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ABSTRACT

Underdamped Langevin dynamics (ULD) is a widely-used sampler for Gibbs
distributions 7 o< e~", and is often empirically effective in high dimensions.
However, existing non-asymptotic convergence guarantees for discretized ULD
typically scale polynomially with the ambient dimension d, leading to vacuous
bounds when d is large. The main known dimension-free result concerns the
randomized midpoint discretization in Wasserstein-2 distance (Liu et al., 2023),
while dimension-independent guarantees for ULD discretizations in KL diver-
gence have remained open. We close this gap by proving the first dimension-free
KL divergence bounds for discretized ULD. Our analysis refines the KL local
error framework (Altschuler et al., [2025) to a dimension-free setting and yields
bounds that depend on tr(H), where H upper bounds the Hessian of V, rather
than on d. As a consequence, we obtain improved iteration complexity for un-
derdamped Langevin Monte Carlo relative to overdamped Langevin methods in
regimes where tr(H) < d.

1 INTRODUCTION

Sampling from high-dimensional Gibbs distributions 7(x) o exp(—V(x)) is a core primitive in
modern machine learning, underpinning Bayesian inference (Robert et al., [1999)), diffusion-based
generative modeling (Ho et al., [2020; [Song et al.l 2020), and exploration in reinforcement learn-
ing (Thompson, 1933} Zhang et al.| 2020). Among practical samplers for smooth log-concave tar-
gets, Langevin-based Markov chain Monte Carlo methods are especially appealing: they require
only first-order information (VV), are simple to implement, and come with a rich body of non-
asymptotic convergence theory.

The classical overdamped Langevin diffusion (OLD)
dX PP = vV (X2 +v24dB, (1.1)

converges to 7 under mild conditions, and its Euler—Maruyama discretization yields the Langevin
Monte Carlo (LMC) algorithm. Motivated by Hamiltonian dynamics, the underdamped Langevin
diffusion (ULD) augments the state with a momentum variable and evolves on phase space:

dXt :Ptdt, dPt = *"}/Ptdt*VV(Xt)dtﬁ’\/?’}/dBt, (12)

where > 0 is the friction parameter. ULD has invariant distribution 7(x, p) o exp ( — V(x) —

[pl[?/2), so its x-marginal is the target m(x). Discretizations of ULD (collectively, ULMC) are
empirically competitive and can provably improve iteration complexity over overdamped methods
in several regimes (see Table|[T)).

A key limitation of existing non-asymptotic theory is that many convergence bounds for Langevin
discretizations scale polynomially in the ambient dimension d. Such dimension dependence can
be pessimistic in high-dimensional applications where the geometry of V is effectively low-
dimensional (e.g., ridge-separable (Liu et al.| 2023))). Recent work has shown that, in some cases,
the relevant complexity is governed by spectral quantities of a Hessian upper bound H = V2V, such
as tr(H), leading to dimension-free guarantees for specific overdamped and Wasserstein-based un-
derdamped schemes (Freund et al., 2022} [Liu et al.| 2023)). However, dimension-independent guar-
antees for discretized underdamped Langevin in KL divergence have remained open. Notably, in the
strongly log-concave setting, KL convergence is strictly stronger than convergence in Wasserstein
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Table 1: We summarize the sample complexity results from the most important prior works for var-
ious discretization methods applied to overdamped Langevin dynamics (OLD) and underdamped
Langevin dynamics (ULD). The comparisons include the underlying dynamics (OLD or ULD), the
discretization scheme, the metric used to measure convergence, the problem setting, and whether
the bound is dimension-free. Throughout the table, LMC denotes Langevin Monte Carlo, i.e., the
Euler—-Maruyama discretization of OLD, while ULMC denotes the corresponding discretization of
ULD. RMD refers to variants of the randomized midpoint method introduced in[Shen & Lee|(2019).
PLMC denotes the Poisson midpoint method proposed in |Srinivasan & Nagaraj| (2025), which
achieves improved convergence rates in Wasserstein distance. For Composite, [Freund et al.[ (2022)
assume that the potential function V' admits a decomposition and interpret overdamped Langevin
dynamics as a composite optimization problem. Regarding the parameters, in the a-strongly con-
vex setting, let Kk = [/« be the conditional number, d be the ambient dimension, and H be an
upper bound of the Hessian matrix V2V, For uniformity of presentation, we replace any explicit
dependence on « in the bounds by /. In the general convex setting, let W denote the Wasserstein
distance between the initial distribution and the target distribution. In all results, we hide the loga-

rithmic factors and omit the O notation for simplicity.

Dynamics  Discretization ~Metric Strongly convex General convex Dim.-free? Reference
LMC Wa O(K3B~1d/e?) - X Dalalyan|(2017)
LMC KL O(k%d/e?) O(B2dW* /€%) X Cheng & Bartlett/(2018)
LMC KL O(k*871d/e?) O(BdW?/e*) X Durmus et al.[(2019}
OLD LMC KL O(k%d/e?) O(B2dW*/€°) X Altschuler & Chewil|(2024b}
RMD KL O(rd"/? /e) O(BY3d/3Ws/3 €10/3) X Altschuler & Chewi|(2024b}
PLMC Wo O(K3B1/32/3 1 2/3) - X Srinivasan & Nagaraj|(2025)
Composite KL O(k*8~ 1 tr(H)/e?) - v Freund et al.|(2022)
ULMC Ws O(KP2671/241/2 /e) - X Cheng et al.|(2018)
ULMC Wa O(k*8712d" 2 [¢)) - X Dalalyan & Riou-Durand|(2020}
RMD Wa O(KY3B=1/3q1/3 12/3) - X Shen & Lee|(2019)
ULMC KL O(K32dM? Je) O(B3/2d"/2W3 [e) X Altschuler et al. [(2025)
ULD RMD KL O(kd'/3/e/3) OB/ *d W52 %) X Altschuler et al.|(2025)
PLMC Wy O(KY351/641/3 /¢1/3) - X Srinivasan & Nagaraj|(2025)
RMD Wy O(k%3B=2/3[tr(H)]Y3/e2/3) - v Liu et al.|(2023)
ULMC KL O(k3/2B=1/2[tr(H)]/2 /e) O(Btr(H)/2W?3 /) v Ours
RMD KL O(kB~'Blr(H)]/3/2/3)  O(Btx(H)Y/4W5/2/e3) v Ours

distance or total variation, since it implies Wasserstein convergence via Talagrand’s 75 inequality
(see, e.g., Section 1.4 in|Chewi| (2025))) and total variation convergence via Pinsker’s inequality.

This paper resolves the above question by establishing the first dimension-free KL convergence
rates for ULMC discretizations. Concretely, we show that both standard ULMC and the randomized
midpoint discretization (RMD) admit KL iteration complexities depending on tr(H) rather than d.
Our main contributions are:

* In the a-strongly convex and (3-smooth setting, we establish non-asymptotic convergence bounds
in KL divergence for both standard ULMC and the randomized midpoint discretization. The
resulting iteration complexity depends on tr(H) rather than explicitly on the ambient dimension
d. In the strongly convex setting, our KL guarantee further implies convergence in Wasserstein
distance via Talagrand’s inequality, and we show that the resulting rate enjoys a strictly better
dependence on the condition number « than that of [Liu et al.| (2023).

* In the general convex setting (o = 0), prior work does not provide any dimension-free convergence
rates for Langevin dynamics. In this work, we establish the first dimension-free KL convergence
guarantees for ULMC and the randomized midpoint discretization (RMD), with complexity gov-
erned by tr(H) instead of d. Moreover, the dimension-free convergence rate of RMD is O(1/¢?),
matching the state-of-the-art rate (Altschuler et al.|[2025)) in this setting.

* Technically, our improvement stems from two ideas (i) bounding the strong and weak local errors
in a manner compatible with H-weighted norms and (ii) controlling the change-of-measure terms
without introducing explicit dimension dependence via crude Gaussian moment bounds. These
two ingredients allow us to close a strictly tighter error recursion and ultimately yield the first
dimension-free KL guarantees for underdamped Langevin discretizations.

Notations. We use lower-case boldface letters such as x,y,z to denote vectors, and upper-case
boldface italic letters such as X,Y, Z to denote random vectors. We use upper-case boldface
letters such as X, Y, Z to denote matrices. For any two positive semi-definite (PSD) matrices X, Y,
weuse X XY (X > Y)toindicate Y — X (X — Y) is positive semi-definite, respectively. We
use || - || to denote the standard Euclidean 2-norm, and || - ||, to denote the Lo norm of a random
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vector, i.e., || X ||z, = /E[[[X]?]. For a PSD matrix M € R9*? and a vector x € R?, we denote

x|l = VxTMx. For any vector x, we use dx to denote the Dirac distribution at x. For any
random process with initial distribution y and transition kernel P, let P be the distribution of the
random process after applying the transition kernel. We use standard asymptotic notations O(-) and
O(+), and use O(+) and O(-) to hide logarithmic factors. We use a < b, a ~ b and a = b to denote
a = O(b),a=0(b) and a = Q(b), respectively. For a,b € R, we use a A b for min{a, b} and a vV b
for max{a, b}.

2 RELATED WORK

Dimension-free Sample Complexity. The line of work on dimension-free sampling complexity
originates from the connection between Langevin dynamics and optimization. The convergence
guarantees of first-order optimization methods typically do not depend explicitly on the ambient
dimension d (Nesterov} 2013). In contrast, the convergence rates of Langevin-based sampling algo-
rithms often exhibit an explicit dependence on d, stemming from the presence of isotropic Gaussian
noise in the sampling dynamics. To bridge this gap, [Freund et al.| (2022) proved a dimension-free
convergence rate for overdamped Langevin dynamics in two settings. When V' is a-strongly convex
and L-Lipschitz, they proved a dimension-free sample complexity of ©(L?/(a?€?)) in Wasserstein
distance. When V' is a-strongly convex and -smooth, it characterized the sample complexity via
an upper bound H of the Hessian matrix V2V, with sample complexity O (x23~! tr(H)/e?) in KL
divergence. In particular, when V has a ridge separable structure with mild conditions, the sam-
ple complexity is independent of the dimension. Under the same setting and notation, |Liu et al.
(2023) analyzed underdamped Langevin sampling with a doubly randomized algorithm and showed
that a sample complexity of order © (k[3~! tr(H)]'/3¢=2/3) is sufficient in Wasserstein distance.
However, the corresponding sample complexity for underdamped Langevin dynamics in the KL
divergence remains unexplored.

Shifted Composition. |Altschuler & Chewil (2024b) proposed a KL local error framework that re-
duces the problem of establishing tight convergence bounds for sampling algorithms to the verifica-
tion of local assumptions. This framework was first developed for overdamped Langevin dynamics
in|Altschuler & Chewi|(2024b)) and was later extended to the underdamped setting in|Altschuler et al.
(2025). A key technical ingredient is the construction of an auxiliary process interpolating between
the laws of two stochastic processes, together with the use of a shifted composition rule; these ideas
were introduced in|Altschuler & Chewi|(2024a)) and |Altschuler & Chewi|(2025). More recently, this
framework was further applied in |[Zhang| (2025)), where an improved cross-regularity analysis was
developed, leading to faster convergence rates for a deterministic double midpoint method under
higher-order differentiable assumptions.

3 PRELIMINARIES

In this section, we introduce the ULMC discretization methods, including the standard ULMC and
the randomized midpoint discretization (RMD, Shen & Lee|2019). We also state the assumptions on
the invariant distribution 7 used in this paper, and introduce several notions from numerical analysis,
such as the weak/strong KL local errors and the cross-regularity condition.

3.1 UNDERDAMPED LANGEVIN MONTE CARLO

The practical application of underdamped Langevin dynamics (ULD) requires the construction of
a discrete-time sampling algorithm, named Underdamped Langevin Monte Carlo (ULMC). It pro-
duces a Markov chain {Xflli, Pil}gL neN through the use of an appropriate numerical discretization
scheme. In this paper, we focus on two discretization methods, standard ULMC and the randomized
midpoint, both of which are motivated by the equivalent integral representation of the ULD (T.2)
given below:

't e (t—s)
Xi=Xo+(1—e /v Py+&l) - / e VV(X,)ds,

~

J0 !

t
Po=c P+ &) / e 1=IVV(X,)ds, (3.1)
J0
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where the random processes & (1) + and 5 are given by the It6 integral

s+t 1— y(s+t—u)

) = vy / —dBu, £ = /2y / Vs+t—w g g,

The discretization methods are essentially approximations of the intractable integral terms in (3.1)).
Standard ULMC. The standard ULMC is arguably the simplest discretization method. With a given
step size h, ULMC approximates VV (X;) in (T.2) with VV (X UEME) for ¢ € [nh, (n+ 1)h). The
integral terms in (3.I) thus have closed-form solutions with VV (X YEMC) being a constant vector.
Therefore, the standard ULMC proceeds with the following iterations:

1—e " 1 1 1—eh
XN = Xon+ = PINC g = - (= = )WV (),
PULMC _ —vh pULMC 2 1= e vV (X ULMC 39
(n+1)h = g, — ———VV (X)), (3.2)

Randomized Midpoint Discretization (RMD). The randomized midpoint discretization, first pro-
posed in|Shen & Lee|(2019)), aims to provide a more accurate estimation of the integral terms in
by replacing the integral with the expectation over a randomized stepsize. In this paper, we follow
the doubly randomized implementation in |Altschuler et al.| (2025). In detail, let {(uy, vy,) }nen be
i.i.d. random variables on [0, 1], independent of the Brownian motion, with distribution

h(1l — —y(1—u)h h ~v(1—v)h
]P(uneA):/ (1—em™ . ) qu, }P’(vneA):/ 767@ (3.3)
Anfo,] b — (I—eM)/vy Anp,y; 1 —

The numerical scheme aims to replace the first integral term with [h — (1 —
e ) /AIVV (X (n4u,)n)/7- Observe that the expectation over u,, satisfies

1 1— ei’yh "(n+1)h 6—7((n+])hfs)

;(h - 7)15% [VV (X ()] = /  VV(X.)ds,

Jnh !

Thus, the expectation above is an unbiased estimation of the first integral term. A similar property
holds for the integral term in the equation of the momentum. However, the “randomized midpoint”
vectors X (5,14, )n and X (;,4,,,)n are unavailable in general Instead, the numerical scheme ap-

proximates them with auxiliary vectors X+ (ntun)h and X - »» respectively, both obtained using

(n+v )
standard ULMC starting from (XM PpEM) In summary, the randomized midpoint discretization
calculates

l—e " ru (1)

1 1 — e Yunh
X(—;+u Yo Xrljhl'lzvl + 7Pnh + £nh,unh - (’I.th - )VV(XBfll\/I)’
0 Y Y
—e 1 1— e 7vnh
X(—:l—-ii_-v Yh T X + f +£nhv h ;(U”h_ )VV(X}};L\/I)’
1—eh 1 1 1—eh
X(n+1) =X+ ——Py + £fm),h by (h - )VV(XtL+u )h)’
0 Y Y
RM —vh pRM 1—e " ++
P(n+1)h =e€ Pnh + £nh h y V‘/(‘X(n+vn)h> (3.4)

3.2 ASSUMPTIONS

We make the following assumptions on the convexity and smoothness of the function V.

Assumption 3.1. The function V() is twice-differentiable, and -smooth. Furthermore, there ex-
ists a constant v > 0, such that the Hessian of V satisfies,

al < V2V <H < g1,
where H is a known positive semi-definite matrix.

In prior work (Cheng et al., 2018)), it is common to assume V is strongly-convex, i.e., « > 0. In this
paper, we adopt a more general perspective and consider two cases separately: the strongly convex
case (o > 0) and the general convex case (o = 0).
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We focus on the Underdamped Langevin Dynamics (ULD), which evolves in the phase plane
(X4, P;) of the displacement X; and the momentum P;.

Error of one-step discretization. We first introduce the notation for the one-step discretization
error, distinguishing between two types: weak and strong errors. This terminology is adopted from
the classical theory of weak and strong convergence in numerical analysis (see, e.g., Section 9 in
Kloeden & Platen! (2018))).

Definition 3.2. Suppose that the initial conditions of the ULD and the numerical discretization

method alg are (Xo, Py) = (X3%, P"®) = (x, p). The one-step weak error £ and strong error £
are defined as

£¥(x,p) = h H|EX} — EX,| v |[EP" —EP,|;
£%(x,p) = h | X" — Xp |, V|| P — Pu|r,.

Using this definition, |Altschuler et al.| (2025) proposed a KL local error framework, which charac-
terizes the convergence of discretization methods with their one-step discretization errors, including
the weak and strong errors. Furthermore, we need the following one-step cross-regularity condition.

Let (P;):>0 denote the Markov semigroup associated with the underdamped Langevin (I.2), and let

Py, be its time-h transition operator. Let leg denote the Markov transition kernel induced by one

step of the numerical integrator with step size h. Then (X}, P,) and (X ¢, P¥¢) satisf
P g p h o Lh y
(X, Py) ~ 6xpPh, (X3 P8) ~ 6, pPhe.

The cross-regularity condition characterizes the divergence of two transition kernels P, and Ph
starting from different initial conditions:

Definition 3.3. Transition kernels P and P satisfy the cross-regularity condition with function
b(x,p) if for any initial conditions (x, p), (X,p) € R?, the distributions dx P and dx pP sat-
isfy

— %2 P
>, Ip-pl

= %
KL (0x,pPn0z,5Pn) S i o

+ b*(x,p).

Once the one-step errors of discretization methods are obtained, the KL local error framework pro-
vides the convergence rate in a plug-and-play way, for which we will provide a comprehensive
guideline in Section[3.3]

3.3 KL LOCAL ERROR FRAMEWORK

In this section, we give a detailed description of the KL local error framework proposed in|Altschuler
et al.| (2025). We consider the ULD chain (v,,)Y_, with N steps, defined as

Y| Pn—1 ~ O, Ph, n=12...,N, (3.5)
with initial condition ¥¢ = (X, Py) ~ v. Similarly, we define the chain of numerical discretization
( %lg)r]:/:() as

¢2g‘¢2§1 ~ 51'[,:1{17)21{%3 n= 1727"'7N7 (36)

with initial condition 93¢ = (X3¢, P'¢) ~ p.

At the center of the framework is the shifted operator defined as follows:

Definition 3.4. Given a random process ¢ = (X, P), the shifted process towards another target
process )= (5(\ , 13), with parameter 17, 7P, is defined as

T (P, ) = (X, P +7*(X — X) +nP(P — P)).
Using the shifted operator, with a target process 1y =, we further define two processes 1%, ¢
iteratively:

aux

| ::1—1 ~ 511:;';717;%7
Y = T (WIS ) = (X0, P i (X — X0) + R (P — P3™)), (3.7)

n n
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with initial condition ¥§" = (X, Py) ~ v and nX, nP as predetermined constants (The concrete
value to be discussed in Appendix [A). The auxiliary step 92 applies the ULD transition kernel
Pr, to the previous shifted state v}, while the shifting step modifies the momentum term of the
auxiliary process by interpolating towards the target process. When the target process is selected as
12 |Altschuler et al.|(2025)) proved the following theorem, by reducing the KL-divergence between
the auxiliary process and the ULD process to the calculation of strong error and weak error.

Theorem 3.5 (Theorem 4.1 in |Altschuler et al.[2025). Assume h < y~! A v/3. Let 9®* be the
auxiliary process defined in (3.7). For n < N —1, let 2" be the distribution of the auxiliary process

2w, and vy, be the distribution of 1,,. We denote by VV2 W3 (u, v) the squared Wasserstein-2
dlstance induced by the twisted norm

= VIIx[I? + (v + 1/(NR))~2[[p]>.

and v,, satisfies

Then the KL-divergence between v/

KL (2% [v) S CW?2 + A, (E7)° + A, (8%)%.

where we define f = maxi<i<p1 [|f|r2(upuegiy for f € {b,E¥,E%}. Here C, Ay, A, are
parameter-dependent constants, which we will provide a detailed discussion in Appendix [A]

As a corollary, the KL-divergence between the distribution resulting from the composition of N — 1

steps of P2, and one step of P, and the distribution from N steps of P, can be upper bounded as
follows:

Corollary 3.6. With the same setting and notation as Theorem the KL-divergence between

the distribution resulting from the composition of N — 1 steps of P2, and one step of P, and the
distribution from N steps of P, can be upper bounded as follows:

KL (p(PU)N P [PN) S OWE (1, v) + Au(E®) + AL (£°)" + 2.

Remark 3.7. Note that the standard analysis of strong and weak local errors typically depends not
only on constant terms but also on the initial state of the process itself (see e.g., Section 5 in|Chew1
(2025)). Substituting such bounds into Theorem [3.5] and Corollary @] would therefore introduce
terms of the form E,,pue« [||p||?] and E,,(paey [||V (x)||?]. These quantities can be controlled using
a change-of-measure argument in terms of the KL divergence between u[P2]" and the invariant
distribution 7 via the Donsker—Varadhan variational formula. In particular, with an additional Lips-

chitz assumption (See Appendix@for details), we can further define f = maxi<i<n—1 || f|l L2 @)

for f € {b,EY,E%} with respect to the auxiliary process, and replace f with fvin Theorem
and Corollary [3.6] This enables a closed-form recursive error control argument, as detailed in
Lemma [E.]l

4 DIMENSION-FREE ANALYSIS OF ULMC

To apply the KL local error framework described in Section [3.3] we first calculate the strong and
weak error. Note that the standard calculation (e.g. Section 5 in [Chewil (2025)) is not dimension-
free. By refining the analysis, we establish a dimension-free version of these bounds that depend on
the tr(H).

Lemma 4.1 (Strong and weak error for ULMC, dimension-free). Let the strong error £° and the

weak error £ be defined in Definition [3.2] Under Assumption [3.1] the strong and weak errors
coincide and satisfy the following bounds:

EY(x,p) VE(x,p) S BY2R2|pller + BRP|IVV (x)|| + Y241 /2h52 /1 (H).

When H = I, direct calculation shows that ||p||gz = B'/2||p||, tr(H) = Sd. Then, this result
reduces to Lemma 5.1 in|Altschuler et al.| (2025)). Compared with prior results, our analysis offers
improvements in two key directions. First, we replace the worst-case v/d dependence by a trace-
dependent term. Second, we observe that using the standard Euclidean norm ||p|| is suboptimal for
our purposes. Therefore, we consider the H-norm. This refinement yields a tighter analysis and
plays an essential role in establishing the final dimension-free bounds.

Applying similar considerations, we derive the dimension-free version of the cross-regularity as-
sumption for ULMC below.
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Lemma 4.2 (Cross-regularity for ULMC, dimension-free). For P’/ = PULMC D a5 the ULD tran-
sition kernel, we have:

<= %P Ip=Bl* K 10 s 2
- + ~—|lp|l& + Bh* tr(H) +
o e el () +

Thus, ULMC satisfies the cross-regularity condition (Definition [3.3) with
52 hs
v

KL (35 pP'[|05,6P) < IVV ()1

h3
b*(x,p) = 7\Ip||%+5h4tr(H)+ IVV ()|

With these dimension-free calculations in place, we are now ready to establish a dimension-free
sample complexity bound for ULMC.

Strongly Convex. We first consider the strongly convex setting (a > 0) with v = /320.
Theorem 4.3. Suppose a > 0 and v = 1/325. Under Assumption[3.1] let P’ = PUMC Let 1 be

the invariant distribution of the underdamped Langevin dynamics (1.2)), 1 be the initial distribution
of the algorithm. For any 0 < e < [tr(H)]'/28~1/2,~1/2, if

=) Vo),

the KL divergence between the law of the process with IV steps of ULMC and the invariant distri-
bution 7 can be upper bounded by

KL(u(P")N ) < ¢

TheoremHyields a dimension-free sample complexity of O (x3/23~1/2[tr(H)]'/?/¢), guarantee-
ing that the KL divergence is at most €2. Moreover, when H = B1, our result matches |Altschuler
et al.| (2025). It improves upon the dimension-free overdamped KL bound ©(x?3~! tr(H)/€?) in
Freund et al.[ (2022). Moreover, using Talagrand’s 75 inequality, Theorem implies a sample

complexity of O(k23~[tr(H)]!/2/¢) to guarantee that the Wasserstein-2 distance is at most e,
General Convex. We then consider the general convex setting (o« = 0) with v = 1/32.

Theorem 4.4. Suppose @ = 0 and v = +/328. Under Assumption let P/ = PULMC  Let
7 be the invariant distribution of ULD (1.2)), i be the initial distribution of the algorithm. For any
0 < e < BY2W,if

, 2 2 Blee(H)Y2W  g2w*
h:(—)(mln{ﬁl/2(tr(€H))l/2W’B3/€2Wz}), N=@<max{ [t ( 631] B })7

the KL divergence between the law of the process with IV steps of ULMC and the invariant distri-
bution 7 can be upper bounded by

KL(u(P")N ) < ¢

To the best of our knowledge, our work is the first to establish a dimension-free sample complexity
bound for ULMC in the general convex setting. Moreover, our bound matches |Altschuler et al.
(2025)) when H = 1.

5 DIMENSION-FREE ANALYSIS OF RMD

In this section, our goal is to develop a dimension-free analysis of the randomized midpoint dis-
cretization (RMD) introduced in (3.4). To this end, in order to apply the KL local framework, we
first establish refined bounds on the strong and weak local errors.

Lemma 5.1 (Strong and weak error for RMD, dimension-free). Let the strong error £° and the weak
error £* be defined in Definition Under Assumption [3.1] the following bounds hold:

£¥(x,p) S B2 |pllu + B2R°||VV (x)|| + B34/ 2h9/2\/tr(H),
£5(x,p) < BY2R%|pllu + BRI VV (x)|| + B2y 2R5/2\/tr(H),
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Analogous to Lemma we replace the v/d term with an tr(H)-dependent term and adopt the H-
norm. Moreover, as in|Altschuler et al.| (2025), the randomized midpoint discretization together with
the specific choice of the randomized midpoint distribution in (3.3) yields an improved bound on
the weak error, which in turn leads to a sharper rate in the final convergence bound. Equipped with
Lemma [5.1] we establish theoretical guarantees for RMD in two distinct settings: strongly convex
and generally convex.

Strongly Convex. We first consider the strongly convex setting (a > 0) with v = /320.
Theorem 5.2. Suppose o > 0 and v = /323. Under Assumption 3.1} let P¥¢ = PRM p’ —
PULMC et 7 be the invariant distribution of the underdamped Langevin dynamics (T.2), u be the
initial distribution of the algorithm. For any 0 < € < [tr(H)]'/2373/2k=3/4, if

h=6(8 o) Pe), N =8 (k[ ()] ),

the KL divergence between the law of the process with NV — 1 steps of RMD and one step of ULMC
and the invariant distribution 7 can be upper bounded by

KL(M(’Palg)Niltle’lT) S 62.

Theorem [5.2] yields a dimension-free sample complexity of é(m[ﬁ_l tr(H)]'/3¢72/3) to guaran-
tee that the KL divergence is at most ¢2. When H = SI, the sample complexity is reduced to
O(kd'/3¢=2/3), which matches the result in Altschuler et al[(2025). In general, the dimension-free
complexity can be substantially smaller than the direct dependence on d. Using Talagrand’s T in-
equality, Theorem |5.2|implies a sample complexity of O(x4/33~2/3[tr(H)]'/2 /€) to guarantee that
the Wasserstein-2 distance is at most €. In contrast, [Liu et al.| (2023) proved a sample complexity
of O(k5/33-2/3[tr(H)]'/3¢=2/3) for a doubly randomized algorithm for underdamped Langevin
dynamics in the Wasserstein distance. Thus, with the same dependence on tr(H) and 1/e, 8, our
result strictly improves the dependence on the condition number k.

Remark 5.3. Following Altschuler et al.| (2025)), we modify the transition kernel at the final step of
the algorithm to that of ULMC in order to apply the cross-regularity property (Lemma4.2). This al-
lows us to bypass the technical difficulty of establishing cross-regularity directly for the randomized
midpoint method. Since our primary goal is to derive a dimension-free sample complexity bound,
and since the same analysis can be easily adapted once cross-regularity is established for more gen-
eral discretization schemes, we believe that this modification does not detract from the generality or
significance of our results.

General Convex. We then consider the general convex setting (o« = 0) with v = 1/32.
Theorem 5.4. Suppose @ = 0 and v = /325. Under Assumption [3.1} let P2 = PRM P’ —
PULMC et 7 be the invariant distribution of the underdamped Langevin dynamics (T-2)), 1 be the
initial distribution of the algorithm. For any 0 < € < min{/BW, [tr(H)]?>/*3- W ~1/2}, if

. tr(H 1/4w5/2
v - ALy

€
h=0 >

(L?l/z[tr(H)]l/‘*W”2 ) ’
the KL divergence between the law of the process with N — 1 steps of RMD and one step of ULMC
and the invariant distribution 7 can be upper bounded by

KL(M(Pa'g)N_lp’HW) < e

Theorem demonstrates a ©(1/€3) sample complexity, with polynomial dependence in 3, tr(H)
and the Wasserstein distance W?2. Compared with Theorem [4.4] it shows that RMD achieves a
substantial improvement over ULMC in efficiency, reducing the sampling complexity from ©(1/¢*)
to ©(1/€%). To the best of our knowledge, this is the first dimension-free sample complexity bound
for RMD under the general convex setting. It remains an interesting open question whether the
©(1/€?) rate can be further improved in the general convex setting.

6 CONCLUSION

In this paper, we establish the first dimension-free KL convergence guarantees for discretizations
of underdamped Langevin dynamics. Our bounds depend on tr(H), where H is an upper bound
on the Hessian V2V, rather than on the ambient dimension d, yielding improved rates in regimes
where tr(H) < d. We show that both standard ULMC and the randomized midpoint discretization
(RMD) enjoy dimension-free KL convergence, and our results cover both the strongly convex and
the general convex settings.
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A  DETAILED DESCRIPTION OF THE KLL LOCAL FRAMEWORK

For the reader’s convenience, we present in this section a comprehensive description of the KL local
framework (Altschuler et al.l 2025). Our goal is to provide details of Theorem 3.5 with greater rigor,
including the specific choices of parameters that were omitted in the main text. The framework is
built upon a shifted chain rule for the KL divergence, which we first state below.

Theorem A.1 (Theorem 2.4 in|Altschuler et al|2025). Let X, X', Y be three jointly defined ran-
dom variables on a standard probability space €). Let P, Q be two probability measures over 2, with
superscripts denoting the laws of random variables under these measures. Then,

KL(EYQ) <KLEXIQY) + _ inf / KL (Y X=||Q¥ X =)y (ax, dx’),

where % (PX , PX") is the set of couplings of PX , PX".

This result can be interpreted as a shifted version of the standard chain rule of KL divergence, by
introducing a third auxiliary random variable X’. In the special case where X’ = X, the theorem
reduces to the standard chain rule.

Recall the shifted process (1S")~_, and the auxiliary process (v2*)N_, defined in Deﬁnition

the discrete-time ULD process (t,,))_, defined in (3.3), and the numerical discretization (33%)N_,
defined in (3.6). For any n < N, let 2 be the distribution of the auxiliary process 12", v be the

n Tl

distribution of the shifted process ;h, v, be the distribution of 1,,, and ,u‘;il]g be the distribution of
alg
n -

We now use Theorem with the following specifications: Under P, we let X ~ u”}i,g X'~

VLY ~ ;f;i,g. Under Q, we let X ~ vy_1 and Y|X ~ JxPp, and thus Y ~ vy. Then,
Theorem [A T]indicates

KL (58]lvn) < KL, |lon— 1) + E[KL(d 0 Pre|| Sy Pr)]

Ig X 1 X
XN — X117 L E[|PyE, — PRy |°]
vh? Vh

1>

<KL( A llvn— 1) —|—O<
%,_/

I

B, )] ).
I3

where the last inequality holds due to the cross-regularity assumption (Definition of the last
step.

Among these terms, 7 is the dominant term. Thus, we only discuss I; in this section. For more
details regarding I and I3, we refer the readers to |Altschuler et al.|(2025).For I, it can be bounded
iteratively using Theorem [A.T] as follows: For any n < N — 1, we consider the following choices:
under P, we let X ~ S0, X7 ~ 2% Y ~ vati. Under Q, we let X ~ v, and Y| X ~ 0x Py,

7L’

and thus Y ~ v, 1. Then Theorem@mdlcates
KL 01) < KLOA ) + E[KL (S P [0 P0).

As a result, we have

2

Z [KL (80 P || g P ) | - (A1)

Bounding /; using Harnack’s inequality. To further bound the term I, we need the following
inequality proved in Altschuler et al.[(2025).

10
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Theorem A.2 (Theorem 3.2 in|Altschuler et al.|2025). Under Assumption let P}, be the time-h
transition operator of ULD. Then, there exist parameter-dependent constants C' = C(«, 3,~, h) and
Y0 = Yo(a, B,7, h), such that for all ¢ > 1, and all x, %, p,p € R?, the Rényi divergence between
two processes starting from (x, p) and (X, p) can be upper bounded by

1
Ry (e Pal5cPs) < C{ e %]+ S~ o]}

Specifically, when ¢ = 1, the Rényi divergence reduces to the KL divergence, and the upper bound
becomes

1
KL(GupPiltxPr) < O Jx -7 + S llo -}

Remark A.3. We now clarify the choice of the constants appearing in this theorem. We first intro-
duce an auxiliary constant w whose value is defined differently in two regimes: the strongly convex
setting, and the general convex setting:

i a/(3y) ifa>0,
o if « = 0.
Then, in the strongly convex setting, the constants C' and 7 satisfy:

1
c h) < =
(a, By, )N7<

w

’ w L(h < 1/|wl)
exp(cwh) — 1> + Pyexp(cwh) -1’ ol

0476777}2‘) Z’}/_F Ta
(A2)

where ¢ = 1/48 is a universal constant. In the general convex setting, the inequality holds when
taking the limit « — 0, which shows

¥ 1
7 ’Y()(avﬁu’yvh) =7 + -

<
C(a75’%h)“”yh3+h h

Under the assumption within Theorem we have h < ~y~1 A+/fB. Thus, we have h < 1/|w|, and
~o 2, 1/h. Moreover, we have

3

1 w w 1 ¥ 1

- + ~ g

v \ exp(cwh) — 1 exp(cwh) —1 — ~vh3 ~ h ™ ~h3
where the last inequality holds due to & < y~1. Using Theorem we can further bound (A.1) as
follows:

N—2
L <Y B[KL(3yPh| s Pn)

n=

N—

N
o O

i sh aux [|2 i sh _ paux 2
B - X+ 12 - P

il
=)

1 ' . o ux
= >0 Bl (X - X ok (P - P2

n=0
where the last equation holds due to the definition of the shifted process. Finally, we get

N-2
1S Y (| = X+ B P - P,

n=0

Instead of directly bounding the distance between wfllg and ¥2™, we consider the distance between
prllg and 1,02’. To be more specific, define

p cow « _ (y+n))mp

T exp(w(Nh—t+ ARy —17 2

11
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where ¢, A are absolute constants such that both ¢y and A/c are sufficiently large. Then we have
nY < co/(Ah). The shifted parameters at step n are then defined as

(n+1)h (n+1)h
s r=/ i dt, oy :=/ ne dt,
nh nh

aux

alg
n n

. . .. . 1
In this case, calculation indicates the distance between 15 and
and ¢§Lh are in the same order, i.e.,

and the distance between )

(79)2E|| X — x|

+ (nR)’E|| P — Py

~ x\2 alg aux || 2 1 alg _ paux 2
= (2 [Bl 8 - X+ B P - P

nh

X 2 1 2
= (22 Bl - X2 + Bl P2 - P2
where the last step holds using Lemma 4.9 in|Altschuler et al.|(2025). Let
shy2 alg sh||2 1 alg _ psh 2
(&))? =E|| x5 - X" + (7+nsh)2E||Pn P

Then, it can be proved that the distance satisfy a recursion inequality, with contraction factor L,,,

defined as follows:
(n+1)h
Ln:exp<—c/ (w++nf)dt>.
nh

The following lemma holds:

Lemma A.4 (Lemma 4.3 in |Altschuler et al.[2025). For all n < N — 1, the following inequality
holds:

sh 2 shy 2 (gw)Q IBQh oS\ 2
(i) < L)+ O((w+ + )b - {1 - V2, (wy + 775h):| ) ))

Avoiding f with Lipschitz assumption. The following assumption characterizes the conditions
when the expectation of ;[P#2]" can be replaced with that of the auxiliary process.

Assumption A.5 (Lipschitz errors). Let £, €%, b be defined in Definition[3.2] Suppose they satisfy
the following Lipschitz conditions: For any (x, p), (X, p), the following inequality holds:

€9(x,p) = £*(%,P)| < Luxllx = x|+ Luplp - bl
|€°(x,p) = E°(%,P)| < Ly xllx — x[| + Ls,pllp — b,
|b(x,p) = b(X,P)| < Loxllx — %[ + Lypllp — Bl
Furthermore, suppose that
Lyx+ (O +n%)Lyp)?
e { ((W+ + 77(5}7,)(7 "'hiﬁzh)gi ’

(1 B*h ) (Lsx + (v + ngh)Ls,p)Q} <1_1
(v + mp) 2 (wi +15) (v + 1) ’

and
(Lb,x + h_lLb)p)Q’yh?) g 1
for sufficiently small constants.

We then have the following theorem:

Theorem A.6 (Lemma C.2 in |Altschuler et al.|2025). If Assumption holds, we can further
define

f= lgglga]{}_l |\f||L2(ygyx)

12
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for f € {b,E¥,E%}. Then, Theoremﬂ and Corollary [3.6| still hold if we replace f with f for
f e {b&v E® } To be more specific, using the same settlng and notation as Theorem [3.5] E the
KL- dlvergence between v2™* and v, satisfies

KL(VSLUXHVn) < CW2 (n,v) —l—Aw( max [E,ux [(5“’)2}) _|_AS( max IE an [(53)2]).

1<i<n—1 1<i<n—1

Moreover, the KL-divergence between the distribution resulting from the composition of NV —1 steps
of P¥2_and one step of P, and the distribution from NV steps of P, can be upper bounded as follows:

KL (u(PU)N 1P ([vPN) < CWE (1, v) + Aw ( x| E, [(Ew)Q])

+AS( max Eaux[(58)2]>+ max ]Em[bQ],

1<i<N-1 1<i<n-—1

Specifying the constants in Theorem [3.5] In this section, we specify the value of the constants C,
Ay, and A in Theorem[3.5] First, C = C(«, 3,7, Nh) defined in (A2). Second, in different cases,
the values of A,, and A; are

* Strongly convex and high friction: (a > 0,y = 1/325)

1 1 3y
Ay = —=, A 1
anz’ 0 T By % L
* Generally convex and high friction: (o« = 0,y = 1/320)
N _ 1/2
Ay = B A ﬂl/zhlogN+ﬁ Nh.

B ANALYSIS OF WEAK AND STRONG ERRORS

In this section, we analyze the weak and strong errors of the standard ULMC (3.2) and the ran-
domized midpoint discretization (3.4). Throughout this section, we assume that the initial con-
dition is éx pJ and assume the synchronous coupling of all Markov chains {(X h,Ph)}neN,
{(xX UM LMCY1 and {(XEM PEM)1 i e  they are driven by the same Brownian mo-
nh neN nh L nh y y W
t10n

B.1 STANDARD ULMC

We first investigate the one-step error vectors, i.e., X,/"MC — X, and PUMMC — P,

ULMC "1—e ()
X, =Xy = ﬁ[v‘/(x} — VV(Xy)]dt, (B.1)
0
h
pUMMC _ p, — / e Th=D[TV (x) — VV(X,)] dt. (B.2)
0

Therefore, the term VV (X },) — VV(x) is of central interest in order to bound the weak and strong
errors. We thus present the following lemma:

Lemma B.1. Suppose that Assumptionholds, and the step size satisfies h < 1/+/5. Then for
any t € [0, h], the following inequality holds:

IVV(Xe) = VVX)llz, < BY2hlIplls + /2822 /te(H) + B1?|[VV (x)].
The proof of Lemma|[B.1]is given in Appendix We now provide the proof of Lemma .1}

Proof of Lemma Starting from and (B.2), we bound the weak and strong errors as follows:

Weak error. The position error in the weak error satisfies
h —y(h—t)
1—e e
Xy - px) = | [T
0

. E[VV(X,) — VV(x)] dtH

h1 _ e=(h=1)
</O 17||IE[VV(Xt)—VV(x)}Hdt

~
1 — e v(h=t)
g/ ———dt- sup HE[VV(Xt)—VV(x)]H, (B.3)
0 Y te[0,h]

13
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where the first inequality holds due to Jensen’s inequality (|| - || is a convex function), and the second
inequality holds due to Holder’s inequality. We first note that

h1 — e=v(h=1) h
/ 7dt§/ (h—t)dt < h?, (B.4)
0 Y 0

where the first inequality holds because 1 — e™* < z. We also note that for any ¢ € [0, ],

EVV(X,) - V)| =/ [EVV(X) - vV )|

< VE[IVV(X) - VV)[2] = [VV(X) - VV ()l L,

< B72hlIpllu + 7?8212Vt (H) + R2 | VV (%) (B.5)
where the first inequality holds due to the Jensen’s inequality (|| - ||? is a convex function), and the
second inequality holds due to Lemma|[B.1] Plugging and into (B.3)), we obtain
[EXHME — EX|| < BY20%|[pllm + 12812072 /o (H) + R4 VY (x)]].

The momentum error in the weak error satisfies

h
|EPYIMC _EP, || = H / e VORIV V(X,) — VV(x)] dtH
0

. /h e VIV |E[VV(X,) — VV(x))|| e
0

<h sup |[E[VV(X,)—VV(x)]
te[0,h]
S B2 Pl + 2812 R0t (H) + BR7 (VY (x),
where the first inequality holds due to Jensen’s inequality (|| - || is a convex function), the second

inequality holds because e=* < 1, and the last inequality holds due to (B-3)). Therefore, the weak
error of the standard ULMC satisfies

£"(x,p) £ B0 |plls + 425202/ (H) + B1* | VV ().
Strong error. The position error in the strong error satisfies

ULMC P1-e
|XUNMC X, = / V(X)) - TV

Lo

h 1— ef'y(hft)
< / IV (X)) = TV ().
0

h 1 _ g=v(h=t)
g/ ST T at sup [VV(X) - VVE)L,
0 v t€(0,h]

< BY2R3pllm + A2V 2RT 2 (B) + RNV (x)|, (B.6)
where the first inequality holds due to the Jensen’s inequality (|| - ||z, is a convex function), the
second inequality holds due to the Jensen’s inequality, and the last inequality holds due to (B.4) and
Lemma [B.T] The momentum error in the strong error satisfies

h
| PUMNC Py, = / DTV (X,) — TV ()] di
0

Lo
h

< / e D VV(X,) — VV (%)L, dt
0

<h sup ||[VV(X:)— VV(X)|L,
t€[0,h]
< BY2R2 plls + 4281202/t (H) + B1° [ VV ()],
where the first inequality holds due to the Jensen’s inequality (||-|| ., is a convex function), the second
inequality holds because e~* < 1, and the last inequality holds due to Lemma Therefore, the
strong error of standard ULMC satisfies

E(x,p) < BY2R2|pllu + /2B 2R 2\ /tr(H) + BRP|VV (x)].

14
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B.2 RANDOMIZED MIDPOINT DISCRETIZATION

Similar to the analysis of the standard ULMC, for the randomized midpoint discretization, we con-
sider the error vectors X ,?M — X and P}?M — Py

X,?M—Xh:/
0 v

by _ g=v(h=t) —
[VV(X,),) = VV(Xy)]dt

hiq _ g=v(h—t) _
_ / o At (WYX - YV ()
0

h ]_ — 67'7(}7‘7”
+ / ﬁ[vv(‘xuh) - VV(XI)] dt, B.7)
0

h
pPfM_p, = / eV VYV(X ) - VYV (X)) ds
0

h
= / e A [VV(X L) - VV (X))
0

h
+ / e VP DVV(X,,) — VV(X,)] dt. (B.8)
0
We also recall the following properties of the randomized midpoint:
1 1—eh —~ hi1 _e=v(h=1) —
~(h- T RVV(XS,)] :/ —  VV(XH)dy (B.9)
v Y 0 v
1—eh — h
—E,[VV(XN] = / e YOV (X de (B.10)
Y 0

Thus, the expectation of the error vectors satisfy

hq_ g=(h=1)

E[XM - X)) = / S E[VV(X,") — VV(X,)]dt, (B.11)
0
h
E[PFM — P, = / e Y IREVYV(X) — VV(X,)] dt. (B.12)
0

The terms in red are the differences of VV at times of the ground truth ULD dynamics, so they
can be bounded using Lemma The terms in blue are caused by the error of standard ULMC
sequence, which are characterized with the following lemma:

Lemma B.2. Suppose that Assumptionholds, and the step size satisfies h < 1/+/8. Then for
any ¢ € [0, k], the following inequality holds:

IVV(XTNMO) = WV (X)), < 820 pllw ++1/28% 2072 /i (H) + 520 |[VV (%),
The proof of Lemma[B-2]is given in Appendix [D.2] We now provide the proof of Lemma 5.1}

Proof of Lemm We characterize the weak error with and (B.12), and the strong error
with (B.7) and (B.8):
Weak error. Based on (B:TT)), the weak error of the position vector satisfies
hiq _ g=v(h—t) —~
|E[XEM — X[ = H /0 fﬂa[vwx;) - VV(Xy)] dtH
h{ _ g=v(h—t) —
< /O fH]E[VV(Xj) — VV(Xy)]|| dt

hq_ o=v(h—t) -
< / — ——at- sup |E[VV(XH) - V(X
0 Y te[0,h]

h{ _ g=v(h—t) >
< / —————dt- sup |[VV(X;") - VV (X)L,
0 Y te[0,h]

< GRSl + Y252 R 4 BTV ()

15
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where the first inequality holds due to the Jensen’s inequality (|| - || is a convex function), the second
inequality holds due to the Holder inequality, the third inequality holds due to Jensen’s inequality
(|| - ||? is a convex function, similar to (B3)), and the last inequality holds due to and Lemma
Based on (B.12), the weak error of the momentum vector satisfies

|E[PEM — H eV OREVYV (X — VV (X)) dtH

IA

h
/ D |[E[VV (X — VV(XL)]|| de
0

IA

h
/ e —y(h=t) dt - sup HE VV X++) VV(Xt)]H
0 te[0,h]

< / e At sup [[VV(XH) - V(X))
0 te[0,h]

S Bl + 1222 (H) + 527V ()]

where the first inequality holds due to the Jensen’s inequality (|| - || is a convex function), the second
inequality holds due to the Holder inequality, the third inequality holds due to Jensen’s inequality
(]| - ||? is a convex function, similar to (B.3)), and the last inequality holds because e=* < 1 and
Lemma [B.2] Therefore, the weak error of the randomized midpoint discretization satisfies

E¥(x,p) S B2 |pllu + 7285202 /tr(H) + B2R°(|VV (x)]|.

Strong error. Based on (B.7), the strong error of the position vector satisfies

RM "1oe o
|XEM X, < / e [TV ) - VY (X,

Iy
_ e~ v(h—1)
[ v -] e
Lo
I3
where the inequality holds due to the triangle inequality. The term I; satisfies
hoshe sup [VV(X) = VV (X[, S %217 pllu
telo,
+ 423212 fir(H) + B2 ||V (%)), (B.14)

where the first inequality holds due to (B.4), and the second inequality holds due to Lemma
The term I5 satisfies

hiq_ g=v(h—t)
Igg/ f}yvv( wn) = VV(X,)|,, dt
0

hq o —~n(h—t)
< [ =19V - Vi
0

- + V) - vV (X)), ] at

(o),

h 1—e "/(hft)
5/ ot swp [VV(X) - V),
0

te[0,h]
< BY2R3|plla + A28 2R e (H) + SR VV ()], (B.15)

where the first inequality holds due to the Jensen’s inequality (|| - ||, is a convex function), the
second inequality holds due to the triangle inequality, the third inequality holds due to the Holder
inequality, and the last inequality holds due to and Lemma Since b < 1/+/B, we have
I, < I, so plugging (B.14) and (B.T3)) into (B.13), we have

X0 = Xz, £ 8Y20° [plls +~ /28" 272 /er(H) + 811 [VV ().
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Based on (B.8), the strong error of the momentum vector satisfies

h
PR = Pl < [ e 00 ae [9VOX5H) - TV,

J1
h
+ H / e " DVV (X)) — VV(XY)dt|| (B.16)
0 Lo
J2
where the inequality holds due to the triangle inequality. The term J; satisfies
Ji<h- sup ||[VV(XH) = VV(XD)|,. S B2k plu

te[0,h] 2

V2652002 () + 5200V ()], (B.17)

where the first inequality holds because e ~* < 1, and the second inequality holds due to Lemma
The term J5 satisfies

h
Jy < / e 1| VV(Xyn) — VV(X)|, dt
0

(), + VYV (0) = TV (X, ]

h
g/ O[TV (X o) — TV (x
0

h
5/ e "D qt . sup HVV(Xt) VV(x HL
0 te[0,h] 2
< B2 Pl + 42812 R/t (H) + BR7 VY (x), (B.18)

where the first inequality holds due to the Jensen’s inequality (|| - || is a convex function), the second
inequality holds due to the triangle inequality, the third ineq uality holds due to the Holder inequality,
and the last inequality holds due to ¢e=#* < 1 and Lemma Since h < 1/+/B, we have J; < Jo,

so plugging (B.17)) and (B.18) into (B.16), we have
[P = Phlln, S BP0 |plla + 28252\ /tr(H) + Bh* | VV (%)

Therefore, the strong error of the randomized midpoint discretization satisfies

& (x,p) < BY2R2|pllm + /2B 2R 2\ /tr(H) + BRP|VV (x)].

C ANALYSIS OF CROSS REGULARITY CONDITION

In this section, we are going to prove the dimension-free version of the cross-regularity condition
for the standard ULMC, similar to Lemma 4.2 in |Altschuler et al.| (2025). We first define the Rényi
divergence as follows:

Definition C.1. Consider two measures y and v, ¢ > 1, R, is the Rényi divergence, defined by:

1 dupy e
Rq(pllv) = mlog/ (dT/) dv.

In the limit of ¢ — 17T, the Rényi divergence will reduce to KL divergence:

Rl(uﬂy):/(jﬁl gjLL)dny#[logj—l:].

Here are the basic useful propositions of Rényi divergence.

Lemma C.2 (Data processing inequality). Let i, v be probability measures on a measurable space
(Q,F),and let T : 2 — E be any measurable map. Then for any Rényi order ¢ € [1, 0],

Ry(Typ || Tyr) < Ry(plv).

17
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Lemma C.3 (Weak triangle inequality for Rényi divergence). For any probability measures p, v, m,
any Rényi order ¢ € [1, c0), and any relaxation parameter A € (0, 1), it holds that

q— A
Ry(pllm) < FRq/)\(/LH v) + Rg—x/a-x» | ). (C.D

In particular, by setting A = 1 — ¢ and ¢ = 1 + ¢ and letting € | 0, Proposition yields the
classical bound for the Kullback—Leibler divergence,

KL(u||7) < 2KL(pl|v) +log (1 + x*(v[|m)). (C2)

We then present the Girsanov Theorem:
Theorem C.4 (Girsanov). Let (B)c[o,7] be a standard Brownian motion under the Wiener mea-
sure W and let (Y;):ec[0,7] be a progressive process with EV fOT |Ys||?ds < oo. Let My :=

fo s, dBy) for t € [0,T] and let [M,M] = [ ||Y;||>ds denote the quadratic variation. De-
fine the exponential martingale

E(M) := exp (M - %[M, M]).

Assume that £(M) is a W-martingale and define the measure Q on path space via

dQ

oy = EM)r.

Then, under Q,
t
t'-)Bt Z:Bt — [B,M]t :Bt —/ Y;dS
0
is a standard Brownian motion.

Lemma C.5. Suppose (X, P;) satisfies the following SDE for a function b : R? x R? — R%:

dXt - Pt dt,
dPt = b(Xt,Pt) dt + \/2’7dBt,

Another process (X}, P/) satisfies the following SDE for a function b’ : R? x R? — R<:

dX| = P} dt,
df)tl = b/(Xév Pt/) dt + V Z’VdBtv

Moreover, define
P := Law((Xp, Pr)), P’ == Law (X}, Py)).

The KL divergence between IP and P’ can be bounded as follows:
KL(P|[P') < [/ |A(XL, P)|* ds
where A(x,p) = b(x,p) — b'(x, p).
Proof of Lemma|C.5] Using Theorem with Y; = —A(Xy, P;)//2, then
M= - [ (AR aB) Ve

and [M, M), = fof |A(X, Ps)||*>ds/(2y). Thus, suppose Qp, is a distribution on the path space
up to time h, which satisfies:

dQp,
dWh

=E(M)y, :=exp (Mh — %[M,M]h)

18
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Then we have under Qy,, dﬁt = dB; + A(X, P;) dt/+/27 is a standard Brownian motion. Note
that the equation of (X, P;) satisfies:

dX, = P, dt,
dP, = b'(Xy, P,) dt + v2y[[A(X, P)/v/29] dt + dBy].

Thus, under B;, (X4, P;) satisfies the same evolution equation as (X7, P/). Using the data-
processing inequality (Lemma|C.2),

KL(P||P') < KL(Qy|[Wp,)

= E? | log exp (Mh — ;[M,M]h)}

r 1
:EQ M, — §[M7M}h:|

'__ h (A(Xs, Ps), dBg) _i t ,
/o N 5 / IA(X,, P, ds}

h > t t
A(X,, P,), dB, 1 1
= EQ _/ (A ) >+—/ ||A(XS,PS)||2ds——/ |A(X,, P,)|* ds|.
0 V27 27 Jo 4v Jo

Since dﬁt is a standard Brownian motion under @, the first term is equal to 0. Therefore, we have

t
KL(P|P') < E? [1 / ||A<XS7PS>||2ds]
4y 0

Moreover, under Q, (X, P;) has the same evolution equation as (X, P/), and thus holds the same
distribution. We finally derive the inequality:

t
KL(P|P') < 1E[ / |A<X;,P;>||2ds}
4 0
O

Cross-regularity term. With the local discretization error controlled (cf. Lemma [C.5] and the
bounds in Section[B]), we now bound the cross-regularity term.

Proof of Lemma We apply (C.2) to decompose the cross-regularity KL divergence into a local
discretization term and a kernel-stability term:

KL((Sx,pP;lH&,—(,I—,Ph) < QKL((Sx,pP;LH(SX,p'Ph) + Rg(&x,pth(Sg,prh) (C.3)

where P, denotes the time-h transition kernel of ULD and Pj, denotes the one-step ULMC kernel.
We bound the two terms on the right-hand side of (C.3) separately. We first use Theorem [A.2] to
bound the term Rz (0x,pPh||0%.5Pr):

h3 h
Secondly, we bound the term KL(x, P}, [|6x,pPr)- In Lemma|C.5] we take
b/(Xt,.Rg) _ _’y-l:)t _ VV(Xt) b(XtULMC, I:)tULMC) — _,yl:)tULMC o VV(X)

Then we obtain

1 /0% —x|? _pl2
RQ(éx,pPhlléx,pPh)§7(|| I* , Ip—»l )

1 h
KL (0x,pPh ||6x.pPn) < 471EU IVV(X;) — VV(x)||2dt}
0

h
< o sup [VV(X) — VV ()7
7 t€[0,h)]

S %(ﬁh?’l\p\l% +yh* Btr(H) + 62h5||VV(x)||2),

where the second inequality holds due to the Holder inequality, and the last inequality holds due to
Lemma[B.1l O
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D PROOF OF LEMMAS IN APPENDIX

D.1 PROOF OF LEMMA
Proof of LemmalB.1] Note that

VV(X;) - VV(x [/ viv x+u(Xt—x))du](Xt—x)

=HY2. H/? [/ V2V (x 4+ u(X; — %)) du]H-l/2 CHY?(X, — x),
0

so using the definition of the operator norm, we have

1

19V ) = TVl < B2 2[R, - o) au] B2 e Cx - )
<VB-HTV2-H-BHT2|| [HY (X, —x)|| = VBI X: — xm,

where the second inequality holds because H < I and V2V (z) < H for any z. Therefore,
E[|VV(X:) = VV(2)[?] < 8- E[[|X: — x]#]- (D.1)

We then analyze the term || X; — x||gg. According to the integral form of ULD in (3.1,

1—e t 1— y(t—s)
X —x=—— p+el) —/ S VV(X.)ds
Y ' 0 v

1—e 0t t] — e (t—9) t] — e(t—s)
——— p+elY) 7/ T ds-VV(x) +/ ——[VV(x) - VV(X,)]ds
Y ' 0 v 0 gl
Therefore, using the Cauchy-Schwarz inequality, we have

1 —e 7t\2
B[IX, ] < 4(=— ) Iplii + 48[l +4< /

t 1— ef'y(tfs

gl

J

ds) 19Vl

+ 4]E[H /Ot “evw_s)[vwx) ~ VV(X,)]ds

Firstly, since 1 — e~ 7 < 4t < vh, we have
1—e 72
(7 el < 2l

Secondly, the term Hﬁ(()lf)LHH L, satisfies

e—V(t—s)
Ellefi) -2 [ =" an,
H
1_6—“/(t—8) 2
— 2 tx(H) - / e T Y s
vy tr(H) 0( S )
< 2vh3 tr(H), (D.2)

where the second equality holds due to the It6 symmetry, and the first inequality holds because
1 — e 7(t=%) < ~(t — 5) < ~h. Thirdly, we have

t 1— —v(t—s) t t2 h2
/ -e 7 ds < / (t—s)ds=—=< (D.3)
0 Y 0

where the first inequality holds because 1 — e < z; we also have |[VV (%)% < B|IVV (%)
because H < SI. Finally, since

| [ v - vrecas

2

H

1 — e (t=9)\2
gt/ (7) IVV(X,) = VV (x)|3 ds
0 v

t
< t / (t - 5)?|VV(X,) - VV(x)|? ds, (D4)
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where the first inequality holds due to the Cauchy-Schwarz inequality, and the second inequality

holds because 1 — e™* < z and H < SI. Plugging (D.2), (D.3), and into (D.I)), we have
E[|VV(X:) = VV(x)[?] < 458h*|pllf + 86+h® tr(H) + 82h* [ VV (x)]*

+ 45215/;(15 - s)’E[|VV(X,) — VV(x)]?] ds.
Using the Gronwall’s Inequality, we have
E[|VV(X0) - VV(IP] S e (802 pll3 + Bv¢* tr(H) + B2 [TV (x)2)
Therefore, as long as ¢ € [0, h] where h = O(1/1/3), the inequality above becomes
E[IVV(X:) = VV(x)|IP] < 8R°([pll + Byt tr(H) + 57| VV (%))

Taking the square root on both sides, we have

IVV(X:) = VV(x)llz. S BY2hlIpllss + 812412672 /o (H) + 52| VV (x).

O
D.2 PROOF OF LEMMA
Proof of Lemma[B2] Due to the 3-Lipschitzness of VV/, we have
IVV(XMO) = WV (X[ < BlIXTMC = X,
Taking the expectation /E[-2], we have
IVV(X ) = VV(X0) ||, < BIXTHME = Xillr,
S 8720 Iplle + 1282012 (H) + 820V V ()]
where the second inequality holds due to (B.6). O

E PROOF OF CHANGE-OF-MEASURE LEMMA

Lemma E.1 (Change-of-measure, dimension-free). Consider a measure p € R? x R?, and —1 <
V2V (x) < H = BL With 7(x, p) o exp(—V(x) — 1||p[|?), we have:

EL[IVV ()12 < tr(H) + BKL(u| ),
E,[p " Hp] < tr(H) + BKL(u]|7).

Proof of Lemma(E7]] In the Donsker—Varadhan variational lemma (Lemma , by setting U(x) =
IVV(x)||?/(48), we have,

E,[IVV (x)|I°]
4p

where the second inequality holds due to Lemma[[:4] Therefore, rearranging terms,

E,[[VV (x)[]?] < 2¢r(H) + 43 - KL (pu|m)

< KL(pm) +log By [ exp (|9V ()[/(48)) | < KL(plm) + 2

Similarly, for the bound of E,,[||p||%;], using the Lemma|L.3|with U(p) = ||p||3;/(43), we have

tr(H)
28 7

E““Jlg'%ﬂ < KL(u|7) +log Ex | exp (IIpl/(48)) | < KL(ullm) +

where the second inequality holds due to Lemma|[[:3] Therefore, rearranging terms,

E,[Iplls] < 2¢r(H) + 48 - KL(g||7).
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F PROOF OF THEOREMS IN SECTION

In this section, we prove the sample complexity for ULMC. To start with, we first verify Assumption
[A3]for ULMC. We have the following lemma:

Lemma F.1. For ULMC, we can compute the Lipschitz constants of the strong and weak errors:
Lw,x = Ls,x = ,82}7,3,
Lyp = Lsp = Bh°.

Moreover, if h < 1/(8/2k) in the strongly convex setting, or h < N—1/25-1/2 in the general
convex setting, Assumption [A.5]holds for ULMC.

F.1 PROOF OF THEOREM
In this section, we make a formal proof of Theorem[4.3]

Proof of Theorem[.3| Using Lemmal[F.1] we know that if Assumption[A3|holds, we need:

1
h< T (F.1)

We can apply Theoremif h <1/(BY2k). Forany n < N — 1, we have

KL(VzuxHVn) < CWQQ(M7V) +Aw( max [, ux [(5“’)2}) +AS( max B, [(53)2])'

1<i<n-—1 1<i<n-—1

Let v = 7 be the invariant distribution of the underdamped Langevin. Then we can see v,, = 7 for
any n. We have

KL(V;UX||W)gcw§(u,7r)+Aw( max Eaux[(Ew)z])+As(1<max Em[(gS)?]). (F2)

1<i<n—1 i<n—1
In ULMC, there is no separate weak error term, and we may take
&Y (x,p) = £(x,p).
Moreover, Lemma[4.1] gives
&x,p) S B0 plu + BRYVV ()| + BY24'2h2 /o (H).
Thus, taking the expectation,

max E,w[(EY)?] = max E,m[(£°%)?]

1<i<n—1 1<i<n—1
< Bt [ max Epw[lpli]] + 6200 max Ew[|VVG)7]] + syh7er(H).
(F3)
Then, substituting (F3) into (E2), we have
KL(v2|7) S CWE (i m) + (Au + A,) Byh® tr(H)
+ (A + As) ph [  Jnax By \pllil]} + (Ay + A,)2R° [  Jax By | IVV(X)HQH :

In the strongly convex case,
1 1 3y
Ap= —— A, = lo ( )
ah? BY/2h ah

When h < 8712k 1log™! [(37)/(ah)], there is A, < A,,, so we can drop all of the A, terms, and
reduce the inequality to

KL (v ) £ OW3 () + woyh® tr(ED) + wh? || mmaxc Eoe[|pl1]|
+ n5h4{1§r{1§a£(_11€ygux [IVV (x)]2 ]]. (F4)
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Using Lemma[E-T] we have
KL(vA%||7) < CWj (i, ) + kyh® tr(H)
2 1/AuX 4 aux
+ kh [tr(H) +6, max KLV ||7r)} + rpBh [tr(H) 6, max KLV ||7T)}

< CW3(u, ) + kh? tr(H) + /—@,Bh2{ max KL(v a“"||71')]

<i<n—1

where we used v = O('/?) and h < ~'/2 to absorb the xyh> tr(H) and x8h* tr(H) terms into
kh?log(-) tr(H). Since this inequality holds for any n < N — 1, we have

max KL(v/"||7) < CW;3(p, ) + xh® tr(H) + x8h* Jnax KL (v™||7).

1<i<n

Using the condition h < 371/2,~1/2, we know

kBh? < 1.
for a small constant. Then, we can see that foranyn < N — 1,
max KL (1" |7) < CW;3(p, ) + kh® tr(H). (E5)
1<i<n

Finally, using the second inequality in Theorem[A.6| with 1 = 7, we have

KL(u(P)"|7) S OW3 e, m) + Au (| max B [(€7)7])

+A ( maj\){( E Aux [(55) :I) + 1<m,‘%\)[( 1]E LAaux [bQ]

SOWGem) + Au(, s B [E7]) +, ms B ]

50W§(u,7r)+ﬁ’yh3tr(H)+/ih2[ max. Eaux[HpHHH

+ Kﬁhﬁ max [E Aux[ \A%

1<i<N-1 ()] H + e Eow [0°],

1<i<N-1
where the second inequality holds since in ULMC there is no separate weak error term and we may
take (£%)? = (£°)2, and the third inequality holds due to the same calculation as (F4). Moreover,
by Lemma[d.2] we have

max [E, ux I:bz} < Lh3|: max ]E aux [” || ]:| +5h4 tr(H)
1<i<N-1 ~ 4 ligi<n-t Plla
B2h5 ,
* vy L<rlrg\>[< 1E “"”“NV( i H

We substitute the bound above into the inequality and derive

KL (u(P)N||7) S CW3(p, ) + syh® tr(H) + kh? [ | Juax E, [Hp”%l]}

[ e B [I9V 6] + 2]

5215
-

(Eu[lpli]]

+ Bh* tr(H) +

max [, uw [||VV(

max

<i<N—
1<i<N-1 }
Using Lemma[E.T] we have

KL (u(P)N|7) S CW2(p, ) + kyh® tr(H) + nhQ[tr( )+ 8, max KL( auxnw)}

[0 3 e KLOR )] + O[B40, s K102

4 ﬁ2 5 aux
+ O r(H) + [t(H) + 5 _max KL@™ ).

1<i<N-1
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Here, since fh? < 1 and vy ~ B/2, there is Sh%/y ~ BY/2h% < wBY/2R3, 2% /v < BY/2h% <
xh?. We can drop the lower-order terms induced by the cross-regularity and obtain
KL NN < 2 2 H 2 KL(2%
(M(P ) ||7T) S CW;5(u, ) + kh” tr(H) + kB 13?%31\}7{_1 ™|,
Substituting (F-3) into the inequality above and dropping the low-order terms, we get the final bound
of the KL divergence as:

KL (u(PU)N=1P||1) < OW3(u, ) + Kh? tr(H).

Let Nh =~ a~'8Y/2log(aW?/e?) such that CW3(u, ) < €2. Moreover, let the stepsize be

B €
k12 (te(E))

1/2

Then, to fulfill the condition discussed in (FI)), we require € < (tr(H)) '~ /(3Y/2k1/2).

So, when the required sample complexity is

a5 2 log(aW?/?) < oB (tr(HD) Y caw?
V= (62/(ntr(H)))1/2 B 6( a3/2¢ )10g( €2 )’

the KL divergence can be upper bounded by €2, i.e
KL(,u(Palg)NHﬂ') < €.

F.2  PROOF OF THEOREM

In this section, we now turn into the weakly convex (i.e. o = 0) case. Using Lemma [F.1} if the
Assumption[A-3]holds, we require:

h< N-V/2571/2, (E.6)
Same as (G.2), for any n < N — 1, we also have:

KL (v2%|7) < CW3(u, ) —|—Aw( max K, [(5“’)2]) —|—AS( max [, [(85)2]). (F.7)

1<i<n—1 1<i<n—1

And we still have the bound of strong and weak errors. In ULMC, there is no separate weak error,
and we may take ¥ (x, p) = £%(x, p), where £° is the same as the strong error bound in the RMD
case.

E¥(x,p) = &(x,p) < B2 |pllu + BRYVV(x)| + B0\ /tr(H).

Thus, taking the expectation,

max. IE Aux[
1<i<n

max B, [(£Y)*] S Bh4{

1<i<n—1

pH%{H

+ BR[| max B [|VV

1P| + Byhu(m),

max B, [(£9)?] < 0t |

1<i<n—1 max B aux[”pHH]

1<i<n-—1 :|

+ 5%6[1;?33_1&;“[IIVV(X)HQ]} + ByRPte(H).  (ES8)

Then, substituting into (E7), we have

KL(v2[[7) SOWS(1,) + (A + A)B9° (D) + (Au + BR[| max B [|pl/]]
+ (Au+ AR max Eue[|VV(0)]7]]. (F9)
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In the weakly convex case,

N

1
Aw = m7 As ,81/2]1

log N + 8'/2Nh. (F.10)

Moreover, assume in addition that
logN < BNR?,
so that

A, = log N + 8Y2Nh < BY2Nh.

51/2]1

And since h < $71/2, we have BY/2Nh < A, so A, < A,,. Substituting the results into and
drop the lower-order terms, we obtain

KL (vp"|[7) S CW3 (1, ) + Ay Byh” tr(H)
+ A, Bh* [ max [E aux[\pHH” +Aw,82h6[ max [E aux[

1<i<n—1 1<i<n—1

vV )]

S CWE(u,m) + B2y N tr(H) + 8Y2NB? | max By [|Iplf]

<i<n

+63/2Nh°[1<max E ““X[HVV( )i ”

Using Lemmal[E.T] we have
KL (va||w) < CW3 (p,m) + B>y Nh* tr(H) + /> Nh? [tr(H) + 8 max KL(v"||r) }

3/2 5 aux
+ B*2Nh [tr(H)+ﬁ1§r}1§afilKL(yz ||7r)]

Since this inequality holds for any n < N — 1, and we have vh ~ B'/2h < 1, so we have
BY2yNh* < BY/2Nh3. Besides, we also have 3/2Nh® < BY/2Nh? because of Sh? < 1, so to
drop all of the lower-order term, we have:

max KL(v2™||7) < CW3(u,7) + BY2NA3 tr(H) + 822Nh* max KLV ||7).

1<i<n 1<i<n—1
Using the condition
BN <e<1, (E.11)
we can see that foranyn < N — 1,

max KL(v2||7) S CW3(u,7) + BY2NK? tr(H). (F.12)
1<i<n

Finally, using the second inequality in Corollary [3.6| with v = 7, we have
KL(u(P)N 1) S OW3 (1) + Au (%) + A, (E°)" + 57

S OW3(u,m) + Au (| _max | o [(€7)7])

3 2
A e Ew[(€)7]) + | max B [17]

In ULMG, there is no separate weak error, and we may take (€¥)? = (£%)2. Moreover, by (E.8), we
have

1<1"Lri%\}f( 1]E aux [(5”)2] = 1<I}i%\)/§ 1E aux [(88)2] S /Bh,4 |:1<Hia],\}{( 1]E ‘mx[ p||%1]:|
216 5
0] max B [[VVGOI]| 4 yhte(E).
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Furthermore, by Lemmal4.2] we have

gn?
1S1ir%a]\}/{_1EV2ux [bQ] S T |:1<1;Iéala\)/v( 1E ;lux [ ‘p||Hj|:|
ﬁ2h5 \
T [1&%{ B [[VV ()] ”Jrﬁh tr(H).

Similarly, we also have A; < A, so to drop the lower-order terms, we obtain:
KL(u(P)™ ) S OWE () + A Byh® ()
g e DAl ]
B3 21,5
= =
Using LemmalE.1} and A,, = N/(3/2h), we have

VeI

max E dux[
<i<N-—

Pl | +

max [E aux[
1<i<N-—1

V)I2)] + B tr(H).

max [E aux[ Vv
1<i<N-1

KL(u(P)¥|lm) S CWE(,m) + 629N tr(H)
+ 51/2h3N[tr(H) + 61<I,.nax KL(V?UXHW)} + 53/2h5N|:t1"(H) + 61 max KL(V?UX||’]T):|

<N-1 <i<N-1
ﬁh?’ L BQhS
F ) 5 nas KL@M )|+ = (e

)+ 51<£ga1\)/< 1KL v ||m) } + Bh* tr(H).

Since v ~ /B, and v/Bh < 1,1 < N, so we could drop all of the lower-order term, and finally
obtain

KL(u(P)" [7) £ CW3 () + B2 NH" t(HD) + 672N0* mave KL ),

where the last inequality holds due to the same calculation as above. Substituting (F12) into the
inequality above, we obtain

KL (u(P)V %) S OW3(p,m) + B2 NE? tr(H) + > Nh? [Cwi(u, ) + B/ NR? tr(H)} :
Dropping the low-order terms, and apply the condition (FIT)), we finally obtain
KL (u(P)N|[w) S OW3 (u, ) + B> N1 te(H).

In weakly convex case, C' ~ \/(Nh), so if KL(p(P’)V||7) < €2, we have:

Nh

1/2
B W 63/2Nh3 <1.
6

Thatis h 5 e/(BW).

Besides, we require the Assumption holds, which is discussed in (E6) ¢ < W’ that is:
h < e/(B2W2).
So when
" €2 €2
e < BY/*W, h=0{ min , , (F.13)
ﬁl/Q(tr(H))l/QW B3/2W2
and
1/2
tr(H)) "W pg2w
N:@(max{ﬂ( x 2) ,6{/1/ })a
€ €
we have

KL(u(P")" ) < ¢
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G PROOF OF THEOREMS IN SECTION

In this section, we prove the sample complexity for RMD. To start with, we first verify Assumption
[A3]for RMD. We have the following lemma:

Lemma G.1. For RMD, we can compute the Lipschitz constants of the strong and weak errors:

= BShS’ Lw,p = ﬂ2h4,

= B%h®, Ly p = Bh%.
Moreover, if h < 1/(87/6%'/2) in the strongly convex setting, or h < N—/43~1/2 in the general
convex setting, Assumption[A-5]holds for RMD.

G.1 PROOF OF THEOREM

In this section, we make a formal proof of Theorem [5.2] To start with, we first verify Assumption
[A23] which is discussed in Lemma[G.1}

h S 1/(B7R12). (G.1)
We apply Theorem[A.6] Then, for any n < N — 1, we have

KL(V;ILUXHVTL) S CWQQ(M,V) JrAw< max [E, anx [(5“’)2}) +AS< max E, - [(55)2]).

1<i<n—1 1<i<n—1
Let v = 7 be the invariant distribution of the underdamped Langevin. Then we can see v,, = 7 for
any n. We have

KL(VZ“XHW)gCWQQ(u,?T)—l—Aw( max ]Eaux[(gw)2])+,45( max Em[(gs)ﬂ). (G.2)

1<i<n-—1 1<i<n-—1

Using Lemma[5.1} we can bound the strong and weak errors accordingly.

£V(x,p) S 20 ple + BR°|VV(x)| + B2 2002/t (H),
exp) S B0 plu + RPNV ()|l + 8242152/t (H).
Thus, taking the expectation,

max B, [(EY)*] £ BShS{

1<i<n-—1 nax IE o [HPHHH +

1<i<n

B4p10 [

max E aux[

VVE)IP]] + g noe(H).

1<i<n
(max B [(€97] S 8k [ max B [Ipl]] +
B2h° [ | Jnax By [IIVV(x)Hz}] + Byh°tr(H), (G3)

Then, substituting (G.3) into (G.2), we have
KL (VA% (|7) < CW3 () + AwB2yh° tr(H) + A, Byh® tr(H)

—|—Awﬁ3h8[ <m<aX E mx[|p||H]] —|—Awﬁ4h10[ <m<ax E aux[\VV( )HQH
+ A, ﬂh4[ max Eaux“pHHHJrAgﬂth{ max | Eue[[| 9V (x )||2]] (G.4)

In the strongly convex case,

Aw = #’A ﬂl/zh log (37)

When h < $71/2571/310g73[(3)/(awh)], we can drop the low-order terms and reduce the in-
equality to

KL(A™ 7) £ OW3 () + 6/yh* Tog (21 ) tu(ED)

+ B2h3 log (%) [ max K, [Pl ” + B2 log (%> [

1<i<n—1

L E [[[VV ()]
(G.5)
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Using Lemma[E-T] we have
3
KL ) S CW3(a, ) + 8Y/291* log (= ) ta(H)
«

+ 20 10g () [n(0) + 8 _me KLO2)|

1<i<n—1

+63/2h510g(%>[ tr(H) + 8 max KL( aux”ﬂ}

1<i<n—1

< o i (23) ) 7 (21) e )

Since this inequality holds for any n < N — 1, we have

3y 3y
aux < 2 4 3/21,3 aux
max KL (V3™ ||7) < CW3(u, ) + Bh* log (ah) tr(H) + 8°/°h” log ( h) | Jnax KL (2™ ||7).

Using the condition i < B~/2k~1/31og™/3((37)/(ah)], we know %/2h3 log ((37)/(ah)) < 1
for a small constant. Then, we can see that foranyn < N — 1,

. 3
aux < 2 4
max KL(v ) S OW3 (. w) + Bh log (—ah) tr(H). (G.6)

Finally, using the second inequality in Theorem [A.6| with ; = 7, we have
KL(u(P)¥ "1 Plim) S CW3(,m) + Au (| max B [(€)?])

+ As( max [, [(SS)Q‘D +  max Eum [b2]
1<i<N-1 1<i<N-1

pllz] |

max E Aux[
1<i<n—1

< OW3(n,m) + Bh*tog (21 ) tr(H) + 5728 tog (21|

ah
) 3
s () e B O]
B*h

Bh? 5 .
+7[1<12%§< B m[llpllnﬂ - [152%( Em[IVV )| H,

3 3
S Ontn+ o (27) w2005 () e . vl

+ 8200105 (S1) [ max B [I9V0)7]

ah/ L1<i<N-1

where the second inequality holds due to the same calculation as (G.3) and Lemma[@d.2] The last
inequality holds by dropping the lower-order term induced by the cross-regularity, since v ~ £/,
We substitute (G.3) into the inequality above and derive

KL(u(P2) " Bllm) < OW3 () + 51 o (21 ) (B1)

s (53) [0 5, s w2

1<i<N-1

1<i<N-1

+ 692108 (20 [r(E) + 5o KLA™ )

< CW3(p, ) + 8213 log (%) tr(H) + 5%2h? log (%) [ max KL(V?HX||7T):|,

1<i<N-1
< OW3(n,m) + 871 log (1) ()

53/2h3log< )[cm(u, ) + Bhilog (%) tr(H)},

where the last inequality holds due to (G.6). Again, dropping the low-order terms, we get the final
bound of the KL divergence as:

KL (1(PU)N 1P |x) < CW2(u ) + 5213 log (%) tr(H).
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Let Nh ~ a~'BY/2log(aW?/e?) such that CW3(u, w) < €. Moreover, let the stepsize be h =~

~

B~1/6tr=1/3(H)e?/3, then the required sample complexity is
a~1 Y2 log(aW?/e?)
T BY6 g1 /3(H)e2/3
=0 (Ii (B~ tr(H)] 1/3672/3).
Therefore, the KL divergence can be upper bounded by €2, i.e
KL (u(PU)N=1P||m) < €.

The last thing that remains to be done is to check Assumption |§} As shown in (G.I)), we need
h < 1/(B87/6k/?), which is not dominant when e < [tr(H)]'/2 2473/4,

G.2 PROOF OF THEOREM

In this section, we now turn into the general convex (i.e. & = 0) case. To fulfill Assumption[A.3] as
discussed in Lemma[G.T} we need

1

We apply Theorem 3.3} Same as (G.2), for any n < N — 1, we also have:

KL (12| ) §CW22(;L,7T)+AU,( max B, [(5w)2]) +As(1<max O [(58)2]). (G.8)

-1 i<n—1
And we still have the bound of strong and weak errors.
£¥(x.p) < Bt pla + BRIV (%) + 52412002 (H),
& x,p) S B0 plu + BRPIVV ()| + 8241 2h%2/tr(H).
Thus, taking the expectation,

2 B (€] 5 90 [, e B (Il
+ B[ max B [[VVGIP]| + Bhyh%e(H),
s B ) 5 [ o vl
+62h6[1<m<ax B [|VV(X)[?]] + Bo°tx(H).  (G9)

Then, substituting (G.9) into (G.8), we have
KL(v2%||7) < CW3 (1, ) + Ay Byh? tr(H) + A Byh® tr(H)
318 2 4710 2
N [ Y B

4
+ A Bh [ m<aX 1JE mx[

pliz] + 4,620

YV (x )||2H. (G.10)

max E dux[
<i<n

In the weakly convex case,
N 1
L /2R As = L ‘81/2p h

Moreover, assume in addition that

A, = log N + 8'/2Nh. (G.11)
logN < BNR?,
so that

A, = log N + 8Y2Nh < BY2Nh.

Bl/Qh

29



Under review as a paper at the 2nd DeLLTa Workshop, ICLR 2026

Substituting A, and A, < BY/2Nh into (G.10), we obtain

Bl/2h
KL (v2%||7) < CW3(p, ) + ,6’1/%537]19 tr(H) + 82 Nh - Byh® tr(H)
51/2h53h8{1<m<ax B “|p”HH 51/2hﬂ4h10[1<1?<ax Buen [IIVV (x )HQH

()12]]

1/2 . 4 u
+BPNR- BR[| max B

pHHH +BY2Nh- 321 [ 1o By [ vV
< OW3(p, ) + 872y NK® te(H) + 8°/2yNh° tr(H)

+55/2Nh7[ p||%{H +ﬁ7/2Nh9{ max E,u[||[VV

1<i<n—1

()12]]

+53/2Nh5[ max E m[||p||H}] +55/2Nh7[1<r{1<ailmygm[||VV(X)||2H.

max E aux[
1<i<n

Using h < $~'/2 and v ~ ©(1/B), we have Sh? < 1, and hence

ﬂs/Q'yNh8 tr(H) < ﬂB/Q’yNhG tr(H),

Similarly,
FPNNT|| max B [lplf]] < (80%) 8¥°NK || max By [[pl]]
S ﬂB/QNhS[lsqlga;{—lEygm[ pHHH’

and

57/2Nh9[ max Em[|VV(x )||2]} 6"/2Nh7[ max Em[|VV(x )H?}].

Therefore, we can drop the low-order terms and reduce the inequality to

KL(v21m) S OWA () + B2 NRSy r(H) + 6 N0 [ mmax B 4]
5/2 117 - 2
+ 352Nk [1<rzn<ax E, o [|[VV ()] ]]. (G.12)

Using Lemmal[E.T] we have
KL (v 7) S CW3(10, ) + B2 NASy w(H) + B2N0 () + B mae KL )

+55/2Nh7[tr( )+ max KL(v d”"||7r)}

1<i<n—1

Since this inequality holds for any n < N — 1, and we have vh ~ (Y/2h < 1, so we have
(3/2yhSN < B3/2h°N. Besides, we also have 3%/2Nh7 < 3/2Nh® because of Sh? < 1, so to
drop all of the lower-order terms, we have:

[max KL (v ||7) < CW2(u, ) + B¥2NK® tr(H) + B°/2Nh° | max KL(}"||r).
Using the condition
B2NR® < e <1, (G.13)

we can see that foranyn < N — 1,

max KL (v ||7) < OW3(u,7) + B*2Nh® tr(H). (G.14)

1<i<n
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Finally, using the second inequality in Corollary 3.6 with v = 7, we have
KL(u(PU)N 1P ||m) < OW3(p,m) + Aw(E¥) + Ao (E°)° + 12

S O3 () + Au ( B [(gw)Q])

5\2 9
+AS(1<H3\}; 1E "'X[(g ) ]) +1<Hg\)[< 1IE m[b]

S CW3 () + AwBPyh° tr(H) + A, Syh° tr(H)

+ AR max B [lplE] | + AuBh0| | max B [[VV (o]

+ AL max B [[plF] ] + ABH || max By |9V (0)]?]]

+ max [ [bz},
1<i<N-—1

where the second inequality holds due to Corollary [3.6] and the third inequality holds due to the
same calculation as above. Moreover, by Lemma[4.2] we have

2 5}1
1<If3\’f 1]E i "] < 5 [1<H3§‘ 1E ““*[HPHHH
52 5 ) \
- 5y [1<IZI3\}7( 1E [ VV(x)| H + Bh* tr(H).

We substitute the bound above into the inequality and obtain
KL (u(PU)N 1P ||) S OW3(, ) + AwB3yh° tr(H) + A, Byh tr(H)

+ A [, e B 1] + Au8 | e | Bure[I9V GOIP)|
()12]]

L By [TV (0[] | + Bh* e (H).

+Asﬁh[ max By

1
hd
B [

Y
Using Lemma[E.T] we have

KL (u(PY8)N71P||w) S CW3 (1, ) + Aw By tr(H) + A Byh® tr(H)

318 aux 4110 LAuX
A [ (H) + 8 max KLOAm)]| + 4,800 () + 8 max KL(A" )]

p”%—[ﬂ +As52h6{ Ina}sl( E 1ux[ vV

|+

,Juax B, o [[[plI3]

+Asﬂh4[tr( )+ max KL(v AUX||W)}+A352h6[tr( )+ /4 max KL(v MHW)}

1<i<N-1 1<i<N-1
6h3 pAux Bzhs LAux 4
+ () 5 ma KL )|+ 5 () 4+ ma KLGA™ )] + h tr(FD.

Since v = O(B'/2), and Bh? < 1. So (G.1T) shows that A,,8h% < A,. So A,,3*h'0 < A,,B%h8 <
A B%hS < AR, and B2h° )y ~ B3/2h5 < B3/2h5N. And by the condition (G.13) we know that
B5/2Nh® < 1. By NBh? > log N > 1, we have 8h3 /v < 83/?h5N.
Dropping the low-order terms, we finally obtain

KL (u(PU)N=1P||7) S OW3(p, ) + B3> Nh? tr(H).

Here C' ~ v/(Nh) ~ \/B/Nh. Let Nh ~ Y/2W?/(€?) such that CW3 (u, ) < €2.
While we also need 3°/2Nh® < ¢ < 1 required in (G.13), and %/2Nh° tr(H) ~ €2. Then, we
have:

2
3/274 5/2p4 < __©
/B / h tr<H) B1/2W2$6 / 51/2W2
Combined with the condition discussed in (G.7)), which is:
1
hS N1/4g1/2
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We could finally get:

€ 61/2

_ 2/3
e { B2 (te(HD)) w2 BYAWR SWRLS [
Only the last one is dominant, when

e < min{\/BVV,

Therefore, given the condition that

N=0 (ﬂ(tr(ﬂ))1/4W5/2>,

(te(ED))>*
S

€3
the KL divergence can be upper bounded by €2, i.e.,
KL (u(PU)N=1P||7) < €.

H VERIFICATION OF ASSUMPTION
In this section, we verify Assumption[A.3|for ULMC and RMD, i.e., Lemma[F.I|and Lemma|[G.1]
H.1 PROOF OF LEMMA|F.1]
Using Lemmal4.1] we can see the Lipschitz constants of the strong and weak errors:

Lyx = Ly x = B°h%,

Lyp=Lsp=Bh%
Moreover, using Lemma[4.2] the Lipschitz constants of b can be derived as

Ly = 53/4h3/2,Lb,p — B3/Ap5/2,

We need to check

e { (Lwx + (v +104) Luw p)* 7
(wy + ) (v +18,)2h

B2h (Lsx + (v + nsh)Ls, )2
<1+(7+np )2 (Wi + 1) } (v + 12, )2 Pt S 1L, (H.1)
nh + Mnh Y Mok
and
(Lpx +h 'Ly p)?yh® < 1. (H.2)

Assume 8h? < 1. Note that n®, < 1/h, and

~

(n+1)h
1Ln1exp<c/ (w++nf)dt)
nh

(n+1)h
[
nh

~ (W+ + ngh)h
Moreover, 8/(v +n%,)? <1, Bh? < 1, (ws + 78, )h < 1. Note that Ly x = Ly x, Lsp = Lup

in this setting. Thus, the second term related with L,, , and L, p, is not dominant in (H.I). We only
need to consider the first term.

(Lw,x + (v + ngh)Lw,p)Q < (Lw,X)2 (Lw,p)z
(Wi + ) (v + k)2 ™ (W + ) (v +mh)2h (wi +nh,)h
< B4h6 N ﬁ2h4
N (wy F ) (v Fme)?h o (Wi +nl)h
21,3
< B h

~ (WJF + 775}7,) 7
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where the last inequality holds due to v ~ /B and Sh? < 1. To show (HI), It suffices that
52 h?

———— S (wg +1P))h,
w+ +nnh N( + ]nh)

which is equivalent to 32h? < (wy + 1%, )%
Strongly Convex. In this case, w ~ «/y/B. We only need 32h? < w?. This induces:

h<af™3?=1/(8"%k). (H.3)

General Convex. In this case, w = 0. We need 32h? < (1P, )2. Recall the definition of

P _ Cow
M exp(w(Nh —nh+ Ah)) — 1

It takes the minimum when n = 0. Thus, we have n¥, > 1/(Nh). Thus, we only need 32h? <
1/(Nh)?, which is equivalent to

h< N™V2571/2, (H.4)

Finally, we consider (H.2). In both cases, we only need 3*h® < 1. This induces h < 3~2/3. In both
cases, this is not the dominant rate.
H.2 PROOF OF LEMMA
Using Lemma|[5.1] we can see the Lipschitz constants of the strong and weak errors:
Lwﬁx = B3h57 Lw,p = B2h4,
Ls,x = ﬂthv Ls,p = ﬂh2
We need to check

max { (Lw,x + (’Y + ﬁzh)Lw,p)2 7
(w+ + 00 (7 + 10y ) 2R

2 p 2
(1 N ] 52 h ] )(Ls,x + (v +gnh2)Ls,p) } <1-1, (H.5)
(7 4 mon ) (wa + 75,3, (v +mn)
and
(Lpx +h 'Ly p)*yh® S 1. (H.6)
Assume 3h? < 1. Note that ¥, < 1/h, and
(n+1)h
1—Ln:1—exp<—c/ (w++nf)dt)
nh
(n+1)h
= [ byt
nh
~ (wy +nP,)h.
For the first term in (H.3)), we can compute as
(Lwx + (v +0hy) Luwp)? < (Luwx)? (Luw,p)?
(Wi + 1) (v F 1) 2R~ (Wi g (v +11ep)?h - (Wi 4y )h
< ﬁ6h10 N ﬁ4h8
~ (W F ) (v n)?h (Wi )b

417
< Bihpv
(WJF + nnh)
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where the last inequality holds due to v ~ /B and 8h? < 1. For the second term in ([L.3), we have
( n B%h ) (Lsx + (v + TIEIL)LS,p)Q
(7 + 7o) (@ +m57) (v +mn)?
< (Lsx + (v +m0,)Lsp)? | Bh(Lsx + (v + 1pp) Ls,p)”

~ (v +m0,)? (v nE) (wy + )
L'x 2 2h Lgx 2 2h L 2
< ( p) b (Lap)?+ Bp i(,) _ Bp (23,,)) _
4h6 6h7 4h5
L L A [ —
(v +n5n) (Yt ) wr +mr) (v +mp,) 2w + 1)
3h5
< B%ht + 57’
(wy +7m0)

where we use 3h? < 1 and v ~ /B. To show (H.3), it suffices that

4p7 315

max {wf_i_hnsh, B2h*, M} S (wg +1P))h.

Strongly Convex. In this case, w ~ a/+/B. We only need

Bt £ a’/B,8°h° < o/ /B
The solution to this is

h< al/2p1 = 1/(ﬂ1/2,‘€1/2)7 h< 1/(57/6H1/3)~
The condition in this case suffices that
h S 1/(B70R?). (H.7)
General Convex. In this case, w = 0. We need
520 S by BPRY S ()

Recall the definition of
CoWw

P _
hah exp(w(Nh —nh+ Ah)) —1°
It takes the minimum when n = 0. Thus, we have n®, > 1/(Nh). Thus, we have

1 1
213 31,4
Bh SM7 6 h §N2h27

which is equivalent to

h<N71/4671/2 A N71/3571/2. (HS)
I AUXILIARY LEMMAS

Lemma I.1 (Talagrand’s T3 inequality). Let 7(x) o exp(—V(x)). Suppose V' is a-strongly convex
for « > 0. Then for any distribution p, the Wasserstein 2-distance can be bounded by the KL
divergence, satisfying

2
W22 (/~L7 7T) < 7KL(N’) 77)'
o
Lemma I.2 (Stein’s Identity). Let VV : R? — R be a differentiable function, and F : R* — R% be a
differentiable vector field. Let the distribution 7 be defined as 7 o« exp(—V). Then

Lemma 1.3 (Donsker-Varadhan’s variational formula). Let (X, F, Py) be a probability space and
U (z) be a measurable function. Then for any distribution P on (X, F), we have

Eop[U(2)] + KL(P||Py) > — log By p, exp(~U(x)),
and the infimum is attained when P(z) « Py(x) exp(—U(z)).

34



Under review as a paper at the 2nd DeLLTa Workshop, ICLR 2026

Lemma I4. Let A be a scalar such that 0 < A < 1/(43). Then the norm of VV satisfies the
following inequality:

log B [exp(A\|[VV||?)] < 2 tr(H).
Proof of Lemma Due to the Taylor expansion, E, [exp(\||VV||?)] satisfies
— AVE,[[|[VV||?*
B fexp(A [V ?) = Y0 A ErIVVIED @
k=0 ’

so it suffices to bound M}, = E.[||VV||?*]. For k& > 1, we call the Stein’s identity (Lemma [[.2)
with F(x) = ||VV(x)|?*~2VV (x) and obtain

My = E-[([VV (x)[**72VV (x), VV (x))]
=B [V (IVV (o) VV (x)) |
= (2% = 2) - Ex [ VV ()| HV2V (x) - TV (x), VV ()| +Ex [ [TV ()22 - AV()] -

Il 12
1.2)

For the term I1, when k > 2, note that V2V (x) < 31 due to the 3-smoothness of V, so
(V2V(x) - VV(x), VV(x)) < B VV (x)|*.
Therefore, the upper bound of [; is
L < B-EL[|VV(x)|*7?] = BMj_1. 1.3)

For the term I, since V2V (x) < H, we have AV (x) = tr(V?V (x)) < tr(H), so the upper bound
of I is

L<E, [||vv<x>\\2k-2 tr(H)| = tr(H) My (14)
Plugging (L3) and (L4) into ([.2)), we have
Mk < [(2k —2)8 + tr(H)| Mg . (1.5)
Since My = 1, by recursively using (L3)), we have
k-1
My < [ 128 + (1)) = (28)* H { } (16)
Jj=0 7=0
Plugging (L.6) into (L.T), we have
o) k k=1
. tr(H)
B lexp WV (2] < 30 EP T [+ : }. 1.7
k=0 =0

s

o) k—1
(1-2) S:Z%Hms)
k=0 j=0

Setting z = 26\ and s = tr(H)/(243), under the condition S\ < 1/4, we have
E[exp(A\[VV (x)]*)] < (1 —28A)7 "(0/25,

Taking the logarithm on both sides, we have

tr(H)

26

where the last inequality holds because log(1/(1 — 2)) < 2z for0 < 2z < 1/2.

log E, [exp(A| VYV (x)[2)] < 52 log (1/(1 — 28X)) < 2\ tr(H).
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Lemma L5. Suppose that (x,p) ~ 7, i.e., p ~ N(0,I). Then for A < 1/(403), the following
inequality holds:

log E[exp(A|[p[lfr)] < 2X tr(H).

Proof of Lemmal[.5] Let the eigenvalue decomposition of H be
d
i=1

then ||p||%; can be written as

d
Pl = Zlh‘qs, where ¢; =u, p.

i=1

Note that {¢;} are i.i.d. standard normal random variables because {u;} form an orthonormal basis
of RZ, Therefore, for A < 1/(403), we have

d d d
1
log Efexp(Al[pl31)] = D log Elexp(Auiq})] = 3 Y “log(1 — 2i) < Y 2\ = 2X tr(H).

i=1 =1 i=1

where the second equality holds because Efexp(z¢?)] = (1 —22)~1/2 for z < 1/2, and the inequal-
ity holds because log(1/(1 — z)) < 2z for z € (0,1/2]. O
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