is model-intrinsic.098

2. We theoretically establish a structural correspon-099

dence between learned judges and KL diver-100

gence, proving that the learned "criticality" re-101

lies on the same logit primitives as intrinsic di-102

vergence metrics.103

3. Guided by our theoretical findings, we propose104

a training-free verification method. Empirical105

validation confirms that simple distributional106

metrics (e.g., KL divergence) effectively replace107

costly trained classifiers, achieving comparable108

or superior performance.109

2 Background 110

To contextualize our approach, we briefly review 111

the paradigm of speculative decoding and its re- 112

cent evolution towards semantic-level verification, 113

specifically judge decoding. 114

2.1 Speculative Decoding 115

To accelerate the memory-bound autoregressive in- 116

ference of LLMs, SD employs a draft-then-verify 117

strategy to increase concurrency (Chen et al., 2023; 118

Leviathan et al., 2023). Instead of generating one 119

token at a time, a smaller draft model MD first au- 120

toregressively produces a candidate block of γ to- 121

kens, dt:t+γ−1, given a prefix x<t. The large target 122

model MT then evaluates all candidates in a single 123

parallel forward pass. To ensure the output distri- 124

bution matches MT exactly (lossless decoding), a 125

rejection sampling mechanism is applied: a token 126

dt+i is accepted with probability min(1, PT (dt+i)
PD(dt+i)

). 127

This paradigm allows the system to generate mul- 128

tiple tokens per expensive model call, effectively 129

converting memory-bound sequential operations 130

into compute-bound parallel verification. 131

2.2 Judge Decoding 132

While SD guarantees mathematical equivalence to 133

the target distribution, this strict alignment can be 134

overly conservative. For instance, a draft “6+1=7” 135

might be rejected if the target model prefers “6 136

plus 1 equals 7”, despite their semantic equivalence. 137

This strictness limits the effective speedup. 138

To address this, recent works have proposed 139

judge decoding (Bachmann et al., 2025; Garipov 140

et al., 2025). The core motivation stems from the 141

insight that a model’s reaction to processing a to- 142

ken reveals more than just softmax probabilities. 143

Specifically, the last hidden layer embeddings of er- 144

roneous tokens effectively “flag” errors and contra- 145

dictions, reflecting the model’s intrinsic tendency 146

to rectify mistakes immediately (Bachmann et al., 147

2025; Servedio et al., 2025; Azaria and Mitchell, 148

2023). Leveraging this latent error-signaling be- 149

havior, judge decoding employs a learnable verifier 150

(or “judge”) fϕ, typically a lightweight classifier 151

on top of the embeddings h, to assess the validity 152

of the drafted block. A candidate is accepted if 153

fϕ(h) > τ for a predefined threshold τ . By shift- 154

ing from rigid probability comparisons to analyz- 155

ing these internal validity signals, judge decoding 156

optimizes the trade-off between throughput and 157

generation fidelity, accepting plausibly correct to- 158
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France shares its borders with Belgium,
Luxembourg, Germany, Switzerland, It-
aly, Spain, Andorra, and Monaco.

France shares its borders with Belgium, 
Luxembourg, Germany, Switzerland, It-
aly, Spain, Portugal, and Poland.

What countries 
border France?

Question LLM Set

Correct Answer

Wrong Answer
Non-critical

Critical

Dataset Generation

Human Annotation

(a) Judge Decoding With Manual Annotation

Limitations
Labor Costs &
Subjectivity &
Scalability Issues &
Expertise Barrier

Coarse Labeling

Portugal, and Poland.

Critical Non-critical

(b) Judge Decoding Without Manual Annotation

Adlai has 2 dogs and 1 chicken. How many
animal legs are there in all? 

Question
Divergence Point Mining

Draft Response

Target Verify

Question + … then add
then up. - 2 dogs have 2

Divergence Point 2 [     ] vs 4 [     ]

Replace & Regenerate

Divergence is Non-critical IF A==B ELSE Critical

… then add then up. - 2 dogs have 4 legs each

… then add then up. - 2 dogs have 2 legs each 

Match … Divergence

Question + … then add
then up. - 2 dogs have 4

The answer is A.

The answer is B.

Limitations
Heavy Compute
~10k Regenerations

Noisy Labels
Unstable Regeneration

(c) Rethink the Need for Labels in Judge Decoding

Judge Decoding Pipeline

Label 1 : Critical
Label 0: Non-critical

Dataset Mining Training Classifier

1 : Critical
0: Non-critical

1

0

Pipeline

… … … … …

… … … … …

… … … … …

… … … … … ?

= =
Draft

Target

+ Score

Draft & Verify Judge Decoding

Judge

IF Score <threshold:
    # Non-critical
    ACCEPT       in 
ELSE:
    # Critical
    REJECT        in

Judge Decoding Learns Distributional Discrepancy

∝
X: Judge Score 

Y: KL DivergenceX
Y x

x xxx

x
+
+

+

+ + +

Linear (Judge)

x xxx

x
+
+

+

+ + +

Quadratic (KL)
Empirical Perspective Theoretical Perspective

Figure 2: Judge decoding as learning distributional discrepancy. (a) Manual-annotation pipeline. (b) Divergence-
point mining without manual labels; (c) We show that a linear judge’s score is empirically correlated with and
theoretically connected to distributional divergence (e.g., KL divergence).

kens that standard SD would reject. The pipeline159

of judge decoding is depicted in Figure 2 (c).160

3 The Bottlenecks of Supervision in Judge161

Decoding162

While judge decoding represents a paradigm shift163

in speculative decoding by introducing seman-164

tic verification, its efficacy is fundamentally con-165

strained by the quality and acquisition cost of the166

supervision signals used to train the judge. As167

shown in Figure 2, current approaches typically168

derive supervision either from expensive manual169

annotation or heuristic model rollouts, inevitably in-170

heriting the generalization fragility of task-specific171

training. This section critically examines these two172

paradigms to highlight the trade-offs between an-173

notation cost, label granularity, and signal stability.174

3.1 Judge Decoding With Manual Annotation175

Bachmann et al. (2025) introduced the judge de-176

coding framework as a verification paradigm that177

augments the target model with a lightweight178

classifier to assess token acceptability. This de-179

sign effectively highlights the promise of learning180

correctness-aware verification beyond traditional181

probability alignment. However, two critical limi-182

tations hinder its widespread adoption:183

1. Costly and Misaligned Supervision. Train-184

ing relies on manual annotations of factual or185

reasoning mistakes. This process is not only pro-186

hibitively expensive but also prone to alignment187

mismatch: human annotators judge plausibil-188

ity based on external knowledge, which may189

differ from the model’s intrinsic “knowledge190

boundary”. A token might be factually true but 191

out-of-distribution for the model, or vice versa. 192

2. Coarse-grained Span Labeling. Existing 193

schemes typically employ a span-based labeling 194

strategy: once an error occurs, all subsequent 195

tokens are labeled as Critical Tokens (negative 196

samples). As shown in Figure 3, this design 197

fails to isolate the Logic-pivoting Token—the 198

specific token that triggers the reasoning shift. 199

Once the answer includes “Portugal”, every 200

subsequent token is labeled as critical, even 201

though only “Portugal” and “Poland” are the 202

true logic-pivoting tokens. 203

Input Question: 
What countries border France?
Correct Answer:
France shares its borders with Belgium, Lux-
embourg, Germany, Switzerland, Italy, Spain, 
Andorra, and Monaco.
Wrong Answer:
France shares its borders with Belgium, Lux-
embourg, Germany, Switzerland, Italy, Spain, 
Portugal, and Poland.

Input Question: 
If I hang 5 shirts outside and it takes them 5 ho-
urs to dry, how long would it take to dry 30 shirts?
Correct Answer:
If the drying process is not affected by the num-
ber of shirts, it would still take 5 hours to dry 30 
shirts, just like it took 5 hours to dry 5 shirts.
Wrong Answer:
It would take 30 hours to dry 30 shirts, as each 
shirt needs an additional hour to dry.

Figure 3: Illustration of overextended labeling bound-
aries in manual annotation, adapted from Bachmann
et al. (2025). Key: Non-critical Tokens, Critical Tokens,
Logic-pivoting Tokens. The span-based labeling (red)
obscures the true logic-pivoting tokens (red underline),
creating noisy supervision signals.

3.2 Judge Decoding Without Manual 204

Annotation 205

To mitigate human dependency, Garipov et al. 206

(2025) proposed AutoJudge, which mines critical 207

tokens by checking if a token substitution alters 208

the final answer. While this approach automates 209

data collection, it introduces new computational 210

and statistical challenges: 211
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Figure 4: Efficiency analysis of AutoJudge dataset min-
ing. The substantial growth in GPU hours and memory
footprint for larger models highlights a significant scala-
bility bottleneck.

1. Prohibitive Mining Costs. AutoJudge necessi-212

tates counterfactual rollouts at each divergence213

point. Figure 4 shows that mining supervision214

for GSM8K with a 70B model consumes about215

2,700 GPU hours (NVIDIA L40). This pro-216

hibitive cost of data mining undermines the ef-217

ficiency benefits of speculative decoding and218

hinders scalability, implicitly constraining the219

judge’s generalization capabilities due to the220

difficulty of covering diverse data distributions.221

2. Stochastic Instability. LLM generation is in-222

herently stochastic. A token labeled as “critical”223

in one rollout might be deemed “non-critical” in224

another simply due to inherent non-determinism225

in the generation process. Figure 5 reveals that226

only 25.4% of tokens maintain consistent crit-227

icality across four trials. This high variance228

injects significant label noise, causing the judge229

to learn spurious correlations rather than dis-230

tinguishing between causal logic errors and231

aleatoric uncertainty.232

Figure 5: Consistency analysis of critical tokens. The
low percentage of consistently critical tokens (Level 4)
indicates that heuristic mining is heavily influenced by
generation randomness.

Summary. Current paradigms face a dilemma:233

manual annotation provides stable labels but is234

labor-intensive and coarse, while heuristic mining235

offers automation but is plagued by high computa-236

tional costs and stochastic noise. These limitations237

underscore the need for an efficient and robust al-238

ternative, motivating the following section. 239

4 Can We Bypass Data Annotation? 240

The revisiting analysis in Section 3 exposes critical 241

bottlenecks in current paradigms, thereby naturally 242

leading to a key question: Must the identification 243

of critical tokens rely on external supervision, or 244

can such signals be revealed directly through the 245

models themselves? 246

4.1 Empirical Perspective 247

To answer the above question, we compare the 248

“criticality” captured by the classifier in AutoJudge 249

against the intrinsic probabilistic states derived 250

from the target distribution pt = MT (x<t) and 251

the draft distribution qt = MD(x<t). We quantify 252

these states using the following two metrics: 253

1. Uncertainty (Entropy) quantifies the predictive 254

uncertainty of the model. For any distribution 255

π ∈ {pt,qt}, the entropy is defined as: 256

H(π) = −
∑
v∈V

π(v) log π(v), (1) 257

where higher entropy indicates a more dispersed 258

probability distribution over the vocabulary V . 259

2. Disagreement (KL Divergence) captures the 260

structural deviation between the draft and target 261

reasoning paths via: 262

DKL(pt||qt) =
∑
v∈V

pt(v) log
pt(v)

qt(v)
, (2) 263

which quantifies the distributional disagreement 264

between the two models. 265

Using these metrics, we investigate the corre- 266

lation between the learned criticality scores from 267

AutoJudge and intrinsic statistics on the GSM8K 268

dataset. Specifically, we stratify the classifier’s 269

output probabilities, where higher values indicate 270

greater importance to the final answer, into equally 271

spaced bins and compute the average value of the 272

intrinsic indicators within each bin. As shown in 273

Figure 6, we observe a strong positive correlation: 274

the average KL divergence rises consistently as 275

the classifier assigns higher criticality scores. This 276

implies that influential tokens typically coincide 277

with regions of high distributional disagreement 278

between the target and draft models. Consequently, 279

the token-level influence that AutoJudge learns to 280

approximate via costly supervision appears to be 281

inherently encoded in the divergence between the 282

models’ probability distributions. 283
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Figure 6: Correlation between supervised criticality
scores and intrinsic model statistics on GSM8K. Sam-
ples are stratified into 10 bins based on AutoJudge
scores (x-axis). Top: The mean KL divergence (red
line) shows a clear upward trend as criticality increases,
whereas model entropy (dashed lines) shows no signifi-
cant correlation. Bottom: The sample count distribution
across probability bins (i.e., AutoJudge scores).

Key Insight. The observed correlation suggests284

an intrinsic connection between criticality and the285

model’s predictive uncertainty. Rather than requir-286

ing additional supervision, this relationship indi-287

cates that the existing probabilistic behavior of the288

models conveys informative cues for identifying289

critical tokens. Thus, the KL divergence serves as290

a training-free proxy for locating logic pivots. To291

further enhance robustness in practice, we employ292

a lightweight confidence mask: when the target293

model exhibits high certainty (i.e., the top-1 proba-294

bility exceeds 0.9), the system defaults to standard295

speculative sampling to ensure precision, reserv-296

ing the KL-based relaxation specifically for tokens297

where the model faces genuine uncertainty.298

4.2 Theoretical Perspective299

This section characterizes the theoretical alignment300

between KL-based thresholding and the AutoJudge301

linear classifier. We first summarize the main intu-302

ition in the takeaway below, and then formalize it303

in Theorem 4.1.304

Takeaway. AutoJudge and KL-based threshold-
ing rely on the same signal, namely how much
the target model shifts the draft model’s relative
token preferences, expressed via ∆ij(x) (defined
in Eq. (3)). AutoJudge learns a linear decision
rule over these shifts, while the KL divergence
provides a quadratic aggregation of their overall
magnitude. As a result, KL-based thresholding
can act as a proxy for the same “logic pivots”
without dataset mining.

305

To facilitate the following analysis, we first intro- 306

duce some necessary notation. Let x = [ht;hd] be 307

the concatenated feature vector, where ht, hd ∈ Rd 308

denote the hidden states of the target and draft 309

models. The corresponding logits are given by 310

zt = Wtht + bt and zd = Wdhd + bd, yielding 311

the output distributions Pt = softmax(zt) and 312

Pd = softmax(zd). The theoretical link between 313

the KL measure and the trained classifier is the 314

pairwise logit-gap difference ∆ij(x), defined for 315

any vocabulary indices (i, j) as 316

∆ij(x) := (zt(i)− zt(j))− (zd(i)− zd(j)), (3) 317

a fundamental linear primitive that captures the 318

shift in relative preference between tokens when 319

transitioning from the draft to the target model. 320

Theorem 4.1 (Structural Correspondence of KL
and Linear Classifiers). The empirical alignment
between KL-based thresholding and the trained
linear classification stems from their shared de-
pendence on the primitives ∆ij(x): (i) KL Di-
vergence as Quadratic Aggregation: Under a
second-order expansion, the KL divergence acts
as a weighted quadratic sum of the primitives
∆ij(x). In this view, KL-based thresholding de-
fines a quadratic decision boundary in the primi-
tive space, sensing the total magnitude of distri-
bution shifts. (ii) Trained Classifier as Linear
Partitioning: The linear classifier identifies criti-
cal tokens by defining a linear decision surface in
the space of primitives ∆ij(x), partitioning the
feature space based on whether token mismatches
lead to a deviation in output quality.

321

Proof. See Appendix A.1 for details. 322

Theorem 4.1 attributes the stable agreement be- 323

tween both methods to their shared foundation 324

in the linear primitives ∆ij(x), differing only in 325

whether they employ quadratic or linear geometry 326

to distinguish token criticality. 327

5 Experiment 328

5.1 Experimental Setup and Baselines 329

Benchmarks and Models. We adopt standard 330

speculative decoding protocols (Garipov et al., 331

2025) across four benchmarks: GSM8K (Cobbe 332

et al., 2021) and MATH-500-Hard (Hendrycks 333

et al., 2021) for mathematics, LiveCodeBench 334

(Jain et al., 2025) for coding, and MMLU- 335

Pro (Wang et al., 2024) for comprehensive 336
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Figure 7: Accuracy and MAT on GSM8K for Llama-3.2-1B-Instruct/Llama-3.1-8B-Instruct (left) and Llama-3.1-
8B-Instruct/Llama-3.1-70B-Instruct (right).

Figure 8: Accuracy and MAT on LiveCodeBench for Llama-3.2-1B-Instruct/Llama-3.1-8B-Instruct (left) and
Llama-3.1-8B-Instruct/Llama-3.1-70B-Instruct (right).

knowledge. Our primary model pairs are337

Llama-3.2-1B-Instruct/Llama-3.1-8B-Instruct and338

Llama-3.1-8B-Instruct/Llama-3.1-70B-Instruct339

(Grattafiori et al., 2024). Additionally, we340

evaluate the Qwen3-0.6B/Qwen3-8B pair (Yang341

et al., 2025) to investigate performance on342

reasoning-specialized models.343

Baselines and Metrics. We compare our method344

against five baselines: (i) Vanilla SP (Chen et al.,345

2023) (standard speculative decoding); (ii) Top-346

K (Bachmann et al., 2025), which relaxes veri-347

fication based on token ranking; (iii) AutoJudge348

(Garipov et al., 2025), a training-based classi-349

fier approach; and two entropy-based methods,350

(iv) Target-Entropy and (v) Draft-Entropy (Wang351

et al., 2025). Evaluation metrics include Mean352

Accepted Tokens (MAT) for efficiency, benchmark-353

specific scores for quality, and end-to-end wall-354

clock speedup relative to Vanilla SP implemented355

in vLLM (Kwon et al., 2023). Further details are356

in Appendix A.2.357

5.2 Main Results358

Superior Efficiency-Accuracy Trade-off. We359

first compare methods on GSM8K and Live-360

CodeBench (Figures 7-8). The training-free KL361

thresholding exhibits highly consistent trends with 362

the training-based AutoJudge, often outperforming 363

it slightly. Specifically, on the Llama-1B/8B pair 364

for GSM8K, KL thresholding improves MAT by 365

63.5% (10.61→17.35) over Vanilla SP with only a 366

∼2% accuracy drop. Similarly, on the 8B/70B pair, 367

MAT increases by 128.8% (13.35→30.55) with 368

a negligible ∼1% accuracy decrease. In contrast, 369

baselines like Top-K and entropy-based strategies 370

suffer from a much sharper accuracy degradation 371

as MAT increases. A similar MAT–accuracy trade- 372

off is also observed on LiveCodeBench, where 373

code generation requires strict precision. KL 374

thresholding improves MAT by 104.0% (1B/8B, 375

8.83→18.01) and 53.7% (8B/70B, 11.49→17.66) 376

with only minimal performance loss. Its perfor- 377

mance is comparable to AutoJudge, and is even 378

slightly better in some settings. In comparison, 379

Top-K and entropy-based strategies often fail to 380

preserve code correctness, frequently resulting in 381

non-executable programs. Overall, the consistently 382

similar trends observed between KL thresholding 383

and AutoJudge suggest that KL thresholding can 384

serve as a strong and effective proxy for the verifica- 385

tion signal, which aligns well with our motivation 386

outlined in Section 4 to leverage model-intrinsic 387

signals for judge decoding. 388
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Figure 9: Accuracy and MAT on MATH-500-Hard for Llama-3.2-1B-Instruct/Llama-3.1-8B-Instruct (left) and
Llama-3.1-8B-Instruct/Llama-3.1-70B-Instruct (right).

Figure 10: Accuracy and MAT on MMLU-Pro for Llama-3.2-1B-Instruct/Llama-3.1-8B-Instruct (left) and Llama-
3.1-8B-Instruct/Llama-3.1-70B-Instruct (right).

Robustness to Domain Shift. To evaluate gener-389

alization, we test on MATH-500-Hard and MMLU-390

Pro benchmarks (Figures 9-10) using the Auto-391

Judge classifier trained only on GSM8K, as domain-392

specific supervision is often unavailable. The re-393

sults indicate that KL thresholding demonstrates su-394

perior robustness compared to AutoJudge. Specif-395

ically, on MATH-500-Hard, KL thresholding im-396

proves MAT from 13.93 to 32.02 (1B/8B) with397

a negligible <1% performance drop, and also in-398

creases MAT from 13.18 to 26.67 (8B/70B) with399

about a 1.5% performance drop. Conversely, the400

GSM8K-trained AutoJudge classifier becomes brit-401

tle under this domain shift, showing clear accu-402

racy degradation comparable to the weaker Top-K403

baseline. This observation confirms that simple,404

training-free distributional statistics serve as a more405

reliable proxy for verification signals than classi-406

fiers trained on limited domains.407

Real-world Speedup in vLLM. We integrate408

KL thresholding into vLLM framework to bench-409

mark real-world end-to-end latency (as shown in410

Table 1). Consistent with our previous MAT-411

Accuracy findings, KL thresholding effectively412

matches the speed-quality trade-off of the compu-413

tationally expensive AutoJudge. It delivers a 1.3×414

speedup over the Vanilla SP baseline while simulta- 415

neously keeping accuracy within a relatively small 416

1%–2% margin. This result reinforces that costly 417

critical-token mining is unnecessary for achieving 418

practical inference acceleration in demanding pro- 419

duction environments. 420

Figure 11: Accuracy and MAT on GSM8K for Qwen3-
0.6B/Qwen3-8B.

Efficiency in Long-Chain Reasoning. Auto- 421

Judge’s inherent reliance on critical-token mining 422

is particularly computationally prohibitive for rea- 423

soning models, where complex multi-step delib- 424

eration produces long trajectories with frequent 425

draft-target divergence. We empirically evaluate 426

KL thresholding on the Qwen3-0.6B/Qwen3-8B 427
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Table 1: Inference deployment results with vLLM on GSM8K for Llama-3.2-1B-Instruct/Llama-3.1-8B-Instruct
(left) and Llama-3.1-8B-Instruct/Llama-3.1-70B-Instruct (right), tested on 8×V100 GPUs. Speed is measured in
tokens/s, and Speedup is reported relative to standard speculative decoding (i.e., Vanilla SP).

Method Metric Llama-3.2-1B-Instruct & Llama-3.1-8B-Instruct

AutoJudge

Threshold 0.01 0.07 0.09 0.14 0.22
Acc 82.50% 80.29% 79.39% 78.40% 75.59%

Speed 39.11 45.06 47.12 48.87 53.70
Speedup 1.02× 1.17× 1.23× 1.27× 1.40×

KL

Threshold 0.10 0.30 0.40 0.50 0.90
Acc 82.77% 80.96% 81.07% 79.46% 77.13%

Speed 39.58 45.35 48.35 50.96 61.45
Speedup 1.03× 1.18× 1.26× 1.33× 1.60×

Vanilla SP
Acc 82.50%

Speed 38.40

Method Metric Llama-3.1-8B-Instruct & Llama-3.1-70B-Instruct

AutoJudge

Thr 0.04 0.07 0.09 0.14 0.22
Acc 92.77% 92.54% 92.09% 91.08% 89.96%

Speed 27.34 29.55 30.98 32.57 35.07
Speedup 1.13× 1.22× 1.28× 1.35× 1.45×

KL

Thr 0.20 0.40 0.50 0.90 1.40
Acc 92.69% 91.94% 91.88% 91.28% 90.27%

Speed 27.21 30.10 31.49 33.21 35.10
Speedup 1.12× 1.24× 1.30× 1.37× 1.45×

Vanilla SP
Acc 93.00%

Speed 24.19

pair (Figure 11). Remarkably, KL thresholding428

achieves a 2.77× increase in MAT (6.91→19.15)429

relative to Vanilla SP with only a marginal ∼2%430

performance drop. This evidence indicates that the431

training-free KL thresholding effectively handles432

the complex divergence patterns of reasoning mod-433

els without the need for intricate and expensive434

supervision mining.435

6 Related Work436

Speculative Decoding. To accelerate LLM infer-437

ence, speculative decoding employs a “draft-then-438

verify” principle (Chen et al., 2023; Leviathan et al.,439

2023), where a lightweight draft model rapidly440

generates candidate tokens that are subsequently441

verified efficiently in parallel by the larger target442

model. To further enhance drafting efficiency and443

avoid separate draft models, training-based ap-444

proaches have been proposed to modify the tar-445

get model’s architecture. Prominent examples in-446

clude Medusa (Cai et al., 2024), which augments447

the model with multiple decoding heads, and the448

EAGLE series (Li et al., 2024b,a, 2025), which ac-449

celerates drafting via feature-level autoregression450

and dynamic tree structures. Conversely, training-451

free methods eliminate the need for additional pa-452

rameters by exploiting the inherent redundancy in453

text. These strategies rely on retrieval or pattern454

matching, such as the N-gram based Lookahead455

decoding (Fu et al., 2024; Zhao et al., 2024), and456

retrieval-assisted generation like REST (He et al.,457

2024), Token Recycling (Luo et al., 2025) and Suf-458

fix Decoding (Oliaro et al., 2024; Hu et al., 2025).459

Judge Decoding. Standard speculative decoding460

suffers from a verification criterion that rejects se-461

mantically equivalent but lexically distinct tokens.462

To address this, Judge Decoding (Bachmann et al.,463

2025) relaxes exact matching by employing a judge464

model to evaluate the semantic validity of draft 465

tokens, drawing inspiration from the LLM-as-a- 466

judge framework (Gu et al., 2024; Bavaresco et al., 467

2025). Subsequent research focuses on automat- 468

ing the identification of “critical tokens”, namely 469

divergences that genuinely harm performance. Au- 470

toJudge (Garipov et al., 2025) automates data col- 471

lection by pinpointing critical tokens that degrade 472

model accuracy. SelfJudge (Yoon et al., 2025) fur- 473

ther refines this detection by calculating a semantic 474

preservation score over the subsequent N tokens to 475

determine criticality. Recent works introduce more 476

granular verification based on utility and reason- 477

ing paths. Pivot-Aware Speculative Decoding (Zi- 478

ashahabi et al., 2025) assesses token criticality by 479

estimating the probability of generating correct an- 480

swers via multiple sampled future paths. Similarly, 481

R2R (Fu et al., 2025) distinguishes benign varia- 482

tions from logical errors by generating short con- 483

tinuations from both the draft and target tokens, 484

employing a verifier to check for significant seman- 485

tic divergence between the two paths. 486

7 Conclusion 487

This work bridges the gap between learned judge 488

decoding and model-intrinsic statistics. We demon- 489

strate that the costly “criticality” signal used in 490

prior work is largely redundant to the distributional 491

disagreement between models. By replacing su- 492

pervised classifiers with a simple, training-free KL 493

threshold, we achieve comparable or superior effi- 494

ciency. Furthermore, our theoretical analysis uni- 495

fies these seemingly distinct approaches, proving 496

that KL screening and linear classifiers operate on 497

the same underlying logit primitives. Our experi- 498

ments validate that efficient judge decoding does 499

not require complex supervision, offering a stream- 500

lined path for future deployment. 501
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Limitations502

We acknowledge some limitations in our work.503

First, due to computational constraints, we have504

not yet evaluated our approach on extremely large-505

scale models such as Llama-3.1-405B-Instruct,506

which would be essential for comprehensively vali-507

dating scalability and real-world applicability. Sec-508

ond, the KL divergence computation introduces ad-509

ditional computational overhead during inference.510

We have not implemented highly optimized cus-511

tom Triton kernels to optimize memory access and512

enable operator fusion, which could significantly513

reduce this cost. As a result, our current imple-514

mentation may bottleneck the potential speedups515

achievable in modern high-performance inference516

frameworks like vLLM.517

Ethical Considerations518

The datasets utilized in this work are derived solely519

from publicly accessible benchmarks, ensuring that520

no sensitive or private information is included.521

Moreover, all LLMs and baseline methods em-522

ployed in our experiments are also available to523

the public. We have taken care to acknowledge524

the original authors by properly citing their work.525

Regarding the preparation of this manuscript, we526

acknowledge the use of LLMs solely for language527

polishing and generating minor graphical icons for528

the framework diagram. They did not contribute529

to the research design, data analysis, or scientific530

claims presented in this paper. All ideas, analyses,531

and conclusions remain the sole and original work532

of the authors.533
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A Appendix713

A.1 Proof of Theorem 4.1714

To facilitate the derivation, we first review the no-715

tation and setup. Let the target and draft logits716

be zt := Wtht + bt and zd := Wdhd + bd re-717

spectively, with corresponding probability distribu-718

tions Pt := softmax(zt) and Pd := softmax(zd).719

We define the concatenated hidden representation720

x := [ht;hd] ∈ R2d and the logit difference vector721

δ := zt − zd. Consequently, δ is affine in x and is722

given by δ = Mx + c, where M := [Wt,−Wd]723

and c := bt − bd. For any vocabulary indices i, j ∈724

{1, . . . , V }, the pairwise logit-gap difference is de-725

fined as ∆ij(x) := (zt(i)−zt(j))−(zd(i)−zd(j)),726

which yields the ∆ij(x) = δi−δj . This linear prim-727

itive ∆ij(x) serves as the basis for our analysis.728

Proof Sketch of Theorem 4.1. We ground the729

analysis in the affine primitives ∆ij(x). By730

expanding the KL divergence via the Fisher731

information metric (§A.1.1), we decompose the732

divergence into a weighted quadratic aggregation733

of these primitives (§A.1.2). We subsequently734

demonstrate that discrete ranking inconsistencies735

necessitate boundary-crossing deviations (§A.1.3),736

thereby enforcing a quantitative lower bound on737

the divergence (§A.1.4). Finally, we prove that the738

linear classifier’s decision surface forms a linear739

superposition of this same primitive basis (§A.1.5),740

confirming that both mechanisms regulate the741

same logit-space deviations.742

A.1.1 KL as a Bregman divergence and Fisher743

second-order approximation744

We define the log-sum-exp potential A(z) :=745

log
∑V

i=1 e
zi , which satisfies ∇A(z) = p and746

∇2A(z) = diag(p)− pp⊤ for p = softmax(z).747

Lemma A.1 (KL as a Bregman divergence). Let
p = softmax(z) and q = softmax(z′). Then
DKL(p∥q) = A(z′)−A(z)−∇A(z)⊤(z′ − z).

748

Proof. By the log-softmax identities log pi = zi −749

A(z) and log qi = z′i −A(z′), we have:750

DKL(p∥q) =
∑
i

pi (log pi − log qi)751

=
∑
i

pi
[
(zi −A(z))− (z′i −A(z′))

]
752

= (A(z′)−A(z))
∑
i

pi −
∑
i

pi(z
′
i − zi)753

= A(z′)−A(z)−∇A(z)⊤(z′ − z), (4)754

where the last step follows from
∑

i pi = 1 and the 755

fact that ∇A(z) = p. 756

Lemma A.2 (Second-order expansion around zd).
Let Pd = softmax(zd), Pt = softmax(zt) and
write zt = zd + δ. Conditioned on accepted
prefixes in speculative sampling, the two models
are close so that ∥δ∥ is small (large discrepan-
cies are rejected and do not contribute). Then
DKL(Pt∥Pd) =

1
2 δ

⊤F (Pd) δ +O(∥δ∥3), where
F (Pd) = ∇2A(zd) = diag(Pd)− PdP

⊤
d .

757

Proof. Applying Lemma A.1 with p = Pt and 758

q = Pd, and noting zd − zt = −δ, we have 759

the identity DKL(Pt∥Pd) = A(zd) − A(zt) + 760

P⊤
t δ. We expand A(zt) to the second order as 761

A(zt) = A(zd) + P⊤
d δ + 1

2δ
⊤F (Pd)δ +O(∥δ∥3). 762

Similarly, expanding Pt to the first order gives 763

Pt = Pd + F (Pd)δ + O(∥δ∥2), which implies 764

P⊤
t δ = P⊤

d δ + δ⊤F (Pd)δ + O(∥δ∥3). Sub- 765

stituting these expressions into the KL identity 766

leads to the cancellation of linear terms, yielding 767

DKL(Pt∥Pd) =
1
2δ

⊤F (Pd)δ +O(∥δ∥3). 768

Corollary A.3 (KL’s quadratic form controlled
by a linear map of the concatenated state). Recall
that δ = zt − zd and δ = Mx + c with x =
[ht;hd]. Combining the second-order expansion
in Lemma A.2 with δ = Mx+ c, we obtain

DKL(Pt∥Pd) ≈
1

2
(Mx+ c)⊤F (Pd) (Mx+ c).

(5)
769

A.1.2 Pairwise form: KL as a Fisher-weighted 770

sum of primitives 771

Lemma A.4 (Pairwise decomposition of the
Fisher quadratic form). Let p ∈ RV satisfy
pi ≥ 0 and

∑V
i=1 pi = 1, and let F (p) =

diag(p)− pp⊤. Then for any δ ∈ RV ,

1

2
δ⊤F (p) δ =

1

4

V∑
i=1

V∑
j=1

pipj (δi − δj)
2. (6)

772

Proof. Expand the left-hand side using F (p) = 773

diag(p)− pp⊤, we have 774

δ⊤F (p) δ = δ⊤diag(p) δ − δ⊤(pp⊤)δ 775

=

V∑
i=1

piδ
2
i −

(
p⊤δ

)2 (7) 776

=
V∑
i=1

piδ
2
i −

( V∑
i=1

piδi

)2
. (8) 777
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Expand the right-side pairwise sum, we have778

V∑
i=1

V∑
j=1

pipj(δi − δj)
2 =

∑
i,j

pipj(δ
2
i + δ2j − 2δiδj)779

=
∑
i,j

pipjδ
2
i +

∑
i,j

pipjδ
2
j − 2

∑
i,j

pipjδiδj780

= 2
∑
i

piδ
2
i − 2

(∑
i

piδi

)2
, (9)781

where the last equality follows from Eq. (8). Di-782

viding both sides by 4 yields Eq. (6).783

Corollary A.5 (KL as quadratic aggregation of
∆ij). Combining Lemma A.2 and Lemma A.4
with p = Pd and ∆ij(x) = δi − δj , we have
DKL(Pt∥Pd) ≈

∑V
i=1

∑V
j=1 αij ∆ij(x)

2, where
αij :=

1
4 Pd(i)Pd(j).

784

A.1.3 Top-K inconsistency and785

boundary-crossing primitive786

The discrete supervision signal used for classifier787

training is defined through the consistency between788

the target and draft models’ top-K prediction sets.789

Since LLMs assign most of the probability mass790

to a small subset of tokens, agreement of the top-791

K sets corresponds to similar generation behavior,792

whereas disagreement serves as an indicator of di-793

vergent outputs. A top-k inconsistency implies the794

existence of a pair of logits whose pairwise dif-795

ference crosses the ranking boundaries, yielding a796

lower bound on the primitive ∆ij(x). Let Tk(x)797

and Dk(x) denote the index sets of the largest k798

logits under zt and zd, respectively. Let z(k)t and799

z
(k)
d denote the k-th largest logit values of zt and zd.800

Denote the top-k margins by γ
(k)
t = z

(k)
t − z

(k+1)
t801

and γ
(k)
d = z

(k)
d − z

(k+1)
d .802

Proposition A.6 (Top-k inconsistency implies
a boundary-crossing pairwise gap). If Tk(x) ̸=
Dk(x), then there exist i ∈ Tk(x) \ Dk(x) and
j ∈ Dk(x) \ Tk(x) such that ∆ij(x) ≥ γ

(k)
t +

γ
(k)
d .

803

Proof. Since Tk(x) ̸= Dk(x), both Tk(x) \Dk(x)804

and Dk(x) \ Tk(x) are non-empty. Select any i ∈805

Tk(x) \ Dk(x) and j ∈ Dk(x) \ Tk(x). For zt,806

i ∈ Tk(x) implies zt(i) ≥ z
(k)
t , and j /∈ Tk(x)807

implies zt(j) ≤ z
(k+1)
t , we have808

zt(i)− zt(j) ≥ z
(k)
t − z

(k+1)
t = γ

(k)
t . (10)809

For zd, j ∈ Dk(x) implies zd(j) ≥ z
(k)
d , and 810

i /∈ Dk(x) implies zd(i) ≤ z
(k+1)
d , we have 811

zd(i)− zd(j) ≤ z
(k+1)
d − z

(k)
d = −γ

(k)
d . (11) 812

Combining the above inequalities Eq. (10) and 813

Eq. (11) gives ∆ij(x) ≥ γ
(k)
t + γ

(k)
d . 814

Top-k inconsistency therefore ensures the exis- 815

tence of a boundary-crossing primitive (i, j) whose 816

logit-difference gap exceeds the sum of the target 817

and draft margins. This provides the link between 818

the discrete supervision condition and a continuous 819

deviation in the primitive space, which is used in 820

Appendix A.1.4 to establish a lower bound on the 821

KL divergence. 822

A.1.4 From boundary-crossing primitives to a 823

KL lower bound 824

Proposition A.6 established that a top-k mismatch 825

implies the existence of a boundary-crossing primi- 826

tive (i, j) whose pairwise logit-difference satisfies 827

|∆ij(x)| ≥ γ
(k)
t + γ

(k)
d . Meanwhile, Corollary A.5 828

expresses the KL as a Fisher-weighted quadratic 829

aggregation over all such primitives. Combin- 830

ing these two facts shows that the presence of a 831

boundary-crossing primitive induces a quantitative 832

lower bound on the overall KL divergence. 833

Proposition A.7 (Boundary-crossing primitive
implies a KL lower bound). If for some index
pair (i, j) we have |∆ij(x)| ≥ γ

(k)
t + γ

(k)
d , then

based on the quadratic expansion in Lemma A.2,
DKL(Pt∥Pd) ≳ αij

(
γ
(k)
t +γ

(k)
d

)2, where αij =
1
4Pd(i)Pd(j).

834

Proof. From Corollary A.5, dropping the non- 835

negative terms for pairs other than (i, j) 836

yields DKL(Pt∥Pd) ≈
∑

u,v αuv∆uv(x)
2 ≥ 837

αij∆ij(x)
2 ≥ αij(γ

(k)
t + γ

(k)
d )2. 838

This yields a lower bound on the KL divergence, 839

showing that any top-k inconsistency enforces a 840

separation between the two predictive distributions. 841

A.1.5 Why a linear classifier trained on 842

“importance” aligns with KL screening 843

The subsequent lemma writes ∆ij(x) explicitly as 844

an affine function of x. 845

Lemma A.8 (Affine form of the primitives). For
any i, j ∈ {1, . . . , V } there exist aij ∈ R2d and
κij ∈ R such that ∆ij(x) = a⊤ijx+ κij .

846
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Proof. Let ei ∈ RV denote the i-th standard ba-847

sis vector. By definition, zt = Wtht + bt and848

zd = Wdhd + bd, hence zt(i) = e⊤i (Wtht +849

bt) and zd(i) = e⊤i (Wdhd + bd). Therefore850

zt(i) − zt(j) = (ei − ej)
⊤(Wtht + bt) and851

zd(i) − zd(j) = (ei − ej)
⊤(Wdhd + bd). Sub-852

tracting the two identities gives ∆ij(x) = (ei −853

ej)
⊤Wtht−(ei−ej)

⊤Wdhd+(ei−ej)
⊤(bt−bd).854

Define aij :=
[
W⊤

t (ei−ej); −W⊤
d (ei−ej)

]
and855

κij := (ei − ej)
⊤(bt − bd). Using x = [ht;hd]856

yields ∆ij(x) = a⊤ijx+ κij .857

Proposition A.9 (Representation of the classifier
in the primitive basis). Let Cls(x) = σ(w⊤x+b)
be a linear classifier trained on the concate-
nated representation x. In LLMs, the vocabu-
lary size V is typically much larger than the hid-
den dimension d (V ≫ d). Consequently, the
set of primitive direction vectors { aij | i, j =
1, . . . , V } forms an overcomplete frame that ef-
fectively spans the feature space R2d. The clas-
sifier’s weight vector w can therefore be ex-
pressed as a linear combination of primitives
w =

∑V
i=1

∑V
j=1 βij aij for a set of coefficients

{βij}. Accordingly, the classifier is equivalent to

Cls(x) = σ
(∑V

i=1

∑V
j=1 βij ∆ij(x) + b′

)
, for

an adjusted bias term b′. This representation indi-
cates that the decision surface can be well charac-
terized by a linear combination of the primitives
∆ij(x).858

Proof. Because the set { aij | i, j = 1, . . . , V }859

effectively spans the feature space R2d, the clas-860

sifier weight vector w admits the expansion w =861 ∑V
i=1

∑V
j=1 βijaij . Substituting the affine form of862

each primitive from Lemma A.8, we obtain863

w⊤x =
( V∑
i=1

V∑
j=1

βijaij

)⊤
x =

V∑
i=1

V∑
j=1

βij(a
⊤
ijx)864

=
V∑
i=1

V∑
j=1

βij
(
∆ij(x)− κij

)
. (12)865

By defining the bias b′ := b−
∑V

i=1

∑V
j=1 βijκij ,866

the classifier can be rewritten in terms of ∆ij(x)867

as w⊤x+ b =
∑V

i=1

∑V
j=1 βij ∆ij(x) + b′, which868

yields Cls(x) =σ
(∑V

i=1

∑V
j=1 βij ∆ij(x) + b′

)
.869

870

Corollary A.5 provides the second-order primi-871

tive expansion of the KL divergence. Together with872

Proposition A.9, this yields the following formal 873

juxtaposition in the primitive coordinate system 874

DKL(Pt∥Pd) ≈
V∑
i=1

V∑
j=1

1
4 Pd(i)Pd(j)∆ij(x)

2,

Cls(x) ≡ σ

 V∑
i=1

V∑
j=1

βij ∆ij(x) + b′

 ,

875

The first line corresponds to a weighted quadratic 876

aggregation of the primitives ∆ij(x), whereas the 877

second line represents a linear aggregation over 878

the same primitive basis, demonstrating that the 879

classifier operates directly on the fundamental com- 880

ponents of the KL divergence. Consequently, the 881

structural correspondence asserted in Theorem 4.1 882

is formally established. 883

Figure 12: Accuracy and MAT on GSM8K for
Llama-3.2-1B-Instruct and Llama-3.1-8B-Instruct (with
Qwen3-Max as the annotator).

A.2 Additional Experiment Details 884

We conduct experiments on four benchmarks: 885

GSM8K and MATH-500-Hard for math reason- 886

ing, MMLU-Pro for broad-coverage knowledge 887

and reasoning, and LiveCodeBench for code gener- 888

ation. GSM8K consists of grade-school math word 889

problems that require multi-step numerical reason- 890

ing. We additionally evaluate on MATH-500-Hard, 891

which we construct by selecting all Level-5 prob- 892

lems from MATH-500, to introduce a math distribu- 893

tion that differs from GSM8K and is substantially 894

more challenging. MMLU-Pro is a more difficult 895

variant of MMLU spanning a wide range of sub- 896

jects. LiveCodeBench focuses on algorithmic code 897

generation with execution-based evaluation. To 898

manage end-to-end decoding cost, we run evalua- 899

tion on held-out subsets. For GSM8K, we evaluate 900

on 400 examples from the test split, while Auto- 901

Judge training uses the full GSM8K training split. 902
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Prompt for Critical-Token Annotation

[System Prompt]

You are an expert annotator.

[User Prompt]

You are an expert annotator. Your task is to identify the KEY REASONING ERROR tokens that
cause the wrong answer to be incorrect.

INPUT:
Question: [to be inserted]
Correct Answer: [to be inserted]
Wrong Answer: [to be inserted]

INSTRUCTIONS:
1. Identify WHERE the logical/reasoning ERROR occurs (not just textual differences).
2. Mark ONLY the specific tokens that introduce the error.
3. There may be MULTIPLE error locations - mark each separately.
4. Ignore stylistic differences - focus on semantic/logical mistakes.
5. An error is a token that causes incorrect reasoning, wrong calculation, or false
conclusion.

OUTPUT FORMAT (STRICT):
ANNOTATED_ANSWER: [exact wrong answer text with markers inserted]

Use markers:
- [ERROR_START] before the first token of each error
- [ERROR_END] after the last token of each error
- Keep ALL original text and spacing
- Multiple errors = multiple [ERROR_START]...[ERROR_END] pairs

EXAMPLE 1:
Question: What is 5 + 3?
Correct: 5 + 3 = 8
Wrong: 5 + 3 = 9
Output: ANNOTATED_ANSWER: 5 + 3 = [ERROR_START]9[ERROR_END]

EXAMPLE 2:
Question: If I hang 5 shirts outside and it takes them 5 hours to dry, how long would
it take to dry 30 shirts?
Correct: It would still take 5 hours to dry 30 shirts, as drying is parallel.
Wrong: It would take 30 hours to dry 30 shirts, as each shirt needs an additional hour
to dry.
Output: ANNOTATED_ANSWER: It would take [ERROR_START]30 hours to dry 30 shirts, as each
shirt needs an additional hour to dry.[ERROR_END]

EXAMPLE 3:
Question: What is the capital of France and Germany?
Correct: Paris and Berlin.
Wrong: Paris is the capital of France and Munich is the capital of Germany.
Output: ANNOTATED_ANSWER: Paris is the capital of France and [ERROR_START]Munich[ERROR_
END] is the capital of Germany.

Now process the input and output ONLY the ANNOTATED_ANSWER with error markers.

Figure 13: Prompt for critical-token annotation, using Qwen3-Max as the LLM annotator.

For MMLU-Pro, we evaluate on 100 examples. For903

LiveCodeBench, we partition the dataset into five904

folds, use four folds to train the AutoJudge classi-905

fier, and reserve the remaining fold as the shared906

test set for all methods. All experiments are run907

on NVIDIA A6000, L40, and V100 GPUs. For908

fair and consistent throughput reporting, all vLLM 909

speed measurements are conducted on 8×V100. 910

A.3 Potential of LLM Annotation 911

Given the limitations of labor-intensive manual an- 912

notation and the high computational overhead of 913
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GSM8K Example (Question ID: 5)

[Question]
James writes a 3-page letter to 2 different friends twice a week. How many pages does he
write a year?

[Correct Answer]
To find the number of pages James writes a year, we need to calculate the number of pages
he writes per week and then multiply that by the number of weeks in a year.

James writes a 3-page letter to 2 different friends twice a week. So, he writes 2 x 2 = 4
letters per week.

Since there are 3 pages in each letter, James writes 4 x 3 = 12 pages per week.

There are 52 weeks in a year. So, James writes 12 x 52 = 624 pages per year.

The final answer is 624.

[Annotated Wrong Answer]
To find out how many pages James writes a year, we need to calculate the number of pages
he writes per week and then multiply it by the number of weeks in a year.

James writes a 3-page letter to 2 different friends twice a week. This means he writes [ER
ROR_START]2 * 3 = 6 pages per week.[ERROR_END]

Since there are 52 weeks in a year, James writes 6 * 52 = 312 pages per year.

The final answer is 312.

Figure 14: Example of Qwen3-Max annotation on the GSM8K (Question ID: 5), with [ERROR_START] and
[ERROR_END] marking critical tokens in the draft model’s erroneous solution.

heuristic mining, a natural alternative is to lever-914

age an LLM as a surrogate annotator to provide915

supervision for judge training. In this appendix, we916

explore the feasibility of using Qwen3-Max1 as an917

automatic labeler to identify logic-pivoting tokens918

in erroneous generations. We construct an anno-919

tation set from the GSM8K training split by first920

filtering for instances where the target model pro-921

duces a correct final answer while the draft model922

produces an incorrect one. From this subset, we923

then sample 2,000 examples. For each problem, we924

provide Qwen3-Max with the problem statement,925

the draft model’s erroneous output, and the target926

model’s verified correct answer, prompting it to927

highlight the specific words or tokens in the draft928

output that lead to the incorrect final answer (i.e.,929

error-triggering or logic-pivoting tokens). The de-930

tailed prompt is shown in Figure 13. We then use931

these token-level annotations to train a lightweight932

linear classifier following the same training method-933

ology as AutoJudge. In total, the annotation cost is934

approximately 2M tokens (about $10).935

1https://qwen.ai/blog?id=qwen3-max

The results in Figure 12 indicate that the judge 936

trained on Qwen3-Max-labeled data consistently 937

underperforms the judge trained with AutoJudge- 938

mined labels in the low-performance-loss regime 939

(upper-left region of the curve). In other words, 940

although LLM annotation is substantially cheaper 941

than counterfactual rollout-based mining, its su- 942

pervision does not yield a more accurate token 943

accept/reject rule when decoding requires high pre- 944

cision (i.e., minimal quality degradation). This gap 945

suggests a key limitation of LLM-based annota- 946

tion in our setting. This issue is also mentioned 947

in Bachmann et al. (2025): using LLMs for this 948

purpose proved to be too imprecise. Qwen3-Max 949

may highlight tokens that look suspicious from a 950

general semantic perspective, but these tokens are 951

not always the ones that flip the final outcome of 952

the generation. As a result, the labels can be in- 953

formative but less well aligned with what judge 954

decoding needs, especially in the high-precision 955

regime where a small amount of label noise can no- 956

ticeably worsen the quality–speed trade-off. Please 957

refer to Figures 14-15 for annotation examples. 958
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GSM8K Example (Question ID: 68)

[Question]
Jesse and Mia are competing in a week long race. They have one week to run 30 miles. On
the first three days Jesse averages (2/3) of a mile. On day four she runs 10 miles. Mia
averages 3 miles a day over the first 4 days. What is the average of their average that
they have to run over the final three days?

[Correct Answer]
To find the average of their average that they have to run over the final three days, we
need to first find their average for the entire race and then subtract the average they
have to run over the first four days.

Jesse's average for the first three days is (2/3) miles per day. So, over the first three
days, she runs a total of (2/3) * 3 = 2 miles.

On day four, Jesse runs 10 miles. So, her total distance for the first four days is 2 + 1
0 = 12 miles.

Mia's average for the first four days is 3 miles per day. So, over the first four days,
she runs a total of 3 * 4 = 12 miles.

The total distance they have to run over the entire week is 30 miles. So, the average di-
stance they have to run over the final three days is 30 - 12 = 18 miles.

The final answer is 6.

[Annotated Wrong Answer]
To find the average distance Jesse and Mia need to run over the final three days, we first
need to calculate their total distances for the first four days.

Jesse's total distance for the first four days:
- Day 1: (2/3) miles
- Day 2: (2/3) miles
- Day 3: (2/3) miles
- Day 4: 10 miles
Total distance for the first four days = (2/3) + (2/3) + (2/3) + 10 = [ERROR_START]8 + 10
= 18 miles[ERROR_END]

Mia's total distance for the first four days:
- Day 1: 3 miles
- Day 2: 3 miles
- Day 3: 3 miles
- Day 4: [ERROR_START]10 miles[ERROR_END]
Total distance for the first four days = 3 + 3 + 3 + 10 = [ERROR_START]19 miles[ERROR_END]

Now, we need to find the average distance each of them needs to run over the final 3 days.

Jesse's average distance for the final three days:
Total distance for the first four days = [ERROR_START]18 miles[ERROR_END]
Number of days = 3
Mean distance = Total distance / Number of days = [ERROR_START]18 / 3 = 6 miles[ERROR_END]

Mia's average distance for the final three days:
Total distance for the first four days = [ERROR_START]19 miles[ERROR_END]
Number of days = 3
Average distance = Total distance / Number of days = [ERROR_START]19 / 3 = 6.33 miles[ERR
OR_END]

The final answer is: $\boxed{6.33}$

Figure 15: Example of Qwen3-Max annotation on the GSM8K (Question ID: 68), with [ERROR_START] and
[ERROR_END] marking critical tokens in the draft model’s erroneous solution.
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