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Abstract001

Direct Preference Optimization (DPO) is002
widely studied and used in preference align-003
ment problems. However, when the offline004
datasets are sparse, limited, imbalanced, or005
noisy, due to the constrained collection pro-006
cesses, DPO may suffer from performance007
degradation. Inspired by the pessimism princi-008
ple in offline learning, we propose Robust DPO009
(rDPO), a pessimistic preference-optimization010
framework that accounts for dataset uncertain-011
ties by optimizing against the worst-case la-012
tent reward within a data-dependent uncer-013
tainty set. We show that our rDPO enjoys014
a simple structure and can be directly fine-015
tuned from the vanilla DPO policies. More-016
over, We theoretically prove the effectiveness017
of our rDPO, showing it learns a policy robust018
to the dataset uncertainties. We further empiri-019
cally verify that rDPO improves robustness in020
both controlled synthetic environments under021
sparse/noisy comparisons, and language-model022
preference tuning under targeted corruption.023

1 Introduction024

One of the central challenges of Large Language025

Models (LLMs) (Ouyang et al., 2022; Touvron026

et al., 2023; Achiam et al., 2023) is the alignment027

with human values or preferences, whereas non-028

aligned models may generate outputs that are un-029

helpful, toxic, or factually incorrect (Gehman et al.,030

2020; Bai et al., 2022b; Ganguli et al., 2023). Such031

alignment models are generally trained on offline032

datasets of preferences collected from human ex-033

perts. Besides supervised fine tuning (SFT) (Wei034

et al., 2022; Ouyang et al., 2022; Zhou et al., 2023),035

Reinforcement Learning from Human Feedback036

(RLHF) (Christiano et al., 2017; Stiennon et al.,037

2020) is widely studied and used to align the model038

with the preference data (Bradley and Terry, 1952;039

Luce et al., 1959). Despite successes, RLHF learns040

the reward model first, which can be complex and041

prone to reward hacking (Casper et al., 2023; Perez042

et al., 2022; Amodei et al., 2016). Direct Prefer- 043

ence Optimization (DPO) (Rafailov et al., 2023) 044

and its variants (Rafailov et al., 2023; Xu et al., 045

2024; Azar et al., 2024; Ethayarajh et al., 2024) 046

elegantly sidestep these issues via a reparameteri- 047

zation enabling direct policy optimization on pref- 048

erence data, and receive great success. 049

However, the performance of these alignment 050

methods heavily relies on the quality and quantity 051

of the preference dataset. In practice, the datasets 052

are generally limited, sparse, noisy, or unevenly 053

distributed due to the costly data collection process, 054

which introduces uncertainty to the dataset. Yet 055

vanilla RLHF do not account for these uncertain- 056

ties, resulting in an inaccurate reward, and can suf- 057

fer from severe performance degradation (Casper 058

et al., 2023; Banerjee and Gopalan, 2024; Zhang 059

et al., 2025). 060

Our approach. To address these issues and 061

tackle dataset uncertainties, we develop a robust 062

preference alignment framework that adopts the 063

principle of pessimism in tackling uncertainty. This 064

principle has been widely studied in robust and of- 065

fline reinforcement learning (Buckman et al., 2020; 066

Wang et al., 2024; Xie et al., 2021a; Jin et al., 2020; 067

Iyengar, 2005; Nilim and El Ghaoui, 2004; Bag- 068

nell et al., 2001; Satia and Lave Jr, 1973; Wiese- 069

mann et al., 2013; Tamar et al., 2014; Xu and 070

Mannor, 2010), and robust optimization (Rahimian 071

and Mehrotra, 2019; Kuhn et al., 2025) which 072

penalizes overconfident extrapolation, mitigating 073

distributional shift (Fujimoto et al., 2019; Kumar 074

et al., 2020; Uehara and Sun, 2023). Inspired by 075

these studies, we first characterize the uncertainties 076

within the preference data by constructing an uncer- 077

tainty set on the estimated reward. The size of such 078

an uncertainty set is determined by the statistical 079

errors of reward learning from the dataset, based 080

on the comparison graph geometry. We then opti- 081

mize for the worst case within it, to conservatively 082
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tackle the aforementioned uncertainty. We further083

show that, despite the construction of the uncer-084

tainty set being based on the estimated reward, we085

can bypass the reward learning phase, and directly086

learn the robust policy through our robust variant of087

DPO. We hence propose our robust DPO (rDPO),088

which is implementable via two complementary089

views: (i) a margin-shift approach that subtracts090

uncertainty-dependent corrections from pairwise091

preference margins (a drop-in replacement for stan-092

dard DPO loss), and (ii) a reweighting approach093

that robustifies learning by downweighting statis-094

tically unreliable comparisons with no additional095

retraining at all. We also theoretically character-096

ize the sub-optimality of the learned policy, and097

empirically validate our claims in both controlled098

synthetic settings and LLM preference tuning un-099

der realistic dataset imperfections.100

2 Related Work101

Reinforcement Learning from Human Feed-102

back. RLHF has emerged as the dominant103

paradigm for aligning language models with human104

values (Christiano et al., 2017; Ouyang et al., 2022;105

Bai et al., 2022b). The standard pipeline involves106

supervised fine-tuning, training a reward model on107

preference data using Bradley-Terry or Thurstone-108

Mosteller formulations (Bradley and Terry, 1952;109

Thurstone, 1927), and policy optimization via110

PPO (Schulman et al., 2017). RLHF demonstrated111

success in instruction-following (Ouyang et al.,112

2022), summarization (Stiennon et al., 2020), and113

safety alignment (Bai et al., 2022a), but suffers114

from computational complexity and training insta-115

bility (Amodei et al., 2016; Casper et al., 2023;116

Perez et al., 2022).117

Direct Preference Optimization (DPO) (Rafailov118

et al., 2023) massively simplifies RLHF by bypass-119

ing explicit reward modeling through a closed-form120

objective built on the Bradley-Terry model. This121

sparked development of contrastive methods in-122

cluding IPO (Azar et al., 2024), which addresses123

DPO overfitting via regularization; SLiC (Zhao124

et al., 2023), using hinge loss; and KTO (Etha-125

yarajh et al., 2024). Cal-DPO (Xiao et al., 2024)126

addresses DPO’s contrastive nature ignoring ab-127

solute reward values by proposing calibration to128

ground truth rewards.129

Offline RLHF and Pessimism. A central chal-130

lenge in offline preference optimization is distri-131

butional shift between behavior and learned poli-132

cies, extensively studied in offline RL (Levine 133

et al., 2020; Fujimoto et al., 2019; Kumar et al., 134

2020; Kidambi et al., 2020; Uehara and Sun, 135

2021; Wang et al., 2016). The pessimism princi- 136

ple—systematically underestimating values for un- 137

certain state-action pairs—yields provably robust 138

algorithms (Buckman et al., 2020; Jin et al., 2021a). 139

CQL (Kumar et al., 2020) penalizes Q-values for 140

out-of-distribution actions; MOPO (Yu et al., 2020) 141

and MOReL (Kidambi et al., 2020) use uncertainty 142

penalties in model-based RL. These works estab- 143

lish that avoiding overoptimization in poorly sup- 144

ported directions is crucial in data-limited regimes. 145

Preference optimization can thus be viewed as of- 146

fline policy optimization in comparison space. Re- 147

cent work (Chowdhury et al., 2024; Xu et al., 2024) 148

studies DPO’s susceptibility to noise and proposes 149

variance-based weighting, but lacks systematic un- 150

certainty quantification characterizing pessimism. 151

Robust Uncertainty-Aware Preference Opti- 152

mization. Recent work aims to robustify pref- 153

erence optimization via uncertainty signals. Some 154

approaches calibrate or rescale logits/rewards to 155

mitigate temperature mismatch (Xiao et al., 2024; 156

Mao et al., 2024), treating uncertainty as global 157

scaling rather than local, pair-specific confidence. 158

Another thread introduces distributional robust- 159

ness (Wu et al., 2024; Bukharin et al., 2024; Mandal 160

et al., 2025), formulating distributionally robust op- 161

timization over rewards or preference distributions 162

to guard against worst-case perturbations and OOD 163

drift. These provide strong distribution-level guar- 164

antees but often require auxiliary critics, adversar- 165

ial inner loops, or additional networks, increasing 166

computational overhead. 167

Our work contributes local, per-comparison pes- 168

simism with finite-sample guarantees in the tabular 169

setting. We introduce spectral uncertainty penal- 170

ties derived from comparison graph structure and 171

design a robust DPO framework adopting the pes- 172

simism principle from offline RL. Unlike prior 173

heuristic treatments, we provide finite-sample guar- 174

antees connecting policy suboptimality directly to 175

spectral properties of the offline comparison graph, 176

offering a principled foundation for robust prefer- 177

ence optimization. 178

3 Preliminaries 179

3.1 Setup and Notations 180

We consider the problem of offline learning from 181

preferences. Let S be the prompt space and A = 182

2



{1, . . . , A} be the action space containing all pos-183

sible responses in a finite setting. For each prompt184

s ∈ S, a pairwise comparison dataset is collected:185

Ds = {(ai, aj , y) | ai, aj ∈ A, y ∈ {0, 1}},186

where y = 1 indicates preference for response ai187

over aj , and y = 0 indicates aj is preferred over ai.188

The learner’s goal is to infer a policy π(a|s) that189

produces preferred responses.190

Notations. Let Nij(s) denote the count of com-191

parisons between actions i and j, and Wij(s) the192

number of times i is preferred over j. We denote193

by δa ∈ RA the indicator vector for action a (i.e.,194

δa(a
′) = I[a′ = a]). The space of probability195

distributions over A is denoted by ∆(A). We let196

D = ∪sDs denote the global dataset and express197

expectations E(s,a+,a−)∼D over the empirical dis-198

tribution of comparisons.199

3.2 RLHF and DPO200

The Bradley-Terry-Luce (BTL) model (Bradley201

and Terry, 1952; Christiano et al., 2017; Ouyang202

et al., 2022) provides a probabilistic framework203

for pairwise preference generation. An underly-204

ing implicit reward r(s, a) ∈ R is assumed for all205

(s, a)-pairs, and the probability of preference over206

action is given by the logistic distribution:207

P(a1 ≻ a2 | s) = σ(r(s, a1)− r(s, a2)) .208

The goal is to find the optimal policy π∗(s):209

argmax
π

{
Ea∼π(·|s)

[
r(s, a)

]
−β KL(π(· | s) ∥πref(· | s))

} (1)210

where πref is some reference policy from pre-211

training, and the temperature β controls the sharp-212

ness of preference alignment. Without loss of gen-213

erality, we assume
∑

a∈A r(s, a) = 0, ∀s ∈ S.214

RLHF. Standard RLHF first learns the reward215

model r̂(s, ·) from the dataset through maximum216

likelihood estimator (MLE) as:217

argmax
r

{ ∑
(ai,aj ,y)∈Ds

[
y log σ

(
r(ai)− r(aj)

)
+ (1− y) log σ

(
r(aj)− r(ai)

)]}
,

218

and then applies standard RL methods.219

DPO. Direct Preference Optimization (DPO) 220

(Rafailov et al., 2023) bypasses explicit reward 221

modeling and directly optimizes the policy using 222

the preference data. Given a reference policy πref, 223

DPO directly solves (1) for its closed-form solu- 224

tion: 225

π∗(a|s) = 1

Z(s)
πref(a|s) exp

(
r(s, a)

β

)
, (2) 226

where Z(s) =
∑

a′ πref(a
′|s) exp(r(s, a′)/β) is 227

the normalization function. It then directly plugs in 228

the MLE for r, resulting in an optimization problem 229

argmax
π

{
E(s,a+,a−)∼D

[
log σ

(
β log

π(a+ | s)
πref(a+ | s)

− β log
π(a− | s)
πref(a− | s)

)]}
,

230

where a+, a− denote the preferred and unpre- 231

ferred actions, and the optimization can be directly 232

solved through the dataset, without estimating the 233

reward function. Notably, DPO performs a soft 234

reward-weighted improvement step from the pre- 235

trained policy πref. 236

4 Robust DPO for Offline Learning 237

We then present our robust DPO method. 238

4.1 Robust Alignment and Robust DPO 239

As mentioned, DPO may struggle when preference 240

data is limited or noisy. First, the learned MLE 241

reward estimate r̂(s, a) (RLHF) may be inaccurate 242

when the dataset is limited or imbalanced (Jin et al., 243

2021b; Uehara and Sun, 2021; Xie et al., 2021a,b; 244

Rashidinejad et al., 2021; Zanette et al., 2021; Yin 245

and Wang, 2021; Shi et al., 2022; Zhan et al., 2022; 246

Wang et al., 2023). Second, preferences themselves 247

may be non-stationary and time-varying due to 248

new information, social influences, and cultural 249

trends (Zafari et al., 2019; Johnson and Mayorga, 250

2020; Caldwell, 1981), or the dataset generation 251

may contain noise and uncertainties (Yang et al., 252

2024a; Chowdhury et al., 2024; Liang et al., 2024; 253

Bukharin et al., 2024; Huang et al., 2025; Nishi- 254

mori et al., 2025; Sahu and Wells, 2025). These 255

mismatches motivate a robust approach grounded 256

in data-driven uncertainty quantification. 257

To address estimation uncertainty, we adopt the 258

principle of pessimism, widely used in offline rein- 259

forcement learning (Jin et al., 2021b; Uehara and 260

Sun, 2021; Xie et al., 2021a,b; Rashidinejad et al., 261
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2021; Zanette et al., 2021; Yin and Wang, 2021; Shi262

et al., 2022; Zhan et al., 2022; Wang et al., 2023).263

Our approach frames robust preference optimiza-264

tion as a minimax problem over an uncertainty set,265

leading naturally to action-wise reweighting.266

Uncertainty sets around nominal rewards.267

Consider a state s and suppose we have obtained an268

estimate r̂(s, ·) of the latent reward function. Let269

κ(s, a) ≥ 0 represent a per-action uncertainty ra-270

dius which quantifies how accurate the estimation271

is. We define the uncertainty set as272

Rs,a =
{
r : |r(s, a)− r̂(s, a)| ≤ κ(s, a)

}
. (3)273

This interval-based set captures all reward vectors274

whose deviation from r̂ is controlled action-wise275

by the radius R0.276

Robust minimax objective. Rather than optimiz-277

ing expected reward under the nominal estimate r̂,278

we maximize the worst-case reward overRs,a:279

π∗
r (s) = arg max

π∈∆(A)
min

r∈Rs,a

{
Ea∼π(·|s)[r(s, a)]280

− βKL(π ∥πref)
}
. (4)281

The inner minimization selects the reward vector282

that is least favorable to the current policy, while283

the outer maximization finds the policy that per-284

forms best even under this pessimistic scenario.285

The intuition of our method is that, if the un-286

certainty set is constructed so that the true reward287

r(s, a) ∈ Rs,a, then the robust policy π∗
r provides288

an optimized lower bound on the true performance,289

and is hence more robust to the dataset uncertain-290

ties (Iyengar, 2005).291

Closed-form robust policy and re-wrighting for-292

mulation of rDPO. We then derive the closed-293

form solution to (4). Since the uncertainty set (3)294

is interval-based, the inner minimization over r ∈295

Rs,a admits a simple solution: for any distribution296

π, the worst-case reward is attained at297

rworst(s, a) = r̂(s, a)− κ(s, a).298

Substituting this into (4) and solving the KL-299

regularized maximization yields the optimal policy:300

π∗
r (a|s) =

πref(a|s) exp
(
r̂(s,a)−κ(s,a)

β

)
Z ′(s)

, (5)301

where Z ′(s) is the normalization constant. Equa-302

tion (5) shows that robustness enters as an action-303

wise penalty: each action’s estimated reward r̂(s, a)304

is reduced by its uncertainty radius κ(s, a) before 305

exponentiation. Actions with larger uncertainty 306

receive stronger down-weighting, implementing 307

pessimism at the per-action level. 308

Recall that the nominal DPO policy (without 309

robustness) takes the form 310

π∗(a|s) =
1

Z(s)
πref(a|s) exp

( r̂(s,a)
β

)
. 311

Comparing with (5), we obtain the key relationship: 312

π∗
r (a|s)

π∗(a|s)
=

Z(s)

Z ′(s)
exp
(
−κ(s,a)

β

)
. (6) 313

This indicates that we can directly obtain π∗
r 314

by reweighting π∗. The multiplicative factor 315

exp(−κ(s, a)/β) down-weights actions propor- 316

tionally to their uncertainty, ensuring that the ro- 317

bust policy remains conservative in data-scarce or 318

noisy regions of the action space. So, in summary, 319

the minimax formulation (4) over interval uncer- 320

tainty sets (3) leads directly to the robust policy (5), 321

which incorporates pessimism through an intuitive 322

action-wise reweighting scheme. The next subsec- 323

tions will instantiate κ(s, a) via graph-theoretic and 324

spectral analysis of the preference data, grounding 325

these abstract radii in finite-sample guarantees. 326

Margin-shift formulation of rDPO. A key ad- 327

vantage of the robust DPO policy (5) is that it can 328

be directly derived as the optimizer of a modified 329

DPO loss objective. Define the DPO logit margin 330

relative to πref as 331

∆ℓπ(s; a
+, a−) = log

π(a+|s)
πref(a+|s)

−log π(a−|s)
πref(a−|s)

. 332

Then we set the Robust DPO loss as 333

Lr(π) = E(s,a+,a−)∼D

[
log σ

(
β∆ℓπ(s; a

+, a−) 334

−
(
κ(s, a+)− κ(s, a−)

))]
, (7) 335

where the penalty difference κ(s, a+) − κ(s, a−) 336

acts as a deterministic offset to each pairwise mar- 337

gin, directly controlling the degree of pessimism. 338

We then show the following result. 339

Proposition 1. The optimizer of the robust loss (7) 340

coincides with the policy (5). 341

This establishes an equivalence between the 342

robust-optimization view (4) and the margin-shift 343

view (7), both yielding the same robust policy. The 344

margin-shift formulation is particularly convenient 345

for practical optimization, as it reduces to a stan- 346

dard logistic regression with modified targets. 347

We then present our rDPO algorithm as in Algo- 348

rithm 1. 349
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Algorithm 1 Robust DPO Algorithm

1: Inputs: preference data D, reference policy
πref , temperature β, penalty map κ(x, y), step
size η

2: Initialize θ ← θref (or a copy of SFT weights)
3: repeat
4: Sample minibatch

B = {(xi, y+i , y
−
i )}Bi=1 ⊂ D

5: for (x, y+, y−) ∈ B do
6: Compute margin

mθ ← β∆ℓθ(x; y
+, y−) − (κ(x, y+) −

κ(x, y−))
7: Accumulate loss

L += − log σ(mθ)
8: end for
9: Update θ ← θ − η∇θL

10: until convergence
11: Return: πθ

4.2 Graph Laplacian and Ellipsoidal350

Confidence Sets351

Our rDPO relies on the construction of the state-352

action wise error quantification κ(s, a), i.e., to en-353

sure |r(s, a) − r̂(s, a)| ≤ κ(s, a). However, such354

a quantification is generally difficult in RLHF: the355

MLE for BTL models estimates reward differences356

r(s, a1)−r(s, a2) rather than absolute rewards, and357

concentration bounds apply to these differences358

rather than individual reward values.359

The next subsection addresses this challenge by360

developing an ellipsoidal uncertainty set that quan-361

tifies reward estimation error through the spectral362

structure of the comparison graph.363

To address this issue and construct data-364

dependent penalties κ(s, a), in this section, we365

leverage the graph structure induced by pairwise366

comparisons and the spectral properties of the asso-367

ciated Laplacian matrix (Grone et al., 1990; Grone368

and Merris, 1994).369

Comparison graph and Laplacian. The pair-370

wise comparison data induces a natural graph struc-371

ture for each state s. Define the comparison graph372

Gs with vertices A and edge weights Nij(s) (the373

count of comparisons between actions i and j). The374

weighted graph Laplacian Ls ∈ RA×A is375

Ls =
∑
i<j

Nij(s)(δi − δj)(δi − δj)
⊤.376

The Laplacian is positive semidefinite with377

nullspace spanned by the all-ones vector 1. Its378

second smallest eigenvalue λ2(Ls) > 0 (alge- 379

braic connectivity) when the graph is connected, 380

and it provides a natural way to quantify uncer- 381

tainty, encapsulating both connectivity and data 382

density of the comparison structure. If certain ac- 383

tions are rarely compared, the corresponding nodes 384

are weakly connected, yielding a small λ2(Ls). 385

Larger λ2(Ls) indicates richer coverage and well- 386

balanced comparisons. For any vector v ∈ RA 387

satisfying 1⊤v = 0, the quadratic form v⊤Lsv 388

measures how rapidly v varies across connected 389

actions. 390

The pseudoinverse L†
s defines a covariance-like 391

matrix, and the effective resistance 392

Rs(i, j) = (δi − δj)
⊤L†

s(δi − δj) 393

quantifies how uncertain the relative ranking be- 394

tween actions i and j remains given the observed 395

comparisons. Regions of the comparison graph 396

with high effective resistance correspond to poorly 397

supported preferences. Thus the Laplacian encodes 398

the data geometry while L†
s encodes uncertainty 399

geometry. 400

Ellipsoidal concentration for BTL MLE. The 401

key technical result enabling our construction is 402

an ellipsoidal concentration bound for the BTL 403

maximum-likelihood estimator. 404

Lemma 2 (Ellipsoidal Concentration). Fix a state 405

s with connected comparison graph and let r̂(s) 406

be the MLE under the gauge 1⊤r(s) = 0, with 407

bounded dynamic range |r(s, a)| ≤ B. Then for 408

any δ ∈ (0, 1), there exists a constant ρs(δ) > 0 409

such that 410

(r(s)− r̂(s))⊤Ls(r(s)− r̂(s)) ≤ ρs(δ) 411

with probability at least 1− δ. 412

This result follows from the structure of the BTL 413

likelihood under the Ls-norm and the concentra- 414

tion of its score function (see Appendix A.1 and 415

discussions in (Shah et al., 2016; Zhu et al., 2023)). 416

Per-action penalty construction. Lemma 2 im- 417

plies that for any vector u ∈ RA, 418

|⟨u, r(s)− r̂(s)⟩| ≤
√
ρs(δ)

√
u⊤L†

su. 419

Setting u = δa − 1
A1 (which respects the gauge 420

constraint) yields a per-action penalty. Formally, 421

let r̂(s, a) be the maximum-likelihood estimate of 422

5



the latent reward, and define the pessimistic reward423

estimate:424

rpess(s, a) = r̂(s, a)− κ(s, a),

κ(s, a) =
√

ρs(δ)

√
δ⊤a L

†
sδa.

(8)425

Then rpess(s, a) ≤ r̂(s, a) holds with probabil-426

ity at least 1 − δ. The quadratic form δ⊤a L
†
sδa427

captures the effective resistance of action a in the428

comparison graph, quantifying how weakly con-429

nected that action is to others in the dataset. Weakly430

connected (rarely compared) actions receive larger431

penalties, making the resulting policy more conser-432

vative in uncertain regions.433

This construction ties κ(s, a) directly to observ-434

able graph-theoretic quantities, providing a bridge435

between statistical estimation and policy regular-436

ization. Crucially, it enables us to construct an437

uncertainty set for the reward function itself, rather438

than only for reward differences.439

Hence we can plug this quantification term κ to440

our rDPO method and learn the robust policy. In441

the next section, we derive theoretical guarantees442

of the policy learned.443

4.3 Finite-Sample and Spectral Guarantees444

We now establish finite-sample guarantees for the445

robust DPO policy by combining the ellipsoidal446

confidence set from Section 4.2. We first state our447

assumptions.448

Assumption 3. The reference policy assigns449

nonzero probability to every action: πref(a|s) > 0450

for all (s, a).451

Assumption 4. Rewards are mean-zero within452

each state, i.e.,
∑

a r(s, a) = 0, ensuring identi-453

fiability.454

Assumption 5. |r(s, a)| ≤ B for all (s, a) and455

some B > 0.456

Note that Assumptions 3 and 5 are standard in457

RLHF (), while Assumption 4 is without loss of458

generality as the BTL model depends only on re-459

ward differences.460

Denote the robust policy learned through our461

rDPO as π∗
r (a|s) ∝ πref(a|s) exp((r̂(s, a) −462

κ(s, a))/β) and the optimal policy (with true re-463

wards) as π∗(a|s) ∝ πref(a|s) exp(r(s, a)/β). Let464

κmax(s) = maxa κ(s, a).465

Theorem 6. With probability at least 1−δ, it holds466

that467

0 ≤ Js(π
∗)− Js(π

∗
r ) ≤ O

(
κmax(s)

β

)
, (9)468

where Js(π) =
∑

a π(a|s) r(s, a). 469

These results indicate that the robust policy re- 470

mains close to the optimal policy. The deviation 471

scales linearly with κmax(s)/β: increasing pes- 472

simism or lowering temperature contracting log- 473

its more strongly, while in well-supported regions 474

(small κ), the two policies coincide. 475

Spectral characterization. We further derive the 476

guarantees with the Laplacian pseudoinverse. 477

Theorem 7 (Spectral dependence). Let λ2(Ls) de- 478

note the algebraic connectivity (Fiedler value) of 479

the comparison graph Gs. Then 480

max
a

κ(s, a) = O
(√

ρs(δ)
λ2(Ls)

)
. 481

This follows from the Rayleigh quotient in- 482

equality u⊤L†
su ≤ ∥u∥22/λ2(Ls) applied to u = 483

δa − 1
A1. 484

Corollary 8 (Sample-complexity scaling). If Ls = 485

NsL̄s with L̄s the normalized Laplacian and Ns 486

the total number of comparisons at state s, then 487

κmax(s) = O
(
1/
√

Nsλ2(L̄s)
)
, 488

489

∥π∗
r − π∗∥TV = Õ

(
1/(β

√
Nsλ2(L̄s))

)
. 490

This establishes that uncertainty decays as 491

O(1/
√
Ns) with more preference samples, mirror- 492

ing classical offline RL confidence bounds. Dense, 493

well-connected comparison graphs (large λ2(Ls) 494

and Ns) lead to smaller penalties and weaker pes- 495

simism, whereas sparse or disconnected graphs 496

produce stronger regularization. This parallels 497

confidence-set shrinkage in linear bandits, now ex- 498

pressed through the spectral geometry of prefer- 499

ence data. 500

Remark 9. Our algorithm design and theoretical 501

results are derived for tabular settings. In practical 502

LLM setting where the problem scale is large, our 503

tabular approach becomes inefficient. To address 504

this issue, we further extend our rDPO to func- 505

tion approximation settings, which we deferred to 506

Appendix A.5. 507

5 Experiments 508

In this section, we empirically verify that the ef- 509

fectiveness and robustness of our rDPO under both 510

tabular environments and practical LLM alignment. 511
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Figure 1: Pessimistic correction induces conservative policy shifts. (Left) Robust DPO (blue) concentrates
mass away from risky actions compared to DPO (red). (Right) Margin distributions show that the pessimistic
update m← m− (κ+− κ−) produces tighter, left-shifted empirical margins, reducing overconfidence on uncertain
comparisons.

5.1 Tabular Domain512

We construct a gridworld environment with S = 8513

states and A = 5 actions. The reward function514

includes a risky action (high reward, violates con-515

straints) and safe alternatives. The preference516

dataset follows a Zipf distribution over states (α =517

1.25), creating heavy-tailed imbalance: ≈ 70% of518

states have dense comparison graphs (Ns > 250,519

λ2(Ls) > 0.6), while a long tail has sparse, noisy520

data (Ns < 80, λ2 < 0.3, 10% label flips) to model521

realistic preference data where some prompts re-522

ceive abundant feedback while others are under-523

sampled (Ethayarajh et al., 2022).524

We instantiate penalties via ellipsoidal confi-525

dence sets and train for 5000 steps with β = 0.5,526

batch size 64. Policies are tested on an environment527

with 2× stochasticity (out-of-distribution evalua-528

tion), taken average over 10 seeds.529

For each state s, we compute κmax(s) and530

(Nsλ2(Ls))
−1/2. Long-tail states (Ns = 50, λ2 =531

0.2) have κmax ≈ 0.75, while well-covered states532

(Ns = 300, λ2 = 0.8) have κmax ≈ 0.12. This533

validates that uncertainty penalties adapt to local534

data geometry.535

Robustness under distribution shift On the per-536

turbed test environment, Robust DPO achieves537

6.9% higher return than DPO (0.609 ± 0.027 vs.538

0.570 ± 0.026) with 73% lower violation rate539

(0.8% vs. 3.1%). Figure 1 (left) shows that π∗
r540

suppresses risky-action probabilities in uncertain541

states, realizing the contraction mechanism. The542

margin distribution (Fig. 1, right) shifts leftward543

for Robust DPO, reflecting the margin correction544

m← m− (κ+ − κ−).545

In a sample-complexity sweep, we vary Ns ∈546

[50, 500] and observe that ∥π∗
r − π∗∥TV decays 547

as O(N−0.48
s ), close to the theoretical O(N−0.5

s ) 548

(Corollary 8). 549

5.2 LLM Fine-tuning 550

From theory to practice Theorem 7 predicts that 551

uncertainty scales with comparison-graph sparsity 552

and disconnectedness. In LLM domains, we cannot 553

compute graph Laplacians explicitly, but we can 554

proxy uncertainty via gradient variance. For each 555

comparison (x, y+, y−), we estimate: 556

κ̂(x, y+, y−) = α ·Varθ′∼B

[
∇θ LDPO(

x, y+, y−; θ′
)]
.

557

where B is a buffer of recent checkpoints and 558

α is a scaling hyperparameter. High variance indi- 559

cates inconsistent gradients across training, signal- 560

ing ambiguous or low-quality comparisons. 561

Setup Datasets: HH (Helpful-Harmless) (Bai 562

et al., 2022a): 161k pairs with dual objectives (help- 563

fulness vs. safety); SHP (Stanford Human Prefer- 564

ences) (Ethayarajh et al., 2022): 348k pairs from 565

Reddit, diverse domains. Models: Pythia-2.8B (Bi- 566

derman et al., 2023), LLaMA-7B (Touvron et al., 567

2023), initialized from SFT checkpoints. Train- 568

ing: Batch size 128, learning rate 10−6, β = 0.5, 569

2 epochs, H100 GPUs. 570

Baselines: DPO (no penalty), IPO (linearized 571

reward mapping), VPO (auxiliary value model), 572

Cal-DPO (temperature calibration). rDPO uses 573

margin-driven, per-comparison penalties without 574

additional models. 575

Metrics: Reward Margin (r+− r−) on held-out 576

pairs (frozen reward model) quantifies preference 577
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Table 1: LLM alignment results. rDPO achieves 2−3×
higher reward margins while maintaining accuracy, con-
sistent with improved preference separation under the
value-gap bound (Theorem 6).

Method
HH (Pythia-2.8B) SHP (LLaMA-7B)

Margin ↑ Acc. (%) Margin ↑ Acc. (%)

DPO 0.217 57 0.037 48
IPO 0.011 61 0.075 62
Cal-DPO 0.035 54 0.080 60
VPO 0.302 53 0.074 58
rDPO 0.602 56 0.109 57

Table 2: Reweighting evaluation on 100 HH-RLHF
test pairs (Qwen2.5-0.5B with LoRA). Weighted DPO
maintains accuracy while increasing preference margin
strength, consistent with conservative updates on am-
biguous data.

Method Pref. Acc. (95% CI) logp gap

Vanilla DPO 0.58 [0.48, 0.67] 21.97
Weighted DPO (ρ=1) 0.58 [0.48, 0.67] 22.20
Weighted DPO (ρ=3) 0.58 [0.48, 0.68] 23.05

separation (Razin et al., 2025); Pairwise Accuracy578

measures ordering correctness.579

Results Table 1 shows rDPO improves margins580

by 2.7× (HH, Pythia) and 2.9× (SHP, LLaMA)581

over DPO while preserving accuracy within 1%.582

Other baselines here as in VPO requires a separate583

value network; Cal-DPO applies global rescaling.584

rDPO’s margin-driven, local penalties achieve su-585

perior margins without architectural changes, sug-586

gesting that the the developed framework is solid.587

We note that in our results, our rDPO achieves588

a much higher reward margin, showing enhanced589

robustness against dataset uncertainty. Moreover,590

our rDPO maintains a comparable (slightly worst)591

accuracy with other baselines. We highlight that592

such results are expected, known as the robustness-593

accuracy trade-off.594

5.3 Reweighting: Deployment Without595

Retraining596

In this section, we validate our re-weighting formu-597

lation of rDPO. We define Ambiguity score:598

uA,i = 1−min

(
1,
|mi|
c0.8

)
,

mi = log
pπ0(y

+ | x)
pπ0(y

− | x)
.

599

where π0 is the base model and c0.8 is the 80th600

percentile of margins on training data (c0.8 = 1.27).601

High uA means the base model finds the compar- 602

ison ambiguous, suggesting high label noise or 603

underspecification. We then reweight outputs: 604

π̃θ(y | x) ∝ πθ(y | x) exp
(
− ρ uA

)
. 605

where, ρ ∈ {1.0, 3.0} Intuitively, we downweight 606

responses on ambiguous prompts, shifting proba- 607

bility mass toward safer, less controversial outputs. 608

Results Table 2 shows, with Qwen2.5- 609

0.5B (Yang et al., 2024b; Team, 2024) with 610

LoRA adapter (Hu et al., 2021) on hh-rlhf subset, 611

reweighting with ρ = 3.0 preserves accuracy 612

(0.58, 95% CI [0.48, 0.68]) while increasing the 613

gap to 23.05—a 5% improvement in preference 614

discrimination without changing model weights. 615

This validates that robust DPO’s mechanism 616

generalizes to inference-time adaptation, enabling 617

rapid deployment updates. 618

6 Conclusion 619

We presented Robust Direct Preference Optimiza- 620

tion (rDPO), a principled framework that integrates 621

pessimism into preference learning via uncertainty 622

quantification. By constructing ellipsoidal con- 623

fidence sets from comparison-graph Laplacians, 624

we derived data-dependent error quantifications 625

κ(s, a), naturally adapting to local data quality, 626

and further derive the sub-optimality gap of our 627

robust policy. Empirical validation across three 628

paradigms further confirms tight theory-practice 629

alignment, where our rDPO achieves 2−3× higher 630

reward margins than DPO while maintaining simi- 631

lar accuracy. Data-dependent reweighting experi- 632

ments on Qwen2.5-0.5B further demonstrate that 633

base-model margins provide a practical instantia- 634

tion of uncertainty-driven down-weighting. 635

Rather than globally rescaling rewards or adding 636

auxiliary models, rDPO adaptively contracts un- 637

certain preference margins at the per-comparison 638

level. This mechanism improves preference sepa- 639

ration in well-supported regions while preventing 640

overconfident updates on ambiguous data. The 641

consistency across tabular, gradient-variance, and 642

margin-based uncertainty proxies suggests that the 643

core insight (margin-driven pessimism proportional 644

to uncertainty) is fundamental to robust preference 645

learning, independent of specific implementation 646

details. By unifying statistical estimation theory 647

with practical alignment objectives, rDPO provides 648

a scalable, interpretable approach to uncertainty- 649

aware preference optimization. 650
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Limitations651

The theoretical guarantees and results are de-652

veloped in finite settings with Bradley–Terry653

preference models and assumes identifiable re-654

wards, boundedness, and well-connected compar-655

ison graphs. For large-scale LLMs, prompts vary656

widely, comparison graphs are implicit, and per-657

action confidence sets are not directly available.658
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A Theoretical Results 1031

A.1 Finite-Sample Concentration for BTL 1032

This appendix provides the technical ingredients and a concise proof of the finite-sample confidence 1033

ellipsoid used to construct pessimistic penalties κ(s, a). 1034

Fix a state s ∈ S with actions A = {1, . . . , A}. Let the (count) Laplacian of the comparison graph be 1035

Ls =
∑
i<j

Nij(s) (δi − δj)(δi − δj)
⊤, (10) 1036

and write ∥v∥2Ls
:= v⊤Lsv and ∥g∥2

L†
s
:= g⊤L†

sg on 1⊥ := {v : 1⊤v = 0}. 1037

Assumption 10 (Connectivity). The comparison graph is connected. Equivalently, λ2(Ls) > 0 and 1038

Ls ≻ 0 on 1⊥. 1039

Let ℓs(r) denote the negative BTL log-likelihood at state s. 1040

Curvature in Laplacian geometry. 1041

Lemma 11 (BTL curvature in Ls-norm). Under Assumptions 3–5 and 10, define γ(B) := 1042

min|z|≤2B σ(z) [1− σ(z)] > 0, where σ(z) = 1/(1 + e−z). Then for all ∆ ∈ 1⊥, 1043

ℓs(r +∆)− ℓs(r)− ⟨∇ℓs(r),∆⟩ ≥ γ(B)
2 ∆⊤Ls∆. 1044

Equivalently, on 1⊥, ∇2ℓs(r̃) ⪰ γ(B)Ls for all r̃ on the segment [r, r +∆]. 1045

Proof. For one comparison (i, j) with logit z = ri−rj , ϕ′′
ij(z) = σ(z)[1−σ(z)] ∈ (0, 1/4] and ϕ′′

ij(z) ≥ 1046

γ(B) for |z| ≤ 2B. Summing over samples/pairs yields a weighted Laplacian, ∇2ℓs(r̃) ⪰ γ(B)Ls on 1047

1⊥. A Taylor remainder identity gives the claim (Shah et al., 2016). 1048

M-estimation inequality. Let r̂(s) be the MLE (constrained to 1⊥), ∆ := r̂(s) − r(s) ∈ 1⊥. By 1049

optimality, ℓs(r +∆) ≤ ℓs(r); Lemma 11 implies 1050

γ(B)
2 ∥∆∥

2
Ls
≤ ⟨−∇ℓs(r),∆⟩ ≤ ∥∇ℓs(r)∥L†

s
∥∆∥Ls , 1051

hence 1052

∥∆∥Ls ≤
2

γ(B)
∥∇ℓs(r)∥L†

s
. (11) 1053

Concentration of the score. For one comparison (i, j) with label y ∈ {0, 1} and z = ri − rj , 1054

ϕij(z) = −y log σ(z)− (1− y) log(1− σ(z)) has ϕ′
ij(z) = σ(z)− y and, by the chain rule, 1055

∇rϕij(r) = (σ(ri − rj)− y) (δi − δj). 1056

Summing over all pairs/samples at s, 1057

∇ℓs(r) =
∑
i<j

Nij(s)∑
t=1

(
σ(ri − rj)− y

(t)
ij

)
(δi − δj). 1058

At the true r, the residuals are mean-zero, bounded in [−1, 1], and independent across samples. Stack 1059

them as X ∈ Rm and the pairwise directions as columns of U so that∇ℓs(r) = UX and ∥∇ℓs(r)∥2
L†
s
= 1060

X⊤MX with M := U⊤L†
sU . Since UU⊤ = Ls, one checks ∥M∥op = 1 and ∥M∥2fro = A− 1 (on 1⊥). 1061

By the Hanson–Wright inequality (Rudelson and Vershynin, 2013; Shah et al., 2016), there is a universal 1062

C > 0 such that, with probability at least 1− δ, 1063

∥∇ℓs(r)∥2L†
s
≤ C

(
A+ log 1

δ

)
. (12) 1064
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Proof of Lemma 2: Ellipsoidal concentration.1065

Proof. Combine (11) and (12), then square:1066

∥r̂(s)− r(s)∥2Ls
≤ 4

γ(B)2
∥∇ℓs(r)∥2L†

s

≤ C

γ(B)2

(
A+ log 1

δ

)
=: ρs(δ).

1067

This is (r̂ − r)⊤Ls(r̂ − r) ≤ ρs(δ), completing the proof.1068

Support function and per-action radii. Let Cs(ρ) := {v ∈ 1⊥ : v⊤Lsv ≤ ρ}. For any u ∈ 1⊥,1069

sup
v∈Cs(ρ)

⟨u, v⟩ =
√
ρ

√
u⊤L†

su. (13)1070

Applying (13) to e := r̂(s)− r(s) ∈ Cs(ρs(δ)) yields1071

|⟨u, r̂(s)− r(s)⟩| ≤
√
ρs(δ)

√
u⊤L†

su.1072

For the per-action direction ua := δa − 1
A1 ∈ 1⊥, define the per-action radius1073

κ(s, a) :=
√

ρs(δ)

√
u⊤a L

†
sua. (14)1074

This is the penalty construction used in (8) of the main paper.1075

Corollary 12 (One-sided LCB). With probability at least 1− δ, for all a ∈ A,1076

r̂(s, a)− κ(s, a) ≤ r(s, a).1077

Scaling with sample size. If Ls = Ns L̄s (Ns =
∑

i<j Nij(s), L̄s fixed shape), then L†
s = N−1

s L̄†
s and1078

κ(s, a) =
1√
Ns

√
ρs(δ)u⊤a L̄

†
sua = O

(
N−1/2

s

)
.1079

This 1/
√
Ns decay matches classical statistical rates.1080

A.2 Policy Deviation Bounds1081

We now analyze how far the pessimistic DPO policy can deviate from the oracle policy with true rewards.1082

All results hold with probability at least 1− δ, under the concentration guarantees of Appendix A.1.1083

Proof of Theorem 6: Oracle value gap.1084

Proof. Let π∗ be the oracle DPO policy with logits from the true rewards r(s, ·), and suppose |r(s, a)| ≤ B1085

for all a. Define1086

Js(π) :=
∑
a∈A

π(a|s) r(s, a).1087

For any two distributions µ, ν over A,1088 ∣∣Js(µ)− Js(ν)
∣∣ = ∣∣∣∑

a

(
µ(a | s)− ν(a | s)

)
r(s, a)

∣∣∣
≤ ∥r(s, ·)∥∞ ∥µ(· | s)− ν(· | s)∥1
≤ 2B ∥µ− ν∥TV.

1089
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Apply this with µ = π∗
r (·|s) and ν = π∗(·|s). With probability at least 1− δ, 1090

∥π∗
r (·|s)− π∗(·|s)∥TV ≤ eε − 1, ε :=

κmax(s)

β
, 1091

where κmax(s) := maxa κ(s, a). 1092

Therefore, 1093

0 ≤ Js(π
∗)− Js(π

∗
r ) ≤ 2B (eε − 1) = O

(
B κmax(s)

β

)
. 1094

Equivalently, if one prefers an explicit constant for small ε ≤ 1, use eε − 1 ≤ 2ε to obtain 1095

Js(π
∗)− Js(π

∗
r ) ≤

4B

β
κmax(s). 1096

1097

Discussion. These bounds show that pessimism reduces logits, contracts policy ratios within exp(±κ/β), 1098

keeps the policies close in total variation, and incurs only a small value gap relative to the oracle 1099

(Theorem 6). As κmax(s)→ 0 (e.g., O(1/
√
Ns) with more comparisons), pessimistic and oracle policies 1100

coincide. 1101

A.3 Policy Deviation Bounds 1102

A.4 Spectral Dependence and Effective Resistance 1103

The pessimism penalties κ(s, a) defined in (14) involve quadratic forms of the Laplacian pseudoinverse. 1104

This section develops their interpretation in spectral graph theory and proves the spectral scaling results 1105

from the main paper. 1106

Effective resistance and pairwise bounds. For a comparison graph Gs = (A, E) with Laplacian Ls, 1107

the effective resistance between nodes i and j is 1108

Reff(i, j) := (δi − δj)
⊤L†

s (δi − δj). 1109

Proposition 13 (Pairwise uncertainty equivalent with effective resistance). For any (a, b) ∈ A×A, the 1110

ellipsoidal confidence set (Appendix A.1) implies 1111∣∣(r(s, a)− r(s, b)
)
−
(
r̂(s, a)− r̂(s, b)

)∣∣
≤
√

ρs(δ)
√
Reff(a, b).

1112

Thus the confidence radius on a pairwise margin scales with the square root of effective resistance. 1113

Pairs connected by many redundant comparisons have small resistance (small uncertainty), while sparsely 1114

connected pairs have large resistance (large uncertainty). 1115

Per-action penalties as average resistance. For ua = δa − 1
A1 ∈ 1⊥, one can show 1116

u⊤a L
†
sua =

1

A2

∑
b∈A

Reff(a, b). 1117

Proposition 14 (Penalty as average resistance). For each action a, 1118

κ(s, a) =
√

ρs(δ)

√
1
A2

∑
b

Reff(a, b). 1119

Hence κ(s, a) reflects the average effective resistance from action a to all others. 1120
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Proof of Theorem 7: Spectral scaling.1121

Proof. Let λ2(Ls) denote the algebraic connectivity (Fiedler value (Fiedler, 1973)) of Gs. By the Rayleigh1122

quotient inequality,1123

u⊤L†
su ≤

∥u∥22
λ2(Ls)

, u ∈ 1⊥.1124

For the per-action direction ua = δa − 1
A1, we have ∥ua∥22 = 1 + 1/A2 ≤ 2 (for A ≥ 1). This gives1125

κ(s, a) =
√

ρs(δ)

√
u⊤a L

†
sua

≤
√
ρs(δ)

∥ua∥2√
λ2(Ls)

≤

√
2ρs(δ)

λ2(Ls)
.

1126

In particular,1127

max
a

κ(s, a) ≤
√

2ρs(δ)
λ2(Ls)

= O
(√

ρs(δ)
λ2(Ls)

)
.1128

Thus graphs with better connectivity (larger λ2) yield smaller pessimism penalties, completing the1129

proof.1130

Proof of Corollary 8: Sample size scaling.1131

Proof. If Ls = Ns L̄s with Ns total comparisons at state s and normalized Laplacian L̄s, then1132

L†
s =

1
Ns

L̄†
s.1133

Substituting into the penalty formula,1134

κ(s, a) =
√
ρs(δ)

√
u⊤a L

†
sua

=
√
ρs(δ)

√
1
Ns

u⊤a L̄
†
sua

=
1√
Ns

√
ρs(δ)u⊤a L̄

†
sua.

1135

By Theorem 7,1136

u⊤a L̄
†
sua ≤

∥ua∥22
λ2(L̄s)

≤ 2

λ2(L̄s)
.1137

Hence,1138

κmax(s) = max
a

κ(s, a) = O
(
1/
√
Nsλ2(L̄s)

)
.1139

∥πr − π∗∥TV = O
(
κmax(s)

β

)
= O

(
1

β
√
Ns λ2(L̄s)

)
.

1140

Since ρs(δ) = O(A+ log(1/δ)), the Õ notation absorbs logarithmic factors.1141

Asymptotic shrinkage. As Ns →∞, κ(s, a) = O(1/
√
Ns), so pessimistic and oracle policies coincide1142

in the large-sample limit. This matches classical statistical rates and demonstrates that robustness is1143

strongest precisely where data is weakest.1144
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A.5 Linear Function Approximation 1145

A.6 Linear Setting 1146

In LLM alignment settings, rewards often exhibit shared structure across contexts and responses. We 1147

extend our uncertainty-aware pessimism framework to the linear function approximation regime and show 1148

that the tabular Laplacian penalty emerges as a special case. 1149

Linear reward model. Let ϕ(s, a) ∈ Rd be a known feature map and assume a linear latent reward 1150

rθ⋆(s, a) = ⟨θ⋆, ϕ(s, a)⟩, θ⋆ ∈ Rd. (15) 1151

Under the Bradley–Terry–Luce (BTL) logistic comparison model, 1152

P(a+i ≻ a−i | si) = σ
(
⟨θ⋆,∆ϕi⟩

)
,

∆ϕi := ϕ(si, a
+
i )− ϕ(si, a

−
i ).

1153

Ellipsoidal confidence set. Let θ̂ be the regularized MLE obtained from the preference dataset. Define 1154

the pairwise design matrix 1155

ΣD :=
n∑

i=1

∆ϕi∆ϕ⊤
i . (16) 1156

Existing analyses of preference-based reward learning in linear models (e.g., (Zhu et al., 2023)) imply 1157

ellipsoidal concentration of the MLE in the ΣD-geometry. Under standard regularity conditions, there 1158

exists a radius αn(δ) > 0 such that with probability at least 1− δ, 1159

∥θ̂ − θ⋆∥ΣD
:=

√
(θ̂ − θ⋆)⊤ΣD(θ̂ − θ⋆) ≤ αn(δ). (17) 1160

Per-action pessimism. Equation (17) yields a uniform reward lower bound via Cauchy–Schwarz in the 1161

(ΣD,Σ
†
D) dual norms: for any (s, a), 1162

|rθ̂(s, a)− rθ⋆(s, a)| =
∣∣⟨θ̂ − θ⋆, ϕ(s, a)⟩

∣∣ 1163

≤ ∥θ̂ − θ⋆∥ΣD
∥ϕ(s, a)∥

Σ†
D
. (18) 1164

Therefore, with probability at least 1− δ, 1165

rθ⋆(s, a) ≥ rθ̂(s, a)− κ(s, a),

κ(s, a) := αn(δ)

√
ϕ(s, a)⊤Σ†

Dϕ(s, a).
(19) 1166

This converts the coupled ellipsoidal uncertainty in θ into a rectangular (per-action) pessimistic envelope 1167

in reward space, enabling the same robust policy construction (5) as in the tabular case. 1168

Connection to tabular case. When features are one-hot encodings of state-action pairs (i.e., ϕ(s, a) = 1169

e(s,a) for the tabular setting), the design matrix ΣD becomes the Laplacian matrix Ls from Section 4.2, 1170

and the penalty (19) recovers the graph-Laplacian-based penalty (8). 1171

The regularized MLE θ̂ satisfies ellipsoidal concentration in the ΣD-geometry. Under standard regularity 1172

conditions (bounded logit range, Lipschitz gradients), existing analyses (Zhu et al., 2023) yield: 1173

Lemma 15 (Ellipsoidal concentration for linear BTL). Under Assumption 5 (with bounded |⟨θ⋆,∆ϕi⟩| ≤ 1174

B for all i) and connectivity of the design (i.e., ΣD ≻ λId), there exists a radius αn(δ) > 0 such that with 1175

probability at least 1− δ, 1176

∥θ̂ − θ⋆∥ΣD
:=

√
(θ̂ − θ⋆)⊤ΣD(θ̂ − θ⋆) ≤ αn(δ), 1177

where αn(δ) = O(
√

d+ log(1/δ)). 1178
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The proof follows the same M-estimation + concentration template as the tabular case (Appendix A.1),1179

but now operating in feature space. The key ingredients are:1180

• Strong convexity of the logistic loss in the ΣD-norm (analogous to Lemma 11).1181

• Self-concordance of the logistic link, which bounds Hessian variation.1182

• Concentration of the score ∇ℓ(θ⋆) via martingale or Hanson–Wright inequalities.1183

See Zhu et al. (2023) (Theorem 1) for the complete proof.1184

Per-action pessimism via Cauchy–Schwarz. The ellipsoidal set (17) implies a uniform reward lower1185

bound. For any (s, a), by Cauchy–Schwarz in the (ΣD,Σ
†
D) dual norms:1186

|rθ̂(s, a)− rθ⋆(s, a)| =
∣∣⟨θ̂ − θ⋆, ϕ(s, a)⟩

∣∣1187

≤ ∥θ̂ − θ⋆∥ΣD
∥ϕ(s, a)∥

Σ†
D

1188

≤ αn(δ)

√
ϕ(s, a)⊤Σ†

Dϕ(s, a), (20)1189

where ∥v∥2
Σ†

D

:= v⊤Σ†
Dv.1190

Therefore, with probability at least 1− δ,1191

rθ⋆(s, a) ≥ rθ̂(s, a)− κ(s, a),1192

where1193

κ(s, a) := αn(δ)

√
ϕ(s, a)⊤Σ†

Dϕ(s, a). (21)1194

This converts the coupled ellipsoidal uncertainty in θ into a rectangular (per-action) pessimistic envelope1195

in reward space, enabling the same robust policy construction (5) as in the tabular case.1196

Connection to tabular case: One-hot features. When features are one-hot encodings of state-action1197

pairs, i.e.,1198

ϕ(s, a) = e(s,a) ∈ R|S|×|A|,1199

the design matrix ΣD becomes (up to regularization) the state-wise comparison-graph Laplacian Ls.1200

B Experimental Details1201

This appendix provides implementation details and hyperparameters for the experiments in Section 5.1202

B.1 Tabular Domain1203

Environment. We construct an abstract 8-state MDP with S = 8 states and A = 5 actions to enable1204

exact computation of all theoretical quantities as in penalties κ(s, a), comparison graph properties1205

Ns, λ2(Ls), total-variation distance, etc. The environment structure is:1206

• States: S = {s1, s2, . . . , s8}, representing abstract contexts.1207

• Actions: A = {a1, a2, a3, a4, a5}.1208

• Rewards: Designed to include a risky action (higher reward but uncertain) and safe alternatives.1209

Rewards are gauged to zero mean per state:
∑

a r(s, a) = 0.1210

• Dynamics: Deterministic transitions during training; out-of-distribution evaluation uses 2× increased1211

stochasticity to test robustness under distribution shift.1212
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Preference data generation. The key design choice is to create a long-tailed, imbalanced preference 1213

dataset that mirrors real RLHF data (Ethayarajh et al., 2022), where some prompts receive abundant 1214

feedback while others are under-sampled. 1215

State distribution: We sample states according to a Zipf distribution with parameter α = 1.25: 1216

Pr(si) ∝
1

i1.25
, i ∈ {1, . . . , 8}. 1217

This creates heavy-tailed imbalance: approximately 70% of comparisons concentrate on the first 3–4 1218

states, while the remaining states form a long tail. 1219

Comparison graphs: For each state s, we construct a comparison graph over actions A and sample 1220

Ns pairwise comparisons. The resulting dataset exhibits: 1221

• Dense states (70% of states): Ns > 250 comparisons, dense comparison graphs with λ2(Ls) > 0.6 1222

(high algebraic connectivity), low uncertainty. 1223

• Sparse states (30% of states, long tail): Ns < 80 comparisons, sparse or path-like comparison 1224

graphs with λ2(Ls) < 0.3 (low algebraic connectivity), high uncertainty. 1225

Label noise: To model annotation errors, we inject label flips with 10% probability in sparse states 1226

(where data is weakest), flipping the preference outcome yij 7→ 1− yij for individual comparisons. 1227

BTL sampling: Preference labels are drawn from the Bradley–Terry–Luce model: 1228

Pr(ai ≻ aj | s) = σ
(
r(s, ai)− r(s, aj)

)
, σ(z) =

1

1 + e−z
. 1229

Training configuration. 1230

• Penalty construction: Ellipsoidal confidence sets (Eq. 8) with κ(s, a) =
√
ρs(δ)

√
u⊤a L

†
sua, where 1231

ρs(δ) is computed from Lemma 2 with δ = 0.05. 1232

• Reference policy: Uniform πref(a|s) = 1/A = 0.2 for all (s, a). 1233

• Temperature: β = 0.5. 1234

• Optimization: Softmax policy parameterization with exact gradient computation (no sampling). 1235

Training for 5000 steps with batch size 64, using Adam optimizer with learning rate 10−3. 1236

• Evaluation: Policies tested on perturbed environment with 2× transition stochasticity (OOD evalua- 1237

tion). All metrics averaged over 10 independent seeds. 1238

B.2 LLM Preference Learning 1239

Datasets. HH (Helpful-Harmless) (Bai et al., 2022a): ∼161k preference pairs collected from human 1240

annotators, balancing helpfulness and harmlessness objectives. Each sample consists of a prompt and two 1241

assistant responses, with one labeled as preferred. 1242

SHP (Stanford Human Preferences) (Ethayarajh et al., 2022): ∼348k preference pairs scraped from 1243

Reddit, covering diverse open-domain topics. The dataset exhibits natural long-tailed distribution over 1244

prompts and domains. 1245

Preprocessing: Standard train/validation/test splits. Sequences truncated to 384 tokens 1246

(Pythia) or 2048 tokens (LLaMA). Prompts and responses formatted with instruction template: 1247

[INST] prompt [RESP] response. Right-padding with tokenizer pad token. 1248

Models and reference policies. Pythia-2.8B (Biderman et al., 2023): Decoder-only transformer with 1249

2.8 billion parameters. 1250

LLaMA-7B (Touvron et al., 2023): Decoder-only transformer with 7 billion parameters. 1251

Reference policies πref : Both models initialized from supervised fine-tuned (SFT) checkpoints trained 1252

on the same instruction corpus, then frozen during preference optimization. 1253
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Training configuration.1254

• Optimizer: AdamW with learning rate 1× 10−6, linear warmup over 2% of steps, gradient clipping1255

at 1.0.1256

• Batch size: 128 (Pythia-HH), 64 (LLaMA-SHP), with gradient accumulation of 8 steps.1257

• Temperature: β = 0.5 (main experiments); β ∈ {0.1, 0.3, 0.5} (ablation).1258

• Training duration: 2 epochs over training data.1259

• Precision: Mixed-precision (FP16) training with Fully Sharded Data Parallel (FSDP).1260

• Hardware: NVIDIA H100 GPUs (80GB).1261

• Evaluation: Every 500 steps on held-out validation set. Results averaged over last 5 checkpoints1262

and 3 random seeds.1263

Gradient variance proxy for uncertainty. Since we cannot compute comparison-graph Laplacians1264

explicitly in LLM domains, we proxy uncertainty via gradient variance. For each comparison (x, y+, y−),1265

we estimate:1266

κ̂(x, y+, y−) = α ·Varθ′∼B[∇θLDPO(x, y
+, y−; θ′)],1267

where B is a buffer of recent checkpoints (last 10 iterations) and α = 0.2 is a scaling hyperparameter. High1268

variance indicates inconsistent gradients across training, signaling ambiguous or low-quality comparisons—1269

analogous to low λ2 or small Ns in the tabular case.1270

Evaluation metrics. Reward margin: The primary metric quantifying preference separation strength:1271

Margin = E(x,y+,y−)[rϕ(x, y
+)− rϕ(x, y

−)],1272

where rϕ is a frozen reward model trained on the same dataset using Bradley–Terry likelihood. Larger mar-1273

gins indicate greater separation between preferred and rejected responses, reflecting stronger consistency1274

with human judgments (Razin et al., 2025).1275

Pairwise accuracy: Binary preference prediction accuracy:1276

Acc = P(x,y+,y−)[log πθ(y
+ | x) > log πθ(y

− | x)].1277

Measures how often the model assigns higher log-probability to the preferred continuation.1278

Temperature ablation. To validate the κ/β scaling prediction, we train with β ∈ {0.1, 0.3, 0.5}1279

on HH+Pythia. As β decreases, margin curves become smoother and oscillations diminish, directly1280

confirming that effective contraction strength is κ/β. For β = 0.1, chosen/rejected reward curves are1281

nearly monotonic; for β = 0.5, oscillations increase. This empirically validates the theory-predicted1282

trade-off: smaller β induces stronger pessimism and more conservative learning, while larger β allows1283

faster but noisier updates.1284

B.3 Data-Dependent Reweighting Experiments1285

This section provides details for the reweighting experiment (Section 5).1286

Ambiguity metric and weighting. Our reweighting approach computes a deterministic ambiguity score1287

from the base model π0 (frozen Qwen2.5-0.5B-Instruct). For each training pair (xi, y+i , y
−
i ), we compute:1288

mi = meanlogpπ0
(y+i |xi)−meanlogpπ0

(y−i |xi),1289

where meanlogp is the mean token log-probability over completion tokens.1290
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Table 3: Additional results with heuristic margin-shift DPO.

Task / Model Method Margin Accuracy

Toxicity (GPT2–L) DPO 0.022 0.052
rDPO 0.025 0.055

Toxicity (LLaMA–7B) DPO 0.052 0.58
rDPO 0.060 0.58

IMDB (GPT2–L) DPO 3.10 0.80
rDPO 3.80 0.82

Let c0.8 be the 80th percentile of |m| over valid training examples. For our clean HH-RLHF training 1291

subset, c0.8 = 1.2666. We define an ambiguity score uA,i ∈ [0, 1]: 1292

uA,i = 1− clip

(
|mi|
c0.8

, 0, 1

)
. 1293

Pairs with small |mi| (weak base-model preference signal) receive larger uA,i and are treated as more 1294

ambiguous. 1295

Given uA,i, we define penalty-like weights: 1296

wi(ρ) = exp(−ρ uA,i), 1297

and optimize a weighted DPO objective: 1298

LwDPO(θ) =
1

N

N∑
i=1

w̃i · ℓDPO(xi, y
+
i , y

−
i ), w̃i =

wi

w̄
, 1299

where w̄ = Etrain[w] is a precomputed global mean weight (used to keep effective loss scale stable). We 1300

report ρ ∈ {1.0, 3.0}. 1301

Model and training configuration. Base model: Qwen/Qwen2.5-0.5B-Instruct. 1302

Parameter-efficient tuning: LoRA on attention projections (q_proj, k_proj, v_proj, 1303

o_proj) with rank r = 8, α = 16, dropout 0.05. 1304

DPO hyperparameters: β = 0.1 (sigmoid loss), learning rate 10−4, 1 epoch, per-device batch size 1 1305

with gradient accumulation 16, warmup ratio 0.03, max prompt length 512, max sequence length 1024. 1306

Dataset: HH-RLHF (Anthropic Helpful-Harmless) with standard train/test split. Training on clean 1307

subset; evaluation on 100-example test set. 1308

Evaluation metrics. We evaluate preference-following by computing the completion log-probability 1309

gap: 1310

gapi = log pθ(y
+
i |xi)− log pθ(y

−
i |xi), 1311

where log pθ is the sum of token log-probabilities over completion tokens. We report: 1312

• Preference accuracy: 1
N

∑
i I[gapi > 0] with bootstrap 95% CI (2,000 resamples). 1313

• Mean log-probability gap: 1
N

∑
i gapi. 1314

B.4 Exploratory additional tasks 1315

We ran pilot studies on Toxicity and IMDB using GPT2-L and LLaMA-7B to test the margin gains, like 1316

the proxy uncertainty experiment addressed in the Experiments. Here we used a simplified margin-shift 1317

variant of DPO: a per-example scalar shift mi (constant/length/rarity) is subtracted from the DPO logit 1318

before the sigmoid (Eq. (7) with κ(x, y+)−κ(x, y−)=mi). 1319
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