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ABSTRACT

Underdamped Langevin dynamics (ULD) is a widely-used sampler for Gibbs
distributions π ∝ e−V , and is often empirically effective in high dimensions.
However, existing non-asymptotic convergence guarantees for discretized ULD
typically scale polynomially with the ambient dimension d, leading to vacuous
bounds when d is large. The main known dimension-free result concerns the
randomized midpoint discretization in Wasserstein-2 distance (Liu et al., 2023),
while dimension-independent guarantees for ULD discretizations in KL diver-
gence have remained open. We close this gap by proving the first dimension-free
KL divergence bounds for discretized ULD. Our analysis refines the KL local
error framework (Altschuler et al., 2025) to a dimension-free setting and yields
bounds that depend on tr(H), where H upper bounds the Hessian of V , rather
than on d. As a consequence, we obtain improved iteration complexity for un-
derdamped Langevin Monte Carlo relative to overdamped Langevin methods in
regimes where tr(H) ≪ d.

1 INTRODUCTION

Sampling from high-dimensional Gibbs distributions π(x) ∝ exp(−V (x)) is a core primitive in
modern machine learning, underpinning Bayesian inference (Robert et al., 1999), diffusion-based
generative modeling (Ho et al., 2020; Song et al., 2020), and exploration in reinforcement learn-
ing (Thompson, 1933; Zhang et al., 2020). Among practical samplers for smooth log-concave tar-
gets, Langevin-based Markov chain Monte Carlo methods are especially appealing: they require
only first-order information (∇V ), are simple to implement, and come with a rich body of non-
asymptotic convergence theory.
The classical overdamped Langevin diffusion (OLD)

dXOLD
t = −∇V (XOLD

t ) +
√
2 dBt (1.1)

converges to π under mild conditions, and its Euler–Maruyama discretization yields the Langevin
Monte Carlo (LMC) algorithm. Motivated by Hamiltonian dynamics, the underdamped Langevin
diffusion (ULD) augments the state with a momentum variable and evolves on phase space:

dXt = Pt dt, dPt = −γPt dt−∇V (Xt) dt+
√

2γ dBt, (1.2)

where γ > 0 is the friction parameter. ULD has invariant distribution π(x,p) ∝ exp
(
− V (x) −

∥p∥2/2
)
, so its x-marginal is the target π(x). Discretizations of ULD (collectively, ULMC) are

empirically competitive and can provably improve iteration complexity over overdamped methods
in several regimes (see Table 1).
A key limitation of existing non-asymptotic theory is that many convergence bounds for Langevin
discretizations scale polynomially in the ambient dimension d. Such dimension dependence can
be pessimistic in high-dimensional applications where the geometry of V is effectively low-
dimensional (e.g., ridge-separable (Liu et al., 2023)). Recent work has shown that, in some cases,
the relevant complexity is governed by spectral quantities of a Hessian upper bound H ⪰ ∇2V , such
as tr(H), leading to dimension-free guarantees for specific overdamped and Wasserstein-based un-
derdamped schemes (Freund et al., 2022; Liu et al., 2023). However, dimension-independent guar-
antees for discretized underdamped Langevin in KL divergence have remained open. Notably, in the
strongly log-concave setting, KL convergence is strictly stronger than convergence in Wasserstein

1



054
055
056
057
058
059
060
061
062
063
064
065
066
067
068
069
070
071
072
073
074
075
076
077
078
079
080
081
082
083
084
085
086
087
088
089
090
091
092
093
094
095
096
097
098
099
100
101
102
103
104
105
106
107

Under review as a paper at the 2nd DeLTa Workshop, ICLR 2026

Table 1: We summarize the sample complexity results from the most important prior works for var-
ious discretization methods applied to overdamped Langevin dynamics (OLD) and underdamped
Langevin dynamics (ULD). The comparisons include the underlying dynamics (OLD or ULD), the
discretization scheme, the metric used to measure convergence, the problem setting, and whether
the bound is dimension-free. Throughout the table, LMC denotes Langevin Monte Carlo, i.e., the
Euler–Maruyama discretization of OLD, while ULMC denotes the corresponding discretization of
ULD. RMD refers to variants of the randomized midpoint method introduced in Shen & Lee (2019).
PLMC denotes the Poisson midpoint method proposed in Srinivasan & Nagaraj (2025), which
achieves improved convergence rates in Wasserstein distance. For Composite, Freund et al. (2022)
assume that the potential function V admits a decomposition and interpret overdamped Langevin
dynamics as a composite optimization problem. Regarding the parameters, in the α-strongly con-
vex setting, let κ = β/α be the conditional number, d be the ambient dimension, and H be an
upper bound of the Hessian matrix ∇2V . For uniformity of presentation, we replace any explicit
dependence on α in the bounds by β/κ. In the general convex setting, let W denote the Wasserstein
distance between the initial distribution and the target distribution. In all results, we hide the loga-
rithmic factors and omit the Õ notation for simplicity.

Dynamics Discretization Metric Strongly convex General convex Dim.-free? Reference

LMC W2 O(κ3β−1d/ϵ2) – ✗ Dalalyan (2017)
LMC KL O(κ2d/ϵ2) O(β2dW 4/ϵ6) ✗ Cheng & Bartlett (2018)
LMC KL O(κ2β−1d/ϵ2) O

(
βdW 2/ϵ4

)
✗ Durmus et al. (2019)

OLD LMC KL O(κ2d/ϵ2) O
(
β2dW 4/ϵ6

)
✗ Altschuler & Chewi (2024b)

RMD KL O(κd1/2/ϵ) O
(
β4/3d1/3W 8/3/ϵ10/3

)
✗ Altschuler & Chewi (2024b)

PLMC W2 O(κ4/3β−1/3d2/3/ϵ2/3) – ✗ Srinivasan & Nagaraj (2025)
Composite KL O(κ2β−1 tr(H)/ϵ2) – ✓ Freund et al. (2022)

ULMC W2 O(κ5/2β−1/2d1/2/ϵ) – ✗ Cheng et al. (2018)
ULMC W2 O(κ2β−1/2d1/2/ϵ)) – ✗ Dalalyan & Riou-Durand (2020)
RMD W2 O(κ4/3β−1/3d1/3/ϵ2/3) – ✗ Shen & Lee (2019)

ULMC KL O(κ3/2d1/2/ϵ) O
(
β3/2d1/2W 3/ϵ4

)
✗ Altschuler et al. (2025)

ULD RMD KL O(κd1/3/ϵ2/3) O(β5/4d1/4W 5/2/ϵ3) ✗ Altschuler et al. (2025)
PLMC W2 O(κ4/3β−1/6d1/3/ϵ1/3) – ✗ Srinivasan & Nagaraj (2025)
RMD W2 O

(
κ5/3β−2/3[tr(H)]1/3/ϵ2/3

)
– ✓ Liu et al. (2023)

ULMC KL O
(
κ3/2β−1/2[tr(H)]1/2/ϵ

)
O(β tr(H)1/2W 3/ϵ4) ✓ Ours

RMD KL O
(
κβ−1/3[tr(H)]1/3/ϵ2/3

)
O
(
β tr(H)1/4W 5/2/ϵ3

)
✓ Ours

distance or total variation, since it implies Wasserstein convergence via Talagrand’s T2 inequality
(see, e.g., Section 1.4 in Chewi (2025)) and total variation convergence via Pinsker’s inequality.
This paper resolves the above question by establishing the first dimension-free KL convergence
rates for ULMC discretizations. Concretely, we show that both standard ULMC and the randomized
midpoint discretization (RMD) admit KL iteration complexities depending on tr(H) rather than d.
Our main contributions are:
• In the α-strongly convex and β-smooth setting, we establish non-asymptotic convergence bounds

in KL divergence for both standard ULMC and the randomized midpoint discretization. The
resulting iteration complexity depends on tr(H) rather than explicitly on the ambient dimension
d. In the strongly convex setting, our KL guarantee further implies convergence in Wasserstein
distance via Talagrand’s inequality, and we show that the resulting rate enjoys a strictly better
dependence on the condition number κ than that of Liu et al. (2023).

• In the general convex setting (α = 0), prior work does not provide any dimension-free convergence
rates for Langevin dynamics. In this work, we establish the first dimension-free KL convergence
guarantees for ULMC and the randomized midpoint discretization (RMD), with complexity gov-
erned by tr(H) instead of d. Moreover, the dimension-free convergence rate of RMD is O(1/ϵ3),
matching the state-of-the-art rate (Altschuler et al., 2025) in this setting.

• Technically, our improvement stems from two ideas (i) bounding the strong and weak local errors
in a manner compatible with H-weighted norms and (ii) controlling the change-of-measure terms
without introducing explicit dimension dependence via crude Gaussian moment bounds. These
two ingredients allow us to close a strictly tighter error recursion and ultimately yield the first
dimension-free KL guarantees for underdamped Langevin discretizations.

Notations. We use lower-case boldface letters such as x,y, z to denote vectors, and upper-case
boldface italic letters such as X,Y ,Z to denote random vectors. We use upper-case boldface
letters such as X,Y,Z to denote matrices. For any two positive semi-definite (PSD) matrices X,Y,
we use X ⪯ Y (X ⪰ Y) to indicate Y − X (X − Y) is positive semi-definite, respectively. We
use ∥ · ∥ to denote the standard Euclidean 2-norm, and ∥ · ∥L2 to denote the L2 norm of a random
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vector, i.e., ∥X∥L2
=
√
E[∥X∥2]. For a PSD matrix M ∈ Rd×d and a vector x ∈ Rd, we denote

∥x∥M =
√
x⊤Mx. For any vector x, we use δx to denote the Dirac distribution at x. For any

random process with initial distribution µ and transition kernel P , let µP be the distribution of the
random process after applying the transition kernel. We use standard asymptotic notations O(·) and
Θ(·), and use Õ(·) and Θ̃(·) to hide logarithmic factors. We use a ≲ b, a ≃ b and a ≳ b to denote
a = O(b), a = Θ(b) and a = Ω(b), respectively. For a, b ∈ R, we use a∧ b for min{a, b} and a∨ b
for max{a, b}.

2 RELATED WORK

Dimension-free Sample Complexity. The line of work on dimension-free sampling complexity
originates from the connection between Langevin dynamics and optimization. The convergence
guarantees of first-order optimization methods typically do not depend explicitly on the ambient
dimension d (Nesterov, 2013). In contrast, the convergence rates of Langevin-based sampling algo-
rithms often exhibit an explicit dependence on d, stemming from the presence of isotropic Gaussian
noise in the sampling dynamics. To bridge this gap, Freund et al. (2022) proved a dimension-free
convergence rate for overdamped Langevin dynamics in two settings. When V is α-strongly convex
and L-Lipschitz, they proved a dimension-free sample complexity of Θ(L2/(α2ϵ2)) in Wasserstein
distance. When V is α-strongly convex and β-smooth, it characterized the sample complexity via
an upper bound H of the Hessian matrix ∇2V , with sample complexity Θ(κ2β−1 tr(H)/ϵ2) in KL
divergence. In particular, when V has a ridge separable structure with mild conditions, the sam-
ple complexity is independent of the dimension. Under the same setting and notation, Liu et al.
(2023) analyzed underdamped Langevin sampling with a doubly randomized algorithm and showed
that a sample complexity of order Θ

(
κ[β−1 tr(H)]1/3ϵ−2/3

)
is sufficient in Wasserstein distance.

However, the corresponding sample complexity for underdamped Langevin dynamics in the KL
divergence remains unexplored.
Shifted Composition. Altschuler & Chewi (2024b) proposed a KL local error framework that re-
duces the problem of establishing tight convergence bounds for sampling algorithms to the verifica-
tion of local assumptions. This framework was first developed for overdamped Langevin dynamics
in Altschuler & Chewi (2024b) and was later extended to the underdamped setting in Altschuler et al.
(2025). A key technical ingredient is the construction of an auxiliary process interpolating between
the laws of two stochastic processes, together with the use of a shifted composition rule; these ideas
were introduced in Altschuler & Chewi (2024a) and Altschuler & Chewi (2025). More recently, this
framework was further applied in Zhang (2025), where an improved cross-regularity analysis was
developed, leading to faster convergence rates for a deterministic double midpoint method under
higher-order differentiable assumptions.

3 PRELIMINARIES

In this section, we introduce the ULMC discretization methods, including the standard ULMC and
the randomized midpoint discretization (RMD, Shen & Lee 2019). We also state the assumptions on
the invariant distribution π used in this paper, and introduce several notions from numerical analysis,
such as the weak/strong KL local errors and the cross-regularity condition.

3.1 UNDERDAMPED LANGEVIN MONTE CARLO

The practical application of underdamped Langevin dynamics (ULD) requires the construction of
a discrete-time sampling algorithm, named Underdamped Langevin Monte Carlo (ULMC). It pro-
duces a Markov chain {Xalg

nh,P
alg
nh}n∈N through the use of an appropriate numerical discretization

scheme. In this paper, we focus on two discretization methods, standard ULMC and the randomized
midpoint, both of which are motivated by the equivalent integral representation of the ULD (1.2)
given below:

Xt =X0 + (1− e−γt)/γ · P0 + ξ
(1)
0,t−

∫ t

0

1− e−γ(t−s)

γ
∇V (Xs) ds,

Pt = e−γtP0 + ξ
(2)
0,t−

∫ t

0

e−γ(t−s)∇V (Xs) ds, (3.1)

3
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where the random processes ξ(1)s,t and ξ(2)s,t are given by the Itô integral

ξ
(1)
s,t :=

√
2γ

∫ s+t

s

1− e−γ(s+t−u)

γ
dBu, ξ

(2)
s,t :=

√
2γ

∫ s+t

s

e−γ(s+t−u) dBu.

The discretization methods are essentially approximations of the intractable integral terms in (3.1).
Standard ULMC. The standard ULMC is arguably the simplest discretization method. With a given
step size h, ULMC approximates ∇V (Xt) in (1.2) with ∇V (XULMC

nh ) for t ∈ [nh, (n+ 1)h). The
integral terms in (3.1) thus have closed-form solutions with ∇V (XULMC

nh ) being a constant vector.
Therefore, the standard ULMC proceeds with the following iterations:

XULMC
(n+1)h =Xnh +

1− e−γh

γ
PULMC

nh + ξ
(1)
nh,h − 1

γ

(
h− 1− e−γh

γ

)
∇V

(
XULMC

nh

)
,

PULMC
(n+1)h = e−γhPULMC

nh + ξ
(2)
nh,h − 1− e−γh

γ
∇V

(
XULMC

nh

)
. (3.2)

Randomized Midpoint Discretization (RMD). The randomized midpoint discretization, first pro-
posed in Shen & Lee (2019), aims to provide a more accurate estimation of the integral terms in (3.1)
by replacing the integral with the expectation over a randomized stepsize. In this paper, we follow
the doubly randomized implementation in Altschuler et al. (2025). In detail, let {(un, vn)}n∈N be
i.i.d. random variables on [0, 1]2, independent of the Brownian motion, with distribution

P(un ∈ A) =

∫
A∩[0,1]

h(1− e−γ(1−u)h)

h− (1− e−γh)/γ
du, P(vn ∈ A) =

∫
A∩[0,1]

hγe−γ(1−v)h

1− e−γh
dv. (3.3)

The numerical scheme aims to replace the first integral term with [h − (1 −
e−γh)/γ]∇V (X(n+un)h)/γ. Observe that the expectation over un satisfies

1

γ

(
h− 1− e−γh

γ

)
Eun

[∇V (X(n+un)h)] =

∫ (n+1)h

nh

e−γ((n+1)h−s)

γ
∇V (Xs) ds.

Thus, the expectation above is an unbiased estimation of the first integral term. A similar property
holds for the integral term in the equation of the momentum. However, the “randomized midpoint”
vectors X(n+un)h and X(n+vn)h are unavailable in general. Instead, the numerical scheme ap-
proximates them with auxiliary vectors X̂+

(n+un)h
and X̂++

(n+vn)h
, respectively, both obtained using

standard ULMC starting from (XRM
nh ,PRM

nh ). In summary, the randomized midpoint discretization
calculates

X̂+
(n+un)h

=XRM
nh +

1− e−γh

γ
PRM

nh + ξ
(1)
nh,unh

− 1

γ

(
unh− 1− e−γunh

γ

)
∇V

(
XRM

nh

)
,

X̂++
(n+vn)h

=XRM
nh +

1− e−γh

γ
PRM

nh + ξ
(1)
nh,vnh

− 1

γ

(
vnh− 1− e−γvnh

γ

)
∇V

(
XRM

nh

)
,

XRM
(n+1)h =XRM

nh +
1− e−γh

γ
PRM

nh + ξ
(1)
nh,h − 1

γ

(
h− 1− e−γh

γ

)
∇V

(
X̂+

(n+un)h

)
,

PRM
(n+1)h = e−γhPRM

nh + ξ
(2)
nh,h − 1− e−γh

γ
∇V

(
X̂++

(n+vn)h

)
. (3.4)

3.2 ASSUMPTIONS

We make the following assumptions on the convexity and smoothness of the function V .
Assumption 3.1. The function V (·) is twice-differentiable, and β-smooth. Furthermore, there ex-
ists a constant α ≥ 0, such that the Hessian of V satisfies,

αI ⪯ ∇2V ⪯ H ⪯ βI,

where H is a known positive semi-definite matrix.

In prior work (Cheng et al., 2018), it is common to assume V is strongly-convex, i.e., α > 0. In this
paper, we adopt a more general perspective and consider two cases separately: the strongly convex
case (α > 0) and the general convex case (α = 0).

4
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We focus on the Underdamped Langevin Dynamics (ULD), which evolves in the phase plane
(Xt,Pt) of the displacementXt and the momentum Pt.
Error of one-step discretization. We first introduce the notation for the one-step discretization
error, distinguishing between two types: weak and strong errors. This terminology is adopted from
the classical theory of weak and strong convergence in numerical analysis (see, e.g., Section 9 in
Kloeden & Platen (2018)).
Definition 3.2. Suppose that the initial conditions of the ULD and the numerical discretization
method alg are (X0,P0) = (Xalg

0 ,P alg
0 ) = (x,p). The one-step weak error Ew and strong error Es

are defined as

Ew(x,p) := h−1∥EXalg
h − EXh∥ ∨ ∥EP alg

h − EPh∥;
Es(x,p) := h−1∥Xalg

h −Xh∥L2
∨ ∥P alg

h − Ph∥L2
.

Using this definition, Altschuler et al. (2025) proposed a KL local error framework, which charac-
terizes the convergence of discretization methods with their one-step discretization errors, including
the weak and strong errors. Furthermore, we need the following one-step cross-regularity condition.
Let (Pt)t≥0 denote the Markov semigroup associated with the underdamped Langevin (1.2), and let
Ph be its time-h transition operator. Let Palg

h denote the Markov transition kernel induced by one
step of the numerical integrator with step size h. Then (Xh,Ph) and (Xalg

h ,P alg
h ) satisfy

(Xh,Ph) ∼ δx,pPh, (Xalg
h ,P alg

h ) ∼ δx,pPalg
h .

The cross-regularity condition characterizes the divergence of two transition kernels Ph and P̃h

starting from different initial conditions:

Definition 3.3. Transition kernels P and P̃ satisfy the cross-regularity condition with function
b(x,p) if for any initial conditions (x,p), (x̄, p̄) ∈ R2d, the distributions δx̄,p̄P̃ and δx,pP sat-
isfy

KL
(
δx,pP̃h∥δx̄,p̄Ph

)
≲

∥x− x̄∥2

γh3
+

∥p− p̄∥2

γh
+ b2(x,p).

Once the one-step errors of discretization methods are obtained, the KL local error framework pro-
vides the convergence rate in a plug-and-play way, for which we will provide a comprehensive
guideline in Section 3.3.

3.3 KL LOCAL ERROR FRAMEWORK

In this section, we give a detailed description of the KL local error framework proposed in Altschuler
et al. (2025). We consider the ULD chain (ψn)

N
n=0 with N steps, defined as

ψn|ψn−1 ∼ δψn−1
Ph, n = 1, 2, . . . , N, (3.5)

with initial conditionψ0 = (X0,P0) ∼ ν. Similarly, we define the chain of numerical discretization
(ψalg

n )Nn=0 as

ψalg
n |ψalg

n−1 ∼ δψalg
n−1

Palg
h , n = 1, 2, . . . , N, (3.6)

with initial condition ψalg
0 = (Xalg

0 ,P alg
0 ) ∼ µ.

At the center of the framework is the shifted operator defined as follows:
Definition 3.4. Given a random process ψ = (X,P ), the shifted process towards another target
process ψ̂ = (X̂, P̂ ), with parameter ηx, ηp, is defined as

Tηx,ηp(ψ, ψ̂) =
(
X,P + ηx(X − X̂) + ηp(P − P̂ )

)
.

Using the shifted operator, with a target process ψtarget
n , we further define two processes ψaux, ψsh

iteratively:

ψaux
n |ψsh

n−1 ∼ δψsh
n−1

Ph,

ψsh
n = Tηx

n,η
p
n
(ψaux

n ,ψtarget
n ) =

(
Xaux

n ,P aux
n + ηxn(X

target
n −Xaux

n ) + ηpn(P
target
n − P aux

n )
)
, (3.7)

5
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with initial condition ψsh
0 = (X0,P0) ∼ ν and ηxn, ηpn as predetermined constants (The concrete

value to be discussed in Appendix A). The auxiliary step ψaux
n applies the ULD transition kernel

Ph to the previous shifted state ψsh
h , while the shifting step modifies the momentum term of the

auxiliary process by interpolating towards the target process. When the target process is selected as
ψalg, Altschuler et al. (2025) proved the following theorem, by reducing the KL-divergence between
the auxiliary process and the ULD process to the calculation of strong error and weak error.
Theorem 3.5 (Theorem 4.1 in Altschuler et al. 2025). Assume h ≲ γ−1 ∧ γ/β. Let ψaux be the
auxiliary process defined in (3.7). For n ≤ N−1, let νaux

n be the distribution of the auxiliary process
ψaux

n , and νn be the distribution of ψn. We denote by W 2 = W2
2 (µ, ν) the squared Wasserstein-2

distance induced by the twisted norm

(x,p) →
√
∥x∥2 + (γ + 1/(Nh))−2∥p∥2.

Then the KL-divergence between νaux
n and νn satisfies

KL
(
νaux
n ∥νn

)
≲ CW 2 +Aw

(
Ēw
)2

+As

(
Ēs
)2
.

where we define f̄ = max1≤i≤n−1 ∥f∥L2(µ[Palg]i) for f ∈ {b, Ew, Es}. Here C,Aw, As are
parameter-dependent constants, which we will provide a detailed discussion in Appendix A.

As a corollary, the KL-divergence between the distribution resulting from the composition of N − 1

steps of Palg, and one step of P̃ , and the distribution from N steps of P , can be upper bounded as
follows:
Corollary 3.6. With the same setting and notation as Theorem 3.5, the KL-divergence between
the distribution resulting from the composition of N − 1 steps of Palg, and one step of P̃ , and the
distribution from N steps of P , can be upper bounded as follows:

KL
(
µ(Palg)N−1P̃∥νPN

)
≲ CW2

2 (µ, ν) +Aw

(
Ēw
)2

+As

(
Ēs
)2

+ b̄2.

Remark 3.7. Note that the standard analysis of strong and weak local errors typically depends not
only on constant terms but also on the initial state of the process itself (see e.g., Section 5 in Chewi
(2025)). Substituting such bounds into Theorem 3.5 and Corollary 3.6 would therefore introduce
terms of the form Eµ[Palg]n [∥p∥2] and Eµ[Palg]n [∥V (x)∥2]. These quantities can be controlled using
a change-of-measure argument in terms of the KL divergence between µ[Palg]n and the invariant
distribution π via the Donsker–Varadhan variational formula. In particular, with an additional Lips-
chitz assumption (See Appendix A for details), we can further define f̃ = max1≤i≤n−1 ∥f∥L2(νaux

i )

for f ∈ {b, Ew, Es} with respect to the auxiliary process, and replace f̄ with f̃ in Theorem 3.5
and Corollary 3.6. This enables a closed-form recursive error control argument, as detailed in
Lemma E.1.

4 DIMENSION-FREE ANALYSIS OF ULMC
To apply the KL local error framework described in Section 3.3, we first calculate the strong and
weak error. Note that the standard calculation (e.g. Section 5 in Chewi (2025)) is not dimension-
free. By refining the analysis, we establish a dimension-free version of these bounds that depend on
the tr(H).
Lemma 4.1 (Strong and weak error for ULMC, dimension-free). Let the strong error Es and the
weak error Ew be defined in Definition 3.2. Under Assumption 3.1, the strong and weak errors
coincide and satisfy the following bounds:

Ew(x,p) ∨ Es(x,p) ≲ β1/2h2∥p∥H + βh3∥∇V (x)∥+ β1/2γ1/2h5/2
√
tr(H).

When H = βI, direct calculation shows that ∥p∥H = β1/2∥p∥, tr(H) = βd. Then, this result
reduces to Lemma 5.1 in Altschuler et al. (2025). Compared with prior results, our analysis offers
improvements in two key directions. First, we replace the worst-case

√
d dependence by a trace-

dependent term. Second, we observe that using the standard Euclidean norm ∥p∥ is suboptimal for
our purposes. Therefore, we consider the H-norm. This refinement yields a tighter analysis and
plays an essential role in establishing the final dimension-free bounds.
Applying similar considerations, we derive the dimension-free version of the cross-regularity as-
sumption for ULMC below.
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Lemma 4.2 (Cross-regularity for ULMC, dimension-free). For P ′ = PULMC, P as the ULD tran-
sition kernel, we have:

KL(δx,pP ′∥δx̄,p̄P) ≲
∥x− x̄∥2

γh3
+

∥p− p̄∥2

γh
+

βh3

γ
∥p∥2H + βh4 tr(H) +

β2h5

γ
∥∇V (x)∥2.

Thus, ULMC satisfies the cross-regularity condition (Definition 3.3) with

b2(x,p) =
βh3

γ
∥p∥2H + βh4 tr(H) +

β2h5

γ
∥∇V (x)∥2.

With these dimension-free calculations in place, we are now ready to establish a dimension-free
sample complexity bound for ULMC.
Strongly Convex. We first consider the strongly convex setting (α > 0) with γ =

√
32β.

Theorem 4.3. Suppose α > 0 and γ =
√
32β. Under Assumption 3.1, let P ′ = PULMC. Let π be

the invariant distribution of the underdamped Langevin dynamics (1.2), µ be the initial distribution
of the algorithm. For any 0 < ϵ ≤ [tr(H)]1/2β−1/2κ−1/2, if

h = Θ̃

(
ϵ

κ[tr(H)]1/2

)
, N = Θ̃

(
κ3/2β−1/2[tr(H)]1/2

ϵ

)
,

the KL divergence between the law of the process with N steps of ULMC and the invariant distri-
bution π can be upper bounded by

KL
(
µ(P ′)N∥π

)
≤ ϵ2.

Theorem 4.3 yields a dimension-free sample complexity of Õ
(
κ3/2β−1/2[tr(H)]1/2/ϵ

)
, guarantee-

ing that the KL divergence is at most ϵ2. Moreover, when H = βI, our result matches Altschuler
et al. (2025). It improves upon the dimension-free overdamped KL bound Θ(κ2β−1 tr(H)/ϵ2) in
Freund et al. (2022). Moreover, using Talagrand’s T2 inequality, Theorem 4.3 implies a sample
complexity of Õ(κ2β−1[tr(H)]1/2/ϵ) to guarantee that the Wasserstein-2 distance is at most ϵ,
General Convex. We then consider the general convex setting (α = 0) with γ =

√
32β.

Theorem 4.4. Suppose α = 0 and γ =
√
32β. Under Assumption 3.1, let P ′ = PULMC. Let

π be the invariant distribution of ULD (1.2), µ be the initial distribution of the algorithm. For any
0 < ϵ ≤ β1/2W , if

h = Θ

(
min

{
ϵ2

β1/2
(
tr(H)

)1/2
W

,
ϵ2

β3/2W 2

})
, N = Θ

(
max

{
β[tr(H)]1/2W

ϵ4
,
β2W 4

ϵ4

})
,

the KL divergence between the law of the process with N steps of ULMC and the invariant distri-
bution π can be upper bounded by

KL
(
µ(P ′)N∥π

)
≤ ϵ2.

To the best of our knowledge, our work is the first to establish a dimension-free sample complexity
bound for ULMC in the general convex setting. Moreover, our bound matches Altschuler et al.
(2025) when H = βI.

5 DIMENSION-FREE ANALYSIS OF RMD

In this section, our goal is to develop a dimension-free analysis of the randomized midpoint dis-
cretization (RMD) introduced in (3.4). To this end, in order to apply the KL local framework, we
first establish refined bounds on the strong and weak local errors.

Lemma 5.1 (Strong and weak error for RMD, dimension-free). Let the strong error Es and the weak
error Ew be defined in Definition 3.2. Under Assumption 3.1, the following bounds hold:

Ew(x,p) ≲ β3/2h4∥p∥H + β2h5∥∇V (x)∥+ β3/2γ1/2h9/2
√
tr(H),

Es(x,p) ≲ β1/2h2∥p∥H + βh3∥∇V (x)∥+ β1/2γ1/2h5/2
√
tr(H),

7
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Analogous to Lemma 4.1, we replace the
√
d term with an tr(H)-dependent term and adopt the H-

norm. Moreover, as in Altschuler et al. (2025), the randomized midpoint discretization together with
the specific choice of the randomized midpoint distribution in (3.3) yields an improved bound on
the weak error, which in turn leads to a sharper rate in the final convergence bound. Equipped with
Lemma 5.1, we establish theoretical guarantees for RMD in two distinct settings: strongly convex
and generally convex.
Strongly Convex. We first consider the strongly convex setting (α > 0) with γ =

√
32β.

Theorem 5.2. Suppose α > 0 and γ =
√
32β. Under Assumption 3.1, let Palg = PRM, P ′ =

PULMC. Let π be the invariant distribution of the underdamped Langevin dynamics (1.2), µ be the
initial distribution of the algorithm. For any 0 < ϵ ≤ [tr(H)]1/2β−3/2κ−3/4, if

h = Θ̃
(
β−1/6[tr(H)]−1/3ϵ2/3

)
, N = Θ̃

(
κ
[
β−1 tr(H)

]1/3
ϵ−2/3

)
,

the KL divergence between the law of the process with N − 1 steps of RMD and one step of ULMC
and the invariant distribution π can be upper bounded by

KL
(
µ(Palg)N−1P ′∥π

)
≤ ϵ2.

Theorem 5.2 yields a dimension-free sample complexity of Θ̃
(
κ[β−1 tr(H)]1/3ϵ−2/3

)
to guaran-

tee that the KL divergence is at most ϵ2. When H = βI, the sample complexity is reduced to
Θ̃(κd1/3ϵ−2/3), which matches the result in Altschuler et al. (2025). In general, the dimension-free
complexity can be substantially smaller than the direct dependence on d. Using Talagrand’s T2 in-
equality, Theorem 5.2 implies a sample complexity of Õ(κ4/3β−2/3[tr(H)]1/2/ϵ) to guarantee that
the Wasserstein-2 distance is at most ϵ. In contrast, Liu et al. (2023) proved a sample complexity
of Θ̃(κ5/3β−2/3[tr(H)]1/3ϵ−2/3) for a doubly randomized algorithm for underdamped Langevin
dynamics in the Wasserstein distance. Thus, with the same dependence on tr(H) and 1/ϵ, β, our
result strictly improves the dependence on the condition number κ.
Remark 5.3. Following Altschuler et al. (2025), we modify the transition kernel at the final step of
the algorithm to that of ULMC in order to apply the cross-regularity property (Lemma 4.2). This al-
lows us to bypass the technical difficulty of establishing cross-regularity directly for the randomized
midpoint method. Since our primary goal is to derive a dimension-free sample complexity bound,
and since the same analysis can be easily adapted once cross-regularity is established for more gen-
eral discretization schemes, we believe that this modification does not detract from the generality or
significance of our results.

General Convex. We then consider the general convex setting (α = 0) with γ =
√
32β.

Theorem 5.4. Suppose α = 0 and γ =
√
32β. Under Assumption 3.1, let Palg = PRM, P ′ =

PULMC. Let π be the invariant distribution of the underdamped Langevin dynamics (1.2), µ be the
initial distribution of the algorithm. For any 0 < ϵ ≤ min{

√
βW, [tr(H)]3/4β−1W−1/2}, if

h = Õ

(
ϵ

β1/2[tr(H)]1/4W 1/2

)
, N = Θ̃

(
β[tr(H)]1/4W 5/2

ϵ3

)
,

the KL divergence between the law of the process with N − 1 steps of RMD and one step of ULMC
and the invariant distribution π can be upper bounded by

KL
(
µ(Palg)N−1P ′∥π

)
≤ ϵ2.

Theorem 5.4 demonstrates a Θ(1/ϵ3) sample complexity, with polynomial dependence in β, tr(H)
and the Wasserstein distance W 2. Compared with Theorem 4.4, it shows that RMD achieves a
substantial improvement over ULMC in efficiency, reducing the sampling complexity from Θ(1/ϵ4)
to Θ(1/ϵ3). To the best of our knowledge, this is the first dimension-free sample complexity bound
for RMD under the general convex setting. It remains an interesting open question whether the
Θ(1/ϵ3) rate can be further improved in the general convex setting.

6 CONCLUSION

In this paper, we establish the first dimension-free KL convergence guarantees for discretizations
of underdamped Langevin dynamics. Our bounds depend on tr(H), where H is an upper bound
on the Hessian ∇2V , rather than on the ambient dimension d, yielding improved rates in regimes
where tr(H) ≪ d. We show that both standard ULMC and the randomized midpoint discretization
(RMD) enjoy dimension-free KL convergence, and our results cover both the strongly convex and
the general convex settings.
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A DETAILED DESCRIPTION OF THE KL LOCAL FRAMEWORK

For the reader’s convenience, we present in this section a comprehensive description of the KL local
framework (Altschuler et al., 2025). Our goal is to provide details of Theorem 3.5 with greater rigor,
including the specific choices of parameters that were omitted in the main text. The framework is
built upon a shifted chain rule for the KL divergence, which we first state below.

Theorem A.1 (Theorem 2.4 in Altschuler et al. 2025). Let X,X ′,Y be three jointly defined ran-
dom variables on a standard probability space Ω. Let P, Q be two probability measures over Ω, with
superscripts denoting the laws of random variables under these measures. Then,

KL
(
PY ∥QY

)
≤ KL

(
PX

′
∥QX

)
+ inf

γ∈C (PX ,PX′ )

∫
KL
(
PY |X=x∥QY |X=x′)

γ(dx, dx′),

where C (PX ,PX′
) is the set of couplings of PX ,PX′

.

This result can be interpreted as a shifted version of the standard chain rule of KL divergence, by
introducing a third auxiliary random variable X ′. In the special case where X ′ = X , the theorem
reduces to the standard chain rule.
Recall the shifted process (ψsh

n )
N
n=0 and the auxiliary process (ψaux

n )Nn=0 defined in Definition 3.4,
the discrete-time ULD process (ψn)

N
n=0 defined in (3.5), and the numerical discretization (ψalg

n )Nn=0
defined in (3.6). For any n ≤ N , let νaux

n be the distribution of the auxiliary process ψaux
n , νsh

n be the
distribution of the shifted process ψsh

n , νn be the distribution of ψn, and µalg
n be the distribution of

ψalg
n .

We now use Theorem A.1 with the following specifications: Under P, we let X ∼ µalg
N−1, X ′ ∼

νaux
N−1, Y ∼ µalg

N . Under Q, we let X ∼ νN−1 and Y |X ∼ δXPh, and thus Y ∼ νN . Then,
Theorem A.1 indicates

KL
(
µalg
N ∥νN

)
≤ KL

(
νaux
N−1∥νN−1

)
+ E

[
KL
(
δψalg

N−1
Palg
h

∥∥δψaux
N−1

Ph

)]
≤ KL

(
νaux
N−1∥νN−1

)︸ ︷︷ ︸
I1

+O

( E
[
∥Xalg

N−1 −Xaux
N−1∥2

]
γh3

+
E
[
∥P alg

N−1 − P aux
N−1∥2

]
γh︸ ︷︷ ︸

I2

+ E
[
b2
(
Xalg

N−1,P
alg
N−1

)]︸ ︷︷ ︸
I3

)
,

where the last inequality holds due to the cross-regularity assumption (Definition 3.3) of the last
step.
Among these terms, I1 is the dominant term. Thus, we only discuss I1 in this section. For more
details regarding I2 and I3, we refer the readers to Altschuler et al. (2025).For I1, it can be bounded
iteratively using Theorem A.1 as follows: For any n ≤ N − 1, we consider the following choices:
under P, we let X ∼ νsh

n , X ′ ∼ νaux
n , Y ∼ νaux

n+1. Under Q, we let X ∼ νn and Y |X ∼ δXPh,
and thus Y ∼ νn+1. Then, Theorem A.1 indicates

KL
(
νaux
n+1∥νn+1

)
≤ KL

(
νaux
n ∥νn

)
+ E

[
KL
(
δψsh

n
Ph

∥∥δψaux
n
Ph

)]
.

As a result, we have

I1 ≤
N−2∑
n=0

E
[
KL
(
δψsh

n
Ph

∥∥δψaux
n
Ph

)]
. (A.1)

Bounding I1 using Harnack’s inequality. To further bound the term I1, we need the following
inequality proved in Altschuler et al. (2025).
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Theorem A.2 (Theorem 3.2 in Altschuler et al. 2025). Under Assumption 3.1, let Ph be the time-h
transition operator of ULD. Then, there exist parameter-dependent constants C = C(α, β, γ, h) and
γ0 = γ0(α, β, γ, h), such that for all q ≥ 1, and all x, x̄,p, p̄ ∈ Rd, the Rényi divergence between
two processes starting from (x,p) and (x̄, p̄) can be upper bounded by

Rq

(
δx,pPh∥δx̄,p̄Ph

)
≤ qC

{∥∥x− x̄
∥∥2 + 1

γ2
0

∥∥p− p̄
∥∥2}.

Specifically, when q = 1, the Rényi divergence reduces to the KL divergence, and the upper bound
becomes

KL
(
δx,pPh∥δx̄,p̄Ph

)
≤ C

{∥∥x− x̄
∥∥2 + 1

γ2
0

∥∥p− p̄
∥∥2}.

Remark A.3. We now clarify the choice of the constants appearing in this theorem. We first intro-
duce an auxiliary constant ω whose value is defined differently in two regimes: the strongly convex
setting, and the general convex setting:

ω :=

{
α/(3γ) if α > 0,

0 if α = 0.

Then, in the strongly convex setting, the constants C and γ0 satisfy:

C(α, β, γ, h) ≲
1

γ

(
ω

exp(cωh)− 1

)3

+ γ
ω

exp(cωh)− 1
, γ0(α, β, γ, h) ≳ γ +

1(h ≤ 1/|ω|)
h

,

(A.2)

where c = 1/48 is a universal constant. In the general convex setting, the inequality holds when
taking the limit α → 0, which shows

C(α, β, γ, h) ≲
1

γh3
+

γ

h
, γ0(α, β, γ, h) = γ +

1

h
.

Under the assumption within Theorem 3.5, we have h ≲ γ−1 ∧ γ/β. Thus, we have h ≤ 1/|ω|, and
γ0 ≳ 1/h. Moreover, we have

1

γ

(
ω

exp(cωh)− 1

)3

+ γ
ω

exp(cωh)− 1
≃ 1

γh3
+

γ

h
≲

1

γh3
,

where the last inequality holds due to h ≲ γ−1. Using Theorem A.2, we can further bound (A.1) as
follows:

I1 ≤
N−2∑
n=0

E
[
KL
(
δψsh

n
Ph

∥∥δψaux
n
Ph

)]
≲

N−2∑
n=0

1

γh3
E
[∥∥Xsh

n −Xaux
n

∥∥2 + 1

γ2
0

∥∥P sh
n − P aux

n

∥∥2]

=

N−2∑
n=0

1

γh
E
∥∥ηxn(Xalg

n −Xaux
n

)
+ ηpn

(
P alg

n − P aux
n

)∥∥2,
where the last equation holds due to the definition of the shifted process. Finally, we get

I1 ≲
N−2∑
n=0

1

γh

(
(ηxn)

2E
∥∥Xalg

n −Xaux
n

∥∥2 + (ηpn)
2E
∥∥P alg

n − P aux
n

∥∥2).
Instead of directly bounding the distance between ψalg

n and ψaux
n , we consider the distance between

ψalg
n and ψsh

n . To be more specific, define

ηpt :=
c0ω

exp(ω(Nh− t+Ah))− 1
, ηxt :=

(γ + ηpt )η
p
t

2
,
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where c0, A are absolute constants such that both c0 and A/c0 are sufficiently large. Then we have
ηpt ≲ c0/(Ah). The shifted parameters at step n are then defined as

ηxn :=

∫ (n+1)h

nh

ηxt dt, ηpn :=

∫ (n+1)h

nh

ηpt dt,

In this case, calculation indicates the distance between ψalg
n and ψaux

n , and the distance between ψalg
n

and ψsh
n are in the same order, i.e.,

(ηxn)
2E
∥∥Xalg

n −Xaux
n

∥∥2 + (ηpn)
2E
∥∥P alg

n − P aux
n

∥∥2
≃ (ηxn)

2

[
E
∥∥Xalg

n −Xaux
n

∥∥2 + 1

(γ + ηpnh)
2
E
∥∥P alg

n − P aux
n

∥∥2]
≃ (ηxn)

2

[
E
∥∥Xalg

n −Xsh
n

∥∥2 + 1

(γ + ηpnh)
2
E
∥∥P alg

n − P sh
n

∥∥2],
where the last step holds using Lemma 4.9 in Altschuler et al. (2025). Let

(dsh
n )

2 = E
∥∥Xalg

n −Xsh
n

∥∥2 + 1

(γ + ηpnh)
2
E
∥∥P alg

n − P sh
n

∥∥2.
Then, it can be proved that the distance satisfy a recursion inequality, with contraction factor Ln,
defined as follows:

Ln = exp

(
− c

∫ (n+1)h

nh

(ω+ + ηpt ) dt

)
.

The following lemma holds:
Lemma A.4 (Lemma 4.3 in Altschuler et al. 2025). For all n < N − 1, the following inequality
holds:

(dsh
n+1)

2 ≤ Ln(d
sh
n )

2 +O

(
(Ēw)2

(ω+ + ηpnh)h
+

[
1 +

β2h

γ2
nh(ω+ + ηpnh)

]
(Ēs)2)

)
.

Avoiding f̄ with Lipschitz assumption. The following assumption characterizes the conditions
when the expectation of µ[Palg]n can be replaced with that of the auxiliary process.
Assumption A.5 (Lipschitz errors). Let Ew, Es, b be defined in Definition 3.2. Suppose they satisfy
the following Lipschitz conditions: For any (x,p), (x̄, p̄), the following inequality holds:∣∣Ew(x,p)− Ew(x̄, p̄)

∣∣ ≤ Lw,x∥x− x̄∥+ Lw,p∥p− p̄∥,∣∣Es(x,p)− Es(x̄, p̄)
∣∣ ≤ Ls,x∥x− x̄∥+ Ls,p∥p− p̄∥,∣∣b(x,p)− b(x̄, p̄)
∣∣ ≤ Lb,x∥x− x̄∥+ Lb,p∥p− p̄∥.

Furthermore, suppose that

max

{
(Lw,x + (γ + ηpnh)Lw,p)

2

(ω+ + ηpnh)(γ + ηpnh)
2h

,(
1 +

β2h

(γ + ηpnh)
2(ω+ + ηpnh)

)
(Ls,x + (γ + ηpnh)Ls,p)

2

(γ + ηpnh)
2

}
≲ 1− Ln,

and

(Lb,x + h−1Lb,p)
2γh3 ≲ 1

for sufficiently small constants.

We then have the following theorem:
Theorem A.6 (Lemma C.2 in Altschuler et al. 2025). If Assumption A.5 holds, we can further
define

f̃ = max
1≤n≤N−1

∥f∥L2(νaux
n )

12
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for f ∈ {b, Ew, Es}. Then, Theorem 3.5 and Corollary 3.6 still hold if we replace f̄ with f̃ for
f ∈ {b, Ew, Es}. To be more specific, using the same setting and notation as Theorem 3.5, the
KL-divergence between νaux

n and νn satisfies

KL
(
νaux
n ∥νn

)
≲ CW2

2 (µ, ν) +Aw

(
max

1≤i≤n−1
Eνaux

i

[
(Ew)2

])
+As

(
max

1≤i≤n−1
Eνaux

i

[
(Es)2

])
.

Moreover, the KL-divergence between the distribution resulting from the composition of N−1 steps
of Palg, and one step of P̃ , and the distribution from N steps of P , can be upper bounded as follows:

KL
(
µ(Palg)N−1P̃∥νPN

)
≲ CW2

2 (µ, ν) +Aw

(
max

1≤i≤N−1
Eνaux

i

[
(Ew)2

])
+As

(
max

1≤i≤N−1
Eνaux

i

[
(Es)2

])
+ max

1≤i≤n−1
Eνaux

i

[
b2].

Specifying the constants in Theorem 3.5. In this section, we specify the value of the constants C,
Aw, and As in Theorem 3.5. First, C = C(α, β, γ,Nh) defined in (A.2). Second, in different cases,
the values of Aw and As are
• Strongly convex and high friction: (α > 0, γ =

√
32β)

Aw =
1

αh2
, As =

1

β1/2h
log

3γ

αh
.

• Generally convex and high friction: (α = 0, γ =
√
32β)

Aw =
N

β1/2h
,As =

1

β1/2h
logN + β1/2Nh.

B ANALYSIS OF WEAK AND STRONG ERRORS

In this section, we analyze the weak and strong errors of the standard ULMC (3.2) and the ran-
domized midpoint discretization (3.4). Throughout this section, we assume that the initial con-
dition is (x,p), and assume the synchronous coupling of all Markov chains {(Xh,Ph)}n∈N,
{(XULMC

nh ,PULMC
nh )}n∈N, and {(XRM

nh ,PRM
nh )}, i.e., they are driven by the same Brownian mo-

tion.

B.1 STANDARD ULMC

We first investigate the one-step error vectors, i.e.,XULMC
h −Xh and PULMC

h − Ph:

XULMC
h −Xh =

∫ h

0

1− e−γ(h−t)

γ
[∇V (x)−∇V (Xt)] dt, (B.1)

PULMC
h − Ph =

∫ h

0

e−γ(h−t)[∇V (x)−∇V (Xt)] dt. (B.2)

Therefore, the term ∇V (Xh)−∇V (x) is of central interest in order to bound the weak and strong
errors. We thus present the following lemma:
Lemma B.1. Suppose that Assumption 3.1 holds, and the step size satisfies h ≲ 1/

√
β. Then for

any t ∈ [0, h], the following inequality holds:

∥∇V (Xt)−∇V (x)∥L2
≲ β1/2h∥p∥H + γ1/2β1/2h3/2

√
tr(H) + βh2∥∇V (x)∥.

The proof of Lemma B.1 is given in Appendix D.1. We now provide the proof of Lemma 4.1:

Proof of Lemma 4.1. Starting from (B.1) and (B.2), we bound the weak and strong errors as follows:
Weak error. The position error in the weak error satisfies

∥EXULMC
h − EXh∥ =

∥∥∥∥∫ h

0

1− e−γ(h−t)

γ
E[∇V (Xt)−∇V (x)] dt

∥∥∥∥
≤
∫ h

0

1− e−γ(h−t)

γ

∥∥E[∇V (Xt)−∇V (x)]
∥∥dt

≤
∫ h

0

1− e−γ(h−t)

γ
dt · sup

t∈[0,h]

∥∥E[∇V (Xt)−∇V (x)]
∥∥, (B.3)
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where the first inequality holds due to Jensen’s inequality (∥ · ∥ is a convex function), and the second
inequality holds due to Hölder’s inequality. We first note that∫ h

0

1− e−γ(h−t)

γ
dt ≤

∫ h

0

(h− t) dt ≲ h2, (B.4)

where the first inequality holds because 1− e−z ≤ z. We also note that for any t ∈ [0, h],∥∥E[∇V (Xt)−∇V (x)]
∥∥ =

√∥∥E[∇V (Xt)−∇V (x)]
∥∥2

≤
√
E
[
∥∇V (Xt)−∇V (x)∥2

]
= ∥∇V (Xt)−∇V (x)∥L2

≲ β1/2h∥p∥H + γ1/2β1/2h3/2
√

tr(H) + βh2∥∇V (x)∥, (B.5)

where the first inequality holds due to the Jensen’s inequality (∥ · ∥2 is a convex function), and the
second inequality holds due to Lemma B.1. Plugging (B.4) and (B.5) into (B.3), we obtain

∥EXULMC
h − EXh∥ ≤ β1/2h3∥p∥H + γ1/2β1/2h7/2

√
tr(H) + βh4∥∇V (x)∥.

The momentum error in the weak error satisfies

∥EPULMC
h − EPh∥ =

∥∥∥∥∫ h

0

e−γ(h−t)E[∇V (Xt)−∇V (x)] dt

∥∥∥∥
≤
∫ h

0

e−γ(h−t)
∥∥E[∇V (Xt)−∇V (x)]

∥∥dt
≤ h sup

t∈[0,h]

∥∥E[∇V (Xt)−∇V (x)]
∥∥

≲ β1/2h2∥p∥H + γ1/2β1/2h5/2
√
tr(H) + βh3∥∇V (x)∥,

where the first inequality holds due to Jensen’s inequality (∥ · ∥ is a convex function), the second
inequality holds because e−z ≤ 1, and the last inequality holds due to (B.5). Therefore, the weak
error of the standard ULMC satisfies

Ew(x,p) ≲ β1/2h2∥p∥H + γ1/2β1/2h5/2
√
tr(H) + βh3∥∇V (x)∥.

Strong error. The position error in the strong error satisfies

∥XULMC
h −Xh∥L2

=

∥∥∥∥∫ h

0

1− e−γ(h−t)

γ
[∇V (Xt)−∇V (x)] dt

∥∥∥∥
L2

≤
∫ h

0

1− e−γ(h−t)

γ
∥∇V (Xt)−∇V (x)∥L2

dt

≤
∫ h

0

1− e−γ(h−t)

γ
dt · sup

t∈[0,h]

∥∇V (Xt)−∇V (x)∥L2

≲ β1/2h3∥p∥H + γ1/2β1/2h7/2
√
tr(H) + βh4∥∇V (x)∥, (B.6)

where the first inequality holds due to the Jensen’s inequality (∥ · ∥L2
is a convex function), the

second inequality holds due to the Jensen’s inequality, and the last inequality holds due to (B.4) and
Lemma B.1. The momentum error in the strong error satisfies

∥PULMC
h − Ph∥L2 =

∥∥∥∥∫ h

0

e−γ(h−t)[∇V (Xt)−∇V (x)] dt

∥∥∥∥
L2

≤
∫ h

0

e−γ(h−t)∥∇V (Xt)−∇V (x)∥L2
dt

≤ h sup
t∈[0,h]

∥∇V (Xt)−∇V (x)∥L2

≲ β1/2h2∥p∥H + γ1/2β1/2h5/2
√
tr(H) + βh3∥∇V (x)∥,

where the first inequality holds due to the Jensen’s inequality (∥·∥L2 is a convex function), the second
inequality holds because e−z ≤ 1, and the last inequality holds due to Lemma B.1. Therefore, the
strong error of standard ULMC satisfies

Es(x,p) ≲ β1/2h2∥p∥H + γ1/2β1/2h5/2
√

tr(H) + βh3∥∇V (x)∥.
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B.2 RANDOMIZED MIDPOINT DISCRETIZATION

Similar to the analysis of the standard ULMC, for the randomized midpoint discretization, we con-
sider the error vectorsXRM

h −Xh and PRM
h − Ph:

XRM
h −Xh =

∫ h

0

1− e−γ(h−t)

γ
[∇V (X̂+

uh)−∇V (Xt)] dt

=

∫ h

0

1− e−γ(h−t)

γ
dt · [∇V (X̂+

uh)−∇V (Xuh)]

+

∫ h

0

1− e−γ(h−t)

γ
[∇V (Xuh)−∇V (Xt)] dt, (B.7)

PRM
h − Ph =

∫ h

0

e−γ(h−t)[∇V (X̂++
vh )−∇V (Xs)] ds

=

∫ h

0

e−γ(h−t) dt · [∇V (X̂++
vh )−∇V (Xvh)]

+

∫ h

0

e−γ(h−t)[∇V (Xvh)−∇V (Xt)] dt. (B.8)

We also recall the following properties of the randomized midpoint:

1

γ

(
h− 1− e−γh

γ

)
Eu[∇V (X̂+

uh)] =

∫ h

0

1− e−γ(h−t)

γ
∇V (X̂+

t ) dt; (B.9)

1− e−γh

γ
Ev[∇V (X̂++

vh )] =

∫ h

0

e−γ(h−t)∇V (X++
t ) dt (B.10)

Thus, the expectation of the error vectors satisfy

E[XRM
h −Xh] =

∫ h

0

1− e−γ(h−t)

γ
E[∇V (X̂+

t )−∇V (Xt)] dt, (B.11)

E[PRM
h − Ph] =

∫ h

0

e−γ(h−t)E[∇V (X̂++
t )−∇V (Xt)] dt. (B.12)

The terms in red are the differences of ∇V at times of the ground truth ULD dynamics, so they
can be bounded using Lemma B.1. The terms in blue are caused by the error of standard ULMC
sequence, which are characterized with the following lemma:
Lemma B.2. Suppose that Assumption 3.1 holds, and the step size satisfies h ≲ 1/

√
β. Then for

any t ∈ [0, h], the following inequality holds:

∥∇V (XULMC
t )−∇V (Xt)∥L2 ≤ β3/2h3∥p∥H + γ1/2β3/2h7/2

√
tr(H) + β2h4∥∇V (x)∥,

The proof of Lemma B.2 is given in Appendix D.2. We now provide the proof of Lemma 5.1.

Proof of Lemma 5.1. We characterize the weak error with (B.11) and (B.12), and the strong error
with (B.7) and (B.8):
Weak error. Based on (B.11), the weak error of the position vector satisfies∥∥E[XRM

h −Xh]
∥∥ =

∥∥∥∥ ∫ h

0

1− e−γ(h−t)

γ
E[∇V (X̂+

t )−∇V (Xt)] dt

∥∥∥∥
≤
∫ h

0

1− e−γ(h−t)

γ

∥∥E[∇V (X̂+
t )−∇V (Xt)]

∥∥dt
≤
∫ h

0

1− e−γ(h−t)

γ
dt · sup

t∈[0,h]

∥∥E[∇V (X̂+
t )−∇V (Xt)]

∥∥
≤
∫ h

0

1− e−γ(h−t)

γ
dt · sup

t∈[0,h]

∥∇V (X̂+
t )−∇V (Xt)∥L2

≤ β3/2h5∥p∥H + γ1/2β3/2h11/2
√
tr(H) + β2h6∥∇V (x)∥,
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where the first inequality holds due to the Jensen’s inequality (∥ · ∥ is a convex function), the second
inequality holds due to the Hölder inequality, the third inequality holds due to Jensen’s inequality
(∥ · ∥2 is a convex function, similar to (B.5)), and the last inequality holds due to (B.4) and Lemma
B.2. Based on (B.12), the weak error of the momentum vector satisfies∥∥E[PRM

h − Ph]
∥∥ =

∥∥∥∥∫ h

0

e−γ(h−t)E[∇V (X̂++
t )−∇V (Xt)] dt

∥∥∥∥
≤
∫ h

0

e−γ(h−t)
∥∥E[∇V (X++

t )−∇V (Xt)]
∥∥dt

≤
∫ h

0

e−γ(h−t) dt · sup
t∈[0,h]

∥∥E[∇V (X++
t )−∇V (Xt)]

∥∥
≤
∫ h

0

e−γ(h−t) dt · sup
t∈[0,h]

∥∇V (X++
t )−∇V (Xt)∥

≲ β3/2h4∥p∥H + γ1/2β3/2h9/2
√
tr(H) + β2h5∥∇V (x)∥,

where the first inequality holds due to the Jensen’s inequality (∥ · ∥ is a convex function), the second
inequality holds due to the Hölder inequality, the third inequality holds due to Jensen’s inequality
(∥ · ∥2 is a convex function, similar to (B.5)), and the last inequality holds because e−z ≤ 1 and
Lemma B.2. Therefore, the weak error of the randomized midpoint discretization satisfies

Ew(x,p) ≲ β3/2h4∥p∥H + γ1/2β3/2h9/2
√
tr(H) + β2h5∥∇V (x)∥.

Strong error. Based on (B.7), the strong error of the position vector satisfies

∥XRM
h −Xh∥L2 ≤

∫ h

0

1− e−γ(h−t)

γ
dt ·

∥∥∇V (X̂+
uh)−∇V (Xuh)

∥∥
L2︸ ︷︷ ︸

I1

+

∥∥∥∥ ∫ h

0

1− e−γ(h−t)

γ
[∇V (Xuh)−∇V (Xt)] dt

∥∥∥∥
L2︸ ︷︷ ︸

I2

, (B.13)

where the inequality holds due to the triangle inequality. The term I1 satisfies

I1 ≤ h2 · sup
t∈[0,h]

∥∥∇V (X̂+
t )−∇V (Xuh)

∥∥
L2

≲ β3/2h5∥p∥H

+ γ1/2β3/2h11/2
√
tr(H) + β2h6∥∇V (x)∥, (B.14)

where the first inequality holds due to (B.4), and the second inequality holds due to Lemma B.2.
The term I2 satisfies

I2 ≤
∫ h

0

1− e−γ(h−t)

γ

∥∥∇V (Xuh)−∇V (Xt)
∥∥
L2

dt

≤
∫ h

0

1− e−γ(h−t)

γ

[∥∥∇V (Xuh)−∇V (x)
∥∥
L2

+
∥∥∇V (x)−∇V (Xt)

∥∥
L2

]
dt

≲
∫ h

0

1− e−γ(h−t)

γ
dt · sup

t∈[0,h]

∥∥∇V (Xt)−∇V (x)
∥∥
L2

≲ β1/2h3∥p∥H + γ1/2β1/2h7/2
√
tr(H) + βh4∥∇V (x)∥, (B.15)

where the first inequality holds due to the Jensen’s inequality (∥ · ∥L2 is a convex function), the
second inequality holds due to the triangle inequality, the third inequality holds due to the Hölder
inequality, and the last inequality holds due to (B.4) and Lemma B.1. Since h ≲ 1/

√
β, we have

I1 ≲ I2, so plugging (B.14) and (B.15) into (B.13), we have

∥XRM
h −Xh∥L2

≲ β1/2h3∥p∥H + γ1/2β1/2h7/2
√
tr(H) + βh4∥∇V (x)∥.
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Based on (B.8), the strong error of the momentum vector satisfies

∥PRM
h − Ph∥L2

≤
∫ h

0

e−γ(h−t) dt ·
∥∥∇V (X++

vh )−∇V (Xvh)
∥∥
L2︸ ︷︷ ︸

J1

+

∥∥∥∥∫ h

0

e−γ(h−t)[∇V (Xvh)−∇V (Xt)] dt

∥∥∥∥
L2︸ ︷︷ ︸

J2

, (B.16)

where the inequality holds due to the triangle inequality. The term J1 satisfies

J1 ≤ h · sup
t∈[0,h]

∥∥∇V (X++
t )−∇V (Xt)

∥∥
L2

≲ β3/2h4∥p∥H

+ γ1/2β3/2h9/2
√

tr(H) + β2h5∥∇V (x)∥, (B.17)

where the first inequality holds because e−z ≤ 1, and the second inequality holds due to Lemma B.2.
The term J2 satisfies

J2 ≤
∫ h

0

e−γ(h−t)
∥∥∇V (Xvh)−∇V (Xt)

∥∥
L2

dt

≤
∫ h

0

e−γ(h−t)
[∥∥∇V (Xvh)−∇V (x)

∥∥
L2

+
∥∥∇V (x)−∇V (Xt)

∥∥
L2

]
dt

≲
∫ h

0

e−γ(h−t) dt · sup
t∈[0,h]

∥∥∇V (Xt)−∇V (x)
∥∥
L2

≲ β1/2h2∥p∥H + γ1/2β1/2h5/2
√
tr(H) + βh3∥∇V (x)∥, (B.18)

where the first inequality holds due to the Jensen’s inequality (∥ · ∥ is a convex function), the second
inequality holds due to the triangle inequality, the third inequality holds due to the Hölder inequality,
and the last inequality holds due to e−z ≤ 1 and Lemma B.1. Since h ≲ 1/

√
β, we have J1 ≲ J2,

so plugging (B.17) and (B.18) into (B.16), we have

∥PRM
h − Ph∥L2

≲ β1/2h2∥p∥H + γ1/2β1/2h5/2
√
tr(H) + βh3∥∇V (x)∥.

Therefore, the strong error of the randomized midpoint discretization satisfies

Es(x,p) ≲ β1/2h2∥p∥H + γ1/2β1/2h5/2
√
tr(H) + βh3∥∇V (x)∥.

C ANALYSIS OF CROSS REGULARITY CONDITION

In this section, we are going to prove the dimension-free version of the cross-regularity condition
for the standard ULMC, similar to Lemma 4.2 in Altschuler et al. (2025). We first define the Rényi
divergence as follows:
Definition C.1. Consider two measures µ and ν, q > 1, Rq is the Rényi divergence, defined by:

Rq(µ||ν) =
1

q − 1
log

∫ (dµ
dν

)q
dν.

In the limit of q → 1+, the Rényi divergence will reduce to KL divergence:

R1(µ||ν) =
∫ (dµ

dν
log

dµ

dν

)
dν = Eµ

[
log

dµ

dν

]
.

Here are the basic useful propositions of Rényi divergence.
Lemma C.2 (Data processing inequality). Let µ, ν be probability measures on a measurable space
(Ω,F), and let T : Ω → E be any measurable map. Then for any Rényi order q ∈ [1,∞],

Rq(T#µ ∥T#ν) ≤ Rq(µ ∥ ν).
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Lemma C.3 (Weak triangle inequality for Rényi divergence). For any probability measures µ, ν, π,
any Rényi order q ∈ [1,∞), and any relaxation parameter λ ∈ (0, 1), it holds that

Rq(µ ∥π) ≤ q − λ

q − 1
Rq/λ(µ ∥ ν) + R(q−λ)/(1−λ)(ν ∥π). (C.1)

In particular, by setting λ = 1 − ε and q = 1 + ε and letting ε ↓ 0, Proposition C.3 yields the
classical bound for the Kullback–Leibler divergence,

KL(µ∥π) ≤ 2KL(µ∥ν) + log
(
1 + χ2(ν∥π)

)
. (C.2)

We then present the Girsanov Theorem:

Theorem C.4 (Girsanov). Let (Bt)t∈[0,T ] be a standard Brownian motion under the Wiener mea-
sure W and let (Yt)t∈[0,T ] be a progressive process with EW ∫ T

0
∥Ys∥2ds < ∞. Let Mt :=∫ t

0
⟨Ys, dBs⟩ for t ∈ [0, T ] and let [M ,M ] =

∫ ·
0
∥Ys∥2 ds denote the quadratic variation. De-

fine the exponential martingale

E(M) := exp
(
M − 1

2
[M ,M ]

)
.

Assume that E(M) is a W-martingale and define the measure Q on path space via

dQ
dW

= E(M)T .

Then, under Q,

t 7→ B̃t := Bt − [B,M ]t = Bt −
∫ t

0

Ysds

is a standard Brownian motion.

Lemma C.5. Suppose (Xt,Pt) satisfies the following SDE for a function b : Rd × Rd → Rd:{
dXt = Pt dt,

dPt = b(Xt,Pt) dt+
√
2γ dBt,

Another process (X ′
t,P

′
t ) satisfies the following SDE for a function b′ : Rd × Rd → Rd:{

dX ′
t = P

′
t dt,

dP ′
t = b′(X ′

t,P
′
t ) dt+

√
2γ dBt,

Moreover, define

P := Law
(
(Xh,Ph)

)
, P′ := Law

(
(X ′

h,P
′
h)
)
.

The KL divergence between P and P′ can be bounded as follows:

KL
(
P∥P′) ≤ 1

4γ
E
[ ∫ t

0

∥∆(X ′
s,P

′
s)∥2 ds

]
where ∆(x,p) = b(x,p)− b′(x,p).

Proof of Lemma C.5. Using Theorem C.4 with Yt = −∆(Xt,Pt)/
√
2γ, then

Mt = −
∫ t

0

⟨∆(Xs,Ps), dBs⟩/
√

2γ

and [M ,M ]t =
∫ t

0
∥∆(Xs,Ps)∥2 ds/(2γ). Thus, suppose Qh is a distribution on the path space

up to time h, which satisfies:

dQh

dWh
= E(M)h := exp

(
Mh − 1

2
[M ,M ]h

)
.
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Then we have under Qh, dB̃t := dBt +∆(Xt,Pt) dt/
√
2γ is a standard Brownian motion. Note

that the equation of (Xt,Pt) satisfies:{
dXt = Pt dt,

dPt = b′(Xt,Pt) dt+
√
2γ
[
[∆(Xt,Pt)/

√
2γ] dt+ dBt

]
.

Thus, under B̃t, (Xt,Pt) satisfies the same evolution equation as (X ′
t,P

′
t ). Using the data-

processing inequality (Lemma C.2),

KL(P∥P′) ≤ KL(Qh∥Wh)

= EQ
[
log exp

(
Mh − 1

2
[M ,M ]h

)]
= EQ

[
Mh − 1

2
[M ,M ]h

]
= EQ

[
−
∫ h

0

⟨∆(Xs,Ps), dBs⟩√
2γ

− 1

4γ

∫ t

0

∥∆(Xs,Ps)∥2 ds
]

= EQ
[
−
∫ h

0

⟨∆(Xs,Ps), dB̃s⟩√
2γ

+
1

2γ

∫ t

0

∥∆(Xs,Ps)∥2 ds−
1

4γ

∫ t

0

∥∆(Xs,Ps)∥2 ds
]
.

Since dB̃t is a standard Brownian motion under Q, the first term is equal to 0. Therefore, we have

KL(P∥P′) ≤ EQ
[
1

4γ

∫ t

0

∥∆(Xs,Ps)∥2 ds
]
.

Moreover, under Q, (Xt,Pt) has the same evolution equation as (X ′
t,P

′
t ), and thus holds the same

distribution. We finally derive the inequality:

KL(P∥P′) ≤ 1

4γ
E
[ ∫ t

0

∥∆(X ′
s,P

′
s)∥2 ds

]
.

Cross-regularity term. With the local discretization error controlled (cf. Lemma C.5 and the
bounds in Section B), we now bound the cross-regularity term.

Proof of Lemma 4.2. We apply (C.2) to decompose the cross-regularity KL divergence into a local
discretization term and a kernel-stability term:

KL(δx,pP ′
h∥δx̄,p̄Ph) ≤ 2KL(δx,pP ′

h∥δx,pPh) +R2(δx,pPh∥δx̄,p̄Ph) (C.3)

where Ph denotes the time-h transition kernel of ULD and P ′
h denotes the one-step ULMC kernel.

We bound the two terms on the right-hand side of (C.3) separately. We first use Theorem A.2 to
bound the term R2(δx,pPh∥δx̄,p̄Ph):

R2(δx,pPh∥δx̄,p̄Ph) ≲
1

γ

(∥x− x̄∥2

h3
+

∥p− p̄∥2

h

)
.

Secondly, we bound the term KL(δx,pP ′
h∥δx,pPh). In Lemma C.5, we take

b′(Xt,Pt) = −γPt −∇V (Xt) b(XULMC
t ,PULMC

t ) = −γPULMC
t −∇V (x)

Then we obtain

KL(δx,pP ′
h∥δx,pPh) ≤

1

4γ
E
[ ∫ h

0

∥∇V (Xt)−∇V (x)∥2 dt
]

≤ h

4γ
sup

t∈[0,h]

∥∇V (Xt)−∇V (x)∥2L2

≲
1

γ

(
βh3∥p∥2H + γh4 β tr(H) + β2h5∥∇V (x)∥2

)
,

where the second inequality holds due to the Hölder inequality, and the last inequality holds due to
Lemma B.1.
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D PROOF OF LEMMAS IN APPENDIX B

D.1 PROOF OF LEMMA B.1

Proof of Lemma B.1. Note that

∇V (Xt)−∇V (x) =

[ ∫ 1

0

∇2V (x+ u(Xt − x)) du

]
(Xt − x)

= H1/2 ·H−1/2

[ ∫ 1

0

∇2V (x+ u(Xt − x)) du

]
H−1/2 ·H1/2(Xt − x),

so using the definition of the operator norm, we have

∥∇V (Xt)−∇V (x)∥ ≤ ∥H1/2∥ ·
∥∥∥∥H−1/2

[ ∫ 1

0

∇2V (x+ u(Xt − x)) du

]
H−1/2

∥∥∥∥ · ∥H1/2(Xt − x)∥

≤
√
β · ∥H−1/2 ·H ·H−1/2∥ · ∥H1/2(Xt − x)∥ =

√
β∥Xt − x∥H,

where the second inequality holds because H ⪯ βI and ∇2V (z) ⪯ H for any z. Therefore,

E
[
∥∇V (Xt)−∇V (x)∥2

]
≤ β · E

[
∥Xt − x∥2H

]
. (D.1)

We then analyze the term ∥Xt − x∥H. According to the integral form of ULD in (3.1),

Xt − x =
1− e−γt

γ
p+ ξ

(1)
0,t −

∫ t

0

1− e−γ(t−s)

γ
∇V (Xs) ds

=
1− e−γt

γ
p+ ξ

(1)
0,t −

∫ t

0

1− e−γ(t−s)

γ
ds · ∇V (x) +

∫ t

0

1− e−γ(t−s)

γ
[∇V (x)−∇V (Xs)] ds.

Therefore, using the Cauchy-Schwarz inequality, we have

E
[
∥Xt − x∥2H

]
≤ 4
(1− e−γt

γ

)2
∥p∥2H + 4E

[
∥ξ(1)0,h∥

2
H

]
+ 4

(∫ t

0

1− e−γ(t−s)

γ
ds

)2

∥∇V (x)∥2H

+ 4E
[∥∥∥∥ ∫ t

0

1− e−γ(t−s)

γ
[∇V (x)−∇V (Xs)] ds

∥∥∥∥2
H

]
.

Firstly, since 1− e−γt ≤ γt ≤ γh, we have(1− e−γt

γ

)2
∥p∥2H ≤ h2∥p∥2H.

Secondly, the term ∥ξ(1)0,h∥H,L2
satisfies

E
[
∥ξ(1)0,h∥

2
H

]
= 2γ · E

∥∥∥∥∫ t

0

1− e−γ(t−s)

γ
dBs

∥∥∥∥2
H

= 2γ tr(H) ·
∫ t

0

(1− e−γ(t−s)

γ

)2
ds

≤ 2γh3 tr(H), (D.2)
where the second equality holds due to the Itô symmetry, and the first inequality holds because
1− e−γ(t−s) ≤ γ(t− s) ≤ γh. Thirdly, we have∫ t

0

1− e−γ(t−s)

γ
ds ≤

∫ t

0

(t− s) ds =
t2

2
≤ h2

2
, (D.3)

where the first inequality holds because 1 − e−z ≤ z; we also have ∥∇V (x)∥2H ≤ β∥∇V (x)∥2
because H ⪯ βI. Finally, since∥∥∥∥∫ t

0

1− e−γ(t−s)

γ
[∇V (x)−∇V (Xs)] ds

∥∥∥∥2
H

≤ t

∫ t

0

(1− e−γ(t−s)

γ

)2
∥∇V (Xs)−∇V (x)∥2H ds

≤ βt

∫ t

0

(t− s)2∥∇V (Xs)−∇V (x)∥2 ds, (D.4)
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where the first inequality holds due to the Cauchy-Schwarz inequality, and the second inequality
holds because 1− e−z ≤ z and H ⪯ βI. Plugging (D.2), (D.3), and (D.4) into (D.1), we have

E
[
∥∇V (Xt)−∇V (x)∥2

]
≤ 4βh2∥p∥2H + 8βγh3 tr(H) + β2h4∥∇V (x)∥2

+ 4β2t

∫ t

0

(t− s)2E
[
∥∇V (Xs)−∇V (x)∥2

]
ds.

Using the Grönwall’s Inequality, we have

E
[
∥∇V (Xt)−∇V (x)∥2

]
≲ eβ

2t4
(
βh2∥p∥2H + βγt3 tr(H) + β2t4∥∇V (x)∥2

)
Therefore, as long as t ∈ [0, h] where h = O(1/

√
β), the inequality above becomes

E
[
∥∇V (Xt)−∇V (x)∥2

]
≲ βh2∥p∥2H + βγt3 tr(H) + β2t4∥∇V (x)∥2.

Taking the square root on both sides, we have

∥∇V (Xt)−∇V (x)∥L2 ≲ β1/2h∥p∥H + β1/2γ1/2t3/2
√
tr(H) + βt2∥∇V (x)∥.

D.2 PROOF OF LEMMA B.2

Proof of Lemma B.2. Due to the β-Lipschitzness of ∇V , we have

∥∇V (XULMC
t )−∇V (Xt)∥ ≤ β∥XULMC

t −Xt∥.

Taking the expectation
√
E[·2], we have

∥∇V (XULMC
t )−∇V (Xt)∥L2 ≤ β∥XULMC

t −Xt∥L2

≲ β3/2h3∥p∥H + γ1/2β3/2h7/2
√

tr(H) + β2h4∥∇V (x)∥,

where the second inequality holds due to (B.6).

E PROOF OF CHANGE-OF-MEASURE LEMMA

Lemma E.1 (Change-of-measure, dimension-free). Consider a measure µ ∈ Rd × Rd, and −βI ⪯
∇2V (x) ⪯ H ⪯ βI. With π(x,p) ∝ exp(−V (x)− 1

2∥p∥
2), we have:

Eµ[∥∇V (x)∥2] ≤ tr(H) + βKL(µ∥π),
Eµ[p

⊤Hp] ≤ tr(H) + βKL(µ∥π).

Proof of Lemma E.1. In the Donsker–Varadhan variational lemma (Lemma I.3), by setting U(x) =
∥∇V (x)∥2/(4β), we have,

Eµ[∥∇V (x)∥2]
4β

≤ KL(µ∥π) + logEπ

[
exp

(
∥∇V (x)∥2/(4β)

)]
≤ KL(µ∥π) + tr(H)

2β
,

where the second inequality holds due to Lemma I.4. Therefore, rearranging terms,

Eµ[∥∇V (x)∥2] ≤ 2 tr(H) + 4β · KL(µ∥π)

Similarly, for the bound of Eµ[∥p∥2H], using the Lemma I.3 with U(p) = ∥p∥2H/(4β), we have

Eµ[∥p∥2H]

4β
≤ KL(µ∥π) + logEπ

[
exp

(
∥p∥2H/(4β)

)]
≤ KL(µ∥π) + tr(H)

2β
,

where the second inequality holds due to Lemma I.5. Therefore, rearranging terms,

Eµ[∥p∥2H] ≤ 2 tr(H) + 4β · KL(µ∥π).
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F PROOF OF THEOREMS IN SECTION 4
In this section, we prove the sample complexity for ULMC. To start with, we first verify Assumption
A.5 for ULMC. We have the following lemma:
Lemma F.1. For ULMC, we can compute the Lipschitz constants of the strong and weak errors:

Lw,x = Ls,x = β2h3,

Lw,p = Ls,p = βh2.

Moreover, if h ≲ 1/(β1/2κ) in the strongly convex setting, or h ≲ N−1/2β−1/2 in the general
convex setting, Assumption A.5 holds for ULMC.

F.1 PROOF OF THEOREM 4.3

In this section, we make a formal proof of Theorem 4.3.

Proof of Theorem 4.3. Using Lemma F.1, we know that if Assumption A.5 holds, we need:

h ≤ 1

β1/2κ
. (F.1)

We can apply Theorem A.6 if h ≲ 1/(β1/2κ). For any n ≤ N − 1, we have

KL
(
νaux
n ∥νn

)
≲ CW2

2 (µ, ν) +Aw

(
max

1≤i≤n−1
Eνaux

i

[
(Ew)2

])
+As

(
max

1≤i≤n−1
Eνaux

i

[
(Es)2

])
.

Let ν = π be the invariant distribution of the underdamped Langevin. Then we can see νn = π for
any n. We have

KL
(
νaux
n ∥π

)
≲ CW2

2 (µ, π) +Aw

(
max

1≤i≤n−1
Eνaux

i

[
(Ew)2

])
+As

(
max

1≤i≤n−1
Eνaux

i

[
(Es)2

])
. (F.2)

In ULMC, there is no separate weak error term, and we may take

Ew(x,p) = Es(x,p).

Moreover, Lemma 4.1 gives

Es(x,p) ≲ β1/2h2 ∥p∥H + βh3∥∇V (x)∥ + β1/2γ1/2h5/2
√
tr(H).

Thus, taking the expectation,

max
1≤i≤n−1

Eνaux
i

[
(Ew)2

]
= max

1≤i≤n−1
Eνaux

i

[
(Es)2

]
≲ βh4

[
max

1≤i≤n−1
Eνaux

i

[
∥p∥2H

]]
+ β2h6

[
max

1≤i≤n−1
Eνaux

i

[
∥∇V (x)∥2

]]
+ βγh5tr(H).

(F.3)

Then, substituting (F.3) into (F.2), we have

KL
(
νaux
n ∥π

)
≲ CW2

2 (µ, π) +
(
Aw +As

)
βγh5 tr(H)

+
(
Aw +As

)
βh4

[
max

1≤i≤n−1
Eνaux

i

[
∥p∥2H

]]
+
(
Aw +As

)
β2h6

[
max

1≤i≤n−1
Eνaux

i

[
∥∇V (x)∥2

]]
.

In the strongly convex case,

Aw =
1

αh2
, As =

1

β1/2h
log
( 3γ
αh

)
.

When h ≤ β−1/2κ log−1
[
(3γ)/(αh)

]
, there is As ≤ Aw, so we can drop all of the As terms, and

reduce the inequality to

KL
(
νaux
n ∥π

)
≲ CW2

2 (µ, π) + κγh3 tr(H) + κh2
[

max
1≤i≤n−1

Eνaux
i

[
∥p∥2H

]]
+ κβh4

[
max

1≤i≤n−1
Eνaux

i

[
∥∇V (x)∥2

]]
. (F.4)

22



1188
1189
1190
1191
1192
1193
1194
1195
1196
1197
1198
1199
1200
1201
1202
1203
1204
1205
1206
1207
1208
1209
1210
1211
1212
1213
1214
1215
1216
1217
1218
1219
1220
1221
1222
1223
1224
1225
1226
1227
1228
1229
1230
1231
1232
1233
1234
1235
1236
1237
1238
1239
1240
1241

Under review as a paper at the 2nd DeLTa Workshop, ICLR 2026

Using Lemma E.1, we have

KL
(
νaux
n ∥π

)
≲ CW2

2 (µ, π) + κγh3 tr(H)

+ κh2
[
tr(H) + β max

1≤i≤n−1
KL(νaux

i ∥π)
]
+ κβh4

[
tr(H) + β max

1≤i≤n−1
KL(νaux

i ∥π)
]

≲ CW2
2 (µ, π) + κh2 tr(H) + κβh2

[
max

1≤i≤n−1
KL(νaux

i ∥π)
]
,

where we used γ = O(β1/2) and h ≤ β−1/2 to absorb the κγh3 tr(H) and κβh4 tr(H) terms into
κh2 log(·) tr(H). Since this inequality holds for any n ≤ N − 1, we have

max
1≤i≤n

KL
(
νaux
i ∥π

)
≲ CW2

2 (µ, π) + κh2 tr(H) + κβh2 max
1≤i≤n−1

KL(νaux
i ∥π).

Using the condition h ≤ β−1/2κ−1/2, we know

κβh2 ≲ 1.

for a small constant. Then, we can see that for any n ≤ N − 1,

max
1≤i≤n

KL
(
νaux
i ∥π

)
≲ CW2

2 (µ, π) + κh2 tr(H). (F.5)

Finally, using the second inequality in Theorem A.6 with µ = π, we have

KL
(
µ(P ′)N∥π

)
≲ CW2

2 (µ, π) +Aw

(
max

1≤i≤N−1
Eνaux

i

[
(Ew)2

])
+As

(
max

1≤i≤N−1
Eνaux

i

[
(Es)2

])
+ max

1≤i≤N−1
Eνaux

i

[
b2
]

≲ CW2
2 (µ, π) +Aw

(
max

1≤i≤N−1
Eνaux

i

[
(Es)2

])
+ max

1≤i≤N−1
Eνaux

i

[
b2
]

≲ CW2
2 (µ, π) + κγh3 tr(H) + κh2

[
max

1≤i≤N−1
Eνaux

i

[
∥p∥2H

]]
+ κβh4

[
max

1≤i≤N−1
Eνaux

i

[
∥∇V (x)∥2

]]
+ max

1≤i≤N−1
Eνaux

i

[
b2
]
,

where the second inequality holds since in ULMC there is no separate weak error term and we may
take (Ew)2 = (Es)2, and the third inequality holds due to the same calculation as (F.4). Moreover,
by Lemma 4.2, we have

max
1≤i≤N−1

Eνaux
i

[
b2
]
≲

βh3

γ

[
max

1≤i≤N−1
Eνaux

i

[
∥p∥2H

]]
+ βh4 tr(H)

+
β2h5

γ

[
max

1≤i≤N−1
Eνaux

i

[
∥∇V (x)∥2

]]
.

We substitute the bound above into the inequality and derive

KL
(
µ(P ′)N∥π

)
≲ CW2

2 (µ, π) + κγh3 tr(H) + κh2
[

max
1≤i≤N−1

Eνaux
i

[
∥p∥2H

]]
+ κβh4

[
max

1≤i≤N−1
Eνaux

i

[
∥∇V (x)∥2

]]
+

βh3

γ

[
max

1≤i≤N−1
Eνaux

i

[
∥p∥2H

]]
+ βh4 tr(H) +

β2h5

γ

[
max

1≤i≤N−1
Eνaux

i

[
∥∇V (x)∥2

]]
.

Using Lemma E.1, we have

KL
(
µ(P ′)N∥π

)
≲ CW2

2 (µ, π) + κγh3 tr(H) + κh2
[
tr(H) + β max

1≤i≤N−1
KL(νaux

i ∥π)
]

+ κβh4
[
tr(H) + β max

1≤i≤N−1
KL(νaux

i ∥π)
]
+

βh3

γ

[
tr(H) + β max

1≤i≤N−1
KL(νaux

i ∥π)
]

+ βh4 tr(H) +
β2h5

γ

[
tr(H) + β max

1≤i≤N−1
KL(νaux

i ∥π)
]
.
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Here, since βh2 ≤ 1 and γ ≃ β1/2, there is βh3/γ ≃ β1/2h3 ≲ κβ1/2h3, β2h5/γ ≤ β1/2h3 ≤
κh2. We can drop the lower-order terms induced by the cross-regularity and obtain

KL
(
µ(P ′)N∥π

)
≲ CW2

2 (µ, π) + κh2 tr(H) + κβh2 max
1≤i≤N−1

KL(νaux
i ∥π),

Substituting (F.5) into the inequality above and dropping the low-order terms, we get the final bound
of the KL divergence as:

KL
(
µ(Palg)N−1P̃∥π

)
≲ CW2

2 (µ, π) + κh2 tr(H).

Let Nh ≃ α−1β1/2 log(αW 2/ϵ2) such that CW2
2 (µ, π) ≲ ϵ2. Moreover, let the stepsize be

h ≃ ϵ

κ1/2
(
tr(H)

)1/2 ,
Then, to fulfill the condition discussed in (F.1), we require ϵ ≤

(
tr(H)

)1/2
/(β1/2κ1/2).

So, when the required sample complexity is

N ≃ α−1β1/2 log(αW 2/ϵ2)(
ϵ2/(κ tr(H))

)1/2 = Θ̃
(β ( tr(H)

)1/2
α3/2ϵ

)
log
(αW 2

ϵ2

)
,

the KL divergence can be upper bounded by ϵ2, i.e.,

KL
(
µ(Palg)N∥π

)
≲ ϵ2.

F.2 PROOF OF THEOREM 4.4

In this section, we now turn into the weakly convex (i.e. α = 0) case. Using Lemma F.1, if the
Assumption A.5 holds, we require:

h ≲ N−1/2β−1/2. (F.6)

Same as (G.2), for any n ≤ N − 1, we also have:

KL
(
νaux
n ∥π

)
≲ CW2

2 (µ, π) +Aw

(
max

1≤i≤n−1
Eνaux

i

[
(Ew)2

])
+As

(
max

1≤i≤n−1
Eνaux

i

[
(Es)2

])
. (F.7)

And we still have the bound of strong and weak errors. In ULMC, there is no separate weak error,
and we may take Ew(x,p) = Es(x,p), where Es is the same as the strong error bound in the RMD
case.

Ew(x,p) = Es(x,p) ≲ β1/2h2 ∥p∥H + βh3∥∇V (x)∥+ β1/2γ1/2h5/2
√
tr(H).

Thus, taking the expectation,

max
1≤i≤n−1

Eνaux
i

[
(Ew)2

]
≲ βh4

[
max

1≤i≤n−1
Eνaux

i

[
∥p∥2H

]]
+ β2h6

[
max

1≤i≤n−1
Eνaux

i

[
∥∇V (x)∥2

]]
+ βγh5tr(H),

max
1≤i≤n−1

Eνaux
i

[
(Es)2

]
≲ βh4

[
max

1≤i≤n−1
Eνaux

i

[
∥p∥2H

]]
+ β2h6

[
max

1≤i≤n−1
Eνaux

i

[
∥∇V (x)∥2

]]
+ βγh5tr(H). (F.8)

Then, substituting (F.8) into (F.7), we have

KL
(
νaux
n ∥π

)
≲CW2

2 (µ, π) + (Aw +As)βγh
5 tr(H) + (Aw +As)βh

4
[

max
1≤i≤n−1

Eνaux
i

[
∥p∥2H

]]
+ (Aw +As)β

2h6
[

max
1≤i≤n−1

Eνaux
i

[
∥∇V (x)∥2

]]
. (F.9)
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In the weakly convex case,

Aw =
N

β1/2h
, As =

1

β1/2h
logN + β1/2Nh. (F.10)

Moreover, assume in addition that

logN ≤ βNh2,

so that

As =
1

β1/2h
logN + β1/2Nh ≲ β1/2Nh.

And since h ≲ β−1/2, we have β1/2Nh ≤ Aw, so As ≲ Aw. Substituting the results into (F.9) and
drop the lower-order terms, we obtain

KL
(
νaux
n ∥π

)
≲ CW2

2 (µ, π) +Awβγh
5 tr(H)

+Awβh
4
[

max
1≤i≤n−1

Eνaux
i

[
∥p∥2H

]]
+Awβ

2h6
[

max
1≤i≤n−1

Eνaux
i

[
∥∇V (x)∥2

]]
≲ CW2

2 (µ, π) + β1/2γNh4 tr(H) + β1/2Nh3
[

max
1≤i≤n−1

Eνaux
i

[
∥p∥2H

]]
+ β3/2Nh5

[
max

1≤i≤n−1
Eνaux

i
[∥∇V (x)∥2]

]
.

Using Lemma E.1, we have

KL
(
νaux
n ∥π

)
≲ CW2

2 (µ, π) + β1/2γNh4 tr(H) + β1/2Nh3
[
tr(H) + β max

1≤i≤n−1
KL(νaux

i ∥π)
]

+ β3/2Nh5
[
tr(H) + β max

1≤i≤n−1
KL(νaux

i ∥π)
]
.

Since this inequality holds for any n ≤ N − 1, and we have γh ≃ β1/2h ≤ 1, so we have
β1/2γNh4 ≤ β1/2Nh3. Besides, we also have β3/2Nh5 ≤ β1/2Nh3 because of βh2 ≤ 1, so to
drop all of the lower-order term, we have:

max
1≤i≤n

KL
(
νaux
i ∥π

)
≲ CW2

2 (µ, π) + β1/2Nh3 tr(H) + β3/2Nh3 max
1≤i≤n−1

KL(νaux
i ∥π).

Using the condition

β3/2Nh3 ≲ c < 1, (F.11)

we can see that for any n ≤ N − 1,

max
1≤i≤n

KL
(
νaux
i ∥π

)
≲ CW2

2 (µ, π) + β1/2Nh3 tr(H). (F.12)

Finally, using the second inequality in Corollary 3.6 with ν = π, we have

KL
(
µ(P ′)N∥π

)
≲ CW2

2 (µ, π) +Aw

(
Ēw
)2

+As

(
Ēs
)2

+ b̄2

≲ CW2
2 (µ, π) +Aw

(
max

1≤i≤N−1
Eνaux

i

[
(Ew)2

])
+As

(
max

1≤i≤N−1
Eνaux

i

[
(Es)2

])
+ max

1≤i≤N−1
Eνaux

i

[
b2
]
.

In ULMC, there is no separate weak error, and we may take (Ew)2 = (Es)2. Moreover, by (F.8), we
have

max
1≤i≤N−1

Eνaux
i

[
(Ew)2

]
= max

1≤i≤N−1
Eνaux

i

[
(Es)2

]
≲ βh4

[
max

1≤i≤N−1
Eνaux

i

[
∥p∥2H

]]
+ β2h6

[
max

1≤i≤N−1
Eνaux

i

[
∥∇V (x)∥2

]]
+ βγh5tr(H).
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Furthermore, by Lemma 4.2, we have

max
1≤i≤N−1

Eνaux
i

[
b2
]
≲

βh3

γ

[
max

1≤i≤N−1
Eνaux

i

[
∥p∥2H

]]
+

β2h5

γ

[
max

1≤i≤N−1
Eνaux

i

[
∥∇V (x)∥2

]]
+ βh4 tr(H).

Similarly, we also have As ≲ Aw, so to drop the lower-order terms, we obtain:

KL
(
µ(P ′)N∥π

)
≲ CW2

2 (µ, π) +Awβγh
5 tr(H)

+Awβh
4
[

max
1≤i≤N−1

Eνaux
i

[
∥p∥2H

]]
+Awβ

2h6
[

max
1≤i≤N−1

Eνaux
i

[
∥∇V (x)∥2

]]
+

βh3

γ

[
max

1≤i≤N−1
Eνaux

i

[
∥p∥2H

]]
+

β2h5

γ

[
max

1≤i≤N−1
Eνaux

i

[
∥∇V (x)∥2

]]
+ βh4 tr(H).

Using Lemma E.1, and Aw = N/(β1/2h), we have

KL
(
µ(P ′)N∥π

)
≲ CW2

2 (µ, π) + β1/2γh4N tr(H)

+ β1/2h3N
[
tr(H) + β max

1≤i≤N−1
KL(νaux

i ∥π)
]
+ β3/2h5N

[
tr(H) + β max

1≤i≤N−1
KL(νaux

i ∥π)
]

+
βh3

γ

[
tr(H) + β max

1≤i≤N−1
KL(νaux

i ∥π)
]
+

β2h5

γ

[
tr(H) + β max

1≤i≤N−1
KL(νaux

i ∥π)
]
+ βh4 tr(H).

Since γ ≃
√
β, and

√
βh ≲ 1, 1 ≤ N , so we could drop all of the lower-order term, and finally

obtain

KL
(
µ(P ′)N∥π

)
≲ CW2

2 (µ, π) + β1/2Nh3 tr(H) + β3/2Nh3 max
1≤i≤N−1

KL(νaux
i ∥π),

where the last inequality holds due to the same calculation as above. Substituting (F.12) into the
inequality above, we obtain

KL
(
µ(P ′)N∥π

)
≲ CW2

2 (µ, π) + β1/2Nh3 tr(H) + β3/2Nh3
[
CW2

2 (µ, π) + β1/2Nh3 tr(H)
]
.

Dropping the low-order terms, and apply the condition (F.11), we finally obtain

KL
(
µ(P ′)N∥π

)
≲ CW2

2 (µ, π) + β1/2Nh3 tr(H).

In weakly convex case, C ≃ λ/(Nh), so if KL
(
µ(P ′)N∥π

)
≤ ϵ2, we have:

Nh ≤ β1/2W 2

ϵ2
, β3/2Nh3 ≲ 1.

That is h ≲ ϵ/(βW ).
Besides, we require the Assumption A.5 holds, which is discussed in (F.6) ϵ ≲ 1

N1/2β1/2 , that is:

h ≲ ϵ2/(β3/2W 2).
So when

ϵ ≤ β1/2W, h = Θ

(
min

{
ϵ2

β1/2
(
tr(H)

)1/2
W

,
ϵ2

β3/2W 2

})
, (F.13)

and

N = Θ

(
max

{
β
(
tr(H)

)1/2
W

ϵ4
,
β2W 4

ϵ4

})
,

we have

KL
(
µ(P ′)N∥π

)
≤ ϵ2.
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G PROOF OF THEOREMS IN SECTION 5
In this section, we prove the sample complexity for RMD. To start with, we first verify Assumption
A.5 for RMD. We have the following lemma:
Lemma G.1. For RMD, we can compute the Lipschitz constants of the strong and weak errors:

Lw,x = β3h5, Lw,p = β2h4,

Ls,x = β2h3, Ls,p = βh2.

Moreover, if h ≲ 1/(β7/6κ1/2) in the strongly convex setting, or h ≲ N−1/4β−1/2 in the general
convex setting, Assumption A.5 holds for RMD.

G.1 PROOF OF THEOREM 5.2

In this section, we make a formal proof of Theorem 5.2. To start with, we first verify Assumption
A.5, which is discussed in Lemma G.1:

h ≲ 1/(β7/6κ1/2). (G.1)

We apply Theorem A.6. Then, for any n ≤ N − 1, we have

KL
(
νaux
n ∥νn

)
≲ CW2

2 (µ, ν) +Aw

(
max

1≤i≤n−1
Eνaux

i

[
(Ew)2

])
+As

(
max

1≤i≤n−1
Eνaux

i

[
(Es)2

])
.

Let ν = π be the invariant distribution of the underdamped Langevin. Then we can see νn = π for
any n. We have

KL
(
νaux
n ∥π

)
≲ CW2

2 (µ, π) +Aw

(
max

1≤i≤n−1
Eνaux

i

[
(Ew)2

])
+As

(
max

1≤i≤n−1
Eνaux

i

[
(Es)2

])
. (G.2)

Using Lemma 5.1, we can bound the strong and weak errors accordingly.

Ew(x,p) ≲ β3/2h4 ∥p∥H + β2h5∥∇V (x)∥+ β3/2γ1/2h9/2
√
tr(H),

Es(x,p) ≲ β1/2h2 ∥p∥H + βh3∥∇V (x)∥+ β1/2γ1/2h5/2
√
tr(H).

Thus, taking the expectation,

max
1≤i≤n−1

Eνaux
i

[
(Ew)2

]
≲ β3h8

[
max

1≤i≤n−1
Eνaux

i

[
∥p∥2H

]]
+

β4h10
[

max
1≤i≤n−1

Eνaux
i

[
∥∇V (x)∥2

]]
+ β3γh9tr(H).

max
1≤i≤n−1

Eνaux
i

[
(Es)2

]
≲ βh4

[
max

1≤i≤n−1
Eνaux

i

[
∥p∥2H

]]
+

β2h6
[

max
1≤i≤n−1

Eνaux
i

[
∥∇V (x)∥2

]]
+ βγh5tr(H), (G.3)

Then, substituting (G.3) into (G.2), we have

KL
(
νaux
n ∥π

)
≲ CW2

2 (µ, π) +Awβ
3γh9 tr(H) +Asβγh

5 tr(H)

+Awβ
3h8
[

max
1≤i≤n−1

Eνaux
i

[
∥p∥2H

]]
+Awβ

4h10
[

max
1≤i≤n−1

Eνaux
i

[
∥∇V (x)∥2

]]
+Asβh

4
[

max
1≤i≤n−1

Eνaux
i

[
∥p∥2H

]]
+Asβ

2h6
[

max
1≤i≤n−1

Eνaux
i

[
∥∇V (x)∥2

]]
. (G.4)

In the strongly convex case,

Aw =
1

αh2
, As =

1

β1/2h
log
( 3γ
αh

)
.

When h ≤ β−1/2κ−1/3 log−1/3[(3γ)/(αh)], we can drop the low-order terms and reduce the in-
equality to

KL
(
νaux
n ∥π

)
≲ CW2

2 (µ, π) + β1/2γh4 log
( 3γ
αh

)
tr(H)

+ β1/2h3 log
( 3γ
αh

)[
max

1≤i≤n−1
Eνaux

i

[
∥p∥2H

]]
+ β3/2h5 log

( 3γ
αh

)[
max

1≤i≤n−1
Eνaux

i

[
∥∇V (x)∥2

]]
.

(G.5)
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Using Lemma E.1, we have

KL
(
νaux
n ∥π

)
≲ CW2

2 (µ, π) + β1/2γh4 log
( 3γ
αh

)
tr(H)

+ β1/2h3 log
( 3γ
αh

)[
tr(H) + β max

1≤i≤n−1
KL(νaux

i ∥π)
]

+ β3/2h5 log
( 3γ
αh

)[
tr(H) + β max

1≤i≤n−1
KL(νaux

i ∥π)
]

≲ CW2
2 (µ, π) + βh4 log

( 3γ
αh

)
tr(H) + β3/2h3 log

( 3γ
αh

)[
max

1≤i≤n−1
KL(νaux

i ∥π)
]
.

Since this inequality holds for any n ≤ N − 1, we have

max
1≤i≤n

KL
(
νaux
n ∥π

)
≲ CW2

2 (µ, π) + βh4 log
( 3γ
αh

)
tr(H) + β3/2h3 log

( 3γ
αh

)
max

1≤i≤n−1
KL(νaux

n ∥π).

Using the condition h ≤ β−1/2κ−1/3 log−1/3[(3γ)/(αh)], we know β3/2h3 log
(
(3γ)/(αh)

)
≲ 1

for a small constant. Then, we can see that for any n ≤ N − 1,

max
1≤i≤n

KL
(
νaux
n ∥π

)
≲ CW2

2 (µ, π) + βh4 log
( 3γ
αh

)
tr(H). (G.6)

Finally, using the second inequality in Theorem A.6 with µ = π, we have

KL
(
µ(Palg)N−1P̃∥π

)
≲ CW2

2 (µ, π) +Aw

(
max

1≤i≤N−1
Eνaux

i

[
(Ew)2

])
+As

(
max

1≤i≤N−1
Eνaux

i

[
(Es)2

])
+ max

1≤i≤N−1
Eνaux

i

[
b2]

≲ CW2
2 (µ, π) + βh4 log

( 3γ
αh

)
tr(H) + β1/2h3 log

( 3γ
αh

)[
max

1≤i≤n−1
Eνaux

i

[
∥p∥2H

]]
+ β3/2h5 log

( 3γ
αh

)[
max

1≤i≤n−1
Eνaux

i

[
∥∇V (x)∥2

]]
+

βh3

γ

[
max

1≤i≤N−1
Eνaux

i

[
∥p∥2H

]]
+

β2h5

γ

[
max

1≤i≤N−1
Eνaux

i

[
∥∇V (x)∥2

]]
,

≲ CW2
2 (µ, π) + βh4 log

( 3γ
αh

)
tr(H) + β1/2h3 log

( 3γ
αh

)[
max

1≤i≤N−1
Eνaux

i

[
∥p∥2H

]]
+ β3/2h5 log

( 3γ
αh

)[
max

1≤i≤N−1
Eνaux

i

[
∥∇V (x)∥2

]]
where the second inequality holds due to the same calculation as (G.5) and Lemma 4.2. The last
inequality holds by dropping the lower-order term induced by the cross-regularity, since γ ≃ β1/2.
We substitute (G.3) into the inequality above and derive

KL
(
µ(Palg)N−1P̃∥π

)
≲ CW2

2 (µ, π) + βh4 log
( 3γ
αh

)
tr(H)

+ β1/2h3 log
( 3γ
αh

)[
tr(H) + β max

1≤i≤N−1
KL(νaux

i ∥π)
]

+ β3/2h5 log
( 3γ
αh

)[
tr(H) + β max

1≤i≤N−1
KL(νaux

i ∥π)
]

≲ CW2
2 (µ, π) + β1/2h3 log

( 3γ
αh

)
tr(H) + β3/2h3 log

( 3γ
αh

)[
max

1≤i≤N−1
KL(νaux

i ∥π)
]
,

≲ CW2
2 (µ, π) + β1/2h3 log

( 3γ
αh

)
tr(H)

+ β3/2h3 log
( 3γ
αh

)[
CW2

2 (µ, π) + βh4 log
( 3γ
αh

)
tr(H)

]
,

where the last inequality holds due to (G.6). Again, dropping the low-order terms, we get the final
bound of the KL divergence as:

KL
(
µ(Palg)N−1P̃∥π

)
≲ CW2

2 (µ, π) + β1/2h3 log
( 3γ
αh

)
tr(H).
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Let Nh ≃ α−1β1/2 log(αW 2/ϵ2) such that CW2
2 (µ, π) ≲ ϵ2. Moreover, let the stepsize be h ≃

β−1/6 tr−1/3(H)ϵ2/3, then the required sample complexity is

N ≃ α−1β1/2 log(αW 2/ϵ2)

β−1/6 tr−1/3(H)ϵ2/3

= Θ̃
(
κ
[
β−1 tr(H)

]1/3
ϵ−2/3

)
.

Therefore, the KL divergence can be upper bounded by ϵ2, i.e.,

KL
(
µ(Palg)N−1P̃∥π

)
≲ ϵ2.

The last thing that remains to be done is to check Assumption A.5. As shown in (G.1), we need
h ≲ 1/(β7/6κ1/2), which is not dominant when ϵ ≤ [tr(H)]1/2β−3/2κ−3/4.

G.2 PROOF OF THEOREM 5.4

In this section, we now turn into the general convex (i.e. α = 0) case. To fulfill Assumption A.5, as
discussed in Lemma G.1, we need

h ≲
1

N1/4β1/2
(G.7)

We apply Theorem 3.5. Same as (G.2), for any n ≤ N − 1, we also have:

KL
(
νaux
n ∥π

)
≲ CW2

2 (µ, π) +Aw

(
max

1≤i≤n−1
Eνaux

i

[
(Ew)2

])
+As

(
max

1≤i≤n−1
Eνaux

i

[
(Es)2

])
. (G.8)

And we still have the bound of strong and weak errors.

Ew(x,p) ≲ β3/2h4 ∥p∥H + β2h5∥∇V (x)∥+ β3/2γ1/2h9/2
√
tr(H),

Es(x,p) ≲ β1/2h2 ∥p∥H + βh3∥∇V (x)∥+ β1/2γ1/2h5/2
√
tr(H).

Thus, taking the expectation,

max
1≤i≤n−1

Eνaux
i

[
(Ew)2

]
≲ β3h8

[
max

1≤i≤n−1
Eνaux

i

[
∥p∥2H

]]
+ β4h10

[
max

1≤i≤n−1
Eνaux

i

[
∥∇V (x)∥2

]]
+ β3γh9tr(H),

max
1≤i≤n−1

Eνaux
i

[
(Es)2

]
≲ βh4

[
max

1≤i≤n−1
Eνaux

i

[
∥p∥2H

]]
+ β2h6

[
max

1≤i≤n−1
Eνaux

i

[
∥∇V (x)∥2

]]
+ βγh5tr(H). (G.9)

Then, substituting (G.9) into (G.8), we have

KL
(
νaux
n ∥π

)
≲ CW2

2 (µ, π) +Awβ
3γh9 tr(H) +Asβγh

5 tr(H)

+Awβ
3h8
[

max
1≤i≤n−1

Eνaux
i

[
∥p∥2H

]]
+Awβ

4h10
[

max
1≤i≤n−1

Eνaux
i

[
∥∇V (x)∥2

]]
+Asβh

4
[

max
1≤i≤n−1

Eνaux
i

[
∥p∥2H

]]
+Asβ

2h6
[

max
1≤i≤n−1

Eνaux
i

[
∥∇V (x)∥2

]]
. (G.10)

In the weakly convex case,

Aw =
N

β1/2h
, As =

1

β1/2h
logN + β1/2Nh. (G.11)

Moreover, assume in addition that

logN ≤ βNh2,

so that

As =
1

β1/2h
logN + β1/2Nh ≲ β1/2Nh.
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Substituting Aw = N
β1/2h

and As ≲ β1/2Nh into (G.10), we obtain

KL
(
νaux
n ∥π

)
≲ CW2

2 (µ, π) +
N

β1/2h
β3γh9 tr(H) + β1/2Nh · βγh5 tr(H)

+
N

β1/2h
β3h8

[
max

1≤i≤n−1
Eνaux

i

[
∥p∥2H

]]
+

N

β1/2h
β4h10

[
max

1≤i≤n−1
Eνaux

i

[
∥∇V (x)∥2

]]
+ β1/2Nh · βh4

[
max

1≤i≤n−1
Eνaux

i

[
∥p∥2H

]]
+ β1/2Nh · β2h6

[
max

1≤i≤n−1
Eνaux

i

[
∥∇V (x)∥2

]]
≲ CW2

2 (µ, π) + β5/2γNh8 tr(H) + β3/2γNh6 tr(H)

+ β5/2Nh7
[

max
1≤i≤n−1

Eνaux
i

[
∥p∥2H

]]
+ β7/2Nh9

[
max

1≤i≤n−1
Eνaux

i

[
∥∇V (x)∥2

]]
+ β3/2Nh5

[
max

1≤i≤n−1
Eνaux

i

[
∥p∥2H

]]
+ β5/2Nh7

[
max

1≤i≤n−1
Eνaux

i

[
∥∇V (x)∥2

]]
.

Using h ≤ β−1/2 and γ ≃ Θ(
√
β), we have βh2 ≤ 1, and hence

β5/2γNh8 tr(H) ≲ β3/2γNh6 tr(H),

Similarly,

β5/2Nh7
[

max
1≤i≤n−1

Eνaux
i

[
∥p∥2H

]]
≤ (βh2)β3/2Nh5

[
max

1≤i≤n−1
Eνaux

i

[
∥p∥2H

]]
≲ β3/2Nh5

[
max

1≤i≤n−1
Eνaux

i

[
∥p∥2H

]]
,

and

β7/2Nh9
[

max
1≤i≤n−1

Eνaux
i

[
∥∇V (x)∥2

]]
≲ β5/2Nh7

[
max

1≤i≤n−1
Eνaux

i

[
∥∇V (x)∥2

]]
.

Therefore, we can drop the low-order terms and reduce the inequality to

KL
(
νaux
n ∥π

)
≲ CW2

2 (µ, π) + β3/2Nh6γ tr(H) + β3/2Nh5
[

max
1≤i≤n−1

Eνaux
i

[
∥p∥2H

]]
+ β5/2Nh7

[
max

1≤i≤n−1
Eνaux

i

[
∥∇V (x)∥2

]]
. (G.12)

Using Lemma E.1, we have

KL
(
νaux
n ∥π

)
≲ CW2

2 (µ, π) + β3/2Nh6γ tr(H) + β3/2Nh5
[
tr(H) + β max

1≤i≤n−1
KL(νaux

i ∥π)
]

+ β5/2Nh7
[
tr(H) + β max

1≤i≤n−1
KL(νaux

i ∥π)
]
.

Since this inequality holds for any n ≤ N − 1, and we have γh ≃ β1/2h ≤ 1, so we have
β3/2γh6N ≤ β3/2h5N . Besides, we also have β5/2Nh7 ≤ β3/2Nh5 because of βh2 ≤ 1, so to
drop all of the lower-order terms, we have:

max
1≤i≤n

KL
(
νaux
i ∥π

)
≲ CW2

2 (µ, π) + β3/2Nh5 tr(H) + β5/2Nh5 max
1≤i≤n−1

KL(νaux
i ∥π).

Using the condition

β5/2Nh5 ≲ c < 1, (G.13)

we can see that for any n ≤ N − 1,

max
1≤i≤n

KL
(
νaux
i ∥π

)
≲ CW2

2 (µ, π) + β3/2Nh5 tr(H). (G.14)
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Finally, using the second inequality in Corollary 3.6 with ν = π, we have

KL
(
µ(Palg)N−1P̃∥π

)
≲ CW2

2 (µ, π) +Aw

(
Ēw
)2

+As

(
Ēs
)2

+ b̄2

≲ CW2
2 (µ, π) +Aw

(
max

1≤i≤N−1
Eνaux

i

[
(Ew)2

])
+As

(
max

1≤i≤N−1
Eνaux

i

[
(Es)2

])
+ max

1≤i≤N−1
Eνaux

i

[
b2
]

≲ CW2
2 (µ, π) +Awβ

3γh9 tr(H) +Asβγh
5 tr(H)

+Awβ
3h8
[

max
1≤i≤N−1

Eνaux
i

[
∥p∥2H

]]
+Awβ

4h10
[

max
1≤i≤N−1

Eνaux
i

[
∥∇V (x)∥2

]]
+Asβh

4
[

max
1≤i≤N−1

Eνaux
i

[
∥p∥2H

]]
+Asβ

2h6
[

max
1≤i≤N−1

Eνaux
i

[
∥∇V (x)∥2

]]
+ max

1≤i≤N−1
Eνaux

i

[
b2
]
,

where the second inequality holds due to Corollary 3.6, and the third inequality holds due to the
same calculation as above. Moreover, by Lemma 4.2, we have

max
1≤i≤N−1

Eνaux
i

[
b2
]
≲

βh3

γ

[
max

1≤i≤N−1
Eνaux

i

[
∥p∥2H

]]
+

β2h5

γ

[
max

1≤i≤N−1
Eνaux

i

[
∥∇V (x)∥2

]]
+ βh4 tr(H).

We substitute the bound above into the inequality and obtain

KL
(
µ(Palg)N−1P̃∥π

)
≲ CW2

2 (µ, π) +Awβ
3γh9 tr(H) +Asβγh

5 tr(H)

+Awβ
3h8
[

max
1≤i≤N−1

Eνaux
i

[
∥p∥2H

]]
+Awβ

4h10
[

max
1≤i≤N−1

Eνaux
i

[
∥∇V (x)∥2

]]
+Asβh

4
[

max
1≤i≤N−1

Eνaux
i

[
∥p∥2H

]]
+Asβ

2h6
[

max
1≤i≤N−1

Eνaux
i

[
∥∇V (x)∥2

]]
+

βh3

γ

[
max

1≤i≤N−1
Eνaux

i

[
∥p∥2H

]]
+

β2h5

γ

[
max

1≤i≤N−1
Eνaux

i

[
∥∇V (x)∥2

]]
+ βh4 tr(H).

Using Lemma E.1, we have

KL
(
µ(Palg)N−1P̃∥π

)
≲ CW2

2 (µ, π) +Awβ
3γh9 tr(H) +Asβγh

5 tr(H)

+Awβ
3h8
[
tr(H) + β max

1≤i≤N−1
KL(νaux

i ∥π)
]
+Awβ

4h10
[
tr(H) + β max

1≤i≤N−1
KL(νaux

i ∥π)
]

+Asβh
4
[
tr(H) + β max

1≤i≤N−1
KL(νaux

i ∥π)
]
+Asβ

2h6
[
tr(H) + β max

1≤i≤N−1
KL(νaux

i ∥π)
]

+
βh3

γ

[
tr(H) + β max

1≤i≤N−1
KL(νaux

i ∥π)
]
+

β2h5

γ

[
tr(H) + β max

1≤i≤N−1
KL(νaux

i ∥π)
]
+ βh4 tr(H).

Since γ = O(β1/2), and βh2 ≤ 1. So (G.11) shows that Awβh
2 ≤ As. So Awβ

4h10 ≤ Awβ
3h8 ≤

Asβ
2h6 ≤ Asβh

4, and β2h5/γ ≃ β3/2h5 ≤ β3/2h5N . And by the condition (G.13) we know that
β5/2Nh5 ≲ 1. By Nβh2 ≥ logN ≥ 1, we have βh3/γ ≤ β3/2h5N .
Dropping the low-order terms, we finally obtain

KL
(
µ(Palg)N−1P̃∥π

)
≲ CW2

2 (µ, π) + β3/2Nh5 tr(H).

Here C ≃ γ/(Nh) ≃
√
β/Nh. Let Nh ≃ β1/2W 2/(ϵ2) such that CW2

2 (µ, π) ≲ ϵ2.
While we also need β5/2Nh5 ≲ c < 1 required in (G.13), and β3/2Nh5 tr(H) ≃ ϵ2. Then, we
have:

β3/2h4 tr(H) ≲
ϵ4

β1/2W 2
, β5/2h4 ≲

ϵ2

β1/2W 2

Combined with the condition discussed in (G.7), which is:

h ≲
1

N1/4β1/2
.
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We could finally get:

h ≃ min

{
ϵ

β1/2
(
tr(H)

)1/4
W 1/2

,
ϵ1/2

β3/4W 1/2
,

ϵ2/3

β5/6W 2/3

}
.

Only the last one is dominant, when

ϵ ≤ min
{√

βW,

(
tr(H)

)3/4
βW 1/2

}
.

Therefore, given the condition that

N = Θ

(
β
(
tr(H)

)1/4
W 5/2

ϵ3

)
,

the KL divergence can be upper bounded by ϵ2, i.e.,

KL
(
µ(Palg)N−1P̃∥π

)
≲ ϵ2.

H VERIFICATION OF ASSUMPTION A.5
In this section, we verify Assumption A.5 for ULMC and RMD, i.e., Lemma F.1 and Lemma G.1.

H.1 PROOF OF LEMMA F.1

Using Lemma 4.1, we can see the Lipschitz constants of the strong and weak errors:

Lw,x = Ls,x = β2h3,

Lw,p = Ls,p = βh2.

Moreover, using Lemma 4.2, the Lipschitz constants of b can be derived as

Lb,x = β3/4h3/2, Lb,p = β5/4h5/2.

We need to check

max

{
(Lw,x + (γ + ηpnh)Lw,p)

2

(ω+ + ηpnh)(γ + ηpnh)
2h

,(
1 +

β2h

(γ + ηpnh)
2(ω+ + ηpnh)

)
(Ls,x + (γ + ηpnh)Ls,p)

2

(γ + ηpnh)
2

}
≲ 1− Ln, (H.1)

and

(Lb,x + h−1Lb,p)
2γh3 ≲ 1. (H.2)

Assume βh2 ≲ 1. Note that ηpnh ≲ 1/h, and

1− Ln = 1− exp

(
− c

∫ (n+1)h

nh

(ω+ + ηpt ) dt

)
≃
∫ (n+1)h

nh

(ω+ + ηpt ) dt

≃ (ω+ + ηpnh)h.

Moreover, β/(γ + ηpnh)
2 ≲ 1, βh2 ≲ 1, (ω+ + ηpnh)h ≲ 1. Note that Ls,x = Lw,x, Ls,p = Lw,p

in this setting. Thus, the second term related with Lw,p and Ls,p is not dominant in (H.1). We only
need to consider the first term.

(Lw,x + (γ + ηpnh)Lw,p)
2

(ω+ + ηpnh)(γ + ηpnh)
2h

≲
(Lw,x)

2

(ω+ + ηpnh)(γ + ηpnh)
2h

+
(Lw,p)

2

(ω+ + ηpnh)h

≲
β4h6

(ω+ + ηpnh)(γ + ηpnh)
2h

+
β2h4

(ω+ + ηpnh)h

≲
β2h3

(ω+ + ηpnh)
,
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where the last inequality holds due to γ ≃
√
β and βh2 ≲ 1. To show (H.1), It suffices that

β2h2

ω+ + ηpnh
≲ (ω+ + ηpnh)h,

which is equivalent to β2h2 ≲ (ω+ + ηpnh)
2.

Strongly Convex. In this case, ω ≃ α/
√
β. We only need β2h2 ≲ ω2

+. This induces:

h ≲ αβ−3/2 = 1/(β1/2κ). (H.3)

General Convex. In this case, ω = 0. We need β2h2 ≲ (ηpnh)
2. Recall the definition of

ηpnh =
c0ω

exp(ω(Nh− nh+Ah))− 1
.

It takes the minimum when n = 0. Thus, we have ηpnh ≳ 1/(Nh). Thus, we only need β2h2 ≲
1/(Nh)2, which is equivalent to

h ≲ N−1/2β−1/2. (H.4)

Finally, we consider (H.2). In both cases, we only need β4h6 ≲ 1. This induces h ≲ β−2/3. In both
cases, this is not the dominant rate.

H.2 PROOF OF LEMMA G.1

Using Lemma 5.1, we can see the Lipschitz constants of the strong and weak errors:

Lw,x = β3h5, Lw,p = β2h4,

Ls,x = β2h3, Ls,p = βh2.

We need to check

max

{
(Lw,x + (γ + ηpnh)Lw,p)

2

(ω+ + ηpnh)(γ + ηpnh)
2h

,(
1 +

β2h

(γ + ηpnh)
2(ω+ + ηpnh)

)
(Ls,x + (γ + ηpnh)Ls,p)

2

(γ + ηpnh)
2

}
≲ 1− Ln, (H.5)

and

(Lb,x + h−1Lb,p)
2γh3 ≲ 1. (H.6)

Assume βh2 ≲ 1. Note that ηpnh ≲ 1/h, and

1− Ln = 1− exp

(
− c

∫ (n+1)h

nh

(ω+ + ηpt ) dt

)
≃
∫ (n+1)h

nh

(ω+ + ηpt ) dt

≃ (ω+ + ηpnh)h.

For the first term in (H.5), we can compute as

(Lw,x + (γ + ηpnh)Lw,p)
2

(ω+ + ηpnh)(γ + ηpnh)
2h

≲
(Lw,x)

2

(ω+ + ηpnh)(γ + ηpnh)
2h

+
(Lw,p)

2

(ω+ + ηpnh)h

≲
β6h10

(ω+ + ηpnh)(γ + ηpnh)
2h

+
β4h8

(ω+ + ηpnh)h

≲
β4h7

(ω+ + ηpnh)
,
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where the last inequality holds due to γ ≃
√
β and βh2 ≲ 1. For the second term in (H.5), we have(

1 +
β2h

(γ + ηpnh)
2(ω+ + ηpnh)

)
(Ls,x + (γ + ηpnh)Ls,p)

2

(γ + ηpnh)
2

≲
(Ls,x + (γ + ηpnh)Ls,p)

2

(γ + ηpnh)
2

+
β2h(Ls,x + (γ + ηpnh)Ls,p)

2

(γ + ηpnh)
4(ω+ + ηpnh)

,

≲
(Ls,x)

2

(γ + ηpnh)
2
+ (Ls,p)

2 +
β2h(Ls,x)

2

(γ + ηpnh)
4(ω+ + ηpnh)

+
β2h(Ls,p)

2

(γ + ηpnh)
2(ω+ + ηpnh)

≲
β4h6

(γ + ηpnh)
2
+ β2h4 +

β6h7

(γ + ηpnh)
4(ω+ + ηpnh)

+
β4h5

(γ + ηpnh)
2(ω+ + ηpnh)

≲ β2h4 +
β3h5

(ω+ + ηpnh)
,

where we use βh2 ≲ 1 and γ ≃
√
β. To show (H.5), it suffices that

max

{
β4h7

ω+ + ηpnh
, β2h4,

β3h5

ω+ + ηpnh

}
≲ (ω+ + ηpnh)h.

Strongly Convex. In this case, ω ≃ α/
√
β. We only need

β3h4 ≲ α2/β, β2h3 ≲ α/
√

β.

The solution to this is

h ≲ α1/2β−1 = 1/(β1/2κ1/2), h ≲ 1/(β7/6κ1/3).

The condition in this case suffices that

h ≲ 1/(β7/6κ1/2). (H.7)

General Convex. In this case, ω = 0. We need

β2h3 ≲ ηpnh, β
3h4 ≲ (ηpnh)

2.

Recall the definition of

ηpnh =
c0ω

exp(ω(Nh− nh+Ah))− 1
.

It takes the minimum when n = 0. Thus, we have ηpnh ≳ 1/(Nh). Thus, we have

β2h3 ≲
1

Nh
, β3h4 ≲

1

N2h2
,

which is equivalent to

h ≲ N−1/4β−1/2 ∧ N−1/3β−1/2. (H.8)

I AUXILIARY LEMMAS

Lemma I.1 (Talagrand’s T2 inequality). Let π(x) ∝ exp(−V (x)). Suppose V is α-strongly convex
for α > 0. Then for any distribution µ, the Wasserstein 2-distance can be bounded by the KL
divergence, satisfying

W 2
2 (µ, π) ≤

2

α
KL(µ, π).

Lemma I.2 (Stein’s Identity). Let V : Rd → R be a differentiable function, and F : Rd → Rd be a
differentiable vector field. Let the distribution π be defined as π ∝ exp(−V ). Then

E∼π[⟨∇V,F⟩] = Eπ[∇ · F].
Lemma I.3 (Donsker-Varadhan’s variational formula). Let (X ,F , P0) be a probability space and
U(x) be a measurable function. Then for any distribution P on (X ,F), we have

Ex∼P [U(x)] + KL(P ||P0) ≥ − logEx∼P0
exp(−U(x)),

and the infimum is attained when P (x) ∝ P0(x) exp(−U(x)).
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Lemma I.4. Let λ be a scalar such that 0 < λ ≤ 1/(4β). Then the norm of ∇V satisfies the
following inequality:

logEπ[exp(λ∥∇V ∥2)] ≤ 2λ tr(H).

Proof of Lemma I.4. Due to the Taylor expansion, Eπ[exp(λ∥∇V ∥2)] satisfies

Eπ[exp(λ∥∇V ∥2)] =
∞∑
k=0

λkEπ[∥∇V ∥2k]
k!

, (I.1)

so it suffices to bound Mk := Eπ[∥∇V ∥2k]. For k ≥ 1, we call the Stein’s identity (Lemma I.2)
with F(x) = ∥∇V (x)∥2k−2∇V (x) and obtain

Mk = Eπ

[
⟨∥∇V (x)∥2k−2∇V (x),∇V (x)⟩

]
= Eπ

[
∇ ·
(
∥∇V (x)∥2k−2∇V (x)

)]
= (2k − 2) · Eπ

[
∥∇V (x)∥2k−4⟨∇2V (x) · ∇V (x),∇V (x)⟩

]
︸ ︷︷ ︸

I1

+Eπ

[
∥∇V (x)∥2k−2 ·∆V (x)

]
︸ ︷︷ ︸

I2

.

(I.2)

For the term I1, when k ≥ 2, note that ∇2V (x) ⪯ βI due to the β-smoothness of V , so

⟨∇2V (x) · ∇V (x),∇V (x)⟩ ≤ β∥∇V (x)∥2.
Therefore, the upper bound of I1 is

I1 ≤ β · Eπ[∥∇V (x)∥2k−2] = βMk−1. (I.3)

For the term I2, since ∇2V (x) ⪯ H, we have ∆V (x) = tr(∇2V (x)) ≤ tr(H), so the upper bound
of I2 is

I2 ≤ Eπ

[
∥∇V (x)∥2k−2 · tr(H)

]
= tr(H)Mk−1. (I.4)

Plugging (I.3) and (I.4) into (I.2), we have

Mk ≤ [(2k − 2)β + tr(H)]Mk−1. (I.5)

Since M0 = 1, by recursively using (I.5), we have

Mk ≤
k−1∏
j=0

[2jβ + tr(H)] = (2β)k
k−1∏
j=0

[
j +

tr(H)

2β

]
. (I.6)

Plugging (I.6) into (I.1), we have

Eπ[exp(λ∥∇V (x)∥2)] ≤
∞∑
k=0

(2βλ)k

k!

k−1∏
j=0

[
j +

tr(H)

2β

]
. (I.7)

We make the crucial observation that when z ∈ (0, 1) the Taylor expansion of (1− z)−s is

(1− z)−s =

∞∑
k=0

zk

k!

k−1∏
j=0

(j + s).

Setting z = 2βλ and s = tr(H)/(2β), under the condition βλ < 1/4, we have

Eπ[exp(λ∥∇V (x)∥2)] ≤ (1− 2βλ)− tr(H)/2β .

Taking the logarithm on both sides, we have

logEπ[exp(λ∥∇V (x)∥2)] ≤ tr(H)

2β
log
(
1/(1− 2βλ)

)
≤ 2λ tr(H).

where the last inequality holds because log(1/(1− z)) ≤ 2z for 0 < z ≤ 1/2.
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Lemma I.5. Suppose that (x,p) ∼ π, i.e., p ∼ N (0, I). Then for λ < 1/(4β), the following
inequality holds:

logE[exp(λ∥p∥2H)] ≤ 2λ tr(H).

Proof of Lemma I.5. Let the eigenvalue decomposition of H be

H =

d∑
i=1

µiuiu
⊤
i ,

then ∥p∥2H can be written as

∥p∥2H =

d∑
i=1

µiq
2
i , where qi = u⊤

i p.

Note that {qi} are i.i.d. standard normal random variables because {ui} form an orthonormal basis
of Rd. Therefore, for λ ≤ 1/(4β), we have

logE[exp(λ∥p∥2H)] =

d∑
i=1

logE[exp(λµiq
2
i )] = −1

2

d∑
i=1

log(1− 2λµi) ≤
d∑

i=1

2λµi = 2λ tr(H).

where the second equality holds because E[exp(zq2i )] = (1−2z)−1/2 for z < 1/2, and the inequal-
ity holds because log(1/(1− z)) ≤ 2z for z ∈ (0, 1/2].
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