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Abstract

Scaling LLM-based applications to millions of users is bottlenecked by the inference cost and
latency of modern foundation models, forcing practitioners to trade throughput against output
quality. We study input-side clustering as a principled mechanism to reduce downstream LLM calls,
and identify a gap in existing methods: none simultaneously guarantee a user-specified minimal
within-cluster similarity, exact matching of categorical attributes, and scalability to tens of millions
of samples. We propose a two-stage algorithm that combines Mini-batch K-Means with a greedy
representative-selection step equivalent to the Johnson—Chvétal heuristic for SET COVER over a-
balls in embedding space. The algorithm (i) provably enforces the similarity and attribute guardrails
by construction, (ii) produces a heavily skewed cluster-size distribution that enables aggressive
tail trimming, and (iii) runs in O(nd + n%d/K) time with O(nd + n?/K?) memory, linear in n
for K = O(n). Empirically, it achieves the target minimal similarity at 10x—1000x the speed of
standard clustering baselines across internal and public datasets. Deployed on 38 million customers
for a persona-based recommendation system, it yields a 50-fold reduction in downstream LLM
compute and unblocked a production launch.

1. Introduction

Large Language Models (LLMs) are increasingly deployed in eCommerce applications [5, 9, 11,
13, 15, 17, 20, 29], but their inference cost and latency scale poorly to user bases of tens of millions
[3, 8, 14, 16, 21, 23, 31]. A natural way to reduce this cost is to cluster inputs and invoke the
downstream LLM only on cluster representatives, at the price of approximation error: all members
of a cluster inherit the output computed for the representative. For customer-facing applications, this
error must be explicitly controlled—irrelevant recommendations damage trust and, in the worst case,
pose safety concerns (e.g., choking-hazard toys surfaced to households with young children).

We consider a production personalized-recommendation pipeline (Figure 1) in which customer
shopping personas are mapped to personalized queries via an LLM, products are retrieved, and an
LLM-based Marketing Ceritic filters results. For 38M customers, the LLM stages alone cost $1.13M
and 508 days of wall-clock time under our allocated throughput. Clustering the input personas before
the pipeline is therefore essential, but must satisfy four requirements jointly:

1. semantic similarity between each sample and its cluster representative exceeds a user-specified
threshold «;

2. all samples in a cluster share identical user-specified categorical attributes (e.g., household
composition);

3. the number of clusters is substantially smaller than n (target > 10x reduction);
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Figure 1: High-level overview of the personalized recommendation pipeline.
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4. clustering runtime, memory, and cost scale to n ~ 107 and remain small relative to the
downstream LLM cost saved.

To our knowledge no existing clustering method satisfies all four jointly. We propose a two-stage
algorithm: (i) Mini-batch K-Means [24] produces initial clusters, and (ii) within each initial cluster
we iteratively select the point covering the largest number of remaining samples in its c-ball under
the match relation (similarity > « and attribute equality). Stage 2 is exactly the Johnson—Chvatal
greedy heuristic for SET COVER restricted to each initial partition, which yields an exact guardrail
guarantee and a provable (1 4 In ny)-approximation on cluster count per initial cluster. The resulting
cluster-size distribution is heavily skewed by design, enabling aggressive tail-trimming for additional
data reduction.

Contributions. (1) A simple two-stage clustering algorithm with exact similarity and attribute
guardrails, and a set-cover approximation bound on data-reduction efficiency (Appendix D). (2) Com-
plexity analysis showing O(nd + n?d/K) time and O(nd + n?/K?) memory, linear in n when
K = O(n) (Appendix E). (3) Benchmarks against seven standard clustering methods on internal
and public data showing 10x—1000x speedups at matched cluster counts (Section 4). (4) A produc-
tion deployment clustering 38M customers for a 50-fold reduction in downstream LLM compute
(Section 5).

2. Related Work

Standard clustering methods (K-Means [18], Gaussian Mixture [7], BIRCH [30], Spectral [26, 27])
do not accept a minimal-similarity constraint or attribute-equality constraint out of the box. Threshold-
based methods such as Agglomerative Clustering [28] and Community Detection [22] support a
similarity threshold but require O(n?) pairwise computation and do not scale to n ~ 10”. Lexical
near-deduplication (MinHash [4]) cannot handle paraphrases. Closest to our work is SemDedup [1],
which uses a two-stage embedding-plus-clustering design for data-efficient pretraining; we differ in
(i) enforcing attribute-equality jointly with similarity, and (ii) using greedy set-cover representative
selection, which produces the skewed cluster-size distribution exploited for tail-trimming (Appendix
E1).

3. Method
3.1. Problem Formulation
Let D = {(F;, A;)}}_, with textual content P; and categorical attributes A;. An embedding model
f/émb maps P, — E; € R4, and fsim denotes cosine similarity. We seek a cluster assignment
fetuster : D — {1,...,n} whose image is the set of representative indices, subject to the guardrail
property R

fetuster(Ps, A) = = fsim(Ei, Ej) > a and A; = A;. (1)
Equivalently, defining the match relation i ~ j <= fam(E;, Ej) > o A A; = A and its a-ball
Bu(i) = {j : i ~q j}, every sample must be assigned to a representative whose «-ball covers it.
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Input :Dataset D = {(F;, A;)},, embedding function fepp, similarity function fn, similarity threshold
«, number of initialAclusters K. .
Output : Cluster assignment feusier : D — {1,2,...,n}; data reduction | fejuseer(DP)| < |D|; minimal similarity

ﬁluster(HaAi) = .7 = fsim (femb(Pi)a femb(Pj)) Z «; attribute matChing fcluster(PivAi) = ] =

A=A,
/+ Stage 1: 1Initial Clustering %/
E; + fe(P)Vie{1,2,...,n} // Convert personas to embeddings
Cinit < MiniBatchKMeans({E;}?_,, K) // Generate initial clusters
/* Stage 2: Representative Customer Selection */
for each initial cluster Cy, € C;y; do
Sij + fim(Ei,E;) Vi, j € Cy // Compute pairwise similarities within C}
M < I{S;j>a N Aj=A;}VijeC, // Compute pairwise matches within Cj
U<+ Cy // Set of unmatched customers
R+ 0 // Set of representative customers
while U/ # () do
M« {jeld:M;=1}VieCy // Find matches from the unmatched
customers
r* «— arg max;cc, |M;] // Customer with the most matches
R+ RU{r*} // Add to representatives
fclusm(Pi,Ai) —r*VvVie M- // Assign matched customers to the
representative
U+ U\ M, // Remove matched customers
end

end
return f cluster
Algorithm 1: Two-Stage Clustering with Greedy Representative Selection

Note ~, is reflexive and symmetric but not transitive, which is what makes the problem non-trivial.
The formulation extends to any feature vector and any similarity/distance function.

3.2. Two-Stage Algorithm

Algorithm 1 proceeds in two stages. Stage 1 runs Mini-batch K-Means on {E; } to produce K initial
clusters {C} }. Stage 2 operates independently within each C}: it computes the pairwise similarity
matrix S;; and match matrix M;; = I{S;; > a A A; = A}, then iteratively selects the point 7*
with the largest number of still-unmatched matches, designates it a representative, and assigns all its
matched points to it. The process repeats until every point is covered. Figure 2 (Appendix) illustrates
the procedure on a toy example.

Set-cover view and guarantees. Within each Cj, Stage 2 is exactly the Johnson—Chvatal
greedy heuristic for SET COVER over the candidate family {B,(i) N Cy : i € Cy}. Reflexivity
of ~ ensures a valid cover always exists. We prove in Appendix D that Algorithm 1 satisfies the
guardrail (1) exactly, and that the number of selected representatives within each initial cluster obeys
|Ri| < OPTy - (14 In|Ck|). Because greedy set-cover prioritizes the largest uncovered set at each
step, the resulting cluster-size distribution is heavily right-skewed—an intended feature that enables
tail-cluster trimming for further data reduction (Appendix F.1).

Complexity. Stage 1 is O(T1bKd) time and O(nd) memory. Stage 2 is O(d Y, n}) time and
O(maxy, nz) memory when processed one initial cluster at a time. For balanced ny ~ n/K, total
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Table 1: Within-cluster similarity and runtime at matched cluster count. Min. Sim. is the worst-case
sample-to-representative similarity—baselines violate the guardrail (< «) for 3-21% of
samples, while Algorithm 1 is exact by construction.

Shopping Personas AG News Cosmopedia
. Perc. . . Perc. . . Perc. .
Method g\;rgl Ig/llg Below ;l;]er:(; g\;rgl I;/I:l Below (T;r:(; ISM;rgl ’ Ig/llg Below ;l;]er:(;
1. " Thresh., ’ - " Thresh, 5% . " Thresh, ’
Proposed 0.802 0.750 0.0% 2.7 0413 0300 0.0% 4.2 0512  0.400 0.0% 6.8

Proposed w/ Reassign. 0.825 0.750 0.0% 2.7 0490 0.300 0.0% 42 0.588 0.400 0.0% 6.8
Mini-batch K-Means 0.819 0.554 6.1% 44 0.553 0.006 5.7% 33 0.619 -0.005 4.3% 91

K-Means 0.828 0.600 2.9% 154 0.561 -0.038 4.9% 136 0.630 0.133 2.9% 296
Agglomerative 0.812 0.542 103% 1778 0.543 -0.108 9.6% 2854 0.608 0.007 7.0% 2851
BIRCH 0.799 0.558  14.0% 28 0.536 -0.068 9.2% 878 0.603 -0.001 7.0% 1337
Spectral 0.807 0445 113% 6281 0.505 -0.186 21.2% 1221 0592 -0.077 13.9% 1804
Gaussian Mixture 0.846 0.618 0.8% 5548 0.562 0.006 4.8% 1898 0.630 0.090 3.0% 4254

complexity is O(nd + n?d/K) time and O(nd + n?/K?) memory—linear in n when K = O(n).
See Appendix E for the full derivation and baseline comparison. The role of K is a scalability knob:
larger K reduces per-cluster quadratic cost but introduces partition noise that mildly inflates |R|
(Table 3).

Optional reassignment. Greedy selection is order-dependent: a point may be covered early
by a representative less similar than one chosen later. A post-hoc reassignment step (Algorithm 2,
Appendix) reassigns each point to its most-similar feasible representative, strictly increasing average
within-cluster similarity while preserving |R| and the guardrail (1) (Appendix D). The trade-off is a
flatter cluster-size distribution, which slightly reduces tail-trimming efficiency.

4. Experiments

We benchmark on 100K-sample subsets of (i) internal customer shopping personas, (ii) AG News [6,
10], and (iii) Cosmopedia [2]. The 100K size is chosen because several baselines (Agglomerative,
Spectral) fail to scale beyond this—e.g., Agglomerative requires ~ 90 TB memory at n = 5M. Full
setup in Appendix G.

4.1. Within-Cluster Similarity and Runtime

To compare fairly against baselines that do not accept an « constraint, we fix the number of clusters:
we first run our algorithm with a chosen to yield ~ 50x data reduction (thresholds 0.75/0.3/0.4
for the three datasets), then run each baseline with the matching cluster count. Table 1 reports the
average and minimum within-cluster similarity, fraction of samples below «, and runtime on a single
r7i.12xlarge without parallelization.

Two observations: (i) every baseline violates the guardrail on a non-trivial fraction of samples
(Min. Sim. well below «), while our method holds it exactly; (ii) our method is 10x—-1000x faster
because the O(n?) similarity computation is restricted to within each initial cluster of size ~ n/K,
not to the full dataset. Notably, running Mini-batch K-Means alone to produce all final clusters is
> 10x slower than our two-stage approach at the same cluster count, since running K-Means with
K = |R| is dominated by centroid updates across many clusters.
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4.2. Cluster-Size Skew and Tail Trimming

The set-cover greedy selects the largest uncovered set first, producing a heavily right-skewed cluster-
size distribution (Figure 3, Appendix F). This is a practical advantage: the top 4% of clusters on the
internal data cover 90% of customers, so trimming the tail yields an additional 25 x data reduction
at the cost of dropping a small fraction of users (who can be compensated for by oversampling
upstream). Baselines, which target balanced clusters, achieve at most ~ 30% coverage at the same
4% threshold. The reassignment variant (Section 3.2) partially flattens this distribution, trading
tail-trimming efficiency for higher average similarity.

4.3. Similarity as a Proxy for Recommendation Relevance

The guardrail (1) is only useful if within-cluster similarity correlates with downstream recommenda-
tion relevance. We stratified-sample 7,000 member—representative pairs across 7 similarity buckets
(0.2-0.9), generate 15 recommendations per representative, and have an LLM-based Marketing
Critic rate each (member, product) pair on a 1-5 relevance scale. The Pearson/Spearman correla-
tions between pair similarity and mean relevance are 0.781/0.797 (p < 0.001; scatter in Figure 5,
Appendix), empirically validating similarity as a relevance proxy.

5. Production Deployment

We deployed Algorithm 1 in a June 2025 A/B test of the recommendation pipeline in Figure 1, target-
ing 38M customers with o = (.77 and exact matching on adult gender, adult count, child presence,
child gender, and child age. The threshold o = 0.77 was chosen via offline validation to balance
recommendation relevance against the throughput ceiling imposed by our allocated LLM budget; the
attribute-matching constraints reflect product-safety considerations (e.g., age-appropriateness) not
captured by embedding similarity alone. Clustering achieves ~ 50x data reduction, shrinking the
LLM query-generation step from $114,000/22.8 days (cost/time) to $2,100/0.4 days and the Market-
ing Critic step from $1,018,500/485 days to $20,370/9.7 days—an aggregate ~50-fold reduction in
downstream LLLM compute and wall-clock time.

To validate that clustering preserves recommendation quality at scale, we applied the Marketing
Critic to 5,000 representative—member pairs: the product-to-member relevance rate is only 0.7%
below the product-to-representative rate, confirming that the a-guardrail translates to minimal end-
quality loss. This gap is small relative to the ~ 50x compute savings and well within the margin
absorbed by upstream oversampling. The A/B test showed statistically significant positive impact
on business metrics (omitted for confidentiality) and enabled subsequent launches built on the same
clustering infrastructure.

6. Conclusion

We presented a two-stage clustering algorithm that reframes the LLM-inference-scaling problem
as greedy set cover over a-balls in embedding space, yielding exact within-cluster similarity and
attribute guardrails, a (1 + Inny) approximation on cluster count, and linear-in-n runtime for
K = O(n). Empirically it is 10-1000x faster than standard baselines at matched cluster counts, and
in production it enabled a 50-fold LLM compute reduction for a 38M-customer recommendation
system. Future directions include richer similarity metrics that better predict LLM output agreement,
and learned representatives that minimize |R| under the guardrail.
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Appendix A. Design Considerations and Technical Details

By design, the algorithm proposed in Section 3.2 satisfies all the desired requirements listed in
Section 1: Steps 4-5 ensure that any customer and their matched representative customer will have a
persona similarity above the user-specified threshold and share the same user-specified attributes.
The initial clustering allows the more expensive pairwise similarity computation to be performed
within an initial cluster instead of for all the data. The embedding model, the initial clustering
with Mini-batch K-Means, and the representative customer selection are all computationally cheap,
especially compared to LLMs. Hence the clustering algorithm can effectively scale to large datasets
(38 million samples in our recommendation use case described in Section 5). Section 4.1 shows the
speed advantage of the proposed algorithm against various benchmark methods. Section F.3 shows
that even with a relatively high minimal similarity requirement of 0.75, we can still achieve 186-fold
reduction in data size.

We perform clustering on the embeddings of the customer personas to capture their semantic
similarity, a better approach than near-deduplication approaches based on lexical similarity like
MinHash [4], as lexical similarity cannot handle paraphrases and does not always align with semantic
similarity. SentenceTransformer [22] provides a variety of embedding models and their performance
and latency benchmarks to help with model selection. Our first selection criterion is for the output
embeddings to support both Euclidean distance (used during initial clustering with Mini-batch
K-means) and Cosine similarity (used during representative customer selection). The next criterion
is for the embedding model to perform well across multiple benchmark datasets while having a
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Figure 2: A. Visualization of the embeddings of six sentences projected to a 2D plot. B. The six
embeddings are clustered into two initial clusters by Mini-batch K-means. C. Cosine
similarity matrix of initial cluster 1 (left) and after filtering with a similarity threshold of
0.7 (right). “The customer likes team sports” has the highest number of matches and is
selected as the representative. D. The final clusters.

reasonable latency. Based on these criteria, we select "all-MiniLM-L6-v2" as the embedding model
for the recommendation use case, but other embedding models that satisfy these criteria can be used
as well.

The initial clustering does not need to be very precise, as the subsequent representative customer
selection will further partition the initial clusters. Hence we choose a cheap and fast clustering method
like Mini-batch K-Means for the initial clustering. Mini-batch K-Means is significantly faster and
more memory-efficient than standard K-Means while achieving similar results [24]. Similarly, due to
the subsequent further partition, our clustering algorithm is relatively robust to the hyperparameters
of Mini-batch K-Means or the number of initial clusters as shown in Appendix F.4.

Appendix B. Clustering Algorithm Illustration

See Figure 2 for an illustration of the proposed clustering algorithm.

10



EFFICIENT CLUSTERING WITH PROVABLE GUARDRAILS FOR LLM INFERENCE AT SCALE

Input : Initial cluster Cj, representative set R C C}, similarity matrix {S;;}; jec,, match matrix
{M;;}i jec,, cluster assignment fcluster from Algorithm 1.

Output : Updated cluster assignment fcluster with improved average within-cluster similarity; minimal similarity
and attribute matching guarantees preserved.

for each customer i € C}, do
r* 4 arg Max,cR:M;, =1 ir // Find the best-matching representative
if r* exists then

fcluster(Piy A)«—r* // Reassign customer to the most similar
representative
end
end
return f cluster
Algorithm 2: Reassignment Step (optionally applied within Algorithm 1, Stage 2, for each initial
cluster)

Appendix C. Pseudo-Code of the Reassignment Step

Refer to Algorithm 2 for the optional reassignment step that improves average within-cluster similarity
while preserving the minimal similarity and attribute matching guardrails.

Appendix D. Formal Guarantees of the Proposed Algorithm

In this section we prove that both Algorithm 1 (the base two-stage algorithm) and Algorithm 2 (the
optional reassignment variant) satisfy the minimal similarity and attribute matching requirements
stated in Section 1 (Requirements 1 and 2). We formalize the argument through the lens of sef cover,
which naturally captures the representative-selection step.

D.1. Preliminaries and Notation

Let D = {(P;, A;)}_, be the input dataset, with embeddings E; = femp(F;). For a user-specified
similarity threshold o € [—1, 1] and attribute space, define the match relation ~, on D by

1 ~g ] < fsjm(EZ',Ej) > « and Az = Aj.
Forany i € {1,...,n}, let the a-ball (or admissible set) of i be
Ba(l):{]E{l,,n}ZNaj}

Note that ~,, is reflexive (since fsm(E;, F;) = 1 > « for any reasonable o < 1, and trivially
A; = A;) and symmetric (since fgn is symmetric and equality of attributes is symmetric), so
i € By(i)and j € By(i) <= i € B,(j). It is not transitive in general, which is why clustering
under this relation is non-trivial.

A cluster assignment fcluster : D — {1,...,n} with representative set R C {1,...,n} is said to
satisfy the guardrail property if

fcluster(Pi7Ai) =r — reR and i € Ba(r). 2)

Equivalently, (2) says that every customer is assigned to a representative whose a-ball covers them.
This is precisely the condition required by Requirements 1 and 2.
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D.2. Set-Cover Interpretation

Within any initial cluster Cj, C {1,...,n} produced in Stage 1, consider the collection of candidate
cover sets

Fi = {Ba(i)NCy : i €Cy}.

Stage 2 of Algorithm 1 is exactly the classical greedy algorithm for SET COVER applied to the
universe C with candidate sets F: at each iteration it picks the set covering the largest number
of still-uncovered elements, removes those elements, and repeats until the universe is exhausted.
Because ~,, is reflexive, every element ¢ € C}, is contained in at least one candidate set (namely
B.(i) N Cy), so a valid cover always exists and the greedy procedure terminates.

D.3. Correctness of Algorithm 1

Theorem 1 (Guardrail guarantee for Algorithm 1) For any input D, any embedding function
femp, any symmetric similarity function fgmy with fom(x,x) > o, any threshold o, and any number of
initial clusters K > 1, the assignment fcluster returned by Algorithm I satisfies the guardrail property
(2). In particular, for every i € {1,...,n}, letting r = fclumr(Pi, Aj),

fsim(femb(Pi)a femb(Pr)) >« and A, = A,

Proof Fix an initial cluster C}, produced in Stage 1, and consider Stage 2 applied to Cj,. Let (")
denote the set of unmatched customers at the start of iteration ¢, with /(1) = Ci.
At iteration ¢, the algorithm computes, for each ¢ € (Y,

MY = {jeu? : My=1} = Bali)nu®,

where the second equality follows from the definition M;; = 1{S;; > «and A; = A;} in line 7
of Algorithm 1. It then selects r*() = argmax;cc, \MZ(-t)] and assigns every j € ./\/lit*)(t) to
representative 7*() (line 14). By construction,

jeMY, = jeBa(r®),
80 fsm(Ej, E,«)) > avand Aj = A _.). The set /\/lii)(t) is then removed from 2/“*1) (line 15), so

no customer is ever reassigned within Stage 2, and every customer assigned in iteration ¢ satisfies (2).
(t)

r*(t) ’
ing termination in at most |Cy| iterations with /("+1) = (). Hence every i € C}, is assigned to some
representative 7 € Cj, with i € B,(r). Because Stage 1 partitions {1,...,n} into {Cj}X | and
Stage 2 is applied independently within each CY, the guarantee extends to every ¢ € {1,...,n}. B

Since ~ is reflexive, 7*(*) € M so at least one element is removed per iteration, guarantee-

Corollary 2 (Cover interpretation) Let Rj, C C, be the representatives selected by Stage 2 within
initial cluster Cy. Then {Bu(r) N Ci}rer, is a valid cover of Cy, and R = Uszl R} induces the
final cluster assignment. The final number of clusters is exactly |R| = Zle IR

Remark 3 (Role of the initial clustering) Theorem 1 holds for any partition {Ck}ﬁ(:l used in
Stage 1, including the trivial partition K = 1. The choice of initial clustering affects only the
number of final clusters and the runtime/memory (Appendix B in the main paper), not the correctness
of the guardrails. This is consistent with the empirical robustness reported in Table 3.
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D.4. Correctness of Algorithm 2 (Reassignment Variant)

Theorem 4 (Guardrail guarantee for Algorithm 2) Under the assumptions of Theorem 1, the
assignment fczumr returned after applying Algorithm 2 to the output of Algorithm 1 also satisfies the
guardrail property (2). Moreover, for every customer i, the post-reassignment similarity is at least as
large as the original:

fsim(Eia EAnew (PiyAi)) > fsim(Eia Efold (PizAi)>.

cluster cluster

fold fnew : : :
where [, and 77 denote the assignments before and after reassignment, respectively.

Proof Fix an initial cluster C'; and let Ry, C C);, be the representatives produced by Algorithm 1.
For each i € C}, Algorithm 2 (line 2) defines

*
Tt = argmax,cg, . p;,—19ir

= argmax,cg, nB, (i)fsim(Eia E'r)~

The reassignment is performed only if the constraint set Ry N B, () is nonempty (line 3), in which
case r* € B, (i) by definition, so the guardrail property (2) is preserved.

If Ry N B (%) is empty, the assignment is left unchanged; by Theorem 1 the original assignment
already satisfied the guardrail, so it still does.

However, by Theorem 1 the original representative r°'4 = Afl{l‘iter(Pi, A;) belongs to Ry, and

satisfies i € B, (r°4), equivalently 7°'4 € B, (i) by symmetry of ~,. Hence Ry, N B, (i) is always

nonempty, and the reassignment always executes. Moreover, since 7°'¢ is a feasible candidate in the
arg max,

fsim(Eia Er*) > fsim(Eia E,,‘old),
establishing the monotonicity claim. |

Remark 5 (Representative set is preserved) Algorithm 2 does not modify Ry, it only redistributes
the non-representative customers within Cy, among the existing representatives. Therefore the final
number of clusters |R| is identical for both variants, while the within-cluster similarities can only
weakly increase. This explains the empirical observation in Table 1 that the “Proposed w/ Reassign.”
variant achieves higher average similarity at the same minimal similarity o and the same number of
clusters as “Proposed Clustering”.

Remark 6 (Trade-off with tail-cluster trimming) While reassignment preserves the guardrail and
improves average similarity, it redistributes mass from the largest (earliest-selected) clusters to
smaller ones, flattening the cluster-size distribution. Tail-cluster trimming (Section F.1) therefore
covers fewer customers per retained cluster under Algorithm 2, consistent with Figures 3 and 4.

D.5. Relation to the Minimum Set Cover Problem

The greedy step in Stage 2 is the classical Johnson—Chvatal greedy heuristic for SET COVER. Let
OPT}, denote the minimum number of -balls needed to cover C. Then the greedy procedure yields

IRk < OPTk-(l—i-ln‘CkD,
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so the total number of final clusters satisfies

K K

IRl =) |Ri| < (1+lnmI?X]C’k|)ZOPTk.
k=1 k=1

This provides a formal ceiling on the data reduction loss incurred by the greedy representative
selection, relative to the (NP-hard) optimum cover within each initial cluster. We emphasize that this
bound concerns data-reduction efficiency, not correctness: the guardrail property (2) holds exactly,
not approximately.

Remark 7 (Partition-constrained vs. global optimum) The bound above compares |R| to the op-
timum R} ,.iion subject to the Stage 1 partition {Cy}. The unconstrained optimum Ry, (ignoring
partition boundaries) can be strictly smaller, since two similar customers split across different C},
cannot share a representative in our algorithm. The gap | R}, iion| — Ryiopall is controlled by the
quality of the initial clustering; in our setting Mini-batch K-Means is empirically sufficient to keep

this gap small (Table 3 in Appendix F.4).

Appendix E. Computational Complexity Analysis

We analyze the time and memory complexity of Algorithm 1 and Algorithm 2 as a function of the
dataset size n, the embedding dimension d, the number of initial clusters K, and the attribute-vector
dimension a. Let n; = |Cj| denote the size of the k-th initial cluster, with Zszl ng = n.

E.1. Stage 1: Initial Clustering with Mini-Batch K-Means

Let b be the Mini-batch K-Means batch size and 77 the number of iterations. A standard Mini-batch
K-Means update evaluates b points against K centroids in R? and performs b centroid updates per
iteration, yielding

TStagel = O(leKd>7 MStagel = O((n+K)d),

where the memory term accounts for storing the n embeddings and K centroids. Since b and 77 are
user-specified constants independent of n, Stage 1 is effectively linear in n: O(n d) memory and
(amortized) O(K d) time per mini-batch update. This is consistent with Sculley [24].

E.2. Stage 2: Pairwise Similarity, Match Matrix, and Greedy Selection

Stage 2 is executed independently within each initial cluster Cj,. Within Cy, we perform the following
substeps.

(a) Pairwise similarity matrix. Computing S;; = fsim(E;, Ej) for all 4, j € C}, costs O(ni d)
time and O(n}) memory.

(b) Attribute match matrix. Computing M;; = 1{S;; > aand A; = A;} costs O(nz a) time
and O(ni) memory (assuming a-dimensional categorical attributes compared in O(a)). In practice
one can precompute attribute group IDs in O(ny a) and reduce the pairwise attribute check to an
O(1) equality test, giving O(n?) total.
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(c) Iterative greedy representative selection. Let 7}, be the number of greedy iterations within
Cy (.e., T, = |Rg|). In each iteration the algorithm must find r* = arg max;cc, |/\/ll(-t)\, where

Mgt) ={jeU ® M;; = 1}. A straightforward implementation maintains a row-sum vector of //
restricted to U(®):

« Initialization of row sums: O(n?).

* Per iteration: select 7* in O(ny ), then update row sums by subtracting the columns of M indexed

by M, costing O(]/\/lsf*)\ “ng).

r*o

Since the sets /\/l(t*)(t) partition Cy, > _, |M£?( | = ni., and the total cost of all updates across all Ty,

T
iterations is O(n?). Hence the greedy loop runs in O(n?) time.

Per-cluster Stage 2 complexity. Combining (a)—(c):
Tsuge2(Cr) = O(npd+ni) = O(nid),
Mstage 2(Ck) = O(ni)
Aggregate Stage 2 complexity. Summing over initial clusters,

K
TStageZ = O<dznz>7 MStageZ = O<m]ilxni>,

k=1
assuming Stage 2 is processed one initial cluster at a time (so that only one pairwise matrix is held in
memory). If initial clusters are roughly balanced with n; ~ n/K,

2 2
TStage2 = O(%); MStageZ = O(%) .

This formalizes the role of K: increasing K decreases Stage 2 time linearly and peak memory
quadratically, at the cost of slightly reduced data-reduction efficiency (Appendix F.4, Table 3).

E.3. Stage 2b: Reassignment Step (Algorithm 2)

Within initial cluster C, with representatives Ry, the reassignment loop (Algorithm 2) examines, for
each i € C, only the columns of S indexed by Ry. The cost is O(ny |Rx|) per cluster and

K K
TReassign =0 (Z Nk ’Rk‘> < O (Z ”%) ’
k=1

k=1
which is dominated by the pairwise similarity computation and does not increase the asymptotic
complexity. No additional pairwise storage is needed because S and M have already been material-
ized in Stage 2. This matches the empirical observation that the reassignment variant has essentially
identical runtime to the base algorithm (Table 1, “Time” column).

E.4. Overall Complexity
Combining Stage 1 and Stage 2,
K
Tiotal = O(leKd + dzni> ,
k=1
Miga = O(nd + mgxni) .
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For roughly balanced initial clusters with ny, ~ n/K,
Tiotar = O(’rld + %) ) Mo = O<nd + %22) .

In the regime K = O(n) (i.e., npy = O(1)), Stage 2 becomes O(n d), matching Stage 1, and the
overall algorithm is linear in n.

E.5. Comparison with Baselines

For reference, the baseline methods compared in Section 4.1 have the following standard complexities
on n points in R%:

» K-Means (Lloyd): O(nKdT) time, O(nd) memory.

* Mini-batch K-Means: O(bK dT’) time, O(nd) memory.

* Agglomerative (Ward): O(n?d) time, O(n?) memory (storing the full distance matrix or heap).
BIRCH: O(nd) amortized time, but with large constants.

* Spectral Clustering: O(n?) time in the dense case, with O(n?) memory for the affinity matrix.
* Gaussian Mixture (EM): O(nK d*T) time, O(nd + Kd?) memory.

None of these baselines admit a user-specified minimal within-cluster similarity constraint, and the
O(n?) memory requirement of Agglomerative and Spectral clustering is prohibitive at the n = 38M
scale (as noted in Section 4: ~ 90 TB for n = 5M). Algorithm 1 circumvents this by restricting the
quadratic computation to within each initial cluster, yielding O (maxy n}) < O(n?) memory for any
K > 1. This is the underlying reason for the 10x—1000x runtime advantage observed in Table 1.

Appendix F. Additional Experiment Results

F.1. Cluster Size Distributions

As detailed in Section 3, the iterative greedy selection of representative samples in the proposed
algorithm by design leads to highly skewed cluster size distribution, with practical advantages: We
can remove a large percentage of tail clusters at the cost of removing a small percentage of samples,
improving data size reduction; in the case of personalized recommendation, if quality assurance is
expensive, we can focus on the top clusters by size. We examine how many overall samples the top
clusters by size can cover for different clustering methods in Figure 3 and Figure 4 based on the
experiment output from Section 4.1.

We see that as the percentage of top clusters increases, the proposed clustering algorithm can
cover significantly more samples than other clustering methods. The practical implication, for
example, is that we can keep only 4% of clusters to cover 90% of customers when generating
personalized recommendations for a further 25-fold reduction in downstream computation cost and
latency. The customer removal can be compensated for by oversampling customers in the beginning.

F.2. Relevance Rating v.s. Similarity Figure

We show the scatterplot of relevance rating vs the member-representative similarity in Figure 5,
empirically validating using the minimal within-cluster similarity as quality guardrails of product
recommendations.
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Figure 3: Sample coverage by sorted clusters.
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Figure 4: Sample coverage by sorted clusters on Cosmopedia.

F.3. Impact of Minimal Similarity and Household Attributes

There is a trade-off between within-cluster similarity and the number of clusters. In the case of
personalized recommendations, the higher the similarity, the more likely we recommend the relevant
products to all customers in a cluster, at the cost of increasing the number of clusters and thus
downstream computations. Similarly, the number of clusters will increase if we require matching
household attributes in addition to the persona similarity, such as adult gender, adult count, child
presence, child gender, and child age. These household attributes are important for personalized
recommendations and not always captured in the customer shopping personas. We show how the
number of clusters is affected by the minimal similarity and matching attributes required between
each sample and the cluster representative in Table 2 on randomly selected 5 million customers of
the 38 million customer dataset.

F.4. Impact of Hyperparameters and Robustness

We perform the proposed clustering with reassignment step on the 100K Shopping Personas for
different hyperparameters of Mini-batch K-Means used for the initial clustering before representative
selection. Because the greedy selection and optional reassignment in the second stage help further
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Figure 5: Recommendation relevance rating by member-representative similarity.

Table 2: Clustering performance metrics with different matching attributes and similarity thresholds
on 5 million customers.

Minimal

Matching Attributes Similarity Number of  Average Fraction of Data Data Reduction
Required . Clusters ~ Similarity Retained Fold
Required
0.65 2344 0.794 0.05% 2133 %
0.7 5012 0.812 0.1% 998 x
None 0.75 26868 0.824 0.5% 186
0.8 230262 0.840 4.6% 22%
0.85 1694033 0.904 33.9% 3x
0.9 4695169 0.994 93.9% 1x
0.65 44285 0.792 0.9% 113 %
adult gender, 0.7 49804 0.809 1.0% 100x
adult count, child 0.75 97298 0.824 1.9% 51x
presence, child 0.8 435727 0.846 8.7% 11x
gender, child age 0.85 2146887 0.916 42.9% 2%
0.9 4787855 0.996 95.8% 1x

partition the initial clusters based on desired safety/quality constraints, the proposed clustering
method is robust to the hyperparameters of Mini-batch K-Means or even the choice of the clustering
method used in the first stage (Table 3).

There are two main tradeoffs in our clustering application. The first main tradeoff is between
cluster quality and data reduction fold, which impacts the recommendation quality and downstream
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Table 3: Robustness analysis of the proposed clustering algorithm with reassignment on internal
Customer Shopping Personas across different Mini-Batch K-Means (MBKM) hyperparam-
eters: batch size, init size, and number of initial clusters. We report average within-cluster
similarity (Avg. Sim.), minimal within-cluster similarity (Min. Sim.), number of final
clusters (# Clusters), data reduction fold (Reduc. Fold), Stage 1 time (MBKM), and Stage 2
time (Representative Selection and Reassignment) in seconds.

MBKM MBKM  Num Initial Avg. Min. #Final Reduc. Stage 1 Stage 2
Batch Size Init Size Clusters () Sim. Sim. Clusters Fold Time (sec.) Time (sec.)
1024 1024 10 0.826 0.750 2055 48 x 0.12 12.97
1024 1024 50 0.825 0.750 2539 39x 0.22 1.48
1024 1024 250 0.824 0.750 2920 34 x 0.46 1.02
1024 10240 10 0.825 0.750 2029 49x 0.18 14.59
1024 10240 50 0.825 0.750 2575 38x 0.46 1.41
1024 10240 250 0.824 0.750 3042 32x 1.57 0.90
10240 1024 10 0.826 0.750 2034 49x 0.29 13.54
10240 1024 50 0.825 0.750 2579 38x 0.29 1.44
10240 1024 250 0.824 0.750 3054 32x 0.54 0.89
10240 10240 10 0.826 0.750 2048 48 x 0.21 14.89
10240 10240 50 0.825 0.750 2602 38x 0.58 1.46
10240 10240 250 0.823 0.750 3104 32x 1.69 0.86

computation savings. This tradeoff is controlled by the user specified minimal similarity threshold
and matching attributes shown in Table 2. The second main tradeoff is between scalability (in terms
of latency and memory usage) and data reduction fold. This tradeoff is controlled by the initial
number of clusters, K. Recall that in the second stage of the proposed clustering we compute
pairwise embedding similarity within each initial cluster for the greedy representative selection. This
pairwise computation is O(n?) w.r.t. sample size n, in this case the size of each initial cluster. Thus
as K increases, the latency and memory requirement will both decrease, increasing scalability. In
exchange, the initial clustering also introduces noise so that samples that pass the final cluster criteria
might end up separated during initial clustering, reducing the efficiency of data size reduction, which
worsens as K increases (Table 3). In practice we recommend choosing a K as small as latency and
memory requirements allow to maximize data reduction.

Appendix G. Experimental Setup Details

In the experiment on within-cluster similarities from Section 4.1, we specify the minimal similarity
thresholds (0.75 on internal shopping personas, 0.3 on AG News, and 0.4 on Cosmopedia) to obtain
~50 fold reduction in data size based on our target use case in personalized recommendation and for
making results across 3 datasets more comparable. The conclusions are consistent for other values of
minimal similarity thresholds based on further experiments. We set the number of initial clusters to
be 0.04% of the sample size. Increasing this ratio will reduce the memory requirement of pair-wise
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similarity computation within each initial cluster at the potential cost of increasing the number of
final clusters.

We use the default hyperparameters of the clustering methods benchmarked against as imple-

mented in Scikit-learn [19] 1.7.2, except for Spectral Clustering whose hyperparameters are slightly
adjusted for memory efficiency. The number of clusters is set to match the final number of clusters
produced by the proposed clustering algorithm on each dataset to achieve the same data size reduction.
Other key hyperparameters are as follows:

1.

Mini-batch K-Means: ‘max_iter’: 100, ‘batch_size’: 10240, ‘init_size’: 30720, ‘random_state’:
123.

2. K-Means: ‘init’: ‘k-means++’, ‘n_init’: ‘auto’, ‘max_iter’: 300, ‘algorithm’: ‘lloyd’.
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Agglomerative Clustering: ‘metric’: ‘euclidean’, ‘linkage’: ‘ward’, ‘compute_full_tree’:
‘auto’.

BIRCH: ‘threshold’: 0.5, ‘branching_factor’: 50.

Spectral Clustering: ‘affinity’: ‘nearest_neighbors’, ‘n_neighbors’: 10, ‘eigen_solver’: ‘lobpcg’.
Gaussian Mixture: ‘covariance_type’: ‘full’, ‘init_params’: ‘kmeans’, ‘max_iter’: 100.
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