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Abstract

We study offline Reinforcement Learning in large infinite-horizon discounted
Markov Decision Processes (MDPs) when the reward and transition models are
linearly realizable under a known feature map. Starting from the classic linear-
program formulation of the optimal control problem in MDPs, we develop a new
algorithm that performs a form of gradient ascent in the space of feature occupan-
cies, defined as the expected feature vectors that can potentially be generated by
executing policies in the environment. We show that the resulting simple algorithm
satisfies strong computational and sample complexity guarantees, achieved under
the least restrictive data coverage assumptions known in the literature. In particu-
lar, we show that the sample complexity of our method scales optimally with the
desired accuracy level and depends on a weak notion of coverage that only requires
the empirical feature covariance matrix to cover a single direction in the feature
space (as opposed to covering a full subspace). Additionally, our method is easy
to implement and requires no prior knowledge of the coverage ratio (or even an
upper bound on it), which altogether make it the strongest known algorithm for
this setting to date.

1 Introduction

We study Offline Reinforcement Learning (ORL) in sequential decision making problems whereby
a learner aims to find a near-optimal policy with sole access to a static dataset of interactions with
the underlying environment [Levine et al., 2020]. This line of work is naturally relevant to real-
world tasks for which learning an accurate simulator of the environment is potentially intractable
or impossible, trial-and-error learning could have grave consequences, yet logged interaction data
is readily available. For example, in a high-stake application such as autonomous driving, building
a sufficiently accurate simulator for the vehicle and its environment would require modelling very
complex systems, which can be intractable both statistically and computationally. At the same time,
running experiments in the real world could endanger the lives of other road users or result in damages
to the vehicle. Yet, with the advent of tools for efficient sensory-data collection and processing, large
volumes of logged data from human drivers are readily available.

An efficient ORL method is one which finds a near-optimal policy after a tractable number of
elementary computations and samples from the dataset. It is well-known in this setting that the quality
of the solution has to heavily depend on the quality of the data, and in particular one cannot hope
to find a near-optimal policy if the data covers the space of states and actions poorly. To formalize
this intuition, many notions of data coverage have been proposed in the offline RL literature, ranging
from a very restrictive uniform coverage assumption that requires the data-generating policy to cover
the entire state-action space [Munos and Szepesvari, |2008]| to a variety of partial coverage conditions
whereby this exploratory condition is only required for state-action pairs that are of interest to the
optimal policy [Liu et al.| 2020} Rashidinejad et al., 2021} [Uehara and Sunl 2021} Zhan et al., 2022
Rashidinejad et al., 2022} |Li et al.||2024]. In the present work, we study the setting of linear Markov
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Decision Processes (MDPs) [Jin et al.} 2020, |Yang and Wang|, 2019] where the reward and transition
matrix admit a low rank structure in terms of a known feature map, and data-coverage assumptions
can be defined in the space of features. As shown by [Zanette et al.| [2021]], in this setting it is possible
to obtain strong guarantees if the offline data is well-aligned with the expectation of the feature vector
generated by the optimal policy (as opposed to requiring alignment with the entire distribution of
features as required by other common offline RL methods [Jin et al., 2021} Xie et al., 2021}, |Uehara
and Sun| 2021} [Zhang et al.||2022]). In the present paper, we propose a simple and efficient algorithm
that yields the best known sample complexity guarantees for this problem setting, all while only
requiring the weakest known data-coverage assumptions of [Zanette et al.| [2021].

Our approach is based on the LP formulation of optimal control in infinite-horizon discounted MDPs
due to Manne|[[1960], and more specifically on its low-dimensional saddle-point reparametrization
for linear MDPs proposed by |Gabbianelli et al.| [2024] (which itself builds on earlier work by |Neu
and Okolol 2023| and [Bas-Serrano et al., [2021). Primal variables of this saddle-point objective
correspond to expectations of feature vectors under the state-action distribution of each policy (called
feature occupancies), and dual variables correspond to parameters of linear approximations of action-
value functions. We design an algorithm based on the idea of optimizing the unconstrained primal
function that is derived from the saddle-point objective by eliminating the dual variables via a classic
dualization trick. More precisely, we design a sample-based estimator of the primal function and
optimize it via a variant of gradient ascent in the space of feature occupancies.

This approach is to be contrasted with the method of|Gabbianelli et al.|[2024]], which instead optimized
the original saddle-point objective via stochastic primal-dual methods. Their algorithm interleaved a
sequence of “policy improvement” steps with an inner loop performing “policy evaluation”, which
resulted in a suboptimal use of sample transitions due to the costly inner loop. This issue was
addressed in the very recent work of Hong and Tewari| [2024]] who, instead of relying on stochastic
optimization, built an estimator of the saddle-point objective and optimized it via a deterministic
primal-dual method. Our approach is directly inspired by their idea of estimating the saddle-point
objective, but our algorithm design is significantly simpler: instead of directly optimizing the
primal function in terms of feature occupancies, Hong and Tewari| [2024] relied on a sophisticated
reparametrization of the primal variables, and used a computationally involved procedure to update
the dual variables. Both of these steps required prior knowledge of a tight bound on the feature-
coverage ratio of the optimal policy, which is typically not available in problems of practical interest.
Such knowledge is not required by our algorithm, thanks to the incorporation of a recently proposed
stabilization trick that we make use of in our algorithm [Jacobsen and Cutkoskyl, 2023} [Neu and
Okolol, [2024]. We provide a more detailed discussion of these closely related works in Section 3}

Notation. We use boldface lowercase letters m to denote vectors and and bold uppercase M for
matrices. We define the Euclidean ball in R? of radius D by B;(D) = {x € R?||z||, < D} and
the A-simplex over a finite set A of cardinality A as A 4 = {p € R} [|p||, = 1}.

2 Preliminaries

We consider infinite-horizon Discounted Markov Decision Processes (DMDPs) [Puterman, [1994]]
of the form (X, A, r, P,v) where X’ denotes a finite (yet large) set of X states and A is a finite
action space of cardinality A = |.A|. We refer to 7 € [0,1]X4 as the reward vector, P € RYA*X
the transition matrix and v € (0, 1) the discount factor. For a state-action pair (z,a) € X x A
we also use the notation r (x,a) = r[(z, a)] to denote the reward of taking action « in state = and
p (2'|z,a) = P[(z,a),x’] as the probability of ending up in state ' afterwards.

The MDP models a sequential decision making process where an agent interacts with its environment
as follows. For each step k = 0, 1,2, - - - ,, the agent observes the current state X, of the environment
and then goes on to select its action Ay. Based on this action in the current state, it receives a reward
r (Xg, Ag), transits to a new state X1 ~ p (-| Xy, Ax) and the process continues. The objective of
the agent is to find a decision-making rule that maximizes its total discounted reward when the initial
state X is sampled according to a fixed initial-state distribution distribution vy € A x. Without loss
of generality, we assume that the initial state is fixed almost surely as Xy = x, and use v to refer to
the corresponding delta distribution. It is known that this objective can be achieved by executing a
stationary stochastic policy m : X — A 4, with 7(a|z) denoting the probability of the agent selecting
action Ay, = a in state X, = x for all k. We will use II to denote the set of all such behavior rules
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and will often simply call them policies. We define the normalized discounted return of each policy 7

as
oo
> Ak (l‘lmﬁlk)‘| :
k=0

where the role of the discount factor v € (0, 1) is to emphasize the importance of earlier rewards, and
the notation E,, - [-] highlights that the initial state is sampled from 14 and all actions are sampled
according to the policy 7. We will use 7* to denote any policy that maximizes the return.

p(m)=(1~=7)Eyx

We will consider the offline RL setting where we are given access to a data set of n sample transitions
D, = {(Xi, A;, R;, X[)}_,, where X ~ p(-|X;, A;) is sampled independently for each i and R; =
r(X;, A;). Otherwise, no assumption is made about the state-action pairs (X;, A;), and in particular
we do not require these to be generated by a fixed behavior policy or to be independent of each other.

For describing the approach we take towards solving this problem, we need to introduce some
further standard notations. The value function and action-value function associated with policy 7 are
respectively defined as

" (‘T) = E‘ZNW(‘W) [qﬂ- (xv a)] ) qﬂ- (:E, a) =E, |\Z’7kr (Ik’a ak)
k=0

l’ol’,aoalv

and the state-occupancy and state-action-occupancy measures under 7 as

4 (l‘) = ZNW (.1‘, a) ) :uﬂ ('737 a) = (1 - ’7) ]EVO,TI' [Z 'Yk]l{xk,ak}‘| .
a k=0

The value functions and occupancy measures adhere to the following recursive equations, respectively
termed the Bellman equation and Bellman flow condition [Bellman, [1966]:

q" =r+yPv", p"=mo[(l-7)vo+yPu"|

Here, the composition operation o is defined so that for any policy 7 and state distribution v € R,
we have (7 ov) (z,a) = 7 (a|z) v (z). Notice that we can express the return of 7 in terms of value
functions and occupancy measures as p (1) = (1 — ) (vo,v™) = (™, r). On this note, for a given
target accuracy € > 0, we say policy 7 is e-optimal if it satisfies <u“* — ", r> <e.

In the present work, we well make use of the linear MDP assumption due to Jin et al.[[2020], | Yang
and Wang|[2019]], which is defined formally as follows:

Definition 2.1 (Linear MDP). An MDP is called linear if both the transition and reward functions
can be expressed as a linear function of a given feature map ¢ : X x A — R?. That is, there exist
1 : X — R?and w € R? such that, for every x, 2’ € X and a € A:

r(z,a) = {p(z,a),w), pa'|lz,a) = (p(r,a),4 ().

We denote by ® € RI¥*AIX4 the feature matrix with rows given by ¢ (x,a)” and ¥ € R?*I¥! as the

weight matrix with columns (). Further, we will assume that ||w||, < V/d, that | ®v|, < BVd
holds for all v € [—B, BJ, and that all feature vectors satisfy ||¢(z, a)|, < R for some R > 1.

An immediate consequence of this assumption is that the action-value function of any policy 7 can
be written as a linear function of the features as g™ = ®0™, with 0™ = w + yWPov" € R, For the
rest of the paper we explicitly assume that the feature matrix ® is full rank — which is enough to
ensure uniqueness of 7. It is common to assume that the feature dimension d < X such that the
transition operator is low-rank. As common in this setting, we will suppose throughout the paper that
the feature map ® is known.

Our algorithm design will be based on the linear programming formulation of MDPs, first proposed
in a number of papers in the 1960’s [Manne, 1960} de Ghellinck! 1960, |d’ Epenoux| 1963 |Denardo,
1970]. This formulation frames the problem of finding an optimal control policy as the following pair
of primal and dual linear programs:

maximize (u,r) minimize (1 —v){vo,v)
subjectto E'pu=(1—y)vo+vP'pn (1) subject to Ev >r+~yPv. (2)
p =0,
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Here, the operator E € R¥4*X is defined such that for each x, a and vectors u € RX4, v € RX,

(ETp) (@)= p(ra), (Bv)(za)=wv().

acA

It is known that the occupancy measure of an optimal policy p™ is an optimal solution of the primal
LP (I). In fact, the feasible set of the primal is precisely the space of valid state-action occupancy
measures that can be induced by stationary policies. Therefore, given any feasible solution pt, we can
extract the inducing policy as 7, (a|z) = pu(x,a) />, p(x,a’) when )~ p(x,a) # 0. Likewise,
the state value function of the optimal policy 7* is an optimal solution to the dual LP. That said, since
the LP features X A variables and constraints, it cannot be solved directly in large MDPs.

In view of the above limitations, we consider the following reduced version of the above intractable
LPs due to|Gabbianelli et al.|[2024]] (see alsoNeu and Okolo, [2023| Bas-Serrano et al.,[2021):

maximize (A, w) minimize (1 — v)(vo, v)

subject to E'u = (1 —7)vg+~7P'A 3) subject to Ev > ®0 @
A=dp 0=w+yPo.
n =0,

In view of the second constraint of the primal LP (3), A should be thought of as expectations of feature
vectors under occupancy measures, and we thus refer to them as feature occupancy vectors. Similarly,
the second constraint of the dual LP (4) suggests that 8 should be thought of as parameters of the

approximate action-value function gg = 0 = ® (w + yPv) = r+yPv. Weuse \™ = " to
denote the feature occupancy associated with the optimal policy 7* and ™ to denote the parameter-
vector of the optimal action-value function ¢™ . The Lagrangian corresponding to the LPs is given as

LA p;v,0) = (1 —7)(vo,v) + (A, w+yPv — 0) + (u, PO — Ev)
=Aw)+{v,(1 =g +vyPA—E"u)+ (0,9 " — A). Q)
It is easy to verify that by the linear MDP property, the feasible sets of the above LPs coincide

with those of the original LPs in an appropriate sense, and their optimal solutions correspond to
the optimal state-action occupancy measure and state-value function respectively (see Appendix [A).

In order to further reduce the complexity of the LPs above, we introduce a policy 7 and parametrize
the remaining high-dimensional variables v and p as

vox(s) = 3 m(als) 0, 0(x.)),  pan(za) = m(al) [(1 =)o) +1(B(@),N)]. ©

a

Plugging this choice back into the Lagrangian, we obtain the objective

f(A’ ™ 9) = E(Aa HMX,75 V0,75 0)
= (1 =7){(vo,v0,x) + (A, w +7Pvg » — ) (7
= (Aw)+(0, P pxr  — ).

It is easy to see that for any = and A\™ = ®'u™, we have f(A™,m;0) = (u™,r) for all 0 €
R?. Furthermore, whenever A # A™ then the @-player has a winning strategy that can force
ming f (X, m;0) = —oo. This (informally) suggests that an optimal policy can be found by solving the
unconstrained saddle-point optimization problem maxycgd ey Mingega f (A, 7; @). Furthermore,
since the optimal policy can be written as 7*(a|z) = I {azargmax, (67 o(x.)) }* it is sufficient to

consider softmax policies of the form

ol(@,a),0)

II(Dy) = {We (alz) = S a8

which can approximate 7* to good precision when the diameter D, is set to be large enough. This
parametrization effectively reduces the high-dimensional LP into a low-dimensional saddle-point
optimization problem.

0c Bd(DTF)}v
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3 Feature-occupancy gradient ascent for offline RL in linear MDPs

A natural idea for developing RL methods is to build an empirical approximation of the function f
defined in the previous section, and use primal-dual methods to find a saddle-point of the resulting
approximation. For offline RL, this approach has been explored by Gabbianelli et al.|[2024] and
Hong and Tewari [2024]. In this work, we develop an alternative approach that seeks to directly
optimize the return by approximately maximizing the unconstrained primal function f* : R% x II,
defined for each feature-occupancy vector A and policy 7 as
frxm) eeﬁﬁ%e)ﬂ)"”’e)’

for an appropriately chosen feasible set B;(Dg). Given the discussion in the previous section, maxi-
mizing this function with respect to A and 7 is rightly expected to result in an optimal policy (which
intuition will be made formal in our analysis). Notably, the so-called objective f in Equation (/)
depends on the transition weight matrix ¥ which is unknown in general. As we soon show, this
matrix dominates the loss of the 8-player and A-player. Based on these observations, our approach
consists of building a well-chosen estimator f of f, and then maximizing the associated primal
function f* defined as

A m) = min f(\6,n).

Foum=, min fx6.m
The objective fis built via a least-squares estimator inspired by the classic LSTD model estimate
of |Bradtke and Barto| [1996], [Parr et al.| [2008]], which has been successfully used for analyzing
finite-horizon linear MDPs in a variety of recent works (e.g.,|Jin et al., 2020, |Neu and Pike-Burkel
2020). In particular, we fit an estimator ¥ of the true matrix ¥ using samples from the dataset
D, = {(Xi, Ai, Ri, X])}1, as follows. Let o; = (X, A;) denote the feature vector of (X;, 4;)
and A, = I, + % S pipr the empirical feature covariance matrix. We define the regularized
least squares estimate of ¥ at z € X as

n

B (@)= argmin - 3" ({4 (2)) T, + Bl (@),

P(z)erd T

so that the estimate can be written as

~ ~ 1 <
U = Z P(z)el, = ;Anl Z‘Pie;(,f' 8)
i=1

rxeX
With this matrix at hand, we define J?as

FOuT;0) = (1 — 1) (10, v02) + (A, w + 780 » — 0) = (A, w) + (0, 8 fix  — A),

o~

where iy (z,a) = w(alz) | (1 — v)vo(z) + v{3p(z), A)| is a sample-based approximation of pix r.

For the purpose of optimization, we will employ appropriately chosen versions of mirror as-
cent [Nemirovski and Yudin, [1983| [Beck and Teboullel 2003|] to iteratively optimize the pri-
mal variables. Denoting the iterates for each t = 1,2,...,7 by A; and 7, and defining 6, =

~ ~

argmingep, p,) f(Ae, 73 0), the updates are defined as follows. Using ga(t) = Vi, f*(As, m) to

denote the gradient of f* with respect to the feature occupancies, the first set of variables is updated as

Ao = argmax (A ga(0) — o IA = Adac — 21 ©)
AERd n n 2 n
where the first regularization term acts as proximal regularization (necessary for mirror-ascent-style
methods), and the second one has a stabilization effect whose role will be made clear later in the
analysis. The resulting update can be written in closed form, and is equivalent to a preconditioned
gradient-ascent step on f*. The policies are updated in each state-action pair x, a as

my(alz)ec (e (za) 00 i (af) (P Zims O1)

o 7Tt(a'|x)ea<¥’(-”ﬂ»a’)vet> B E , 7.‘_1(a/|l,)eoc<<,0(av,a’)7ZZ=1 0k> ’

Ty (alz) = 5
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Algorithm 1 Feature-Occupancy Gradient Ascent (FOGAS)

Input: Learning rates c, g, 7, initial points A; € R? m, € I1(D,), 0y = 0, and dataset D,,.
fort =1to 7T do

// Value-parameter update

Compute

(I)Tﬁ)\t,ﬂ't = (1 - P)/) Za 7Tt(CL|{E0)CP(.’I}0, a) + ’7% Z?:l Za Wt(a‘X;)(p(X:, CL) <(Pi’ A;1>\t>
0, = argmineem(pe)(a, DA, r — Ar)

// Policy update
Update Gt = Btjl + 0t
T4l =0 (aéat)

// Feature- -occupancy update

Compute Wwg, , = LAY pive, x, (X))
Compute g>\( )=w+ fy\Ilvgtm -6,

A1 = 1+Qn (Ae +nARga (D))

end for
return 7y with J ~ U(1,--- | T).

corresponding to performing an entropy-regularized mirror ascent step in each state x (cf. Neu et al.,

2017). We use the shorthand notation 741 = o(a<I> 22:1 Gk) to denote the resulting softmax
policy, and note that it is fully specified by a d-dimensional vector that can be stored compactly.
After the final iterate is computed, the algorithm picks the index J uniformly at random and outputs
the policy ;. We refer to the resulting algorithm as Feature-Occupancy Gradient AScent (FOGAS),
and present its detailed pseudocode featuring the explicit expressions of A; and 6, as Algorithm

The following theorem states our main result regarding the performance of FOGAS.

Theorem 3.1. Let 7, be the uniform policy and Ay = 0. Also set Dg = +/d/ (1 — 7), Dy = oT Dy
2

and § > 0. Suppose that we run FOGAS for T > % rounds with parameters 3 = R?/dT as

)?log A \/320d2 log 2T/5) Ca—n)?

well as

R2dT » 1=\ orR202T

Then, with probability at least 1 — 0, the following bound is sansﬁed for any comparator policy m*
and the associated feature-occupancy vector \™ = ®Tpu™

Ix

d?log (2T/9)
1- n ’

()] <o

with the expectation taken with respect to the random index J.

The most important factor in the bound of Theorem [3.1|is ||A* ||i;1, which measures the extent
to which the data D,, covers the comparator policy 7" in feature space. We accordingly refer to
this quantity as the feature coverage ratio between the policy m* and the data set D,,, and we
discuss its relationship with other notions of data coverage in Section[5] Notably, the bound holds
simultaneously for all comparator policies 77*, and thus it can be restated in an oracle-inequality form.
On the same note, FOGAS does not need any prior upper bounds on the comparator norm || A* Hf\# ,
and in particular it does not project the iterates A; to a bounded set. These nontrivial properties are
enabled by a recently proposed stabilization trick due to|[Jacobsen and Cutkosky/|[2023]] and Neu and
Okolo] [2024]), which amounts to augmenting the standard mirror-ascent update of Equation (9) with
the regularization term £ ||)‘H3v1 Without this additional regularization, the bounds would feature
an additional factor of the order Zthl I\ ||i;1, which cannot be controlled without projecting the

iterates and in any case make it impossible to prove a comparator-adaptive bound. We defer further
discussion of the result to Section
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4 Analysis

This section is dedicated to proving our main result, Theorem 3.1} While we have defined FOGAS as a
“primal-only” algorithm above, its analysis will be most convenient if we regard it as a primal-dual
algorithm with implicitly defined dual updates. In particular, we will view the updates of FOGAS
as a sequence of steps in a zero sum game between two teams of players: the max players that
control A; and 7, and the min player that Eicks 6. The min player uses the simple best-response
strategy of picking 8; = argmin, €Ba(De) f(X, 7¢), and the other two players perform their updates
via appropriate versions mirror ascent on their respective objectives. Importantly, the updates of the
A-player are based on the gradients of f*, which satisfy

g,\(t) = v)\tf*()\taﬂ't) = V)‘t < min f(At:ﬂ—t;a)> = thf()\tﬂﬁ;at),
0€B, (Do)

where the last equality follows from an application of Danskin’s theorem. This property enables
a major conceptual simplification that allows the interpretation of the updates as optimizing the

unconstrained primal f* directly. We refer the interested reader to Chapter 6 of |Bertsekas|[|[1997] for
more context on such use of primal-dual analysis.

More concretely, we make use of an analysis technique first developed by Neu and Okolo| [2023]],
and further refined by |(Gabbianelli et al.|[2024] and |Hong and Tewari| [2024]]. The core idea is to
introduce the dynamic duality gap defined on a sequence of iterates { (A, 7¢, 0;) }7_, produced by
some iterative method, and a set of well-chosen comparators (X*, 7*; {6; }_,) as

T
DO T5600) = (A3 67))
t=1

Similar to Lemma 4.1 of [Gabbianelli et al. [2024]], we show in Lemma [.T] below that with an
appropriate choice of the comparator points, we can relate the gap to the expected suboptimality of
policy m; where J ~ U(1,--- ,T). We leave the proof in Appendix

Lemma 4.1. Suppose that Do = \/d/(1 — 7). Choose (X\*,7*,0}) = (®'pu™ ,7*,0™) €

R¢ x I1 (D) x Bg(Dy) fort =1,--- , T where u™ is a valid occupancy measure induced by 7*.
Then,

1

&p (N, 75 {67 }=,) = T

E,; [<Mﬂ* - /L”",Tﬂ =67 (‘I’TMW*W*, {Om}tTﬂ) :

We will show below that the dynamic duality gap can be written in terms of the regrets of each player
and an additional term related to the estimation error of f, and then proceed to provide bounds on all
of these quantities. Specifically, the regrets of each player with respect to each of their respective
comparators are defined as

T

Ry (1) =YY v (@)Y (x*(alz) — mi(alz)) ¢i(x, a),
t=1 =z a
T N N T .

Ry (A7) =D FO7:00) — F(Ae,m50) =Y (A" = Ay, w +yPwg, x, — 61),
t=1 t=1
T N N T

Ry (07.7) = > FAe,m:0:) — FAe, m307) = > (0r — 07, ®7fix, ., — Ar)

t=1 t=1

where v* = (1 — v)vp(x) + v{¢p(x), A*). Furthermore, we define the gap-estimation error as
T

T
eIty = Z<’\*7 (- ‘/I\’)U"tm> + Z<’\t’ (‘i’ ~ ¥)vo; x,)- (10)

t=1 t

Il
-

The following lemma rewrites the duality gap using the above terms.
Lemma 4.2. The dynamic duality gap satisfies

1 1 1
B\ 7, 01p) = TR (1) + 2900 (N) + =Ry (B1.r) + Terrg.
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The proof directly follows from a straightforward calculation similar to the proof of Lemma 4.2
of |(Gabbianelli et al.| [2024] and Section E.1 of |Hong and Tewari| [2024] which is reproduced in
Appendix for completeness. It remains to bound the regret of the players, as well as the
gap-estimation error. An obstacle we need to face in the analysis is that our bound of the latter error

term scale with Zthl | A Hf\;l , which is undesirable given our aspiration to achieve bounds that

scale only with the comparator norm || \* Hi—l without requiring prior upper bounds on this quantity
(that would enable us to project the iterates to a bounded domain). This challenge is addressed by
making use of the stabilization technique of Jacobsen and Cutkosky| [2023]] and Neu and Okolo
[2024] in the updates for the A-player, which effectively eliminates these problematic terms. We
briefly outline the remaining parts of the analysis below.

4.1 Regret analysis

The regrets of each player are respectively controlled by the following three lemmas.

Lemma 4.3. Suppose that v* € Ay. Let w1 be the uniform policy which selects all actions with
equal probability in each state. Under the conditions on the feature map in Definition[2.1] the regret

of the w-player against * satisfies R (7*) < % + %.

The proof is a standard application of the analysis of exponential-weight updates, stated as Lemmal[E.T}
Lemma 4.4. Let \; = 0and C =603 (d+ D3) + 3d (1 + RDg)? + 3y2dR?D3. Then, the regret
of the A-player against any comparator X\* € R? satisfies

" 1
79 00 < (5o + ) IV +7—fZ|MA1-

The proof (provided in Appendix [B.2.7) follows from applying the standard analysis of composite-
objective mirror descent due to[Duchi et al.| [2010] (stated as Lemma|C.1]in the Appendix) and the

bound || A, ga(t) |\i;1 < C on the weighted norm of the gradients for all ¢ provided in Lemma
Lemma 4.5. Let Do = v/d/ (1 — ). The regret of the 0-player satisfies ~Rr (05.7:) < 0.

As we show in Appendix the above statement holds trivially thanks to the “best-response”
definition of #;. This concludes our regret analysis.

4.2 Bounding the gap-estimation error

The following statement (proved in Appendix provides a bound on errg:
Lemma 4.6. Suppose that ||¢(x,a)|, < R forall (z,a) € X x A Dg = Vd/(1 —~) and

o= \/2 1 —~)?log A/ R2dT to optimize Ry (7*). Then, for any T > 2{227("7117%4 and and £ > 0,
the following holds with probability at least 1 — §:

T
L 1 3202 log (2T/§
o g (Wlhee o7 38 ) 1o (T ).
t=1

4.3 The proof of Theorem

The proof follows from applying Lemmas and Lemma when (A*,7*,0F) =
(@™, 7*,0™) € R? x I1(D,) x By(Dy) fort = 1,---,T. Then, adding up the bounds
stated in Lemmas 4.6|under the respective conditions, yields

. dlog (1/0) 1 1|2 nC
T, T < ™ -
E"K“ K ’r>}— n(l—n)° o T2 +25T ‘)‘ ‘A;1+ 2
v 1 2 320d? log (27'/9)
o i 1 T _ .
(G- ) g e e (2ke

Then, setting p = ng simplifies the second term and eliminates the third term. The claim then follows
after optimizing the hyperparameters, with the full details provided in Appendix
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S Discussion
We discuss various aspects of our results below.

Relation with previous work. As discussed in the introduction, our work draws heavily on previous
contributions of |Gabbianelli et al.| [2024]] and [Hong and Tewari| [2024]. In particular, our idea of
building a least-squares estimator of the transition function is directly borrowed from the latter of
these works, and our implicit update rule for 8; is also inspired by their work to a good extent. Their
approach, however, failed to reach the same degree of efficiency due to a number of suboptimal design
choices. First, they used an alternative parametrization of the feature occupancies which only allowed
them to work under a more restrictive coverage condition, so that their bounds depend on [|A*[| , -
which can be much larger than the feature coverage ratio appearing in our bounds. Second, their
algorithm required a prior upper bound on this coverage parameter, with the guarantees scaling with
the bound rather than the actual coverage. Such bounds are typically difficult to obtain in practice.
Third, the implementation of their algorithm required intricate computational steps necessitated by
their feature-occupancy parametrization. Our work has successfully removed these limitations and
reduced the complexity of their method, thanks to a new primal-only analysis style that we hope will
find further uses in reinforcement learning.

Computational and statistical efficiency. As can be inferred from our main result, the sample com-
plexity of finding an e-optimal policy using our algorithm is of the order d? ||A* ||i;1 /e (1—7)%,
which is optimal in terms of scaling with £. The rate can be improved to scale linearly with the feature
coverage ratio [[A*|| -1, if a tight upper bound is known on it which can be used for hyperparameter
tuning. We find this scenario to be unlikely, and are curious to see if future work can attain this
improved scaling without such prior knowledge. As for computational complexity, we point out
that the cost of each iteration of our method scales linearly with the sample size n, due to having to

compute the matrix-vector products ‘I’U@t ~.- Indeed, the matrix U is sparse with n non-zero rows,
and as such computing this product takes linear time in n. Since the iteration complexity of FOGAS
scales linearly with the sample size n, this makes for an overall runtime complexity of order n?. This
limitation is of course shared with all methods using the same least-squares transition estimator for
the transition model, including all work that builds on Jin et al.|[2020]], but we nevertheless wonder if
a substantial improvement is possible on this front.

Data coverage assumptions. The only works we are aware of that scale with the feature-coverage
ratio [[A*|| , -1 are due to Zanette et al.| [2021]] and Gabbianelli et al. [2024]. The latter work only
achieves this bound under the assumption that the data is drawn 1.i.d. from a fixed behavior policy
with known feature covariance matrix, which is a much more restricted setting that we consider
here. Such assumptions are not needed by [Zanette et al.|[2021]], however their results are restricted
to the simpler finite-horizon MDP setting, and their algorithm is arguably more complex than ours.
Using our notation, their approach can be interpreted as solving a “pessimistic” version of the
the relaxed dual LP () that features some additional quadratic constraints. This approach is not
computationally viable for the infinite-horizon discounted case we consider, as it requires solving a
fixed-point equation with respect to the estimated transition operator (cf.|Wei et al., 2021).

Possible extensions. Our approach can be extended and generalized in a variety of ways. First,
following |Gabbianelli et al.|[2024]], we believe that it is straightforward to extend our analysis to
undiscounted infinite-horizon MDPs. Second, we similarly believe that an extension to constrained
MDPs is possible without major challenges, following Hong and Tewari| [2024]. We did not pursue
these extensions because we believe that they add little additional insight. There are other potential
directions that we did not explore because we found them to be too ambitious for the moment.
These include extending our results beyond linear MDPs to other MDP models with linear function
approximation, including MDPs with low inherent Bellman rank (which may be within reach of
the current theory, c.f.[Zanette et al.,[2020)), linearly Q)™ -realizable MDPs (which are known to be
challenging, c.f.|Weisz et al., [2022,|2024). Even more ambitiously, one can ask if it is possible to
extend our methods to work under more general notions of function approximation. This looks very
challenging given the central role of feature occupancies in our formalism, which are strictly tied to
linear function approximation. We are nevertheless optimistic that the ideas presented in this work
will find use in other contexts, possibly including nonlinear function approximation in the future.
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Appendix

A Missing proofs of Section 2]

A.1 Properties of the relaxed LP

In this section we prove a basic result about the feasible sets of the relaxed linear programs defined in
Equations (3)) and (). We remark that similar results have been previously shown in Proposition 4 of
Bas-Serrano et al.|[2021]] and Appendix A.1 of|[Neu and Okolo|[2023].

Lemma A.1. Suppose that the MDP satisfies the linear MDP assumption in the sense of Definition[2.1]
consider the relaxed linear programs [B|and[| and their respective feasible sets:

Mg ={(Ap) eR'XRI | ETp=(1-rg+7¥'A, A=®"u},
MZ ={(v,0) eR* xR | Ev > ®0, 0=w+~Tv}.
Then, the following statements hold:
* The set M = {u (A p) € Mg} coincides with the feasible set of the primal LP (I). Fur-

thermore, for all (X", p*) € argmax YeME (X, w), we have that p* is the occupancy
measure of an optimal policy.

* The setV = {v 1 (v,0) € Mg} coincides with the feasible set of the dual LP (2)). Further-
more, the optimal value function v™ and the parameter vector 0 satisfying q© = ®0™
satisfy (v™ .07 ) € argmin, g)c o (1 =) (vo,v).

A1

Proof. We first show that for any feasible point g of the LP (TJ), the tuple (A, w) is feasible for the
relaxed LP with A = ®" . This choice of X satisfies the second primal constraint by definition, so it
remains to verify that the first constraint is also satisfied. Indeed, this follows from

E'p—(1-7vy—7¥A=Ep—(1-7vg—7¥'®'p
=E'pu—(1—vvy—~vP'u=0,
where we have used the linear MDP property to write ¥'®T = PT in the first step and that p is a
valid occupancy measure in the last one. Conversely, supposing that (X, ) € /\/lg are feasible for
the relaxed LP, we have that
E'p—(1-7vy-—yP p=Ep—(1-7vy—7¥®pu
=E'p—(1—7)yy—y¥'A=0,
thus verifying that p is indeed a valid occupancy measure. Optimality of (A*, u*) follows from the
fact that for any (X, ) € MZX, we can write the LP objective as (X, w) = (u, r) by the linear MDP

assumption, and the standard fact that any solution p* to the primal LP|(l]is the occupancy measure
of an optimal policy (cf. Theorem 6.9.4 in |Puterman, [1994). This concludes the first part of the proof.

For the second part of the proof, let us first consider a feasible solution v for the original dual LP (2).
Then, the choice 8 = w + vV satisfies the second dual constraint by definition. The first constraint
can be verified by writing

FEv—®0=Fv—r—~Pv>0,

where we used the choice of 8 in the first step and the feasibility of v for the original LP in the second
step. Conversely, supposing that (6, v) € MZ, we note that

Fv—r—~Pv=FEv—®0 >0,

which implies the feasibility of v in the LP[2} Optimality of v* for both LPs follows from the fact
that their objectives are identical, and the standard fact that v* is an optimal solution of the dual
LP (@) (cf. Theorem 6.2.2 in [Puterman), [1994). O
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B Missing proofs of Section {4

In this section, we provide performance guarantees for Algorithm I]in terms of the expected subopti-
mality of the output policy 7, and in particular prove the lemmas provided in Sectiondin the main
text. Auxiliary lemmas and technical results for proving some of these are included in Appendix [E]

B.1 Properties of the Dynamic Duality Gap
We first prove our claims regarding the dynamic duality gap introduced in Section ] of the main text.

First, we relate the gap to the expected suboptimality (in terms of return) of 7 ; against a comparator
policy 7* in Appendix Next, we relate the dynamic duality gap to the average regret of each

player in Appendix|[B.1.2}

B.1.1 Proof of Lemma 4.1

By definition of the the dynamic duality gap, we have that
1 X
6r (®'u™ 7" {07 ) = = ; F@T ™77 0,) — f( Ay 75 07).

Considering the first term, we see that

@™, 7 0,) = <‘I’Tu”*,w> + <0t7 B px e — <Fu’”>

(é) <“7r*’r> + <0t7 QTHJA*J* - @Tu’ﬂ-*>

=)
- Il' T )
where we have used (a) the linear MDP property (definition and (b) the following relation:
pixe e (2,0) = 7 (afa) [ (1 = )vo(@) + 7 (w (@), "™ )]

= 7 (ala) (L= Pwo(@) +7 3 p(al!sa) i (@0)] = p7 (@, 0).

Now for the second term, we have

S, m;0™) = (1 =) (L0, Vo ) + (At w + YRV 7, — ™)
</’l'ﬂ-tar> + <>‘t7 w + ’Y‘I’vﬂ-t - 07rt>

where we have used the Bellman equations g™ = ®07 = r + yPv™ = ® (w + yPv™), which
together with the fact that ® is full rank implies that 0™ = w 4+ yWov™ . Substituting the above

*

expressions for f(®Tu™ ,7*;0;) and f(Ns, 7; 0™) in the dynamic duality gap and noting that 7y
: T Tt _ T,
is such that £ >, (u™, ) = E; [(u™,7)] we get

6T (@T“’ﬂ—*aﬂ.*v {07” }2;1) = EJ |:<H7T* - IJ/WJa T>:| .
This completes the proof. O

B.1.2 Proof of Lemma[4.2]

Recall that for any comparator points ()\*, ™ {0F }2;1), the dynamic duality gap is defined as
1z
Gr (X7 {07 1) = 7 D (P 7%:00) = f(h i 67)).
t=1
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491 Then, by adding and subtracting some terms we express the dynamic duality gap in terms of the
a2 average loss of each player with respect to the objective f (X, 7; @). This gives

T
1
Gr(N', 7", 01p) = 7 D F(N,7"160) — (X", m;0,)
t=1

N[ =
[M]=

+ FXN" 7 0) — f( X, 3 6)

o~
Il
_

(X, m500) — f(Ae, e 07). (1)

N[ =
M=

+
t

a93  Consider the first set of terms from the above expression. By definition of f in Equation (7)), we
494 immediately obtain the instantaneous regret of the w-player as

PO 75500 = fN 75 01) = (61, @7 pixe oo — @ ptxe )
=D V(@)Y (7" (alz) — m(alz)) ar(w, 0)

= vi(2) ) (x"(ale) — m(alz)) a(z, a),

Il
—

a5 where v*(x) = (1 — vy)vo(x) + v (1p(x), A*). For the regret of the A and 0-players, notice that we
496 can express the estimator f in terms of the objective f as follows:

FA750) = (1= ) (vo,v0.) + (A w + 70,1 ~ )
= f(A7 5 0) +7 <A7 ‘/I\lve,‘n' - ‘Pv07ﬂ'> .

97 Taking advantage of this relation, we now consider the last two set of terms in Equation (TT)). Indeed,
498 for the second set of terms in the equation, we write

f(A*aﬂ—t;et) - f(>\ta7rt§9t)

= fN,m50) — f( A, m501) —y <>\*, Yvg, r, — ‘I'vet,m> + <>\t, Vg, -, — \I'vot,m>
= <}\* — )\t,w + 'Y‘/I\J'Uehﬂ—t - 0t> - <A*, \/I\I/UGt,ﬂ't - ‘I’Ue,,,m> + Y <>‘t7 {I\lvet,ﬂt - qlvgtvﬂ't> ’

499 Notice that the last equality follows directly from definition of f Along these lines, we can also
s00 express the last set of terms in Equation (TI) as follows:

f()\tﬂTt;Ht) - f()\tyﬂt;af)
= f()\t, 73 0¢) — f()\t,ﬂ't; ;) —~ <)\t, \flvgtm — lIl'uetm> + 5 </\t, \il'vgtm — \Ilvgt*m>
=0, —0;, P lx, r, — At) — <)\t, \ilvgt’,,t — \Ilvgtm> + <)\t, \/I\l'vgtm — \Ilvgt*m> ,
so1  Plugging the above derivations in the dynamic duality gap, we have that

T
Sr(N 7", 050) = 2 D S0 (@) Y () — mi(ale)) (e, )

t=1 =z a

<X‘ — A, w + vl/I\lvgtm - 0t>

N[ =
[M]=

+

t

Il
—

_|_
N[ =
[M]=

(0r — 07, @ i, m, — Ar)

o~
Il

1

T
+ L3 (N W, r, — g, ) + ;t_zl (A Bvg; r, — Wop; 1, )

N2
N

H_
Il
_

502 This matches the claim of the lemma, thus completing the proof. O
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B.2 Bounding the Regret Terms

In this section we provide the proofs of the our claims made in the main text about the regret of each
player—precisely, Lemmas [4.3H4.5]

B.2.1 Proof of Lemma[4.3

Consider the regret of the m-player introduced in the main text as,

ZZV ) X alo) = mifalo))

t=1 =z
@ 2, v (@) Dxe (7T (|2) [l (-]x)) n oT'R* Dy
- « 2
(2) log A n aTRsz,.
T« 2

We have used (a) the standard Mirror descent analysis of softmax policy iterates recalled in
Lemma [E. 1] for completeness, and (b) the fact that 7; is a uniform policy and v* € Ay. Dividing
the above expression by 7" completes the proof. O

B.2.2 Proof of Lemma 4.4

Recall the total regret of the A-player against any fixed comparator A* € R? is given as

T
= Z (N = A, w + 'y\/I\lvgmrt —0,).

t=1

Since the feature-occupancy updates of Algorithm [I]simply implements a version of the composite-
objective mirror descent scheme due toDuchi et al.|[2010] we apply the standard analysis of this
method (recalled as Lemma [C.T]in Appendix [C)) to bound the instantaneous regret as

(A* = Ay, w + yTvg, 5, — 6;)
* 12 (12
[Ae = A" a-r = [ A1 = A[p-n
2n

n 2 O 1y#2 0 2
+t5 [Anga(®)l[a-1 + 5 (A" Az — 5 [Aes1lia-r-

Then, taking the sum fort = 1, - - - , T', evaluating the telescoping sums and upper-bounding some
negative terms by zero yields the expression

T
Z(A* — A, w + 700, £, — 6;)

t=1

||>\1*>\*||A L - 1A AF 25 A A
R §§ [N [eE— || res —§§ IAass + 5 IMllA
1 T q2_, 4 1 - @
T2 A" A 52 [Anga(t)|3-1 — §2H>‘t||A L

t 1

In the equality, we have used that A; = 0. Dividing the resulting term by 7" gives the following
bound on the average regret:

T T
* Q (12 n 2 4% 2
797 0 < (5704 2) IV + 55 S MMl = o - Il
t=1 t=1

The proof is completed by applying Lemma[C.2|to bound the norm of the gradients and plugging the
result into the bound above. O
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B.2.3 Proof of Lemma4.3]

For the regret of the O-player, first note that for any policy 7 with corresponding state-action value
function weights 8™ = w + y¥Pv™, we have

yWd Vd
1-7  (T—7)

where we have used the triangle inequality in the second line. The last inequality uses Definition [2.1]
and the fact that ||| < ﬁ since the rewards are bounded in [0, 1]. Thanks to this bound, we

can ensure that @7 = 8™ € B,(Dg) holds with the choice Dy = /d/ (1 — 7) as required by the
lemma.Therefore, by construction of value-parameter updates in Algorithm|[I] we have

<9t*0:,¢1—ﬁ)\t’ﬂ—t*kt>§0 fOI'til,"‘ ,T.
This concludes the proof. O

16715 = llw + 7T |y < ||y + 7 L0, < Ve +

B.3 Bounding the gap-estimation error

In this section, we provide the proof of Lemma[#.6] which bounds the gap-estimation error defined for
an arbitrary comparator sequence (A*, m;,0;) € R? x I1 (D, ) x By(Dg) fort =1,...,T as,

T
errg = Z<)‘*7 (¥ — ‘i’)’vo,,,m,> + Z<)\t, (\fl — W)vgr 1, ).

t=1 t=1

We control the above term with the now-classic techniques developed by|Jin et al.|[2020] for bounding
model-estimation errors for linear MDPs. These results also make heavy use of self-normalized tail
inequalities as popularized by |Abbasi-Yadkori et al.|[2011]] (see also Lattimore and Szepesvari, |2020).
To make this clear, we first note that, for any A € R¢, v € RX, and &> 0,

(3 (- 9)0) £ o E O )

Here, we have first used (a) the Cauchy—Schwarz inequality, and (b) the inequality of arithmetic and
geometric means. Using this expression, we can upper-bound the gap estimation error as

X1 XA,
—~ < n n
errg < 725 + Z 72T§

t=1
e oI R R N> o TR

To control the last two terms in the bound, we employ two main lemmas stated below.
Lemma B.1. Let v € [—B, B|X. With probability at least 1 — §, we have that:

(5 3)

Lemma B.2. Consider the function class,

A, (‘il—\Il)v‘

(12)

2B 1
< = 1 1 2log = + B+/dp.
A S Um dog( +d6>+ og5+ dg

V= {v,,,g X [—RDg,RDg]‘W el (D,),0 € IB%d(Dg)},
Let Dy = oT Dy so that vy, r, € V. For any € € (0, 1), with probability at least 1 — §,

80 (% %) v

ALY
2RDg 4aTR2D§ 1
< dl 1+ 4d1 E— 2log -
= og( dﬂ) + og( c + 2 log ;
+ RDg~/dB + (\/B+ 1) eVd.
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The rather tedious but otherwise standard proofs of the above lemmas are given in Appendix [D] Now,
taking into account the fact that for Dg large enough v™ € V yields Corollary [B.3]| below.
Corollary B.3. In the linear MDP setting described in Deﬁnition notice that v™ = vg~: 5, With
0™ = w + yWvgr, x,. Furthermore, with RDg = RVd/(1 — ) > ||v™||_, and D, = oT Dg we
have that v™ € V. Therefore, for all € > 0 with probability at least 1 — 0, the following holds:

A, (T -
H "( )U Al
2V/d R 40T R2d 1
<—"""  ldlog|1+ = | +4dlog |1+ ——— | +2Io
Vil—7) g( dﬂ) g( 6(1—v)> 3

/A
+<1d_i)+(\/5+1)e\/&.

In the following, we apply these results to bound the last two terms in the right-hand side of Equa-

tion (T2). Precisely, using Dg = v/d/(1—7), a = \/2log A/R2D2T = \/2 1 —~)?log A/R2dT

(which follows from optimizing the regret of the m-player in Lemma , as well as € =

daR%*d) (1 —~)? = ¥ f’ZR ;’f“‘ and 8 = R2/dT we have that in any round ¢, with probabil-

20d? log (2T/6) N RQd | R*dlog A 32R2d? 1og A
ALt T n(1—r)? T? T(1—7)?

ity at least 1 — 4,

M.

Likewise,
= 20d? log (2T'/6 R2d R4d]1 A 32R2d21 A
HAn (\II—\IJ) || < o8 ( 2/ )+ +y/ Og Og
ALY n(l—1) T1-
Then plugging in the above bounds in Equation (12) with 7' > %, it follows that for
~ 320d? 10g(2T/6)
Dy =/ a—yr
IMIaz |, - el
< n n T2 Dg\
S TI ; ore 105
with probability at least 1 — §, thus proving the claim. O

B.4 Full proof of Theorem3.1]

To control the expected suboptimality of the output policy 7 ; of Algorithm|I] we study the repective
regret and gap-estimation error at the selected comparator points. Precisely, combining Lemma4.1]
andwhen (A, 7%, 05.7) = ('I’Tu * 07”) € R? x T1(D,) x By(Dy), we have that,
. x 1
E, K,ﬂ o ’“H 7% () + mT (xr ) + =R (O7r) + %err‘f,. (13)

where,
T
Ry () =D > v (@)Y (" (alz) — mi(alz)) g (x, ),

t=1 =z a
T o~

Ror (XT ) =S = A w 7T, ., — 6y),
T

mT (OIT) = Z <9t - 0?t7 q)Tﬁ)\tJ"t - At>

o= SN (T~ B, )+ 3 o (B,
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ss2  Notice that for this choice of A*, by Definition [2.1{v*(2) = (1 — 7)vp(x) + {2 (z), u*) = v™ (z)
s63 is a valid state occupancy measure. Next, introducing the bounds stated in Lemmas [4.3H4.6|under

se4  the required conditions Dy = Vd/ (1 —7), a = \/2 (1—~)%log A/R%dT, D, = oTDg =
s /2T log A/R? and T > 2114 g wellas € > 0.and Dy, = /20018000 yiegs,

n(1—)?

: 23 |[am ? nc e . PR
+(277T+2>’ ’An1+22T; tllaz
Y A « |12 1 T N ) ,
PR U = B T DA
MEIT; H ‘A”WT;” tlasr | +1T€DE,

ses  with probability at least 1 —4, where C' = 65 (d + D3) +3d (1 + RDg)*+3v2dR>D3. Rearranging
s67 the bound and selecting o = /£T to eliminate the (potentially large) norm of the iterates, we obtain

. dlog (1/6) 1 o, H “||? nc
T T < = _ ™ L.
E; K“ # ’T>}* n(1_7)2+ o 2 " aer ) 1IN A T2
T
2, L 2 2
(& -0) o >IN +oTens
dlog (1/9) 1 v ‘ P nC 9
_ 4 ) A T 4 ATeD2
Va7 Tar e IV a7y TP

ses  Furthermore, choosing § = 1/T'Dg, i.e o = v Dg,, we further simplify the above bound on the regret
s69 in terms of the optimization error arising from the policy and feature occupancy updates as,

* dlog (1/90) 1 L112 nC 2
E[<ﬂ'_7w’ >]< LY 7’)\71’ ne ‘Aﬂ.‘ -
7 K H r - n(1_7)2+2nT A;l—’_ D) +7 A_1+ T
570 Moving our attention to our earlier bound on the norm of gy (t),
27TR%d?
C =68 (d+ D) +3d(1 + RDg)” + 37*dR*D} < T
-

571 The inequality follows from our earlier choice of 3 = R?/dT and that T > 1/d?. Plugging the values

. . —~)? . .. 2n og
s72 of C' and Dg in the bound, then choosing n = 1/ 2(711%27}@ and using the condition 7" > %,
573 we have that with probability at least 1 — 4,

. o 2 210
Ey [(u —wr)] < \/W+ (‘ e +1) ¢m

A"

«||2 320d? log (2T/6
+7(‘>\”‘1+1> o8 (21/5)
An n(l—7y)
.12
o N [a=1 + 1 [d10g (277/5)
(1=2) n
s74 This completes the proof. O



C Missing proofs of Section [B.2]

575
576 Lemma C.1. (c¢f. Lemma I of|Duchi et al.|[2010]) Let gx(t) = w + V{I\lvgtm — 0, Given\1 =0
577 and o,n > 0 and the sequence of iterates {\; }1_o defined fort = 1,--- | T as:
B . 1 2 2 1y 2
At = argmin{— (A ga(®) + A = A + 2 AR ). (14)
AcRd 217 n 2 n
s Then, for any X* € R,
(A" = Ay w + fy\/I\lvgtm —0,)
X = XA = A =N lR 2 0 (yx 2 0 2
< s —+5 [Anga(®)l[a-1 + 5 (A" Az — 5 [Aes1lia-r-
579 Proof. The proof of Lemma follows directly from the referenced Lemma from [Duchi et al
ss0  [2010]]. Consider,

* 0 0 1yx
A=A ga(0) + 5 [ Aallae = 5 I
* 1, -
= <>\t+1 — A%, —aga(t) + HAnl (Atg1 — ) + QAnIAt+1> + (A1 — A, ga (1))

1
= (M = AT O = M) oA A ) + S - £ IV

(a)

1
< (A1 — A galt)) — " <)\t+1 — AL A (A — )\t)>

A — 0 2 O 1y #+2
+ o (N A A ) — 5 [Ae1lla-r — B A" A=

=

®
<

C 1 1 * *
© (At+1 — A, ga(t)) — o [Ars1 = Aella- + o (||>\ — Adlfazr — A - >\t+1||i;1)

1 2 1 * 2 * 2
((wnntf2ax®) = 5 1013) + 5o (I8 = Al = I3 = Az

1
(Atr1 — A, ga(t)) + " Arr1 = A AT (A = A1)

@n 1 . .
< S IRz + 5 (I = MRz — 1A = Az

581 We have used

(a) The first order optimality condition on Equation (T4):

582
583 For any A € RY,
1, _ _
<>\t+1 — A, —ga(t) + 5An1 (A1 — Ag) + ‘QAnlAt+1> <0.
584 (b) The relation:
* A — @ Q |1y % *
oA AL A1) — 5 Aesillaz — 5 1A Az = =5 e = A Az 0.
585 (c) By definition of the squared L?-norm for vectors a = A, 1/2 (Aty1 —A") and b =
586 A;1/2 (>\t — At+1):
1 2 2 2
(a.b) = 5 (= 6l + la + bl — lal3)
587 Note that @ and b are well defined since A,, is both symmetric and positive definite.
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599

(d) By definition of the Fenchel conjugate of % [|y||5 for y € RY.

Rearranging the terms and plugging in gx(¢) = w + 'ylfl'uetm — 6; completes the proof. O
Finally, we will use the following result that bounds the gradient norms appearing in the bound above.
Lemma C.2. Under the conditions of the linear MDP setting we have that,

[Anga(t)|3-1 < 68 (d+ Dj) +3d(1+ RDg)* + 3y*dR*Dj.
Proof. Recall thatfort =1,--- ,T gx(t) =w + 'y\fl'ugtm — 0,. Then,
1AngrOl5or = [0+ 2o, -, 6]

A=l
2

= Hﬂ w — et Z LPz xu az <‘Pza 0t>) + ’YAn‘i”Ue,,,m,

—1
An

n 2

%Z ®; (7" (mi7ai) - <‘Pi7 6t>)

i=1

2

< 3] (w— 63,1 +3 +39 Ao, |

At
Now to bound each of the three terms, we use that
18 (w — 61)[[a-1 <287 [|A,, (d+ Dj) <28 (d+ Dj),

where the first inequality uses the assumption that ||w||, < v/d (cf. Deﬁnition and 0; € B4(Do).
Next, we have that

%Z(pz (7’ (l'i,ai) - <<pzv 0t>)

i=1

1 & 9 )
< Ez ||‘Pi||A;1 |7 (w4, a;) — (@i, 01)]
Al i=1
< d(1+ RDg)*.

The last step follows from the fact that the rewards are bounded in [0, 1], ||;]] < R, 8; € By4(Dg)
and Equation (T7). The last remaining term is bounded as

1 n
E Zl PiVeo,,r, (l’;)

L=y 2
EZ “soi||A;1 Hvet-,ﬂf,”oo S dRQDg

i=1

2
2

HATL\IIU@JU _
A

—1
An

IN

Therefore, we obtain
|Anga(t)|[3-1 < 68 (d+ Dj) +3d(1+ RDy)” + 372dR*Dj

and this completes the proof. [
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D Missing proofs of Section [B.J]
In this section, we prove the lemmas stated in Section[B.3]

D.1 Proof of Lemma [B.1]

By definition of A, Sectionand ¥ in Equation (8], we can write:
~ 1 - 1 &
A (\1:—\1:) — A, [ =AT? e | v— [ BI,+ = o |
n v n(n . ;soemi v /Bn"'n;Soz‘Pz v

- %Z%[v (@) = (p (fwi,a5) ,v)] = B

In the last equality we used definition to write ] ¥ = p (-], ai)T~ Let & = v (x;) _
(p (|i,a;),v). Then,
HA“ (‘T’ - ‘I’) ”H + 18|51

S
An At

1 n

=Y i

[

We easily control the second term with the relation:
18%0],0 < 8[a712) 1wl < Bya3 (15)

The last inequality follows from the fact that HA; Y 2H2 < 1/+/B and by definition [2.1| || ®v||, <
BVd forv € [-B, B]X.

Now, to handle the first term, let Dy = (). We construct a filtration F;_1 = D,;_; U (x?, Xy @iy 1)
fort =1,2,--- ,n. Notice that by construction of the dataset &; is a martingale difference sequence
(i.e E[& | Fi—1] = 0) taking values in the range [—2B,2B]. Then, we can directly apply Lemma|E.3]
to obtain a bound on the first term as:

1 n n
- ; pi&i ; pi&i

2

2B det (nA,)"? det (nBI) "'/

< —,|2log
vn 5

1
A;I \/ﬁ (nAn)71

2B R? 1
< —,|dlog| 1+ — 2log —.
—\/ﬁ\dog<+dﬁ>+ g5

with probability 1 — §. In the last inequality we have used the AM-GM inequality and bound on the
feature vectors:

tr (nA,)\? (X, i)\ R2\*
det (nAy) < (FOADN _ (5 W eie) )T (5 MY
d d d
Putting everything together, we have that w.p 1 — 4,

2B R? 1
< —,1dl 1+ — 2log — + B+/dp.
W Og<+d/8>+ 0g6+ Vdap

This completes the proof. O

[ (¥ - w)
Ay
D.2 Proof of Lemma[B.2]

Unlike Lemma we now aim to control the error term HA” (\T’ — \Il) ’U‘
A

n

) when v is random.

. : a0
Also, notice that with 7y (a|z) = RG]

that,

as the uniform policy, fort = 1,--- , T we have

1 (alz)e® (#(@a) Zis i) ele(@a).aTi_, k)
mer1(alz) = = )

S om (a’|x)e“<“’(x’“/)’zi=l 0y) S, ele(@a),a i 6k)
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621 where 6y = 0. Furthermore, since {6;}7_; C B4(Dg), for any ¢ Ha Z};:O BkH2 < aT Dg. Hence,
622 with D, = oT'Dg, m, € I1 (D) and vy, ~, € V.

623 Therefore, as we have seen in previous works [Jin et al.| 2020, Hong and Tewari, [2024]], the quantity
624 HAn (\il - \Il> Vo,

625 with a uniform covering argument over V. Let C,, be an e-cover of V. That is, for v, g, € V, there
626 exists v’ € Cy such that ||v; 9, — v < €. Then, we can write:

, can be controlled without any dependence on the size of the state space
Ay

'l
o0

I (3 9o

AGY
<[ (5-9)

o A o =) 1A @ vl 16)

627 Consider the first term in the bound. Note that v’ is still random with respect to uncertainty in the
628 learning process. However, due to the structure of V we know that C,, exists and has cardinality

629 log|Cy| =0 (d log (1 + %)) (see Lemma. Inspired by Lemma consider the event:

Ev = {exists'u e (Cy: HAn <lfl — \Il) v‘

2RD R2 1
> \/ﬁ" dlog(l + d5> —|—210g5,+RD9\/dﬁ}

ss0  Since C,, C V, we know from Lemma B.1|that P (£,) < &’. Now, taking the union bound over the
631 cover C, we have that,

P( U &) < |Colé'.

vEC,

es2 Therefore for any v’ € C,, with probability at least 1 — &,

A, (8- w) v

A71

2RD 2 A
< Do dlog<1+§ﬁ>+21og|cI—f—RDg\/dB

2
< 2EDo dlog<1+ 56) + 4dlog <1+ 4RD’*RDB> +210g% + RDg+/dB
€

633 Now, for the second term in Equation (I6) we write,

HATL‘/I} (vet;ﬂt - UI)H

1 n
=S i (O, (1) — ' (1)
i=1

2
—1 =
AL A-l

@1 < 2 2
& S o ) o @) il
i=1

1 & s ()
<@ Ny <
=1

634 We have used (a) Jensen’s inequality and (b) since A,, > 0, the relation,

1 — B 1 & - R
n ;sznl(Pi = ;tr (A, pip]) = tr (Anln ;apm{) <u(l)=d. (17)
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635 For the last term, notice that:

HAn‘I’ ('U/ - v@t,m)HAgl = Hﬁq’ ('U/ - v@t,m Z Pi [Zp |.Z'l, az (xl) — VY, (m/))}

—1
Ay

2
(@)

< 6\/7+ H Z‘PZ Zp i, ai) (v (') — Vo, ,m (l‘/)):|

At

(b) 1 «

< eVaB+ | = I = vom 2 il
1=1

)

< e/dB+evd=eVd(VE+1).

s36 This follows from (a) Equation (I3) since v = v’ — vy, , € [—¢, €] and (b) monotonicity of the
637 square root function as well as Jensen’s inequality and (c¢) Equation (I7).

ess Finally, plugging the above results back into Equation (T6), we have that with probability at least
639 1—0,

a5}

AL
2RDg 4RDWRD9 1
< dl 4dlo _— 2log -
="/ og ( dﬁ) + ( . ) + 2log 5
+ RDo/dB + (/B +1) eVd
640 The proof of Lemma|[B.2is complete. O
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E Auxiliary Lemmas

Lemma E.1. Let q1,--- ,q; be a sequence of iterates satisfying ||q;|| ., < RDg by virtue of
definition 2. and 0; € By(Dg). Given an initial policy w1 and learning rate o > 0, and sequence of
policies {ﬂ't _o defined as:

7rt(CL|x)eatIt($,a)
Za’ Tt (a/|l')60‘qt (z,a')’

Then, for any comparator policy ™ and v* some state distribution,

mr1(alz) =

>y e )2 *(alo) — mu(ale)) ez, o) < S (P (" (o)l (1)) | oT D

t=1 =

The proof of the lemma follows from bounding the regret of the 7-player in each state x as

T *(|lz) ||y (| ozT
573 (5 (alo) — mlafe) o) < DT HDIIUI L 257,

t=1 a

via the application of the standard analysis of the exponentially weighted forecaster of [Vovk| [[1990],
Littlestone and Warmuth|[[1994], |[Freund and Schapire|[[1997] (see, e.g., Theorem 2.2 in|Cesa-Bianchi
and Lugosi, 2006), and noting that ||¢;|| ., < RDyg for all ¢.

Lemma E.2. Suppose that ||p(z,a)|, < R forall (x,a) € X x A. Let mg, mg: be softmax policies.
Then, for all states x € X we have that:

3" Ime (alz) — mer (alz)] < R 16 — 6],

a

holds for any 6,80’ ¢ R?.

Proof. Recall that,

ol (@.),6)
(D) =< 7 (alz) = 5

L ele(®.a).0)

0c Bd(Dﬂ-)}.

For mg, mg: € 11 (D, ) using Pinsker’s inequality we have that,

7o (-|) — mer (-])]l; < v/2Dke (w6 (-|2)[|7er (]2))  forz € X, (18)

Furthermore, taking into account the specific structure of the policies, we can write:

o (alz)
D / 1
kL (7o (+|z)[|7er (- E g (alx) log ———= or (al2)

S elo(@.a),0)
S (o0

@ 3" 76 (al2) (p(x,a), 0’ — 8) +log 3 mg (alr) elP(:0"0)

2
w R0~ 6|

= —Zﬂe (alz) <50(x’a)7 —0) +log

2
using that (a) the relation,
Z <<p(z,a),0/> e<ap(m,a),0’> (go(a: a) (,0),0'—
log S ele@ard) log S ele@a)8) | cle(ea)0) logz mo (alz) e ,

and (b) Hoeffding’s lemma (cf. Lemma A.1 of Cesa-Bianchi and Lugosi| [2006]]). The final statement
follows from substituting this result in Equation (18]). O
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Lemma E.3. (Self-Normalized Bound for Vector-Valued Martingales - Theorem 1 of Abbasi-Yadkori
et al.| [2011)]) Let {F;_1}52, be a filtration and {§;}32, a real-valued stochastic process such that &;
fori=1,--- is zero-mean (i.e E [¢; | F;—1] = 0) and conditionally s-subgaussian for s > 0. That is,
forallb e R,

b2s2

E[e" |Fi1] <e
Also, let {p;}52, be F;_1-measurable. Then,
det (nA,)"? det (nBI) ™"/

Z ‘szl < 2s° log[ 5
(nA)?

Lemma EA. (e.g. see Chapter 27 of Shalev-Shwartz and Ben-David| [2014)]) For all € > 0,

log N (Ba(r), |||l - €) < dlog (1 + 25) '

Corollary E.5. Under the conditions of Lemmal[E22] for all € > 0,

108 (LD, [l €) < 108" (BalDo). . ;) < o (14

Lemma E.6. Consider the function class,

2RD,
p .

V= {’Uw)g X [—RDg,RDg]‘W c1(D,),0 € IB%d(Dg)},
we have that:
NVl SN (TUDR), [y +€/2RDa) X N (Ba(Do), |1 ¢/2R)

and,

ARD,RD
108 AT (V. ] ) < 2log (14 2022 )

Proof. Let C denote the e-cover of IT (D, ) with respect to the norm ||-|| . ; and Cy the eg-cover

of B4(Dg) under the L?-norm. For (7,0) € 11 (D) x By(Dg) and (/,0’) € C x C, it follows
that for any state x € X,

> wlale) (p(z,a),8) —'(alz) (p(x,a).0")

[vr.6(s) = vrr 00 (5)] =

acA
= Z (m(alz) — 7' (alx)) (¢ )+ Z (a|lr) (p(x,a),0 — O')
acA acA
< RDp 3" n(ale) — w(ala)| + B Y ' (alo) |6 — &',
acA acA

Let C, = {’Uﬂ—’g : X = [-RDg, RDg] "R’ € Cr,0c¢c Cg}. Then, C, is an e-cover of V with respect

to the L°-norm when ¢, = ¢/2RDg and €9 = ¢/2R. Therefore, we can derive a bound on the
covering number of C,, as:

NVl ) SN (I(D2) [y +¢/2RDo) x N (Ba(Do), |-l ¢/2R)

< ARD, RD9> <1+ 4RD9)
€

4RD,RDg )

IN

Hence,

€

log A (V. [l +€) < 2dlog (1 ;

This completes the proof. O
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The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification:
Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: This is a theory paper, there are no experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [NA]
Justification: This is a theory paper, there is no data or code.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.
 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they

should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: This is a theory paper, there are no experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: This is a theory paper, there are no experiments.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.
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10.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CIL, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: This is a theory paper, there are no experiments.
Guidelines:

» The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]
Justification:
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This is a theory paper, with no specific societal impacts foreseen in the near
future.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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12.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: This is a theory paper, this question is not relevant.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: This is a theory paper, there are no assets used.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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14.

15.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: This is a theory paper, there are no new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: This is a theory paper, we haven’t used crowdsourced data or worked with
human subjects.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: This is a theory paper, we haven’t worked with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

¢ For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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