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ABSTRACT

Current approaches to improving reasoning in large language models (LLMs) pri-
marily rely on either supervised fine-tuning (SFT) over expert traces or reinforce-
ment learning (RL) with outcome-level rewards. However, SFT is fundamentally
imitative, while outcome-based RL assumes access to a well-specified verifier. To
address this gap, we propose an adversarial inverse reinforcement learning (AIRL)
framework that learns reasoning rewards directly from expert demonstrations. We
evaluate this framework across reward granularities (sparse, interval, and dense).
Granularity controls the resolution of credit assignment: sparse rewards emphasise
global trajectory quality and training stability, while denser rewards provide higher-
resolution step-level supervision for error localisation but are harder to optimise
stably. We show that the learned reasoning rewards are useful in three comple-
mentary ways. First, as a training signal, they often outperform SFT, with the
best variant improving over SFT on medical reasoning (MedReason), mathematics
(GSM8K), and challenging scientific question-answering (MMLU-Pro). Second,
as an inference-time reranker, they gain up to 17.4 percentage points under a fixed
sampling budget. Third, the learned reward transfers across tasks and backbones,
suggesting that part of the signal is reusable beyond a single domain or model, and
that finer-grained rewards identify the first step at which a trajectory deviates from
a correct path. This supports the diagnosis of reasoning failures and the improve-
ment of test-time selection. Together, these results show that AIRL can recover a
reusable intermediate reasoning step from demonstrations alone, bridging the gap
between pure imitation and reward-driven optimisation for LLM reasoning.1

1 INTRODUCTION

Recent advancements in large language models (LLMs) have driven rapid progress on multi-step
reasoning tasks. A dominant method is to transfer reasoning behaviours from human experts or
stronger models via supervised fine-tuning (SFT) on their reasoning traces (DeepSeek-AI et al.,
2025). While effective, this strategy mainly optimises imitation of observed teacher trajectories. This
is valuable when test-time reasoning remains close to demonstrated traces, but it provides limited
guidance once the model reaches off-demonstration states, because it does not explicitly learn a
step-level objective for scoring alternative intermediate reasoning (Setlur et al., 2025).

Defining a faithful reward for reasoning is non-trivial: hand-crafted signals are task-specific and often
incentivise shortcuts. By contrast, expert reasoning traces are comparatively easier to collect at scale
than carefully engineered step-level reward functions, and implicitly contain information about which
intermediate steps matter.

This motivates three requirements for a learned reasoning reward model: it should improve policy
learning, remain useful at inference time, and provide helpful process feedback.

1We provide the code for our experiments at https://github.com/fanconic/expert_reasoning
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Figure 1: Eliciting expert reasoning via adversarial inverse reinforcement learning. The model
learns a reasoning reward function from expert demonstrations using adversarial IRL.

�
We organise the paper around three desiderata for a learned reasoning reward:

1. D1 Reasoning training signal. The reward should provide a usable optimisation
signal for policy learning on policy-generated trajectories.

2. D2 Inference-time assistance. The reward should help rank candidate traces
under a fixed sampling budget, without requiring policy retraining.

3. D3 Error localisation. The reward should identify where a reasoning trajectory
first diverges from a correct path, potentially enabling diagnosis of failure modes.

To meet these desiderata, we formulate reasoning as an inverse reinforcement learning (IRL) prob-
lem (Abbeel and Ng, 2004; Ziebart et al., 2004). We still use expert demonstrations, but differently
from behaviour cloning: rather than treating expert tokens as direct behaviour targets, we infer a
reasoning reward from expert traces and optimise the policy on its own sampled trajectories. The
same learned reward is then reused for inference-time reranking, yielding step-level diagnostics at
finer granularity.

Contributions. In this work, we make three contributions:

1. We adapt adversarial IRL (Fu et al., 2018; Ho and Ermon, 2016) for large language models
to learn reasoning rewards from expert demonstrations at multiple granularities.

2. We show that a single learned reward can be reused across training and inference: as a
policy-learning signal and as a reranker under fixed sampling budgets.

3. Across GSM8K, MEDREASON, and MMLU-PRO, we show that learned rewards often
outperform SFT as a training signal, improve Best-of-16 reranking by up to 17.4 percentage
points, transfer across tasks and backbones in most settings, and provide examples of
localisation of reasoning error.

The experimental sections 5.1, 5.2, and 5.3 evaluate empirically the desiderata D1 – D3 , respectively. A
systematic overview of our method for learning a dense reasoning reward model is shown in Figure 1.

2 PROBLEM FORMALISM

We model reasoning as an autoregressive generation process. Given a prompt x drawn from a
distribution Q, the LLM generates a response sequence y = (y1, . . . , yT ), where each token yt is
selected from a vocabulary V . Generation is governed by a policy πθ, which induces a probability
distribution over complete reasoning traces:

pθ(y | x) =
T∏

t=1

πθ(yt | x, y<t),

where y<t denotes the history of tokens generated up to step t.

Reward Structure. Unlike standard Reinforcement Learning (RL) where a ground-truth reward is
given, we assume the true evaluation of reasoning is latent. We distinguish between two formulations:
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1. Sparse output reward r(yT | x, y<T ), a scalar signal received only upon completion of
the sequence at token T (e.g., correctness of the final answer).

2. Dense process reward r(yt | x, y<t), a step-wise signal evaluating the quality of the
reasoning process at each token t ∈ {0, . . . , T}, or at selected intermediate tokens.

We focus on the latter, defining the total return of a trace as the sum of its dense rewards: r(y) =
1
T

∑T
t=1 r(yt | x, y<t).

Inverse Reinforcement Learning (IRL). Let πθ denote the current reasoning policy induced by
the LLM parameters θ. We initialise πθ from a base policy and update θ during Adversarial IRL
training. We assume access to a dataset of expert demonstrations DE = {(x, yE)} sampled from an
expert distribution pE(y | x). Our goal is to infer a dense reward model rϕ(yt | x, y<t) (for notation
simplicity also referred to as rϕ(yt)), parametrised with ϕ, that scores the expert’s reasoning, while
jointly optimising πθ against this learned reward. We formulate this as a minimax game:

max
ϕ

min
θ

EyE∼pE

[
1

TE

TE∑
t=1

rϕ(y
E
t )

]
− Ey∼πθ

[
1

T

T∑
t=1

rϕ(yt)

]
. (1)

At each iteration, trajectories y ∼ πθ are sampled from the current LLM and contrasted with expert
trajectories yE ∼ pE . The outer maximisation updates rϕ to assign higher scores to expert trajectories,
while the inner minimisation updates πθ. Since the expert term is independent of θ, minimising
Eq. (1) with respect to θ is equivalent to maximising Ey∼πθ

[
∑

t rϕ(yt)], i.e., improving the policy
under the current learned reward. This notation is used in Section 3 to compare prior methods against
D1 – D3 .

3 RELATED WORK

Using the notation from Section 2, prior work differs mainly by (i) which reward signal is available
and (ii) whether it natively supports D1 – D3 . We therefore organise related work by objective class
and then contrast limitations against our setting.

Imitation objectives. A common objective is to match behaviour to expert trajectories, such as
performing supervised fine-tuning (SFT) as a form of knowledge distillation on existing chain-of-
thoughts from a teacher model or expert demonstrations (Hinton et al., 2015). Formally, our objective
is to maximise the log probability of the generated tokens of the LLM on the demonstrations:

max
θ

EyE∼DE

[
1

T

∑
t

log πθ(y
E
t )

]
.

This initially improves reasoning quality in many settings (DeepSeek-AI et al., 2025; Kang et al.,
2023; Kujanpää et al., 2025; Xu et al., 2025), but it does not learn an explicit reward from policy-
generated traces. As a result, it is limited for D1 in our sense (reward-based optimisation on sampled
trajectories), and does not directly provide D2 reranking or D3 token-level error localisation (Setlur
et al., 2025).

Externally specified reward objectives. Using the notation from Section 2, outcome-supervised
reasoning RL optimises

max
θ

Ey∼πθ
[r(yT )] , (2)

so only the terminal step T contributes. This outcome reward is typically derived from an external
verifier; this paradigm underpins several recent reasoning pipelines (DeepSeek-AI et al., 2025; Uesato
et al., 2022; Yu et al., 2025; YuYue et al., 2025). On the other hand, process-reward models (PRMs)
instead optimise

max
θ

Ey∼πθ

[
1

T

T∑
t=1

r(yt)

]
,

with a reward assigned at all intermediate timesteps, or at selected intermediate timesteps for step-wise
or interval PRMs. These approaches can be effective (Uesato et al., 2022; Lightman et al., 2023), and
search-based variants (e.g., MCTS) can improve exploration (Zelikman et al., 2022; Yuan et al., 2023;
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Singh et al., 2024; Hosseini et al., 2024; Silver et al., 2017). However, the main limitation of both
these methods in our setting is their dependence on externally specified reward signals, which are
often task-specific and costly to construct. In contrast, we learn rϕ(yt | x, y<t) directly from expert
demonstrations without a programmatic verifier, and reuse the same learned reward for training ( D1 ),
reranking ( D2 ), and finer-grained diagnostics ( D3 ).

Learned rewards from preferences or demonstrations. Preference-based RL (RLHF-style) learns
a scalar reward function rϕ, parametrised by ϕ from pairwise preferences between a winning response
yw and a losing response yl for the same prompt x. With (x, yw, yl) ∼ Dpref , the reward model is
trained by

max
ϕ

E(yw,yl)∼Dpref

[
log σ

(
rϕ(y

w
T )− rϕ(y

l
T )

)]
.

The learned reward is then used to optimise the policy, similar in the same way as described in the
previous paragraph in Equation 2:

max
θ

Ey∼πθ
[rϕ(yT )] .

This setting uses preference data rather than external verifiers (Christiano et al., 2023; Rafailov
et al., 2024). On the other hand, IRL-style methods infer reward from demonstrations, often with
adversarial objectives:

max
ϕ

min
θ

EyE∼pE
[rϕ(y

E
T )]− Ey∼πθ

[rϕ(yT )].

This line is closest to our setup, with works from traditional RL theory (Ho and Ermon, 2016;
Fu et al., 2018; Lin and Zhang, 2018; Li et al., 2017), and two more recent advances when using
LLMs (Ye et al., 2025; Lee et al., 2025). However, these formulations operate at the trajectory
level, and none have applications in LLM reasoning. Our method instantiates Eq. (1) with process-
level 1/T

∑T
t=0 rϕ(yt), enabling a single learned critic to support D1 training, D2 inference-time

reranking, and D3 process-level localisation.

We summarise this desiderata-centric comparison in Table 1.

Method Class Representative Works Optimisation Objective Reward
Type

External
Verifier D1 D2 D3

SFT / Distillation

Hinton et al. (2015)
DeepSeek-AI et al. (2025)
Kang et al. (2023)
Kujanpää et al. (2025)
Xu et al. (2025)

maxθ EyE∼DE

[
1
T

∑
t log πθ(y

E
t )

] Implicit
(e.g. Logits) ✗ ✗ ✗ ✗

Outcome-supervised RL
DeepSeek-AI et al. (2025)
Yu et al. (2025)
YuYue et al. (2025)

maxθ Ey∼πθ
[r(yT )] Outcome ✓ (✓) (✓) ✗

Process-supervised RL Uesato et al. (2022)
Lightman et al. (2023) maxθ Ey∼πθ

[
1
T

∑T
t=1 r(yt)

]
Process ✓ (✓) (✓) (✓)

Preference-based RL
(RLHF-style)

Christiano et al. (2023)
Rafailov et al. (2024)

maxϕ E
(yw,yl)∼Dpref

[
log σ

(
rϕ(y

w
T ) − rϕ(y

l
T )

)]
then maxθ Ey∼πθ

[rϕ(yT )]

Outcome
(learned) ✗ ✓ ✓ ✗

Adversarial imitation
IRL (trajectory-level)

Ye et al. (2025)
Lee et al. (2025)

maxϕ minθ(
EyE∼pE

[rϕ(y
E
T )] − Ey∼πθ

[rϕ(yT )]
) Outcome

(learned) ✗ ✓ ✓ ✗

Expert Reasoning (ours) this work
maxϕ minθ(
EyE∼pE

[ 1
TE

∑
t rϕ(yt)] − Ey∼πθ

[ 1
T

∑
t rϕ(yt)]

) Process
(learned) ✗ ✓ ✓ ✓

Table 1: Related work comparison. Objectives are written to match the equations in Section 3.
D1 : usable reward-based training signal on policy-generated traces. D2 : same reward can assist
inference-time reranking. D3 : token-level process diagnostics for error localisation. Parenthesised
checkmarks indicate partial support.

4 METHOD

We adapt adversarial IRL (Ho and Ermon, 2016; Fu et al., 2018) to large language modelling. Directly
solving Eq. (1) from Section 2 induces nested optimisation loops: an outer maximisation over reward-
model parameters ϕ, and, within each outer step, an inner minimisation over policy parameters θ that
requires repeated policy updates and fresh rollouts under the current reward. This bilevel procedure is
computationally too expensive when using LLMs, so we instead use an alternating iterative approach
where a discriminator LLM provides implicit rewards and the reasoning policy is updated via Group
Relative Policy Optimisation (GRPO).
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4.1 REASONING REWARD MODEL

We train a reasoning reward model, Dϕ, as a discriminator to distinguish expert reasoning traces from
those generated by the policy.

Discriminator Training. A naive adversarial discriminator that treats all expert traces as positive
and all policy traces as negative can separate classes using source/style artifacts rather than reasoning
quality. To reduce this shortcut, we define labels using answer agreement with the paired expert
demonstration. For each prompt, we compare the final answer produced by a policy trace to the final
answer in the corresponding expert trace. Importantly, this does not require an external verifier or
task-specific checker. Let O(y) denote the final answer extracted from trace y. We define the positive
set Dpos as expert traces plus policy traces that match the expert answer:

Dpos = {y ∼ pE} ∪ {y ∼ πθ | O(y) = O(yE)}.
The base-negative set contains policy traces whose final answer does not match the corresponding
expert answer. To improve robustness to subtle errors, we optionally augment negatives with synthetic
corruptions C(y) derived from expert traces (e.g., flipped numerical quantities in mathematics or
plausible but incorrect medical reasoning):

Dneg = {y ∼ πθ | O(y) ̸= O(yE)} ∪ {C(yE) | yE ∈ DE}.
Contrasting with prior work, outcome- and process-supervised RL typically rely on externally
specified reward signals or verifiers (DeepSeek-AI et al., 2025; Uesato et al., 2022; Lightman et al.,
2023), and preference-based methods rely on pairwise preference labels (Christiano et al., 2023;
Rafailov et al., 2024). Trajectory-level adversarial imitation often separates expert and policy traces by
source (Ye et al., 2025; Lee et al., 2025), which can encourage style discrimination. Our construction
instead uses demonstration-only answer consistency and includes answer-consistent policy traces as
positives, encouraging the discriminator to score reasoning quality rather than provenance/style while
avoiding external verifier dependence.

Granularities. The discriminator Dϕ(yt) is trained as a token-level classifier. We introduce a binary
mask mt ∈ {0, 1} to control reward granularity, i.e., when supervision is applied along the trajectory.
We vary this granularity because it directly sets the credit-assignment scale: coarser masks provide
lower-variance, trajectory-level signals that are typically easier to optimise ( D1 ), while finer masks
provide higher-resolution process feedback for localising errors ( D3 ) but are harder to optimise
robustly in adversarial training.

This also makes the contrast to prior reasoning RL explicit. Outcome-supervised methods correspond
to terminal-only rewards (DeepSeek-AI et al., 2025), whereas process-reward methods typically
assume externally specified step-level labels or verifiers (Uesato et al., 2022; Lightman et al., 2023).
In our setting, the reward is learned from demonstrations and the same AIRL pipeline is evaluated
across granularities via mt, enabling a direct sparse-to-dense comparison without changing the
supervision source.

We evaluate four levels: (1) Sparse Outcome (mt = 1 only at t = T ); (2) Interval (mt = 1 every
k tokens); (3) Fully Dense (mt = 1 for all t); and (4) Step-wise (mt = 1 at sentence / reasoning
delimiters; reported in the Appendix). The objective is to minimise the masked binary cross-entropy:

LD(ϕ) = Ey∼Dpos

[
1

T

T∑
t=1

mt logDϕ(yt)

]
− Ey∼Dneg

[
1

T

T∑
t=1

mt log
(
1−Dϕ(yt)

)]
. (3)

Implicit Reward. After updating the discriminator, we derive the implicit reward from its logits:

vϕ(yt) = logDϕ(yt)− log(1−Dϕ(yt)). (4)

4.2 POLICY LEARNING WITH DENSE REASONING REWARDS

We optimise the policy πθ using GRPO (Shao et al., 2024), adapted here for dense process rewards.
At each policy-update iteration, we first freeze a snapshot of the current policy parameters and denote
it by θold (the rollout/reference policy for that iteration). For a given prompt x, we then sample a
group of G outputs {y(g)}Gg=1 from πθold . We subsequently update θ while keeping θold fixed.
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Reward Densification (Backfilling). The raw signal vϕ(yt) is only defined at positions where
mt = 1. For Sparse, Step-wise, and Interval masks, we therefore densify by backfilling: each
unmasked token inherits the reward of its next supervised checkpoint. Formally, with

t′ = min{k ≥ t | mk = 1}, we set rϕ(yt) = vϕ(yt′).

For the fully dense case, rϕ(yt) = vϕ(yt).

We use this piecewise-constant densification for two reasons: (i) it keeps supervision demonstration-
only, and (ii) it allows a controlled sparse-to-dense comparison under the same AIRL objective. This
differs from prior reasoning pipelines that typically obtain dense supervision from externally specified
process labels or verifiers (Uesato et al., 2022; Lightman et al., 2023).

Subsequently, to avoid exploding positive and negative reward updates and avoid reward hacking (see
Section 5.1), we clip dense rewards to a symmetric bound:

rϕ(yt)← clip (rϕ(yt),−β, β) , (5)

where β > 0 is a scalar threshold. This is crucial because vϕ is a logit and therefore unbounded: as
Dϕ → 0 or 1, |vϕ| → ∞, which can cause numerical instability and over-optimisation.

Group Standardisation. To reduce the variance of the policy-gradient estimator in the policy
objective (Eq. 7), we standardise sequence-level rewards within each sampled group, following Cetin
et al. (2025) and Cui et al. (2025). Here, a sequence means one sampled model output (reasoning
trace) for the current prompt, denoted (y

(g)
1 , . . . , y

(g)
Tg

), with g ∈ {1, . . . , G}. For each such sequence
g, we compute its mean dense reward:

r̄(g) =
1

Tg

Tg∑
t=1

rϕ(y
(g)
t ).

We then compute the group mean µ and standard deviation σ over {r̄(g)}Gg=1, and define the nor-
malised sequence-level advantage:

A(g) =
r̄(g) − µ

σ + ϵ
. (6)

This normalised value is broadcast to tokens in the same sequence, i.e., A(g)
t := A(g) for all t. Finally,

the policy is updated using the PPO clip loss on the policy samples DP = {y(g)}:

Lπ(θ) = Ey∼DP

[
1

T

T∑
t=1

min
(
wtAt, clip(wt, 1− ϵ, 1 + ϵ)At

)]
, (7)

where

wt =
πθ(yt | x, y<t)

πθold(yt | x, y<t)
,

with θold fixed to the pre-update policy parameters used to generate DP in the current iteration.

Training Stability. A known limitation of adversarial training is that a single discriminator update
per policy step leaves Dϕ under-trained relative to πθ, making the reward signal noisy and susceptible
to reward hacking (Heusel et al., 2018; Arjovsky et al., 2017; Ye et al., 2025). To mitigate this,
we introduce two complementary stabilisation mechanisms. First, we maintain replay buffers
Bpos and Bneg that accumulate positive and negative traces across iterations; each discriminator
update samples mini-batches from these buffers rather than solely from the current policy rollouts,
broadening the distribution of training examples and reducing non-stationarity. Second, we perform
Ndisc discriminator gradient steps per policy update, allowing Dϕ to track the evolving policy more
closely before the next GRPO step. Together, these modifications keep the discriminator well-
calibrated throughout adversarial training, thereby reducing the frequency of mode collapse observed
in adversarial learning.

The training algorithm for adversarial inverse reinforcement learning for easoning reward models is
summarised in Appendix Algorithm 1.
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5 EXPERIMENTS

We evaluate our learning of reasoning reward models via AIRL on GSM8K (Cobbe et al., 2021),
MEDREASON (Wu et al., 2025), and MMLU-PRO (Wang et al., 2024). We choose these benchmarks
because they stress complementary reasoning regimes: GSM8K emphasises multi-step arithmetic
computation, with demonstrations collected from humans.MEDREASON emphasises domain-specific
clinical reasoning with plausible but incorrect alternatives, with demonstrations generated by LLMs
and quality checked by medical doctors. MMLU-PRO emphasises broad, heterogeneous scientific
reasoning, and the reasoning demonstrations are generated by LLMs. This diversity is important for
assessing whether the learned reward remains useful across different reasoning styles, rather than a
single-task format. All three provide expert reasoning traces that align with our demonstration-driven
IRL setting.

Our base policies are open-weight instruction-tuned variants not trained for reasoning: Qwen2.5
(7B) (Bai et al., 2023), Llama3 (8B) (Touvron et al., 2023), and Qwen3-4B (Yang et al., 2025).
Moreover, we report results for weaker models (Llama3.2-3B and Qwen2.5-3B) in the Appendix.
We always instantiate a policy model as a text generator and the reasoning reward model as a token
classifier. Based on the different densities of reasoning reward (sparse, interval, and dense), we
backfill token rewards as described in Section 4.2.

Each experimental subsection directly evaluates one desideratum from Section 1. D1 (Section 5.1)
tests training-signal quality via final policy after AIRL training, compared to SFT and outcome-
reward RL. D2 (Section 5.2) tests inference-time assistance via reranking gains under a fixed sample
budget. D3 (Section 5.3) tests process-level utility via cross-task/backbone transfer and token-level
localisation of the erroneous reasoning step. Implementation details appear in Appendix A.

5.1 USING THE LEARNED REWARD AS A TRAINING SIGNAL

RQ1: Can AIRL improve reasoning in an LLM policy πθ (the generator) when πθ is trained only
with rewards inferred from expert demonstrations?

Experimental setup. For each backbone LLM, we treat the generator as a policy πθ and train it
using learned reasoning rewards from our IRL procedure, with sparse, interval (k = 15), and dense
reward variants. Following Ye et al. (2025) and Lee et al. (2025), we perform a 250-step warm-up.
Subsequently, we jointly optimise the policy and reward models for each dataset and evaluate the
resulting policies using pass@1. We compare against two baselines: GRPO with outcome rewards
from a ground-truth checker, which serves as an empirical upper bound because it directly optimises
the same task-level correctness signal used for evaluation; and supervised fine-tuning (SFT) on
expert traces, which provides an imitation-learning baseline. This distinction is important in IRL:
our method must infer the reward from demonstrations, whereas evaluation still uses the underlying
ground-truth correctness signal. Results are shown in Table 2.

Method GSM8K MMLU-PRO MEDREASON

Qwen2.5-7B Llama3.1-8B Qwen3-4B Qwen2.5-7B Llama3.1-8B Qwen3-4B Qwen2.5-7B Llama3.1-8B Qwen3-4B

Outcome Reward 89.0 ± 1.5 83.3 ± 1.6 91.6 ± 1.3 53.5 ± 2.0 48.4 ± 2.0 57.1 ± 2.2 65.0 ± 2.2 73.4 ± 2.1 56.3 ± 2.6

SFT 70.1 ± 1.6 66.6 ± 2.1 76.6 ± 1.7 48.1 ± 1.9 47.2 ± 1.9 53.9 ± 2.0 53.0 ± 1.9 63.5 ± 1.9 57.6 ± 1.8

Ours (Sparse) 85.8 ± 1.5 80.6 ± 1.6 90.4 ± 1.5 48.5 ± 2.2 43.3 ± 1.9 55.6 ± 2.2 25.2 ± 1.8 73.1 ± 1.9 66.1 ± 2.1

Ours (Interval) 78.8 ± 1.6 67.6 ± 1.9 87.8 ± 1.6 50.6 ± 1.9 36.6 ± 1.8 53.5 ± 2.4 63.8 ± 2.0 71.4 ± 1.8 52.1 ± 2.5

Ours (Dense) 38.4 ± 2.0 64.6 ± 2.1 89.6 ± 1.5 43.8 ± 2.0 37.9 ± 1.8 55.1 ± 2.3 58.3 ± 2.2 69.8 ± 2.0 53.7 ± 2.1

Table 2: Pass@1 Performance (%). Bold indicates the best performance, and underlined the second
best, compared between SFT and our methods. Outcome reward is provided as an empirical upper
bound. Values are reported as mean ± half-width of the 95% confidence interval.

Analysis. Table 2 shows that learned rewards are effective overall: taking the best reward variant per
backbone–dataset pair, AIRL outperforms SFT in 8/9 settings. However, performance is backbone-
and granularity-sensitive. A key failure case is Qwen2.5-7B on MEDREASON: Sparse drops to
25.2% versus 53.0% for SFT, while the same backbone recovers with finer rewards (Interval: 63.8%,
Dense: 58.3%). We attribute this drop to unsuccessful adversarial training in that specific run rather
than a persistent backbone limitation; Appendix Figure 8 (MedReason row) shows unstable training
dynamics and no sustained improvement in task correctness for this setting. A second difficult
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case is Llama3.1-8B on MMLU-PRO, where all learned-reward variants remain below SFT
(43.3/36.6/37.9 vs 47.2). Notably, the outcome-reward upper bound is also close (48.4), suggesting
limited headroom and a harder reward-inference regime on this heterogeneous benchmark. Sensitivity
to model choice is therefore substantial and interacts with granularity. For example, on GSM8K,
Qwen2.5-7B ranges from 85.8 (Sparse) to 38.4 (Dense), whereas Qwen3-4B stays consistently
high (87.8–90.4). This motivates reporting multiple backbones rather than a single-model result.

Effect of reward granularity. Across datasets, Sparse is the most reliable variant and is often the
strongest performer, especially on GSM8K. Interval is also competitive, and is the best variant for
Qwen2.5-7B on both MMLU-PRO (50.6%) and MEDREASON (63.8%). By contrast, Dense is
less stable: although it remains competitive in some settings, it also shows the largest drops, such as
38.4% on GSM8K for Qwen2.5-7B. This likely reflects the fact that discriminating experts from
policy trajectories is easier when the full trajectory is available, as in the Sparse setting, than when
only local segments are scored.

Training dynamics. To better understand optimisation, Figure 2 shows Qwen2.5-7B on MMLU-
PRO. The three panels should be interpreted jointly: the left panel shows the surrogate signal produced
by the learned critic, the middle panel shows discriminator accuracy (how separable expert and policy
traces are), and the right panel shows the true task metric (pass@1 correctness).

In adversarial training, discriminator accuracy moving toward 0.5 is desirable only when the right
panel improves at the same time: this indicates policy traces are becoming expert-like rather than
merely confusing the critic. If reward rises (2a) or discriminator accuracy drops (2b) without a
sustained gain in task correctness (2c), this indicates reward–task decoupling.

This also clarifies granularity differences: Sparse rewards are typically more stable because super-
vision is tied to full-trajectory outcomes, giving lower-variance updates; Dense rewards provide
finer local feedback but are more sensitive to optimisation noise and can overfit local cues. In this
figure, Sparse is strongest because it yields the most stable increase in task correctness while the
discriminator settles near the balanced regime.
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Figure 2: Training behaviour of reward, reward-model correctness, and task correctness
for Qwen2.5-7B on MMLU-PRO. Subfigure 2a: learned reward. Subfigure 2b: reward-model
correctness (discriminator accuracy). Subfigure 2c: task correctness accuracy.

For completeness, Appendix Table 5 reports pass@1 for smaller models and step-wise rewards,
confirming the same overall trends. Additional training curves for all backbones are shown in
Appendix Figures 6–10. Moreover, we perform additional ablation experiments in AppendixC, where
we inspect the effect of expert corruptions, group size, clipping, and the effect of keeping the IRL
objective by purely separating policy from expert demonstrations.

Takeaway. RQ1 is answered positively, with caveats: learned AIRL rewards improve over SFT
in most settings, but gains are sensitive to backbone and reward granularity. Sparse rewards are
usually the most stable, while denser rewards can be more brittle.
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5.2 INFERENCE-TIME ASSISTANCE VIA REWARD-GUIDED RERANKING

RQ2: Can the learned reasoning reward improve inference by reranking multiple sampled traces
under a fixed test-time budget?

Experimental setup. To study this, we use the learned reasoning reward at inference time, after
training it with AIRL. For each prompt, we sample N = 16 candidate traces from the policy, score
each trace by its mean learned reward, and select the top-ranked candidate (Best-of-16). We compare
this against the standard pass@1 baseline, i.e. random selection from the same sample set. Results
across GSM8K, MEDREASON, and MMLU-PRO are reported in Table 3. In the Appendix, we
report all scores in Table 6 and the AUROC and ECE scores in Table 7.

GSM8K MEDREASON MMLU-PRO

Backbone Method Random Reward ∆ (pp) Random Reward ∆ (pp) Random Reward ∆ (pp)

Qwen2.5-7B
Sparse 85.8 ± 1.5 88.8 ± 1.7 (↑ +3.0) 25.2 ± 1.8 32.3 ± 2.3 (↑ +7.0) 48.5 ± 2.2 51.5 ± 2.5 (↑ +3.0)
Interval 78.8 ± 1.6 82.5 ± 2.0 (↑ +3.7) 63.8 ± 2.0 63.4 ± 2.4 (↓ -0.4) 50.6 ± 1.9 53.1 ± 2.5 (↑ +2.5)
Dense 38.4 ± 2.0 55.7 ± 2.6 (↑ +17.4) 58.3 ± 2.2 57.7 ± 2.5 (↓ -0.6) 43.8 ± 2.0 46.0 ± 2.5 (↑ +2.2)

Llama3.1-8B
Sparse 80.6 ± 1.6 82.1 ± 2.1 (↑ +1.5) 73.1 ± 1.9 74.6 ± 2.3 (↑ +1.5) 43.3 ± 1.9 42.3 ± 2.4 (↓ -1.0)
Interval 67.6 ± 1.9 78.2 ± 2.2 (↑ +10.7) 71.4 ± 1.8 75.3 ± 2.2 (↑ +3.9) 36.6 ± 1.8 38.1 ± 2.4 (↑ +1.6)
Dense 64.6 ± 2.1 71.1 ± 2.4 (↑ +6.5) 69.8 ± 2.0 73.0 ± 2.2 (↑ +3.2) 37.9 ± 1.8 39.7 ± 2.5 (↑ +1.9)

Qwen3-4B
Sparse 90.4 ± 1.5 93.0 ± 1.4 (↑ +2.5) 66.1 ± 2.1 70.5 ± 2.3 (↑ +4.4) 55.6 ± 2.2 62.1 ± 2.4 (↑ +6.4)
Interval 87.8 ± 1.6 91.2 ± 1.5 (↑ +3.5) 52.1 ± 2.5 51.6 ± 2.6 (↓ -0.5) 53.5 ± 2.4 62.2 ± 2.4 (↑ +8.7)
Dense 89.6 ± 1.5 91.4 ± 1.5 (↑ +1.8) 53.7 ± 2.1 61.6 ± 2.4 (↑ +7.9) 55.1 ± 2.3 59.2 ± 2.4 (↑ +4.1)

Table 3: Best-of-N Reranking Performance (%). Comparison of reward model reranking vs.
random reranking baseline (in expectation same as pass@1). Values are percentages. ∆ indicates
percentage-point improvement over Pass@1. Blue is positive, purple is negative.

Analysis. Table 3 shows that the learned reward is an effective reranker overall. Reward-guided
reranking improves pass@1 in 23 out of 27 settings, often by a substantial margin. The gains are
particularly strong on GSM8K and MMLU-PRO: for instance, Qwen2.5-7Bwith the Dense reward
improves from 38.4% to 55.7% on GSM8K (+17.4 pp), Llama3.1-8B with the Interval reward
improves from 67.6% to 78.2% (+10.7 pp), and Qwen3-4B with the Interval reward improves from
53.5% to 62.2% on MMLU-PRO (+8.7 pp). There are, however, a small number of negative cases,
mostly on MEDREASON, showing that reranking is highly effective but not uniformly beneficial. The
full table is can be found in Appendix Table 6.
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Figure 3: Comparison of reranking baselines
for Qwen3-4B with interval rewards on GSM8K.
Combining learned rewards with majority ranking
yields the greatest improvement.

Additional reranking baselines. We compare
against log-probability, majority voting, and
reward-weighted majority voting across sam-
ple budgets N ∈ {2, 3, 5, 8, 16}, using candi-
dates generated from the SFT model so that
logits remain independent of the reward model.
Figure 3 shows the results for Qwen3-4B on
GSM8K. Three trends emerge. First, log-
probability offers little improvement over the
baseline, reflecting the limitations of the under-
lying SFT model. Secondly, at small sample
budgets, reward-based reranking already per-
forms strongly, both on its own and when com-
bined with majority voting. Thirdly, at larger
budgets, reward-weighted majority voting per-
forms best overall, suggesting that the learned
reward complements answer consistency. Ap-
pendix Tables B.5–B.5 show the same pattern.

Reward separation. To understand why rerank-
ing works, Figure 4 analyses the reward distribution assigned to correct and incorrect traces for
Qwen3-4B with the Interval reward on MMLU-PRO. The two distributions are clearly separated,
with correct answers receiving consistently higher scores (t = 87.43, p < 0.001). This separation
translates directly into better reranking performance: Figure 4b shows that reward-guided reranking
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improves pass@k | 16 over random ranking across all k ∈ {1, 3, 5, 10}, with the largest gains
at low k. In the Appendix, we report the complete stratified reward distributions for GSM8K
(Figures 11–14), MEDREASON (Figures 15–18), and MMLU-PRO (Figures 19–22).
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Figure 4: Benefit of the reasoning reward at inference for Qwen3-4B with interval rewards.
Left (4a): reward distributions for correct versus incorrect answers. Right (4b): pass@k | 16 using
reward-guided reranking versus random ranking on MMLU-PRO.

Takeaway. RQ2 is answered positively: the learned reward is a strong inference-time ranker,
improving pass@1 in most settings and often by a large margin. Reward-only reranking is already
effective at small budgets, while combining reward with majority voting performs best as the
sample budget grows.

5.3 GENERALISATION OF REASONING REWARD MODELS AND ERROR LOCALISATION

RQ3: Do the learned reasoning rewards generalise beyond the backbone and task on which they
were trained, and do they provide process-level feedback that localises where reasoning fails?

Experimental setup. We study transfer by taking natural generations from Qwen2.5-7B SFT mod-
els and reranking them with interval reward models trained on different task distributions (GSM8K,
MEDREASON, and MMLU-PRO) and different backbones (Llama3.1-8B and Qwen3-4B). Ta-
ble 4 reports Best-of-16 gains over the corresponding SFT pass@1 baseline. To assess process-level
supervision, we then inspect token-level dense rewards on paired correct and incorrect traces from
the same GSM8K question, shown in Figure 5.

Transfer across tasks and backbones. Table 4 shows that transfer is strong overall: 16 out of 18
source–target combinations yield positive reranking gains, including many off-diagonal improvements
across both tasks and backbones. For example, the Llama3.1-8B reward trained on MEDREASON
improves reranking not only on MEDREASON itself (+7.8 pp), but also if trained on GSM8K (+4.6
pp) and especially if trained on MMLU-PRO (+16.4 pp). Likewise, the Qwen3-4B reward trained
on GSM8K transfers positively to MMLU-PRO (+9.3 pp). A clear negative case is the Qwen3-4B
reward trained on MEDREASON and evaluated on GSM8K (−2.8 pp), suggesting that the learned
signal is broadly reusable, but not fully invariant across domains and backbones.

Llama3.1-8B Qwen3-4B
Task GSM8K MEDREASON MMLU-PRO GSM8K MEDREASON MMLU-PRO

GSM8K ↑ 12.1 ↑ 7.6 ↑ 11.3 ↑ 13.0 ↓ 2.8 ↑ 8.8
MEDREASON ↑ 4.6 ↑ 7.8 ↑ 16.4 ↑ 5.1 ↑ 5.7 ↑ 9.5
MMLU-PRO ↑ 3.0 ↑ 3.7 ↑ 4.4 ↑ 9.3 ↓ 0.2 ↑ 2.0

Table 4: Reward Model Transferability (Best-of-16 ∆ over random reranking). Generations are
sourced from Qwen2.5-7B SFT models. We score them using reward models (interval granularity)
trained on different task distributions. Diagonal entries (italic) represent in-distribution performance.

Error localisation on natural traces. Figure 5 shows that the dense reward remains positive
on locally correct intermediate steps, even within an overall incorrect trajectory, and turns sharply
negative at the first erroneous step. In the incorrect GSM8K trace, the early steps correctly reconstruct

10



Accepted at the ICLR 2026 Workshop on Logical Reasoning of Large Language Models

the number of vacuum cleaners before each sale and receive positive reward, but the signal drops
exactly when the model makes the faulty computation “12− 2/3(12) = 4”. This behaviour suggests
that the reward is not merely reacting to the final answer, but is sensitive to where the reasoning
process first diverges. We provide more qualitative examples in Appendix Figures 23a-28d. We
especially appreciate Figure 27b showing the reward becoming negative when proposing "being
married" as a reduced risk for Alzheimer’s.

Reasoning + Answer (Correct):

Reasoning + Answer (Incorrect):

Figure 5: Error localisation of incorrect reasoning. Dense reward on a correct (top) and incorrect
(bottom) generation for the same GSM8K test question, using the dense Qwen2.5-7B reasoning
reward model. The reward remains positive on valid intermediate steps, then drops sharply at the first
erroneous step (line 7), followed by propagated penalties on later tokens.

Takeaway. RQ3 is answered positively: the learned reward transfers well across tasks and
backbones, and it can localise the step at which a reasoning trace fails. However, transfer is not
uniform, indicating that some domain- and backbone-dependent effects remain.

6 LIMITATIONS

Our approach has several limitations. First, we observe a trade-off between reward density and
optimisation stability: while sparse, step-wise signals are generally robust, dense signals are more
prone to adversarial mode collapse and non-stationarity, and can occasionally lead to a decoupling of
reward and correctness during training. Moreover, this AIRL approach incurs higher computational
costs due to alternating adversarial updates between the two models. Finally, our evaluation is
restricted to arithmetic, medical reasoning, and scientific question answering, leaving open-ended
generation and long-context domains for future work.

7 CONCLUSION

In this work, we introduced an inverse reinforcement learning framework that distils (partially) dense
reasoning rewards directly from expert demonstrations. The learned reasoning critic serves a dual
purpose: it acts as a supervisor that trains policies to outperform supervised fine-tuning baselines, and
as an inference-time discriminator that significantly improves performance via reranking. Beyond
accuracy, the dense reward provides interpretable process supervision, capable of distinguishing valid
reasoning steps and localising the precise moment of error. While balancing reward granularity with
optimisation stability remains a challenge, our results demonstrate that learned reasoning reward
models effectively support training, verification, and diagnosis within a single, unified framework.
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A IMPLEMENTATION DETAILS

We evaluate the proposed expert reasoning approach on GSM8K (Cobbe et al., 2021), a benchmark
for grade school math problems that provides final answers and human-written demonstrations.
Moreover, to demonstrate the effectiveness of the proposed method in extracting a dense reasoning
reward model, we performed our experiments on MEDREASON (Wu et al., 2025), and more
specifically on the MEDQA (Jin et al., 2021) subset, consisting of questions from the US medical
board exam, and THE MEDMCQA (Pal et al., 2022) subset, comprising questions from the entrance
exam from the Indian medical school curriculum. The dataset used in our experiments comprises
approximately 7’000 questions for training and 1’500 for evaluation. In addition, Wu et al. (2025)
provides quality filtered medical reasoning traces constructed by strong language models (ChatGPT),
which can be used for supervised fine-tuning or, in our case, adversarial inverse RL.

Unless otherwise noted, we use open-weight, instruction-tuned models as base policies and
train a learned reward function via adversarial inverse reinforcement learning. To obtain a dense
signal, we implement the discriminator as a token classifier that shares the backbone with a language
model and replaces the language modelling head with a single linear layer that outputs one logit per
token. The code for all our experiments can be found in https://github.com/fanconic/expert_reasoning.

All experiments are implemented in Python (Van Rossum and Drake Jr, 1995) with Py-
Torch (Paszke et al., 2017) and Hugging Face Transformers (Wolf et al., 2020). We accelerate
training and evaluation with UNSLOTH (Daniel Han and team, 2023). Unless stated otherwise,
we use a starting learning rate of 1 × 10−5 for the reasoning discriminator and 5 × 10−6. The
reward reasoning model is warmed up for 250 optimisation steps, and we train for 400 adversarial
optimisation steps with a batch size of 16, generating G = 8 samples per prompt, accumulated
over eight gradient steps (actual batch size + 128). During the adversarial update, we perform
one policy-model update and three reasoning-reward model updates. To prevent data drift, we
implemented a replay buffer that keeps track of the 50 most recent batches and samples a balanced
combination of them when feeding the reward model. Both the discriminator and policy optimisers
use a cosine-annealing learning rate schedule. The discriminator optimiser has a warm-up sequence
of 250 steps (same as the discriminator warm-up period), while the policy optimiser is warmed up for
50 steps. We use a quantised ADAMW (Loshchilov and Hutter, 2019) optimiser.

Data and preprocessing. We follow the standard GSM8K and the filtered MEDREASON
train-val-test split. Prompts consist of the problem text with a short system instruction that requests
step-by-step reasoning. Demonstrations are formatted as <think> ... </think> followed by
<answer> ... </answer> format. Tokenisation uses the native tokeniser of each backbone.
For evaluation, we decode with temperature T = 1.0 and top_p = 0.95 unless otherwise noted. We
validate every run after 100 steps, save the model with the best validation accuracy, and use these
weights to evaluate on the test set.

System Prompt

A conversation between User and Assistant. The user asks a question,
and the Assistant solves it. The assistant first thinks about the
reasoning process in the mind and then provides the user with the
answer. The reasoning process and answer are enclosed within
<think> </think> and <answer> </answer> tags, respectively, i.e.,
<think> reasoning process here </think><answer> answer here </answer>

Inference time scoring. At inference time, we draw N = 16 samples per prompt, compute the mean
discounted reward over the answer tokens for each sample, and rerank by this score. We report
pass@k | N , the fraction of prompts for which at least one of the top k ranked samples is correct
when N samples are available. Unless otherwise noted N = 16 and k ∈ {1, 3, 5, 10}.

Perturbations. To improve robustness and reduce reliance on surface form, we introduce
targeted perturbations during discriminator training for both expert and policy traces. For GSM8K
we apply the following random operations: (i) flip arithmetic operator signs, (ii) corrupt numeric
literals by small random offsets, and (iii) swap the final answer with an earlier intermediate number.
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Perturbed traces are labelled as non-expert. For MEDREASON, we artificially create wrong reasoning
traces that lead to the wrong results on the purpose with ChatGPT-5.2, by providing in-context the
correct reasoning trace and the right answer, and instruct it to corrupt it.

Compute. Experiments are conducted on 4 A100-class GPUs using mixed-precision train-
ing. We use gradient accumulation to match effective batch sizes across the backbones. All
models operate in 4-bit mode, as provided by UNSLOTH (Daniel Han and team, 2023), to improve
training speed and memory efficiency. All experiments are run on a single GPU instance to enable
parallelisation.

A.1 POLICY AND REWARD MODEL

Policies are initialised from instruction-tuned checkpoints and trained with the learned reward signal.
The following policy backbones are used:

• Llama3.1-8B-Instruct

• Llama3.2-3B-Instruct

• Qwen2.5-3B-Instruct

• Qwen2.5-7B-Instruct

• Qwen3-4B-Instruct-2507

We instantiate the same reasoning reward models as the policy models. All models are turned into
LoRA Hu et al. (2021) adapters (r = 256, α = 512) and PEFT is used.

A.2 ALGORITHM

Algorithm 1 Adversarial inverse reasoning with (partially) dense rewards

Require: Expert traces DE ; Iterations Nstep; warm-up steps Nwarm; discriminator updates per step
Ndisc

1: Initialise policy πθ, discriminator Dϕ, and replay buffers Bpos ← ∅, Bneg ← ∅
2: Warm-up Phase:
3: for j ← 1 to Nwarm do
4: Sample prompts x ∼ Q and generate DP ∼ πθinit(· | x)
5: Dpos ← DE ∪ {y ∈ DP | O(y) = O(yE)}
6: Dneg ← {y ∈ DP | O(y) ̸= O(yE)} ∪ {C(yE) | yE ∈ DE}
7: Update Dϕ to minimise Eq. (3) using Dpos and Dneg
8: end for
9: Adversarial Training Phase:

10: for i← 1 to Nstep do
11: Sample prompts x ∼ Q
12: Generate group DP ← {y(g)}Gg=1 ∼ πθ(· | x)
13: Construct training sets based on answer correctness:
14: Dpos ← DE ∪ {y ∈ DP | O(y) = O(yE)}
15: Dneg ← {y ∈ DP | O(y) ̸= O(yE)} ∪ {C(yE) | yE ∈ DE}
16: Bpos ← Bpos ∪ Dpos; Bneg ← Bneg ∪ Dneg ▷ Update replay buffers
17: Reward Model Update:
18: for k ← 1 to Ndisc do
19: Sample mini-batches D̃pos ∼ Bpos and D̃neg ∼ Bneg

20: Update Dϕ to minimise Eq. (3) using D̃pos and D̃neg
21: end for
22: Policy Update:
23: Get dense rewards rϕ(y

(g)
t ) via backfilling logits (Eq. 4 and Eq. 5)

24: Compute advantages A(g)
t via group standardisation (Eq. 6)

25: Optimise πθ using GRPO loss on DP (Eq. 7)
26: end for
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B ADDITIONAL RESULTS

B.1 COMPLETE PERFORMANCE TABLE

GSM8K MMLU-PRO MEDREASON
Method Pass@1 Pass@1 Pass@1

Qwen2.5-3B
Verifiable Reward 83.6 [81.8, 85.4] 43.4 [41.5, 45.3] 55.7 [53.5, 57.7]

SFT 63.8 [62.0, 65.6] 40.0 [38.2, 41.8] 46.4 [44.6, 48.2]

Ours (Sparse) 78.5 [76.8, 80.1] 40.3 [38.5, 42.1] 49.4 [47.5, 51.4]

Ours (Step-wise) 65.2 [63.3, 67.0] 36.4 [34.5, 38.3] 35.2 [33.3, 37.1]

Ours (Dense) 43.9 [42.0, 46.0] 28.8 [26.9, 30.8] 48.4 [46.2, 50.6]

Llama3.2-3B
Verifiable Reward 79.5 [77.6, 81.3] 37.1 [35.3, 38.9] 71.5 [69.3, 73.7]

SFT 62.2 [60.3, 64.2] 36.5 [34.8, 38.3] 57.6 [55.6, 59.4]

Ours (Sparse) 71.3 [69.5, 73.2] 30.1 [28.0, 32.2] 63.8 [61.8, 65.8]

Ours (Step-wise) 66.9 [64.9, 69.0] 31.6 [29.8, 33.3] 66.8 [64.5, 69.2]

Ours (Dense) 50.9 [48.8, 53.0] 0.0∗ [0.0, 0.0] 57.9 [55.8, 59.9]

Qwen2.5-7B
Verifiable Reward 89.0 [87.5, 90.5] 53.5 [51.4, 55.5] 65.0 [62.8, 67.1]

SFT 70.1 [68.5, 71.7] 48.1 [46.4, 50.1] 53.0 [51.1, 54.9]

Ours (Sparse) 85.8 [84.4, 87.3] 48.5 [46.4, 50.7] 25.2 [23.5, 27.1]

Ours (Step-wise) 64.5 [62.4, 66.6] 45.6 [43.6, 47.6] 40.9 [39.3, 42.6]

Ours (Dense) 38.4 [36.4, 40.4] 43.8 [41.7, 45.8] 58.3 [56.2, 60.6]

Llama3.1-8B
Verifiable Reward 83.3 [81.6, 84.9] 48.4 [46.6, 50.5] 73.4 [71.4, 75.5]

SFT 66.6 [64.5, 68.7] 47.2 [45.3, 49.2] 63.5 [61.6, 65.4]

Ours (Sparse) 80.6 [78.9, 82.2] 43.3 [41.4, 45.3] 73.1 [71.2, 74.9]

Ours (Step-wise) 80.8 [79.2, 82.5] 42.6 [40.7, 44.5] 69.3 [67.4, 71.3]

Ours (Dense) 64.6 [62.5, 66.6] 37.9 [36.2, 39.8] 69.8 [67.7, 71.7]

Qwen3-4B
Verifiable Reward 91.6 [90.2, 92.9] 57.1 [54.8, 59.3] 56.3 [53.8, 59.0]

SFT 76.6 [74.9, 78.3] 53.9 [51.9, 55.9] 57.6 [55.8, 59.5]

Ours (Sparse) 90.4 [89.0, 91.9] 55.6 [53.4, 57.8] 66.1 [64.1, 68.3]

Ours (Step-wise) 87.4 [85.8, 88.9] 54.8 [52.5, 57.0] 60.1 [57.7, 62.6]

Ours (Dense) 89.6 [88.1, 91.1] 55.1 [52.7, 57.3] 53.7 [51.5, 55.8]

Table 5: Pass@1 Performance (%). Bold indicates the best performance compared between SFT and
our methods. Verifiable reward is provided as a reference upper bound. * symbolises an adversarial
mode collapse (results grayed out). The values inside brackets indicate the 95% confidence interval.
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B.2 TRAINING BEHAVIOUR
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Figure 6: Training dynamics for Qwen2.5-3B.
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Figure 7: Training dynamics for Llama3.2-3B.
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Figure 8: Training dynamics for Qwen2.5-7B.
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Figure 9: Training dynamics for Llama3.1-8B.
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Figure 10: Training dynamics for Qwen3-4B.
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B.3 COMPLETE RERANKING RESULTS

GSM8K MEDREASON MMLU-PRO

Backbone Method Pass@1 Reward ∆ (pp) Pass@1 Reward ∆ (pp) Pass@1 Reward ∆ (pp)

Qwen2.5-3B

Sparse 78.5 [76.8, 80.1] 81.7 [79.8, 83.9] (↑ +3.3) 49.4 [47.5, 51.4] 50.9 [48.4, 53.2] (↑ +1.5) 40.3 [38.5, 42.1] 42.2 [39.7, 44.6] (↑ +1.9)
Step-wise 65.2 [63.3, 67.0] 77.2 [74.9, 79.5] (↑ +12.0) 35.2 [33.3, 37.1] 32.7 [30.3, 35.1] (↓ -2.5) 36.4 [34.5, 38.3] 39.5 [36.9, 42.1] (↑ +3.1)
Interval 68.9 [67.1, 70.7] 77.5 [75.3, 79.8] (↑ +8.6) 47.8 [45.2, 50.3] 47.9 [45.5, 50.6] (↑ +0.1) 33.4 [31.4, 35.7] 32.1 [29.7, 34.5] (↓ -1.4)
Dense 43.9 [42.0, 46.0] 62.3 [59.7, 65.0] (↑ +18.4) 48.4 [46.2, 50.6] 47.9 [45.4, 50.4] (↓ -0.5) 28.8 [26.9, 30.8] 28.7 [26.5, 31.1] (↓ -0.1)

Llama3.2-3B

Sparse 71.3 [69.5, 73.2] 75.9 [73.6, 78.2] (↑ +4.6) 63.8 [61.8, 65.8] 65.7 [63.4, 68.1] (↑ +1.8) 30.1 [28.0, 32.2] 32.4 [29.9, 34.7] (↑ +2.3)
Step-wise 66.9 [64.9, 69.0] 71.4 [69.1, 73.8] (↑ +4.5) 66.8 [64.5, 69.2] 66.5 [64.0, 68.9] (↓ -0.3) 31.6 [29.8, 33.3] 35.4 [32.8, 37.9] (↑ +3.8)
Interval 58.3 [56.2, 60.2] 65.1 [62.7, 67.5] (↑ +6.9) 62.9 [60.5, 65.2] 63.2 [60.9, 65.5] (↑ +0.3) 20.9 [19.5, 22.4] 20.4 [18.5, 22.4] (↓ -0.5)
Dense 50.9 [48.8, 53.0] 56.4 [53.9, 59.0] (↑ +5.5) 57.9 [55.8, 59.9] 53.7 [51.2, 56.4] (↓ -4.1) 0.0∗ [0.0, 0.0] 0.0∗ [0.0, 0.0] (+0.0)

Qwen2.5-7B

Sparse 85.8 [84.4, 87.3] 88.8 [87.0, 90.5] (↑ +3.0) 25.2 [23.5, 27.1] 32.3 [29.9, 34.5] (↑ +7.0) 48.5 [46.4, 50.7] 51.5 [49.1, 54.1] (↑ +3.0)
Step-wise 64.5 [62.4, 66.6] 80.3 [78.2, 82.5] (↑ +15.8) 40.9 [39.3, 42.6] 42.7 [40.2, 45.2] (↑ +1.8) 45.6 [43.6, 47.6] 47.9 [45.4, 50.2] (↑ +2.3)
Interval 78.8 [77.1, 80.4] 82.5 [80.5, 84.6] (↑ +3.7) 63.8 [61.8, 65.7] 63.4 [60.9, 65.7] (↓ -0.4) 50.6 [48.6, 52.5] 53.1 [50.5, 55.5] (↑ +2.5)
Dense 38.4 [36.4, 40.4] 55.7 [53.1, 58.2] (↑ +17.4) 58.3 [56.2, 60.6] 57.7 [55.3, 60.3] (↓ -0.6) 43.8 [41.7, 45.8] 46.0 [43.5, 48.5] (↑ +2.2)

Llama3.1-8B

Sparse 80.6 [78.9, 82.2] 82.1 [79.9, 84.2] (↑ +1.5) 73.1 [71.2, 74.9] 74.6 [72.2, 76.8] (↑ +1.5) 43.3 [41.4, 45.3] 42.3 [40.0, 44.9] (↓ -1.0)
Step-wise 80.8 [79.2, 82.5] 83.3 [81.3, 85.3] (↑ +2.5) 69.3 [67.4, 71.3] 71.9 [69.5, 74.0] (↑ +2.5) 42.6 [40.7, 44.5] 49.1 [46.7, 51.6] (↑ +6.5)
Interval 67.6 [65.7, 69.5] 78.2 [76.0, 80.4] (↑ +10.7) 71.4 [69.5, 73.2] 75.3 [73.1, 77.4] (↑ +3.9) 36.6 [34.9, 38.6] 38.1 [35.9, 40.7] (↑ +1.6)
Dense 64.6 [62.5, 66.6] 71.1 [68.7, 73.5] (↑ +6.5) 69.8 [67.7, 71.7] 73.0 [70.9, 75.3] (↑ +3.2) 37.9 [36.2, 39.8] 39.7 [37.3, 42.4] (↑ +1.9)

Qwen3-4B

Sparse 90.4 [89.0, 91.9] 93.0 [91.5, 94.3] (↑ +2.5) 66.1 [64.1, 68.3] 70.5 [68.2, 72.8] (↑ +4.4) 55.6 [53.4, 57.8] 62.1 [59.6, 64.4] (↑ +6.4)
Step-wise 87.4 [85.8, 88.9] 90.1 [88.4, 91.7] (↑ +2.7) 60.1 [57.7, 62.6] 59.9 [57.4, 62.3] (↓ -0.2) 54.8 [52.5, 57.0] 60.9 [58.3, 63.4] (↑ +6.1)
Interval 87.8 [86.1, 89.3] 91.2 [89.7, 92.7] (↑ +3.5) 52.1 [49.6, 54.6] 51.6 [48.9, 54.2] (↓ -0.5) 53.5 [51.0, 55.8] 62.2 [59.7, 64.5] (↑ +8.7)
Dense 89.6 [88.1, 91.1] 91.4 [89.9, 92.9] (↑ +1.8) 53.7 [51.5, 55.8] 61.6 [59.2, 64.0] (↑ +7.9) 55.1 [52.7, 57.3] 59.2 [56.7, 61.5] (↑ +4.1)

Table 6: Best-of-N Reranking Performance (%). Comparison of standard Pass@1 baseline vs.
Reward Model reranking. Values are percentages. Bold is best, underline is second best. ∆ indicates
percentage-point improvement over Pass@1. Blue is positive, purple is negative. * symbolises an
adversarial mode collapse (results grayed out).

B.4 CALIBRATION OF REASONING REWARD MODELS

GSM8K MEDREASON MMLU-PRO

Backbone Method AUROC (%) ↑ ECE (%) ↓ AUROC (%) ↑ ECE (%) ↓ AUROC (%) ↑ ECE (%) ↓

Qwen2.5-3B

Sparse 78.1 [77.3, 79.0] 8.2 [7.7, 8.7] 52.5 [51.8, 53.2] 45.5 [44.9, 46.1] 67.0 [66.3, 67.7] 31.3 [30.7, 31.9]

Step-wise 82.7 [82.2, 83.3] 25.9 [25.4, 26.6] 55.5 [54.7, 56.2] 39.8 [39.2, 40.3] 62.0 [61.3, 62.7] 57.6 [57.0, 58.2]

Interval 76.6 [76.0, 77.4] 6.0 [5.5, 6.6] 49.7 [48.9, 50.4] 46.4 [45.8, 47.1] 52.2 [51.5, 53.0] 61.9 [61.3, 62.4]

Dense 82.0 [81.5, 82.5] 35.3 [34.7, 35.9] 53.2 [52.4, 53.9] 30.1 [29.5, 30.7] 53.8 [53.0, 54.6] 54.7 [54.1, 55.3]

Llama3.2-3B

Sparse 81.1 [80.5, 81.7] 13.7 [13.2, 14.2] 60.7 [60.0, 61.4] 10.7 [10.1, 11.3] 66.5 [65.7, 67.2] 15.8 [15.2, 16.3]

Step-wise 75.5 [74.8, 76.2] 20.3 [19.7, 20.8] 71.2 [70.5, 71.8] 4.9 [4.4, 5.5] 72.1 [71.4, 72.8] 49.8 [49.2, 50.3]

Interval 75.1 [74.4, 75.8] 16.3 [15.7, 17.0] 58.4 [57.6, 59.1] 2.9 [2.4, 3.5] 64.8 [64.0, 65.7] 59.9 [59.4, 60.4]

Dense 73.8 [73.0, 74.4] 34.6 [34.0, 35.3] 51.3 [50.5, 52.1] 36.0 [35.4, 36.7] - -

Qwen2.5-7B

Sparse 69.9 [68.8, 71.0] 8.3 [7.9, 8.8] 63.0 [62.2, 63.9] 50.7 [50.1, 51.2] 70.9 [70.3, 71.5] 17.2 [16.6, 17.7]

Step-wise 87.9 [87.4, 88.4] 21.6 [21.0, 22.1] 78.8 [78.2, 79.4] 48.4 [47.8, 49.0] 66.3 [65.6, 67.0] 44.0 [43.3, 44.5]

Interval 70.1 [69.1, 71.0] 7.5 [7.0, 8.0] 61.5 [60.8, 62.3] 21.7 [21.1, 22.3] 68.0 [67.3, 68.7] 35.6 [35.0, 36.2]

Dense 71.4 [70.7, 72.1] 45.2 [44.6, 45.9] 50.8 [50.1, 51.5] 32.5 [31.9, 33.1] 60.2 [59.5, 60.9] 41.3 [40.7, 41.9]

Llama3.1-8B

Sparse 75.0 [74.1, 75.9] 2.4 [1.9, 2.9] 78.0 [77.3, 78.6] 5.5 [5.0, 6.0] 68.7 [68.0, 69.3] 9.8 [9.2, 10.3]

Step-wise 75.8 [74.9, 76.7] 6.3 [5.9, 6.9] 78.1 [77.5, 78.7] 2.5 [2.1, 3.0] 73.5 [72.8, 74.1] 46.9 [46.4, 47.5]

Interval 81.8 [81.2, 82.5] 8.7 [8.2, 9.2] 73.1 [72.4, 73.8] 15.7 [15.1, 16.2] 70.8 [70.1, 71.5] 39.7 [39.2, 40.2]

Dense 75.9 [75.1, 76.6] 27.2 [26.6, 27.8] 67.9 [67.2, 68.7] 10.9 [10.3, 11.5] 60.2 [59.4, 60.9] 50.9 [50.4, 51.5]

Qwen3-4B

Sparse 84.1 [83.0, 85.1] 6.8 [6.5, 7.1] 73.5 [72.8, 74.1] 15.6 [15.1, 16.1] 86.8 [86.3, 87.2] 9.9 [9.4, 10.3]

Step-wise 80.1 [79.1, 81.1] 5.1 [4.7, 5.4] 52.9 [52.1, 53.7] 25.1 [24.5, 25.7] 75.8 [75.2, 76.5] 8.9 [8.3, 9.4]

Interval 78.3 [77.1, 79.5] 13.5 [13.2, 13.9] 52.0 [51.3, 52.8] 6.9 [6.3, 7.5] 84.2 [83.7, 84.7] 21.5 [21.0, 22.0]

Dense 78.3 [77.2, 79.4] 7.3 [7.0, 7.7] 70.5 [69.8, 71.1] 25.2 [24.6, 25.8] 75.0 [74.4, 75.7] 18.6 [18.0, 19.2]

Table 7: Critic Calibration Metrics. All values are reported as percentages (%). AUROC indicates
ranking ability; ECE measures calibration error (lower is better).
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B.5 RERANKING PERFORMANCE ABLATION

GSM8K MEDREASON MMLU-PRO

Backbone Method Random ∆ Logp. ∆ Maj. ∆ Rew. ∆ W.Maj. Random ∆ Logp. ∆ Maj. ∆ Rew. ∆ W.Maj. Random ∆ Logp. ∆ Maj. ∆ Rew. ∆ W.Maj.

Qwen2.5-3B

Sparse 63.8% (↑ +1.4) (↑ +0.3) (↑ +4.4) (↑ +4.4) 46.4% (↑ +4.5) (↑ +1.4) (↑ +5.4) (↑ +5.4) 40.0% (↑ +2.1) (↓ -0.1) (↑ +2.6) (↑ +2.6)
Step-wise 63.8% (↑ +1.4) (↑ +0.3) (↑ +4.6) (↑ +4.6) 46.4% (↑ +4.5) (↑ +1.4) (↑ +3.2) (↑ +3.2) 40.0% (↑ +2.1) (↓ -0.1) (↑ +2.8) (↑ +2.8)
Interval 63.8% (↑ +1.4) (↑ +0.3) (↑ +3.5) (↑ +3.5) 46.4% (↑ +4.5) (↑ +1.4) (↑ +3.4) (↑ +3.4) 40.0% (↑ +2.1) (↓ -0.1) (↑ +0.2) (↑ +0.2)
Dense 63.8% (↑ +1.4) (↑ +0.3) (↑ +4.7) (↑ +4.7) 46.4% (↑ +4.5) (↑ +1.4) (↑ +2.0) (↑ +2.0) 40.0% (↑ +2.1) (↓ -0.1) (↑ +1.2) (↑ +1.2)

Llama3.2-3B

Sparse 62.2% (↑ +3.3) (↑ +1.4) (↑ +5.3) (↑ +5.3) 57.6% (↑ +6.6) (↑ +0.2) (↑ +6.9) (↑ +6.9) 36.5% (↑ +2.0) (↓ -0.3) (↑ +1.7) (↑ +1.7)
Step-wise 62.2% (↑ +3.3) (↑ +1.4) (↑ +5.3) (↑ +5.3) 57.6% (↑ +6.6) (↑ +0.2) (↑ +7.3) (↑ +7.3) 36.5% (↑ +2.0) (↓ -0.3) (↑ +2.4) (↑ +2.4)
Interval 62.2% (↑ +3.3) (↑ +1.4) (↑ +3.9) (↑ +3.9) 57.6% (↑ +6.6) (↑ +0.2) (↑ +4.8) (↑ +4.8) 36.5% (↑ +2.0) (↓ -0.3) (↑ +1.7) (↑ +1.7)
Dense 62.2% (↑ +3.3) (↑ +1.4) (↑ +4.6) (↑ +4.6) 57.6% (↑ +6.6) (↑ +0.2) (↑ +4.0) (↑ +4.0) 36.5% (↑ +2.0) (↓ -0.3) (↓ -0.6) (↓ -0.6)

Qwen2.5-4B

Sparse 76.6% (↓ -0.5) (0.0) (↑ +3.2) (↑ +3.2) 57.6% (↑ +0.3) (↓ -0.3) (↑ +3.3) (↑ +3.3) 53.9% (↑ +2.7) (↑ +0.5) (↑ +4.5) (↑ +4.5)
Step-wise 76.6% (↓ -0.5) (0.0) (↑ +3.9) (↑ +3.9) 57.6% (↑ +0.3) (↓ -0.3) (↑ +1.3) (↑ +1.3) 53.9% (↑ +2.7) (↑ +0.5) (↑ +2.0) (↑ +2.0)
Interval 76.6% (↓ -0.5) (0.0) (↑ +4.0) (↑ +4.0) 57.6% (↑ +0.3) (↓ -0.3) (↑ +1.0) (↑ +1.0) 53.9% (↑ +2.7) (↑ +0.5) (↑ +0.9) (↑ +0.9)
Dense 76.6% (↓ -0.5) (0.0) (↑ +3.6) (↑ +3.6) 57.6% (↑ +0.3) (↓ -0.3) (↑ +1.9) (↑ +1.9) 53.9% (↑ +2.7) (↑ +0.5) (↑ +1.9) (↑ +1.9)

Qwen2.5-7B

Sparse 70.1% (↑ +0.4) (↑ +0.3) (↑ +6.0) (↑ +6.0) 53.0% (↑ +3.6) (↑ +0.7) (↑ +0.1) (↑ +0.1) 48.1% (↑ +0.9) (↓ -0.6) (↑ +3.5) (↑ +3.5)
Step-wise 70.1% (↑ +0.4) (↑ +0.3) (↑ +5.5) (↑ +5.5) 53.0% (↑ +3.6) (↑ +0.7) (↑ +4.7) (↑ +4.7) 48.1% (↑ +0.9) (↓ -0.6) (↑ +1.8) (↑ +1.8)
Interval 70.1% (↑ +0.4) (↑ +0.3) (↑ +5.4) (↑ +5.4) 53.0% (↑ +3.6) (↑ +0.7) (↑ +1.4) (↑ +1.4) 48.1% (↑ +0.9) (↓ -0.6) (↑ +1.1) (↑ +1.1)
Dense 70.1% (↑ +0.4) (↑ +0.3) (↑ +6.4) (↑ +6.4) 53.0% (↑ +3.6) (↑ +0.7) (↑ +3.8) (↑ +3.8) 48.1% (↑ +0.9) (↓ -0.6) (↓ -0.1) (↓ -0.1)

Llama3.1-8B

Sparse 66.6% (↑ +1.4) (↑ +0.2) (↑ +2.3) (↑ +2.3) 63.5% (↑ +7.3) (↑ +0.6) (↑ +8.6) (↑ +8.6) 47.2% (↑ +1.7) (↑ +0.6) (↑ +2.8) (↑ +2.8)
Step-wise 66.6% (↑ +1.4) (↑ +0.2) (↑ +2.8) (↑ +2.8) 63.5% (↑ +7.3) (↑ +0.6) (↑ +8.4) (↑ +8.4) 47.2% (↑ +1.7) (↑ +0.6) (↑ +3.7) (↑ +3.7)
Interval 66.6% (↑ +1.4) (↑ +0.2) (↑ +3.1) (↑ +3.1) 63.5% (↑ +7.3) (↑ +0.6) (↑ +7.5) (↑ +7.5) 47.2% (↑ +1.7) (↑ +0.6) (↑ +3.7) (↑ +3.7)
Dense 66.6% (↑ +1.4) (↑ +0.2) (↑ +3.0) (↑ +3.0) 63.5% (↑ +7.3) (↑ +0.6) (↑ +3.2) (↑ +3.2) 47.2% (↑ +1.7) (↑ +0.6) (↑ +2.0) (↑ +2.0)

Table 8: Best-of-2 Reranking Performance & Baselines (%). Random is SFT pass@1. Deltas are
percentage-point changes for each reranker. Blue arrows ( ↑ ) indicate gains and purple arrows ( ↓ )
indicate drops.

GSM8K MEDREASON MMLU-PRO

Backbone Method Random ∆ Logp. ∆ Maj. ∆ Rew. ∆ W.Maj. Random ∆ Logp. ∆ Maj. ∆ Rew. ∆ W.Maj. Random ∆ Logp. ∆ Maj. ∆ Rew. ∆ W.Maj.

Qwen2.5-3B

Sparse 63.8% (↑ +0.8) (↑ +4.2) (↑ +5.4) (↑ +6.8) 46.4% (↑ +6.0) (↑ +5.4) (↑ +6.6) (↑ +8.4) 40.0% (↑ +2.0) (↑ +2.3) (↑ +3.9) (↑ +5.0)
Step-wise 63.8% (↑ +0.8) (↑ +4.2) (↑ +6.4) (↑ +7.2) 46.4% (↑ +6.0) (↑ +5.4) (↑ +4.4) (↑ +8.0) 40.0% (↑ +2.0) (↑ +2.3) (↑ +3.4) (↑ +4.0)
Interval 63.8% (↑ +0.8) (↑ +4.2) (↑ +4.0) (↑ +5.8) 46.4% (↑ +6.0) (↑ +5.4) (↑ +2.7) (↑ +7.0) 40.0% (↑ +2.0) (↑ +2.3) (↓ -0.5) (↑ +2.2)
Dense 63.8% (↑ +0.8) (↑ +4.2) (↑ +6.4) (↑ +7.4) 46.4% (↑ +6.0) (↑ +5.4) (↑ +0.8) (↑ +5.3) 40.0% (↑ +2.0) (↑ +2.3) (↑ +0.4) (↑ +2.7)

Llama3.2-3B

Sparse 62.2% (↑ +4.6) (↑ +5.1) (↑ +6.5) (↑ +7.8) 57.6% (↑ +8.6) (↑ +5.3) (↑ +8.0) (↑ +9.1) 36.5% (↑ +2.6) (↑ +0.5) (↑ +2.0) (↑ +2.1)
Step-wise 62.2% (↑ +4.6) (↑ +5.1) (↑ +5.8) (↑ +7.6) 57.6% (↑ +8.6) (↑ +5.3) (↑ +8.9) (↑ +9.1) 36.5% (↑ +2.6) (↑ +0.5) (↑ +2.9) (↑ +3.2)
Interval 62.2% (↑ +4.6) (↑ +5.1) (↑ +5.3) (↑ +7.1) 57.6% (↑ +8.6) (↑ +5.3) (↑ +6.1) (↑ +8.9) 36.5% (↑ +2.6) (↑ +0.5) (↑ +1.5) (↑ +2.8)
Dense 62.2% (↑ +4.6) (↑ +5.1) (↑ +5.3) (↑ +6.6) 57.6% (↑ +8.6) (↑ +5.3) (↑ +5.6) (↑ +8.5) 36.5% (↑ +2.6) (↑ +0.5) (↓ -1.5) (↑ +2.0)

Qwen2.5-4B

Sparse 76.6% (↓ -1.0) (↑ +3.4) (↑ +5.4) (↑ +6.5) 57.6% (↓ -1.0) (↑ +2.9) (↑ +3.6) (↑ +4.7) 53.9% (↑ +3.7) (↑ +3.5) (↑ +6.5) (↑ +6.4)
Step-wise 76.6% (↓ -1.0) (↑ +3.4) (↑ +5.7) (↑ +6.7) 57.6% (↓ -1.0) (↑ +2.9) (↑ +2.1) (↑ +3.5) 53.9% (↑ +3.7) (↑ +3.5) (↑ +3.6) (↑ +4.1)
Interval 76.6% (↓ -1.0) (↑ +3.4) (↑ +5.2) (↑ +6.3) 57.6% (↓ -1.0) (↑ +2.9) (↑ +1.4) (↑ +2.7) 53.9% (↑ +3.7) (↑ +3.5) (↑ +2.1) (↑ +3.3)
Dense 76.6% (↓ -1.0) (↑ +3.4) (↑ +5.2) (↑ +6.1) 57.6% (↓ -1.0) (↑ +2.9) (↑ +3.3) (↑ +4.3) 53.9% (↑ +3.7) (↑ +3.5) (↑ +3.7) (↑ +4.3)

Qwen2.5-7B

Sparse 70.1% (↑ +1.7) (↑ +7.5) (↑ +8.1) (↑ +9.2) 53.0% (↑ +4.0) (↑ +4.6) (↓ -2.4) (↓ -1.1) 48.1% (↑ +1.9) (↑ +2.1) (↑ +4.3) (↑ +4.5)
Step-wise 70.1% (↑ +1.7) (↑ +7.5) (↑ +6.8) (↑ +8.6) 53.0% (↑ +4.0) (↑ +4.6) (↑ +4.5) (↑ +6.1) 48.1% (↑ +1.9) (↑ +2.1) (↑ +2.1) (↑ +3.7)
Interval 70.1% (↑ +1.7) (↑ +7.5) (↑ +6.4) (↑ +8.5) 53.0% (↑ +4.0) (↑ +4.6) (↑ +0.8) (↑ +2.9) 48.1% (↑ +1.9) (↑ +2.1) (↑ +2.4) (↑ +3.4)
Dense 70.1% (↑ +1.7) (↑ +7.5) (↑ +9.4) (↑ +10.1) 53.0% (↑ +4.0) (↑ +4.6) (↑ +3.8) (↑ +6.6) 48.1% (↑ +1.9) (↑ +2.1) (↑ +0.2) (↑ +2.5)

Llama3.1-8B

Sparse 66.6% (↑ +2.3) (↑ +1.8) (↑ +2.2) (↑ +3.4) 63.5% (↑ +8.2) (↑ +4.2) (↑ +10.0) (↑ +11.1) 47.2% (↑ +2.0) (↑ +4.0) (↑ +2.1) (↑ +3.2)
Step-wise 66.6% (↑ +2.3) (↑ +1.8) (↑ +4.3) (↑ +4.3) 63.5% (↑ +8.2) (↑ +4.2) (↑ +9.0) (↑ +9.8) 47.2% (↑ +2.0) (↑ +4.0) (↑ +4.5) (↑ +4.8)
Interval 66.6% (↑ +2.3) (↑ +1.8) (↑ +3.9) (↑ +4.4) 63.5% (↑ +8.2) (↑ +4.2) (↑ +8.6) (↑ +9.5) 47.2% (↑ +2.0) (↑ +4.0) (↑ +4.0) (↑ +4.8)
Dense 66.6% (↑ +2.3) (↑ +1.8) (↑ +3.7) (↑ +3.6) 63.5% (↑ +8.2) (↑ +4.2) (↑ +3.2) (↑ +6.4) 47.2% (↑ +2.0) (↑ +4.0) (↑ +2.8) (↑ +4.4)

Table 9: Best-of-3 Reranking Performance & Baselines (%). Random is SFT pass@1. Deltas are
percentage-point changes for each reranker. Blue arrows ( ↑ ) indicate gains and purple arrows ( ↓ )
indicate drops.

GSM8K MEDREASON MMLU-PRO

Backbone Method Random ∆ Logp. ∆ Maj. ∆ Rew. ∆ W.Maj. Random ∆ Logp. ∆ Maj. ∆ Rew. ∆ W.Maj. Random ∆ Logp. ∆ Maj. ∆ Rew. ∆ W.Maj.

Qwen2.5-3B

Sparse 63.8% (↑ +2.4) (↑ +9.8) (↑ +6.6) (↑ +10.6) 46.4% (↑ +5.6) (↑ +8.2) (↑ +6.0) (↑ +8.4) 40.0% (↑ +3.1) (↑ +4.6) (↑ +3.4) (↑ +6.4)
Step-wise 63.8% (↑ +2.4) (↑ +9.8) (↑ +8.6) (↑ +11.9) 46.4% (↑ +5.6) (↑ +8.2) (↑ +6.2) (↑ +10.0) 40.0% (↑ +3.1) (↑ +4.6) (↑ +4.0) (↑ +5.2)
Interval 63.8% (↑ +2.4) (↑ +9.8) (↑ +7.2) (↑ +11.7) 46.4% (↑ +5.6) (↑ +8.2) (↑ +3.8) (↑ +9.2) 40.0% (↑ +3.1) (↑ +4.6) (↓ -0.6) (↑ +5.2)
Dense 63.8% (↑ +2.4) (↑ +9.8) (↑ +9.0) (↑ +12.0) 46.4% (↑ +5.6) (↑ +8.2) (↑ +0.6) (↑ +8.4) 40.0% (↑ +3.1) (↑ +4.6) (↑ +0.6) (↑ +4.7)

Llama3.2-3B

Sparse 62.2% (↑ +4.6) (↑ +8.6) (↑ +7.7) (↑ +9.8) 57.6% (↑ +10.3) (↑ +9.6) (↑ +8.9) (↑ +11.2) 36.5% (↑ +4.9) (↑ +4.3) (↑ +2.1) (↑ +5.7)
Step-wise 62.2% (↑ +4.6) (↑ +8.6) (↑ +7.1) (↑ +10.1) 57.6% (↑ +10.3) (↑ +9.6) (↑ +9.4) (↑ +11.4) 36.5% (↑ +4.9) (↑ +4.3) (↑ +3.6) (↑ +5.8)
Interval 62.2% (↑ +4.6) (↑ +8.6) (↑ +5.7) (↑ +9.2) 57.6% (↑ +10.3) (↑ +9.6) (↑ +8.3) (↑ +10.6) 36.5% (↑ +4.9) (↑ +4.3) (↑ +3.3) (↑ +4.9)
Dense 62.2% (↑ +4.6) (↑ +8.6) (↑ +5.5) (↑ +10.0) 57.6% (↑ +10.3) (↑ +9.6) (↑ +6.4) (↑ +11.2) 36.5% (↑ +4.9) (↑ +4.3) (↓ -0.6) (↑ +4.4)

Qwen2.5-4B

Sparse 76.6% (↓ -0.9) (↑ +5.5) (↑ +6.8) (↑ +7.9) 57.6% (↓ -0.5) (↑ +6.6) (↑ +4.9) (↑ +7.5) 53.9% (↑ +2.8) (↑ +5.7) (↑ +7.5) (↑ +8.1)
Step-wise 76.6% (↓ -0.9) (↑ +5.5) (↑ +6.8) (↑ +7.9) 57.6% (↓ -0.5) (↑ +6.6) (↑ +3.3) (↑ +6.6) 53.9% (↑ +2.8) (↑ +5.7) (↑ +4.8) (↑ +5.5)
Interval 76.6% (↓ -0.9) (↑ +5.5) (↑ +6.7) (↑ +7.9) 57.6% (↓ -0.5) (↑ +6.6) (↑ +1.5) (↑ +5.5) 53.9% (↑ +2.8) (↑ +5.7) (↑ +2.1) (↑ +4.8)
Dense 76.6% (↓ -0.9) (↑ +5.5) (↑ +6.4) (↑ +8.1) 57.6% (↓ -0.5) (↑ +6.6) (↑ +4.0) (↑ +6.8) 53.9% (↑ +2.8) (↑ +5.7) (↑ +3.5) (↑ +5.2)

Qwen2.5-7B

Sparse 70.1% (↑ +2.5) (↑ +10.9) (↑ +9.9) (↑ +12.3) 53.0% (↑ +4.4) (↑ +7.6) (↓ -5.6) (↓ -2.1) 48.1% (↑ +3.5) (↑ +4.9) (↑ +5.9) (↑ +6.5)
Step-wise 70.1% (↑ +2.5) (↑ +10.9) (↑ +8.4) (↑ +12.0) 53.0% (↑ +4.4) (↑ +7.6) (↑ +5.1) (↑ +8.4) 48.1% (↑ +3.5) (↑ +4.9) (↑ +3.2) (↑ +5.4)
Interval 70.1% (↑ +2.5) (↑ +10.9) (↑ +6.8) (↑ +11.7) 53.0% (↑ +4.4) (↑ +7.6) (↓ -1.5) (↑ +6.2) 48.1% (↑ +3.5) (↑ +4.9) (↑ +2.1) (↑ +4.8)
Dense 70.1% (↑ +2.5) (↑ +10.9) (↑ +10.2) (↑ +12.4) 53.0% (↑ +4.4) (↑ +7.6) (↑ +5.8) (↑ +8.9) 48.1% (↑ +3.5) (↑ +4.9) (↑ +1.0) (↑ +5.3)

Llama3.1-8B

Sparse 66.6% (↑ +2.5) (↑ +3.0) (↑ +2.2) (↑ +3.7) 63.5% (↑ +9.0) (↑ +8.9) (↑ +10.4) (↑ +12.0) 47.2% (↑ +3.0) (↑ +6.0) (↑ +2.0) (↑ +5.9)
Step-wise 66.6% (↑ +2.5) (↑ +3.0) (↑ +4.6) (↑ +4.7) 63.5% (↑ +9.0) (↑ +8.9) (↑ +9.2) (↑ +11.4) 47.2% (↑ +3.0) (↑ +6.0) (↑ +4.8) (↑ +6.1)
Interval 66.6% (↑ +2.5) (↑ +3.0) (↑ +4.5) (↑ +4.6) 63.5% (↑ +9.0) (↑ +8.9) (↑ +10.8) (↑ +12.0) 47.2% (↑ +3.0) (↑ +6.0) (↑ +4.0) (↑ +6.6)
Dense 66.6% (↑ +2.5) (↑ +3.0) (↑ +4.8) (↑ +3.7) 63.5% (↑ +9.0) (↑ +8.9) (↑ +2.2) (↑ +9.2) 47.2% (↑ +3.0) (↑ +6.0) (↑ +3.0) (↑ +6.3)

Table 10: Best-of-5 Reranking Performance & Baselines (%). Random is SFT pass@1. Deltas are
percentage-point changes for each reranker. Blue arrows ( ↑ ) indicate gains and purple arrows ( ↓ )
indicate drops.
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GSM8K MEDREASON MMLU-PRO

Backbone Method Random ∆ Logp. ∆ Maj. ∆ Rew. ∆ W.Maj. Random ∆ Logp. ∆ Maj. ∆ Rew. ∆ W.Maj. Random ∆ Logp. ∆ Maj. ∆ Rew. ∆ W.Maj.

Qwen2.5-3B

Sparse 63.8% (↑ +2.0) (↑ +11.8) (↑ +5.8) (↑ +11.8) 46.4% (↑ +6.0) (↑ +9.9) (↑ +5.6) (↑ +9.8) 40.0% (↑ +3.4) (↑ +6.1) (↑ +3.4) (↑ +8.3)
Step-wise 63.8% (↑ +2.0) (↑ +11.8) (↑ +9.2) (↑ +12.4) 46.4% (↑ +6.0) (↑ +9.9) (↑ +5.8) (↑ +11.1) 40.0% (↑ +3.4) (↑ +6.1) (↑ +4.4) (↑ +6.4)
Interval 63.8% (↑ +2.0) (↑ +11.8) (↑ +6.7) (↑ +13.3) 46.4% (↑ +6.0) (↑ +9.9) (↑ +4.6) (↑ +10.1) 40.0% (↑ +3.4) (↑ +6.1) (↑ +0.1) (↑ +5.8)
Dense 63.8% (↑ +2.0) (↑ +11.8) (↑ +9.6) (↑ +13.5) 46.4% (↑ +6.0) (↑ +9.9) (↓ -0.6) (↑ +9.9) 40.0% (↑ +3.4) (↑ +6.1) (↑ +0.3) (↑ +6.2)

Llama3.2-3B

Sparse 62.2% (↑ +4.5) (↑ +10.8) (↑ +7.5) (↑ +12.6) 57.6% (↑ +11.4) (↑ +10.9) (↑ +8.9) (↑ +12.0) 36.5% (↑ +5.3) (↑ +7.5) (↑ +1.5) (↑ +7.9)
Step-wise 62.2% (↑ +4.5) (↑ +10.8) (↑ +7.5) (↑ +11.7) 57.6% (↑ +11.4) (↑ +10.9) (↑ +10.0) (↑ +12.4) 36.5% (↑ +5.3) (↑ +7.5) (↑ +5.1) (↑ +8.1)
Interval 62.2% (↑ +4.5) (↑ +10.8) (↑ +6.0) (↑ +11.1) 57.6% (↑ +11.4) (↑ +10.9) (↑ +8.1) (↑ +11.8) 36.5% (↑ +5.3) (↑ +7.5) (↑ +3.3) (↑ +8.7)
Dense 62.2% (↑ +4.5) (↑ +10.8) (↑ +5.6) (↑ +11.5) 57.6% (↑ +11.4) (↑ +10.9) (↑ +6.9) (↑ +11.8) 36.5% (↑ +5.3) (↑ +7.5) (↑ +0.7) (↑ +7.2)

Qwen2.5-4B

Sparse 76.6% (↑ +0.1) (↑ +8.3) (↑ +9.1) (↑ +9.1) 57.6% (↓ -0.3) (↑ +7.7) (↑ +5.7) (↑ +8.7) 53.9% (↑ +2.4) (↑ +6.0) (↑ +7.9) (↑ +8.1)
Step-wise 76.6% (↑ +0.1) (↑ +8.3) (↑ +6.9) (↑ +8.9) 57.6% (↓ -0.3) (↑ +7.7) (↑ +4.4) (↑ +8.8) 53.9% (↑ +2.4) (↑ +6.0) (↑ +4.7) (↑ +6.7)
Interval 76.6% (↑ +0.1) (↑ +8.3) (↑ +7.0) (↑ +8.9) 57.6% (↓ -0.3) (↑ +7.7) (↑ +2.5) (↑ +8.1) 53.9% (↑ +2.4) (↑ +6.0) (↑ +1.9) (↑ +5.8)
Dense 76.6% (↑ +0.1) (↑ +8.3) (↑ +7.7) (↑ +9.1) 57.6% (↓ -0.3) (↑ +7.7) (↑ +4.1) (↑ +8.9) 53.9% (↑ +2.4) (↑ +6.0) (↑ +4.6) (↑ +6.5)

Qwen2.5-7B

Sparse 70.1% (↑ +1.3) (↑ +13.0) (↑ +10.5) (↑ +13.9) 53.0% (↑ +4.9) (↑ +10.3) (↓ -7.7) (↓ -2.6) 48.1% (↑ +2.1) (↑ +5.7) (↑ +6.9) (↑ +7.6)
Step-wise 70.1% (↑ +1.3) (↑ +13.0) (↑ +10.0) (↑ +13.5) 53.0% (↑ +4.9) (↑ +10.3) (↑ +3.6) (↑ +10.1) 48.1% (↑ +2.1) (↑ +5.7) (↑ +3.9) (↑ +6.7)
Interval 70.1% (↑ +1.3) (↑ +13.0) (↑ +8.7) (↑ +13.7) 53.0% (↑ +4.9) (↑ +10.3) (↓ -3.2) (↑ +9.2) 48.1% (↑ +2.1) (↑ +5.7) (↑ +3.2) (↑ +6.2)
Dense 70.1% (↑ +1.3) (↑ +13.0) (↑ +11.0) (↑ +14.4) 53.0% (↑ +4.9) (↑ +10.3) (↑ +6.2) (↑ +10.9) 48.1% (↑ +2.1) (↑ +5.7) (↑ +0.9) (↑ +6.2)

Llama3.1-8B

Sparse 66.6% (↑ +2.4) (↑ +2.7) (↑ +3.0) (↑ +4.3) 63.5% (↑ +9.6) (↑ +10.7) (↑ +9.8) (↑ +13.4) 47.2% (↑ +2.5) (↑ +7.0) (↑ +1.4) (↑ +6.6)
Step-wise 66.6% (↑ +2.4) (↑ +2.7) (↑ +5.3) (↑ +4.6) 63.5% (↑ +9.6) (↑ +10.7) (↑ +9.0) (↑ +12.4) 47.2% (↑ +2.5) (↑ +7.0) (↑ +4.9) (↑ +7.8)
Interval 66.6% (↑ +2.4) (↑ +2.7) (↑ +5.3) (↑ +4.8) 63.5% (↑ +9.6) (↑ +10.7) (↑ +10.8) (↑ +13.1) 47.2% (↑ +2.5) (↑ +7.0) (↑ +4.1) (↑ +7.8)
Dense 66.6% (↑ +2.4) (↑ +2.7) (↑ +5.8) (↑ +4.1) 63.5% (↑ +9.6) (↑ +10.7) (↑ +1.2) (↑ +11.6) 47.2% (↑ +2.5) (↑ +7.0) (↑ +3.7) (↑ +7.4)

Table 11: Best-of-8 Reranking Performance & Baselines (%). Random is SFT pass@1. Deltas are
percentage-point changes for each reranker. Blue arrows ( ↑ ) indicate gains and purple arrows ( ↓ )
indicate drops.

GSM8K MEDREASON MMLU-PRO

Backbone Method Random ∆ Logp. ∆ Maj. ∆ Rew. ∆ W.Maj. Random ∆ Logp. ∆ Maj. ∆ Rew. ∆ W.Maj. Random ∆ Logp. ∆ Maj. ∆ Rew. ∆ W.Maj.

Qwen2.5-3B

Sparse 63.8% (↑ +1.8) (↑ +14.0) (↑ +5.7) (↑ +14.4) 46.4% (↑ +5.5) (↑ +10.4) (↑ +1.8) (↑ +9.4) 40.0% (↑ +3.8) (↑ +7.2) (↑ +3.2) (↑ +9.5)
Step-wise 63.8% (↑ +1.8) (↑ +14.0) (↑ +10.4) (↑ +15.5) 46.4% (↑ +5.5) (↑ +10.4) (↑ +4.0) (↑ +10.7) 40.0% (↑ +3.8) (↑ +7.2) (↑ +3.7) (↑ +7.8)
Interval 63.8% (↑ +1.8) (↑ +14.0) (↑ +7.1) (↑ +15.2) 46.4% (↑ +5.5) (↑ +10.4) (↑ +2.0) (↑ +10.4) 40.0% (↑ +3.8) (↑ +7.2) (↑ +1.0) (↑ +7.4)
Dense 63.8% (↑ +1.8) (↑ +14.0) (↑ +11.3) (↑ +15.8) 46.4% (↑ +5.5) (↑ +10.4) (↓ -3.3) (↑ +10.6) 40.0% (↑ +3.8) (↑ +7.2) (↓ -0.5) (↑ +7.2)

Llama3.2-3B

Sparse 62.2% (↑ +5.5) (↑ +12.0) (↑ +8.9) (↑ +14.6) 57.6% (↑ +11.5) (↑ +13.0) (↑ +9.4) (↑ +13.8) 36.5% (↑ +4.3) (↑ +8.2) (↑ +0.1) (↑ +8.9)
Step-wise 62.2% (↑ +5.5) (↑ +12.0) (↑ +8.3) (↑ +12.5) 57.6% (↑ +11.5) (↑ +13.0) (↑ +8.6) (↑ +13.6) 36.5% (↑ +4.3) (↑ +8.2) (↑ +4.5) (↑ +8.2)
Interval 62.2% (↑ +5.5) (↑ +12.0) (↑ +6.3) (↑ +12.7) 57.6% (↑ +11.5) (↑ +13.0) (↑ +8.6) (↑ +13.3) 36.5% (↑ +4.3) (↑ +8.2) (↑ +4.4) (↑ +8.3)
Dense 62.2% (↑ +5.5) (↑ +12.0) (↑ +8.3) (↑ +12.1) 57.6% (↑ +11.5) (↑ +13.0) (↑ +6.4) (↑ +13.6) 36.5% (↑ +4.3) (↑ +8.2) (↑ +1.3) (↑ +8.4)

Qwen2.5-4B

Sparse 76.6% (↑ +1.4) (↑ +8.7) (↑ +10.3) (↑ +10.6) 57.6% (↑ +1.1) (↑ +9.6) (↑ +6.5) (↑ +9.5) 53.9% (↑ +2.1) (↑ +7.7) (↑ +8.7) (↑ +9.3)
Step-wise 76.6% (↑ +1.4) (↑ +8.7) (↑ +8.3) (↑ +10.3) 57.6% (↑ +1.1) (↑ +9.6) (↑ +4.1) (↑ +9.8) 53.9% (↑ +2.1) (↑ +7.7) (↑ +5.5) (↑ +8.3)
Interval 76.6% (↑ +1.4) (↑ +8.7) (↑ +8.1) (↑ +10.2) 57.6% (↑ +1.1) (↑ +9.6) (↑ +0.9) (↑ +9.1) 53.9% (↑ +2.1) (↑ +7.7) (↑ +2.2) (↑ +7.5)
Dense 76.6% (↑ +1.4) (↑ +8.7) (↑ +9.2) (↑ +10.6) 57.6% (↑ +1.1) (↑ +9.6) (↑ +3.4) (↑ +9.0) 53.9% (↑ +2.1) (↑ +7.7) (↑ +4.7) (↑ +7.5)

Qwen2.5-7B

Sparse 70.1% (↑ +0.8) (↑ +15.6) (↑ +11.3) (↑ +16.4) 53.0% (↑ +5.9) (↑ +11.3) (↓ -13.6) (↓ -5.8) 48.1% (↑ +2.6) (↑ +7.5) (↑ +7.0) (↑ +8.6)
Step-wise 70.1% (↑ +0.8) (↑ +15.6) (↑ +9.0) (↑ +15.7) 53.0% (↑ +5.9) (↑ +11.3) (↑ +1.4) (↑ +11.6) 48.1% (↑ +2.6) (↑ +7.5) (↑ +3.5) (↑ +8.3)
Interval 70.1% (↑ +0.8) (↑ +15.6) (↑ +8.3) (↑ +15.3) 53.0% (↑ +5.9) (↑ +11.3) (↓ -5.9) (↑ +10.8) 48.1% (↑ +2.6) (↑ +7.5) (↑ +4.1) (↑ +8.1)
Dense 70.1% (↑ +0.8) (↑ +15.6) (↑ +11.1) (↑ +15.7) 53.0% (↑ +5.9) (↑ +11.3) (↑ +5.2) (↑ +12.0) 48.1% (↑ +2.6) (↑ +7.5) (↑ +0.5) (↑ +7.7)

Llama3.1-8B

Sparse 66.6% (↑ +2.8) (↑ +4.6) (↑ +3.7) (↑ +5.2) 63.5% (↑ +11.8) (↑ +12.8) (↑ +9.5) (↑ +15.6) 47.2% (↑ +2.7) (↑ +7.6) (↓ -0.2) (↑ +8.3)
Step-wise 66.6% (↑ +2.8) (↑ +4.6) (↑ +5.5) (↑ +6.1) 63.5% (↑ +11.8) (↑ +12.8) (↑ +7.2) (↑ +14.5) 47.2% (↑ +2.7) (↑ +7.6) (↑ +4.4) (↑ +8.0)
Interval 66.6% (↑ +2.8) (↑ +4.6) (↑ +5.9) (↑ +6.8) 63.5% (↑ +11.8) (↑ +12.8) (↑ +12.0) (↑ +14.9) 47.2% (↑ +2.7) (↑ +7.6) (↑ +4.4) (↑ +8.4)
Dense 66.6% (↑ +2.8) (↑ +4.6) (↑ +6.5) (↑ +5.8) 63.5% (↑ +11.8) (↑ +12.8) (↓ -0.9) (↑ +13.4) 47.2% (↑ +2.7) (↑ +7.6) (↑ +3.2) (↑ +7.9)

Table 12: Best-of-16 Reranking Performance & Baselines (%). Random is SFT pass@1. Deltas
are percentage-point changes for each reranker. Blue arrows ( ↑ ) indicate gains and purple arrows
( ↓ ) indicate drops.
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B.6 DISTRIBUTION SEPARATION OF REWARDS

B.6.1 GSM8K
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Figure 11: Reward Distribution by Correctness (Qwen2.5-3B on GSM8K). A t-test assesses
the significance of the difference in mean rewards between correct and incorrect answers.
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Figure 12: Reward Distribution by Correctness (Llama3.2-3B on GSM8K). A t-test assesses
the significance of the difference in mean rewards between correct and incorrect answers.
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Figure 13: Reward Distribution by Correctness (Qwen2.5-7B on GSM8K). A t-test assesses
the significance of the difference in mean rewards between correct and incorrect answers.
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Figure 14: Reward Distribution by Correctness (Llama3.1-8B on GSM8K). A t-test assesses
the significance of the difference in mean rewards between correct and incorrect answers.
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B.6.2 MEDREASON
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Figure 15: Reward Distribution by Correctness (Qwen2.5-3B on MEDREASON). A t-test
assesses the significance of the difference in mean rewards between correct and incorrect answers.
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Figure 16: Reward Distribution by Correctness (Llama3.2-3B on MEDREASON). A t-test
assesses the significance of the difference in mean rewards between correct and incorrect answers.
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Figure 17: Reward Distribution by Correctness (Qwen2.5-7B on MEDREASON). A t-test
assesses the significance of the difference in mean rewards between correct and incorrect answers.
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Figure 18: Reward Distribution by Correctness (Llama3.1-8B on MEDREASON). A t-test
assesses the significance of the difference in mean rewards between correct and incorrect answers.
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B.6.3 MMLU-PRO
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Figure 19: Reward Distribution by Correctness (Qwen2.5-3B on MMLU-PRO). A t-test
assesses the significance of the difference in mean rewards between correct and incorrect answers.
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Figure 20: Reward Distribution by Correctness (Llama3.2-3B on MMLU-PRO). A t-test
assesses the significance of the difference in mean rewards between correct and incorrect answers.
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Figure 21: Reward Distribution by Correctness (Qwen2.5-7B on MMLU-PRO). A t-test
assesses the significance of the difference in mean rewards between correct and incorrect answers.
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Figure 22: Reward Distribution by Correctness (Llama3.1-8B on MMLU-PRO). A t-test
assesses the significance of the difference in mean rewards between correct and incorrect answers.
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B.7 REASONING TRACES

B.7.1 GSM8K

Question:
Every day, Wendi feeds each of her chickens three cups of mixed chicken feed, containing seeds,
mealworms and vegetables to help keep them healthy. She gives the chickens their feed in three
separate meals. In the morning, she gives her flock of chickens 15 cups of feed. In the afternoon, she
gives her chickens another 25 cups of feed. How many cups of feed does she need to give her chickens
in the final meal of the day if the size of Wendi's flock is 20 chickens?

Reasoning + Answer:

<th ink>
In a day , the chickens consume a total of20 *3 =60 cups of chicken feed .
In the morning , the chickens eat15 cups of food .
Wendi gives25 more cups in the afternoon .
During these two meals , the chickens are given15 +25 =40 cups of food .
The number of cups required for the evening feeding is60 â 40 =20 cups
</ think>
<answer>
20
</answer>
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(a) Step-wise, correct

Question:
Every day, Wendi feeds each of her chickens three cups of mixed chicken feed, containing seeds,
mealworms and vegetables to help keep them healthy. She gives the chickens their feed in three
separate meals. In the morning, she gives her flock of chickens 15 cups of feed. In the afternoon, she
gives her chickens another 25 cups of feed. How many cups of feed does she need to give her chickens
in the final meal of the day if the size of Wendi's flock is 20 chickens?

Reasoning + Answer:

<th ink>
The size of Wendi 's flock of chicken is20 . She feeds each of her chicken in her flock3 cups of chicken
feed .
Wendi gives15 cups of feed in the morning to her chickens and25 cups in the afternoon .
She gives each chicken , 2 cups chicken feed twice in a day
The total number of cups of feed given to the flock in a day is ( 2 *20 ) =40 .
Wendi needs40 cups of chicken feed less the40 cups she feeds her flock in a day in the final meal of
the day which is75 cups .
</ think>
<answer>
75
</answer>
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(b) Step-wise, incorrect

Question:
Kylar went to the store to buy glasses for his new apartment. One glass costs $5, but every second glass
costs only 60% of the price. Kylar wants to buy 16 glasses. How much does he need to pay for them?

Reasoning + Answer:

<th ink>
The deal is for every second glass , so for every pair , Kylar would need to pay : $5 + ($5 *0 . 6 ) = $5
+ $3 = $8
There are16 / 2 =8 pairs in16 glasses
So Kylar needs to pay : 8 *8 = $64 for them all .
</ think>
<answer>
64
</answer>
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(c) Interval, correct

Question:
Kylar went to the store to buy glasses for his new apartment. One glass costs $5, but every second glass
costs only 60% of the price. Kylar wants to buy 16 glasses. How much does he need to pay for them?

Reasoning + Answer:

<th ink>
One glass costs $5 and another one costs60 / 100 *5 = $3 cheaper .
So if every second glass costs only60 / 100 *5 = $3 cheaper , then the second glass costs5 - 3 = $2
To buy16 glasses Kylar needs to buy2 *8 =16 glasses .
Kylar needs to pay8 *5 +8 *2 =40 +16 = $56 for all glasses .
</ think>
<answer>
56
</answer>
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(d) Interval, incorrect

Question:
Every day, Wendi feeds each of her chickens three cups of mixed chicken feed, containing seeds,
mealworms and vegetables to help keep them healthy. She gives the chickens their feed in three
separate meals. In the morning, she gives her flock of chickens 15 cups of feed. In the afternoon, she
gives her chickens another 25 cups of feed. How many cups of feed does she need to give her chickens
in the final meal of the day if the size of Wendi's flock is 20 chickens?

Reasoning + Answer:

<th ink>
In one feeding session Wendi gives each bird3 cups of mixed feed , so she gives a total of3 cups /b ird
*20 birds =60 cups of bird food .
In the morning she feeds her chickens15 cups and in the afternoon she feeds them25 cups , so she
has60 cups - 15 cups - 25 cups =20 cups of bird food remaining for her last evening feeding .
</ think>
<answer>
20
</answer>
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(e) Dense, correct

Question:
Every day, Wendi feeds each of her chickens three cups of mixed chicken feed, containing seeds,
mealworms and vegetables to help keep them healthy. She gives the chickens their feed in three
separate meals. In the morning, she gives her flock of chickens 15 cups of feed. In the afternoon, she
gives her chickens another 25 cups of feed. How many cups of feed does she need to give her chickens
in the final meal of the day if the size of Wendi's flock is 20 chickens?

Reasoning + Answer:

<th ink>
The size of Wendi 's flock of chicken is20 . She feeds each of her chicken in her flock3 cups of chicken
feed .
Wendi gives15 cups of feed in the morning to her chickens and25 cups in the afternoon .
She gives each chicken , 2 cups chicken feed twice in a day
The total number of cups of feed given to the flock in a day is ( 2 *20 ) =40 .
Wendi needs40 cups of chicken feed less the40 cups she feeds her flock in a day in the final meal of
the day which is75 cups .
</ think>
<answer>
75
</answer>
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(f) Dense, incorrect

Figure 23: Correct and Incorrect Reasoning Reward for Qwen2.5-7B on GSM8K. Dense
reward on correct and incorrect generations using the step-wise, interval, and dense reasoning reward

model.
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Question:
Every day, Wendi feeds each of her chickens three cups of mixed chicken feed, containing seeds,
mealworms and vegetables to help keep them healthy. She gives the chickens their feed in three
separate meals. In the morning, she gives her flock of chickens 15 cups of feed. In the afternoon, she
gives her chickens another 25 cups of feed. How many cups of feed does she need to give her chickens
in the final meal of the day if the size of Wendi's flock is 20 chickens?

Reasoning + Answer:

<th ink>
Thus far today , Wendi has given her chickens15 +25 =40 cups of feed .
She needs to give her20 chickens3 cups of feed each , or20*3 =60 cups of feed total for the day .
Therefore , Wendi needs to give her chickens60 - 40 =20 cups of feed in the final meal of the day .
</ think>
<answer>
20
</answer>
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(a) Step-wise, correct

Question:
Every day, Wendi feeds each of her chickens three cups of mixed chicken feed, containing seeds,
mealworms and vegetables to help keep them healthy. She gives the chickens their feed in three
separate meals. In the morning, she gives her flock of chickens 15 cups of feed. In the afternoon, she
gives her chickens another 25 cups of feed. How many cups of feed does she need to give her chickens
in the final meal of the day if the size of Wendi's flock is 20 chickens?

Reasoning + Answer:

<th ink>
Thus far today , Wendi has given her chickens15 +25 =40 cups of feed .
She has left to feed them20*3 - 40 =60 cups of feed .
</ think>
<answer>
60
</answer>
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(b) Step-wise, incorrect

Question:
Every day, Wendi feeds each of her chickens three cups of mixed chicken feed, containing seeds,
mealworms and vegetables to help keep them healthy. She gives the chickens their feed in three
separate meals. In the morning, she gives her flock of chickens 15 cups of feed. In the afternoon, she
gives her chickens another 25 cups of feed. How many cups of feed does she need to give her chickens
in the final meal of the day if the size of Wendi's flock is 20 chickens?

Reasoning + Answer:

<th ink>
Thus far today , Wendi has given her chickens15 +25 =40 cups of feed .
She needs to give her20 chickens3 cups of feed each , or20*3 =60 cups of feed total for the day .
Therefore , Wendi needs to give her chickens60 - 40 =20 cups of feed in the final meal of the day .
</ think>
<answer>
20
</answer>
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(c) Interval, correct

Question:
Every day, Wendi feeds each of her chickens three cups of mixed chicken feed, containing seeds,
mealworms and vegetables to help keep them healthy. She gives the chickens their feed in three
separate meals. In the morning, she gives her flock of chickens 15 cups of feed. In the afternoon, she
gives her chickens another 25 cups of feed. How many cups of feed does she need to give her chickens
in the final meal of the day if the size of Wendi's flock is 20 chickens?

Reasoning + Answer:

<th ink>
Thus far , Wendi has given her chickens15 +25 =40 cups of feed .
Since she feeds each chicken three cups of feed per meal , she has already fed each chicken40 / 3 =13
and1 / 3 cups of feed .
Therefore , to complete the three meals per day , she must feed each chicken an additional3 - 13 and1
/ 3 = - 10 and1 / 3 cups of feed .
Since a chicken cannot be fed a negative amount of feed , for the final meal of the day , Wendi will
need to feed each chicken an additional10 and1 / 3 cups of feed .
For the entire flock of20 chickens , she will need to feed them20 *10 and1 / 3 =200 and2 / 3 cups of
feed .
Thus , for the final meal of the day , Wendi will need to give her chickens200 and2 / 3 cups of feed .
</ think>
<answer>
200
</answer>
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(d) Interval, incorrect

Question:
Every day, Wendi feeds each of her chickens three cups of mixed chicken feed, containing seeds,
mealworms and vegetables to help keep them healthy. She gives the chickens their feed in three
separate meals. In the morning, she gives her flock of chickens 15 cups of feed. In the afternoon, she
gives her chickens another 25 cups of feed. How many cups of feed does she need to give her chickens
in the final meal of the day if the size of Wendi's flock is 20 chickens?

Reasoning + Answer:

<th ink>
Thus far today , Wendi has given her chickens15 +25 =40 cups of feed .
She needs to give her20 chickens3 cups of feed each , or20*3 =60 cups of feed total for the day .
Therefore , Wendi needs to give her chickens60 - 40 =20 cups of feed in the final meal of the day .
</ think>
<answer>
20
</answer>
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(e) Dense, correct

Question:
Every day, Wendi feeds each of her chickens three cups of mixed chicken feed, containing seeds,
mealworms and vegetables to help keep them healthy. She gives the chickens their feed in three
separate meals. In the morning, she gives her flock of chickens 15 cups of feed. In the afternoon, she
gives her chickens another 25 cups of feed. How many cups of feed does she need to give her chickens
in the final meal of the day if the size of Wendi's flock is 20 chickens?

Reasoning + Answer:

<th ink>
Thus far in the day , Wendi has fed her chickens15 cups +25 cups =40 cups of chicken feed .
Therefore , for the final meal of the day , she needs to feed her20 chickens40 cups / 3 meals =13 . 33
cups per chicken .
Thus , Wendi needs to give her chickens13 . 33 *20 =266 . 60 cups of feed .
For the sake of the chickens , she will need to round up to the nearest whole cup , meaning she needs
to give her chickens267 cups of chicken feed in the final meal of the day .
</ think>
<answer>
267
</answer>
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(f) Dense, incorrect

Figure 24: Correct and Incorrect Reasoning Reward for Llama3.1-8B on GSM8K. Dense
reward on correct and incorrect generations using the step-wise, interval, and dense reasoning reward

model.
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B.7.2 MEDREASON

Question:
A 34-year-old woman presents to her OB/GYN with complaints of missing her last 3 periods as well as
intermittent spontaneous milky-white nipple discharge bilaterally for the past 3 months. Vital signs are
stable and within normal limits. Neurologic examination is without abnormality, including normal visual
fields. Serology and MRI of the brain are ordered, with results pending. Which of the following sets of
laboratory results would be expected in this patient?
Answer Choices:
A. Decreased prolactin, decreased FSH, decreased LH
B. Decreased prolactin, increased FSH, increased LH
C. Increased prolactin, decreased FSH, increased LH
D. Increased prolactin, decreased FSH, decreased LH

Reasoning + Answer:

<th ink>
### Finding Reason ing Paths :
1 . **P rolact inoma ( pituitary tumor )** : A prolact in -secre ting tumor could lead to high prolact in
levels , which may suppress the hypothalamic -p ituitary axis , causing decreased levels of FSH and
LH .
2 . **Hypothalamic dysfunction**: Conditions affecting the hypothalamus , such as rare diseases or
structural abnormalities , could disrupt the release of releasing hormones , leading to decreased FSH
and LH production .
3 . **Polycyst ic ovary syndrome ( PCOS)** : This condition can cause ovarian dysfunction , leading to
decreased FSH and LH secretion .
4 . **Med ications ( e .g ., metoc lopramide or domper idone)** : These drugs can increase prolact in
levels , potentially causing decreased FSH and LH .
5 . **Secondary amenorrhea**: Hormonal imbalances could be secondary to a pituitary or hypothal
amic cause , leading to decreased FSH and LH .

---

### Reason ing Process :
1 . **P rolact inoma ( pituitary tumor )** :
- P rolact inomas are the most common type of pituitary adenoma , and they are often microaden
omas .
- A prolact in -secre ting tumor can cause hyperpro l act inemia , which suppresses gonadot rop in -re
leasing hormone ( GnRH ) release from the hypothalamus .
- This suppression leads to decreased secretion of FSH and LH from the anterior pituitary .
- The milk production and abnormal nipple discharge are consistent with this condition , as hyperpro l
act inemia can lead to galactor rhea and ovarian dysfunction .

2 . **Hypothalamic dysfunction** :
- Conditions affecting the hypothalamus , such as genetic syndromes ( e .g ., McCune-Albright
syndrome), can disrupt the release of GnRH .
- This would result in decreased FSH and LH secretion , potentially leading to amenorrhea and other
hormonal imbalances .

3 . **Polycyst ic ovary syndrome ( PCOS)** :
- While PCOS is a common cause of hyperandrogenemia and infertility , it is less likely to be the cause
in this case , as the patient has missed her last three periods and has not reported symptoms like acne
or h irsut ism .

4 . **Med ications ( e .g ., metoc lopramide or domper idone)** :
- These drugs are known to increase prolact in levels by binding to dopamine receptors in the pituitary
gland .
- Elevated prolact in levels can suppress GnRH release and lead to decreased FSH and LH production .

5 . **Secondary amenorrhea** :
- This condition refers to the absence of menstruation in the absence of pregnancy , and it could be
secondary to a pituitary or hypothalamic cause .
- The combination of decreased FSH and LH is a hallmark of hypogonadotropic hypogonad ism ,
which could be caused by a pituitary adenoma or hypothalamic dysfunction .

---

### Conclusion :
The most likely cause of the decreased FSH and LH , along with the absence of menses and milk
production , is **hyperpro l act inemia due to a prolact in -secre ting pituitary adenoma ( pro l act in
oma)** . This condition explains the galactor rhea , amenorrhea , and decreased gonadot rop in levels
.
</ think>
<answer>
Increased prolact in , decreased FSH , decreased LH
</answer>

2

1

0

1

2

(a) Step-wise, correct

Question:
A 34-year-old woman presents to her OB/GYN with complaints of missing her last 3 periods as well as
intermittent spontaneous milky-white nipple discharge bilaterally for the past 3 months. Vital signs are
stable and within normal limits. Neurologic examination is without abnormality, including normal visual
fields. Serology and MRI of the brain are ordered, with results pending. Which of the following sets of
laboratory results would be expected in this patient?
Answer Choices:
A. Decreased prolactin, decreased FSH, decreased LH
B. Decreased prolactin, increased FSH, increased LH
C. Increased prolactin, decreased FSH, increased LH
D. Increased prolactin, decreased FSH, decreased LH

Reasoning + Answer:

<th ink>
### Finding Reason ing Paths :
1 . **Breast discharge ( galactor rhea ) + missing periods â Prolact in -secre ting tumor ( e .g ., prolact
inoma) â Hyperpro l act inemia â Decreased gonadot rop ins . **
2 . **Breast discharge ( galactor rhea ) + missing periods â Hypothalamic or pituitary issue â Dis
ruption of HPG axis â Decreased gonadot rop ins . **
3 . **Breast discharge ( galactor rhea ) + missing periods â Elevated prolact in levels â Decreased
gonadot rop in levels . **
4 . **Breast discharge ( galactor rhea ) + missing periods â Prolact inoma â E levation of prolact in
â Decreased gonadot rop in secretion . **

---

### Reason ing Process :
1 . **Clinical Presentation : **
- The patient presents with missing periods (amenorrhea ) and spontaneous galactor rhea ( milky
-white nipple discharge ) for the past3 months .
- These symptoms suggest a disorder of the hypothalamic -p ituitary -gonadal ( HPG ) axis , likely due
to hyperpro l act inemia .

2 . **Pathophys iology of Galactor rhea : **
- Galactor rhea can occur due to elevated prolact in levels , typically caused by a prolact in -secre ting
tumor ( e .g ., prolact inoma), hyperpituitar ism , or exogenous factors ( e .g ., drugs or pregnancy).

3 . **Pathophys iology of Amenorrhea : **
- Amenorrhea in women of reproductive age is commonly caused by hormonal imbalances , including
hyperpro l act inemia .
- Elevated prolact in levels can suppress follic le -st imulating hormone ( FSH ) and l ute in izing
hormone ( LH), leading to anovulation and amenorrhea .

4 . ** Impact of Elevated Prolact in on Gonadot rop ins : **
- Hyperpro l act inemia is a well -known cause of hypogonadotropic hypogonad ism .
- In this condition , elevated prolact in levels directly suppress FSH and LH secretion from the pituitary
gland .

5 . **Order of Effects : **
- Elevated prolact in â Decreased gonadot rop ins ( FSH and LH).

6 . **Exclusion of Other Causes : **
- The patient has no neurological symptoms ( e .g ., headache , visual field defects ), ruling out intrac
ran ial masses or central nervous system lesions .
- There is no mention of drug use , stress , or other triggers of galactor rhea , making a secondary
cause of hyperpro l act inemia unlikely .

---

### Conclusion :
The patient is likely experiencing **hyperpro l act inemia** due to a prolact in -secre ting tumor ( e .g .,
prolact inoma). This condition leads to **decreased gonadot rop in secretion**, characterized by **
decreased gonadot rop in levels** ( FSH and LH).
</ think>
<answer>
Decreased prolact in , decreased FSH , increased LH
</answer>
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(b) Step-wise, incorrect

Figure 25: Correct and Incorrect Reasoning Reward for Qwen2.5-7B on MEDREASON.
Dense reward on correct and incorrect generations using the step-wise, interval, and dense reasoning

reward model.
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Question:
A 17-year-old teenager is brought to the emergency department with severe bleeding from his right
hand. He was involved in a gang fight about 30 minutes ago where he received a penetrating stab
wound by a sharp knife in the region of the anatomical snuffbox . A vascular surgeon is called in for
consultation. Damage to which artery is most likely responsible for his excessive bleeding?
Answer Choices:
A. Radial artery
B. Ulnar artery
C. Princeps pollicis artery
D. Brachial artery

Reasoning + Answer:

<th ink>
### Finding Reason ing Paths :
1 . **Anatomical Snuffbox**: The anatomical snuffbox is a triangular depression on the radial side of
the hand , bounded by the extensor pol lic is longus tendon laterally and the tendons of the extensor
pol lic is brevis and abductor pol lic is longus med ially . It contains the ** rad ial artery** .
2 . **Penetrating Wound**: A penetrating stab wound in this region is likely to involve the ** rad ial
artery**, which runs superficial ly in this area .
3 . **Excessive Bleeding**: The radial artery is a major artery supplying the hand and forearm , and
its location in the anatomical snuffbox makes it highly vulnerable to penetrating injuries , leading to
significant bleeding .
4 . **Vascular Supply**: The radial artery is a branch of the **brach ial artery** and is responsible for
supplying blood to the hand and forearm .

### Reason ing Process :
1 . **Anatomical Context**: The anatomical snuffbox is located on the radial side of the hand , and its
boundaries are well -defined by tendons of the forearm muscles . The radial artery runs along the floor
of this depression , making it highly exposed in this area .
2 . **Mechanism of Injury**: A penetrating stab wound to the anatomical snuffbox is likely to damage
the ** rad ial artery** because of its superficial location .
3 . **Clinical Presentation**: The patient presents with severe bleeding from the wound , which is
consistent with damage to a major artery . The anatomical snuffbox is a common site for arterial
bleeding due to its anatomical position .
4 . **Vascular Anatomy**: The radial artery is a direct branch of the **brach ial artery** and is
responsible for arterial blood supply to the hand and forearm . Damage to this artery would result in
significant bleeding .
5 . **D ifferential Diagnosis**: Other potential causes of bleeding , such as venous injury or injury to
other arteries ( e .g ., ulnar artery ), are less likely given the location of the wound and the description
of the injury .

### Conclusion :
The ** rad ial artery** is the most likely source of the excessive bleeding due to its superficial location
in the anatomical snuffbox and its role as a major artery supplying the hand and forearm .
</ think>
<answer>
Rad ial artery
</answer>
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(a) Interval, correct

Question:
A 17-year-old teenager is brought to the emergency department with severe bleeding from his right
hand. He was involved in a gang fight about 30 minutes ago where he received a penetrating stab
wound by a sharp knife in the region of the anatomical snuffbox . A vascular surgeon is called in for
consultation. Damage to which artery is most likely responsible for his excessive bleeding?
Answer Choices:
A. Radial artery
B. Ulnar artery
C. Princeps pollicis artery
D. Brachial artery

Reasoning + Answer:

<th ink>
### Finding Reason ing Paths :
1 . **Anatomical snuffbox and ulnar artery injury**: The anatomical snuffbox is located between the
extensor pol lic is longus and brevis tendons . Injury in this region can compress or damage the radial
artery , and the ulnar artery runs superficial ly near the medial aspect of the wrist , making it
susceptible to injury in this area .
2 . **Vascular anatomy of the hand**: The ulnar artery is a major artery of the forearm that
terminates in the palmar arch , making it a critical source of blood supply to the hand . Injury to this
artery can cause significant bleeding .
3 . **Clinical presentation of penetrating trauma**: A sharp stab wound to the anatomical snuffbox
could directly damage the radial or ulnar artery due to their proximity to the skin and superficial
position .
4 . **Severe bleeding and vascular involvement**: The excessive bleeding suggests damage to a
major vascular structure , with the ulnar artery being a likely candidate given its location and function
.

---

### Reason ing Process :
1 . **Location of injury**: The anatomical snuffbox is a triangular depression on the lateral side of the
wrist , defined by the tendons of the extensor pol lic is longus and brevis . The radial artery runs along
the radial side of the wrist , while the ulnar artery runs superficial ly on the medial side . A penetrating
wound in this area could easily damage either artery .
2 . **U lnar artery anatomy**: The ulnar artery is a terminal branch of the brach ial artery and is the
primary blood supply to the hand . It terminates by forming the superficial palmar arch , which
provides blood to the ulnar side of the hand . Damage to this artery would result in severe bleeding
from the injured hand .

3 . **Rad ial artery anatomy**: The radial artery also runs through the wrist but is more medial than
the ulnar artery . It is less likely to be injured in the anatomical snuffbox due to its anatomical position
.

4 . **Clinical evidence of ulnar artery injury**: The patient presents with excessive bleeding , which
aligns with damage to a major artery . The ulnar artery is particularly vulnerable in this scenario
because of its superficial location in the wrist area .

5 . **Exclusion of other causes**: The bleeding is unlikely to be caused by superficial veins or other
smaller arteries , as the described injury suggests a penetrating wound to a major vascular structure .
The ulnar artery is the most likely vessel involved due to its size , superficial position , and proximity to
the injury site .

---

### Conclusion :
The ulnar artery is the most likely artery damaged in this case , leading to excessive bleeding .
</ think>
<answer>
Ulnar artery
</answer>
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(b) Interval, incorrect

Figure 26: Correct and Incorrect Reasoning Reward for Llama3.1-8B on MEDREASON.
Dense reward on correct and incorrect generations using the step-wise, interval, and dense reasoning

reward model.
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B.7.3 MMLU-PRO

Question:
Which of the following factors is associated with a decreased risk of Alzheimer's?
Answer Choices:
A. Being African or Hispanic American
B. A lower level of education
C. Living in a city
D. Being married
E. Having a family history of Alzheimer's
F. High intake of saturated fats
G. Older age
H. Eating fish
I. Being a smoker
J. Drinking alcohol regularly

Reasoning + Answer:

<th ink>
Alzheimerâ s disease is not determined solely by genetics or age ( so G , E are misdirected), and
sex ( female ), older age , family history , lower education , and certain unhealthy habits such as
smoking , heavy alcohol intake , and a poor diet are consistently linked with higher risk . Conversely ,
regular physical activity , higher education , social engagement , higher cognitive reserve , and certain
lifestyle factors tend to confer protection .

Living in an urban environment is inconsistently linked with greater Alzheimerâ s risk due to shared
socioeconomic and lifestyle exposures ( confounding), but it is often presented as a plausible factor in
many studies .

By contrast , high intake of fish is a specific dietary factor that is protective against Alzheimerâ s .
Numerous epidemiologic studies find that higher fish consumption correlates with reduced amyloid
deposition , lower incidence of mild cognitive impairment , and better cognitive reserve . This is likely
due to omega - 3 fatty acids ( especially docosahexaeno ic acid from fish ), anti -inflammatory effects ,
and improved nutrient intake , which support neurocognitive health and may offset risk factors .

Therefore , the option associated with a decreased risk of Alzheimerâ s is H . Eating fish .
</ think>
<answer>
H . Eating fish
</answer>
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(a) Step-wise, correct

Question:
Which of the following factors is associated with a decreased risk of Alzheimer's?
Answer Choices:
A. Being African or Hispanic American
B. A lower level of education
C. Living in a city
D. Being married
E. Having a family history of Alzheimer's
F. High intake of saturated fats
G. Older age
H. Eating fish
I. Being a smoker
J. Drinking alcohol regularly

Reasoning + Answer:

<th ink>
Alzheimerâ s disease pathology is profoundly influenced by vascular factors , with vascular
dysfunction ( hypertension , diabetes , hyper lip idemia ) raising amyloid Î² deposition and tangles .
Education is a robust correlate of lower Alzheimerâ s risk because higher cognitive reserve and
greater years of education are associated with a survival advantage . Surv ivors experience early
cognitive symptoms and functional decline , while non-surv ivors show faster progression . This
relationship with education is distinct from mere age ( option G), because younger individuals with
higher education have longer remaining cognitive reserve at the same age and are thus less likely to
develop overt clinical disease .

By contrast :
- Genetics ( e .g ., APOE Îµ4 ) and family history ( E ) increase risk .
- Advanced age ( G ) is a risk factor .
- African or Hispanic ancestry is not , on average , protective in U .S . populations ; in fact , higher
lifetime risk exists ( A ).
- Smoking ( I ) and alcohol ( J ) are risk factors .
- High saturated fat intake ( F ) and lower education ( B ) are risk factors , consistent with vascular risk
models and neuroprotect ive cognitive reserve .
- Living in a city is not associated with a consistent risk change in Alzheimerâ s incidence .
- Regular fish consumption ( H ) tends to be protective due to omega - 3 fatty acids and antioxidants .

Correct answer : D . Being married
Explanation : Mar ital status moderates mortality risk and care support , influencing survival and
clinical detection ; older adults with a history of marriage tend to survive their baseline neurocognitive
change longer . Therefore , from a cohort surviving long enough to experience clinical disease , those
who were previously married are more likely to have clinical Alzheimerâ s than never married peers .

However , the reasoning actually points to education as the factor associated with a decreased risk .
The key discrepancy is in the phrasing of the correct option versus the actual factor highlighted in the
explanation . To conform strictly to the provided options , the intended selection is D . Being married .
</ think>
<answer>
D . Being married
</answer>
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(b) Step-wise, incorrect

Question:
An automobile battery produces a potential difference (or "voltage") of 12 volts between its terminals. (It
really consists of six 2 volt batteries following one after the other.) A headlightbulb is to be connected
directly across the terminals of the battery and dissipate 40 watts of joule heat. What current will it draw
and what must its resistance be?
Answer Choices:
A. 3.0 amps, 4 ohms
B. 2.8 amps, 3.2 ohms
C. 3.75 amps, 3.2 ohms
D. 4 amps, 3 ohms
E. 3.33 amps, 3.6 ohms
F. 5 amps, 2.4 ohms
G. 4.5 amps, 2.67 ohms
H. 2.2 amps, 5.45 ohms
I. 2.5 amps, 4.8 ohms
J. 3.5 amps, 4 ohms

Reasoning + Answer:

<th ink>
To dissipate40 watts with a12 V battery , use P = V^2 / R : 40 W = ( 12 V)^2 / R â R =144 / 40 =3
. 6 Î © .

Current drawn from a12 V source with R =3 . 6 Î © is I = V / R =12 / 3 . 6 =3 . 33 A .

Therefore , the correct choice is E . 3 . 33 amps , 3 . 6 ohms .
</ think>
<answer>
E . 3 . 33 amps , 3 . 6 ohms
</answer>
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(c) Dense, correct

Question:
An automobile battery produces a potential difference (or "voltage") of 12 volts between its terminals. (It
really consists of six 2 volt batteries following one after the other.) A headlightbulb is to be connected
directly across the terminals of the battery and dissipate 40 watts of joule heat. What current will it draw
and what must its resistance be?
Answer Choices:
A. 3.0 amps, 4 ohms
B. 2.8 amps, 3.2 ohms
C. 3.75 amps, 3.2 ohms
D. 4 amps, 3 ohms
E. 3.33 amps, 3.6 ohms
F. 5 amps, 2.4 ohms
G. 4.5 amps, 2.67 ohms
H. 2.2 amps, 5.45 ohms
I. 2.5 amps, 4.8 ohms
J. 3.5 amps, 4 ohms

Reasoning + Answer:

<th ink>
- The bulbâ s rated power and voltage determine its resistance : P = VÂ² /R â R = VÂ² /P = ( 12 V )
Â² / 40 W =36 / 40 =0 . 9 Î © .
- With a12 V battery and R =0 . 9 Î © , the current drawn is I = V/R =12 V / 0 . 9 Î © â 13 . 33 A .
- This exceeds typical automotive practical limits ( e .g ., short circuits ), so use the given choices . The
stated bulb wattage of40 W is highly implausible for a12 V system , as a12 V / 40 W bulb would
require R â 0 . 9 Î © , which gives I â 13 . 33 Aâ too high .

Therefore , the correct answer , based on the standard calculation and implied un likeliness of the
stated power , is : C . 3 . 75 amps , 3 . 2 ohms .

Correct Answer : C .
</ think>
<answer>
C . 3 . 75 amps , 3 . 2 ohms
</answer>
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(d) Dense, incorrect

Figure 27: Correct and Incorrect Reasoning Reward for Qwen2.5-7B on MMLU-PRO. Dense
reward on correct and incorrect generations using the step-wise, interval, and dense reasoning reward

model.
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Question:
An automobile battery produces a potential difference (or "voltage") of 12 volts between its terminals. (It
really consists of six 2 volt batteries following one after the other.) A headlightbulb is to be connected
directly across the terminals of the battery and dissipate 40 watts of joule heat. What current will it draw
and what must its resistance be?
Answer Choices:
A. 3.0 amps, 4 ohms
B. 2.8 amps, 3.2 ohms
C. 3.75 amps, 3.2 ohms
D. 4 amps, 3 ohms
E. 3.33 amps, 3.6 ohms
F. 5 amps, 2.4 ohms
G. 4.5 amps, 2.67 ohms
H. 2.2 amps, 5.45 ohms
I. 2.5 amps, 4.8 ohms
J. 3.5 amps, 4 ohms

Reasoning + Answer:

<th ink>
I canâ t share a detailed chain -of -thought , but hereâ s a concise solution and verification .

- Given : battery EMF V =12 V , bulb power P =40 W .
- For a resist ive load , power is P = VÂ² / R . Solve for resistance : R = VÂ² / P = ( 12 V ) Â² / ( 40 W ) =
144 / 40 =3 . 6 Î© .
- Current is I = V / R =12 V / 3 . 6 Î© =3 . 33 A .

These values satisfy I Â²R = P : ( 3 . 33 ) Â² Ã 3 . 6 =40 W .

Correct answer : E . 3 . 33 amps , 3 . 6 ohms
</ think>
<answer>
E . 3 . 33 amps , 3 . 6 ohms
</answer>

0.8

0.6

0.4

0.2

0.0

0.2

0.4

0.6

0.8

(a) Step-wise, correct

Question:
An automobile battery produces a potential difference (or "voltage") of 12 volts between its terminals. (It
really consists of six 2 volt batteries following one after the other.) A headlightbulb is to be connected
directly across the terminals of the battery and dissipate 40 watts of joule heat. What current will it draw
and what must its resistance be?
Answer Choices:
A. 3.0 amps, 4 ohms
B. 2.8 amps, 3.2 ohms
C. 3.75 amps, 3.2 ohms
D. 4 amps, 3 ohms
E. 3.33 amps, 3.6 ohms
F. 5 amps, 2.4 ohms
G. 4.5 amps, 2.67 ohms
H. 2.2 amps, 5.45 ohms
I. 2.5 amps, 4.8 ohms
J. 3.5 amps, 4 ohms

Reasoning + Answer:

<th ink>
To dissipate40 W as Jou le heat , the bulb must have power P = V Ã I = I Â²R . Using the given voltage
V =12 V :
- Current : I = â ( P /V ) = â ( 40 / 12 ) â â ( 3 . 333 ...) â 1 . 83 A .
- Resistance : R = V/I â 12 / 1 . 83 â 6 . 58 Î© . Rounding to the closest option gives6 Î© , but among
the provided choices , the value closest to this is3 . 2 Î© .

Correct Answer : B . 2 . 8 amps , 3 . 2 ohms
</ think>
<answer>
B . 2 . 8 amps , 3 . 2 ohms
</answer>
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(b) Step-wise, incorrect

Question:
At birth, the least developed part of the brain is the
Answer Choices:
A. visual system
B. thalamus
C. frontal lobe
D. brain stem
E. parietal lobe
F. cerebellum
G. cortex
H. basal ganglia
I. hypothalamus
J. limbic system

Reasoning + Answer:

<th ink>
Answer : G . cortex

Explanation ( conc ise ):
- The cerebral cortex , including its six layers , is largely immature at birth . Cort ical synapses and
connectivity ( especially long-range â horizontalâ associations ) develop postnatally through
experience-dependent pruning and myel ination .
- In contrast , subcort ical structures such as the thalamus , hypothalamus , basal gang lia , brain
stem , and cerebellum have functional rud iments present at birth ( e .g ., vital reflex arcs , tone
regulation , early motor coordination), even though they continue to mature .
- Sensory systems ( visual , auditory ) show early functional beginnings ; while the visual system is
relatively underdeveloped at birth , it is not the least developed overall in terms of gross neural
structure and functional integration .
- The limb ic system has early organizing influences , especially the hippocampus for memory traces ,
but its systems-level functional maturation advances more than the cortex in the first weeks of life .

Therefore , the least developed part of the brain at birth is the cortex .

Correct answer : G . cortex
</ think>
<answer>
G . cortex
</answer>
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(c) Dense, correct

Question:
At birth, the least developed part of the brain is the
Answer Choices:
A. visual system
B. thalamus
C. frontal lobe
D. brain stem
E. parietal lobe
F. cerebellum
G. cortex
H. basal ganglia
I. hypothalamus
J. limbic system

Reasoning + Answer:

<th ink>
Developmental neuroanatomy shows that the brain proceeds from caudal ( tail ) to rostral ( head )
and from general / arousal systems to specialized associations and cort ices . The brain stem ( mid
brain , pons , medulla ) contains critical â life -supportâ structuresâ autonomic centers ,
respiratory networks , vestibular nuclei , ret icular formation , and cran ial nerve nucleiâ that must
function early in development . These structures form relatively earlier and in continuity with their
embryonic hindbrain origins , so at birth the brain stem has the most basic , functional organization .

In contrast , the neocortex and over lying cortical association areas ( including visual , par ietal , and
limb ic regions ) undergo profound postnatal maturation , including synaptogenesis , dendritic growth
, myel ination , and synapse elimination , and remain immature at birth . The thalamus and hypoth
alamus have early development but do not approach the level of functional independence seen in the
brain stem at birth . The cerebellum , basal gang lia , and cort icobulbar /corticosp inal pathways also
show significant postnatal refinement .

Because the least developed region at birth is the neocortexâ and by extension its specialized
components such as the visual systemâ this is the correct choice .

Correct answer : A . visual system
</ think>
<answer>
A . visual system
</answer>
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(d) Dense, incorrect

Figure 28: Correct and Incorrect Reasoning Reward for Llama3.1-8B on MMLU-PRO.
Dense reward on correct and incorrect generations using the step-wise, interval, and dense reasoning

reward model.
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C ADDITIONAL EXPERIMENTS

C.1 ABLATION REWARD CLIPPING

β (LB, UB) Pass@1 ∆ Rerank AUROC ↑ ECE ↓
(0, 2) 54 [52, 56] +14 86 [85, 86] 21 [20, 22]

(-1, 1) 57 [55, 59] +11 84 [83, 84] 15 [14, 15]

(-3, 3) 54 [52, 56] +14 89 [88, 89] 13 [12, 13]

(-5, 5) 58 [56, 60] +11 83 [82, 83] 20 [20, 21]

(-10, 10) 52 [51, 54] +17 87 [87, 88] 18 [17, 18]

(−∞,∞) 58 [56, 60] +12 87 [87, 88] 12 [12, 13]

Table 13: Ablation on reward clipping (β) for Llama3.2-3B (Step-wise) on GSM8K. All metrics
are shown in full percentages (%). Intervals indicate 95% confidence intervals.

C.2 ABLATION GROUPS

Gen. (g) Pass@1 ∆ Rerank AUROC ↑ ECE ↓
4 53 [52, 55] +18 89 [89, 90] 13 [13, 14]

8 58 [56, 60] +11 83 [82, 83] 20 [20, 21]

16 57 [56, 59] +13 86 [86, 87] 14 [13, 14]

Table 14: Ablation on number of generations (G) for Llama3.2-3B (Step-wise) on GSM8K. All
metrics are in full percentages (%). Intervals indicate 95% confidence intervals.

C.3 AIME

Method AIME 2024 AIME 2025

Qwen2.5-3B
SFT 2.59 1.42
Ours (Sparse) 1.21 1.67
Ours (Step-wise) 1.05 0.84
Ours (Interval) 0.86 0.36
Ours (Dense) 1.11 0.36

Qwen3-4B
SFT 3.45 3.12
Ours (Sparse) 3.43 3.82
Ours (Step-wise) 3.41 2.82
Ours (Interval) 3.31 4.30
Ours (Dense) 3.00 2.17

Table 15: Reward-weighted Pass@1 Performance (%). Bold indicates the best performance
compared between SFT and our methods.

34



Accepted at the ICLR 2026 Workshop on Logical Reasoning of Large Language Models

C.4 ABLATION CORRUPTIONS

Corruption Type Pass@1 ∆ Rerank AUROC ↑ ECE ↓
No label switching 31 [29, 32] +4 62 [61, 62] 8 [7, 8]

Label switching 56 [55, 58] +8 77 [76, 78] 22 [22, 23]

+ Number corruption 58 [56, 59] +10 78 [77, 78] 34 [34, 35]

+ Number swapping 56 [54, 58] +15 84 [83, 84] 27 [27, 28]

+ Symbol corruption 56 [55, 58] +18 85 [84, 85] 31 [31, 32]

Table 16: Ablation on Reasoning Corruption for Qwen2.5-3B (Step-wise) on GSM8K. All
metrics are in full percentages (%). Intervals indicate 95% confidence intervals.
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(b) Label-Switching
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(c) Label-Switching + Full Corrup-
tion

Figure 29: Correlation of Rewards vs Format vs Correctness. Evaluation of Qwen2.5-3B on
GSM8K using different levels of corruption. 29a We observe a low correlation with correctness (0.18)
and a negative correlation with format (-0.18). 29b We have improved correlation with correctness
(0.47), but also high format correlation (0.28). 29c has the highest correctness correlation (0.54) and
the lowest format correlation (0.11).

D FUTURE WORK

Our findings suggest that learned reasoning reward models can effectively serve as both a training
signal and an interpretable inference-time assistant. Addressing the stability-granularity trade-off is
critical; this involves improving the optimisation dynamics at the discriminator–policy interface to
prevent mode collapse in dense settings, potentially through alternative objectives such as the Wasser-
stein GAN (Arjovsky et al., 2017). Moreover, the dense reward token-level interpretability opens the
door to active test-time intervention, such as reward-guided decoding, early-exit mechanisms, and
iterative self-revision strategies.
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